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INTRODUCTION

This theses is devoted to some population dynamics mathematical models describing prion
diseases.

Prion diseases or transmissible spongiform encephalopathies (TSEs) are fatal and infec-
tious neurodegenerative diseases affecting many mammals. They include animal bovine
spongiform encephalopathy (BSE), responsible for the crisis of "mad cow” in the 1990s,
or the Scrapie. In humans, there is the Kuru that decimated part of the Fore tribe in
Papua New Guinea during the 20th century. More recently disease Kreuzfeld Jakob was
transmitted between humans by injection of growth hormones and blood transfusions but
also from BSE by eating contaminated beef products. Prion diseases attack the central
nervous system and can be observed holes in the brains of diseased individuals, like a
sponge, hence the name of spongiform encephalopathies.

The agent responsible for these diseases, known as prion name, provides strength prop-
erties to inactivation by heat, radiation and chemical treatments which make it unlikely
that the presence of DNA as would be the case for a virus. In 1967, Griffith [21] pro-
poses the hypothesis of a purely protein mechanism (for Proteinaceous infectious prion
only) which is still very compelling and commonly accepted. Under this assumption, the
causative agent of the disease is a protein, or PrP prion protein, which accumulates in
abnormally folded form. This pathogenic form, called PrP?® scrapie, has the ability to
replicate by a self-propagating process, converting the normal form of the protein (PrP¢

Cell) to PrP*c. This hypothesis was supported by experimental work Prusiner [46] in

v
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1982, which earned him a Nobel Prize in Physiology and Medicine in 1997.

In the absence of contamination, PrP¢ is involved in the normal operation of the cell.
Its functions are not yet known precisely but are probably essential. In adults, PrP¢
is mainly produced in the brain and spinal cord, which explains that these bodies are
affected by prion diseases.

Our work is inspired from those of Webb and his collaborators [13], [19], [49] and [20], in
their works they describe the evolution of the prion monomers by a first order differential
equation and the evolution of polymers by some partial differential equation of first order.
The precise mechanism PrP¢ conversion PrP*¢ is still poorly determined. Since the
model of Griffith, several models have been proposed (see [34] for a complete review). In
this thesis we consider the nucleated polymerization Lansbury introduced by [26]. In this
model, the PrP*¢ is present in the cell in the form of polymers which can lie by attaching
monomers PrPc. During the process of polymerization, the monomers of PrP¢ are trans-
formed into PrP?® by a poorly understood process. The aggregation of the monomers
to polymers is carried small very slowly until they reach a critical size that stabilizes
and accelerates aggregation. Parallel to the elongation, the polymers can be fragmented;
fragmentation was demonstrated by experimental studies.

The first model proposed by Griffith [21] in 1967. Regarding the nucleated polymerization
mechanism, the most studied mathematical model is that of Masel [39]. It consists of an
infinite number of coupled ordinary differential equations (ODE). The continuous version
of this model is introduced by Greer et al. [20] which replaces the infinite system of
(ODE) by coupling an (ODE) with a partial differential equation (PDE). The (PDE) is a
nonlocal integro-differential equation usually called the transport-growing fragmentation
or fragmentation. This equation contains two distinct terms representing the polymeriza-
tion process and the other fragmentation polymers. These two processes are competing
polymerization increasing the size of the polymers and fragmentation diminishing.

In our work given in chapter four, we consider the case of impulsive differential equation
describing the evolution of prion monomers, the presence of impulse can be explained by

the possibility that there is threshold of prion protein quantity needed by organisms and
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the quantity of monomers must be upon this threshold, polymers are depending on length
and time, so they are described by partial differential equation, the model obtained is the

following

(

V(t) = A — yo(t —m<t>/°o ult, 7)da

+2/ / By Ju(t,y)dydze, t #t;, i=1,2 ...,
vt —o(t;) =N, AN >0, i=1,2,...,
owu(t, ) + Tov(t)o u(t z) + (pu(x) + B(x))u(t, x)

2/ Bly Ju(t, y)dy,

e v(t) is the number of PrP° monomers at time t,
e u(t,x) is the density of PrP*¢ polymers of length z at time ¢,

e 1 is the lower bound for polymer length (that is polymers have length x with

Ty < T < 00),
e )\ is the source rate for PrP¢ monomers produced continuously,
e ), is the number of PrP°¢ monomers produced discretely at time ¢;,
e 7 is the metabolic degradation rate for PrP¢,

e 7 is the rate associated with lengthening of PrP*¢ polymers by attaching to and

converting PrP¢ monomers,
e [(x) is length-dependent rate of polymer breakage,

e k(x,y) is the probability, when a polymer of length y breaks, that one of the two

resulting polymers has length z,

e 1(x) is the length-dependent metabolic degradation rate of PrP*¢ polymers having
length z.
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The kernel k(y, x) should satisfy the following properties:

k(y,x) >0, Ky, z) =r(z—yx), [ kwly2z)dy =1,
for all x > xq,y > 0,

k(y,x)=1/z, if >z and 0<y<uzx.

k(y,x) =0, elsewhere.

In the case without impulse effects we find the model studied Pujo-Menjouet et al.

[49]

V' (t) = A —you(t) — To(t) /Oou(t,a:)dx + 2/03:0 x/oo B(y)k(x, y)u(t,y)dydz,

Zo

pu(t:a) + ro(0) 5 ut,2) + (ule) + B)u(ts ) =2 [ Bttt )iy,

They study the phenomena by transforming their model to a system constituted by
three ordinary differential equations, they study the system obtained using theory of dif-
ferential equations, more specifically they analyze existence and uniqueness of solution,
after that they study the stability of steady states. In [54] the authors study a system
equivalent to our model without impulse, they study the existence of solutions substi-
tuting the result from differential equation into the partial differential equation, they use
properties of evolution semigroups to prove existence of solutions.

Other prion models exist we can cite the following
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In [19]

mazx mazx

T

V'(t) = X —yu(t) — To(t) /%’ u(t, z)dx + /xm x {2[)’ b(y)k(x, y)u(t,y)dy| dz,

Tmin 0 Tmin

Gpu(ta) + T 5ult, ) + (ulo) + Able)ult o) =2 [ bu)(eputt, )

w(t, Tmin) =0, 0(0) =02 >0, w(0,2)=u’(x),

for t > 0 and i < T < Tinaz-

The main work of this thesis is given in chapter four, we use similar approach that
used by walker to solve the impulsive system, we use the theory of semigroups to prove

existence with respect to parameters.

This thesis is constituted by four chapters, in the first one we give some preliminary
results, in the second one we give results on the model studied in [49], in the third chapter
we study the model considered in [54] and in the last chapter we give our results concerning
the impulsive model. We end this thesis by some conclusions and bibliography related to

our work.



Chapter 1

PRELIMINARIES

1.1 Ordinary differential equations

1.1.1 Existence and uniqueness

Let J C IR, U C IR™, and A € IR* be open subsets, and suppose that f : JxU x A — IR"
is a smooth function. Here the term "smooth” means that the function f is continuously

differentiable. An ordinary differential equation (ODE) is an equation of the form
&= (2,0 (1.1)

where the dot denotes differentiation with respect to the independent variable ¢ (usually a
measure of time), the dependent variable z is a vector of state variables, and X is a vector
of parameters. As convenient terminology, especially when we are concerned with the
components of a vector differential equation, we will say that equation (1.1) is a system
of differential equations. Also, if we are interested in changes with respect to parameters,

then the differential equation is called a family of differential equations.



2 PRELIMINARIES

Example 1.1.1 The forced van der Pol oscillator

T = T2,

iy = b(1 — 2%)xy — Wz + acosOt
is a differential equation with J = IR, x = (x1,25) € U = IR?,
A ={(a,b,w,Q): (a,b) € R* w > 0,2 >0},
and f: IR x IR* x A — IR? defined in components by

(t, 21, T2, a,b,w,Q) > (29, b(1 — 27)29 — wW?x1 + acost).

If A € Ais fixed, then a solution of the differential equation (1.1) is a function ¢ : Jy — U
given by t — ¢(t), where Jy is an open subset of J, such that

do

7 (1) = f(£,6(8), 1) (1.2)

for all t € J,.

In this context, the words ”trajectory”, "phase curve”, and "integral curve” are also used
to refer to solutions of the differential equation (1.1). However, it is useful to have a term
that refers to the image of the solution in IR". Thus, we define the orbit of the solution
¢ to be the set {¢(t) € U : t € Jy}.

When a differential equation is used to model the evolution of a state variable for a physical
process, a fundamental problem is to determine the future values of the state variable from

its initial value. The mathematical model is then given by a pair of equations
T = f(t,x,\), x(to) = xo

where the second equation is called an initial condition. If the differential equation is

defined as equation (1.1) and (tg,z¢) € J x U, then the pair of equations is called an
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initial value problem. Of course, a solution of this initial value problem is just a solution
¢ of the differential equation such that ¢(ty) = xo.

If we view the differential equation (1.1) as a family of differential equations depending
on the parameter vector and perhaps also on the initial condition, then we can consider
corresponding families of solutions ( when they exist) by listing the variables under con-
sideration as additional arguments. For example, we will write ¢ — ¢(t, ¢y, xo, \) to specify
the dependence of a solution on the initial condition x(ty) = z¢ and on the parameter
vector .

The fundamental issues of the general theory of differential equations are the existence,
uniqueness, extensibility, and continuity with respect to parameters of solutions of initial
value problems. Fortunately, all of these issues are resolved by the following foundational
results of the subject: Every initial value problem has a unique solution that is smooth
with respect to initial conditions and parameters. Moreover, the solution of an initial
value problem can be extended in time until it either reaches the domain of definition of
the differential equation or blows up to infinity. The next three theorems are the formal
statements of the foundational results of the subject of differential equations. They are,

of course, used extensively in all that follows.

Theorem 1.1.1 (Existence and Uniqueness) If J C R, U C IR", and A C RY are
open sets, f:J x U x A — IR" is a smooth function, and (ty, zo, \o) € J x U x A, then
there exist open subsets Jo C J, Uy C U, Ng € A with (tg, xo, Xo) € Jo X Ug X Ag and a
function ¢ : Jy x Jg x Uy x Ag — IR" given by (t,s,x,\) — ¢(t, s, x,\) such that for each
point (t1,x1, A1) € Jo X Uy X Ag, the function t — ¢(t,t1,21,\1) is the unique solution
defined on Jy of the initial value problem given by the differential equation (1.1) and the

initial condition x(ty) = 7.

Recall that if & = 1,2,...,00, a function defined on an open set is called C* if the
function together with all of its partial derivatives up to and including those of order k
are continuous on the open set. Similarly, a function is called real analytic if it has a

convergent power series representation with a positive radius of convergence at each point
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of the open set.

Theorem 1.1.2 (Continuous Dependence). If, for the system (1.1), the hypotheses
of Theorem 1.1.1 are satisfied, then the solution ¢ : Jo X Jy x Uy x Ag — IR" of the
differential equation (1.1) is a smooth function. Moreover, if f is C* for some k =

1,2,...,00 (respectively, f is real analytic), then ¢ is also C* (respectively, real analytic).

As a convenient notation, we will write |z| for the usual Euclidean norm of = € IR".
However, because all norms on Rn are equivalent, the results of this section are valid for

an arbitrary norm on IR".

Theorem 1.1.3 (Extensibility). If, for the system (1.1), the hypotheses of Theorem
1.1.1 hold, and if the maximal open interval of existence of the solution t — ¢(t) (with
the last three of its arguments suppressed) is given by (o, 8) with oo < a < [ < oo, then

|o(t)| approaches oo or ¢(t) approaches a point on the boundary of U ast — .

If there exist some finite 7" and lim;_,7 |¢(t)| = oo, we say the solution blows up in finite
time.

The existence and uniqueness theorem is so fundamental in science that it is sometimes
called the "principle of determinism”. The idea is that if we know the initial conditions,
then we can predict the future states of the system. The principle of determinism is of
course validated by the proof of the existence and uniqueness theorem. However, the
interpretation of this principle for physical systems is not as clear as it might seem. The
problem is that solutions of differential equations can be very complicated. For example,
the future state of the system might depend sensitively on the initial state of the system.
Thus, if we do not know the initial state exactly, the final state may be very difficult or
impossible to predict.

The variables that we will specify as explicit arguments for the solution ¢ of a differential
equation depend on the context, as we have mentioned above. However, very often we
will write ¢t — ¢(t,x) to denote the solution such that ¢(0,2) = x. Similarly, when we
wish to specify the parameter vector, we will use t — ¢(t, 2z, A) to denote the solution

such that ¢(0,z,\) = z.
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Example 1.1.2 The solution of the differential equation @ = x*, x € IR, is given by the

elementary function
T

Slta) =

For this example, J = IR and U = IR. Note that ¢(0,z) = z. If = > 0, then the

corresponding solution only exists on the interval Jy = (—oo,z71).

1

Also, we have that |¢p(t,x)] — oo ast — x~'. This illustrates one of the possibilities

mentioned in the extensibility theorem, namely, blow up in finite time.

Lemma 1.1.1 (Generalized Gronwall’s inequality) Suppose 1)(t) satisfies

o0 <al)+ [ Bels)ds,  te 0.,

with a(t) € IR and B(t) > 0. Then

s o)+ [ awseren ([ i) as.  tep)

0

Moreover, if in addition o(s) < a(t) for s <t, then

Y(t) < aft) exp (/:ﬁ(s)ds) , te0,7],

1.2 Some fixed point theorems

Let X be a real vector space. A norm on X is a map ||.|| : X — [0,00) satisfying the

following requirements:

(i) 10| =0, [|z|| > 0 for x € X\{0}.

(ii) [|ax| = |a|ljz|| for & € IR and x € X.

(i) ||z +y| < ||zl + ||yl for z,y € X (triangle inequality).
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From the triangle inequality we also get the inverse triangle inequality

A =Tlglll < [1f =gl

The pair (X, ||.||) is called a normed vector space. Given a normed vector space X, we
say that a sequence of vectors f, converges to a vector f if lim, o || fn — f|| = 0. We will
write f,, — f or lim, .. f, = f, as usual, in this case. Moreover, a mapping F: X — Y
between two normed spaces is called continuous if f,, — f implies F(f,) — F(f). In
fact, it is not hard to see that the norm, vector addition, and multiplication by scalars
are continuous.

In addition to the concept of convergence we also have the concept of a Cauchy sequence
and hence the concept of completeness: A normed space is called complete if every Cauchy

sequence has a limit. A complete normed space is called a Banach space.

Example 1.2.1 Clearly IR" is a Banach space with the usual Euclidean norm

Let I be a compact interval and consider the continuous functions C'(I) on this interval.
It forms a vector space if all operations are defined pointwise. Moreover, C'(I) becomes a

normed space if we define

[l ]| = sup [ (t)]. (1.3)
tel
In fact, C'(I) is a Banach space.

Definition 1.2.1 A fized point of a mapping K : C C X — C is an element x € C' such
that K(x) = x. Moreover, K is called a contraction if there is a contraction constant

6 € [0,1) such that

1K (z) — K(y)l| <Olle —yll,  xz,yeC. (1.4)
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We also recall the notation K™(x) = K(K" !(x)), K°(z) = x.

Theorem 1.2.1 (Contraction principle). Let C be a (nonempty) closed subset of a
Banach space X and let K : C' — C be a contraction, then K has a unique fized point

T € C such that
QTL
1-46

K™ () — =[] < K (z) —zf, weC. (1.5)

1.2.1 The basic existence and uniqueness result

From the previous section, we show existence and uniqueness of solutions for the following

initial value problem (IVP)
&= f(t,z), z(to) = xo. (1.6)

We suppose f € C(U,IR™), where U is an open subset of IR"** and (¢, z¢) € U.
First of all note that integrating both sides with respect to ¢ shows that (1.6) is equivalent

to the following integral equation

x(t) = xg +/t f(s,z(s))ds. (1.7)

At first sight this does not seem to help much. However, note that x¢(f) = x¢ is an
approximating solution at least for small ¢. Plugging x¢(t) into our integral equation we

get another approximating solution
t
x1(t) = xg +/ f(s,zo(s))ds. (1.8)
to
Iterating this procedure we get a sequence of approximating solutions
t
T (t) = K™(x0)(t), K(z)(t) = xg +/ f(s,z(s))ds. (1.9)
to

Now this observation begs us to apply the contraction principle from the previous section

to the fixed point equation z = K (x), which is precisely our integral equation (1.7).
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We will set ty = 0 for notational simplicity and consider only the case ¢ > 0 to avoid
excessive numbers of absolute values in the following estimates.

First of all we will need a Banach space. The obvious choice is X = C([0,T],IR") for
some suitable 7" > 0. Furthermore, we need a closed subset C' C X such that K : C' — C.
We will try a closed ball of radius ¢ around the constant function .

Since U is open and (0, () € U we can choose V = [0,T] x Bs(x¢) C U, where Bs(xy) =

{z € R"||z — xo| < ¢}, and abbreviate

M = t 1.10
(;gggv\ﬂ x|, (1.10)

where the maximum exists by continuity of f and compactness of V' . Then

\K(x)(t)—x0|g/0 £ (s, 2(5))|ds < tM (1.11)

whenever the graph of x(t) lies within V', that is, {(¢,z(¢))|t € [0,T]} C V .
Hence, for t < Tj, where

Ty = min{T, %}, (1.12)

we have ToM < § and the graph of K(z) restricted to [0, Tp] is again in V' .

In the special case M = 0 one has to understand this as % = oo such that T, = T.
Moreover, note that since [0,75] € [0,7] the same constant M will also bound |f| on
Vo = [0,75] x Bs(wo) CV .

So if we choose X = C([0, Tp], IR™) as our Banach space, with norm ||z|| = maxo<;<, |(t)].
and C' = {z € X|||x — z¢|| < 6} as our closed subset, then K : C'— C and it remains to

show that K is a contraction.

To show this, we need to estimate

[ K (2)(t) — K (y)(t)] S/O |f(s,2(s)) — f(s,y(s))|ds. (1.13)
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Clearly, since f is continuous, we know that | f(s, z(s)) — f(s, y(s))| is small if |z(s) —y(s)|
is. However, this is not good enough to estimate the integral above. For this we need
the following stronger condition: Suppose f is locally Lipschitz continuous in the second
argument, uniformly with respect to the first argument, that is, for every compact set

Vo C U the following number

(t2)£(Ly)EVD [z — |

(which depends on Vj) is finite. Then,

/0 F(s,2(s) — f(s.y(s)lds < L / 2(s) — y(s)lds

(1.15)
< Lisupgcg [z(s) — y(s)]
provided the graphs of both z(¢) and y(t) lie in V4. In other words,
[1K(z) = K(y)ll < LTollz =yl 2,y e C. (1.16)

Moreover, choosing Ty < L' we see that K is a contraction and existence of a unique

solution follows from the contraction principle.

Theorem 1.2.2 (Picard-Lindeldf). Suppose f € C(U,IR™), where U is an open subset
of IR™™, and (to,x0) € U. If f is locally Lipschitz continuous in the second argument,
uniformly with respect to the first, then there exists a unique local solution T(t) € C'(I)
of the IVP (1.6), where I is some interval around t.

More specific, if V = [to,to + T] x Bs(zo) x U and M denotes the mazimum of |f| on

V' . Then the solution exists at least for t € [to,to + To] and remains in Bs(xy), where

)
To = min{T, M} The analogous result holds for the interval [to — T, to).
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1.3 Stability and linearization

The concept of Lyapunov stability is meant to capture the intuitive notion of stability.
An orbit is stable if solutions that start nearby stay nearby. To give the formal definition,

let us consider the autonomous differential equation

T = f(z) (1.17)
defined on an open set U C IR"™ and its flow ¢;.

Definition 1.3.1 A rest point xo of the differential equation (1.17) is stable (in the sense
of Lyapunov) if for each € > 0, there is a number § > 0 such that |¢,(z) — x| < € for all

t > 0 whenever |x — x| < 9.

There is no reason to restrict the definition of stability to rest points. It can also refer to

arbitrary solutions of the autonomous differential equation.

Definition 1.3.2 Suppose that xy is in the domain of definition of the differential equa-
tion (1.17). The solution t — ¢(xo) of this differential equation is stable (in the sense of

Lyapunov) if for each € > 0, there is a 6 > 0 such that
|pr(z) — r(0)| < € forallt >0 whenever |z — xo| < 0.

A solution that is not stable is called unstable.

Definition 1.3.3 A solution t — ¢i(xg) of the differential equation (1.17) is asymptoti-

cally stable if it is stable and there is a constant a > 0 such that
tlim |pr(z) — (o) =0 whenever |z — x| < a.
—00

Let us note that the problem of the location of rest points for the differential equation

& = f(z) is exactly the problem of finding the roots of the equation f(x) = 0.
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1.3.1 Linearization method

To describe the linearization method for rest points, let us consider (homogeneous) linear

systems of differential equations; that is, systems of the form

T = Ax

where z € IR™ and A is a linear transformation of IR". If the matrix A does not depend
on t, so that the linear system is autonomous. then there is an effective method that
can be used to determine the stability of its rest point at x = 0. In fact, if all of the
eigenvalues of A have negative real parts, then x = 0 is an asymptotically stable rest
point for the linear system.

If xy is a rest point for the nonlinear system

&= f(x),

then there is a natural way to produce a linear system that approximates the nonlinear
system near xy. Simply replace the function f in the differential equation with the linear
function x +— D f(zo)(x — x¢) given by the first nonzero term of the Taylor series of f at

xg. The linear differential equation

&= Df(xo)(z — ) (1.18)

is called the linearized system associated with & = f(z) at xy. The ”principle of linearized
stability” states that if the linearization of a differential equation at a steady state has a
corresponding stable steady state, then the original steady state is stable. This principle
is not a theorem, but it is the motivation for much of the theory of stability.

Let us note that by the change of variables u = x — zg, the system (1.18) is transformed to

the equivalent linear differential equation & = f(u+x) where the rest point corresponding
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to xg is at the origin. If we define g(u) := f(u + x¢), then we have

i =g(u) and g(0)=0.

Thus, it should be clear that there is no loss of generality if we assume that our rest point
is at the origin. This fact is often a useful simplification. Indeed, if f is smooth at = 0

and f(0) = 0, then

f(x) = f(0) + Df(0)z + R(z) = Df(0)x + R(z)

where Df(0) : IR"™ — IR" is the linear transformation given by the derivative of f at
x = 0 and, for the remainder R, there is a constant & > 0 and an open neighborhood U
of the origin such that

|R(2)| < klzf*

whenever x € U. Because of this estimate for the size of the remainder and the fact that
the stability of a rest point is a local property (that is, a property determined by the
values of the restriction of the function f to an arbitrary open subset of the rest point), it
is reasonable to expect that the stability of the rest point at the origin of the linear system
& = Df(0)x will be the same as the stability of the original rest point. This expectation

is not always realized. However, we do have the following fundamental stability theorem.

Theorem 1.3.1 If xy is a rest point for the differential equation © = f(x) and if all
eigenvalues of the linear transformation D f(xo) have negative real parts, then xq is asymp-

totically stable.

It turns out that if xg is a rest point and D f(x() has at least one eigenvalue with positive
real part, then x is not stable. If some eigenvalues of D f(xz¢) lie on the imaginary axis,
then the stability of the rest point may be very difficult to determine. Also, we can expect
qualitative changes to occur in the phase portrait of a system near such a rest point as

the parameters of the system are varied.
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1.4 Stability and the direct method of Lyapunov

Let us consider a rest point zy for the autonomous differential equation

i=f(z), xeIR™ (1.19)

Definition 1.4.1 A continuous function V : U — R, where U C IR" is an open set with
xo € U, is called a Lyapunov function for the differential equation (1.19) at xo provided
that

(i) V(o) =0,
(11) V(z) >0 for x € U\{zo},

(iii) the function x — gradV (z) is continuous for x € U\{zo}, and, on this set, V(z) :=
gradV (z) - f(z) <0.

If, in addition
(iv ) V(z) <0 forxz e U\{x},
then V' is called a strict Lyapunov function.

Theorem 1.4.1 (Lyapunov’s Stability Theorem) If xq is a rest point for the dif-
ferential equation (1.19) and V' is a Lyapunov function for the system at xq, then xq is

stable. If, in addition V' is a strict Lyapunov function, then xq is asymptotically stable.

1.5 Cy-semigroups and Cauchy problems

Let A be a closed operator on a Banach space X. We consider the abstract Cauchy

problem

u'(t) = Au(t) (1 >0), (1.20)
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where the independent variable ¢ represents time, u() is a function with values in a Banach

space X, A: D(A) C X — X a linear operator, and x € X the initial value.

Definition 1.5.1 A function u : IRy — X s called a classical solution of (1.20) if u is
continuously differentiable with respect to X, u(t) € D(A) for allt >0, and (1.20) holds.

Definition 1.5.2 A Cy-semigroup is a strongly continuous function T : IRy — L(X)

such that
T(t+s)=TWT(s)  (ts>0),

T0)=1 and
Vag € X, ||T(t)xg — zol| — 0 as t 0.

Lemma 1.5.1 For the generator (A, D(A)) of a strongly continuous semigroup (T'(t)),sq,
the following properties hold.

(i) A: D(A) C X — X is a linear operator.
(1) If v € D(A), then T'(t)x € D(A) and

%T(t)x =T(t)Ax = AT (t)z for allt > 0. (1.21)

(111) For everyt >0 and x € X, one has
t
/ T(s)zds € D(A).
0

(iv) For everyt >0, one has

Tt)yr—z = A/OtT(s)xds forze X 122
T

(s)Azds  for x € D(A).
0
If the operator A is the generator of a strongly continuous semigroup, it follows from
Lemma 1.5.1 (ii) that the semigroup yields solutions of the associated abstract Cauchy

problem.
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Proposition 1.5.1 Let (A, D(A)) be the generator of the strongly continuous semigroup
(T'(t));50 - Then, for every x € D(A), the function

u:t—u(t) :=T(t)x
is the unique classical solution of (1.20).

The important point is that classical solutions exist if (and, by the definition of D(A),
only if) the initial value x belongs to D(A). However, modifying slightly the concept of
"solution” and requiring differentiability only for ¢ > 0, we obtain such solutions for each
x € X as soon as the semigroup (T(t))t20 is immediately differentiable. This already
suggests that different concepts of "solutions” might be useful. The most important
one renounces differentiability and substitutes the differential equation by an integral

equation.

Definition 1.5.3 A continuous function u : Ry — X is called a mild solution of (1.20)
if fot u(s)ds € D(A) for allt >0 and

ult) = A/Otu(s)ds +a

It follows from our previous results (use Lemma 1.5.1 (iv)) that for A being the generator
of a strongly continuous semigroup, mild solutions exist for every initial value x € X and

are again given by the semigroup.

Proposition 1.5.2 Let (A, D(A)) be the generator of the strongly continuous semigroup
(T'(t));50 - Then, for every x € X, the orbit map

w:t—u(t) =Tz

is the unique mild solution of the associated abstract Cauchy problem (1.20).
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1.6 Evolution systems

Let X be a Banac space. For every t, 0 < ¢ < T, let A: D(A(t)) C X — X be a linear
operator in X and let f(¢) be an X valued function. In this section we will study the

initial value problem

= A(tyu(t) + f(t),  pours <t <T, (1.23)

the initial value problem (1.23) is called an evolution problem. An X valued function
u: [s,T] — X is a classical solution of (1.23), if u is continuous on [s,T] , u(t) € D(A(t))
for s <t < T, u is continuously differentiable on s < ¢ < T" and satisfies (1.23).

to give the formula of the solution of (1.23) we concentrate at the beginning on the

homogeneous initial value problem

du(t) _
o = A@u),  0<s<t<T (1.24)

u(s) =z

In order to obtain some feeling for the behavior of the solution of (1.24), we consider first
the simple case where for 0 <t < T, A(t) is a bounded linear operator on X and ¢t — A(t)

is continuous in the uniform operator topology. For this case we have

Theorem 1.6.1 Let X be a Banach space and for every t such that 0 <t < T let A(t)
be a bounded linear operator on X, if the function t — A(t) is continuous in the uniform
operator topology, then for every x € X the initial value problem (1.24) has a unique

classical solution wu.

Proof: The proof of this theorem is standard using Picard’s iterations method. Let

a = maxg<;<7 ||A(t)|| and define a mapping S from C([s,T] : X) into itself by

(Su)(t) :x+/ A(T)dr. (1.25)
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Denoting ||ul|e = maxs<;<7 ||u]|, it is easy to check that

[1Su(t) — Sv(t)]| < a(t — s)||u — v, s<t<T. (1.26)

Using (1.25) and (1.26) it follows by induction that

nit — g\
1S™u(t) — S™u(t)|| < Muu e, S<t<T
n.
and therefore
nit — g\
5% — S0l < LT g,
n:

For n large enough, o™ (t — s)"/n! < 1 and by a well known generalization of the Banach

contraction principle, S has a unique fixed point w in C([s,T]; X') for which

u(t) =z + /tA(T)dT (1.27)

Since u is continuous, the right hand side of (1.27) is differentiable. Thus u is differentiable
and its derivative, obtained by differentiating (1.27), satisfies u/(t) = A(t)u(t). So, u is a
solution of the initial value problem (1.24). Since every solution of (1.24) is also a solution

of (1.27); the solution of (1.24) is unique. O We define the ”solution operator” of the

initial value problem (1.24) by
U(t,s)r = u(t) for0<s<t<T (1.28)

Where u is the solution of (1.24). U(t,s) is a two parameter family of operators. From
the uniqueness of the solution of the initial value problem (1.24) it follows readily that
if A(t) = A is independent of ¢ then U(t,s) = U(t — s) and the two parameter family of
operator reduces to the one parameter family U(t),¢ > 0, which is of course the semigroup
generated by A. The main properties of U(t, s), in our special case where A(t) is a bounded

linear operator on X for 0 < ¢ < T and t — A(¢) is continuous in the uniform operator
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topology, are given in the next theorem.

Theorem 1.6.2 For every 0 < s <t <T, U(t,s) is a bounded linear operator and

(i) 1U(, s)I| < exp(f; |A(T) 1 d7).
(1)) U(t,t) =1, U(t,s) =U(t,r)U(r,s) for0 <s<t<T.
(111) (t,s) — U(t,s) is continuous in the uniform operator topology for 0 < s <t <T.

(iv) OU(t,s)/0t = A(t)U(t,s) for0 < s <t<T
(v) OU(t,s)/0s = =U(t,s)A(s) for0 < s <t <T.

Proof: Since the problem (1.24) is linear it is obvious that U(t,s) is a linear operator

defined on all of X. From (1.27) it follows that

[u@)]] < ]l +/ AT Hlu(r)lldr

which by Gronwall’s inequality implies

1U(E, s)a|| = [lu@)] < [|l/lexp (/ HA(T)HdT) (1.29)

and so U(t,s) is bounded and satisfies (i).

From (1.28) it follows readily that U(¢,t) = I and from the uniqueness of the solution of
(1.24) the relation U(t,s) = U(t,r)U(r,s) for 0 < s <t < T follows. Combining (i) and
(i), (iii) follows. Finally, from (1.27) and (iii) it follows that U(t, s) is the unique solution
of the integral equation

Ult,s) =1+ /tA(T)U(T, s)dr (1.30)
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in B(X) (the space of all bounded linear operators on X). Differentiating (1.30) with
respect to ¢ yields (iv). Differentiating (1.30) with respect to s we find

0 t 0
S = =AG) + [ A FU s

From the uniqueness of the solution of (1.30) it follows that

9,
%U(t,s) = —U(t,s)A(s).

O

The two parameter family of operators U(t, s) replaces in the non-autonomous case, i.e.,
in the case where A(t) depends on ¢, the one parameter semigroup U (t) of the autonomous

case. This motivates the following definition.

Definition 1.6.1 A two parameter family of bounded linear operators U(t,s), 0 < s <

t <T on X is called an evolution system if the following two conditions are satisfied:

(i) U(s,s) =1, U(t,r)U(r,s) =U(t,s) for0 <s<t<T.

(i1) (t,s) = U(t,s) is strongly continuous for 0 < s <t <T.

Note that by analogy to the autonomous case, since we are not really interested in the
uniform continuity of solutions, we have replaced the continuity of U(t, s) in the uniform
operator topology by strong continuity.

if there is an evolution system U(t,s) associated with the initial value problem (1.23)
where f € L'(0,T : X) such that for every v € D(A(s)), U(t,s)v € D(A(t)) and U(t, s)v
is differentiable both in ¢ and s satisfying

0
5,V (6 s)v = AU, 5)v (1.31)
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and

%U(t, Sy = —U(t, s)A(s)o, (1.32)

then every classical solution u of (1.23) with = € D(A(s)) is given by

u(t) =U(t,s)r + /t Ut,r)f(r)fr. (1.33)

Indeed, in this case the function r — U(¢t, r)u(r) is differentiable on [s,T] and

0
5,0t ru(r) = =U(t,r)A(r)u(r) + Ut r)A(r)u(r) + Ut r)f(r) (1.34)

=U(t,r)f(r).
Integrating (1.34) from s to ¢ yields (1.33). Thus, in this case, the inhomogeneous initial
value problem (1.23) has at most one classical solution u which, if it exists, is given by

(1.33). However, for any evolution system U(t,s) and f € L'(0,T : X) the right-hand

side of (1.33) is a well defined continuous function satisfying u(s) = x.



Chapter 2

MATHEMATICAL MODEL FOR
THE DYNAMICS OF PRIONS

2.1 Introduction

In this chapter we analyze a system of ordinary differential equation, which is applicable
to a model of prion proliferation dynamics. The model is a special case of a more general

model. The variables and parameters of the model:

e v(t) is the number of PrP monomers at time t,

u(t,x) is the density of PrP°¢ polymers of length = at time t,

xo is the lower bound for polymer length, that is, polymers have length x with

Ty < x < 00,

A is the source rate for naturally produced PrP® monomers,

7 is the metabolic degradation rate for PrP¢,

21
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e 7 is a rate associated with lengthening of PrP®¢ polymers by attaching to and

converting PrP¢ monomers,

e [(x) is length-dependent rate of polymer breakage,

k(z,y) is the probability, when a polymer of length y breaks, that one of the two

resulting polymers has length x,
e ;(z) is the length-dependent metabolic degradation rate of PrP¢ polymers,

we obtain the following model equations:

V' (t) = A —you(t) — To(t) /00 u(t, x)dxr + 2 /0930 x/oo Bly)k(x, y)u(t,y)dydx,

pulta) + T (e, ) + (o) + Bt ) =2 [ B puttn)d, 2D

u(t,z0) =0, v(0)=2">0, u(0,z)=1u"z),

where t > 0 and 1 < 2y < x < 00.
The factor 2 in (2.1) arises from the symmetry of a fibril splitting into 2 pieces, one of
length x and its complement of length y —z. Observe that the kernel k(y, z) should satisfy

the following properties:

k(y,z) >0, k(y,z)=r(xr—y,x), / k(y, x)dy = 1,
0
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for all x > zg,y > 0,

k(y,z) =1/, if z>xzy and 0<y<uz.

k(y,x) =0, elsewhere.

B(x) = px is linear, and u(x) = p is constant.
Under the assumptions above, the model can be reduced to a system of three ordinary

differential equations. In fact, introducing the new functions

U(t) = /Oou(t,y)dy and P(t) = /OO yu(t, z)dy,

o xo

representing the total number of polymers, and the total number of monomers in polymers
at time t, and integrating the equation for u(t, ) over [x(, +o00[, assuming u(t, xg) = 0,

and lim, . u(t,z) = 0, we obtain

d

dtU( ) = =1V (t)u(t, 1:)|1,0 uU(t) — BP(t) + 25/ / u(t,y)dydx

— —uU() - BP( +26/ ult,y)(y — z0)dy

= —pU(t) = BP(t) +26P(t) — 28U (1).

Multiplying the equation for u(t,z) by x, assuming lim, ., zu(t,z) = 0, and integrating

yields
;itp( t) = —7V(t)(zu(t,o)|3 — /z:O u(t,y)dy) — pP(t) — B/I:o u(t, r)z?dzr + 23 /wjox/:o u(t,y)dydx
= VOUE® - Pl -5 [ ulta)etds 5 [ ult ) - )y

= TV()U(t) — uP(t) — iU ().
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We thus obtain the following system of three ordinary differential equations:

,

U=—upU+ P —2BxU
V=\A—V —7VU + 23U (2.2)

\ P=7VU — uP — 23U

with initial conditions

U0)=uy >0, V(0)=Vy>0, P0) =P > zoUj.

Once the solutions of (2.2) are known, one has only to solve the linear partial integro-
differential equation in (2.1) to obtain the density with respect to fibril length u(¢,x).
The full PDE-system (2.1), which contains also the dynamics of the fibril density u(¢, x),
is analyzed in [13] and [54]. Our goal is to analyze the global behavior of the solution of
(2.2) in the cone U > 0, V > 0, P > zoU. We prove the following result concerning the

qualitative behavior of the system (2.2)

Theorem 2.1.1 Suppose xq, 5,7, A\, jt, 7 > 0. The system (2.2) induce a global semi-
flow on the se K = {(U,V,P) € IR® : U V,P — xoU > 0}. There is precisely one
disease-free equilibrium (0, A/v,0) which is globally asymptotically stable if and only if
W+ xof > \/W On the other hand, if p+ xof8 < \/W, then there is a unique

disease equilibrium

((u + Bx0)? ABT — (1 + Bxo)? ABT — (1 + B:Eo)z)
pro 0 mlp+ fre) T ’

which is globally asymptotically stable in K\{0} x IR, x {0}.

This result shows that the solutions of (2.2) exhibit the typical behavior of epidemic
models. Let Ry = AB7/v(u+ Bxo)?, which is the number of secondary infections produced

on average by one infectious prion. If Ry < 1, then the disease dies out and the disease-
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free equilibrium is globally asymtotically stable. If Ry > 1, a unique nontrivial steady
state, the disease equilibrium, bifurcates from the trivial one and subsumes the global
asymptotic stability. Thus, for Ry > 1, the disease persists and exhibits strong stability

properties.

2.2 A general three compartment model of infection

dynamics

As general references for the theoretical results employed below we refer to the monographs
of Amann [2] or Chicone [7]. We first transform the model of prion proliferation (2.2) to

the following more general system:

(

T =z—Ex,
y=0—py—axy+iz, (2.3)
{ Z=xy— 2.

with initial conditions

We prove the following theorem for (2.3).

Theorem 2.2.1 Suppose £ >0, 0 >0, p >0 and 6 € [0,£). The system (2.3) induce
a global semiflow on the set IREJ’|r there exists precisely one (disease-free) equilibrium
(0,0/p,0) globally asymptotically stable, if and only if o < Ep. On the other hand, if
o > &p there is one additional (disease) equilibrium (o —Ep/& —6,&,E0 —Ep/& — 0) which
is globally asymptotically stable in IR3\{0} x IR; x {0}
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Theorem 2.1.1 is proved by Theorem 2.2.1, with (2.2) converted to (2.3) as follows: First
to work in the standared positive cone IRi, we replace the variable P by W = P — 2y U
(the feasible values of P and U satisfy P > xoU, since the minimum value for P is zoU).

This gives the system
20U = BroW — (—p + 2Bx0)U,

V=XA—qV — ZaVU + 822U
Lo

p= xLxOVU — (u+ Bro)W
0

with initial values U(0) = ug > 0, V(0) =V > 0, W(0) = Wy = P — 20Uy > 0.

Next, perform a scaling of the variables by setting
2oU(t) = ax(at), V(t)=by(at), W(t) = cz(at).

with o = p+ Brg, a = (u+ Bo)ze/7, b = ¢ = (u+ Bxo)? /BT, we obtain the system (2.3)
with § = 1, 0 = ABT/(u+ B20)* > 0, p =7/ (pu+ Bxo) > 0, 6 = (Bxo/ (1t + Bxo))? € (0, 1).
The model (2.3) also admits an interpretation for SEIS epidemics. Consider the popu-
lations of susceptibles S(t) (individuals capable of acquiring the disease), exposed FE(t)
(infected individuals who are not yet contagious), and infectious I(¢) (infected individuals
who are capable of transmitting the disease to susceptibles). We assume a constant influx
of susceptibles A > 0 and natural death rate v > 0 of susceptibles. Susceptibles enter
the exposed class at a rate proportional to the product of the susceptible and infectious
populations with rate constant 7 . Exposed individuals enter the infectious class with rate
« or are otherwise removed with rate . Infectious individuals return to the susceptible
class with rate 3 or are otherwise removed with rate v. Thus, infectious individuals either

die, recover with permanent immunity, or recover with no immunity. The equations of
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the model are

S=\—~S—7IS+ I

E=7I5—(a+p)E, (2.4)

\ I=aFE—(B+v)l.

Theorem 2.2.2 Suppose \, v, 7,5, a,pu,v > 0. The system (2.4) induces a global semi-

flow in R3. Let Ry = «/(afu—/;(TﬁM There is precisely one disease-free equilibrium S =

MY, E =0;1 =0, which is globally asymptotically stable if and only if Ry < 1.

On the other hand, if Ry > 1, then there is a unique disease equilibrium

g Mt o) & (nt Bro)® AT — 3kt Bxo)”

(1 + 2810)? Br Bur

Y

which is globally asymptotically stable in R3\ R, x {0} x {0}.

The conversion of (2.4) to (2.3) is accomplished as follows: Set xz(t) = .1 (a%_#),

y(t) = GEpSER) () = GEEBGER) €= &6 o= @ p = o 0 = ol
Note that § < & For the SEIS model (2.4) Ry = qu—% = & Is the number of
secondary infections produced by a single infectious individual.

SEIS models have been studied extensively, and many results are known ([4], [5], [8], [14],
[15], [18], [23], [24], [25], [27], [29], [30], [35], [36],[37] , [38], [40], [52], [56],[59]). In [36]
the global stability of the disease equilibrium was established for a SEIRS model with
constant total population size, which reduces to a SEIS model similar to (2.4) as the
parameter for transition from / to R tends to infinity. In [14] the global stability of the
disease equilibrium was established for a model similar to (2.4), but with more restrictive
loss rates.

The model (2.4) can also be interpretated in terms of viral-host cell interactions (Bon-

hoeffer et al. [3] and May and Nowak [41]). Consider the populations of virus V(t),
uninfected host cells T'(¢), and infected host cells 7%(¢) in an infected host at time ¢.
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Virus is produced at a rate proportional to the population of infected cells with rate con-
stant v and loss rate v. There is a constant source A\ and normal loss rate v of uninfected
cells, an additional loss of uninfected cells (and gain of infected cells) proportional to the
product of infected cells and virus with rate constant 7 , and virus-stimulated production
of uninfected cells at a rate 3. Infected cells have loss rate . The equations of this model

are

V=aol*—-vV,
T=X—~T—7VT + BV, (2.5)

7" =7VT — pT*

Theorem 2.2.3 Suppose o, v, \,7,u > 0 and aff < pv. The system (2.5) induces a

global semifow in RY. Let Ry = 3—22 . There s precisely one disease-free equilibrium

V=0T= )\/W;T* = 0, which is globally asymptotically stable if and only if Ry < 1. On

the other hand, if Rg > 1, then there is a unique disease equilibrium

:Oé)\T—"}//ﬂ/ 7 _ M T:V(oa)m—’y/u/)

T(uv — af) T Taluy — aff)

<l

which is globally asymptotically stable in R3\[{0} x IR, x {0}].

The conversion of (2.5) to (2.3) is accomplished as follows: Set z(t) = ﬁV(ﬁ), y(t) =
%T(ﬁ), 2(t) = %T*(ﬁ), (=% 0= aM—Tg’\, p=7,0= (Z‘L—f The condition § < £ requires
alT _ o

Z is the number

aff < pv. For the virus-host cell dynamics model (2.5) Ry = 207 = &

of secondary host cell infections from a single infected host cell. In the case that § =0
the global asymptotics of system (2.5) have been analyzed by Korobeinikov [27], [28], by
transforming (2.5) to an equivalent SEIR model with constant host population size. The
system (2.5) (withg = 0) has been used extensively in modeling the within-host dynamics
of HIV infection (Perelson et al. [44], Perelson and Nelson [45], Gilchrist et al. [16]).
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2.3 Proof of the theorems

2.3.1 Global well-posedness

Since the right hand sides of (2.3) are polymers, this system generates a local flow in IR,

Recall that an ode-system @ = f(u) on IR" is called quasi-positive if
u > 0, uk:0:>fk(u)20,

is valid for all k = 1,2, ..., n.
System (2.3) obviously is quasi-positive, hence solutions with nonnegative initial data

(%0, Yo, 20) € IRi stay in the standard cone ]Ri for all t > 0. From the three equations

we get
&+
¢ = % rTt+y+z
and
. E—6  £-96
— — — —_ < _
d=o—py— gr-tpise e,

€0 -0

ST } Hence we obtain the bound

where € = min { 0,

0<o(t) < = +o(0)e,

whenever (xg, yo, 20) € IRi and ¢t > 0. This implies boundedness of the solutions, hence
global existence for all ¢ > 0, which shows that the system (2.3) induce global semiflow
in ]Ri
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2.3.2 Global asymptotic stability of the trivial equilibrium

Suppose o < £p, by means of a Lyapunov function we show that in this case the trivial

equilibrium is globally asymptotically stable in IRi For this purpose we set:
1 9 _
O(r,y,2) = Sy =9 + (26 =0 =Y + 2).

Then for o = py,

0bdx 0®dy 0Pdz

b = — - il
8xdt+8ydt+8zdt

= =B+ € = (€= 2)E=9) <0

Thus @ is a Lyapunov function for (2.3) in IRi if 0 < &p. Further, in this case we have

® =0onlyif y=9=0/p and x = 0. Now the only invariant subset of the set y = 7 is
. .. . . 3

the disease free steady state, hence it is globally asymptotically stable in IR .

2.3.3 Steady states

Observe that the set {(z,y,2) € IRY : 2 = z = 0} is an invariant subset of (2.3). Thus,

the system trivializes to the single equation

y=0—py, y(0) = yo,

which admits the single steady state y = o/p. Further, 7 is globally asymptotically stable

in the set {(z,y,2) € IR2 : # = z = 0}. Hence the system (2.3) has the steady state
(0,0/p,0) which we call the trivial or disease free equilibrium.

A simple computation shows that the system admits another steady state, namely, (z*, y*, 2*),
where z* = (0 — £p)(§ — 0), y* = € and z* = {x*. We call this steady state the nontrivial

or disease equilibrium. Note that this steady state is only biologically relevant if it lies in

IR:j’r which means that the condition o > £p must hold. At the critical value o = £p this
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steady state bifurcates from the trivial one via a simple transcritical bifurcation.
To examine the local exponential asymptotic stability properties of these equilibria we

compute their linearizations. At the trivial equilibrium we obtain the linearization

€0 1
A=|d—0a/p —p 0
alp 0 -1

The eigenvalues of this matrix are

- ek JA- P Aoy
2 )

21,2 = Z3 = —p

It is easily seen that all three eigenvalues are negative, if ¢ < £p. By the principle of
linearized stability we thus see that the trivial equilibrium is locally exonentially asymp-
totically stable if ¥ = o/p < &, which is precisely the case when the disease equilibrium
has no biological relevance.

For the linearization at the disease equilibrium we get

—£ 0 1
A=|§-¢ —p—a 0

where 2* = (0 —£p)/(§ — ) > 0. The characteristic polynomial of this matrix is given by

p(2) = det(z] — A) = 2° + a12° + apz + as,

o-dp _(1+&)(0-0p)
E-5 -0

ap=1+&+ az = o —&p.

Since ayas > (1 +&)(0 — dp) > as, the Ruth-Hurwitz criterion implies that all roots of p
have negative real parts, which shows that the disease equilibrium is locally exponentially

asymptotically stable if it is biologically meaningful, i.e. if o > &p.
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2.3.4 Global asymptotic stability of the disease equilibrium

Consider now the case 0 > &p. It is convenient to translate the equation to the dis-

ease equilibrium. We set u = z — 2%, v = y — y*, w = z — z* where (2%, y*, %) =
(0—€p o—&p

3 TS : ), and obtain the following new system:
( v = w—~E&u
= -l )
w = av+&u—w.

\

we compute the derivatives of the following function which are well-know in the theory of

epidemics. For x > 0,y > 0,z > 0,

E(u—a: In(z/z*)) = E(w x¥)
= z—§x—ix*+§x*
d y !
- . *1 * - 7 %
(v =y In(y/y") S
—p 5 uv 2
= ?v +5?—xy+§:c— + &z,

d ‘ )
E(w—z In(z/2%)) =

[SEN RS

(z=2%)

x
= a:y—z——yz*—l—z*.
z
Summing these equations, we obtain the Lyapunov function

Uo(z,y,2) = (u—a"In(z/z")) + (v —y"In(y/y")) + (w — 2" In(z/z7)),
2
qu(‘tayaz) = _sz + 6% - x*[i + é_ + x_y£ - 35]
Y Yy Y Y z
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Observe that ¢ (x,y, z) approaches infinity at the boundary of the positive octant of IR?.
To remove the second term in ¥ (z, y, z), which does not have a negative sign, we consider

the modified Lyapunov function

U =Y, +

4]
§_5<’U_£lny>7

Note that 1)(x, y, z) approaches infinity at the boundary of the positive actant of IR* and

is bounded below. For this function we obtain

. _gvu%”_x*(%fif—sg)—g_ (0(p+2) + ul = 6))°
v? d(p+ x) & wy€
St
5

Now the first term is obviously nonpositive. Concerning the second term note that * > 0
in the disease case. Set a = z/x > 0, b= £?/y > 0 and consider ¢(a,b) = a+ b+ sz — 3¢

n (0,00)%. Clearly this function is strictly positive for a + b > 3¢ and for ab < £2/3, but
B(€,€) = 0. Therefore it has an absolute minimum in (0, 00)?. Computing the derivatives
of ¢ one finds that (a,b) = (£, &) is the unique absolute minimum. Therefore we see that
for all values of ¢ > £p and 0 € [0, &) the function v is a Lyapunov function for the system
(2.3), and ¢ = 01if and only if y = £ and z = &z hold. Looking at the equation for v we

obtain in case y =¢, ie. v=0
—(€—0u#£0

unless u =0 1i.e. x = x*. Thus the only invariant set contained in the set w =0 is the
disease equilibrium (z*, y*, 2*) = (z*, £, £x*), hence La Salle’s theorem implies convergence
of the solutions to this equilibrium, for all initial values not in the set {0} x IR x {0}.

This shows that the disease equilibrium is globally asymptotically stable in IRi ~ {0} x
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IR, x {0}. If the initial data is in {0} x IR x {0}, then the solution obviously converges
to the disease free equilibrium.

Thus, Theorem 2.1.1 and 2.2.1 are proved. The results of Theorem 2.2.2 are applicable
to the models (2.2), (2.4) and (2.5), since each can be converted to model (2.3). Thus,
for each of these models of infectious disease, there is a threshhold value Ry, dependent
on the specific model parameters, such that if Ry < 1, then all solutions converege to the
unique disease-free equilibrium, and if Ry > 1, then all solutions converege to the unique

disease-endemic equilibrium.

2.4 Conclusion

Understanding prion dynamics under different experimental conditions is of importance
(not exclusively) for the laboratory biologists involved in dealing with one of the most
devastating existing pathology. In this work we took on to study the comportment of
prion model’s solutions, where there is a threshold value Ry, dependent on the model
parameters, such that if Ry < 1, then all solutions converege to the unique disease-free
equilibrium, and if Ry > 1, then all solutions converege to the unique disease-endemic

equilibrium.



Chapter 3

MATHEMATICAL MODEL FOR
PRION PROLIFERATION

3.1 Introduction

The present chapter aims to investigate mathematically a model that describes the dy-
namics of prion proliferation.

Denoting the number of PrP¢ monomers at time ¢t > 0 by v(t) > 0 and introducing a
population density u = u(t,y) > 0 for the infectious PrP°¢ polymers at time ¢t > 0 and
size y greater than the minimum length g, > 0, the interaction of the PrP% monomers
and the PrP%¢ polymers can be described by the coupled system consisting of the ordinary

differential equation

V'(t) =X —vu(t) — To(t) /00 u(t, z)dx + 2/;0 x/ooﬁ(y)/ﬁ(x,y)u(t, y)dydx,  (3.1)

zo

and the partial differential equation

Opu(t, x) +To(t)dpu(t, z) + (p(r) + 6(x))ult, z) = 2 /OO By, y)ult,y)dy,  (3.2)

35
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for y € (yo, 00) subject to the boundary condition
u(t,yo) = 0, t>0 (3.3)
These equations are supplemented with the initial conditions

v(0) =", w(0,9) =u’(y),  y € (yo,00). (3.4)

Equation (3.1) includes a source term A > 0, while the term —~v(t), with v > 0, takes into
account metabolic degradation of monomers. The constant 7 > 0 denotes the polymer-
ization rate. Moreover, 5(y) > 0 is the length-dependent fragmentation rate of polymers
of size y > yo, and k(y', y) is the probability of a polymer of size y > y, splitting into two
pieces ¥’ <y and y —y' < y. The transport term 7v(t)0,u(t,y) in equation (3.2) accounts
for the loss of polymers of size y due to lengthening. A loss of polymers according to
metabolic degradation is reflected by the term p(y)u(y). Finally, the terms involving (3
on the right hand side of equation (3.2) represent the loss and gain of PrP%¢ polymers
caused by splitting. For a more detailed explanation of each process we refer to [19], [20]
and the references therein.

Let us point out that (3.1), (3.2) is a coupled system of non-linear, non-local equations.
In order to solve this equations we employ Kato’s theory for hyperbolic evolution equa-
tions. That is, given a function v with appropriate regularity properties, we construct an
evolution system for the partial differential equation (3.2). We should remark that in the
absence of the kernel operator on the right hand side of (3.2), an evolution system can
readily be obtained by using the method of characteristics.

It should also be pointed out that equations (3.1), (3.2) can be handled as an abstract
quasilinear hyperbolic system in order to obtain local existence, see for instance [[43],
§6.4]. However, this approach does not seem to yield optimal results for equations (3.1),
(3.2).

Before outlining the contents of this chapter, we summarize the present-state of knowl-
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edge on the above model. It seems that only kernels of the form

p=const By)=py kY, y)= 5 (3.5)

have been considered so far. This choice of kernels leads to a closed system of ordinary

differential equations for v and

U(t) = /oou(t,y)dy and P(t) = /OO yu(t,y)dy.

o o

Indeed, (3.1) reduces to
V=XA—qV —7VU+ ByiU (3.6)

and integrating (3.2) yields the equations

U= —puU + BP — 2ByU (3.7)

P=71VU — uP — ByU (3.8)

which, together with (3.6), are uniquely globally solvable. In addition, it has been shown
in [20] that the disease-free steady state (v, U, P) = (\/7,0,0) for the equations (3.6)-(3.8)

Byo + p > \/%- (3.9)

If one reverses the strict inequality sign in (3.9) it has also been proved in [20] that

is globally stable provided

there exists a prion disease steady state which is locally asymptotically stable. These
results have been improved in chapter 2 in that the disease-free steady state is globally
asymptotically stable also for an equality sign in (3.9) and in that the disease steady state
is even globally asymptotically stable for (3.9) with a reversed strict inequality sign.

Observe that the solvability of (3.6)-(3.8) implies that the original equations (3.1), (3.2)

are no longer coupled since v is completely determined for all ¢ > 0. Hence, as shown
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in [13], the partial differential equation (3.2) (with kernels as in (3.5)) can be solved
for u = u(t,y) by using the method of characteristics combined with semigroup theory.
Moreover, it has also been shown in [13] that u converges either to the disease free state
or to the disease steady state according to whether or not (3.9) holds.

Our aim is to consider quite general kernels, merely assuming suitable growth conditions.
More precisely, after collecting some auxiliary results in section 2, we show in section
3 that (3.1)-(3.4) is globally well-posed provided p and [ are bounded, see Theorem
3.4. The basic idea is to solve equation (3.1) for a fixed, suitable function @ and then to
substitute the obtained solution vy into equation (3.2). Using Kato’s theory for hyperbolic
evolution equations, we solve then equation (3.2) in order to obtain a classical solution uz.
A fixed point argument for the map u — uy yields then local existence and uniqueness of
a solution pair (v, u) for (3.1)-(3.4). Suitable a priori estimates guarantee global existence.
A weak formulation of (3.2) allows then to extend in section 4 the existence results to
unbounded kernels by using a weak compactness method, see Theorem 3.4.1. We also
prove finite speed of propagation for the weak (and classical) solutions to (3.2). Finally,
in section 5 we show that the disease-free steady state is globally asymptotically stable
provided some suitable lower and upper bounds for the splitting kernels are available. We
refer to Theorem 3.5.1 for a precise statement.

Clearly, the method described above does not yield uniqueness of weak solutions. This

issue will be the topic of future work [33].

3.2 Preliminaries

In the following, we set Y := (yp, 00) and assume that

B e LL(Y), (3.10)
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where LT (Y') stands for the positive cone in L (Y). We also assume that x > 0 is

measurable on K = {(¢/,y);yo < y < 00,0 < ¢/ < y} and satisfies

Ky, y) = kly =y, y), (v',y) € K. (3.11)

which means binary splitting. Moreover, we suppose the number of monomer units to be

preserved during splitting, that is

y
2/ vy, y)dy =y, ae. yevy. (3.12)
0

Furthermore, let

7>0, and A,y > 0. (3.13)

It is easy to check that (3.11) and (3.12) imply

y
/ k(Y y)dy =1, ae. yev. (3.14)
0

Observe that the natural constraints (3.11) and (3.12) hold if  is of self-similar form

1 /
"'i(y/)y) = ;"{0 (yg) y Y > Yo, 0< y/ < Y, (315)

where g is a non-negative integrable function defined on (0, 1) such that

rko(y) = ko(1 —y), y € (0,1) /0 Ko(y)dy = 1. (3.16)

This allows to capture  in (3.5) by taking ko = 1. Also note that the operator L, given
by

Llul(y) = —(u(y) + B))uly) + 2 / T BWR )y, aeyeY  (3.17)
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defines a linear and bounded operator from L, (Y, ydy) into itself according to (3.10)-(3.12)
and that

+ j%lmwﬁ@>(—w@»+2/w¢@vm@cmdy) o

Yo Yo

for u € Li(Y,ydy) and a suitable test function ¢. We then put
Ey = L (Y, ydy) and Ey := W} (Y, ydy) := clwivyay DY),

where D(Y') denotes the space of all test functions on Y . By Ej we mean the positive
cone in Ey and Ef := E;NE; . Finally, given any interval J and any function v : J — R,

we define

A, (t)u = Tv(t)0yu — Lu], u€ by, ted (3.19)

Lemma 3.2.1 The operator —A, defined as
Ap = 0yp, p € Ey, (3.20)
generates a strongly continuous semigroup {e~*;t > 0} on Ey. It is given by

ely—t), y>y+t, t>0

e )(y) = (3.21)

0, Yo <y < yo +t,

and satisfies

e ™ £emy < €%, t>0. (3.22)

Proof: Clearly, (3.21) defines a strongly continuous semigroup on £y satisfying

_ t
IMMMmSO+%wM%SJMWMW L>0,
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for p € Ey, whence (3.22). It thus remains to show that its generator —A is indeed given
by (3.20). Note that Lebesgue’s theorem guarantees that the test functions are contained

in the domain of A and that
Ap = Oy, peDY). (3.23)

Since (3.21) is a right translation, D(Y) is invariant under e~*4 and therefore is a core for
A. In particular, D(Y") is dense in the domain of A, which, together with (3.23), easily
yields (3.20). O In the sequel, we set Jr := [0,7] for T'> 0 and, given R > 1, we

define
Vrg = {ve C'(Jr); R <w(t) < |[vleyor) < R} (3.24)

Recall then that the operator A, (t) has been defined in (3.19).

Proposition 3.2.1 Fiz R>1, Ty > 0 and let 0 <T < Ty. Then (Ay(t)),co 7 generates
for each v € Vr g a unique evolution system U,(t,s), 0 < s <t < T, in Ey, and there

exists a constant wy := wo(Ty, R) > 0 such that
UL (t, 8) | () < €007, 0<s<t<T, vEVrg (3.25)

and

U (t, 8)ll(m0) < wo, 0<s<t<T,veVrp. (3.26)

Moreover, for v,w € Vg it holds that

10 (¢, 8) = Un(t, )| < wolt =)o = wlown » 0Ss<t<T.  (3.27)

Proof: Since L is a bounded operator on FEy, Lemma and a well-known perturbation

result (see [[43], Thm.3.1.1]) ensure that, for any fixed v € Vr g and any s € Jp , —A,(s)
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generates a strongly continuous semigroup on Fjy with
le™ ™ gy < e, 20, (3.28)

where @ 1= TRy, " + | L||z(Eoy- Hence, putting w := w + 1 it follows that {A,(t)}tc, is
stable in the sense of [[43], §5.2] for each v € Vr i. Next, given any t € Jp , the definition
Q. (t) :=w + A,(t) yields an isomorphism from E; onto Ej satisfying

”Qv(t)H[l(El,Eo) <w+ TR+ ||L||£(EO), t e JT, v E VT,R- (329)
Moreover, for u € E1,
1 o d :
Q.(u € C (Jr, Ey)  with Q,(t)u := an(t)u = 70(t)0yu.

Therefore, assumptions (Hy), (H2)", (Hs) of [[43], §5] hold, thus implying that there
indeed exists a unique evolution system U,(t,s), 0 < s <t < T, in E, for each v € Vpp,
which, in addition, satisfies statements (F;)— (Es) of [[43], §5]. In particular, (3.25) holds
(with wy replaced by w).

We now refer to the proof of [[43], Thm.5.4.6]: The evolution system U,(t,s) can be

written as

Uy(t,s) = Qu(t) ' Wy(t, 5)Qu(s), 0<s<t<T, (3.30)

where W, (t,s) € L(E) satisfies
¢
Wy(t, s)u = Uy(t, s)u +/ Wy (t,r)Cy(r)Uy(r, s)udr
for 0 < s <t <T and u € E, with

Cv(t) = Qv(t)Qv(t)il S /:,(Eo), t e JT.
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We then claim that there is a constant ¢y(R) > 0 such that

1Qu(®) ez € co(R),  te€Jr,  vEVrg (3.31)
Indeed, (3.28) implies
1Qu(t) =1l z(my) < 1, te Jr,

and therefore, for u € Ey and t € Jp |

1Qu(®) M ulle, = [1Qu(t) ™ ull g, + 110,Qu(8)~ ull i,

< fulls, + sl = @ = D)0 ul

< (I4+R/mT(1+w+ ||Lll el 2o

whence (3.31). Consequently, we have

ICOllen < 1Qu(D) e s Qo) em
Tl[o]lcrco(R) < (k)

A

for t € Jr and v € V. From the proof of [[43], Lem.5.4.5] (see in particular equation
(4.11) therein) and from (3.25) it thus follows that there exists a constant ¢(7p, R) > 0
such that

Wo(t, s)|| 2oy < c(Th, R), 0<s<t<T, v € V1. (3.32)

Applying estimates (3.29), (3.31), and (3.32) to (3.30) we conclude that (3.26) is true.

Finally, let v,w € Vr r and v € E; be arbitrary. Then, for 0 <s <t < T,

N = [0+ U,(t,0)Uy(c, s)u] € C'((s,t), Eo) N C([s,t], Ey)

by (Es) — (Es) in [[43], §5] with
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Therefore, (3.25) and (3.26) yield

t
10w (t, s)u = Un(t, s)ullg, < / 1Uu(t, 0) || 20 [ A (0) = A ()| (1, 0) | U (0 )| ey dor ]| 2,

< oTo, B)(t = s)llv = wlloun llull e,

for 0 < s <t < T, hence statement (3.27) holds. O

Remark 3.2.1 As observed in the previous proof, the evolution system U,(t,s), 0 < s <
t < T, corresponding to v € Vr g satisfies (Ey) — (E5) in [9, §5]. In particular, we have
for ug € Ey that

[t = Uy(t,0)u’] € C'(Jr, Ey) N C(Jr, Ey).

The existence of weak solutions will require the following auxiliary result.

Lemma 3.2.2 For v € C(Jr) with v(t) > 0 put A,(t) == Tv(t)0, , t € Jr , and let
Ua,(t,s), 0 < s <t <T, be the corresponding evolution system in L,(Y). Then, for any
0 > 0, it holds that

sup/UAv(t,s)godyg Sup/gody, 0<s<t<T, @elLf(Y),

le|<é le|<o

the supremum being taken over all measurable sets e CY .

Proof: Noticing that —dy with domain W} (Y") generates a strongly continuous positive

semigroup of contractions on L;(Y') given as in (3.21), it follows that
e 2 2pyvy <1, He_tA”(s)||£(Wll(Y)) <1, t >0, s e Jr.

Hence, the corresponding evolution system Uy, (t,5), 0 < s < ¢ < T, in Li(Y) is well-
defined according to [[43], Thm.5.2.2, Thm.5.3.1]. Let then ¢ C Y be any measurable

subset of Y with measure |¢| < § and choose ¢ € L] (Y). Denoting by xs the characteristic
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function on a set S, we have

/ 4] (y)dy = / X{-trofs) e} (@)@ (y)dy < sup / w(y)dy
£ .

Yo le’|<8

for s € Jr and t > 0. From equations (3.5) and (3.15) in [[43], §5] we thus deduce

/UAU (t, 8)pdy < sup pdy, 0<s<t<T,

le']<6

and the assertion follows. O

3.3 Classical solutions

In this section we show that problem (3.1)-(3.4) is globally well-posed for bounded kernels
p and (. In order to do this, let us denote by | - |; the norm in L;(Y") and put

o Yo
g(u) =2 / u(y)B(y) / e y)dy'dy.
Yo 0
Defining L by (3.17) and A,(t) by (3.19), we may rewrite (3.1)-(3.4) as
0=X—7v—Tvlul; + g(u), t>0, v(0) = 0", (3.33)

provided v > 0, and

i+ A, (t)u =0, t >0, u(0) = u’. (3.34)

Theorem 3.3.1 Suppose (5.10)-(5.13) hold. Then, given any v° > 0 and u° € Ey ,
problem (3.33), (3.34) possesses a unique global classical solution (v,u) such that v €
CYIR™), v(t) > 0 fort >0, and u € CYIR", Ey) N C(IRT, EY).
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Proof: (i) We first prove that, for any S > 0, there exists 7' := T'(S) € (0, 1] such that
(3.33), (3.34) possesses a unique solution (v,u) on Jy with regularity properties as stated

in the theorem, provided that (v°,u°%) € IR* x E; satisfies
STt <t and v+ [[u’|g < S. (3.35)

In the following, we denote by ¢(S) > 0 a generic constant depending on S but not on

T € (0,1]. Let us then define the complete metric space
Xr :={ue C(Jp, Ef); Ju®)||m, < S+ 1,t € Jr},

and let us choose u € Xy arbitrarily. Then, since g(u), |u| € C(Jr) due to (3.12), it

follows that (3.33), with u replaced by @, admits a unique solution vy € C'(Jr). Clearly,

’Uﬂ(t) _ e 1T fg |ﬂ(a)|1dav0

n /t eV t=s) =T [Lu@hde () 4 o(7(s)))ds
0
for t € Jr , hence
vg(t) > TS0 S 6y 0<t<T < 1. (3.36)
Moreover, since v < S and g(u(t)) < |8l (S + 1) for ¢t € Jr , we deduce
va(t) > ¢(9), t e Jr, (3.37)
from which it follows
—c(5) < =(y + 7lu®))va(t) < 0a(t) < A+ g(ut)) <c(S), teJr (3.38)

Therefore, (3.36)-(3.38) entail the existence of R := R(S) > 1, depending on S > 0 but

not on T' € (0, 1], such that vz € Vg whenever @ € Xy , where Vr g is given by (3.24).
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Furthermore, we readily derive from the explicit representation of v; and the linearity of

g that
|Uﬂ1 (t) - ,Uﬂ2<t>‘ S C(S)Hﬂl - E2HXT, 0 S t S T S ]., ﬂl,ﬂg S XT. (339)

Let U,_(t,s), 0 < s <t < T, denote the unique evolution system in Ej, corresponding
to {A,.(t) hes, and by wo = wo(1l, R(S)) the constant occurring in Proposition 3.2.1.
Defining

A@)(t) = U, (t,00u°, teJr,  u€ Xy,

we obtain by Remark 3.2.1 the unique solution in C'(Jr, E1) N C*(Jz, Ep) to
i+ A, (t)u =0, t >0, u(0) = u.

Next we show that A : X7 — X7p is a contraction, which, consequently, would imply our
first claim. Provided T':= T'(S) € (0, 1] is chosen sufficiently small, we deduce from (3.25)
that, forw € Xpr and t € Jr |

IA@) ()]l gy < " [[u’]lg, < S +1,
and (3.27) and (3.39) ensure for @y, uy € X7 and t € Jp
[A @) (@) = Aw2) ()| 5 < woT v, — va,llew luolle, < %Hﬂl — Tl x7-
In order to prove that A(w)(¢) is non-negative observe that A(w@) also solves
U+ (Ap(t) + 7)u = Lu] + ru =: B(u), t>0, u(0) = u°,

with 7 := ||u + ]| and A,_(t) := 7vz(t)d,. Then B(u) € E; for u € E; . Since Lemma
3.2 ensures that —A,_(s) generates a positive semigroup on Ey, it readily follows from the

proof of [[43], Thm.5.3.1] that the evolution system U (¢, s) generated by {A,. (£) +7}es,
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is positive. Defining then
o~ t ~
F(w)(t) := U(t, 0)u’ +/ U(t,s)B(w(s))ds
0

one shows that F is a contraction from a suitable closed ball in C([0,7], Ey), containing

w0, into itself provided T € (0,77 is sufficiently small. Hence, putting
o = U’ Upy1 = F(uy), n € IN,
we obtain a sequence in C([0, 7], E) that converges to A(@)| 7)- This shows that
T* :=sup{T" € (0,T: A@)(t) € Ef, 0<t<T}>T.

Assuming T* < T, arepetition of the above arguments with u° replaced by A(w)(T*) € Ef
would lead to a contradiction. Thus T* = T, which entails that A : X7 — X7 is indeed

a contraction.

(ii) It follows from part (i) that (3.33), (3.34) admits a unique maximal solution
(v,u) € C(J,IRT x EF)NCYJ, IR x Ey),
where J is open in IR". We claim that, if ¢+ := sup J < oo, then
lim, »v(t) =0 or limy ~+ (v(t) + [|[u(t)|| 5, = oc. (3.40)
Suppose to the contrary that there are ¢; ,/t* < 0o and S > 0 such that
o(t)) > 570 and u(ty) + [lu(t)]s < S.

Let T'(S) > 0 be the corresponding constant from part (i) and fix ty > ¢+ — T'(S). Then

we may choose (v(ty),u(ty)) € IRT 0 x E} as initial value and deduce that the solution
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(v,u) can be extended to a solution on [0,¢y + T(S)], contradicting its maximality.

(iii) We now show that (3.40) does not occur in finite time. Observe that (3.12) and (3.18)

imply
o(t) + pr yu(t,y)dy = X —~v(t) — | ypy)ult,y)dy,  teJ, (3.41)
Yo Yo
hence
v(t) + lu(t)]| g, <0+ ||’ + M, teJ. (3.42)

Suppose now that t* < co. Then (3.42) entails that

o(t) <A+ g(u(t) < A+ [1Bllllu)p, < c(t),  te,

and
B(t) > —o(t) — rlu@)iv() > —e(t?),  te
Therefore
[vllersy < e(th) (3.43)
and
o(t) > e—(y + Tlu(t) )’ > e OFTENT0 S 0 e (3.44)

Taking (3.26) into account, we derive from (3.43), (3.44) that the evolution system U,(t, s)
satisfies

1Uu(t, 8) || 2oy < c(tT), 0<s<t<th.

But then
[u(®)]| g, = U (¢, 0)u’ |5, < c(t™)][u’]g,,t € J, (3.45)

thus (3.40) cannot be true in view of (3.43) - (3.45). This contradiction proves that the

solution (v, u) exists for all times, hence the assertion follows. O If

(v,u) denotes the solution to (3.1)-(3.4) provided by Theorem 3.4, the next proposition
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shows that u propagates with finite speed. The proof is adapted from the proof of [[31],
Thm.2.6].

Proposition 3.3.1 Suppose (3.10)-(3.13) hold. Forv® > 0 and u® € E let (v,u) denote
the unique global classical solution to (3.1)-(5.4). If suppu® C [y, So] for some Sy > yo,
then suppu(t) C [yo, S(t)], t > 0, where

t
S(t) == Sy + 7'/ v(s)ds, t>0.
0
Proof: Define P € C*'(IR*, L,(Y)) by

P(t,y) = / u(t,y)dy', yey, t>0.
y

Then, since

Pt = [ ity = oot + [ L)y

we derive from (3.2) and (3.14)

o0

R =(/wdpuyMy S'(1)P(t.5(1))

o oo

< / u / / By ey, " u(t,y")dy" dy'dy
S(t 4

Yy Y
00 [e’¢) Yy
_ 2/ / ﬂ(y")u(t,y”)/ /i(y/,y”)dy’dy”dy
St Jy Y

< mmm/ P(t,y)dy.
S(t)

which implies

/ P(t,y)dy < e”“t/ / Wy )dy'dy =0,  t>0.
S(t) So Jy
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Hence u(t,y) =0 for y € (S(t),00) and ¢t > 0. O

Remark 3.3.1 Note that if u(y) > p >0 for a.e. y €Y and v > 0, then (5.41) entails

v(t) +/ yu(t,y)dy < = +e™ (vo + [Ju’| g, — —> . t>0, (3.46)
14 14

Yo

where v := min{y, v} > 0. In particular,

! PV A
/ v(s)ds < —+ (1 —e™* <v0 + 1?5y — —) : t>0. (3.47)
0 v

14 14

3.4 Weak solutions

The aim of this section is to relax condition (3.10) and to prove existence of weak solutions

for unbounded kernels p and 5. More precisely, instead of (3.10) we assume in the following

that
there exists a > 1 and o€ LL(Y) such that (3.48)
o(y) = 0 asy — oo and p(y) + B(y) < o(y)y”, a.e. y €Y.
In addition, we require that
for each € > 0 there exists 0 >0 such that
(y) (3.49)

ﬁ Y
SUPLeis 0 xe(W ey y)dy' <e, ae yey,

Yo
the supremum being taken over all measurable subsets ¢ in Y with measure |¢| < 6.
Observe that if  is subject to the self-similar form (3.15), (3.16), then
1

y
lim ess—supy>y0/ 1.(y k(Y y)dy' = Igg) ess—supy>y0/ 1%5(y’)/£0(y')dy’ =0

le|—=0 %o oy

due to yo > 0 and the integrability of k¢, so (3.49) automatically holds by (3.48).

In the following we denote by L; ,,(Y) the space L1(Y") equipped with its weak topology.
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Definition 3.4.1 Given v° > 0 and v° € LT (Y,ydy), we call (v,u) a (global) weak
solution to (3.1)-(3.4) if

(i) g(u) € C(IRY),
(ii) v € CHIRY) is a non-negative solution to (3.1),
(iii) u € C(IR™, L1(Y)) N Locioe(IR*, LT (Y, ydy)),

(iv) for allt >0 and ¢ € WL(Y) it holds that L{u] € Li((0,t) X Y) and

[ ettty [ o) [ s naas
= [" e+ [ [ et s

Yo
We first need the following auxiliary result.

Lemma 3.4.1 Suppose that h,, and h are measurable functions on'Y such that h, — h

a.e. and let u, — u in LT, (V).

(1) If ||hnlloo < ¢, then hyu, — hu in Ly ,(Y).

(i1) If o and o are as in (3.48) and if |h,(y)| < o(y)y® for a.e. y €Y and

/ yaun(y)dy S C: nec ]Nv

Yo

then hpu, — hu in Ly, (Y).

Proof: In case that Y is a finite interval, a proof of (i) is implicitly contained in [[55],Lem.4.1]
(a detailed proof can also be found in [[58], App.]). The case of unbounded Y is a slight
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modification thereof. Statement (ii) can be shown along the lines of [[32], App.A, Cor.4.1].
First note that the assumptions imply |h(y)| < o(y)y®, a.e. y €Y | and

/ Y u(y)dy < c.
Yo

Putting @,(y) = o(y)y*u,(y) and u(y) = o(y)y*u(y) we obtain for ¢ € L, (Y) and
R > yo

/OO e(y) (Wn(y) —uly)) dy’ <

Yo

+2¢||¢ll oo l| 01| Lo (R,00) -

Taking first the limsup as n — oo on both sides and letting then R — oo, we conclude
from (3.48) that @, — @ in L;,(Y). Therefore, it follows from (i) that the right hand

side of the estimate

| o) talyyun(s) — bip)uto) dy‘ <

Yo

converges to 0, leading to the assertion. O Now we are in a position to relax the

0

boundedness assumptions on g and § and also the assumption on u” can be weakened.

Theorem 3.4.1 Suppose that (3.11)-(3.13) and (3.48), (3.49) hold. Then, given any
00 >0 and u® € LT (Y, y%dy), problem (5.1)-(5.4) admits at least one global weak solution
(v,u). In addition, u belongs to Lo j0c(IRT, L1 (Y, y*dy)).

Proof: (i) Let u? € DT(Y) be such that u® — u° in L(Y,y%dy). We define p, =
min{u,n} and 3, := min{5,n}. Observe that p,, 5, also satisfy (3.48) and (3.49). Then

Theorem guarantees the existence of

(vny1n) € C(IRF, RY x EF) N CY(IR™, IR N Ey)
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satisfying

Up = X — YU, — TU|UR|1 + Gn(Un), t>0, v,(0) = v°, (3.50)
and

Ortty, + 70, (1) Oy, = L [un], t>0, 1, (0) = u?, (3.51)
where
0o Yo
() =2 [ uw)uw) [ ey
Yo 0

and

Laltu)(9) = —(pin(y) + Buly))uly) +2 / T By ly, o Yl )y

Let 7" > 0 be arbitrary. According to (3.42) there exists ¢o(7") > 0 independent of n > 1
such that
Un(t) + [|un () || By < co(T), teJr, n> 1. (3.52)

Moreover, we claim that
lun@ Ly vyedy < c(T),  t€Jr,  n=1 (3.53)

For, recall that w,(t) has compact support due to Proposition . Hence, we may test (3.51)

by y* and obtain

d o0 oo _
G| vty = o [ty
Yo Yo

— [ ) + Bl )y

Yo

22 [ ualtn)int) [ s iy

Yo Yo

ovan(t)/ y @D, (t, y)dy

Yo

IN
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for ¢ > 0, since (3.12) ensures

Yy
2/ () k(Y y)dy" < y°, a.e. ¥ > Yo.

Yo

Therefore, Gronwall’s inequality and estimate (3.52) yield (3.53). In particular, combining
(3.53), (3.48) and (3.14) we deduce

gn(un(t)) < 2yolelloollun ()l Livieay) < (T),  t €, n>1.
(ii) It follows from (3.1) and the estimate on g, (u,(t)) that
[un(t) — v (s)] < e(T)|t — s, t,s € Jp, n>1,

where ¢(7') > 0 is independent of n > 1. Taking (3.52) into account, the Arzela-Ascoli
theorem warrants that the sequence (v,,) is relatively compact in C'(Jr).

(iii) We show that (u,) is relatively sequentially compact in C(Jr, L1,,(Y)). According
to a variant of the Arzela-Ascoli theorem (see [[57], Thm.1.3.2]) we merely have to check
that the set {u,(t);n > 1} is relatively compact in Ly ,,(Y") for every t € Jr and that the
set {u,;n > 1} is equicontinuous in L ,,(Y) at every ¢t € Jr .

First observe that (3.52) entails

lim sup / un(t,y)dy = 0. (3.54)

R—o00 n>1teJr J R

Let U, (t, s) denote the evolution system in L;(Y") corresponding to the operator A, (t) :=
70, (t)0y. Then

t
un(t) = Uy, (£, 000 + / U, (£, 8) Lulun (s)lds, £ € Jir.
0
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Consequently, given § > 0, Lemma and the positivity of w,(¢) imply that

SUP|c|<s / un(t,y)dy < supp<s / y)dy
€

+2/0 |S€1|l<%/yo U (5,9) B )/ e(W)r(y y)dy dyds.

Since u? — u® in Ly (Y, y*dy) and in view of (3.49) and (3.53), we conclude that

lim sup /un(t,y)dy =0. (3.55)

e[—0 n>liep

From (3.52), (3.54), (3.55) and the Dunford-Pettis theorem (cf. [[10], Thm.4.21.2]) we
derive that {u,(t);t € Jr,n > 1} is relatively compact in Ly ,(Y").
Now let ¢ € D(Y') be arbitrary. Testing (3.51) by ¢, we infer

/yo () [un(t, y) —un(s,y)]dy‘ < r/stun(o) /:W(y)lun(a,y)dyda
+/t /OOW (n(y) + Bu(y))un(o, y)dydo

+2// un(0,y)Bn(y /Iso k(Y y)dy'dydo

for 0 < s <t <T. Hence, from (3.14), (3.48), (3.52) and (3.53),

/WMwMﬁw%ﬂm@wwﬂédﬂww—ﬂ, Lsedr. (356)

Yo

For ¢ € Loo(Y) let ¢; — D(Y) be such that ¢; — ¢ ae. and [|¢j]le < [[¢]loo, (see
[1,p.131f]). Given ¢ > 0 it follows from (3.54), from the fact that {u,(¢);t € Jr,n > 1}
is relatively compact in L,,(Y), and from Egorov’s theorem that there are R > yp, a

measurable subset ¢ of (yo, R) and j € IN such that

tEJT, 7121,

[ e

R . 12[[¢ofl 0
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and
€

— 0. < =
||SD QOJHLoo((yo,R) 5) —= 660<T>7
where ¢y(7") > 0 stems from (3.52). Therefore, (3.56) yields

/Oo (W)[un(t, y) —unls,y)ldy| < Nl = @jllawo.r) & (un(B)]1 + [unls)])

Yo

%ﬂmu+wmnﬂ%ty+%sw@

+wmm+wmn/ (tn(t, ) + un(s, 1))y
R

+e(T5) [t = |
< et Tl - sl

for t,s € Jr and n > 1. We conclude

lim sup
s—t n>1

‘/mwwWAtw—uA&wwy—O,

Yo

hence u,;n > 1 is equicontinuous in L; ,,(Y") at every t — Jr .
(iv) Since now (v, u,,) is relatively weakly compact in C'(Jr, IR x Ly ,,(Y)) for each 7" > 0,
we may choose a subsequence (again denoted by ((vn,un)),.N) and a function (v,u) €

C(IR*, IR x Ly ,(Y)) such that
(Unsupn) = (v,u) in C(Jr, IR X Ly ,(Y)) (3.57)

for each T" > 0.

(v) We then claim that (v, u) is a weak solution to (3.1)-(3.4). Evidently, it holds that
(v(t),u(t)) € R x LT (Y) for t > 0 since (v,(t),u,(t)) € IRT x LT (Y). We fix again
T > 0. Then (3.57) and (3.53) imply

||u(t)HL1(Y,yady) S C[)(T), t e JT, (358)
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in particular, we have u € Ly joc(IR* L1 (Y, y*dy)). Let ¢ € WL (Y) be arbitrary.
Clearly, (3.57) yields

o0

lim [ o(y)un(t, y)dy = / . e(yult,y)dy,  teJr. (3.59)

%
%0 Jyo Yo

Moreover, writing

/Ot v(s) /y:o @' (y)u(s, y)dyds — /Ot Un () /y:o O (y)un (s, y)dyds

< / 0(5) — va(s)] / 1 ()]s, ) dyds
+/0 Un(s) /OO ' (y)[uls, y) — un(s, y)ldy

Y0
for t € Jr , we infer from (3.57), (3.52) and Lebesgue’s theorem that, for ¢ € Jp |

ds

t

lim [ vn(s) / ) ¢ (Y)un(s,y)dyds = / v(s) / ) ¢ (y)u(s,y)dyds. (3.60)

oo Jo Yo 0 Yo

In addition, since p,(y) + Bn(y) < o(y)y® for a.e. y € Y | we conclude from Lemma 3.4.1
(ii), (3.53), (3.57) and Lebesgue’s theorem that

hmn_,oo/ / Y) + Ba(y)) un(s, y)dyds

/ / +B(y)) uls, y)dyds

as well as

lim,, o / / / un(8,y") Ba(y)r(y, y')dy' dyds

/ / / s,y By )k(y, y')dy dyds,

where we use Fubini’s theorem for the second limit. Therefore,

lim// nltn(s dyds—// s)|dyds. (3.61)
n—oo
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Now, since (vn,u,) is a weak solution to (3.1)-(3.4), we derive from (3.59)-(3.61) that
u indeed satisfies part (iv) of Definition 3.4.1. Next, it follows from Lemma 3.4.1(ii),

similarly as above, that

lim g, (u,(t)) = g(u(t)), teJr,

n—oo

and also

n—o0

¢ t
lim / |un(s)]1ds :/ lu(s)|1ds, t e Jr.
0 0

Consequently, (3.50) yields

t
u(t) = et Jo lu(@)hday 0 +/ e =)= [l ul)hde (N 1 g(y(s))) ds
0

for t € Jr . But since u € C(IR", L1,,(Y)), Lemma 3.4.1(ii) and (3.58) warrant that
g(u) € C(Jr). In addition, |u|; € C(Jr), so we deduce that v € C*(Jr) solves (3.1).

This proves the theorem. O Also the weak solution propagates with finite speed as

shown in the next corollary.

Corollary 3.4.1 Suppose (3.11)-(3.13), (3.48), (5.49). Ifv° > 0 and ifu® € LT (Y, y*dy)
is such that suppu’ C [yo, So|, then the weak solution (v,u) provided by Theorem 3.4.1
satisfies suppu(t) C [yo, S(t)] for t > 0, where

t
S(t) == Sy + 7'/ v(s)ds, t>0.
0

Proof: We may choose the sequence (u®) C DT(Y) in the proof of Theorem 3.4.1 such
that suppu® C (yo,S0). Then Proposition 3.4 ensures that the approximating sequence
(U, un)), N given in (3.50), (3.51) satisfies suppun(t) C [yo, Sn(t)] for t > 0, where

t
Sp(t) == So + 7'/ v, (s)ds, t>0, n>1.
0
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Evidently, lim,, S, (t) = S(t) and

/ u(t,y)dy = lim un(t,y)dy =0
s

(t) 00 J 8 (t)

by (3.57) and Lemma 3.4.1(i), thus suppu(t) C [yo, S(t)] for t > 0. O

Remark 3.4.1 In addition to (3.11)-(3.13), (3.48), (3.49) suppose that u(y) > p > 0
for a.e. y €Y and that v > 0. Then the weak solution (v,u) also satisfies the estimates
(3.46) and (3.47). Indeed, (3.46) follows immediately from the corresponding estimate for
(Un, up) and (3.57).

3.5 Stability of the disease free steady state

This section is devoted to the investigation of stability properties of the disease-free steady
state (v,u) = (A\/7,0) of (3.1),(3.2).
In the sequel, we always assume that (3.11)-(3.13) are satisfied with v > 0 and that either

(3.10) holds ,
(3.62)
v >0, u’ e B,

or
(3.48), (3.49) hold,

(3.63)
00 >0, u’ € LT (Y, y*dy).

Then we denote by (v, u) either the classical solution provided by Theorem 3.4 if (3.62)
holds, or the weak solution provided by Theorem 3.4.1 if (3.63) holds.
We assume that

€ (0, 00),

Bly)
yu(y)

do := ess-Sup,cy

and introduce ¢y, d; such that

Yo
0 < 5k < B(y)/ (y/)k’%(ylay>dy, < €k, a.e. Y& Y7
0
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for £ = 0,1, assuming at least £; to be finite. In the following we suppose that

p = ess-inf ey p(y) > 0, (3.64)

and

2d0(51 (61 — 51)

1 TA
— (4 20g) > — +e1 — 206, +
(H 0) 2’}/ ! ! H+250

3.65
2d, (3.65)

Given the assumptions above we can construct a Lyapunov function as follows.

Lemma 3.5.1 Suppose (3.62) or (3.63) and that (3.64) and (3.65) are satisfied. Then

there are constants a,b,p,q > 0 such that for

F(v,u) = (v - %)2 + a/oo yu(y)dy + b/oo u(y)dy,

Yo Yo

there holds

t [e'e] t o)
Foa®+p [ [ usdydsta [ [ yuts)dyds < Fo.a),
0 Jyo 0 Jyo

for each t > 0, where (v,u) is either the classical solution or the weak solution constructed

i Theorem 3.4 or Theorem 3.4.1, respectively.
Proof: Defining

A
A= g(u+250)>0, B = 2(51—51—72——,0224(51(81—51)20
- v

and d := 7dy/4, (3.65) can be recast as

A Cd
w” Pt
Therefore, with
Ao,
4d> A AT
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we have bd < B + v/ Ab — C, hence
4 4 4
0<;bd<a<;(B+\/Ab—C> and;(BJr\/Ab—C) <a (3.66)

for a :=2/7(maxbd, B — vAb— C + B + v Ab— C'). We set

4

and notice that 0 < Ab — C = B? + 7R/2, hence p := —7a®/8 + Ba + R > 0 by (3.66).
Since (3.66) also warrants that dy < a/b, we infer from (3.64) the existence of ¢ > 0 such

that
Bly) g

1
€8S-SUp, cy —~ + 7€8S-sup, oy —— <
yuly) b " uly)

Now, in the case of the classical solution one can show directly that

. (3.67)

SalS

d

GFEO® <l —q [ ultyudy t20
Yo

using estimates very close to the subsequent ones. We hence focus on the case of
weak solutions. Let (v,,u,) be the approximations of (v,u) corresponding to the data
(v, ul, B, itn) as in the proof of Theorem 3.4.1 . Then it follows from (3.12), (3.14) and
(3.18) that

2
2
%F(vn,un) = -2 (un — 3 — 2702 Uy |1 + %)\vn]unh
)\ > v ! / /
(v =2) [ u@aw [ yse/ vy
i Yo . 0

Fatvplun|i —a [ ypn(y)un(y)dy
00 Yo Yo

—2a / u, (1) Bn(y) / y'r(Y, y)dy'dy
(%) 0

b / tin () en (9)dy

Yo

w0 [Tt (1-2 [ et i) dn

Yo
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Recalling that 4 > 0 and €; < oo, integration of the above equality yields (for n > H>

F (v, un)(t) + / |un(8)]1 (2700 () + bu)ds

0
! >~ 4)\ Yo / / / v / /
+/ / Un(5,9)Bn(y) K;Jﬂa)/ yr(Y,y)dy +2b/ ff(y,y)dy} dyds
0 Yo 0 0

t o]
+a/ / Yt (y)un(s, y)dyds
0 v t o] t 9 A
< F(v9ul) + b/ / un(8,y)Bn(y)dyds +/ [t (8)]|1vn(s)ds (L +ar + 481) :
0 Jyo 0

~
(3.68)
Observe then that (3.57) ensures
F(v,u)(t) < lm F (v, u,)(t), t>0. (3.69)
n—0o0
Next, (3.57) and Lebesgue’s theorem imply
¢ ¢
lim / [un(8)]|1vn(s)ds = / |u(s)|1v(s)ds, t>0. (3.70)
As in (3.61) one shows that
t e8] Yo
limy, o0 / / un($,)Bn(y) / () r(y' y)dy dyds
0 Jyo 0 (3.71)

Yo
0

-[ [ s [0 ayayas

for £ = 0,1. Owing to Lemma 3.4.1, (3.48), (3.52) and (3.57) we may apply Lebesgue’s

theorem to conclude

t 9]
lim,, oo / / X(yo, ) (Y)tn (3, y) ptn (y)ydyds
0 Jyo

t [e’e)
_ / / Noour (@)u(s, y)u(y)ydyds
0 Jyo



64 MATHEMATICAL MODEL FOR PRION PROLIFERATION

for each R > g, hence

t [e'e]
/ / (s, y)u(y)ydyds < lgm / / Un (8, y) i (y)ydyds. (3.72)
n o0 yO

Thus, in view of (3.69)-(3.72) we may pass to the limit in (3.68) to deduce that this
inequality is still true if we replace (v, u,) by (v,u) and (8n, un) by (5, 1), respectively.

Rearranging the terms and using the definition of J; we derive

/|u {271) s)? —(%)\+a7+451> ()+b(ﬁ+250)+(?+2a)51}d5

+// (ayp(y) — 0B(y))uls, y)dyds

0 Jyo
< F(0%,u?)

for each ¢ > 0. Minimizing the quadratic function in the curly brackets and observing

then that p > 0 is a lower bound, the assertion follows from (3.67). O

Remark 3.5.1 In the case of rates subject to (3.5) it has already been observed in [4]

that the function F defined in Lemma 3.5.1 is a Lyapunov function.
The next theorem shows that the disease-free steady state is asymptotically stable.

Theorem 3.5.1 Suppose (3.62) or (3.63) is satisfied and that (3.64), (3.65) hold. Then,

given € > 0 there exists § > 0 such that
() = A+ llu®)lle <&, =0,

whenever

07 = Myl + elle, <0,

where (v,u) is either the classical solution or the weak solution constructed in Theorem

3.4 or Theorem 3.4.1, respectively.
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Moreover, if B(y) < By for a.e. y €Y and some B > 0, then
(v(t),u(t)) = (A/v,0) in IR x Li(Y,y*dy) as t— o0

for each o < 1 and any initial value (v°,u®) subject to (3.62) or (3.63).

Proof: Defining F' as in Lemma 3.5.1, the first statement readily follows from the fact
that F(v,u)(t) < F(v°,u?) for t > 0. Next, Lemma 3.5.1 also ensures that

1
@)l < —F(@° %), £=0. (3.73)
Furthermore, by definition of a weak solution we have

lu(t)]y = \u0|1+/ / y)dyds, t>0,

from which we infer that
1 t+h
pluteml= o) = 5 [ [ D) wds
Yo

t+h
/ / u(s,y)p(y)dyds

< Bsupgg |[u(s) |, (vydy)

IN

for t > 0 and h > 0. Thus, (3.73) yields
lu(t + h)|y — |u(t)]y < ch, t,h > 0. (3.74)
Lemma 3.5.1 also ensures that

> Lo o
/0 lu(s)]1ds < 5F(v ,u). (3.75)
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Combining (3.74) and (3.75) we conclude that lim; . |u(t)]y = 0, which, together with

(3.73), warrants that for each o < 1
u(t) -0 in  Ly(Y,y*dy) as t— oo. (3.76)

Finally, since ¢; < oo both g(u(t)) and |u(t)|; tend to 0 as t — oo due to (3.76). Since
v e CYIRY) solves (3.1), it is easy to check that v(t) converges to A/~. O The result

above can be improved in the case of classical solutions as follows.

Corollary 3.5.1 Suppose (3.62), (3.64), and (3.65) hold. Then the classical solution

(v,u) corresponding to v° > 0 and u° € E satisfies
(v,u) = (A/7,0)  in IR xLi(Y,ydy) as t— co.

Proof: Set
Q) = [ wtpiyzo.  t=o

Yo

Then @ € C'(IR*') according to Theorem 3.4. From Lemma 3.5.1 it follows that

Qt) + /000 Q(s)ds < ¢, t>0. (3.77)
In addition, v(t) < ¢ for each ¢ > 0, whence

Q) < tv()|u)y <e¢, t>0. (3.78)

Consequently, we deduce lim;_,Q(t) = 0 from (3.77) and (3.78). O

Remarks 3.5.1 (a) As was pointed out in the introduction, equations (3.1), (3.2) are
no longer coupled in case the rates are subject to (3.5), since v is then completely
determined for allt > 0. In this case the results in [3] yield a semiflow in the natural

phase space IRY x LT (Y, ydy), whereas Theorem 3.4.1 guarantees existence of weak
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(b)

(c)

solutions only for initial values (v°,u°) € IR™ x LT (Y, y*dy) with a > 1.

However, in this particular case it can be easily verified that the function (v,u) in
(3.57) satisfies Definition 3.4.1 for any initial value (v°,u°) € IRT x LT (Y, ydy),
provided one takes test functions o € WL (Y) with compact support. For this one
should note that lim,_,. o(y) = 0 is merely required for step (v) in the proof of The-
orem 8.4.1.

If the kernels are of the form (3.5), then we may take dy = (/u, do = Byo and
g1 =081 := By2/2, so (3.65) is equivalent to (3.9). We should like to point out that
in this case the authors in [3] prove that the disease-free steady state is globally expo-
nentially stable in IR" x L (Y, ydy), and asymptotically stable if Byo+pu = \/,BTT/"}/

If the rates are subject to (5.5) it has already been observed in [4] that system (3.1)-
(8.2) admits also a non-trivial (disease) steady state, provided the inequality in (3.9)
is reversed. It is shown in [3] that this steady state is again globally asymptotically
stable in R* x LT (Y,ydy). For general rates as in the present work, existence of

other equilibria besides (A\/~,0) is an open problem.



Chapter 4

EXISTENCE RESULTS FOR
PRION DISEASE MODEL WITH
IMPULSE EFFECTS

4.1 Introduction

In this chapter we consider a model describing prion polymerization, our model is inspired
from those of Webb and collaborators (see [19], [49]), it is constituted by a differential
equation modeling the evolution of PrP¢ and partial differential equation describing the
PrP?*¢ evolution. With perturbations represented by impulse effects, which could be the
protein produced naturally by the organism discretely in order to fill the gap in monomers

polymerized, or the protein administered to mice during laboratory experiments. More

68
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specifically we consider the following system

;

V(t) = A — yult —m(t>/°° ul(t, 2)dz
+2/ / By k(@ y)ult, Y)dyde, t £t i=1,2,...,
V) vt =N N >0, i=1,2,..., (4.1)
Drult, ) + To(£) u(t 2) + (u(e) + B(z))ult, )
—2 [ dnteputt )y

\

for t > 0, x € [z, +00) and fixed zy > 0.
The aim of this work is investigating mathematically existence, uniqueness and positivity

of solutions of (4.1).

4.2 Preliminaries

Let (X, - ||) be a separable Banach space, J = [0,b] an interval in R and C(J, X) the

Banach space of all continuous and bounded functions from J into X with the norm

[Yllee = supflly(®)]]: ¢ € J}.

L(X) refers to the Banach space of linear bounded operators from X to X with the norm

[Nlzxy = sup{[IN@)]: [lyll = 1}.

A function y: J — X is called measurable provided, for every open subset V' C X,
the set y= (V) = {t € J: y(t) € V} is Lebesgue measurable. A measurable function
y: J — X is Bochner integrable if |ly|| is Lebesgue integrable. For properties of the
Bochner integral see Yosida [60]. In what follows L'(.J, X) denotes the Banach space of
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functions y: J — X, which are Bochner integrable with the norm

WM=AHMMW-

Definition 4.2.1 A family of operators {U(t,s)}i>s C L(X) witht,s € R ort,s € Ry,

15 called an evolution family if it satisfies the conditions:
(i) U(t,r)=U(t,s)oU(s,r), fort>s>r.
(ii) U(t,t) = I, here I denotes the identity operator in X.

(iii) for each x € X, the function (t,s) — U(t, s)x is continuous fort > s.

In what follows, for the family {A(t),t € J} of closed densely defined linear unbounded
operators on the Banach space X, we assume that it satisfies the following assumptions

(see [12], [43]).
(i) The domain D = D(A(t)) is independent of ¢ and is dense in X.

(ii) For ¢ > 0, the resolvent R(&, A(t)) = (£ — A(t)) ™! exists for all £ with Re £ <0
and there is a constant M independent of £ and ¢, such that

IR, A()llzcx) < M1+ [¢]) 7 for Re & <0.

(iii) There exist constants Ry > 0 and 0 < a < 1 such that

1(A(E) — A(s) A~ (0) ) < Rolt — 01° for t.5,6 € J.

(iv) The mapping (s,b] 3t — U(t,s) € L(X) is continuous with respect to the uniform
operator topology of L(X). Moreover, this continuity is uniform with respect to s

lying in sets bounded away from ¢, i.e. as long as t — s > «, for any fixed o, > 0.
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Definition 4.2.2 The solution operator U(t,s) is called exponentially bounded if there

are constants Z(U) > 0 and w > 0 such that
Ut 8) || Lix) < Z(U)e =) for t,5 > 0.

More details on evolution families can be found in Engel and Nagel [12] and Pazy [43].

Consider the following problem

u'(t) + v(t)Au(t) + Bu(t) = f(t,u(t)), teJ:=]0,b],
u(0) = up,

where ug € R, u € X, v : J — R is a continuous function except on a finite set
{tihicicp C J, p € IN with lim, - v(t), lim,_,,+ v(t) exist, v(t;) = v(t), f:J x X = X
is a given function, A generates a strongly continuous semigroup {7'(¢)} in X satisfying
|T(t)||nxy < Me*" with M > 1, w € R and B is a linear bounded operator.

Let A,(t) = v(t)A+ B. Since A generates a Cy-semigroup and B is bounded, a well-known
perturbation result (see [43], Thm 3.1.1) ensures that, for any s € J, A,(t) generates a
strongly continuous semigroup on X.

Then (4.2) becomes

u'(t) + Ay (t)u(t) = f(t, ult)), te
u(0) = ug.

(4.3)

Let U,(t,s) for 0 < s <t <b, be the evolution system generated by {A,(t)}+es, then
1Uu(t, )|l ix) < Me#t=9), (4.4)

where M > 1, we Rand 0 <s <t <b.

Definition 4.2.3 u € C(J, X) is a mild solution of (4.3) if

u(t) = U,(t, 0)ug —I—/O Uy(t,s)f(s,u(s))ds, ted (4.5)
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Theorem 4.2.1 (Nonlinear Alternative [17]). Let X be a Banach space with C C X
closed and convex. Assume S is a relatively open subset of C' with 0 € Q and G : Q — C

1s a compact map. Then either
(i) G has a fized point in €, or

(i1) there is a point u € O and o € (0,1) with u = oG (u).

4.3 Existence results

Theorem 4.3.1 Assume that f is a continuous function and there exists h € L'(J, R.)

such that
I f(t ur) — F(t,u)| < h(t)|ur — us, Vui,up € X, a.e. t €.

Then (4.3) has a unique mild solution.

Proof: Consider the following map N : C(J, X) — C(J, X) defined by
t
(Nu)(t) = Uy(t, 0)ug +/ U(t,s)f(s,u(s))ds, teJ, (4.6)
0

clearly the fixed points of N are mild solutions of the problem (4.3).
Let K = sup{Me~(=9),0 < s <t < b}, then ||U,(t, s)||rx) < K for 0 < s <t <b.
For u € C(J, X), let [Jully = sup,¢joy{exp (—pfot h*(s)ds) llu(t)]|} and p > 1, where

h*(t) = Kh(t), te.J.
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Let uy,uy € C(J, X) for all t € J, we have

|(Nun) (1) — (Nup) (1) < / 104t ) Lo 1 (5, ua(5)) — F (s, uals))1ds
< / Kh(s)]lus(s) — us(s)]ds

t p/ h*(r)dr
< %/ ph*(s)e Jo ds|luy — uzl|y

0 /

t p/ h*(r)dr
/ e Jo ds||uy — ug|y

0

=

< %epfé B (5)ds | gy — .

Therefore
g« 1
PRI O (Nug)(0) = (V) (0)] < = ]

Hence

1
HNU1 — NUQ”l < ;Hul — ’LLQHl, for all Uy, Uy € O(J,X)

Hence N is a contraction, and then from Banach theorem of contraction [17], N has a

unique solution which is a solution of the problem (4.3). O

Theorem 4.3.2 Suppose that the following hypotheses are satisfied:
(H1) f is a continuous function.

(Hs) U,(t,s) is compact for t —s > 0 and since U, is exponentially bounded then there
exist Ko > 0 such that |Uy,(t, s)||rx)y < Ko fort —s>0.

(Hs) There ezist a continuous nondecreasing function ¢ : [0,00) — [0,00) and p €

LY J,Ry) such that

LFE )l <p@®e(yl), ted yeX
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and

b +o00 d]?
K / p(s)d8</ —.
*Jo Kolluoll (%)

Then the problem (4.3) has at least one mild solution.
Proof: The solutions of the problem (4.3) are the fixed points of N defined by (4.6).
In order to apply the nonlinear alternative of Leray-Schauder type, we first show that N

is completely continuous. The proof will be given in several steps.

e Step 1: N sends bounded sets into bounded sets in C'(J, X).

For each t € J and u € B(0,7), we have

[(Nu)@)] < HUOHHUv@aO)HL(X)+/O 1Tt )| [1f (s, uls))l|ds,

< Kolluo| +Ko/ p(s)e(lluls)l)ds,

0

< Kolluol| + Ko|pl1t(r) =1

e Step 2: N maps bounded sets into equicontinuous sets.

Let ty,ty € J such that ¢, < ty and v € B(0,7), we have

I(Veg(e2) = (V@) < a5 (62.0) = Ui1.0) v
n / 102, )20 £ (5, u(s)) | ds

t1

/0 1 [Uu(t2,s) = Un(ty, s)|[ ol f (s, uls))llds.

Then

J(Va)(t) = ()] < ol 10 (22.0) = (. Ol
+ [0t 9 som(s)otrds

t1

" / U (b2, ) — Ul )]l 2ooyp(s)(r)ds.

From the compactness of U,, we have ||U,(ts2,s) — Uy(t1,s)||L(x) — 0 when t; — t,,

hence |[(Nu)(t2) — (Nu)(t1)|| — 0 when t; — t5.
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Now, we show that H(t) = {(Nu)(t), u € B(0,r)} is a precompact set in X. Let

0<t<band0<e<t foruec B(0,r) we put

(Nu)(t) = U,(t,0)uo + /0 N Uy(t,s)f(s,u(s))ds
=U,(t,t —¢) (U(t —¢,0)uy + fg_e Uy(t —€,5)f(s, u(s))ds)

Since U(t,t — €) is compact for every € > 0 the set

H(t) = {(Nu)(t): ue€ B(0,7)}
= Uy(t,t —e)x

t—e
{U(t —€,0)ug + / Uy(t —€,8)f(s,u(s))ds : u € B(0,7)}
0
is precompact in X. Moreover for every u € B(0,r) we have

(V) = Va0l < K [ pls)ulras

which tends to 0 as € — 0. Therefore, there are precompact sets arbitrarily closed
to the set H(t). Then H(t) is precompact in X. It is clear that H(0) = {ug} is

precompact in X. Hence for each t € [0, b] the set H(t) is precompact in X.

e Step 3: N is continuous.
Let (un), N be a sequence such that u, — u in C(J, X). Then there exist r > 0

such that ||u,||e < 7 for all n € IN and ||ul|oc < 7. We have

[(Nun)(t) = (Nu) (@) S/O 1T $) [ L)1 (55 un(s)) = f (s, u(s))llds,

then
|(NVun)(t) — (Nu)(8)| < Ko / 1 (5 un(s)) — £ (5. u(s)) |ds.
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From the continuity of f, we have

[Nun = Nulloo < bEol[f(,un(-)) = f (- u(-))lloc = 0 as 7 — o0,

then N is continuous.

e Step 4: A priori estimates.
Now, we show that there exists a constant My > 0 such that ||ul|.. < My where u
is a solution of the problem (4.3).

Let u be a solution of (2.2) for t € J, we have

O < Tl 1060l + [ 1005 7G5,
< Kollwll + Ko [ ps)oCu(s))ds
Then
il < 77400 [ (5}t
where T'(2) = /K - JZ ;-

Let V ={u € C(J,X) : |Jul]loo < Mo+ 1}. As a consequence of steps 1 to 4 and together
with the Ascoli-Arzela theorem [17], we conclude that the map N : VY — X is completely
continuous.

From the choice of V there is no v € 9V such that u = cNu for any o € (0,1). As
a consequence of the nonlinear alternative of Leray-Schauder (theorem 4.2.1) we deduce
that there exist u € V, such that N(u) = u is a fixed point of N which is a mild solution
of the problem (4.3). O
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4.4 Application to prion disease model

Consider the prion disease model given by (4.1) for ¢t € J := [0, b].

The variables and parameters of the model are

e v(t) is the number of PrP° monomers at time t,
e u(t,x) is the density of PrP*® polymers of length z at time ¢,

e 1 is the lower bound for polymer length (that is polymers have length x with

Ty < x < 00),
e )\ is the source rate for PrP¢ monomers produced continuously,
e ), is the number of monomers PrP¢ produced discretely at time t;,
e 7 is the metabolic degradation rate for PrP°,

e 7 is the rate associated with lengthening of PrP*¢ polymers by attaching to and

converting PrP¢ monomers,
e [(z) is length-dependent rate of polymer breakage,

e r(x,y) is the probability, when a polymer of length y breaks, that one of the two

resulting polymers has length z,

e 4(x) is the length-dependent metabolic degradation rate of PrP*¢ polymers having
length .

The kernel x(y, x) should satisfy the following properties:
Ky, ) 20, Ky, 7) =k(z—y,2), [)rly,2)dy =1,
for all x > xg,y > 0,

k(y,z) =1/, if x>z and 0<y <.

k(y,x) =0, elsewhere.
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We consider the case where f(x) =  and u(x) = p are constant. Then for ¢t € J,

r €Y :=[xg,+0),u’ € D and u € L*(Y), we may rewrite (1.1) as

V() = A= yolt) = roluly + Aadleuls, A
o(tf) —wlt) =X, A >0, i€ IN7, (4.7)
v(0) = 2",

and
Opu(t, z) + To(t)dpult, x) + (u+ Blult, x) = 28 [ r(z,y)uly)dy,

(4.8)
u(t,rg) =0, u(0,2) =u(x),

where [uly = [ [uy)ldy.

Set D :={u’ € LY(Y)NWH(R) : 2%, (u°), 2(u®) € LY(Y),u’(z) = 0 for & < z¢}.

Let J; = (t;,tiv1), 1 =0,...,p, and v; be the restriction of a function y to J;.

Consider the following spaces

PC={y: J— X, v;€C(J;,X),i=0,...,p, such that v(t;) and y(t]) exist and
satisfy v(t,) = v(ty) for i = 0,...,p} with the norm ||v|[pc = max{[|vg|le, 7 =
0,...,p}, PCYJR) = {v e PC:v e CYJ,R), It ),V (t;),i = 1,...,p} with the
norm |[v]|pcr = max{||v||pc, [|V'||pc} and X = L*(Y;(a + x)dx) where a > 0, with the
norm defined by ||y|lx = aly|i + |zyli.

Then (PC, | - |lpc), (PCY || - |lpcr) and (X, || - ||x) are Banach spaces.

For w € C(J, X), the solution of (4.1) is given by

—y(t—t)—T [F [u(s)|1ds +
vg(t) = Z )\je< T0t)=m Jyy Pt ) 4 07t [ [a(s)l1ds)
0<t;<t<b

03 i () el O ) gy 4 (1o

Let v = vy, the problem (4.8) is written as in (4.3) with

A, () = vg(t)Opu(x) + (u+ B)u(z), forxeY, teJ
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and

fltu(t,x)) =28 /OO k(z,y)u(t,y)dy, with f:JxX—X.

Then for (s,t) € A :={(t,s) € J?,t > s}, the evolution problem for (4.8) is given by (see
[13])

Uit 8)u] (@) = w0 (0 = [} vnlr)der) eo10), (4.9)
where ¢(t,s) = (u+ B)(t — s).

Lemma 4.4.1 The two parameter family linear operators U,_(t,s) is an exponentially

bounded evolution semi-group system.

Proof: U,, is an exponentially bounded evolution semi-group system if the following

conditions are satisfied:
o U, (s,5)=1,U,(t,r)Us(r,s) =U,(t,s), for (s,r,t) € J> with s <r < t.
o |Up(t,8)l(x) < KiemWHAE=9) for (s,¢) € A and some K, > 0.
o (t,s) = U,_(t,s) is strongly continuous for (s,t) € A.

(i) Let us show that U,_(s,s) = I, we have

Onsc ) (2) = (1= [ty ) e+

with ¢(s,s) = (u+ 5)(s — s) = 0, hence
(U (s, $)u] (2) = u® (x — [ vg(7)dr) € = u’(z) = (Iu”)(x), then U, (s,s) = I.
Now, let us show that U,_(t,7)U,,(r,s) = U,,(t,s). We have

U (8, 7) Vs (r,9)] 0 () = Uy (t,7) [Uny (1, 5)7;}0] (z)
— Ut = [ uulo)dr)e o

= u(z — /Sr vg(o)do — /Tt vg(o)do) x

e_¢(T75)_¢(t7T)

¢
= uo(at—/ va(o)do)e ),
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then
(U, (t, 1)U, (1, 8)] u°(x) = U,(t, s)u’(z).

u

(ii) Let v’ € D, z € Y and (¢,s) € A, we get

(U, (¢, 8)u”)||x = /OO u’(z — / va(0)do)e ) (a + x)dx.,

o s

Since (U, (t, s)u’)(z) = 0 for z — f; vg(o)do < xy and
(U, (t, 8)u®)(x) = u® (x — f; vg(a)da> e~ts) for x — fst vz(o)do > xg, we obtain

(Ot 5)u) [ < et [a/

o

u°
o) t

+ / zu’(r — / Vg
xo s

< e BEs) [a / u’ (y)dy

offst vz(o)do

+ 7 yu’ (y)dy
:co/ vg(o)do

- jf o / t vu<o>do>u0<y>dy] .

Since 0 < fo vgz(0)do < oo there exists M, > 0 such that fo vg(o)do < M,a. Then,

(x — /st vg(o)do)dx
(J)da)da:}

we get
|t 5)u?) [ < e+ [ e
x0
/ M, au®( dy]
(M, + 1)e—+8)0-9 / (a+ y)u(y)dy.
Hence

(Ui (t, 5)u”)|xc < (M + 1)e D0 .
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We obtain
U (£, 9l Lix) < (M, + 1) BHOE2),

(iii) Continuity of U,_.
Let v’ € D and (¢,s) € A, then

[Unq (£ s)u® = ulllx < a/oo |(Use(t, 8)u”) () — u®(2)|dz

T
OOO

4 [ ol Ut 9)0)(a) = (@)l do

o

00 t
< a/ |u0(:1:—/ va(o)do)e ) — u0(z)|dx
xooo s .
+/ |z (u’ (z —/ va(o)do)e ) —u0(z))|da.

Using the fact that u®(z — [ vg(0)do)e 9™ — u'(z) as s — t and zu®(x —
fst vg(o)do)e ") — zul(z) as s — t. The Lebesgue dominated convergence theo-

rem implies that [|(U,, (¢, s)u’) —u®||, — 0 as s — .

Then for v = vz the solution of (4.8) is given by

u(t) = U, (t,0)u’ —l—/o Up(t,5)f(s,u(s))ds. (4.10)

Theorem 4.4.1 The problem (4.8) has a unique mild solution u € C(J, X).

Proof: To have existence and uniqueness of solution of (4.10), we have to verify the

conditions of theorem 4.3.1.
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In fact, let uq,us € X then for t € J and x > x(, we have

1 (tu) — ftu)x < / Y /Ooff(x,y)(ul(y)—uz(y))dy (a + x)de
<28 [ lurly) — waly)ldy / (@, y)(a + 2)dz
<23 / sy _u2<y)|<ay+>dy

<28 / s () — us(y)l(a + )dy
< 28 |Jug — ua|y -

Hence from the theorem 4.3.1 the problem (4.8) has a unique mild solution in X given

by (4.10). O

Theorem 4.4.2 Forv° > 0 and u® € X, the problem (4.7) and (4.8) has a unique global
positive solution (v,u) € PC'(J,R) x C(J, X).

Proof: Let uy, uy € C(J, X), from the explicit representation of v; we have

o (1) vy (B < 37y [T ) (o Fatolhad
0<t,;<t

L0 | T IS ) hds) (=7 [ [E2(s)hds)

+ B2 fot “@1 (5) eI @ (@hdo) |y ()] f [a(0)ade)

ds

t
< Y / ()]s — [a(s)|1)ds| +° |7 / (@ ()]s — [a(s)]1)ds
0<t <t 0
+B1a0t ||Un — Usl|
S br Z )\j—f—’UO—Fﬁ"EO ||ﬂ1—ﬂ2”00

0<t; <t

Let A(w)(t) = U,_(¢,0)u°, for t € J and uw € C(J, X).

Next we show that A : C(J, X)) — C(J, X) is a contraction, which would imply existence
and uniqueness of the solution of (4.7) and (4.10).

In fact, for wy, us € C(J,X) and t € J, we have
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[ a@)o - Asmm@iat ot = e [0 [ o))

o o 0

—ul(x — vy, (0)do))(a + x)dx

o] t
= e 9(t0) / u’(x)(a+z + / g, (0)do)dx
xo—ofgt Vi (0)do 0

t
_e—¢(t70) / uo(a',') ((], + xXr —|— / Uﬂ2 (U)do’)dl’
900*f0t vﬁg (U)ga 0

= 0 [0)( [ (o) ~ veslo)do)dy

) 0

Thus

IAG@)(8) = A@)()llx < [u] 07 | D A+ + Bao | [T — T

0<t;<t

Hence A is a contraction for |u’|, Z Aj + 0" + B
0<t;<b
Now, we prove the existence and uniqueness of solution for (4.7) and (4.8). Let r» > 0

< —.
b2r

such that u° € B(0,7) C X, then there exists K > 0 such that
Uy, (t,8)]| < K for all u e B(0,r).

Let u € C(J, X) such that u(t) = U,, (t,0)u’ + fot Up,(t,s)f(s,u(s))ds, t € J and u(t) €
B(0,r), t € J, then

lu(@)llx < !u0!1K+K/O 1f (s, u(s))l xds

< K+ 20K [ fu(s)xds
0

< ’uOhK-f-Q,BKbT

Assume that [u°|; K + 28Kbr < r. Set C' = {u € C(J,X) : ||u|l < r}. Now, we show
that N : C' — (' has a unique fixed point.
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Let uy,us € C, thus

[(Nun)(6) — (V) (B)lx < I1AGu)(£) — Au) (8)1x
/ U, (b 8) £ (5. 02(3)) — Ui, F(5, uals))|vds

<A@ — Aw)(®)x
+K / (s, ux(5)) = £(5, ua(s))ll s
100 0:5) = U 6505 v s
<A@ — Au)(®)x
K / 98 llus () — ()Ll
¥ / U (1:5) = Vo (19 s
< ||A<u1><> Au)(®)x
5/ e ds||uy — us]|.ds
iﬂ’" erdslluy — uslls
< eut<c+W>uul—uzu*

wherel[ull. = sup,e; e u(t)l|x,c = |, 0 | S Aj+0* + fro | and p > 0 large
0<t;<t

enough such that Cy = ¢+ K—xﬁm < 1. Hence || Nu; — Nus||« < Collus — ual|..
To prove the positivity of the solution of (4.8), we proceed by induction.
Put u(t) = U,(t,0)u’, and for n > 1

U1 (t) = ur(t) + [T UL, 8) f(s,un(s))ds, ¢ > 0.

We have u; > 0. Suppose that u, is positive, and we show that u, is positive. In fact,
from the positivity of U,(+,-) and u, we deduce that w,; is positive. By induction, we

conclude that u,, > 0, Vn € IN. Finally we obtain v = lim,, ,, u, > 0. O
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4.5 Concluding remarks

In this work we have considered an impulsive mathematical model for a prion diseases,
where the production of prion is subject to perturbations caused by discontinuous pro-
duction prion in order to fill the gap in PrP¢ monomers polymerized. We have obtained
the existence, uniqueness and positivity of the solution for condition on the amplitude of
initial values u° and v°. The results obtained for bounded interval J need to be extended
to R, to study global existence and stability. The discrete perturbations may be in the
polymers caused by external interaction, for example laboratory experiments. It would
be interesting to consider the case of non constant g and p depending on the polymer

length x using adequate approaches.



CONCLUSIONS

The main work of this thesis is the impulsive model for prion diseases given in chapter
four, we can give some remarks on the results obtained. The existence result obtained
is local and it is important to obtain global results on the positive real line, which gives
the possibility to study the stability of the system with respect to its parameters. It is
interesting to show the approach given in chapter two from [13] which consists to trans-
form the problem under study in a system of ordinary differential equations, concerning
the impulsive model it becomes a system of impulsive differential equations to analyze
and study, this should give some interesting conclusions for the initial system and the
phenomenon. We can also apply impulse effects to other models from the literature, some
parameters are constants in the model but it should be interesting to follow the dynamics
of the diseases when some them are not constant. Generally, when mathematical mod-
els are studied simulations are needed to have a complete analysis of the problem under

study, so we could plane to do some simulations in future.
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Le résumé

Dans cette theése nous avons étudié quelques
modeéles mathématiques modélisant I’évolution des
maladies a PRION, mathématiquement parlant,
nous avons étudié I'existence de solutions d’un
systeme constitué d’'une équation différentielle,
modélisant I’évolution des monomeres de la
protéine du PRION, et d’une équation aux dérivées
partielles, modélisant |’évolution des polymeres
résultant de la polymérisation des protéines PRION.

Abstract

In this thesis we have studied some mathematical
models describing the evolution of PRION diseases,
we have studied mathematicaly the existence of
solutions of a system constituted by differential
equation and partial differential equation, the first
equation describes the evolution of PRION
monomers and the second one describes the
evolution of polymers constituted by PRION
monomers.



