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❍♦✉*✐❛ ❡+ ◆❛..✐*❛ ❡+ ♠♦♥ ❢*7*❡ ▼♦❤❛♠❡❞✱ .❛♥. ♦✉❜❧✐❡* ♠❡. ❛♠✐. ◆♦✉*❡❞❞✐♥❡ ❇❊◆❙■❉❊◆

❡+ ▼♦❤❛♠❡❞ ❚❖❯❆❚■ ❛✐♥.✐ S✉✬P +♦✉+ ❧❡ ♣❡*.♦♥♥❡❧ ❞❡❧✬❊❝♦❧❡ J*3♣❛*❛+♦✐*❡ ❡♥ ❙❝✐❡♥❝❡. ❡+

❚❡❝❤♥✐S✉❡. ❞✬❆❧❣❡*✳
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❘!"✉♠! ❞❡ ❧❛ )❤+"❡✳

▲❡" ❛♣♣❧✐❝❛(✐♦♥" ❤❛,♠♦♥✐.✉❡" ❡( ❧❡" ❛♣♣❧✐❝❛(✐♦♥" ❜✐❤❛,♠♦♥✐.✉❡" "♦♥( ,❡"♣❡❝(✐✈❡♠❡♥(

"♦❧✉(✐♦♥" ❞✬✉♥ "②"(5♠❡ ♥♦♥✲❧✐♥7❛✐,❡ 7❧❧✐♣(✐.✉❡ ❞✬♦,❞,❡ ❞❡✉① ❡( ❞✬♦,❞,❡ .✉❛(,❡✱ ❞❛♥" ❧❡"

❞❡✉① ❝❛" ✐❧ "✬❛❣✐( ❞✬✉♥ "②"(5♠❡ (,7" ❞✐✣❝✐❧❡ < ,7"♦✉❞,❡✳ ■❧ ❡①✐"(❡ ♣❧✉"✐❡✉," ❣7♥7,❛❧✐"❛(✐♦♥"

❞❡ ❝❡" ❞❡✉① (②♣❡" ❞✬❛♣♣❧✐❝❛(✐♦♥"✱ ❝❡" ❣7♥7,❛❧✐"❛(✐♦♥" "♦♥( 7(✉❞✐7❡" ♣❛, ♣❧✉"✐❡✉," ❛✉(❡✉,"

❡( .✉✐ ♦♥( ❢❛✐( ❧✬♦❜❥❡( ❞❡ ♣❧✉"✐❡✉," ♣✉❜❧✐❝❛(✐♦♥"✳ ❈❡((❡ (❤5"❡ ,❡♥(,❡ ❞❛♥" ❝❡ ❝❛❞,❡✱ ❡❧❧❡ "❡

❞✐✈✐"❡ ❡♥ (,♦✐" ❝❤❛♣✐(,❡"✳ ❉❛♥" ❧❡ ♣,❡♠✐❡, ❝❤❛♣✐(,❡ ❞❡ ❝❡((❡ (❤5"❡✱ ♦♥ ♣,7"❡♥(❡ .✉❡❧.✉❡"

♦✉(✐❧" ❢♦♥❞❛♠❡♥(❛✉① ❞❡ ❧❛ ❣7♦♠7(,✐❡ ,✐❡♠❛♥♥✐❡♥♥❡✱ ❡♥"✉✐(❡ ♦♥ ♣❛""❡ < ❧❛ ❞7✜♥✐(✐♦♥ ❞❡"

❛♣♣❧✐❝❛(✐♦♥" ❤❛,♠♦♥✐.✉❡" ❡( ❜✐❤❛,♠♦♥✐.✉❡" ♦D ♦♥ ❝✐(❡ ❝❡,(❛✐♥❡" ♣,♦♣♦,✐7(7"✳ ❯♥ ❝❛" (,7"

✐♠♣♦,(❛♥( < 7(✉❞✐❡, ❡"( ❝❡❧✉✐ .✉✐ ❝♦♥❝❡,♥❡ ❧❡" ❛♣♣❧✐❝❛(✐♦♥" ❝♦♥❢♦,♠❡"✳ ❉❛♥" ❧❡ ❞❡✉①✐5♠❡

❝❤❛♣✐(,❡✱ ♦♥ ♣,7"❡♥(❡ ✉♥❡ ❣7♥7,❛❧✐"❛(✐♦♥ ❞❡" ❛♣♣❧✐❝❛(✐♦♥" ❜✐❤❛,♠♦♥✐.✉❡"✱ ❞✐(❡ ❛♣♣❧✐❝❛✲

(✐♦♥" ❜✐✲f ✲❤❛,♠♦♥✐.✉❡" ♦D f ∈ C∞ (M) ❡"( ✉♥❡ ❢♦♥❝(✐♦♥ ♣♦"✐(✐✈❡✳ ◆♦✉" ❞♦♥♥♦♥" .✉❡❧.✉❡"

❝♦♥"(,✉❝(✐♦♥" ❞✬❛♣♣❧✐❝❛(✐♦♥" ❜✐✲f ✲❤❛,♠♦♥✐.✉❡"✳ ❉❛♥" ✉♥ ♣,❡♠✐❡, ,7"✉❧(❛(✱ ♥♦✉" ❞♦♥♥♦♥"

❧❛ ,❡❧❛(✐♦♥ ❡♥(,❡ ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲f ✲(❡♥"✐♦♥ ❡( ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲(❡♥"✐♦♥ ❡( ❧❛ ,❡❧❛(✐♦♥ ❡♥(,❡ ❧❡

❧❡ (❡♥"❡✉, ❜✐✲f ✲7♥❡,❣✐❡ ❡( ❧❡ (❡♥"❡✉, ❜✐✲7♥❡,❣✐❡ ❡( ❞❛♥" ❝❡ ❝❛"✱ ♥♦✉" ❝♦♥"(,✉✐"♦♥" .✉❡❧.✉❡"

❡①❡♠♣❧❡" ❞✬❛♣♣❧✐❝❛(✐♦♥" ❜✐✲f ✲❤❛,♠♦♥✐.✉❡" ❡( ♥♦✉" 7(✉❞✐♦♥" ❧❡ ❝❛" ❞❡ ❧✬❛♣♣❧✐❝❛(✐♦♥ ✐❞❡♥✲

(✐(7✳ ❈♦♠♠❡ ❞❡✉①✐5♠❡ ,7"✉❧(❛(✱ ♥♦✉" ❝❛,❛❝(7,✐"♦♥" ❧❛ ❜✐✲f ✲❜✐❤❛,♠♦♥✐❝✐(7 ❞✬✉♥❡ ❛♣♣❧✐❝❛✲

(✐♦♥ ❝♦♥❢♦,♠❡ φ : (Mn, g) −→ (Nn, h) ❞❡ ❞✐❧❛(❛(✐♦♥ λ✳ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛, ❧❡ ❝❛" ♦D ❧❛

❢♦♥❝(✐♦♥ f ❡"( 7❣❛❧❡ < ❧❛ ❞✐❧❛(❛(✐♦♥ λ ❡( ♥♦✉" ❞♦♥♥♦♥" .✉❡❧.✉❡" ❡①❡♠♣❧❡" ❞✬❛♣♣❧✐❝❛(✐♦♥"

❜✐✲λ✲❤❛,♠♦♥✐.✉❡"✳ ❖♥ (❡,♠✐♥❡ ❝❡ ❝❤❛♣✐(,❡ ♣❛, ❧✬7(✉❞❡ ❞✉ ❝❛" ❣7♥7,❛❧✱ ❝✬❡"( < ❞✐,❡ ❧❡ ❝❛" ♦D

f ❡"( ❢♦♥❝(✐♦♥ ♣♦"✐(✐✈❡ .✉❡❧❝♦♥.✉❡✳ ❈❡ ❝❤❛♣✐(,❡ ❛ ❢❛✐( ❧✬♦❜❥❡( ❞✬✉♥ ❛,(✐❝❧❡ ♣✉❜❧✐7 ❞❛♥" ✉♥❡

,❡✈✉❡ ❞❡ ❝❧❛""❡ ❇✱ ✐♥❞❡①7❡ ❞❛♥" ❧❛ ❜❛"❡ ❙❝♦♣✉"✳ ❉❛♥" ❧❡ (,♦✐"✐5♠❡ ❝❤❛♣✐(,❡ ❞❡ ❝❡((❡ (❤5"❡✱

♦♥ "✬✐♥(7,❡""❡ < ❧❛ ❝♦♥"(,✉❝(✐♦♥ ❞❡" ❛♣♣❧✐❝❛(✐♦♥" ❤❛,♠♦♥✐.✉❡" ❡( ❜✐❤❛,♠♦♥✐.✉❡" ,❡❧❛(✐✈❡✲

♠❡♥( ❛✉① ❞7❢♦,♠❛(✐♦♥" D✲✐"♦♠7(,✐.✉❡" ❞❛♥" ❧❡" ✈❛,✐7(7" ♣,❡".✉❡ ❞❡ ❝♦♥(❛❝(✳ ❖♥ ❝♦♥"✐✲

❞5,❡ (M2m+1, ϕ, ξ, η, g) ✉♥❡ ✈❛,✐7(7 ♣,❡".✉❡ ❞❡ ❝♦♥(❛❝(✳ ▲❡" ❛♣♣❧✐❝❛(✐♦♥" f ✲❜✐❤❛,♠♦♥✐.✉❡"

❝♦♥"(✐(✉❡♥( ✉♥❡ ❛✉(,❡ ❣7♥7,❛❧✐"❛(✐♦♥ ❞❡" ❛♣♣❧✐❝❛(✐♦♥" ❜✐❤❛,♠♦♥✐.✉❡"✱ ❝❡((❡ ❣7♥7,❛❧✐"❛(✐♦♥

❡"( (,❛✐(7 < ❧❛ ✜♥ ❞❡ ❝❡((❡ (❤5"❡✳ ◆♦(♦♥"✱ ❡♥ ♣,❡♥♦♥" f = 1✱ ❞❛♥" ❧❡" ❞❡✉① ❣7♥7,❛❧✐"❛(✐♦♥"✱

♦♥ ,❡(,♦✉✈❡ (♦✉" ❧❡" ,7"✉❧(❛(" ❝♦♥♥✉" ♣♦✉, ❧❡" ❛♣♣❧✐❝❛(✐♦♥" ❜✐❤❛,♠♦♥✐.✉❡"✳

✺
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▲❡" ❛♣♣❧✐❝❛(✐♦♥" ❤❛,♠♦♥✐.✉❡" ❡( ❧❡" ❛♣♣❧✐❝❛(✐♦♥" ❜✐❤❛,♠♦♥✐.✉❡" "♦♥( ,❡"♣❡❝(✐✈❡♠❡♥(

"♦❧✉(✐♦♥" ❞✬✉♥ "②"(5♠❡ ♥♦♥✲❧✐♥7❛✐,❡ 7❧❧✐♣(✐.✉❡ ❞✬♦,❞,❡ ❞❡✉① ❡( ❞✬♦,❞,❡ .✉❛(,❡✱ ❞❛♥" ❧❡"

❞❡✉① ❝❛" ✐❧ "✬❛❣✐( ❞✬✉♥ "②"(5♠❡ (,7" ❞✐✣❝✐❧❡ < ,7"♦✉❞,❡✳ ❘❛♣♣❡❧♦♥" .✉✬✉♥❡ ❛♣♣❧✐❝❛(✐♦♥

φ : (Mm, g) → (Nn, h) ❞❡ ❝❧❛""❡ C∞
❡"( ❞✐(❡ ❤❛,♠♦♥✐.✉❡ "✐ ❡❧❧❡ ❡"( ✉♥ ♣♦✐♥( ❝,✐(✐.✉❡ ❞❡

❧❛ ❢♦♥❝(✐♦♥♥❡❧❧❡ 7♥❡,❣✐❡ E(φ) ❞7✜♥✐❡ ♣❛,

E(φ) =
1

2

∫

M

|dφ|2dvg, ✭✶✮

❝✬❡"( < ❞✐,❡ "✐ ❡❧❧❡ ❡"( "♦❧✉(✐♦♥ ❞❡ ❧✬7.✉❛(✐♦♥ ❞✬❊✉❧❡,✲▲❛❣,❛♥❣❡ ❛""♦❝✐7❡ < ✭✷✳✷✳✶✮ ✿

τ(φ) = Trg∇dφ = 0, ✭✷✮

τ(φ) ❡"( ❛♣♣❡❧7 ❧❡ ❝❤❛♠♣ ❞❡ (❡♥"✐♦♥ ❞❡ φ✳ ❙✐ (xi)1≤i≤m ❡( (yα)1≤α≤n "♦♥( ❧❡" ❝♦♦,❞♦♥♥7❡"

❧♦❝❛❧❡" ,❡"♣❡❝(✐✈❡♠❡♥( "✉, M ❡( N ❧✬7.✉❛(✐♦♥ ✭✷✳✷✳✷✮ ❞❡✈✐❡♥( ✿

τ(φ)α = ∆φα + gijNΓα
βγ

∂φβ

∂xi
∂φγ

∂xj
= 0, 1 ≤ α ≤ n ✭✸✮

♦I ∆φα =
1

√

|g|
∂

∂xi

(

√

|g|gij ∂φ
α

∂xj

)

❡"( ❧❡ ▲❛♣❧❛❝✐❡♥ "✉, (M, g) ❡( NΓα
βγ "♦♥( ❧❡" "②♠❜♦❧❡"

❞❡ ❈❤,✐"(♦✛❡❧ ❞❡ (N, h). ✳ ▲❡ (❡♥"❡✉, ✐♠♣✉❧"✐♦♥✲7♥❡,❣✐❡ ❞❡ φ ❡"( ✉♥ ❝❤❛♠♣ ❞❡ (❡♥"❡✉,

"②♠7(,✐.✉❡ ❞❡ (②♣❡ (0, 2) "✉, M ❞7✜♥✐ ♣❛,

S(φ) = e(φ)g − φ∗h,

▲❛ ,❡❧❛(✐♦♥ ❞❡ ❜❛"❡ ❡♥(,❡ ❧❡ (❡♥"❡✉, ✐♠♣✉❧"✐♦♥✲7♥7,❣✐❡ ❡( ❧❡" ❛♣♣❧✐❝❛(✐♦♥" ❤❛,♠♦♥✐.✉❡" ❡"(

❞♦♥♥7❡ ♣❛, ❧❡ ,7"✉❧(❛( "✉✐✈❛♥( ✿

divS(φ) = −h(τ(φ), dφ).

❉❡ ❝❡((❡ ❞❡,♥✐5,❡ ❢♦,♠✉❧❡✱ ✐❧ "✉✐( .✉❡ "✐ φ : (Mm, g) −→ (Nn, h) ❡"( ✉♥❡ "✉❜♠❡,"✐♦♥✱

❛❧♦," ❡❧❧❡" ❡"( ❤❛,♠♦♥✐.✉❡ "✐ ❡( "❡✉❧❡♠❡♥( "✐ divS(φ) = 0✳ ❯♥❡ ❣7♥7,❛❧✐"❛(✐♦♥ ♥❛(✉,❡❧❧❡ ❞❡"

✼



✽

❛♣♣❧✐❝❛&✐♦♥) ❤❛+♠♦♥✐-✉❡) ❡)& ♦❜&❡♥✉❡ ❡♥ ❝♦♥)✐❞2+❛♥& ❧❡) ♣♦✐♥&) ❝+✐&✐-✉❡) ❞❡ ❧❛ ❢♦♥❝&✐♦♥♥❡❧❧❡

♦❜&❡♥✉❡ ❡♥ ✐♥&2❣+❛♥& ❧❡ ❝❛++2 ❞❡ ❧❛ ♥♦+♠❡ ❞✉ ❝❤❛♠♣ ❞❡ &❡♥)✐♦♥✳ ▲❛ ❜✐✲2♥❡+❣✐❡ E2 (φ) ❞❡

❧✬❛♣♣❧✐❝❛&✐♦♥ φ : (Mm, g) −→ (Nn, h) ❡)& ❧❛ ❢♦♥❝&✐♦♥♥❡❧❧❡ ❞2✜♥❡ ♣❛+

E2(φ) =
1

2

∫

D

|τ (φ)|2 dvg,

♦: D ❡)& ✉♥ ❞♦♠❛✐♥❡ ❝♦♠♣❛❝& ❞❡ M ✳ ▲✬❛♣♣❧✐❝❛&✐♦♥ φ ❡)& ❞✐&❡ ❜✐❤❛+♠♦♥✐-✉❡ )✐ ❡❧❧❡ ❡)&

♣♦✐♥& ❝+✐&✐-✉❡ ❞❛ ❧❛ ❢♦♥❝&✐♦♥♥❡❧❧❡ ❜✐✲2♥❡+❣✐❡✱ ❝✬❡)& < ❞✐+❡

d

dt
E2 (φt)

∣

∣

∣

∣

t=0

= 0.

▲❡) 2-✉❛&✐♦♥) ❞✬❊✉❧❡+ ✲▲❛❣+❛♥❣❡ ❛))♦❝✐2❡) < ❧❛ ❜✐✲2♥❡+❣✐❡ ♥♦✉) ♣❡+♠❡&&❡♥& ❞✬♦❜&❡♥✐+ ❧❛

♣+❡♠✐>+❡ ✈❛+✐❛&✐♦♥ ❞❡ ❧❛ ❜✐✲2♥❡+❣✐❡ ❡& -✉✐ ❡)& ❞♦♥♥2❡ ♣❛+ ❧✬2-✉❛&✐♦♥ )✉✐✈❛♥&❡ ✿

d

dt
E2 (φt)

∣

∣

∣

∣

t=0

=

∫

D

h (v, τ2 (φ)) dvg.

❖:

τ2 (φ) = −Trg
(

∇φ
)2
τ (φ)− TrgR

N (τ (φ) , dφ) dφ,

❛✈❡❝

Trg
(

∇φ
)2

= Trg

(

∇φ∇φ −∇φ

∇M

)

❡)& ❧❡ ▲❛♣❧❛❝✐❡♥ )✉+ ❧❡) )❡❝&✐♦♥ ❞✉ ✜❜+2 φ−1TN ❡& RN
❞2)✐❣♥❡ ❧❡ &❡♥)❡✉+ ❞❡ ❝♦✉+❜✉+❡ )✉+

(Nn, h)✳ ▲✬❛♣♣❧✐❝❛&✐♦♥ φ ❡)& ❞✐&❡ ❜✐❤❛+♠♦♥✐-✉❡ )✐ ❡& )❡✉❧❡♠❡♥& )✐

τ2 (φ) = −Trg
(

∇φ
)2
τ (φ)− TrgR

N (τ (φ) , dφ) dφ = 0.

■❧ ❡)& ❝❧❛✐+ -✉❡ &♦✉&❡ ❛♣♣❧✐❝❛&✐♦♥ ❤❛+♠♦♥✐-✉❡ ❡)& ❜✐❤❛+♠♦♥✐-✉❡✳ ❈♦♠♠❡ ♣♦✉+ ❧❡) ❛♣✲

♣❧✐❝❛&✐♦♥) ❤❛+♠♦♥✐-✉❡)✱ ✐❧ ❡①✐)&❡ ✉♥ &❡♥)❡✉+ )②♠2&+✐-✉❡ ❞❡ &②♣❡ (0.2) ❛♣♣❡❧2 ❧❡ &❡♥)❡✉+

✐♠♣✉❧)✐♦♥ ❜✐✲2♥❡+❣✐❡ ❛))♦❝✐2 ❛✉① ❛♣♣❧✐❝❛&✐♦♥) ❜✐❤❛+♠♦♥✐-✉❡)✳ ❙♦✐& φ : (Mm, g) −→ (Nn, h)

✉♥❡ ❛♣♣❧✐❝❛&✐♦♥ ❞❡ ❝❧❛))❡ C∞
✱ ❧❡ &❡♥)❡✉+ ✐♠♣✉❧)✐♦♥ ❜✐✲2♥❡+❣✐❡ ❞❡ φ ♥♦&2 S2 (φ) ❡)& ❞2✜♥✐

♣❛+ ✿

S2 (φ) =

(−1

2
|τ(φ)|2 + divh (τ (φ) , dφ)

)

g − 2symh (∇τ (φ) , dφ) .

❖:

symh (∇τ(φ), dφ) (X, Y ) =
1

2
{h (∇Xτ (φ) , dφ (Y )) + h (∇Y τ (φ) , dφ (X))} .

G♦✉+ &♦✉) X, Y ∈ Γ (TM) . ❉❡ ♠I♠❡✱ ✐❧ ❡①✐)&❡ ✉♥❡ +❡❧❛&✐♦♥ ❡♥&+❡ τ2 (φ) ❡& ❧❛ ❞✐✈❡+❣❡♥❝❡

❞❡ ❝❡ &❡♥)❡✉+✳

divS2(φ) = h (τ2(φ), dφ) .



✾

■❧ #✉✐& '✉❡ #✐ φ : (Mm, g) −→ (Nn, h) ❡#& ✉♥❡ #✉❜♠❡,#✐♦♥✱ ❛❧♦,# ❡❧❧❡# ❡#& ❜✐❤❛,♠♦♥✐'✉❡ #✐

❡& #❡✉❧❡♠❡♥& #✐

divS2 (φ) = 0

❈❡&&❡ &❤2#❡ ,❡♥&,❡ ❞❛♥# ❝❡ ❝❛❞,❡✱ ❡❧❧❡ #❡ ❞✐✈✐#❡ ❡♥ &,♦✐# ❝❤❛♣✐&,❡#✳ ❉❛♥# ✉♥❡ ♣,❡♠✐2,❡ ♣❛,&✐❡

❞✉ ❝❤❛♣✐&,❡ &❡ &❤2#❡✱ ♦♥ ♣,9#❡♥&❡ '✉❡❧'✉❡# ♦✉&✐❧# ❢♦♥❞❛♠❡♥&❛✉① ❞❡ ❧❛ ❣9♦♠9&,✐❡ ,✐❡♠❛♥✲

♥✐❡♥♥❡✳ ❊♥#✉✐&❡ ♦♥ ♣❛##❡ ? ❧❛ ❞9✜♥✐&✐♦♥ ❞❡# ❛♣♣❧✐❝❛&✐♦♥# ❤❛,♠♦♥✐'✉❡# ❡& ❜✐❤❛,♠♦♥✐'✉❡#

♦A ♦♥ ❝✐&❡ ❝❡,&❛✐♥❡# ♣,♦♣♦,✐9&9#✳ ❯♥ ❝❛# &,9# ✐♠♣♦,&❛♥& ? 9&✉❞✐❡, ❡#& ❝❡❧✉✐ '✉✐ ❝♦♥❝❡,♥❡ ❧❡#

❛♣♣❧✐❝❛&✐♦♥# ❝♦♥❢♦,♠❡#✳ ❙♦✐❡♥& (Mn, g) ❡& (Nn, h) ❞❡✉① ✈❛,✐9&9# ,✐❡♠❛♥♥✐❡♥♥❡# ❞❡ ♠D♠❡

❞✐♠❡♥#✐♦♥ n✱ ✉♥❡ ❛♣♣❧✐❝❛&✐♦♥ φ : (Mn, g) −→ (Nn, h) ❡#& ❞✐&❡ ❝♦♥❢♦,♠❡ #✬✐❧ ❡①✐#&❡ ✉♥❡

❢♦♥❝&✐♦♥ λ :M → R
∗
+ ❞❡ ❝❧❛##❡ C∞

&❡❧❧❡ '✉❡ ♣♦✉, &♦✉# X, Y ∈ Γ (TM) ✿

h (dφ (X) , dφ (Y )) = λ2g (X, Y ) .

▲❛ ❢♦♥❝&✐♦♥ λ ❡#& ❛♣♣❡❧9❡ ❧❛ ❞✐❧❛&❛&✐♦♥ ❞❡ φ✳ ▲❛ ❞❡♥#✐&9 ❞✬✉♥❡ ❛♣♣❧✐❝❛&✐♦♥ ❝♦♥❢♦,♠❡ φ :

(Mn, g) −→ (Nn, h) ❡#& 9❣❛❧❡ ?

e (φ) =
1

2
|dφ|2 = n

2
λ2.

❖♥ ❞9❞✉✐& '✉❡ ❧❛ ❞✐❧❛&❛&✐♦♥ ❡#& ❞♦♥♥9❡ ♣❛, ❧❛ ❢♦,♠✉❧❡ #✉✐✈❛♥&❡ ✿

λ2 =
1

n
|dφ|2

▲❡ ❝❤❛♠♣ ❞❡ &❡♥#✐♦♥ ❡& ❧❡ &❡♥#❡✉, 9♥❡,❣✐❡✲✐♠♣✉❧#✐♦♥ ❞✬✉♥❡ ❛♣♣❧✐❝❛&✐♦♥ ❝♦♥❢♦,♠❡ #✬9❝,✐✈❡♥&

❡♥ ❢♦♥❝&✐♦♥ ❞❡ ❧❛ ❞✐❧❛&❛&✐♦♥ λ✳ ❙♦✐& φ : (Mn, g) −→ (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛&✐♦♥ ❝♦♥❢♦,♠❡ ❞❡

❞✐❧❛&❛&✐♦♥ λ✱ ❛❧♦,#

(i) divS(φ) = (n− 2)λ2d lnλ, ✭✹✮

♦A S(φ) ❡#& ❧❡ &❡♥#❡✉, 9♥❡,❣✐❡✲✐♠♣✉❧#✐♦♥ ❞❡ ❧✬❛♣♣❧✐❝❛&✐♦♥ φ✳

(ii) divh(τ(φ), dφ) = (2− n)
(

2λ2 |grad lnλ|2 + λ2∆ lnλ
)

. ✭✺✮

(iii) τ(φ) = (2− n)dφ(grad lnλ). ✭✻✮

(iv) |τ(φ)|2 = (2− n)2λ2 |grad lnλ|2 . ✭✼✮

❖♥ ❞9❞✉✐& '✉❡ &♦✉&❡ ❛♣♣❧✐❝❛&✐♦♥ ❝♦♥❢♦,♠❡ φ : (M2, g) −→ (N2, h) ❡#& ❤❛,♠♦♥✐'✉❡✳ ◆♦&♦♥#

❛✉##✐ '✉❡ #✐ n ≥ 3✱ ❛❧♦,# &♦✉&❡ ❛♣♣❧✐❝❛&✐♦♥ ❝♦♥❢♦,♠❡ φ : (Mn, g) −→ (Nn, h) ❡#& ✉♥

❞✐✛9♦♠♦,♣❤✐#♠❡ ❧♦❝❛❧ ❡& ❞❛♥# ❝❡ ❝❛# ❧✬❛♣♣❧✐❝❛&✐♦♥ φ ❡#& ❤❛,♠♦♥✐'✉❡ #✐ ❡& #❡✉❧❡♠❡♥& #✐ #❛

❞✐❧❛&❛&✐♦♥ λ ❡#& ✉♥❡ ❢♦♥❝&✐♦♥ ❝♦♥#&❛♥&❡✳ ❯♥❡ ♣,❡♠✐2,❡ ♣,♦♣,✐9&9 ❞✬✉♥❡ ❛♣♣❧✐❝❛&✐♦♥ ❝♦♥❢♦,♠❡

❡#& ❞♦♥♥9❡ ♣❛, ❧❡ ,9#✉❧&❛& #✉✐✈❛♥&



✶✵

 !♦♣♦$✐&✐♦♥ ✵✳✵✳✶ ❙♦✐# φ : (Mn, g) → (Nn, h) ✭n ≥ 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦.♠❡ ❞❡

❞✐❧❛#❛#✐♦♥ λ✳ 2♦✉. #♦✉3 X, Y ∈ Γ (TM)✱ ♥♦✉3 ❛✈♦♥3

∇Y dφ (X) = X (lnλ) dφ (Y )+Y (lnλ) dφ (X)− g (X, Y ) dφ (grad lnλ)+dφ (∇YX) . ✭✽✮

❊♥ ♣❛.#✐❝✉❧✐❡. ♣♦✉. ❝❤❛8✉❡ ❢♦♥❝#✐♦♥ f ∈ C∞ (M)✱ ♦♥ ♦❜#✐❡♥#

∇Y dφ (gradf) = d lnλ (gradf) dφ (Y ) + Y (lnλ) dφ (gradf)

− Y (f) dφ (grad lnλ) + dφ (∇Y gradf) ,
✭✾✮

❡# 3✐ f = lnλ✱ ♦♥ ♦❜#✐❡♥#

∇Y dφ (grad lnλ) = |grad lnλ|2 dφ (Y ) + dφ (∇Y grad lnλ) . ✭✶✵✮

❘❡♠❛!/✉❡ ✵✳✵✳✶ ❙♦✐# φ : (Mn, g) → (Nn, h) ✭n ≥ 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦.♠❡ ❞❡

❞✐❧❛#❛#✐♦♥ λ✳ 2♦✉. #♦✉3 X, Y ∈ Γ (TM) ❡# ♣♦✉. #♦✉#❡ ❢♦♥❝#✐♦♥ f ∈ C∞ (M)✱ ♦♥ ❛

h (∇Xdφ (gradf) , dφ (Y )) = λ2d lnλ (gradf) g (X, Y ) + λ2g (∇Xgradf, Y )

+ λ2X (lnλ)Y (f)− λ2X (f)Y (lnλ)
✭✶✶✮

❡#

h (∇Xdφ (grad lnλ) , dφ (Y )) = h (∇Y dφ (grad lnλ) , dφ (X))

= λ2 |grad lnλ|2 g (X, Y ) + λ2g (∇Xgrad lnλ, Y ) .
✭✶✷✮

●()❝❡ ❛✉① ♣(♦♣(✐2324 ❝✐324✱ ❧❡ 3❡♥4❡✉( ❜✐✲2♥❡(❣✐❡ ✐♠♣✉❧44✐♦♥ ❞✬✉♥❡ ❛♣♣❧✐❝❛3✐♦♥ ❝♦♥❢♦(♠❡

❡3 4❛ 3(❛❝❡ 4♦♥3 ❞♦♥♥24 ♣❛( ❧❡ 3❤2♦(@♠❡ 4✉✐✈❛♥3 ✿

❚❤3♦!4♠❡ ✵✳✵✳✶ ❙♦✐# φ : (Mn, g) → (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦.♠❡ ❞❡ ❞✐❧❛#❛#✐♦♥ λ✱

❛❧♦.3

S2 (φ) = (2− n)λ2
{(

n− 2

2
|grad lnλ|2 +∆ lnλ

)

g − 2∇d lnλ
}

✭✶✸✮

❡#

TrgS2 (φ) = − (n− 2)2 λ2
(n

2
|grad lnλ|2 +∆ lnλ

)

. ✭✶✹✮

❯♥❡ ❝♦♥❞✐3✐♦♥ ♥2❝❡44❛✐(❡ ❡43 4✉✣4❛♥3❡ ♣♦✉( G✉❡ TrgS2 (φ) = 0 ❡43 ❞♦♥♥2❡ ♣❛( ❧❡ ❝♦(♦❧❧❛✐(❡

4✉✐✈❛♥3 ✿

❝♦!♦❧❧❛✐!❡ ✵✳✵✳✶ ❙♦✐# φ : (Mn, g) → (Nn, h) ✭n 6= 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦.♠❡ ❞❡ ❞✐✲

❧❛#❛#✐♦♥ λ✱ ❛❧♦.3 ❧❛ #.❛❝❡ ❞✉ #❡♥3❡✉. ❜✐✲;♥❡.❣✐❡ ✐♠♣✉❧3✐♦♥ ❡3# ♥✉❧❧❡ 3✐ ❡# 3❡✉❧❡♠❡♥# 3✐ ❧❛

❢♦♥❝#✐♦♥ λ

n

2
❡3# ❤❛.♠♦♥✐8✉❡✳



✶✶

▲❛ ❜✐❤❛&♠♦♥✐❝✐+, ❞❡/ ❛♣♣❧✐❝❛+✐♦♥/ ❝♦♥❢♦&♠❡/ ❡/+ ❝❛&❛❝+,&✐/,❡ /❡✉❧❡♠❡♥+ ❡♥ ❢♦♥❝+✐♦♥ ❞❡

❧❛ ❞✐❧❛+❛+✐♦♥✳ ❆✈❛♥+ ❞❡ ❝✐+❡& ❝❡ &,/✉❧+❛+✱ ♦♥ ❛ ❧❡ +❤,♦&8♠❡ /✉✐✈❛♥+

❚❤"♦$%♠❡ ✵✳✵✳✷ ❙♦✐# φ : (Mn, g) → (Nn, h) ✭n 6= 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦.♠❡ ❞❡

❞✐❧❛#❛#✐♦♥ λ✱ ❛❧♦.2

Trg
(

∇φ
)2
dφ (grad lnλ) = dφ (grad∆ lnλ) + 2dφ

(

grad
(

|grad lnλ|2
))

− (∆ lnλ) dφ (grad lnλ)

− (n− 2) |grad lnλ|2 dφ (grad lnλ) + dφ (Ricci (grad lnλ))

❡#

TrgR
N (dφ (grad lnλ) , dφ (·)) dφ (·) = −n− 2

2
dφ

(

grad
(

|grad lnλ|2
))

− (∆ lnλ) dφ (grad lnλ)

+ dφ (Ricci (grad lnλ)) .

▲❡ ❝❤❛♠♣ ❞❡ ❜✐✲+❡♥/✐♦♥ ❞✬✉♥❡ ❛♣♣❧✐❝❛+✐♦♥ ❝♦♥❢♦&♠❡ ❡/+ ❞♦♥♥, ♣❛& ❧❡ +❤,♦&8♠❡ /✉✐✈❛♥+✳

❚❤"♦$%♠❡ ✵✳✵✳✸ ❙♦✐# φ : (Mn, g) → (Nn, h) ✭n 6= 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦.♠❡ ❞❡

❞✐❧❛#❛#✐♦♥ λ✱ ❛❧♦.2 ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲#❡♥2✐♦♥ ❞❡ φ ❡2# ❞♦♥♥6❡ ♣❛. ❧❛ ❢♦.♠✉❧❡ 2✉✐✈❛♥#❡

τ2 (φ) = (n− 2) dφ (H) ,

♦6

1

H = grad∆ lnλ− n− 6

2
grad

(

|grad lnλ|2
)

− 2 (∆ lnλ) grad lnλ

− (n− 2) |grad lnλ|2 grad lnλ+ 2RicciM (grad lnλ) .

■❧ 2✉✐# 9✉❡ ❧❛ ❜✐❤❛.♠♦♥✐❝✐#6 ❞❡ φ ❡2# #.❛❞✉✐#❡ ♣❛. ❧✬69✉❛#✐♦♥ 2✉✐✈❛♥#❡

grad∆ lnλ− n− 6

2
grad

(

|grad lnλ|2
)

− 2 (∆ lnλ) grad lnλ

− (n− 2) |grad lnλ|2 grad lnλ+ 2RicciM (grad lnλ) = 0.

❉❛♥/ ❧❡ ❞❡✉①✐8♠❡ ❝❤❛♣✐+&❡✱ ♦♥ ♣&,/❡♥+❡ ✉♥❡ ❣,♥,&❛❧✐/❛+✐♦♥ ❞❡/ ❛♣♣❧✐❝❛+✐♦♥/ ❜✐❤❛&♠♦✲

♥✐>✉❡/✱ ❞✐+❡ ❛♣♣❧✐❝❛+✐♦♥/ ❜✐✲f ✲❤❛&♠♦♥✐>✉❡/ ♦? f ∈ C∞ (M) ❡/+ ✉♥❡ ❢♦♥❝+✐♦♥ ♣♦/✐+✐✈❡✳ ◆♦✉/

❞♦♥♥♦♥/ >✉❡❧>✉❡/ ❝♦♥/+&✉❝+✐♦♥/ ❞✬❛♣♣❧✐❝❛+✐♦♥/ ❜✐✲f ✲❤❛&♠♦♥✐>✉❡/✳ ❉❛♥/ ✉♥ ♣&❡♠✐❡& &,/✉❧✲

+❛+✱ ♥♦✉/ ❞♦♥♥♦♥/ ❧❛ &❡❧❛+✐♦♥ ❡♥+&❡ ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲f ✲+❡♥/✐♦♥ ❡+ ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲+❡♥/✐♦♥

❡+ ❧❛ &❡❧❛+✐♦♥ ❡♥+&❡ ❧❡ ❧❡ +❡♥/❡✉& ❜✐✲f ✲,♥❡&❣✐❡ ❡+ ❧❡ +❡♥/❡✉& ❜✐✲,♥❡&❣✐❡ ❡+ ❞❛♥/ ❝❡ ❝❛/✱ ♥♦✉/

❝♦♥/+&✉✐/♦♥/ >✉❡❧>✉❡/ ❡①❡♠♣❧❡/ ❞✬❛♣♣❧✐❝❛+✐♦♥/ ❜✐✲f ✲❤❛&♠♦♥✐>✉❡/ ❡+ ♥♦✉/ ,+✉❞✐♦♥/ ❧❡ ❝❛/ ❞❡

❧✬❛♣♣❧✐❝❛+✐♦♥ ✐❞❡♥+✐+,✳ ❈♦♠♠❡ ❞❡✉①✐8♠❡ &,/✉❧+❛+✱ ♥♦✉/ ❝❛&❛❝+,&✐/♦♥/ ❧❛ ❜✐✲f ✲❜✐❤❛&♠♦♥✐❝✐+,

❞✬✉♥❡ ❛♣♣❧✐❝❛+✐♦♥ ❝♦♥❢♦&♠❡ φ : (Mn, g) −→ (Nn, h) ❞❡ ❞✐❧❛+❛+✐♦♥ λ✳ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛&

❧❡ ❝❛/ ♦? ❧❛ ❢♦♥❝+✐♦♥ f ❡/+ ,❣❛❧❡ C ❧❛ ❞✐❧❛+❛+✐♦♥ λ ❡+ ♥♦✉/ ❞♦♥♥♦♥/ >✉❡❧>✉❡/ ❡①❡♠♣❧❡/

❞✬❛♣♣❧✐❝❛+✐♦♥/ ❜✐✲λ✲❤❛&♠♦♥✐>✉❡/✳ ❖♥ +❡&♠✐♥❡ ❝❡ ❝❤❛♣✐+&❡ ♣❛& ❧✬,+✉❞❡ ❞✉ ❝❛/ ❣,♥,&❛❧✱ ❝✬❡/+

C ❞✐&❡ ❧❡ ❝❛/ ♦? f ❡/+ ❢♦♥❝+✐♦♥ ♣♦/✐+✐✈❡ >✉❡❧❝♦♥>✉❡✳ ❈❡ ❝❤❛♣✐+&❡ ❛ ❢❛✐+ ❧✬♦❜❥❡+ ❞✬✉♥ ❛&+✐❝❧❡

♣✉❜❧✐, ❞❛♥/ ✉♥❡ &❡✈✉❡ ❞❡ ❝❧❛//❡ ❇✱ ✐♥❞❡①,❡ ❞❛♥/ ❧❛ ❜❛/❡ ❙❝♦♣✉/✳



✶✷

❘❡✈✉❡ ✿ ■&❛❧✐❛♥ ❏♦✉-♥❛❧ ♦❢ /✉-❡ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛&❤❡♠❛&✐❝7✳

❚✐&-❡ ✿ ❙♦♠❡ -❡7✉❧&7 ❛♥❞ ❡①❛♠♣❧❡7 ♦❢ &❤❡ ❜✐✲f✲❤❛-♠♦♥✐❝ ♠❛♣7✳ ◆✳ ✹✺A✏✷✵✷✶✱

♣♣ ✶✻✸✲✶✽✶✳

❆✉&❡✉-7 ✿ ❙♠❛✐❧ ❈❤❡♠✐❦❤✱ ❉❥✐❧❛❧✐ ❇❡❤❧♦✉❧ ❡& ❙❡❞❞✐❦ ❖✉❛❦❦❛7✳

❙♦✐% f ∈ C∞ (M) ✉♥❡ ❢♦♥❝%✐♦♥ ♣♦,✐%✐✈❡✱ ❧✬❛♣♣❧✐❝❛%✐♦♥ φ : (Mm, g) −→ (Nn, h) ❡,% ❞✐%❡

f ✲❤❛5♠♦♥✐7✉❡ ,✐ ❡❧❧❡ ❡,% ♣♦✐♥% ❝5✐%✐7✉❡ ❞❡ ❧❛ ❢♦♥❝%✐♦♥♥❡❧❧❡ f ✲8♥❡5❣✐❡ ✿

Ef (φ) =
1

2

∫

M

f |dφ|2dvg.

❈❡❧❛ ❡,% 87✉✐✈❛❧❡♥% < ❞✐5❡ 7✉❡ φ ,❛%✐,❢❛✐% ❧❡, 87✉❛%✐♦♥, ❞✬❊✉❧❡5✲▲❛❣5❛♥❣❡ ❛,,♦❝✐8❡, < ❧❛

❢♦♥❝%✐♦♥♥❡❧❧❡ f ✲8♥❡5❣✐❡ ✿

τf (φ) = fτ (φ) + dφ (gradf) = f (τ (φ) + dφ (grad ln f)) = 0,

τf (φ) ❡,% ❛♣♣❡❧8 ❧❡ ❝❤❛♠♣ ❞❡ f ✲%❡♥,✐♦♥ ❞❡ ❧✬❛♣♣❧✐❝❛%✐♦♥ φ✳ @♦✉5 ❧❡, ❛♣♣❧✐❝❛%✐♦♥, f ✲

❤❛5♠♦♥✐7✉❡,✱ ❧❡ %❡♥,❡✉5 ✐♠♣✉❧,✐♦♥ f ✲8♥❡5❣✐❡ Sf (φ) ❞❡ φ ❛,,♦❝✐8 < ❢♦♥❝%✐♦♥♥❡❧❧❡ f ✲8♥❡5❣✐❡

Ef (φ) ❡,% ❞8✜♥✐ ♣❛5

Sf (φ) = f (e (φ) g − φ∗h)

❡% ❧❛ 5❡❧❛%✐♦♥ ❡♥%5❡ Sf (φ) ❡% τf (φ) ❡,% ❞♦♥♥8❡ ♣❛5

divSf (φ) = −h (τf (φ) , dφ) .

❯♥❡ ♣5❡♠✐C5❡ ❣8♥85❛❧✐,❛%✐♦♥ ❞❡, ❛♣♣❧✐❝❛%✐♦♥, f ✲❤❛5♠♦♥✐7✉❡, ❡,% ❞8✜♥✐❡ ❝♦♠♠❡ ,✉✐% ✿ ❧✬❛♣✲

♣❧✐❝❛%✐♦♥ φ : (Mm, g) −→ (Nn, h) ❡,% ❞✐%❡ ❜✐✲f ✲❤❛5♠♦♥✐7✉❡ ,✐ ❡❧❧❡ ❡,% ♣♦✐♥% ❝5✐%✐7✉❡ ❞❡ ❧❛

❢♦♥❝%✐♦♥♥❡❧❧❡ ❜✐✲f ✲8♥❡5❣✐❡

Ef,2 (φ) =
1

2

∫

M

|τf (φ)|2dvg.

▲❡, 87✉❛%✐♦♥, ❞✬❊✉❧❡5✲▲❛❣5❛♥❣❡ ❛,,♦❝✐8❡, < ❧❛ ❢♦♥❝%✐♦♥♥❡❧❧❡ ❜✐✲f ✲8♥❡5❣✐❡ ♥♦✉, ❞♦♥♥❡♥%

❧✬87✉❛%✐♦♥ ❞❡ ❧❛ ❜✐✲f ✲❤❛5♠♦♥✐❝✐%8 ❞❡ ❧✬❛♣♣❧✐❝❛%✐♦♥ φ ✿

τf,2 (φ) = −Trg∇φf∇φτf (φ)− fTrgR
N (τf (φ) , dφ) dφ = 0, ✭✶✺✮

τf,2 (φ) ❡,% ❛♣♣❡❧8 ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲f ✲%❡♥,✐♦♥ ❞❡ φ✳ ◆♦%♦♥, 7✉❡

Trg∇φf∇φτf (φ) = f
(

Trg
(

∇φ
)2
τf (φ) +∇grad ln fτf (φ)

)

,

❛❧♦5,

τf,2 (φ) = f
(

−Trg
(

∇φ
)2
τf (φ)− TrgR

N (τf (φ) , dφ) dφ−∇gard ln fτf (φ)
)

, ✭✶✻✮



✶✸

❡# φ ❡$# ❜✐✲f ✲❤❛*♠♦♥✐.✉❡ $✐ ❡# $❡✉❧❡♠❡♥# $✐

Trg
(

∇φ
)2
τf (φ) + TrgR

N (τf (φ) , dφ) dφ+∇grad ln fτf (φ) = 0.

❊♥ $✉✐✈❛♥# ❧❡ ♥♦#✐♦♥ ❞❡ ❏✐❛♥❣✱ ❧❡ #❡♥$❡✉* ✐♠♣✉❧$✐♦♥ ❜✐✲f ✲8♥❡*❣✐❡ Sf,2 (φ) ❞❡ φ ❡$# ❞8✜♥✐

♣❛*

Sf,2 (φ) =

(

1

2
|τf (φ)|2 + fTrgh (∇τf (φ) , dφ)

)

g − 2fsymh (∇τf (φ) , dφ) ,

♦:

Trgh (∇fτ (φ) , dφ) = h
(

∇φ
ei
fτ (φ) , dφ (ei)

)

✭◆♦✉$ $♦♠♠♦♥$ $✉* ❧❡$ ✐♥❞✐❝❡$ *8♣8#8$✮✳ ❧❡ #❡♥$❡✉* ✐♠♣✉❧$✐♦♥ ❜✐✲f ✲8♥❡*❣✐❡ Sf,2 (φ) $❛#✐$❢❛✐#

❧❛ *❡❧❛#✐♦♥ $✉✐✈❛♥#❡ ✿

divSf,2 (φ) = h (τf,2 (φ) , dφ) + (Trgh (∇τf (φ) , dφ)) df.

❈♦♠♠❡ ♣*❡♠✐❡* *8$✉❧#❛#❞❡ ❝❡ ❞❡✉①✐D♠❡ ❝❤❛♣✐#*❡✱ ♦♥ ❝♦♥$✐❞D*❡ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥

φ : (Mm, g) −→ (Nn, h) ❞❡ ❝❧❛$$❡ C∞
❡♥#*❡ ❞❡✉① ✈❛*✐8#8$ *✐❡♠❛♥♥✐❡♥♥❡$ ❡# ✉♥❡ ❢♦♥❝#✐♦♥

♣♦$✐#✐✈❡ f ∈ C∞ (M)✱ ❧❛ *❡❧❛#✐♦♥ ❡♥#*❡ ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲f ✲#❡♥$✐♦♥ ❡# ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲#❡♥$✐♦♥

✜❡❧❞ ❞❡ φ ❡$# ❞♦♥♥8❡ ♣❛* ❧❡ *8$✉❧#❛# $✉✐✈❛♥#✳

 !♦♣♦$✐&✐♦♥ ✵✳✵✳✷ ❙♦✐# φ : (Mm, g) −→ (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❞❡ ❝❧❛,,❡ C∞
❡# ,♦✐#

f ∈ C∞ (M) ✉♥❡ ❢♦♥❝#✐♦♥ ♣♦,✐#✐✈❡✳ ❆❧♦1,

τf,2 (φ) = f 2τ2 (φ)− 3f 2∇φ
grad ln fτ (φ)− f 2

(

∆ ln f + 2 |grad ln f |2
)

τ (φ)

− f 2
(

Trg
(

∇φ
)2
dφ (grad ln f) + TrgR

N (dφ (grad ln f) , dφ) dφ
)

− 3f 2∇φ
grad ln fdφ (grad ln f)− f 2

(

∆ ln f + 2 |grad ln f |2
)

dφ (grad ln f) .

✭✶✼✮

▲❛ ❝♦♥❞✐#✐♦♥ ❞❡ ❧❛ f ✲❜✐❤❛*♠♦♥✐❝✐#8 ❡$# ❞♦♥♥8❡ ♣❛* ❧❛ *❡♠❛*.✉❡$ $✉✐✈❛♥#❡✳

❘❡♠❛!/✉❡ ✵✳✵✳✷ ❙♦✐# φ : (Mm, g) −→ (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❞❡ ❝❧❛,,❡ C∞
❡# ,♦✐#

f ∈ C∞ (M) ✉♥❡ ❢♦♥❝#✐♦♥ ♣♦,✐#✐✈❡✳ ❆❧♦1, φ ❡,# ❜✐✲f ✲❜✐❤❛1♠♦♥✐6✉❡ ,✐ ❡# ,❡✉❧❡♠❡♥# ,✐

τ2 (φ)−
(

Trg
(

∇φ
)2
dφ (grad ln f) + TrgR

N (dφ (grad ln f) , dφ) dφ
)

− 3∇φ
grad ln fτ (φ)−

(

∆ ln f + 2 |grad ln f |2
)

τ (φ)

− 3∇φ
grad ln fdφ (grad ln f)−

(

∆ ln f + 2 |grad ln f |2
)

dφ (grad ln f) = 0.

❉❛♥$ ❧❡ ❝❛$ ♦: ❧✬❛♣♣❧✐❝❛#✐♦♥ φ ❡$# ❤❛*♠♦♥✐.✉❡✱ ♥♦✉$ ♦❜#❡♥♦♥$ ❧❡ *8$✉❧#❛# $✉✐✈❛♥#✳



✶✹

❘❡♠❛$%✉❡ ✵✳✵✳✸ ❙♦✐# φ : (Mm, g) −→ (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❤❛,♠♦♥✐.✉❡ ❡# /♦✐#

f ∈ C∞ (M) ✉♥❡ ❢♦♥❝#✐♦♥ ♣♦/✐#✐✈❡✳ ❆❧♦,/ φ ❡/# ❜✐✲f ✲❜✐❤❛,♠♦♥✐.✉❡ /✐ ❡# /❡✉❧❡♠❡♥# /✐

Trg
(

∇φ
)2
dφ (grad ln f) + TrgR

N (dφ (grad ln f) , dφ) dφ

+ 3∇φ
grad ln fdφ (grad ln f) +

(

∆ ln f + 2 |grad ln f |2
)

dφ (grad ln f) = 0.

❖♥ ❛♣♣❧✐(✉❡ ❝❡,,❡ ❞❡.♥✐/.❡ .❡♠❛.(✉❡ ♣♦✉. ❝♦♥2,.✉✐.❡ (✉❡❧(✉❡2 ❡①❡♠♣❧❡2 ❞✬❛♣♣❧✐❝❛,✐♦♥

❜✐✲f ✲❤❛.♠♦♥✐(✉❡2✳

❊①❡♠♣❧❡ ✵✳✵✳✶ ❖♥ ❝♦♥/✐❞8,❡ ❧❛ ♣,♦❥❡❝#✐♦♥ φ : R∗
+ × R

3 −→ R
∗
+ × R

2
❞:✜♥✐❡ ♣❛,

φ (t, x2, x3, x4) = (t, x2, x3) .

❖♥ /✉♣♣♦/❡ .✉❡ ln f = α (t)✱ ❛❧♦,/ ❣,>❝❡ ? ❧❛ ,❡♠❛,.✉❡ ✷✳✷✳✷✱ ❧❛ ♣,♦❥❡❝#✐♦♥ φ ❡/# ❜✐✲f ✲

❤❛,♠♦♥✐.✉❡ /✐ ❡# /❡✉❧❡♠❡♥# /✐

α′′′ + 4α′α′′ + 2 (α′)
3
= 0.

❙♦✐# β = α′
✱ ❞♦♥❝ ❧❛ ❞❡,♥✐8,❡ ❡①♣,❡//✐♦♥ ❞❡✈✐❡♥#

β′′ + 4ββ′ + 2β3 = 0.

❖♥ ❞:❞✉✐# ❞❡/ /♦❧✉#✐♦♥/ ♣❛,#✐❝✉❧✐8,❡/ ❞❡ ❧❛ ❢♦,♠❡ β =
a

t
♦B a ∈ R

∗
✳ ◆♦✉/ ♦❜#❡♥♦♥/ a = 1

❝❡ .✉✐ ♥♦✉/ ❞♦♥♥❡ f (t) = Ct ❛✈❡❝ C > 0✳ ❉❛♥/ ❝❡ ❝❛/ ❧❛ ♣,♦❥❡❝#✐♦♥ φ ❡/# ❜✐✲f ✲❤❛,♠♦♥✐.✉❡

♦B f (t) = Ct✳

❊①❡♠♣❧❡ ✵✳✵✳✷ ❙♦✐# φ : (R2n, gR2n) −→ (Rn+1, gRn+1) ❧✬❛♣♣❧✐❝❛#✐♦♥ ❞❡ ❍♦♣❢ ❞:✜♥✐❡ ♣❛,

φ (x, y) =
(

|x|2 − |y|2 , 2xy
)

∈ R⊕K,

♦B n = 2, 4 ♦✉ 8 ❡# x, y ∈ K ≃ R
n
❛✈❡❝ K = C✱ H ✭.✉❛#❡,♥✐♦♥/✮✱ ♦✉ O ✭♦❝#♦♥✐♦♥/✮✱

,❡/♣❡❝#✐✈❡♠❡♥#✳ ❊❝,✐✈♦♥/ ❧❡/ ♣♦✐♥#/ x, y ∈ R
2n

/♦✉/ ❧❛ ❢♦,♠❡

(x, y) = r (cos θ · p, sin θ · q) ,
(

r ∈ [0,+∞) , θ ∈
[

0,
π

2

]

, p, q ∈ Sn−1
)

❡# ❝❡✉① ♦❢ R
n+1

/♦✉/ ❧❛ ❢♦,♠❡

s (cos t, sin t · w) ,
(

s ∈ [0,+∞) , θ ∈ [0, π] , w ∈ Sn−1
)

.

▲✬❛♣♣❧✐❝❛#✐♦♥ φ ♣,❡♥❞ ❧❛ ❢♦,♠❡ /✉✐✈❛♥#❡ ✿

φ (r cos θ · p, r sin θ · q) = (s cos t, s sin t · pq) ,



✶✺

♦! s = r2 ❡# t = 2θ✳ ▲❡& ♠(#)✐+✉❡& &✉) R
2n

❡# R
n+1

♦♥# )❡♣❡❝#✐✈❡♠❡♥# ❧❡& ❡①♣)❡&&✐♦♥& ✿

gR2n = dr2 + r2dθ2 + r2 cos2 θ · gsn−1 + r2 sin2 θ · gsn−1

❡#

gRn+1 = ds2 + s2dt2 + s2 sin2 t · gsn−1 .

❯♥❡ ❜❛&❡ ♦)#❤♦♥♦)♠(❡ ❞❡ R
2n

❡&# ❞♦♥♥(❡ ♣❛)

e1 =
∂

∂r
, e2 =

1

r

∂

∂θ
, ej =

1

r cos θ
ξj, ek =

1

r sin θ
ξk,

♦!

ξj = r (cos θ ·Xj, 0) , j = 3, ..., n+ 1

❡#

ξk = r (0, sin θ ·Xk) , k = n+ 2, ...., 2n

♦! ❧❡& ✈❡❝#❡✉)& Xj ❛♥❞ Xk &♦♥# ❞❡& ✈❡❝#❡✉)& #❛♥❣❡♥#& ✉♥✐#❛✐)❡& : ❧❛ &♣❤;)❡ Sn−1
✳ ❖♥ ❛

∇eiei =
1− 2n

r

∂

∂r
+
n− 1

r2
(tan θ − cot θ)

∂

∂θ

❙✉♣♣♦&♦♥& +✉❡ ❧❛ ❢♦♥❝#✐♦♥ f ❞❡♣❡♥❞ &❡✉❧❡♠❡♥# ❞❡ r ❡# ♣♦&♦♥& ln f = α (r)✳ ❆❧♦)& ♣❛) ❧❛

)❡♠❛)+✉❡ ✷✳✷✳✷✱ ♦♥ ❞(❞✉✐# +✉❡ ❧✬❛♣♣❧✐❝❛#✐♦♥ φ ❡&# ❜✐✲f ✲❤❛)♠♦♥✐+✉❡ &✐ ❡# &❡✉❧❡♠❡♥# &✐ ❧❛

❢♦♥❝#✐♦♥ β = α′
&❛#✐&❢❛✐# ❧✬(+✉❛#✐♦♥ ❞✐✛()❡♥#✐❡❧❧❡ &✉✐✈❛♥#❡

rβ′′ + 4rββ′ + (2n+ 1) β′ +
2n− 1

r
β + (2n+ 2) β2 + 2rβ3 = 0.

❊♥ ❝❤❡❝❤❛♥# ❞❡& &♦❧✉#✐♦♥& &♣(❝✐❛❧❡& +✉✐ &✬(❝)✐✈❡♥# &♦✉& ❧❛ ❢♦)♠❡ β =
a

r
♦! a ∈ R

∗
✱ ♥♦✉&

♦❜#❡♥♦♥& a = −n + 1 ❝❡ +✉✐ ❞♦♥♥❡ f (r) =
C

rn−1
✱ (C > 0) ❡# ❞❛♥& ❝❡ ❝❛&✱ ❧✬❛♣♣❧✐❝❛#✐♦♥ ❞❡

❍♦♣❢ φ : (R2n, gR2n) −→ (Rn+1, gRn+1) ❛✐♥&✐ ❞(✜♥✐❡ ❡&# ❜✐✲f ✲❤❛)♠♦♥✐+✉❡ ❛✈❡❝ f (r) =
C

rn−1
✳

❯♥ ❛✉&'❡ ❝❛* ♣❛'&✐❝✉❧✐❡' ❡*& ❞❡ ❝♦♥*✐❞0'❡' ❧✬❛♣♣❧✐❝❛&✐♦♥ ✐❞❡♥&✐&0✱ ♦♥ ♦❜&✐❡♥& ✿

❝♦"♦❧❧❛✐"❡ ✵✳✵✳✷ ▲✬❛♣♣❧✐❝❛#✐♦♥ ✐❞❡♥#✐#( IdM : (Mm, g) −→ (Mm, g) ❡&# ❜✐✲f ✲❤❛)♠♦♥✐+✉❡

&✐ ❡# &❡✉❧❡♠❡♥# &✐ ❧❛ ❢♦♥❝#✐♦♥ f ❡&# ✉♥❡ &♦❧✉#✐♦♥ ❞❡ ❧✬(+✉❛#✐♦♥ &✉✐✈❛♥#❡ ✿

grad∆ ln f +
3

2
grad

(

|grad ln f |2
)

+
(

∆ ln f + 2 |grad ln f |2
)

grad ln f

+ 2Ricci (grad ln f) = 0.
✭✶✽✮

❉❛♥* ❝❡ 9✉✐ *✉✐&✱ ♥♦✉* ♣'0*❡♥&❡'♦♥* ❞❡✉① ❡①❡♠♣❧❡* ❞✬❛♣♣❧✐❝❛&✐♦♥* ❜✐✲f ✲❤❛'♠♦♥✐9✉❡*✳



✶✻

❊①❡♠♣❧❡ ✵✳✵✳✸ ❙♦✐# ❧✬❛♣♣❧✐❝❛#✐♦♥ ✐❞❡♥#✐#, IdRn\{0} : R
n \{0} −→ R

n \{0} ♦- ♦♥ .✉♣♣♦.❡

0✉❡ ln f ❡.# 1❛❞✐❛❧❡ (ln f = α (r))✳ ❊♥ ✉#✐❧✐.❛♥# ❧❛ ❞,✜♥✐#✐♦♥ ❞✉ ▲❛♣❧❛❝✐❡♥✱ ✉♥ ❝❛❧❝✉❧ ❞✐1❡❝#

♥♦✉. ❞♦♥♥❡

grad∆ ln f =

(

α′′′ +
n− 1

r
α′′ − n− 1

r2
α′
)

∂

∂r
,

grad
(

|grad ln f |2
)

= 2α′α′′ ∂

∂r

❡#

∆ ln f = α′′ +
n− 1

r
α′.

❆❧♦1. ♣❛1 ❧❡ ❝♦1♦❧❧❛✐1❡ ✸✳✺✳✶✱ ♦♥ ❞,❞✉✐# 0✉❡ IdRn\{0} ❡.# ❜✐✲f ✲❤❛1♠♦♥✐0✉❡ .✐ ❡# .❡✉❧❡♠❡♥#

.✐ ❧❛ ❢♦♥❝#✐♦♥ β = α′
❡.# .♦❧✉#✐♦♥ ❞❡ ❧✬,0✉❛#✐♦♥ ❞✐✛,1❡♥#✐❡❧❧❡ .✉✐✈❛♥#❡ ✿

β′′ +
n− 1

r
β′ − n− 1

r2
β + 4ββ′ +

n− 1

r
β2 + 2β3 = 0.

❘❡❣❛1❞♦♥. ❞❡. .♦❧✉#✐♦♥. ♣❛1#✐❝✉❧✐E1❡ ❞❡ #②♣❡ β =
a

r
✭a ∈ R

∗
✮✱ ❞♦♥❝ IdRn\{0} : R

n \ {0} −→

R
n \ {0} ❡.# ❜✐✲f ✲❤❛1♠♦♥✐0✉❡ .✐ ❡# .❡✉❧❡♠❡♥# .✐

a =
−n+ 5±

√

(n− 1) (n+ 7)

4
.

◆♦✉. ♦❜#❡♥♦♥. f (r) = Cr

−n+ 5±
√

(n− 1) (n+ 7)

4
✭C > 0✮ ❡# ❞❛♥. ❝❡ ❝❛. ❧✬❛♣♣❧✐❝❛#✐♦♥

✐❞❡♥#✐#, IdRn\{0} : R
n \ {0} −→ R

n \ {0} ❡.# ❜✐✲f ✲❤❛1♠♦♥✐0✉❡✳

❊①❡♠♣❧❡ ✵✳✵✳✹ ❖♥ ❝♦♥.✐❞E1❡ M = Sn
❛✈❡❝ ❧❛ ♣❛1❛♠,#1✐.❛#✐♦♥

x = (cos s, sin s · y) , s ∈ [0, π] , y ∈ Sn−1.

❯♥❡ ❜❛.❡ ♦1#❤♦♥♦1♠,❡ ❞❡ Sn
❡.# ❞♦♥♥,❡ ♣❛1

e1 =
∂

∂s
, ei = (0, fi) , i = 2, ..., n

♦- ❧❡. ✈❡❝#❡✉1. fi .♦♥# #❛♥❣❡♥#. L ❧❛ .♣❤E1❡ Sn−1
✳ ❖♥ .✉♣♣♦.❡ 0✉❡ ln f = α (s)✳ ❯♥ ❝❛❧❝✉❧

❞✐1❡❝# ❞♦♥♥❡

grad ln f = gradα = α′ ∂

∂s
,

|grad ln f |2 = |gradα|2 = (α′)
2
,

grad
(

|grad ln f |2
)

= grad
(

|gradα|2
)

= 2α′α′′,
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∆ ln f = ∆α = α′′ + (n− 1) (cot s)α′,

grad∆ ln f = grad∆α =
(

α′′′ + (n− 1) (cot s)α′′ − (n− 1)
(

1 + cot2 s
)

α′) ∂

∂s

❡!

RicciS
n

(grad ln f) = RicciS
n

(gradα) = (n− 1)α′ ∂

∂s
.

❆❧♦%& ❣%(❝❡ ❛✉ ❈♦%♦❧❧❛✐%❡ ✸✳✺✳✶✱ ♦♥ ❞5❞✉✐! 6✉❡ ❧✬❛♣♣❧✐❝❛!✐♦♥ IdSn
❡&! ❜✐✲f ✲❤❛%♠♦♥✐6✉❡ &✐

❡! &❡✉❧❡♠❡♥! &✐ ❧❛ ❢♦♥❝!✐♦♥ β = α′
&❛!✐&❢❛✐! ❧✬56✉❛!✐♦♥ ❞✐✛5%❡♥!✐❡❧❧❡ &✉✐✈❛♥!❡ ✿

β′′ + (n− 1) cot sβ′ + 4ββ′ + (n− 1)
(

1− cot2 s
)

β + (n− 1) cot sβ2 + 2β3 = 0.

A❛% ❡①❡♠♣❧❡✱ ♣%❡♥♦♥& n = 1✱ ❛❧♦%& ❧✬❛♣♣❧✐❝❛!✐♦♥ IdS1
❡&! ❜✐✲f ✲❤❛%♠♦♥✐6✉❡ &✐ ❡! &❡✉❧❡♠❡♥!

&✐

β′′ + 4ββ′ + 2β3 = 0.

❖♥ ❝❤❡%❝❤❡ ❞❡& &♦❧✉!✐♦♥& ♣❛%!✐❝✉❧✐D%❡& ❞❡ !②♣❡ β =
a

s
✱ ♦♥ ♦❜!✐❡♥! a = 1✱ ❝❡ 6✉✐ ♥♦✉& ❞♦♥♥❡

f (s) = ks ✭k > 0✮✳ ❉♦♥❝ ❧✬❛♣♣❧✐❝❛!✐♦♥ IdS1
❡&! ❜✐✲f ✲❤❛%♠♦♥✐6✉❡✱ ♦I f (s) = ks ✭k > 0✮✳

❉❛♥% ✉♥❡ ❞❡✉①✐+♠❡ %❡❝.✐♦♥ ❞❡ ❝❡ ❝❤❛♣✐.2❡✱ ♥♦✉% ❛❧❧♦♥% 5.✉❞✐❡2 ❧❛ ❝❛% ♦6 φ : (Mn, g) →
(Nn, h) ❡%. ✉♥❡ ❛♣♣❧✐❝❛.✐♦♥ ❝♦♥❢♦2♠❡ ❞❡ ❞✐❧❛.❛.✐♦♥ λ ❛✈❡❝ n ≥ 3✳ ❖♥ ❝♦♠♠❡♥❝❡ ❝❡..❡

%❡❝.✐♦♥ ♣❛2 ❧❛ 2❡♠❛2;✉❡ %✉✐✈❛♥.❡✳

❘❡♠❛$%✉❡ ✵✳✵✳✹ ❙♦✐! φ : (Mn, g) → (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛!✐♦♥ ❝♦♥❢♦%♠❡ ❞❡ ❞✐❧❛!❛!✐♦♥ λ✳

▲❡ ❝❤❛♠♣ ❞❡ f ✲!❡♥&✐♦♥ ❞❡ φ ❡&! ❞♦♥♥5 ♣❛%

τf (φ) = f (τ (φ) + dφ (grad ln f))

= f ((2− n) dφ (grad lnλ) + dφ (grad ln f))

= fdφ
(

grad ln fλ2−n
)

.

❊♥ ♣❛%!✐❝✉❧✐❡% &✐ f = λ✱ ▲❡ ❝❤❛♠♣ ❞❡ λ✲!❡♥&✐♦♥ ❞❡ φ ♣%❡♥❞ ❧❛ ❢♦%♠❡

τλ (φ) = (3− n)λdφ (grad lnλ) .

❖♥ ❞✐✈✐%❡ ❝❡..❡ %❡❝.✐♦♥ ❡♥ ❞❡✉① ♣❛2.✐❡%✳ ▲❛ ♣2❡♠✐+2❡ ♣❛2.✐❡ ❝♦♥❝❡2♥❡ ❧❡ ❝❛% ♦6 ❧❛

❢♦♥❝.✐♦♥ f = λ✳ ◆♦✉% ❝❛❧❝✉❧♦♥% ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲λ✲.❡♥%✐♦♥ ♣♦✉2 ✉♥❡ ❛♣♣❧✐❝❛.✐♦♥ ❝♦♥❢♦2♠❡

φ✳



✶✽

❚❤"♦$%♠❡ ✵✳✵✳✹ ❙♦✐# φ : (Mn, g) → (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦,♠❡ ❞❡ ❞✐❧❛#❛#✐♦♥ λ

❛✈❡❝ n ≥ 3✳ ▲❡ ❝❤❛♠♣ ❞❡ ❜✐✲λ✲#❡♥5✐♦♥ ❞❡ φ ❡5# ❞♦♥♥6 ♣❛, ✿

τ2(φ) = (n− 2) dφ (H (λ))

♦8

H (λ) = grad∆ lnλ− n− 9

2
grad

(

|grad lnλ|2
)

+ 2RicciM (grad lnλ)

−
(

(n− 7) |grad lnλ|2 +∆ lnλ
)

grad lnλ.
✭✶✾✮

❈❡ '❤)♦+,♠❡ ♥♦✉0 ❞♦♥♥❡ ✉♥ +)0✉❧'❛' ❞❡ ❝❛+❛❝')+✐0❛'✐♦♥

❝♦"♦❧❧❛✐"❡ ✵✳✵✳✸ ❙♦✐# φ : (Mn, g) → (Nn, h)✱ ✭n ≥ 4✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦/♠❡ ❞❡ ❞✐❧❛✲

#❛#✐♦♥ λ✱ ❞♦♥❝ φ ❡3# ❜✐✲f ✲❤❛/♠♦♥✐6✉❡ 3✐ ❡# 3❡✉❧❡♠❡♥# 3✐

grad∆ lnλ− n− 9

2
grad

(

|grad lnλ|2
)

− (∆ lnλ) grad lnλ

− (n− 7) |grad lnλ|2 grad lnλ+ 2RicciM (grad lnλ) = 0.
✭✷✵✮

❊♥ ♣❛()✐❝✉❧✐❡(✱ ♦♥ ♣(♦✉✈❡ 2✉❡ ❧❛ ❜✐✲λ✲❤❛(♠♦♥✐❝✐)7 ❞❡ ❧✬❛♣♣❧✐❝❛)✐♦♥ ❝♦♥❢♦(♠❡ φ : (Rn, g) →
(Nn, h) ✭n ≥ 3✮ ♦; ❧❛ ❞✐❧❛)❛)✐♦♥ λ ❡<) (❛❞✐❛❧❡ (lnλ = α (r) , r = |x| ❛♥❞ α ∈ C∞ (R,R)) ❡<)

72✉✐✈❛❧❡♥)❡ = ✉♥❡ 72✉❛)✐♦♥ ❞✐✛7(❡♥)✐❡❧❧❡ ❞✉ ❞❡✉①✐@♠❡ ♦(❞(❡✳ ◆♦✉< ❛✈♦♥<

❝♦"♦❧❧❛✐"❡ ✵✳✵✳✹ ▲❡# φ : (Rn, g) → (Nn, h) ✭n ≥ 4✮ #♦ ❜❡ ❛ ❝♦♥❢♦/♠❛❧ ♠❛♣ ♦❢ ❞✐❧❛#✐♦♥ λ

✇❤❡♥ ✇❡ 3✉♣♣♦3❡ #❤❛# lnλ ✐3 /❛❞✐❛❧ (lnλ = α (r) , r = |x| ❛♥❞ α ∈ C∞ (R,R))✳ ❚❤❡♥ φ ✐3

❜✐✲λ✲❤❛/♠♦♥✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ β = α′
3❛#✐3✜❡3 #❤❡ ❢♦❧❧♦✇✐♥❣ ♦/❞✐♥❛/② ❞✐✛❡/❡♥#✐❛❧ ❡6✉❛#✐♦♥ ✿

β′′ − (n− 8) ββ′ +
n− 1

r
β′ − n− 1

r2
β − n− 1

r
β2 − (n− 7) β3 = 0. ✭✷✶✮

❈♦♠♠❡ ❝♦♥<72✉❡♥❝❡ ❞✉ ❝❡ ❝♦(♦❧❧❛✐(❡✱ ♥♦✉< ♣(7<❡♥)❡(♦♥< 2✉❡❧2✉❡< (❡♠❛(2✉❡< 2✉✐ ♥♦✉<

♣❡(♠❡) ❞❡ ❝♦♥<)(✉✐(❡ ✉♥❡ ❛♣♣❧✐❝❛)✐♦♥ ❜✐✲λ✲❤❛(♠♦♥✐2✉❡✳

❘❡♠❛"-✉❡ ✵✳✵✳✺ ✳ ❘❡❣❛/❞♦♥3 ❞❡3 3♦❧✉#✐♦♥3 ♣❛/#✐❝✉❧✐A/❡ ❞❡ #②♣❡ β =
a

r
✭a ∈ R

∗
✮✳❖♥

❞C❞✉✐# 6✉❡ φ : (Rn, g) → (Nn, h) ✭n ≥ 4✮ ❡3# ❜✐✲λ✲❤❛/♠♦♥✐6✉❡ 3✐ ❡# 3❡✉❧❡♠❡♥# 3✐ a ❡3#

3♦❧✉#✐♦♥ ❞❡ ❧✬C6✉❛#✐♦♥ ❛❧❣C❜/✐6✉❡ 3✉✐✈❛♥#❡

(n− 7) a2 + 7a+ 2n− 4 = 0.

❈❡##❡ C6✉❛#✐♦♥ ❛❞♠❡# ❞❡3 3♦❧✉#✐♦♥3 /C❡❧❧❡3 3✐ ❡# 3❡✉❧❡♠❡♥# 3✐ n ∈ {4, 5, 6, 7, 8}✳

✶✳ ❙✐ n = 4✱ ♦♥ #/♦✉✈❡ a =
7 +

√
97

6
♦✉ a =

7−
√
97

6
✱ ❞♦♥❝ λ = Cr

7 +
√
97

6
♦✉ λ =



✶✾

Cr

7−
√
97

6
✭C > 0✮✳ ❆❧♦&'✱ ❞❛♥' ❝❡ ❝❛' .♦✉.❡ ❛♣♣❧✐❝❛.✐♦♥ ❝♦♥❢♦&♠❡ φ : (R4, g) →

(N4, h) ❞❡ ❞✐❧❛.❛.✐♦♥ λ = Cr

7 +
√
97

6
♦✉ λ = Cr

7−
√
97

6
❡'. ❜✐✲λ✲❤❛&♠♦♥✐7✉❡✳

✷✳ ❙✐ n = 5✱ ♦♥ .&♦✉✈❡ a =
7 +

√
97

4
♦✉ a =

7−
√
97

4
✱ ♣❛& '✉✐.❡ λ = Cr

7 +
√
97

4

♦✉ λ = Cr

7−
√
97

4
✭C > 0✮✳ ■❧ '✉✐. 7✉❡ .♦✉.❡ ❛♣♣❧✐❝❛.✐♦♥ ❝♦♥❢♦&♠❡ φ : (R5, g) →

(N5, h) ❞❡ ❞✐❧❛.❛.✐♦♥ λ = Cr

7 +
√
97

4
♦✉ λ = Cr

7−
√
97

4
❡'. ❜✐✲λ✲❤❛&♠♦♥✐7✉❡✳

✸✳ ▲❡ ❝❛' n = 6 ❞♦♥♥❡ a = 8 ♦✉ a = −1✱ ❞♦♥❝ λ = Cr8 ♦✉ λ = Cr−1
✭C > 0✮✳ ❉❛♥'

❝❡ ❝❛' ❝❤❛7✉❡ ❛♣♣❧✐❝❛.✐♦♥ ❝♦♥❢♦&♠❡ φ : (R8, g) → (N8, h) ❞❡ ❞✐❧❛.❛.✐♦♥ λ = Cr8 ♦✉

λ = Cr−1
❡'. ❜✐✲λ✲❤❛&♠♦♥✐7✉❡✳

✹✳ ❙✐ n = 7✱ ❛❂

−10

7
✱ ❞♦♥❝ λ = Cr

−10

7
✭C > 0✮✳ ❆❧♦&'✱ .♦✉.❡ ❛♣♣❧✐❝❛.✐♦♥ ❝♦♥❢♦&♠❡

φ : (R7, g) → (N7, h) ❞❡ ❞✐❧❛.✐♦♥ λ = Cr

−10

7
❡'. ❜✐✲λ✲❤❛&♠♦♥✐7✉❡✳

✺✳ ❙✐ n = 8✱ ♦♥ .&♦✉✈❡ a = −3 ♦✉ a = −4✱ ❞✬♦C λ = Cr−3
♦✉ λ = Cr−4

✭C > 0✮✳

❈❡ 7✉✐ ✐♠♣❧✐7✉❡ 7✉❡ .♦✉.❡ ❛♣♣❧✐❝❛.✐♦♥ ❝♦♥❢♦&♠❡ φ : (R8, g) → (N8, h) ❞❡ ❞✐❧❛.❛.✐♦♥

λ = Cr−3
♦✉ λ = Cr−4

❡'. ❜✐✲λ✲❤❛&♠♦♥✐7✉❡✳

❈♦♠♠❡ &❡❝♦♥❞ *+&✉❧.❛. ❞❡ ❝❡..❡ ♣*❡♠✐2*❡ ♣❛*.✐❡✱ ♦♥ ❝❛❧❝✉❧❡ ❧❡ .❡♥&❡✉* ❜✐✲λ✲+♥❡*❣✐❡

❛&&♦❝✐+ 7 ✉♥❡ ❛♣♣❧✐❝❛.✐♦♥ ❝♦♥❢♦*♠❡ φ ❡. ♦♥ ♠♦♥.*❡ 9✉❡ S2(φ) ❞+♣❡♥❞ &❡✉❧❡♠❡♥. ❞❡ ❧❛

❞✐❧❛.❛.✐♦♥✳

❚❤"♦$%♠❡ ✵✳✵✳✺ ❙♦✐. φ : (Mn, g) → (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛.✐♦♥ ❝♦♥❢♦&♠❡ ❞❡ ❞✐❧❛.❛.✐♦♥ λ✱

♦♥ ❛

Sλ,2 (φ) = (3− n)λ4
(

n+ 1

2
|grad lnλ|2 +∆ lnλ

)

g

− 2 (3− n)λ4 (∇d lnλ+ (d lnλ⊗ d lnλ)) ,

✭✷✷✮

❡. ❧❛ .&❛❝❡ ❞❡ S2(φ) ❡'. ❞♦♥♥E❡ ♣❛&

TrgSλ,2 (φ) = (3− n)λ4
(

n2 + n− 4

2
|grad lnλ|2 + (n− 2)∆ lnλ

)

. ✭✷✸✮

❊♥ ❝❛❧❝✉❧❛♥. ❧❡ ▲❛♣❧❛❝✐❡♥ ❞❡ ❧❛ ❢♦♥❝.✐♦♥ λ

n2 + n− 4

2 (n− 2)
✭(n ≥ 4)✮✱ ♥♦✉& ♦❜.❡♥♦♥& ❧❡

❝♦*♦❧❧❛✐*❡ &✉✐✈❛♥. ✿



✷✵

❝♦"♦❧❧❛✐"❡ ✵✳✵✳✺ ❙♦✐# φ : (Mn, g) → (Nn, h)✱ (n ≥ 4) ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦-♠❡ ❞❡ ❞✐❧❛✲

#❛#✐♦♥ λ✱ ❛❧♦-1 TrgSλ,2 (φ) ❡1# ♥✉❧❧❡ 1✐ ❡# 1❡✉❧❡♠❡♥# 1✐ ❧❛ ❢♦♥❝#✐♦♥ λ

n2 + n− 4

2 (n− 2)
❡1# ❤❛-♠♦✲

♥✐3✉❡✳

❯♥❡ ❛✉'(❡ ❝♦♥+,-✉❡♥❝❡ ❡+' ❞♦♥♥,❡ ❞❛♥+ ❧❛ (❡♠❛(-✉❡ +✉✐✈❛♥'❡ ✿

❘❡♠❛",✉❡ ✵✳✵✳✻ ❙♦✐# φ : (Mn, g) → (Nn, h)✱ ✭n ≥ 4✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦-♠❡ ❞❡

❞✐❧❛#❛#✐♦♥ λ✱ ♥♦✉1 ❛✈♦♥1

divSλ,2 (φ) = h (τλ,2 (φ) , dφ) + (Trgh (∇τλ (φ) , dφ)) dλ

❡#

Trgh (∇τλ (φ) , dφ) = (3− n)λ3
(

∆ lnλ+ (n+ 1) |grad lnλ|2
)

.

❙✐ ♦♥ 1✉♣♣♦1❡ 3✉❡ ❧✬❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦-♠❡ φ ❡1# ❜✐✲λ✲❤❛-♠♦♥✐3✉❡✱ ❛❧♦-1 divSλ,2 (φ) ❡1# ♥✉❧❧❡

1✐ ❡# 1❡✉❧❡♠❡♥# ❧❛ ❢♦♥❝#✐♦♥ λn+1
❡1# ❤❛-♠♦♥✐3✉❡✳

❆ ❧❛ ✜♥ ❞❡ ❝❡ ❞❡✉①✐7♠❡ ❝❤❛♣✐'(❡✱ ♦♥ '(❛✐'❡ ❧❛ ❝❛+ ❣,♥,(❛❧ ❡' ♦♥ ❝♦♠♠❡♥❝❡ ♣❛( ❧❡ ❝❛❧❝✉❧

❞✉ ❝❤❛♠♣ ❞❡ ❜✐✲f ✲'❡♥+✐♦♥✳

❚❤1♦"2♠❡ ✵✳✵✳✻ ❙♦✐# φ : (Mn, g) → (Nn, h)✱ ✭n ≥ 3✮ ✉♥❡ ❛♣♣❧✐❝❛#♦✐♥ ❝♦♥❢♦-♠❡ ❞❡

❞✐❧❛#❛#✐♦♥ λ✱ ❛❧♦-1 ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲f ✲#❡♥1✐♦♥ ❞❡ φ ❡1# ❞♦♥♥: ♣❛- ✿

τf,2 (φ) = f 2dφ (H (λ, f))

♦:

1

H (λ, f) = (n− 2) grad∆ lnλ− (n− 2) (n− 6)

2
grad

(

|grad lnλ|2
)

− (n− 2)
(

2 (∆ lnλ) + (n− 2) |grad lnλ|2
)

grad lnλ

+ 2 (n− 2)RicciM (grad lnλ) +
(

n (∆ ln f) + (2n− 1) |grad ln f |2
)

grad lnλ

− grad∆ ln f − 4∇grad lnλgrad ln f + 4 (n− 2) |grad lnλ|2 grad ln f
−

(

∆ ln f + 2 |grad ln f |2
)

grad ln f + 4 (n− 2)∇gard ln fgrad lnλ

− 6d lnλ (grad ln f) grad ln f − 3

2
grad

(

|grad ln f |2
)

− 2RicciM (grad ln f)

✭✷✹✮

❯♥❡ ❝♦♥+,-✉❡♥❝❡ ❞❡ ❝❛(❛❝',(✐+❛'✐♦♥ ❞❡ ❧❛ ❜✐✲f ✲❤❛(♠♦♥✐❝✐', ❡+' ❞♦♥♥,❡ ♣❛( ❧❛ ♣(♦♣(✐,',

+✉✐✈❛♥'❡✳

❘❡♠❛",✉❡ ✵✳✵✳✼ ❙♦✐# φ : (Mn, g) → (Nn, h)✱ ✭n ≥ 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦-♠❡ ❞❡



✷✶

❞✐❧❛$❛$✐♦♥ λ✱ ❛❧♦() φ ❡)$ ❜✐✲f ✲❤❛(♠♦♥✐/✉❡ )✐ ❡$ )❡✉❧❡♠❡♥$ )✐

(n− 2) grad∆ lnλ− (n− 2) (n− 6)

2
grad

(

|grad lnλ|2
)

− (n− 2)
(

2 (∆ lnλ) + (n− 2) |grad lnλ|2
)

grad lnλ

+ 2 (n− 2)RicciM (grad lnλ) +
(

n (∆ ln f) + (2n− 1) |grad ln f |2
)

grad lnλ

− grad∆ ln f − 4∇grad lnλgrad ln f + 4 (n− 2) |grad lnλ|2 grad ln f

−
(

∆ ln f + 2 |grad ln f |2
)

grad ln f + 4 (n− 2)∇gard ln fgrad lnλ

− 6d lnλ (grad ln f) grad ln f − 3

2
grad

(

|grad ln f |2
)

− 2RicciM (grad ln f) = 0.

✭✷✺✮

❊♥ ♣❛)*✐❝✉❧✐❡)✱ 1✐ ❧✬❛♣♣❧✐❝❛*✐♦♥ φ ❡1* ❜✐❤❛)♠♦♥✐7✉❡✱ ♥♦✉1 ♦❜*❡♥♦♥1 ❧❡ )81✉❧*❛* 1✉✐✈❛♥*✳

❝♦"♦❧❧❛✐"❡ ✵✳✵✳✻ ❙♦✐$ φ : (Mn, g) → (Nn, h)✱ ✭n ≥ 3✮ ✉♥❡ ❛♣♣❧✐❝❛$✐♦♥ ❝♦♥❢♦(♠❡ ❞❡ ❞✐❧❛✲

$❛$✐♦♥ λ )✉♣♣♦)7❡ ❜✐❤❛(♠♦♥✐/✉❡✳ ❆❧♦() φ ❡)$ ❜✐✲f ✲❤❛(♠♦♥✐/✉❡ )✐ ❡$ )❡✉❧❡♠❡♥$ )✐

grad∆ ln f + 4∇grad lnλgrad ln f − 4 (n− 2)∇grad ln fgrad lnλ

+
(

∆ ln f + 2 |grad ln f |2 − 4 (n− 2) |grad lnλ|2 + 6d lnλ (grad ln f)
)

grad ln f

−
(

n∆ ln f + (2n− 1) |grad ln f |2
)

grad lnλ+
3

2
grad

(

|grad ln f |2
)

+ 2RicciM (grad ln f) = 0.

●)<❝❡ = ❝❡1 )81✉❧*❛*1✱ ♥♦✉1 ❝♦♥1*)✉✐1♦♥1 ✉♥ ❡①❡♠♣❧❡ ❞✬✉♥❡ ❛♣♣❧✐❝❛*✐♦♥ ❜✐✲f ✲❤❛)♠♦♥✐7✉❡✳

❊①❡♠♣❧❡ ✵✳✵✳✺ ❙♦✐$ φ : R4 \ {0} −→ R
4 \ {0} ❧✬✐♥✈❡()✐♦♥ ❞7✜♥✐❡ ♣❛(

φ (x) =
x

|x|2
.

❖♥ )❛✐$ /✉❡ φ ❡)$ ✉♥❡ ❛♣♣❧✐❝❛$✐♦♥ ❝♦♥❢♦(♠❡ ❜✐❤❛(♠♦♥✐/✉❡ ❞❡ ❞✐❧❛$❛$✐♦♥

λ =
1

r2
, r = |x| .

◆♦✉) )✉♣♣♦)♦♥) /✉❡ ln f ❡)$ (❛❞✐❛❧❡ (ln f = α (r))✳ ❊♥ ❛♣♣❧✐/✉❛♥$ ❧❡ (7)✉❧$❛$ ❞✉ ❝♦(♦❧❧❛✐(❡

✷✳✸✳✹✱ ♦♥ ❞7❞✉✐$ /✉❡ ❧✬✐♥✈❡()✐♦♥ φ : R
4 \ {0} −→ R

4 \ {0} ❡)$ ❜✐✲f ✲❤❛(♠♦♥✐/✉❡ )✐ ❡$

)❡✉❧❡♠❡♥$ )✐ ❧❛ ❢♦♥❝$✐♦♥ α )❛$✐)❢❛✐$ ❧✬7/✉❛$✐♦♥ ❞✐✛7(❡♥$✐❡❧❧❡ )✉✐✈❛♥$❡

α′′′ +
3

r
α′′ − 27

r2
α′ + 4α′α′′ +

5

r
(α′)

2
+ 2 (α′)

3
= 0.

D♦)♦♥) β = α′
✱ ❝❡$$❡ ❞❡(♥✐E(❡ 7/✉❛$✐♦♥ ❞❡✈✐❡♥$

β′′ +
3

r
β′ − 27

r2
β + 4ββ′ +

5

r
β2 + 2β3 = 0.



✷✷

❙✐ ♦♥ $❡❣❛$❞❡ ❧❡* *♦❧✉,✐♦♥* ❞❡ ,②♣❡ β =
a

r
✭a ∈ R

∗
✮✱ ♦♥ ❞2❞✉✐, 3✉❡ φ : R4 \{0} −→ R

4 \{0}

❡*, ❜✐✲f ✲❤❛$♠♦♥✐3✉❡ *✐ ❡, *❡✉❧❡♠❡♥, *✐

2a2 + a− 28 = 0.

❈❡,,❡ 23✉❛,✐♦♥ ❛❧❣2❜$✐3✉❡ ♣♦**9❞❡ ❞❡✉① *♦❧✉,✐♦♥* a = −4 ❡, a =
7

2
✳

✶✳ =♦✉$ a = −4✱ ♦♥ ♦❜,✐❡♥, f (r) = Cr−4
❡, ❞❛♥* ❝❡ 3✉❡ ❧✬✐♥✈❡$*✐♦♥

φ : R4 \ {0} −→ R
4 \ {0} ❡*, f ✲❤❛$♠♦♥✐❝ ❞♦♥❝ ❜✐✲f ✲❤❛$♠♦♥✐❝✳

✷✳ =♦✉$ a =
7

2
✱ ♦♥ ♦❜,✐❡♥, f (r) = Cr

7

2
❀ ✐❧ *✉✐, 3✉❡ ❧✬✐♥✈❡$*✐♦♥ φ : R4\{0} −→ R

4\{0}

❡*, ❜✐✲f ✲❤❛$♠♦♥✐3✉❡ ✭♥♦♥ f ✲❤❛$♠♦♥✐3✉❡✮✳

❊♥✜♥ ♦♥ ❞♦♥♥❡ ❧❡ ❝❛❧❝✉❧ ❞✉ +❡♥,❡✉- ❜✐✲f ✲1♥❡-❣✐❡ ♣♦✉- ✉♥❡ ❛♣♣❧✐❝❛+✐♦♥ ❝♦♥❢♦-♠❡ φ ❡+

♦♥ ♣-♦✉✈❡ 7✉❡ Sf,2 (φ) ❞1♣❡♥❞ ,❡✉❧❡♠❡♥+ ❞❡ ❧❛ ❞✐❧❛+❛+✐♦♥ ❡+ ❧❛ ❢♦♥❝+✐♦♥ f ✳

❚❤"♦$%♠❡ ✵✳✵✳✼ ❙♦✐, φ : (Mn, g) → (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛,✐♦♥ ❝♦♥❢♦$♠❡ ❞❡ ❞✐❧❛,❛,✐♦♥ λ✱

♥♦✉* ❛✈♦♥*

Sf,2 (φ) = f 2λ2

(

−(n− 2)2

2
|grad lnλ|2 + 3

2
|grad ln f |2

)

g

+ f 2λ2 ((2− n) d lnλ (grad ln f) + (2− n)∆ lnλ+∆ ln f) g

+ f 2λ2
(

2 (n− 2) sym (d lnλ⊙ d ln f)− 2 (d ln f)2
)

− 2f 2λ2 ((2− n)∇d lnλ+∇d ln f)

✭✷✻✮

❡, ❧❛ ,$❛❝❡ ❞❡ Sf,2 (φ) ❡*, ❞♦♥♥2❡ ♣❛$ ❧❛ ❢♦$♠✉❧❡ *✉✐✈❛♥,❡ ✿

TrgSf,2 (φ) = − (n− 2)2 f 2λ2
(

∆ lnλ+
n

2
|grad lnλ|2

)

+ (n− 2) f 2λ2 (3d lnλ (grad ln f) + ∆ ln f)

+
3n− 4

2
f 2λ2 |grad ln f |2 .

✭✷✼✮

❙✐ ♦♥ ,✉♣♣♦,❡ 7✉❡ ❧✬❛♣♣❧✐❝❛+✐♦♥ φ ❡,+ ❜✐✲f ✲❤❛-♠♦♥✐7✉❡✱ ❛❧♦-, divSf,2 (φ) ❡,+ ♥✉❧❧❡ ,✐ ❡+

,❡✉❧❡♠❡♥+ ,✐ ❧❡, ❢♦♥❝+✐♦♥, λ ❡+ f ✈1-✐✜❡♥+ ❧✬17✉❛+✐♦♥ ,✉✐✈❛♥+❡

(2− n)∆ lnλ+∆ ln f + (2− n)n |grad lnλ|2 + 3d lnλ (grad ln f) = 0.

❉❛♥, ❧❡ +-♦✐,✐B♠❡ ❝❤❛♣✐+-❡ ❞❡ ❝❡++❡ +❤B,❡✱ ♦♥ ,✬✐♥+1-❡,,❡ C ❧❛ ❝♦♥,+-✉❝+✐♦♥ ❞❡, ❛♣♣❧✐❝❛✲

+✐♦♥, ❤❛-♠♦♥✐7✉❡, ❡+ ❜✐❤❛-♠♦♥✐7✉❡, -❡❧❛+✐✈❡♠❡♥+ ❛✉① ❞1❢♦-♠❛+✐♦♥, D✲✐,♦♠1+-✐7✉❡, ❞❛♥,

❧❡, ✈❛-✐1+1, ♣-❡,7✉❡ ❞❡ ❝♦♥+❛❝+✳ ❖♥ ❝♦♥,✐❞B-❡ (M2m+1, ϕ, ξ, η, g) ✉♥❡ ✈❛-✐1+1 ♣-❡,7✉❡ ❞❡

❝♦♥+❛❝+✳ ❯♥❡ ❞1❢♦-♠❛+✐♦♥ D✲✐,♦♠1+-✐7✉❡ ❡,+ ❞1✜♥✐❡ ❞❡ ❧❛ ♠❛♥✐B-❡ ,✉✐✈❛♥+❡

ϕ = ϕ, η = αη, ξ =
1

α
ξ, g = βg +

(

α2 − β
)

η ⊗ η,



✷✸

♦# α ❡%& ✉♥❡ ❢♦♥❝&✐♦♥ ♣♦%✐&✐✈❡ %✉. M ❀ ◆♦&♦♥% 1✉❡

(

M,ϕ, ξ, η, g
)

❡%& ❛✉%%✐ ✉♥❡ ✈❛.✐3&3

♣.❡%1✉❡ ❞❡ ❝♦♥&❛❝&✳ ◆♦&♦♥% ♣❛. ∇ ❡&∇ ❧❡% ❝♦♥♥❡①✐♦♥% ❞❡ ▲❡✈✐✲❈✐✈✐&❛ %✉. (M2m+1, ϕ, ξ, η, g)

❡&

(

M2m+1, ϕ, ξ, η, g
)

.❡%♣❡❝&✐✈❡♠❡♥&✳ ❈♦♠♠❡ ♣.❡♠✐❡. .3%✉❧❛&✱ ♦♥ ♦❜&✐❡♥&

 !♦♣♦$✐&✐♦♥ ✵✳✵✳✸ ❙♦✐# (M2m+1, ϕ, ξ, η, g) ✉♥❡ ✈❛)✐*#* ♠*#)✐,✉❡ ♣)❡.,✉❡ ❞❡ ❝♦♥#❛❝# ❡#

.♦✐#

(

M,ϕ, ξ, η, g
)

✉♥❡ ❞*❢♦)♠❛#✐♦♥ D✲✐.♦♠*#)✐,✉❡ ❞❡ (M2m+1, ϕ, ξ, η, g)✳ ❆❧♦).✱ ♦♥ ❛

g
(

∇XY, Z
)

= g (∇XY, Z) + αη (X) η (Z)Y (α)− αη (X) η (Y )Z (α)

+ αη (Y ) η (Z)X (α) +
(

α2 − 1
)

η (Z) η (∇XY )

+
1

2

(

α2 − 1
)

η (X) {g (∇Y ξ, Z)− g (∇Zξ, Y )}

+
1

2

(

α2 − 1
)

η (Y ) {g (∇Xξ, Z)− g (∇Zξ,X)}

+
1

2

(

α2 − 1
)

η (Z) {g (∇Xξ, Y ) + g (∇Y ξ,X)} .

❊♥ ❛♣♣❧✐1✉❛♥& ❝❡&&❡ ♣.♦♣♦%✐&✐♦♥✱ ♥♦✉% ♦❜&❡♥♦♥% ❧❡ .3%✉❧&❛& %✉✐✈❛♥& ✿

❚❤-♦!.♠❡ ✵✳✵✳✽ 7♦✉) #♦✉. X, Y ∈ Γ (TM)✱ ❧❛ )❡❧❛#✐♦♥ ❡♥#)❡ ∇XY ❡# ∇XY ❡.# ❞♦♥♥*❡

♣❛)

∇XY = ∇XY − αη (X) η (Y ) gradα +
α2 − 1

2
{η (X)∇Y ξ + η (Y )∇Xξ}

− α2 − 1

2
{η (X)Trg {g (∇·ξ, Y ) ·}+ η (Y )Trg {g (∇·ξ,X) ·}}

+
α2 − 1

α
η (X) η (Y ) ξ (α) ξ +

1

α
η (X)Y (α) ξ +

1

α
η (Y )X (α) ξ

+
(α2 − 1)

2

2α2
{η (X) g (∇ξξ, Y ) + η (Y ) g (∇ξξ,X)} ξ

+
α2 − 1

2α2
{g (∇Xξ, Y ) ξ + g (∇Y ξ,X) ξ} ,

✭✷✽✮

♦8

Trgg (X,∇·ξ) · = g (X,∇eiξ) ei + g (X,∇ϕeiξ)ϕei + g (X,∇ξξ) ξ.



✷✹

❉❡ ❝❡ %❤'♦)*♠❡✱ -✐ (M2m+1, ϕ, ξ, η, g) ❡-% ✉♥❡ ✈❛)✐'%' ❞❡ ❑❡♥♠♦%-✉✱ ♦♥ ♦❜%✐❡♥% ❧❡ ❝♦✲

)♦❧❧❛✐)❡ -✉✐✈❛♥%✳

❝♦"♦❧❧❛✐"❡ ✵✳✵✳✼ ❙♦✐# (M2m+1, ϕ, ξ, η, g) ✉♥❡ ✈❛)✐*#* ❞❡ ❑❡♥♠♦#.✉✱ ❛❧♦). ❧❛ )❡❧❛#✐♦♥ ❡♥#)❡

∇XY ❡# ∇XY ❡.# ❞♦♥♥*❡ ♣❛)

∇XY = ∇XY − αη (X) η (Y ) gradα

+
α2 − 1

α
η (X) η (Y ) ξ (α) ξ

+
1

α
{η (X)Y (α) + η (Y )X (α)} ξ

+
α2 − 1

α2
{g (X, Y )− η (X) η (Y )} ξ.

❖♥ ❝♦♠♠❡♥❝❡ ♣❛) ❧❛ ❜✐❤❛)♠♦♥✐❝✐%' ❞❡ ❧✬❛♣♣❧✐❝❛%✐♦♥ ✐❞❡♥%✐%'

Id :
(

M2m+1, ϕ, ξ, η, g
)

−→
(

M2m+1, ϕ, ξ, η, g
)

✳

*"♦♣♦,✐-✐♦♥ ✵✳✵✳✹ ❙♦✐❡♥# (M2m+1, ϕ, ξ, η, g) ❡# (N2n+1, ϕN , ξN , ηN , h) ❞❡✉① ✈❛)*#*. ♠*✲
#)✐4✉❡. ♣)❡.4✉❡ ❞❡ ❝♦♥#❛❝# ❡# .♦✐#

(

M2m+1, ϕ, ξ, η, g
)

✉♥❡ ❞*❢♦)♠❛#✐♦♥ D✲✐.♦♠*#)✐4✉❡ ❞❡

(M2m+1, ϕ, ξ, η, g)✳ ◆♦#♦♥. ♣❛) τ (φ) ❧❡ ❝❤❛♠♣ ❞❡ #❡♥.✐♦♥ ❞❡ ❧✬❛♣♣❧✐❝❛#✐♦♥ ❧✐..❡

φ : (M2m+1, ϕ, ξ, η, g) −→ (N2n+1, ϕN , ξN , ηN , h) ❡# ♣❛) τ (φ) ❧❡ ❝❤❛♠♣ ❞❡ #❡♥.✐♦♥ ❞❡

φ :
(

M2m+1, ϕ, ξ, η, g
)

−→ (N2n+1, ϕN , ξN , ηN , h)✳ ❛❧♦).✱ ❧❛ )❡❧❛#✐♦♥ ❡♥#)❡ τ (φ) ❡# τ (φ) ❡.#
❞♦♥♥*♣❛)

τ (φ) = τ (φ) +
1

α
dφ (gradα)− α2 + 1

α3
ξ (α) dφ (ξ)

− α2 − 1

α2
(divξ) dφ (ξ)− α2 − 1

α2
∇ξdφ (ξ) .

❊♥ ♣❛)#✐❝✉❧✐❡)✱ ❙✐ ♦♥ ❝♦♥.✐❞<)❡ ❧✬❛♣♣❧✐❝❛#✐♦♥ ✐❞❡♥#✐#*

Id :
(

M2m+1, ϕ, ξ, η, g
)

−→
(

M2m+1, ϕ, ξ, η, g
)

✱ ♦♥ ♦❜#✐❡♥#

τ (Id) =
1

α
gradα− α2 + 1

α3
ξ (α) ξ − α2 − 1

α2
{(divξ) ξ +∇ξξ} .

❘❡♠❛"2✉❡ ✵✳✵✳✽ ❙✐ (M2m+1, ϕ, ξ, η, g) ❡.# ✉♥❡ ✈❛)*#* ❞❡ ❑❡♥♠♦#.✉✱ ❧❡. )*.✉❧#❛#. ♦❜#❡✲

♥✉❡. ❞❛♥. ❝❡##❡ ♣)♦♣♦.✐#✐♦♥ ❞❡✈✐❡♥♥❡♥#

τ (φ) = τ (φ)+
1

α
dφ (gradα)−α2 + 1

α3
ξ (α) dφ (ξ)− 2m (α2 − 1)

α2
dφ (ξ)−α2 − 1

α2
∇ξdφ (ξ)

❡#

τ (Id) =
1

α
gradα− α2 + 1

α3
ξ (α) ξ − 2m (α2 − 1)

α2
ξ



✷✺

❚❤"♦$%♠❡ ✵✳✵✳✾ ❙♦✐# (M2m+1, ϕ, ξ, η, g) ✉♥❡ ✈❛)*#* ❞❡ ❑❡♥♠♦#.✉ ❡# .♦✐#

(

M,ϕ, ξ, η, g
)

✉♥❡ ❞*❢♦)♠❛#✐♦♥ D✲✐.♦♠*#)✐1✉❡ ❞❡ (M2m+1, ϕ, ξ, η, g) ♦2 ♥♦✉. .✉♣♣♦.♦♥. 1✉❡ ❧❛ ❢♦♥❝#✐♦♥

α ❞*♣❡♥❞ .❡✉❧❡♠❡♥# .✉) ❧❛ ❞✐)❡❝#✐♦♥ ❞❡ ξ✳ ❆❧♦). ❧✬❛♣♣❧✐❝❛#✐♦♥ ✐❞❡♥#✐#*

Id :
(

M2m+1, ϕ, ξ, η, g
)

−→ (M2m+1, ϕ, ξ, η, g) ❡.# ❤❛)♠♦♥✐1✉❡ .✐ ❡# .❡✉❧❡♠❡♥# .✐

ξ (α) + 2mα
(

α2 − 1
)

= 0

❡# ❡❧❧❡ ❡.# ❜✐❤❛)♠♦♥✐1✉❡ .✐ ❡# .❡✉❧❡♠❡♥# .✐

α2ξ (ξ (ξ (α)))− 10αξ (ξ (α)) ξ (α) + 6mα2ξ (ξ (α)) + 15 (ξ (α))3

− 22mα (ξ (α))2 + 8m2α2ξ (α)− 4mα4ξ (α)− 8m2α5
(

α2 − 1
)

= 0.

"♦✉% &'✉❞✐❡% ❧❛ ❜✐❤❛%♠♦♥✐❝✐'& ❞❡ Id : (M2m+1, ϕ, ξ, η, g) −→
(

M2m+1, ϕ, ξ, η, g
)

✱ ♥♦✉3 ✉'✐✲

❧✐3❡%♦♥3 ❧❡3 ❧❡♠♠❡3 3✉✐✈❛♥'3✳

▲❡♠♠❛ ✵✳✵✳✶ ❙♦✐# (M2m+1, ϕ, ξ, η, g) ✉♥❡ ✈❛)✐*#* ❞❡ ❑❡♥♠♦#.✉ ❡# .♦✐#
(

M,ϕ, ξ, η, g
)

✉♥❡

❞*❢♦)♠❛#✐♦♥ D✲✐.♦♠*#)✐1✉❡ ❞❡ (M2m+1, ϕ, ξ, η, g) ♦2 ♥♦✉. .✉♣♣♦.♦♥. 1✉❡ ❧❛ ❢♦♥❝#✐♦♥ α

❞*♣❡♥❞ ✉♥✐1✉❡♠❡♥# ❞❡ ❧❛ ❞✐)❡❝#✐♦♥ ❞❡ ξ✳ ❙♦✐# f ✉♥❡ ❢♦♥❝#✐♦♥ 1✉✐ ❞*♣❡♥❞ ✉♥✐1✉❡♠❡♥# ❞❡ ❧❛

❞✐)❡❝#✐♦♥ ❞❡ ξ✱ ❛❧♦). ♦♥ ❛

Trg∇2fξ =
1

α2
ξ (ξ (f)) ξ − 1

α3
ξ (α) ξ (f) ξ + 2

(m

α2
ξ (f)−mf

)

ξ.

▲❡♠♠❛ ✵✳✵✳✷ ❙♦✐# (M2m+1, ϕ, ξ, η, g) ✉♥❡ ✈❛)✐*#* ❞❡ ❑❡♥♠♦#.✉ ❡# .♦✐#
(

M,ϕ, ξ, η, g
)

✉♥❡

❞*❢♦)♠❛#✐♦♥ D✲✐.♦♠*#)✐1✉❡ ❞❡ (M2m+1, ϕ, ξ, η, g) ♦2 ♥♦✉. .✉♣♣♦.♦♥. 1✉❡ ❧❛ ❢♦♥❝#✐♦♥ α

❞*♣❡♥❞ ✉♥✐1✉❡♠❡♥# ❞❡ ❧❛ ❞✐)❡❝#✐♦♥ ❞❡ ξ✳ ❙♦✐# f ✉♥❡ ❢♦♥❝#✐♦♥ 1✉✐ ❞*♣❡♥❞ ✉♥✐1✉❡♠❡♥# ❞❡ ❧❛

❞✐)❡❝#✐♦♥ ❞❡ ξ✱ ❛❧♦). ♦♥ ❛

Trg∇2fξ =
1

α2
ξ (ξ (f)) ξ − 1

α3
ξ (α) ξ (f) ξ + 2

(m

α2
ξ (f)−mf

)

ξ.

❖♥ '❡%♠✐♥❡ ❝❡ ❝❤❛♣✐'%❡ ♣❛% ❧❡ '❤&♦%9♠❡ 3✉✐✈❛♥'

❚❤"♦$%♠❡ ✵✳✵✳✶✵ ❙♦✐# (M2m+1, ϕ, ξ, η, g) ✉♥❡ ✈❛)✐*#* ❞❡ ❑❡♥♠♦#.✉ ❡# .♦✐#
(

M,ϕ, ξ, η, g
)

✉♥❡ ❞*❢♦)♠❛#✐♦♥ D✲✐.♦♠*#)✐1✉❡ ❞❡ (M2m+1, ϕ, ξ, η, g) ♦2 ♥♦✉. .✉♣♣♦.♦♥. 1✉❡ ❧❛ ❢♦♥❝#✐♦♥

α ❞*♣❡♥❞ ✉♥✐1✉❡♠❡♥# ❞❡ ❧❛ ❞✐)❡❝#✐♦♥ ❞❡ ξ✳ ❆❧♦). ❧✬❛♣♣❧✐❝❛#✐♦♥ ✐❞❡♥#✐#*

Id : (M2m+1, ϕ, ξ, η, g) −→
(

M2m+1, ϕ, ξ, η, g
)

❡.# ❤❛)♠♦♥✐1✉❡ .✐ ❡# .❡✉❧❡♠❡♥# .✐

αξ (α) + 2m
(

α2 − 1
)

= 0

❡# ❡❧❧❡ ❡.# ❜✐❤❛)♠♦♥✐1✉❡ .✐ ❡# .❡✉❧❡♠❡♥# .✐

α2ξ (ξ (ξ (α)))− 10αξ (ξ (α)) ξ (α) + 6mα2ξ (ξ (α)) + 15 (ξ (α))3

− 22mα (ξ (α))2 + 8m2α2ξ (α)− 4mα4ξ (α)− 8m2α5
(

α2 − 1
)

= 0.

❆ ❧❛ ✜♥ ❞❡ ❝❡''❡ '❤93❡✱ ♦♥ ♣%&3❡♥'❡ ✉♥❡ ❛✉'%❡ ❣&♥&%❛❧✐3❛'✐♦♥✱ ❞✐'❡ ❛♣♣❧✐❝❛'✐♦♥3 f ✲❜✐❤❛%♠♦♥✐=✉❡3✳



✷✻

❯♥❡ ❛♣♣❧✐❝❛*✐♦♥ φ ❡,* ❞✐*❡ f ✲❜✐❤❛1♠♦♥✐3✉❡ ✐,✐ ❡❧❧❡ ❡,* ✉♥ ♣♦✐♥* ❝1✐*✐3✉❡ ❞❡ ❧❛ ❢♦♥❝*✐♦♥♥❡❧❧❡

f ✲❜✐✲6♥❡1❣✐❡ ✿

E2,f (φ) =
1

2

∫

M

f |τ(φ)|2dvg.

❉❡ ♠❛♥✐:1❡ 63✉✐✈❛❧❡♥*❡✱ φ ❡,* f ✲❜✐❤❛1♠♦♥✐3✉❡ ,✐ ❡❧❧❡ ,❛*✐,❢❛✐* ❧❡, 63✉❛*✐♦♥, ❞✬❊✉❧❡1✲

▲❛❣1❛♥❣❡ ❛,,♦❝✐6❡, ✿

τ2,f (φ) = fτ2(φ)− (∆f) τ(φ)− 2∇gradfτ(φ) = 0, ✭✷✾✮

τ2,f (φ) ❡,* ❛♣♣❡❧6 ❧❡ ❝❤❛♠♣ ❞❡ f ✲❜✐✲*❡♥,✐♦♥ ❞❡ φ✳ ❈♦♥*1❛✐1❡♠❡♥* ❛✉ ❢❛✐* 3✉❡ *♦✉*❡ ❛♣✲

♣❧✐❝❛*✐♦♥ ❤❛1♠♦♥✐3✉❡ ❡,* ❜✐❤❛1♠♦♥✐3✉❡✱ ✉♥❡ ❛♣♣❧✐❝❛*✐♦♥ f ✲❤❛1♠♦♥✐3✉❡ ♥✬❡,* ♣❛, ♥6❝❡,✲

,❛✐1❡♠❡♥* f ✲❜✐❤❛1♠♦♥✐3✉❡✳ ❯♥ ,✐♠♣❧❡ ❝❛❧❝✉❧ ❞♦♥♥❡ ∆f = f∆ ln f + f |grad ln f |2 ❡*

gradf = fgrad ln f ✳ ❆❧♦1,

τ2,f (φ) = f
{

τ2 (φ)−
(

∆ ln f + |grad ln f |2
)

τ (φ)− 2∇grad ln fτ (φ)
}

.

♥♦✉, ❞6❞✉✐,♦♥, 3✉❡ φ ❡,* f ✲❜✐❤❛1♠♦♥✐3✉❡ ,✐ ❡* ,❡✉❧❡♠❡♥* ,✐

τ2 (φ)−
(

∆ ln f + |grad ln f |2
)

τ (φ)− 2∇grad ln fτ (φ) = 0.

■❧ ❡,* ❝❧❛✐1 3✉❡ *♦✉*❡ ❛♣♣❧✐❝❛*✐♦♥ ❤❛1♠♦♥✐3✉❡ ❡,* f ✲❜✐❤❛1♠♦♥✐3✉❡✳ ❙✐ ❧✬❛♣♣❧✐❝❛*✐♦♥ φ ❡,*

❜✐❤❛1♠♦♥✐3✉❡ ✭τ2(φ) = 0✮✱ ❛❧♦1, φ ❡,* f ✲❜✐❤❛1♠♦♥✐3✉❡ ,✐ ❡* ,❡✉❧❡♠❡♥* ,✐

(

∆ ln f + |grad ln f |2
)

τ (φ) + 2∇grad ln fτ (φ) = 0.

▲❛ f ✲❜✐❤❛1♠♦♥✐❝✐*6 ❞✬✉♥❡ ❛♣♣❧✐❝❛*✐♦♥ ❝♦♥❢♦1♠❡ ❡,* ❞♦♥♥6❡ ♣❛1 ❧❡ *❤6♦1❡♠❡ ,✉✐✈❛♥*✳

❚❤"♦$%♠❡ ✵✳✵✳✶✶ ❙♦✐# φ : (Mn, g) → (Nn, h) ✭n ≥ 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦.♠❡ ❞❡

❞✐❧❛#✐♦♥ λ✱ ❛❧♦.2 φ ❡2# f ✲❜✐❤❛.♠♦♥✐6✉❡ 2✐ ❡# 2❡✉❧❡♠❡♥# 2✐

grad∆ lnλ− (n− 6)

2
grad

(

|grad lnλ|2
)

+ 2∇grad ln fgrad lnλ

−
(

2 (∆ lnλ) + (n− 2) |grad lnλ|2 −∆ ln f − |grad ln f |2
)

grad lnλ

+ 2 |grad lnλ|2 grad ln f + 2RicciM (grad lnλ) = 0.

✭✸✵✮

❊①❡♠♣❧❡ ✵✳✵✳✻ ❙♦✐# φ : Rn \ {0} −→ R
n \ {0} (n ≥ 3) ❧✬✐♥✈❡.2✐♦♥ ❞❡✜♥:❡ ♣❛.

φ (x) =
x

|x|2
✳ φ ❡2# ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦.♠❡ ❛✈❡❝ ❞✐❧❛#✐♦♥ λ =

1

r2
(r = |x|) . ❙✉♣♣♦2♦♥2

6✉❡ ln f ❡2# .❛❞✐❛❧❡ (ln f = α (r))✳ ❆❧♦.2 ♣❛. ❚❤:♦.>♠❡ ✸✳✺✳✷✱ ♥♦✉2 ❡♥ ❞:❞✉✐2♦♥2 6✉❡ ❧✬❛♣✲

♣❧✐❝❛#✐♦♥ φ : Rn \ {0} −→ R
n \ {0} ❡2# f ✲❜✐❤❛.♠♦♥✐6✉❡ 2✐ ❡# 2❡✉❧❡♠❡♥# 2✐ ❧❛ ❢♦♥❝#✐♦♥ α

2❛#✐2❢❛✐# ❧✬:6✉❛#✐♦♥ ❞✐✛:.❡♥#✐❡❧❧❡ 2✉✐✈❛♥#❡

1

r
α′′ +

(n− 7)

r2
α′ +

1

r
(α′)

2 − 4 (n− 4)

r3
= 0.



✷✼

❙♦✐# β = α′
✱ ❝❡##❡ '(✉❛#✐♦♥ ❞❡✈✐❡♥#

1

r
β′ +

(n− 7)

r2
β +

1

r
β2 − 4 (n− 4)

r3
= 0.

❈❤❡0❝❤♦♥1 ❞❡1 1♦❧✉#✐♦♥1 ♣❛0#✐❝✉❧✐40❡1 ❞❡ #②♣❡ β =
a

r
✭a ∈ R

∗
✮✱ ❛❧♦01 φ : Rn \ {0} −→

R
n \ {0} ❡1# f ✲❜✐❤❛0♠♦♥✐(✉❡ 1✐ ❡# 1❡✉❧❡♠❡♥# 1✐

a2 + (n− 8) a− 4 (n− 4) = 0.

❈❡##❡ '(✉❛#✐♦♥ ❛ ❞❡✉① 1♦❧✉#✐♦♥1 a = 4 ❡# a = 4− n✳

✶✳ >♦✉0 a = 4✱ ♥♦✉1 ♦❜#❡♥♦♥1 f (r) = Cr4 ❡# ❞❛♥1 ❝❡ ❝❛1 ❧✬✐♥✈❡01✐♦♥ φ : Rn \ {0} −→
R

n \ {0} ❡1# f ✲❜✐❤❛0♠♦♥✐(✉❡✳

✷✳ >♦✉0 a = 4−n✱ ♥♦✉1 ♦❜#❡♥♦♥1 f (r) = Cr4−n
❀ ✐❧ 1✉✐# (✉❡ ❧✬✐♥✈❡01✐♦♥ φ : Rn\{0} −→

R
n \ {0} ❡1# f ✲❜✐❤❛0♠♦♥✐(✉❡✳

❈♦♠♠❡ ❝♦♥()*✉❡♥❝❡✱ (✐ ♥♦✉( (✉♣♣♦(♦♥( *✉❡ f = λ✱ ♥♦✉( ♦❜0❡♥♦♥( ❧❡ ❝♦2♦❧❧❛✐2❡ (✉✐✈❛♥0✳

❝♦"♦❧❧❛✐"❡ ✵✳✵✳✽ ❙♦✐# φ : (Mn, g) → (Nn, h) ✭n ≥ 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦0♠❡ ❞❡ ❞✐❧❛#✐♦♥
λ✱ ❛❧♦01 φ ❡1# λ✲❜✐❤❛0♠♦♥✐(✉❡ 1✐ ❡# 1❡✉❧❡♠❡♥# 1✐

grad∆ lnλ−
(

∆ lnλ+ (n− 5) |grad lnλ|2
)

grad lnλ

− (n− 8)

2
grad

(

|grad lnλ|2
)

+ 2RicciM (grad lnλ) = 0.



✷✽



✶

❈❤❛♣✐&'❡

●*♥*'❛❧✐&*-

❙♦♠♠❛✐'❡

✶✳✶ ◆♦&✐♦♥- ❣*♥*'❛❧❡- ❞❡ ❧❛ ❣*♦♠*&'✐❡ '✐❡♠❛♥♥✐❡♥♥❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✶✳✷ ❆♣♣❧✐❝❛&✐♦♥- ❤❛'♠♦♥✐8✉❡-✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✶✳✸ ❆♣♣❧✐❝❛&✐♦♥- ❜✐❤❛'♠♦♥✐8✉❡-✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✶✳✹ ❆♣♣❧✐❝❛&✐♦♥- ❝♦♥❢♦'♠❡-✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✶✳✹✳✶ ❈❤❛♠♣ ❞❡ &❡♥-✐♦♥ ❡& &❡♥-❡✉' *♥❡'❣✐❡✲✐♠♣✉❧-✐♦♥ ❞✬✉♥❡

❛♣♣❧✐❝❛&✐♦♥ ❝♦♥❢♦'♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✶✳✹✳✷ ❈❤❛♠♣ ❞❡ ❜✐✲&❡♥-✐❡♥ ❡& &❡♥-❡✉' ❜✐✲*♥❡'❣✐❡✲✐♠♣✉❧-✐♦♥

❞✬✉♥❡ ❛♣♣❧✐❝❛&✐♦♥ ❝♦♥❢♦'♠❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✷✾



✸✵ ●!♥!#❛❧✐'!(

✶✳✶ ◆♦$✐♦♥' ❣)♥)*❛❧❡' ❞❡ ❧❛ ❣)♦♠)$*✐❡ *✐❡♠❛♥♥✐❡♥♥❡✳

❉!✜♥✐%✐♦♥ ✶✳✶✳✶ ❙♦✐# M ✉♥❡ ✈❛)✐*#* ❞✐✛*)❡♥#✐❛❜❧❡✱ ❧✬❡♥1❡♠❜❧❡ ❞❡1 ❝❤❛♠♣1 ❞❡ ✈❡❝#❡✉)1

1✉) M ❡1# ♥♦#*Γ (TM)✳ ❯♥❡ ♠*#)✐8✉❡ 1✉) M ❡1# ✉♥❡ ❢♦)♠❡

g : Γ (TM)× Γ (TM) −→ C∞ (M)

C∞ (M)✲❜✐❧✐♥*❛✐)❡✱ 1②♠*#)✐8✉❡ ❡# ❞*✜♥✐❡ ♣♦1✐#✐✈❡✳ ▲❡ ❝♦✉♣❧❡ (M, g) ❡1# ❛♣♣❡❧* ✈❛)✐*#* )✐❡✲
♠❛♥♥✐❡♥♥❡✳

❉!✜♥✐%✐♦♥ ✶✳✶✳✷ ❙♦✐# M ✉♥❡ ✈❛)✐*#* ❞✐✛*)❡♥#✐❛❜❧❡✱ ✉♥❡ ❝♦♥♥❡①✐♦♥ ❧✐♥*❛✐)❡ 1✉) M ❡1#

✉♥❡ ❛♣♣❧✐❝❛#✐♦♥

∇ Γ (TM)× Γ (TM) −→ Γ (TM)
(X, Y ) 7−→ ∇XY

8✉✐ ✈*)✐✜❡ ❧❡1 ♣)♦♣)✐*#*1 1✉✐✈❛♥#❡1 ✿

✶✳ ∇X (Y + Z) = ∇XY +∇XZ✳

✷✳ ∇XfY = f∇XY +X (f)Y ✳

✸✳ ∇X+fYZ = ∇XY + f∇YZ✳

C♦✉) #♦✉1 X, Y, Z ∈ Γ (TM) ❡# ♣♦✉) #♦✉#❡ ❢♦♥❝#✐♦♥ f ∈ C∞ (M)✳ C♦✉) ✉♥❡ #❡❧❧❡ ❝♦♥♥❡①✐♦♥
∇✱ ♦♥ ❞*✜♥✐# ✉♥ ❝❤❛♠♣ ❞❡ #❡♥1❡✉)1 T ❞❡ #②♣❡ (1, 2) ❞✐# ❧❡ #❡♥1❡✉) ❞❡ #♦)1✐♦♥ ❛11♦❝✐* * ∇
♣❛)

T (X, Y ) = ∇XY −∇YX − [X, Y ] ,

C♦✉) #♦✉1 X, Y ∈ Γ (TM)✳ ▲❛ ❝♦♥♥❡①✐♦♥ ❧✐♥*❛✐)❡ ∇ ❡1# ❞✐#❡ 1❛♥1 #♦)1✐♦♥ 1✐ ❧❡ ❝❤❛♠♣ ❞❡

#❡♥1❡✉)1 T ❡1# ✐❞❡♥#✐8✉❡♠❡♥# ♥✉❧✱ ❝✬❡1# * ❞✐)❡ ✿ ♣♦✉) #♦✉1 X, Y ∈ Γ (TM)✱ ♦♥ ❛

[X, Y ] = ∇XY −∇YX.

◆♦#♦♥1 8✉❡ T ❡1# ✉♥ ❝❤❛♠♣ ❞❡ #❡♥1❡✉)1 ❛♥#✐1②♠*#)✐8✉❡✳



✶✳✶ ◆♦$✐♦♥' ❣)♥)*❛❧❡' ❞❡ ❧❛ ❣)♦♠)$*✐❡ *✐❡♠❛♥♥✐❡♥♥❡✳ ✸✶

❙✐ ♦♥ ❝♦♥'✐❞)*❡ (M, g) ✉♥❡ ✈❛*✐/0/ *✐❡♠❛♥♥✐❡♥♥❡✱ ♦♥ ❛ ❧❡ */'✉❧0❛0 '✉✐✈❛♥0

❚❤"♦$%♠❡ ✶✳✶✳✶ ❙♦✐# (M, g) ✉♥❡ ✈❛)✐*#* )✐❡♠❛♥♥✐❡♥♥❡✳ ▲✬❛♣♣❧✐❝❛#✐♦♥

∇ Γ (TM)× Γ (TM) −→ Γ (TM)
(X, Y ) 7−→ ∇XY

❞*✜♥✐❡ ♣❛) ❧✬*4✉❛#✐♦♥ 5✉✐✈❛♥#❡

2g (∇XY, Z) = X (g (Y, Z)) + Y (g (X,Z))− Z (g (X,Z))

+ g (Z, [X, Y ]) + g (Y, [Z,X])− g (X, [Y, Z])
✭✶✳✶✮

❡5# ✉♥❡ ❝♦♥♥❡①✐♦♥ ❧✐♥*❛✐)❡ 5✉) M ✱ ❞✐#❡ ❝♦♥♥❡①✐♦♥ ❞❡ ▲*✈✐✲❈✐✈✐#❛✳ ▲✬*4✉❛#✐♦♥ ✭✸✳✶✺✮ ❡5#

❛♣♣❡❧*❡ ❧❛ ❢♦)♠✉❧❡ ❞❡ ❑♦5③✉❧✳

7♦✉* ❝❡00❡ ❝♦♥♥❡①✐♦♥✱ ♦♥ ❛ ❧❡ */'✉❧0❛0 '✉✐✈❛♥0✱ ❞✐0 0❤/♦*)♠❡ ❢♦♥❞❛♠❡♥0❛❧ ❞❡ ❧❛ ❣/♦♠/0*✐❡

*✐❡♠❛♥♥✐❡♥♥❡✳

❚❤"♦$%♠❡ ✶✳✶✳✷ ❙♦✐# (M, g) ✉♥❡ ✈❛)✐*#* )✐❡♠❛♥♥✐❡♥♥❡✳ ▲❛ ❝♦♥♥❡①✐♦♥ ❞❡ ▲❡✈✐✲❈✐✈✐#❛ ❡5#

❧B✷✶✷✷✉♥✐4✉❡ ❝♦♥♥❡①✐♦♥ ❧✐♥*❛✐)❡ ∇ 5✉) M 5❛♥5 #♦)5✐♦♥ ❡# ❝♦♠♣❛#✐❜❧❡ ❛✈❡❝ ❧❛ ♠*#)✐4✉❡ g✳

▲❛ ❝♦♠♣❛#✐❜✐❧#*❛✈❡❝ ❧❛ ♠*#)✐4✉❡ g ❡5# #)❛❞✉✐#❡ ♣❛) ❧❛ ❢♦)♠✉❧❡ 5✉✐✈❛♥#❡

X (g (Y, Z)) = g (∇XY, Z) + g (Y,∇XZ) ,

♣♦✉) #♦✉5 X, Y, Z ∈ Γ (TM)✳ ▲❛ ❝♦♥♥❡①✐♦♥ ❞❡ ▲❡✈✐✲❈✐✈✐#❛ 5✉) (M, g) ❡5# ❝♦♠♣❧*☎#❡♠❡♥#
❞*#❡)♠✐♥*❡ ♣❛) ❧❛ ❢♦)♠✉❧❡ ❞❡ ❑♦5③✉❧✳

❘❡♠❛$-✉❡ ✶✳✶✳✶ ❙♦✐# M ✉♥❡ ✈❛)✐*#* ❞✐✛*)❡♥#✐❛❜❧❡✱ ✉♥❡ ❝♦♥♥❡①✐♦♥ ❧✐♥*❛✐)❡ ∇ 5✉) M ❡5#

❝♦♠♣❧G#❡♠❡♥# ❞*✜♥✐❡ ♣❛) ❧❡5 5②♠♣❜♦❧❡5 ❞❡ ❈❤)✐5#♦✛❡❧ Γk
ij ❞♦♥♥*5 ♣❛)

∇ ∂

∂xi

∂

∂xj
= Γk

ij

∂

∂xi
.

❉❡ ♣❧✉5✱ 5✐ X = X i
∂

∂xi
❡# Y = Y j

∂

∂xj
✱ ❛❧♦)5

∇XY = X i

(

∂

∂xi
Y k + Γk

ijY
j

)

∂

∂xk
.

❉❛♥' ❧❡ ❝❛' ❞✬✉♥❡ ✈❛*✐/0/ *✐❡♠❛♥♥✐❡♥♥❡ ♠✉♥✐❡ ❞❡ ❧❛ ❝♦♥♥❡①✐♦♥ ❞❡ ▲/✈✐✲❈✐✈✐0❛✱ ♦♥ ❛ ❧❛

*❡♠❛*A✉❡ '✉✐✈❛♥0❡

❘❡♠❛$-✉❡ ✶✳✶✳✷ ❙♦✐# (Mm, g) ✉♥❡ ✈❛)✐*#* )✐❡♠❛♥♥✐❡♥♥❡ ❞❡ ❞✐♠❡♥5✐♦♥ m ❡# 5♦✐# ∇ ❧❛

❝♦♥♥❡①✐♦♥ ❞❡ ▲❡✈✐✲❈✐✈✐#❛✳ ▲♦❝❛❧❡♠❡♥#✱ ❧❡5 5②♠♣❜♦❧❡5 ❞❡ ❈❤)✐5#♦✛❡❧ Γk
ij 5♦♥# ❞♦♥♥*5 ♣❛) ❧❛



✸✷ ●!♥!#❛❧✐'!(

❢♦"♠✉❧❡ '✉✐✈❛♥,❡ ✿

Γk
ij =

1

2

m
∑

l=1

gkl
(

∂gjl

∂xi
+
∂gil

∂xj
− ∂gij

∂xl

)

.

❉!✜♥✐%✐♦♥ ✶✳✶✳✸ ❙♦✐, M ✉♥❡ ✈❛"✐/,/ ❞✐✛/"❡♥,✐❛❜❧❡ ♠✉♥✐❡ ❞✬✉♥❡ ❝♦♥♥❡①✐♦♥ ❧✐♥/❛✐"❡ ∇✳

▲❡ ,❡♥'❡✉" ❞❡ ❝♦✉"❜✉"❡ R ❛''♦❝✐/ / ❧❛ ❝♦♥♥❡①✐♦♥ ∇ ❡', ❞/✜♥✐ ♣❛"

R Γ (TM)× Γ (TM)× Γ (TM) −→ Γ (TM)
(X, Y, Z) 7−→ R (X, Y )Z✱

♦;

R (X, Y )Z = ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z.

❘❡♠❛./✉❡ ✶✳✶✳✸ ❙✉" ✉♥❡ ✈❛"✐/,/ "✐❡♠❛♥♥✐❡♥♥❡ (Mm, g) ❞❡ ❞✐♠❡♥'✐♦♥ m✱ ❧❡ ,❡♥'❡✉" ❞❡

❝♦✉"❜✉"❡ ❞❡ ❧❛ ❝♦♥♥❡①✐♦♥ ❞❡ ▲❡✈✐✲❈✐✈✐,❛ ❡', ❛♣♣❡❧/ ,❡♥'❡✉" ❞❡ ❝♦✉"❜✉"❡ "✐❡♠❛♥♥✐❡♥♥❡✳

▲♦❝❛❧❡♠❡♥,✱ ♦♥ ❛

R

(

∂

∂xi
,
∂

∂xj

)

∂

∂xk
=

m
∑

l=1

Rl
ijk

∂

∂xl
,

♦>

Rl
ijk =

∂

∂xi

(

Γl
jk

)

− ∂

∂xj

(

Γl
ik

)

+
m
∑

p=1

(

Γl
ipΓ

p
jk − Γl

jpΓ
p
ik

)

.

❈♦♠♠❡ ♣"♦♣"✐/,/'✱ ♦♥ ❛

✶✳ R ❡', ✉♥ ❝❤❛♠♣ ❞❡ ,❡♥'❡✉"' ❞❡ ,②♣❡ (1, 3)✳

✷✳ g (R (X, Y )Z,W ) = g (R (X, Y )W,Z)✳

✸✳ g (R (X, Y )Z,W ) = −g (R (Z,W )X, Y )✳

✹✳ R ✈/"✐✜❡ ❧✬✐♥❞❡♥,✐,/ ❛❧❣/❜"✐F✉❡ ❞❡ ❇✐❛♥❝❤✐

R (X, Y )Z +R (Y, Z)X +R (Z,X)Y = 0.

✺✳ R ✈/"✐✜❡ ❧✬✐♥❞❡♥,✐,/ ❞✐✛/"❡♥,✐❡❧❧❡ ❞❡ ❇✐❛♥❝❤✐

(∇XR) (Y, Z) + (∇YR) (Z,X) + (∇ZR) (X, Y ) = 0.

♣♦✉" ,♦✉' X, Y, Z,W ∈ Γ (TM)✳



✶✳✷ ❆♣♣❧✐❝❛)✐♦♥, ❤❛.♠♦♥✐0✉❡,✳ ✸✸

❉!✜♥✐%✐♦♥ ✶✳✶✳✹ ❙♦✐# (Mm, g) ❞❡ ❞✐♠❡♥(✐♦♥ m✱ ❧❛ ❝♦✉.❜✉.❡ ❞❡ ❘✐❝❝✐ ❡(# ✉♥ ❝❤❛♠♣ ❞❡

#❡♥(❡✉. ❞❡ #②♣❡ (0, 2) ❞4✜♥✐ ♣♦✉. #♦✉( X, Y ∈ Γ (TM) ♣❛.

Ric (X, Y ) = TrgR (·, X)Y =
m
∑

i=1

g (R (ei, X)Y, ei) ,

♦4

1 (ei)
m

i=1 ❡(# ✉♥❡ ❜❛(❡ ♦.#❤♦♥♦.♠4❡ ❧♦❝❛❧❡ (✉. M ✳ ◆♦#♦♥( 8✉❡ ▲❛ ❝♦✉.❜✉.❡ ❞❡ ❘✐❝❝✐ ❡(#

❢♦.♠❡ ❜✐❧✐♥4❛✐.❡ (②♠4#.✐8✉❡✳ ❉❡ ♠<♠❡✱ ❧❡ #❡♥(❡✉. ❞❡ ❘✐❝❝✐ ❡(# ✉♥ ❝❤❛♠♣ ❞❡ #❡♥(❡✉.( ❞❡

#②♣❡ (1, 1) ❞4✜♥✐ ♣♦✉. #♦✉( X ∈ Γ (TM) ♣❛.

Ricci (X) = TrgR (X, ·) · =
m
∑

i=1

R (X, ei) ei.

❙✉. ❧❛ ✈❛.✐4#4 .✐❡♠❛♥♥✐❡♥♥❡ (Mm, g)✱ ❧❛ ❝♦✉.❜✉.❡ ❞❡ ❘✐❝❝✐ ❡# ❧❡ #❡♥(❡✉. ❞❡ ❘✐❝❝✐ (♦♥# ❧✐4(

♣❛. ❧❛ .❡❧❛#✐♦♥ (✉✐✈❛♥#❡ ✿

Ric (X, Y ) = g (Ricci (X) , Y ) .

✶✳✷ ❆♣♣❧✐❝❛)✐♦♥, ❤❛.♠♦♥✐0✉❡,✳

❉❛♥$ ❝❡''❡ $❡❝'✐♦♥✱ ♦♥ ❝♦♥$✐❞,-❡ (Mm, g) ❡' (Nn, h) ❞❡✉① ✈❛-✐1'1$ -✐❡♠❛♥♥✐❡♥♥❡$ ♠✉✲

♥✐❡$ ❞❡ ❧❡✉-$ ❝♦♥♥❡①✐♦♥$ ❞❡ ▲1✈✐✲❈✐✈✐'❛ ❡' $♦✐' φ : (Mm, g) −→ (Nn, h) ❞❡ ❝❧❛$$❡ C∞
✳ ❖♥

❞1✜♥✐' ❧❡ ✜❜-1 ✐♥✈❡-$❡ ✭✜❜-1 ♣✉❧❧✲❜❛❝❦✮ ?✉✬♦♥ ♥♦'❡ φ−1TN ♣❛-

φ−1TN =
{

(x, v) ∈M × Tφ(x)N
}

= ∪
x∈M

{x} × Tφ(x)N.

▲✬❡♥$❡♠❜❧❡ ❞❡$ $❡❝'✐♦♥$ $✉- ❧❡ ✜❜-1 ✐♥✈❡-$❡ ❡$' ♥♦'1 ♣❛- Γ (φ−1TN)✱ ❝❡' ❡♥$❡♠❜❧❡ ❡$'

❞1✜♥✐❡ ❞❡ ❧❛ ♠❛♥✐,-❡ $✉✐✈❛♥'❡ ✿

Γ
(

φ−1TN
)

=
{

V :M −→ TN, Vx ∈ Tφ(x)N, ∀x ∈M
}

,

♦✉ ❡♥❝♦-❡

V ∈ Γ
(

φ−1TN
)

⇐⇒ Vx ∈ Tφ(x)N, ∀x ∈M.

❈♦♠♠❡ ❡①❡♠♣❧❡$✱ ♦♥ ❛

∀X ∈ Γ (TM) , dφ (X) ∈ Γ
(

φ−1TN
)

❡'

∀Y ∈ Γ (T N) , Y ◦ φ ∈ Γ
(

φ−1TN
)

.



✸✹ ●!♥!#❛❧✐'!(

❉!✜♥✐%✐♦♥ ✶✳✷✳✶ ❙✉" ❧❡ ✜❜"' ✐♥✈❡"+❡ Γ (φ−1TN)✱ ♦♥ ❞'✜♥✐/ ❧❛ ❝♦♥♥❡①✐♦♥ +✉✐✈❛♥/❡✱ ♥♦/'

∇φ
♣❛" ✿

∇φ Γ (TM)× Γ (φ−1TN) −→ Γ (φ−1TN)

(X, V ) 7−→ ∇φ
XV

❛✈❡❝

∇φ
X (H ◦ φ) =

(

∇N
dφ(X)H

)

◦ φ,
♣♦✉" /♦✉/ X ∈ Γ (TM) ❡/ ♣♦✉" /♦✉/ H ∈ Γ (T N)✳ ❈♦♠♠❡ ♣"♦♣"✐'/'✱ ♦♥ ❛

∇φ
Xdφ (Y ) = ∇φ

Y dφ (X) + dφ ([X, Y ]) ,

♣♦✉" /♦✉+ X, Y ∈ Γ (TM)✳ ▲♦❝❛❧❡♠❡♥/✱ ♦♥ ❛

∇φ

∂

∂xi

dφ

(

∂

∂xj

)

=

(

∂2φγ

∂xi∂xj
+
∂φα

∂xi
∂φβ

∂xj

(

NΓγ
αβ ◦ φ

)

)

∂

∂yγ
◦ φ.

❉!✜♥✐%✐♦♥ ✶✳✷✳✷ ❊♥ ✉/✐❧✐+❛♥/ ∇φ
✱ ♦♥ ❞'✜♥✐/ ❧❛ ❞❡✉①✐'☎♠❡ ❢♦"♠❡ ❢♦♥❞❛♠❡♥/❛❧❡ ❞❡ ❧✬❛♣✲

♣❧✐❝❛/✐♦♥ φ : (Mm, g) −→ (Nn, h)✱ ♥♦/' ∇dφ✱ ♣❛"
∇dφ Γ (TM)× Γ (TM) −→ Γ (φ−1TN)

(X, Y ) 7−→ ∇dφ (X, Y )
♦'

1

∇dφ (X, Y ) = ∇φ
Xdφ (Y )− dφ

(

∇M
X Y

)

.

❧❛ +❡❝♦♥❞❡ ❢♦"♠❡ ❢♦♥❞❛♠❡♥/❛❧❡ ∇dφ ❞❡ ❧>✷✶✷✷❛♣♣❧✐❝❛/✐♦♥ φ ❡+/ ✉♥❡ ❢♦"♠❡ C∞ (M)✲
❜✐❧✐♥'❛✐"❡ +②♠'/"✐B✉❡✳ ▲✬❛♣♣❧✐❝❛/✐♦♥ φ ❡+/ ❞✐/❡ /♦/❛❧❡♠❡♥/ ❣'♦❞'+✐B✉❡ +✐ +❛ ❞❡✉①✐'☎♠❡ ❢♦"♠❡

❢♦♥❞❛♠❡♥/❛❧❡ ❡+/ ✐❞❡♥/✐B✉❡♠❡♥/ ♥✉❧❧❡✳

❉!✜♥✐%✐♦♥ ✶✳✷✳✸ ▲❡ ❝❤❛♠♣ ❞❡ /❡♥+✐♦♥ ❞❡ ❧✬❛♣♣❧✐❝❛/✐♦♥ φ : (Mm, g) −→ (Nn, h)✱ ♥♦/'
τ (φ) ✱ ❡+/ ❞'✜♥✐ ♣❛"

τ (φ) = Trg∇dφ = ∇dφ (ei, ei) = ∇φ
ei
dφ (ei)− dφ

(

∇M
ei
ei
)

,

♦'

1 (ei)
m

i=1 ❡+/ ❜❛+❡ ♦"/❤♦♥♦"♠'❡ +✉" ❧❛ ✈❛"✐'/' (Mm, g)✳ ▲♦❝❛❧❡♠❡♥/✱ ♦♥ ❛

τ (φ) = gij
(

∂2φγ

∂xi∂xj
− ∂φγ

∂xk

M

Γk
ij +

∂φα

∂xi
∂φβ

∂xj

(

NΓγ
αβ ◦ φ

)

)

∂

∂yγ
◦ φ

❘❡♠❛/0✉❡ ✶✳✷✳✶ ❙✐ ♦♥ ❝♦♥+✐❞E"❡ ❞❡✉① ❛♣♣❧✐❝❛/✐♦♥+ ❞✐✛'"❡♥/✐❛❜❧❡+ φ : (Mm, g) −→ (Nn, h)

❡/ ψ : (Nn, h) −→ (P p, k)✱ ♦♥ ❛ ❧❛ ♣"♦♣"✐'/' +✉✐✈❛♥/❡ ✿

∇d (ψ ◦ φ) = dψ (∇dφ) + (∇dψ) (dφ, dφ) ,

❡/ ❡♥ ♣❛++❛♥/ G ❧❛ /"❛❝❡ ❞❛♥+ ❝❡//❡ ❞❡"♥✐E"❡ 'B✉❛/✐♦♥✱ ✐❧ +✉✐/ B✉❡

τ (ψ ◦ φ) = dψ (τ (φ)) + Trg (∇dψ) (dφ, dφ



✶✳✷ ❆♣♣❧✐❝❛)✐♦♥, ❤❛.♠♦♥✐0✉❡,✳ ✸✺

❉!✜♥✐%✐♦♥ ✶✳✷✳✹ ▲❛ ❞❡♥%✐'( ❞❡ ❧✬❛♣♣❧✐❝❛'✐♦♥ φ : (Mm, g) −→ (Nn, h) ❡%' ❧✬❛♣♣❧✐❝❛'✐♦♥

e (φ) :M −→ R+

❞(✜♥✐❡ ♣❛/

e (φ) =
1

2
|dφ|2 ,

❛✈❡❝ |dφ|2 ❡%' ❧❛ ♥♦/♠❡ ❞❡ ❍✐❧❜❡/'✲❙❝❤♠✐❞' ❞❡ ❧❛ ❞✐✛❡/❡♥'✐❡❧❧❡ dφ ❞♦♥♥(❡ ♣❛/ ❧❛ ❢♦/♠✉❧❡

%✉✐✈❛♥'❡

|dφ|2 = Trgφ
∗h =

m
∑

i=1

h (dφ (ei) , dφ (ei)) ,

♦(

1 (ei)
m

i=1 ❡%' ❜❛%❡ ♦/'❤♦♥♦/♠(❡ %✉/ ❧❛ ✈❛/✐('( (Mm, g)✳ ▲♦❝❛❧❡♠❡♥'✱ ♦♥ ❛

|dφ|2 = gij
∂φα

∂xi
∂φβ

∂xj
(hαβ ◦ φ) .

❉!✜♥✐%✐♦♥ ✶✳✷✳✺ ▲✬(♥❡/❣✐❡ E (φ) ❞❡ ❧✬❛♣♣❧✐❝❛'✐♦♥ φ : (Mm, g) −→ (Nn, h) ❡%' ❧❛ ❢♦♥❝✲
'✐♦♥♥❡❧❧❡ ❞(✜♥❡ ♣❛/

E(φ) =
1

2

∫

D

|dφ|2dvg,

♦(

1 D ❡%' ✉♥ ❞♦♠❛✐♥❡ ❝♦♠♣❛❝' ❞❡ M ✳ ❖♥ ❞✐' >✉❡ φ ❡%' ❤❛/♠♦♥✐>✉❡ %✐ ❡❧❧❡ ❡%' ✉♥ ♣♦✐♥'

❝/✐'✐>✉❡ ❞❡ ❧❛ ❢♦♥❝'✐♦♥♥❡❧❧❡ (♥❡/❣✐❡ E (φ)✱ ❝✬❡%' ( ❞✐/❡ %✐

d

dt
E (φt)

∣

∣

∣

∣

t=0

= 0,

♣♦✉/ '♦✉' ✈❛/✐❛'✐♦♥ φt ( %✉♣♣♦/' ✐♥❝❧✉ ❞❛♥% D✳ ❊♥ ❛♣♣❧✐>✉❛♥' ❧❡% (>✉❛'✐♦♥% ❞✬❊✉❧❡/✲

▲❛❣/❛♥❣❡ ( ❧❛ ❢♦♥❝'✐♦♥♥❡❧❧❡ (♥❡/❣✐❡✱ ♦♥ ♦❜'✐❡♥' ❧❛ ♣/❡♠✐(☎/❡ ✈❛/✐❛'✐♦♥ ❞❡ E (φ) ❞♦♥♥(❡
♣❛/

d

dt
E (φt)

∣

∣

∣

∣

t=0

= −
∫

D

h (v, τ (φ)) dvg,

♦(

1 v =
∂

∂t
φt (x)

∣

∣

∣

∣

t=0

❡' τ (φ) = Trg∇dφ ❡%' ❧❡ ❝❤❛♠♣ ❞❡ '❡♥%✐♦♥ ❞❡ ❧✬❛♣♣❧✐❝❛'✐♦♥ φ✳ ❖♥

❞(❞✉✐' >✉❡ φ ❡%' ❤❛/♠♦♥✐>✉❡ %✐ ❡' %❡✉❧❡♠❡♥' %♦♥ ❝❤❛♠♣ ❞❡ '❡♥%✐♦♥ ❡%' ✐❞❡♥'✐>✉❡♠❡♥' ♥✉❧✱

❞✬♦(

1
❧✬❤❛/♠♦♥✐❝✐'( ❞❡ φ ❡%' '/❛❞✉✐'❡ ♣❛/ ❧✬(>✉❛'✐♦♥ %✉✐✈❛♥'❡ ✿

τ (φ) = 0. ✭✶✳✷✮

❘❡♠❛01✉❡ ✶✳✷✳✷ ❙✐ ♦♥ ❝♦♥%✐❞B/❡ ❞❡✉① ❛♣♣❧✐❝❛'✐♦♥% ❞✐✛(/❡♥'✐❛❜❧❡% φ : (Mm, g) −→ (Nn, h)

❡! ψ : (Nn, h) −→ (P p, k)✱ ❧✬%&✉❛!✐♦♥

τ (ψ ◦ φ) = dψ (τ (φ)) + Trg (∇dψ) (dφ, dφ)

♠♦♥!-❡ &✉✬❡♥ ❣%♥%-❛❧❡ ❧❛ ❝♦♠♣♦1%❡ ❞❡ ❞❡✉① ❛♣♣❧✐❝❛!✐♦♥1 ❤❛-♠♦♥✐&✉❡1 ♥✬❡1! ♣❛1 ♥%❝❡11❛✐-❡✲



✸✻ ●!♥!#❛❧✐'!(

♠❡♥# ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❤❛,♠♦♥✐-✉❡✱ ❡♥ ♣❛,#✐❝✉❧✐❡, /✐ φ ❡/# ❤❛,♠♦♥✐-✉❡ ❡# /✐ ψ ❡/# #♦#❛❧❡♠❡♥#

❣1♦❞1/✐-✉❡✱ ❛❧♦,/ ψ ◦ φ ❡/# ❤❛,♠♦♥✐-✉❡✳

❉!✜♥✐%✐♦♥ ✶✳✷✳✻ ❙♦✐# φ : (Mm, g) −→ (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❞❡ ❝❧❛//❡ C∞
✱ ❧❡ #❡♥/❡✉,

✐♠♣✉❧/✐♦♥✲1♥❡,❣✐❡ ❞❡ φ ❡/# ❧❡ ❝❤❛♠♣ ❞❡ #❡♥/❡✉, /②♠1#,✐-✉❡ ❞❡ #②♣❡ (0, 2) /✉, M ❞1✜♥✐ ♣❛,

S(φ) = e(φ)g − φ∗h, ✭✶✳✸✮

▲❛ (❡❧❛+✐♦♥ ❞❡ ❜❛1❡ ❡♥+(❡ ❧❡ +❡♥1❡✉( ✐♠♣✉❧1✐♦♥✲6♥6(❣✐❡ ❡+ ❧❡1 ❛♣♣❧✐❝❛+✐♦♥1 ❤❛(♠♦♥✐:✉❡1

❡1+ ❞♦♥♥6❡ ♣❛( ❧❡ (61✉❧+❛+ 1✉✐✈❛♥+ ✿

❚❤!♦-.♠❡ ✶✳✷✳✶

divS(φ) = −h(τ(φ), dφ). ✭✶✳✹✮

❉❡ ❝❡++❡ ❞❡(♥✐?(❡ ❢♦(♠✉❧❡✱ ✐❧ 1✉✐+ :✉❡

❝♦-♦❧❧❛✐-❡ ✶✳✷✳✶ ❙✐ φ : (Mm, g) −→ (Nn, h) ❡/# ❤❛,♠♦♥✐-✉❡✱ ❛❧♦,/ divS(φ) = 0✳ ❉❡ ♣❧✉/
/✐ φ ❡/# ✉♥❡ /✉❜♠❡,/✐♦♥ ❡# /✐ divS(φ) = 0✱ ❛❧♦,/ φ ❡/# ❤❛,♠♦♥✐-✉❡✳

❯♥❡ ❣6♥6(❛❧✐1❛+✐♦♥ ♥❛+✉(❡❧❧❡ ❞❡1 ❛♣♣❧✐❝❛+✐♦♥1 ❤❛(♠♦♥✐:✉❡1 ❡1+ ♦❜+❡♥✉❡ ❡♥ ❝♦♥1✐❞6(❛♥+

❧❡1 ♣♦✐♥+1 ❝(✐+✐:✉❡1 ❞❡ ❧❛ ❢♦♥❝+✐♦♥♥❡❧❧❡ ♦❜+❡♥✉❡ ❡♥ ✐♥+6❣(❛♥+ ❧❡ ❝❛((6 ❞❡ ❧❛ ♥♦(♠❡ ❞✉ ❝❤❛♠♣

❞❡ +❡♥1✐♦♥✳



✶✳✸ ❆♣♣❧✐❝❛)✐♦♥, ❜✐❤❛/♠♦♥✐1✉❡,✳ ✸✼

✶✳✸ ❆♣♣❧✐❝❛)✐♦♥, ❜✐❤❛/♠♦♥✐1✉❡,✳

❉!✜♥✐%✐♦♥ ✶✳✸✳✶ ▲❛ ❜✐✲%♥❡(❣✐❡ E2 (φ) ❞❡ ❧✬❛♣♣❧✐❝❛/✐♦♥ φ : (Mm, g) −→ (Nn, h) ❡1/ ❧❛
❢♦♥❝/✐♦♥♥❡❧❧❡ ❞%✜♥❡ ♣❛(

E2(φ) =
1

2

∫

D

|τ (φ)|2 dvg,

♦%

1 D ❡1/ ✉♥ ❞♦♠❛✐♥❡ ❝♦♠♣❛❝/ ❞❡ M ✳ ▲✬❛♣♣❧✐❝❛/✐♦♥ φ ❡1/ ❞✐/❡ ❜✐❤❛(♠♦♥✐8✉❡ 1✐ ❡❧❧❡ ❡1/

♣♦✐♥/ ❝(✐/✐8✉❡ ❞❛ ❧❛ ❢♦♥❝/✐♦♥♥❡❧❧❡ ❜✐✲%♥❡(❣✐❡✱ ❝✬❡1/ % ❞✐(❡

d

dt
E2 (φt)

∣

∣

∣

∣

t=0

= 0.

▲❡1 %8✉❛/✐♦♥1 ❞✬❊✉❧❡( ✲▲❛❣(❛♥❣❡ ❛11♦❝✐%❡1 % ❧❛ ❜✐✲%♥❡(❣✐❡ ♥♦✉1 ♣❡(♠❡//❡♥/ ❞✬♦❜/❡♥✐( ❧❛

♣(❡♠✐%☎(❡ ✈❛(✐❛/✐♦♥ ❞❡ ❧❛ ❜✐✲%♥❡(❣✐❡ ❡/ 8✉✐ ❡1/ ❞♦♥♥%❡ ♣❛( ❧✬%8✉❛/✐♦♥ 1✉✐✈❛♥/❡ ✿

d

dt
E2 (φt)

∣

∣

∣

∣

t=0

=

∫

D

h (v, τ2 (φ)) dvg.

❖%

1

τ2 (φ) = −Trg
(

∇φ
)2
τ (φ)− TrgR

N (τ (φ) , dφ) dφ,

❛✈❡❝

Trg
(

∇φ
)2

= Trg

(

∇φ∇φ −∇φ

∇M

)

❡1/ ❧❡ ▲❛♣❧❛❝✐❡♥ 1✉( ❧❡1 1❡❝/✐♦♥ ❞✉ ✜❜(% φ−1TN ❡/ RN
❞%1✐❣♥❡ ❧❡ /❡♥1❡✉( ❞❡ ❝♦✉(❜✉(❡ 1✉(

(Nn, h)✳ ▲✬❛♣♣❧✐❝❛/✐♦♥ φ ❡1/ ❞✐/❡ ❜✐❤❛(♠♦♥✐8✉❡ 1✐ ❡/ 1❡✉❧❡♠❡♥/ 1✐

τ2 (φ) = −Trg
(

∇φ
)2
τ (φ)− TrgR

N (τ (φ) , dφ) dφ = 0.

❘❡♠❛./✉❡ ✶✳✸✳✶ ■❧ ❡1/ ❝❧❛✐( 8✉❡ /♦✉/❡ ❛♣♣❧✐❝❛/✐♦♥ ❤❛(♠♦♥✐8✉❡ ❡1/ ❜✐❤❛(♠♦♥✐8✉❡✳

❈♦♠♠❡ ♣♦✉( ❧❡* ❛♣♣❧✐❝❛.✐♦♥* ❤❛(♠♦♥✐1✉❡*✱ ✐❧ ❡①✐*.❡ ✉♥ .❡♥*❡✉( *②♠5.(✐1✉❡ ❞❡ .②♣❡ (0.2)

❛♣♣❡❧5 ❧❡ .❡♥*❡✉( ✐♠♣✉❧*✐♦♥ ❜✐✲5♥❡(❣✐❡ ❛**♦❝✐5 ❛✉① ❛♣♣❧✐❝❛.✐♦♥* ❜✐❤❛(♠♦♥✐1✉❡* ❡. 1✉✐ ❛ 5.5

✐♥.(♦❞✉✐. ♣❛( ●✳❨✳❏✐❛♥❣✳



✸✽ ●!♥!#❛❧✐'!(

❉!✜♥✐%✐♦♥ ✶✳✸✳✷ ❙♦✐# ❧✬❛♣♣❧✐❝❛#✐♦♥ φ : (Mm, g) −→ (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❞❡ ❝❧❛--❡

C∞
✱ ❧❡ #❡♥-❡✉/ ✐♠♣✉❧-✐♦♥ ❜✐✲3♥❡/❣✐❡ ❞❡ φ ♥♦#3 S2 (φ) ❡-# ❞3✜♥✐ ♣❛/ ✿

S2 (φ) =

(−1

2
|τ(φ)|2 + divh (τ (φ) , dφ)

)

g − 2symh (∇τ (φ) , dφ) . ✭✶✳✺✮

❖3

1

symh (∇τ(φ), dφ) (X, Y ) =
1

2
{h (∇Xτ (φ) , dφ (Y )) + h (∇Y τ (φ) , dφ (X))} .

8♦✉/ #♦✉- X, Y ∈ Γ (TM) .

❉❡ ♠*♠❡✱ ✐❧ ❡①✐/0❡ ✉♥❡ 3❡❧❛0✐♦♥ ❡♥03❡ τ2 (φ) ❡0 ❧❛ ❞✐✈❡3❣❡♥❝❡ ❞❡ ❝❡ 0❡♥/❡✉3✳

❚❤!♦-.♠❡ ✶✳✸✳✶

divS2(φ) = h (τ2(φ), dφ) . ✭✶✳✻✮

❈♦♠♠❡ 3</✉❧0❛0 ❞❡ ❝❡ 0❤<♦3>♠❡✱ ♥♦✉/ ♦❜0❡♥♦♥/

❝♦-♦❧❧❛✐-❡ ✶✳✸✳✶ ❙✐ φ : (Mm, g) −→ (Nn, h) ❡-# ❜✐❤❛/♠♦♥✐:✉❡✱ ❛❧♦/-

divS2 (φ) = 0.

❙✐ φ ❡-# ✉♥❡ -✉❜♠❡/-✐♦♥ ❡# -✐

divS2 (φ) = 0,

❛❧♦/- φ ❡-# ❜✐❤❛/♠♦♥✐:✉❡✳



✶✳✹ ❆♣♣❧✐❝❛)✐♦♥, ❝♦♥❢♦.♠❡,✳ ✸✾

✶✳✹ ❆♣♣❧✐❝❛)✐♦♥, ❝♦♥❢♦.♠❡,✳

❯♥ ❝❛& '()& ✐♠♣♦('❛♥' . )'✉❞✐❡( ❡&' ❝❡❧✉✐ 3✉✐ ❝♦♥❝❡(♥❡ ❧❡& ❛♣♣❧✐❝❛'✐♦♥& ❝♦♥❢♦(♠❡&✳ ❉❛♥&

❝❡''❡ &❡❝'✐♦♥✱ ♥♦✉& ❛❧❧♦♥& (❛♣♣❡❧❡( ❧❡& ♣(♦♣(✐)')& ❞❡& ❛♣♣❧✐❝❛'✐♦♥& ❝♦♥❢♦(♠❡&✱ ❡♥ ♣❛('✐❝✉❧✐❡(

❧❛ ❝❛(❛❝')(✐&❛'✐♦♥ ❞❡ ❧✬❤❛(♠♦♥✐❝✐') ❡' ❧❛ ❜✐❤❛(♠♦♥✐❝✐') ❞❡ ❝❡ '②♣❡ ❞✬❛♣♣❧✐❝❛'✐♦♥& ❡' ♥♦✉&

❝✐'♦♥& 3✉❡❧3✉❡& ❡①❡♠♣❧❡&✳

❉!✜♥✐%✐♦♥ ✶✳✹✳✶ ❙♦✐❡♥% (Mn, g) ❡% (Nn, h) ❞❡✉① ✈❛+✐,%,- +✐❡♠❛♥♥✐❡♥♥❡- ❞❡ ♠/♠❡ ❞✐✲

♠❡♥-✐♦♥ n✱ ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ φ : (Mn, g) −→ (Nn, h) ❡-% ❞✐%❡ ❝♦♥❢♦+♠❡ -✬✐❧ ❡①✐-%❡ ✉♥❡

❢♦♥❝%✐♦♥ λ :M → R
∗
+ ❞❡ ❝❧❛--❡ C∞

%❡❧❧❡ 7✉❡ ♣♦✉+ %♦✉- X, Y ∈ Γ (TM) ✿

h (dφ (X) , dφ (Y )) = λ2g (X, Y ) .

▲❛ ❢♦♥❝%✐♦♥ λ ❡-% ❛♣♣❡❧,❡ ❧❛ ❞✐❧❛%❛%✐♦♥ ❞❡ φ✳

❘❡♠❛./✉❡ ✶✳✹✳✶ ❖♥ ❞,❞❞✉✐% 7✉❡ ❧❛ ❞❡♥-✐%, ❞✬✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❝♦♥❢♦+♠❡ φ : (Mn, g) −→
(Nn, h) ❡-% ,❣❛❧❡ =

e (φ) =
1

2
|dφ|2 = n

2
λ2.

❖♥ ❞,❞✉✐% 7✉❡ ❧❛ ❞✐❧❛%❛%✐♦♥ ❡-% ❞♦♥♥,❡ ♣❛+ ❧❛ ❢♦+♠✉❧❡ -✉✐✈❛♥%❡ ✿

λ2 =
1

n
|dφ|2

✶✳✹✳✶ ❈❤❛♠♣ ❞❡ *❡♥,✐♦♥ ❡* *❡♥,❡✉0 1♥❡0❣✐❡✲✐♠♣✉❧,✐♦♥ ❞✬✉♥❡ ❛♣✲

♣❧✐❝❛*✐♦♥ ❝♦♥❢♦0♠❡

▲❡ ❝❤❛♠♣ ❞❡ '❡♥&✐♦♥ ❡' ❧❡ '❡♥&❡✉( )♥❡(❣✐❡✲✐♠♣✉❧&✐♦♥ ❞✬✉♥❡ ❛♣♣❧✐❝❛'✐♦♥ ❝♦♥❢♦(♠❡ &✬)❝(✐✈❡♥'

❡♥ ❢♦♥❝'✐♦♥ ❞❡ ❧❛ ❞✐❧❛'❛'✐♦♥ λ✳

1.♦♣♦3✐%✐♦♥ ✶✳✹✳✶ ❙♦✐% φ : (Mn, g) −→ (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❝♦♥❢♦+♠❡ ❞❡ ❞✐❧❛%❛%✐♦♥

λ✱ ❛❧♦+-

(i) divS(φ) = (n− 2)λ2d lnλ, ✭✶✳✼✮

♦> S(φ) ❡-% ❧❡ %❡♥-❡✉+ ,♥❡+❣✐❡✲✐♠♣✉❧-✐♦♥ ❞❡ ❧✬❛♣♣❧✐❝❛%✐♦♥ φ✳

(ii) divh(τ(φ), dφ) = (2− n)
(

2λ2 |grad lnλ|2 + λ2∆ lnλ
)

. ✭✶✳✽✮

(iii) τ(φ) = (2− n)dφ(grad lnλ). ✭✶✳✾✮

(iv) |τ(φ)|2 = (2− n)2λ2 |grad lnλ|2 . ✭✶✳✶✵✮

■❧ &✉✐' ✐♠♠)❞✐❛'❡♠❡♥' ❞❡ ❧✬)❣❛❧✐') ✭✶✳✼✮✱ ❧❛ ♣(♦♣(✐)') &✉✐✈❛♥'❡ ✿



✹✵ ●!♥!#❛❧✐'!(

 !♦♣♦$✐&✐♦♥ ✶✳✹✳✷ ❙♦✐# φ : (Mn, g) → (Nn, h) ✉♥❡ '✉❜♠❡*'✐♦♥ ❝♦♥❢♦*♠❡✱ ❛❧♦*' φ ❡'#

❤❛*♠♦♥✐1✉❡ '✐ ❡# '❡✉❧❡♠❡♥# '✐ n = 2✱ ♦✉ '✐ ❧❛ ❞✐❧❛#❛#✐♦♥ λ ❡'# ❝♦♥'#❛♥#❡✳

❘❡♠❛!0✉❡ ✶✳✹✳✷ ❉❡ ❧❛ ♣*♦♣♦'✐#✐♦♥ ♣*6❝6❞❡♥#❡✱ ♦♥ ❞6❞✉✐# 1✉❡ #♦✉#❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦*♠❡

φ : (M2, g) −→ (N2, h) ❡'# ❤❛*♠♦♥✐1✉❡✳ ◆♦#♦♥' ❛✉''✐ 1✉❡ '✐ n ≥ 3✱ ❛❧♦*' #♦✉#❡ ❛♣♣❧✐❝❛#✐♦♥

❝♦♥❢♦*♠❡ φ : (Mn, g) −→ (Nn, h) ❡'# ✉♥ ❞✐✛6♦♠♦*♣❤✐'♠❡ ❧♦❝❛❧ ❡# ❞❛♥' ❝❡ ❝❛' ❧✬❛♣♣❧✐❝❛#✐♦♥

φ ❡'# ❤❛*♠♦♥✐1✉❡ '✐ ❡# '❡✉❧❡♠❡♥# '✐ '❛ ❞✐❧❛#❛#✐♦♥ λ ❡'# ✉♥❡ ❢♦♥❝#✐♦♥ ❝♦♥'#❛♥#❡✳

✶✳✹✳✷ ❈❤❛♠♣ ❞❡ ❜✐✲.❡♥0✐❡♥ ❡. .❡♥0❡✉2 ❜✐✲3♥❡2❣✐❡✲✐♠♣✉❧0✐♦♥ ❞✬✉♥❡

❛♣♣❧✐❝❛.✐♦♥ ❝♦♥❢♦2♠❡✳

"♦✉% ❝❛❧❝✉❧❡% ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲1❡♥3✐♦♥ ❡1 ❧❡ 1❡♥3❡✉% ❜✐✲4♥❡%❣✐❡ ✐♠♣✉❧33✐♦♥ ❞✬✉♥❡ ❛♣♣❧✐✲

❝❛1✐♦♥ ❝♦♥❢♦%♠❡✱ ♥♦✉3 ❛❧❧♦♥3 %❛♣♣❡❧❡% 9✉❡❧9✉❡3 ♣%♦♣%✐4143 ✭✈♦✐%✮ ◆♦✉3 ♠♦♥1%♦♥3 9✉❡ 3❛

1%❛❝❡ ♥❡ ❞4♣❡♥❞ 9✉❡ ❞❡ ❧❛ ❞✐❧❛1❛1✐♦♥ λ✳

 !♦♣♦$✐&✐♦♥ ✶✳✹✳✸ ❙♦✐# φ : (Mn, g) → (Nn, h) ✭n ≥ 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦*♠❡ ❞❡

❞✐❧❛#❛#✐♦♥ λ✳ <♦✉* #♦✉' X, Y ∈ Γ (TM)✱ ♥♦✉' ❛✈♦♥'

∇Y dφ (X) = X (lnλ) dφ (Y ) + Y (lnλ) dφ (X)− g (X, Y ) dφ (grad lnλ) + dφ (∇YX) .
✭✶✳✶✶✮

❊♥ ♣❛*#✐❝✉❧✐❡* ♣♦✉* ❝❤❛1✉❡ ❢♦♥❝#✐♦♥ f ∈ C∞ (M)✱ ♦♥ ♦❜#✐❡♥#

∇Y dφ (gradf) = d lnλ (gradf) dφ (Y ) + Y (lnλ) dφ (gradf)

− Y (f) dφ (grad lnλ) + dφ (∇Y gradf) ,
✭✶✳✶✷✮

❡# '✐ f = lnλ✱ ❧✬61✉❛#✐♦♥ ✭✶✳✶✷✮ ❞❡✈✐❡♥#

∇Y dφ (grad lnλ) = |grad lnλ|2 dφ (Y ) + dφ (∇Y grad lnλ) . ✭✶✳✶✸✮

❘❡♠❛!0✉❡ ✶✳✹✳✸ ❙♦✐# φ : (Mn, g) → (Nn, h) ✭n ≥ 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦*♠❡ ❞❡

❞✐❧❛#❛#✐♦♥ λ✳ <♦✉* #♦✉' X, Y ∈ Γ (TM) ❡# ♣♦✉* #♦✉#❡ ❢♦♥❝#✐♦♥ f ∈ C∞ (M)✱ ♦♥ ❛

h (∇Xdφ (gradf) , dφ (Y )) = λ2d lnλ (gradf) g (X, Y ) + λ2g (∇Xgradf, Y )

+ λ2X (lnλ)Y (f)− λ2X (f)Y (lnλ)
✭✶✳✶✹✮

❡#

h (∇Xdφ (grad lnλ) , dφ (Y )) = h (∇Y dφ (grad lnλ) , dφ (X))

= λ2 |grad lnλ|2 g (X, Y ) + λ2g (∇Xgrad lnλ, Y ) .
✭✶✳✶✺✮



✶✳✹ ❆♣♣❧✐❝❛)✐♦♥, ❝♦♥❢♦.♠❡,✳ ✹✶

●#$❝❡ ❛✉① ♣#♦♣#✐-.-/ ❝✐.-/✱ ❧❡ .❡♥/❡✉# ❜✐✲-♥❡#❣✐❡ ✐♠♣✉❧//✐♦♥ ❞✬✉♥❡ ❛♣♣❧✐❝❛.✐♦♥ ❝♦♥❢♦#♠❡

❡. /❛ .#❛❝❡ /♦♥. ❞♦♥♥-/ ♣❛# ❧❡ .❤-♦#;♠❡ /✉✐✈❛♥. ✿

❚❤"♦$%♠❡ ✶✳✹✳✶ ❙♦✐# φ : (Mn, g) → (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦,♠❡ ❞❡ ❞✐❧❛#❛#✐♦♥ λ✱

❛❧♦,0

S2 (φ) = (2− n)λ2
{(

n− 2

2
|grad lnλ|2 +∆ lnλ

)

g − 2∇d lnλ
}

✭✶✳✶✻✮

❡#

TrgS2 (φ) = − (n− 2)2 λ2
(n

2
|grad lnλ|2 +∆ lnλ

)

. ✭✶✳✶✼✮

❯♥❡ ❝♦♥❞✐.✐♦♥ ♥-❝❡//❛✐#❡ ❡/. /✉✣/❛♥.❡ ♣♦✉# E✉❡ TrgS2 (φ) = 0 ❡/. ❞♦♥♥-❡ ♣❛# ❧❡

❝♦#♦❧❧❛✐#❡ /✉✐✈❛♥. ✿

❝♦$♦❧❧❛✐$❡ ✶✳✹✳✶ ❙♦✐# φ : (Mn, g) → (Nn, h) ✭n 6= 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦,♠❡ ❞❡ ❞✐✲

❧❛#❛#✐♦♥ λ✱ ❛❧♦,0 ❧❛ #,❛❝❡ ❞✉ #❡♥0❡✉, ❜✐✲5♥❡,❣✐❡ ✐♠♣✉❧0✐♦♥ ❡0# ♥✉❧❧❡ 0✐ ❡# 0❡✉❧❡♠❡♥# 0✐ ❧❛

❢♦♥❝#✐♦♥ λ

n

2
❡0# ❤❛,♠♦♥✐8✉❡✳

▲❛ ❜✐❤❛#♠♦♥✐❝✐.- ❞❡/ ❛♣♣❧✐❝❛.✐♦♥/ ❝♦♥❢♦#♠❡/ ❡/. ❝❛#❛❝.-#✐/-❡ /❡✉❧❡♠❡♥. ❡♥ ❢♦♥❝.✐♦♥ ❞❡

❧❛ ❞✐❧❛.❛.✐♦♥✳ ❆✈❛♥. ❞❡ ❝✐.❡# ❝❡ #-/✉❧.❛.✱ ♦♥ ❛ ❧❡ .❤-♦#;♠❡ /✉✐✈❛♥.

❚❤"♦$%♠❡ ✶✳✹✳✷ ❙♦✐# φ : (Mn, g) → (Nn, h) ✭n 6= 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦,♠❡ ❞❡

❞✐❧❛#❛#✐♦♥ λ✱ ❛❧♦,0

Trg
(

∇φ
)2
dφ (grad lnλ) = dφ (grad∆ lnλ) + 2dφ

(

grad
(

|grad lnλ|2
))

− (∆ lnλ) dφ (grad lnλ)

− (n− 2) |grad lnλ|2 dφ (grad lnλ) + dφ (Ricci (grad lnλ))

❡#

TrgR
N (dφ (grad lnλ) , dφ (·)) dφ (·) = −n− 2

2
dφ

(

grad
(

|grad lnλ|2
))

− (∆ lnλ) dφ (grad lnλ)

+ dφ (Ricci (grad lnλ)) .

▲❡ ❝❤❛♠♣ ❞❡ ❜✐✲.❡♥/✐♦♥ ❞✬✉♥❡ ❛♣♣❧✐❝❛.✐♦♥ ❝♦♥❢♦#♠❡ ❡/. ❞♦♥♥- ♣❛# ❧❡ .❤-♦#;♠❡ /✉✐✈❛♥.✳



✹✷ ●!♥!#❛❧✐'!(

❚❤"♦$%♠❡ ✶✳✹✳✸ ❙♦✐# φ : (Mn, g) → (Nn, h) ✭n 6= 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦.♠❡ ❞❡

❞✐❧❛#❛#✐♦♥ λ✱ ❛❧♦.2 ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲#❡♥2✐♦♥ ❞❡ φ ❡2# ❞♦♥♥6❡ ♣❛. ❧❛ ❢♦.♠✉❧❡ 2✉✐✈❛♥#❡

τ2 (φ) = (n− 2) dφ (H) ,

♦6

1

H = grad∆ lnλ− n− 6

2
grad

(

|grad lnλ|2
)

− 2 (∆ lnλ) grad lnλ

− (n− 2) |grad lnλ|2 grad lnλ+ 2RicciM (grad lnλ) .

■❧ 2✉✐# 9✉❡ ❧❛ ❜✐❤❛.♠♦♥✐❝✐#6 ❞❡ φ ❡2# #.❛❞✉✐#❡ ♣❛. ❧✬69✉❛#✐♦♥ 2✉✐✈❛♥#❡

grad∆ lnλ− n− 6

2
grad

(

|grad lnλ|2
)

− 2 (∆ lnλ) grad lnλ

− (n− 2) |grad lnλ|2 grad lnλ+ 2RicciM (grad lnλ) = 0.

❯♥ ❝❛& ♣❛()✐❝✉❧✐❡( . /)✉❞✐❡( ❡&) ❧♦(&2✉❡ ❧❛ ✈❛(✐/)/ ❞❡ ❞/♣❛() ❡&) ❧✬❡&♣❛❝❡ ❡✉❝❧✐❞✐❡♥✳

❝♦$♦❧❧❛✐$❡ ✶✳✹✳✷ ❙♦✐# φ : (Rn, gRn) → (Nn, h) ✭n > 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦.♠❡ ❞❡ ❞✐❧❛✲

#❛#✐♦♥ λ #❡❧❧❡ 9✉❡ lnλ ❡2# .❛❞✐❛❧❡ lnλ(x) = α(r) ♦; r = |x| ❡# α ∈ C∞([0,+∞[,R)✱ ❛❧♦.2
φ ❡2# ❜✐❤❛.♠♦♥✐9✉❡ 2✐ ❡# 2❡✉❧❡♠❡♥# 2✐ β = α′

2❛#✐2❢❛✐# ❧✬69✉❛#✐♦♥ ❞✐✛6.❡♥#✐❡❧❧❡ ♦.❞✐♥❛✐.❡

2✉✐✈❛♥#❡

β′′ − (n− 4)ββ′ +
n− 1

r
β′ − n− 1

r2
β − 2(n− 1)

r
β2 − (n− 2)β3 = 0. ✭✶✳✶✽✮

●(;❝❡ ❛✉ ❈♦(♦❧❧❛✐(❡ ✶✳✹✳✷✱ ♥♦✉& ❛❧❧♦♥& ❝✐)❡( ❞❡✉① ❡①❡♠♣❧❡& ❞✬❛♣♣❧✐❝❛)✐♦♥& ❜✐❤❛(♠♦✲

♥✐2✉❡& ♥♦♥✲❤❛(♠♦♥✐2✉❡&✳

❊①❡♠♣❧❡ ✶✳✹✳✶ ❈♦♥2✐❞6.♦♥2 ❧✬✐♥✈❡.2✐♦♥ φ : (Rn\{0}, gRn) → (Rn\{0}, gRn) ❞6✜♥✐❡ ♣❛.

φ(x) =
x

|x|2
.

▲✬✐♥✈❡.2✐♦♥ φ ❡2# ❝♦♥❢♦.♠❡ ❞❡ ❞✐❧❛#❛#✐♦♥ λ 6❣❛❧❡ A

λ(x) =
1

|x|2
=

1

r2
,

♣♦✉. #♦✉# x ∈ R
n\{0}✳ ❉❛♥2 ❝❡ ❝❛2✱ ♥♦✉2 ❛✈♦♥2

β(r) =
−2

r
.

❯♥ ❝❛❧❝✉❧ ❞✐.❡❝# ♠♦♥#.❡ 9✉❡ ✭✶✳✶✽✮ ❡2# 69✉✐✈❛❧❡♥#❡ A

β′′ − (n− 4)ββ′ +
n− 1

r
β′ − n− 1

r2
β − 2(n− 1)

r
β2 − (n− 2)β3 =

8n− 32

r3
= 0.

❉♦♥❝ ❧✬✐♥✈❡.2✐♦♥ ❡2# ❜✐❤❛.♠♦♥✐9✉❡ ♥♦♥✲❤❛.♠♦♥✐9✉❡ 2✐ ❡# 2❡✉❧❡♠❡♥# 2✐ n = 4✳



✶✳✹ ❆♣♣❧✐❝❛)✐♦♥, ❝♦♥❢♦.♠❡,✳ ✹✸

❊①❡♠♣❧❡ ✶✳✹✳✷ ❙♦✐# φ ❧❛ &'❝✐♣&♦*✉❡ ❞❡ ❧❛ ♣&♦❥❡❝#✐♦♥ 0#'&'♦❣&❛♣❤✐*✉❡ ❞❡ R
n → Sn

❞'✜♥✐❡

♣❛&

φ(x) =
1

|x|2 + 1

(

|x|2 − 1, 2x
)

.

▲✬❛♣♣❧✐❝❛#✐♦♥ φ ❡0# ❝♦♥❢♦&♠❡ ❞❡ ❞✐❧❛#❛#✐♦♥ λ '❣❛❧❡ 8

λ(x) =
2

|x|2 + 1
=

2

r2 + 1
,

♣♦✉& #♦✉# x ∈ R
n
✳ ■❧ ❡0# ❜✐❡♥ ❝♦♥♥✉ *✉❡ 0✐ n = 2✱ ❝❡##❡ ❛♣♣❧✐❝❛#✐♦♥ ❡0# ❤❛&♠♦♥✐*✉❡ ❞♦♥❝

❜✐❤❛&♠♦♥✐*✉❡✳ ◆♦✉0 ❛✈♦♥0

β(r) = − 2r

r2 + 1
.

❯♥ ❝❛❧❝✉❧ ❞✐&❡❝# ♠♦♥#&❡ *✉❡ ✭✶✳✶✽✮ ❡0# '*✉✐✈❛❧❡♥#❡ 8

β′′ − (n− 4)ββ′ +
n− 1

r
β′ − n− 1

r2
β − 2(n− 1)

r
β2 − (n− 2)β3 =

8(n− 4)r(r2 − 1)

(r2 + 1)3
= 0.

❉♦♥❝ ❧❛ &'❝✐♣&♦*✉❡ ❞❡ ❧❛ ♣&♦❥❡❝#✐♦♥ 0#'&'♦❣&❛♣❤✐*✉❡ ❡0# ❜✐❤❛&♠♦♥✐*✉❡ ♥♦♥✲❤❛&♠♦♥✐*✉❡ 0✐

❡# 0❡✉❧❡♠❡♥# 0✐ n = 4✳

❇✐❜❧✐♦❣&❛♣❤✐❡

✶✳ $✳ ❇❛✐(❞✱ ❍❛&♠♦♥✐❝ ♠❛♣0 ✇✐#❤ 0②♠♠❡#&②✱ ❤❛&♠♦♥✐❝ ♠♦&♣❤✐0♠0 ❛♥❞ ❞❡❢♦&♠❛#✐♦♥

♦❢ ♠❡#&✐❝0✱ I✐#♠❛♥ ❇♦♦❦0 ▲✐♠✐#❡❞✱ ✭✶✾✽✸✮✱ ✷✼✲✸✾✳

✷✳ I✳ ❇❛✐&❞ ❡# ❏✳ ❊❡❧❧0✱ ❆ ❝♦♥0❡&✈❛#✐♦♥ ❧❛✇ ❢♦& ❤❛&♠♦♥✐❝ ♠❛♣0✱ ▲❡❝#✉&❡ ◆♦#❡0 ✐♥ ▼❛#❤✳

✽✾✹✱ ❙♣&✐♥❣❡& ✭✶✾✽✶✮✱ ✶✲✷✺✳

✸✳ I✳ ❇❛✐&❞ ❡# ❏✳ ❊❡❧❧0✱ ❍❛&♠♦♥✐❝ ♠♦&♣❤✐0♠0 ❜❡#✇❡❡♥ ❘✐❡♠❛♥♥❛✐♥ ♠❛♥✐❢♦❧❞0✱ ❖①❢♦&❞

❙❝✐❡♥❝❡0 I✉❜❧✐❝❛#✐♦♥0 ✭✷✵✵✸✮✳

✹✳ I✳ ❇❛✐&❞ ❡# ❉✳ ❑❛♠✐00♦❦♦✱ ❖♥ ❝♦♥0#&✉❝#✐♥❣ ❜✐❤❛&♠♦♥✐❝ ♠❛♣0 ❛♥❞ ♠❡#&✐❝0✱ ❆♥♥❛❧0

♦❢ ●❧♦❜❛❧ ❆♥❛❧②0✐0 ❛♥❞ ●❡♦♠❡#&② ✷✸✱ ✭✷✵✵✸✮✱ ✻✺✲✼✺✳

✺✳ ❆✳ ❇❛❧♠✉0✱ ❇✐❤❛&♠♦♥✐❝ ♣&♦♣❡&#✐❡0 ❛♥❞ ❝♦♥❢♦&♠❛❧ ❝❤❛♥❣❡0✱ ❆♥✳ ❙#✐✐♥#✳ ❯♥✐✈✳ ❆❧✳■✳

❈✉③❛ ■❛0✐ ▼❛#✳ ✭◆✳❙✳✮ ✺✵ ✭✷✵✵✹✮✱ ✸✻✼✲✸✼✷

✻✳ ❘✳ ❈❛❞❞❡♦✱ ❙✳ ▼♦♥#❛❧❞♦ ❡# ❈✳ ❖♥✐❝✐✉❝✱ ❇✐❤❛&♠♦♥✐❝ 0✉❜♠❛♥✐❢♦❧❞0 ♦❢ S3
✱ ■♥#❡&♥❛#✳

❏✳ ▼❛#❤✳ ◆♦✳✶✱ ✭✷✵✵✶✮✱ ✻✺✲✼✺✳

✼✳ ❘✳ ❈❛❞❞❡♦✱ ❙✳ ▼♦♥#❛❧❞♦ ❡# I✳ I✐✉✱ ❇✐❤❛&♠♦♥✐❝ ❝✉&✈❡0 ♦♥ ❛ 0✉&❢❛❝❡✱ ❘❡♥❞✳ ▼❛#✳

❆♣♣❧✳✱ ❙❡&✐❡ ❱■■✱ ✷✶✱ ❘♦♠❛ ✭✷✵✵✶✮✱ ✶✹✸✲✶✺✼✳

✽✳ ❏✳ ❊❡❧❧0 ❡# ▲✳ ▲❡♠❛✐&❡✱ ❆ &❡♣♦&# ♦♥ ❤❛&♠♦♥✐❝ ♠❛♣0✱ ❇✉❧❧✳ ▲♦♥❞♦♥ ▼❛#❤✳ ❙♦❝✳ ✶✻

✭✶✾✼✽✮✱ ✶✲✻✽✳
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✾✳ ❏✳ ❊❡❧❧% ❡& ▲✳ ▲❡♠❛✐+❡✱ ❆♥♦&❤❡+ +❡♣♦+& ♦♥ ❤❛+♠♦♥✐❝ ♠❛♣%✱ ❇✉❧❧✳ ▲♦♥❞♦♥ ▼❛&❤✳ ❙♦❝✳

✷✵ ✭✶✾✽✽✮✱ ✸✽✺✲✺✷✹✳

✶✵✳ ❏✳ ❊❡❧❧% ❡& ❆✳ ❘❛&&♦✱ ❍❛+♠♦♥✐❝ ▼❛♣% ❛♥❞ ▼✐♥✐♠❛❧ ■♠♠❡+%✐♦♥% ✇✐&❤ ❙②♠♠❡&+✐❡%✱

H+✐♥❝❡&♦♥ ❯♥✐✈❡+%✐&② H+❡%% ✶✾✾✸✳

✶✶✳ ❏✳ ❊❡❧❧% ❡& ❏✳❍✳ ❙❛♠♣%♦♥✱ ❍❛+♠♦♥✐❝ ♠❛♣♣♣✐♥❣ ♦❢ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞%✱ ❆♠❡+✳

❏✳▼❛&❤ ✽✻ ✭✶✾✻✹✮✱ ✶✵✾✲✶✻✵

✶✷✳ ❏✳ ❊❡❧❧% ❡& ❏✳ ❲♦♦❞✱ ❘❡%&+✐❝&✐♦♥% ♦♥ ❤❛+♠♦♥✐❝ ♠❛♣% ♦❢ %✉+❢❛❝❡%✱ ❚♦♣♦❧♦❣②✱ ✶✺

✭✶✾✼✻✮✱ ✷✻✸✲✷✻✻✳

✶✸✳ ●✳ ❨✳ ❏✐❛♥❣✱ ✷✲❤❛+♠♦♥✐❝ ♠❛♣% ❛♥❞ &❤❡✐+ ✜+%& ❛♥❞ %❡❝♦♥❞ ✈❛+✐❛&✐♦♥❛❧ ❢♦+♠✉❧❛%✱

❈❤✐♥❡%❡ ❆♥♥✳ ▼❛&❤✳ ❙❡+✳ ❆ ✼✭✶✾✽✻✮✱ ✸✽✾✲✹✵✷✳

✶✹✳ ❈✳ ❖♥✐❝✐✉❝✱ ◆❡✇ ❡①❛♠♣❧❡% ♦❢ ❜✐❤❛+♠♦♥✐❝ ♠❛♣% ✐♥ %♣❤❡+❡%✱ ❈♦❧❧♦Y✳ ▼❛&❤✳✱ ✾✼ ✭✷✵✵✸✮✱

✶✸✶✲✶✸✾✳

✶✺✳ ❙✳ ❖✉❛❦❦❛% ❛♥❞ ❉✳ ❉❥❡❜❜♦✉+✐ ✿ ❈♦♥❢♦+♠❛❧ ▼❛♣%✱ ❇✐❤❛+♠♦♥✐❝ ▼❛♣%✱ ❛♥❞ &❤❡ ❲❛+✲

♣❡❞ H+♦❞✉❝&✳ ▼❛&❤❡♠❛&✐❝%✱ ✹✱ ✶✺ ✭✷✵✶✻✮ ❀ ❞♦✐ ✿ ✶✵✳✸✸✾✵✴♠❛&❤ ✹✵✶✵✵✶✺✳

✶✻✳ ❨✳✲▲✳ ❖✉✱ ♣✲❤❛+♠♦♥✐❝ ♠♦+♣❤✐%♠%✱ ❜✐❤❛+♠♦♥✐❝ ♠♦+♣❤✐%♠%✱ ❛♥❞ ♥♦♥✲❤❛+♠♦♥✐❝ ❜✐✲

❤❛+♠♦♥✐❝ ♠❛♣%✱ ❏✳ ●❡♦♠✳ H❤②%✳ ❱♦❧✉♠❡ ✺✻✱ ✸ ✭✷✵✵✻✮✱✸✺✽✲✸✼✹✳



✷

❈❤❛♣✐&'❡

◗✉❡❧,✉❡- '.-✉❧&❛&- -✉'

❧❡- ❛♣♣❧✐❝❛&✐♦♥- ❜✐✲f✲
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❙♦♠♠❛✐'❡
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✷✳✸✳✶ ❈❛- ♦= ❧❛ ❢♦♥❝&✐♦♥ f = λ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
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❧❛2✐✈❡♠❡♥2 ❛✉① ♣4♦❞✉✐2 ❞♦✉❜❧❡ 2♦4❞✉✱ ✐❧ ❞♦♥♥❡ ❞❡) ❝♦♥❞✐2✐♦♥) ❞❡ f ✲❤❛4♠♦♥✐❝✐25 ❞❡ ❧❛

♣4♦❥❡❝2✐♦♥ ❡2 >✉❡❧>✉❡) ❝❤❛4❛❝2❡4✐)❛2✐♦♥) ❞✬❛♣♣❧✐❝❛2✐♦♥) f ✲❤❛4♠♦♥✐>✉❡) ✳ ▲❡) ❛✉2❡✉4) ❞❛♥)

❬✶✺❪ ❞♦♥♥❡♥2 ✉♥ ♠52❤♦❞❡ ❞❡ ❝♦♥)24✉❝2✐♦♥ ❞✬❛♣♣❧✐❝❛2✐♦♥) ❜✐❤❛4♠♦♥✐>✉❡) ❡2 ❞✬❛♣♣❧✐❝❛2✐♦♥)

f ✲❜✐❤❛4♠♦♥✐>✉❡) ❡2 ✐❧) ❝♦♥)24✉✐)❡♥2 >✉❡❧>✉❡) ❡①❡♠♣❧❡) ❞❛♥) ❧❛ )♣❤E4❡ )2❛♥❞❛4❞ S2
❡2 ❡♥24❡

❞❡✉① )♣❤E4❡)✳ ❉❛♥) ❬✶✹❪✱ ❧❡) ❛✉2❡✉4) ♦❜2✐❡♥♥❡♥2 ❧❛ ❢♦4♠✉❧❡ ❞❡ ❧❛ ♣4❡♠✐E4❡ ✈❛4✐❛2✐♦♥ ❞❡ ❧❛

❢♦♥❝2✐♦♥♥❡❧❧❡ ❜✐✲f ✲5♥❡4❣✐❡✱ ✐❧) ✐♥24♦❞✉✐)❡♥2 ❧❛ ♥♦2✐♦♥ ❞❡) ❛♣♣❧✐❝❛2✐♦♥) ❜✐✲f ✲❤❛4♠♦♥✐>✉❡)✱

>✉✐ ❡)2 ✉♥❡ ❣5♥54❛❧✐)❛2✐♦♥ ♥❛2✉4❡❧❧❡ ❞❡ ❧❛ ♥♦2✐♦♥ ❞❡ ❜✐❤❛4♠♦♥✐❝✐25✱ ❡2 ✐❧) ❞♦♥♥❡♥2 >✉❡❧>✉❡)

♣4♦♣4✐525) ❞❡ ❝❡ 2②♣❡ ❞✬❛♣♣❧✐❝❛2✐♦♥)✳ ❉❛♥) ❬✶✷❪✱ ❧❡) ❛✉2❡✉4) ♦♥2 52✉❞✐5 ❧❡) ❝❧❛))❡) ❞✬❛♣✲

♣❧✐❝❛2✐♦♥) ❜✐✲f ✲❤❛4♠♦♥✐>✉❡) ❡2 ❞✬❛♣♣❧✐❝❛2✐♦♥) f ✲❜✐❤❛4♠♦♥✐>✉❡)✳ ❉❛♥) ❝❡ ❝❤❛♣✐24❡✱ ♥♦✉)

♣45)❡♥2♦♥) ❛✉24❡) ❝♦♥)24✉❝2✐♦♥) ❞✬❛♣♣❧✐❝❛2✐♦♥) ❜✐✲f ✲❤❛4♠♦♥✐>✉❡)✳ ❉❛♥) ✉♥ ♣4❡♠✐❡4 45)✉❧✲

2❛2✱ ♥♦✉) ❞♦♥♥♦♥) ❧❛ 4❡❧❛2✐♦♥ ❡♥24❡ ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲f ✲2❡♥)✐♦♥ ❡2 ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲2❡♥)✐♦♥

❡2 ❧❛ 4❡❧❛2✐♦♥ ❡♥24❡ ❧❡ ❧❡ 2❡♥)❡✉4 ❜✐✲f ✲5♥❡4❣✐❡ ❡2 ❧❡ 2❡♥)❡✉4 ❜✐✲5♥❡4❣✐❡ ❡2 ❞❛♥) ❝❡ ❝❛)✱ ♥♦✉)

❝♦♥)24✉✐)♦♥) >✉❡❧>✉❡) ❡①❡♠♣❧❡) ❞✬❛♣♣❧✐❝❛2✐♦♥) ❜✐✲f ✲❤❛4♠♦♥✐>✉❡) ❡2 ♥♦✉) 52✉❞✐♦♥) ❧❡ ❝❛) ❞❡

❧✬❛♣♣❧✐❝❛2✐♦♥ ✐❞❡♥2✐25✳ ❈♦♠♠❡ ❞❡✉①✐E♠❡ 45)✉❧2❛2✱ ♥♦✉) ❝❛4❛❝254✐)♦♥) ❧❛ ❜✐✲f ✲❜✐❤❛4♠♦♥✐❝✐25

❞✬✉♥❡ ❛♣♣❧✐❝❛2✐♦♥ ❝♦♥❢♦4♠❡ φ : (Mn, g) −→ (Nn, h) ❞❡ ❞✐❧❛2❛2✐♦♥ λ✳ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛4

❧❡ ❝❛) ♦L ❧❛ ❢♦♥❝2✐♦♥ f ❡)2 5❣❛❧❡ M ❧❛ ❞✐❧❛2❛2✐♦♥ λ ❡2 ♥♦✉) ❞♦♥♥♦♥) >✉❡❧>✉❡) ❡①❡♠♣❧❡)

✹✺



✹✻ ◗✉❡❧$✉❡% &'%✉❧(❛(% %✉& ❧❡% ❛♣♣❧✐❝❛(✐♦♥% ❜✐✲f ✲❤❛&♠♦♥✐$✉❡%

❞✬❛♣♣❧✐❝❛)✐♦♥, ❜✐✲λ✲❤❛0♠♦♥✐2✉❡,✳ ❖♥ )❡0♠✐♥❡ ❝❡ ❝❤❛♣✐)0❡ ♣❛0 ❧✬7)✉❞❡ ❞✉ ❝❛, ❣7♥70❛❧✱ ❝✬❡,)

: ❞✐0❡ ❧❡ ❝❛, ♦; f ❡,) ❢♦♥❝)✐♦♥ ♣♦,✐)✐✈❡ 2✉❡❧❝♦♥2✉❡✳ ❈❡ ❝❤❛♣✐)0❡ ❛ ❢❛✐) ❧✬♦❜❥❡) ❞✬✉♥ ❛0)✐❝❧❡

♣✉❜❧✐7 ❞❛♥, ✉♥❡ 0❡✈✉❡ ❞❡ ❝❧❛,,❡ ❇✱ ✐♥❞❡①7❡ ❞❛♥, ❧❛ ❜❛,❡ ❙❝♦♣✉,✳

❘❡✈✉❡ ✿ ■)❛❧✐❛♥ ❏♦✉0♥❛❧ ♦❢ G✉0❡ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛)❤❡♠❛)✐❝,✳

❚✐)0❡ ✿ ❙♦♠❡ 0❡,✉❧), ❛♥❞ ❡①❛♠♣❧❡, ♦❢ )❤❡ ❜✐✲f ✲❤❛0♠♦♥✐❝ ♠❛♣,✳ ◆✳ ✹✺M✏✷✵✷✶✱ ♣♣ ✶✻✸✲✶✽✶✳

❆✉)❡✉0, ✿ ❙♠❛✐❧ ❈❤❡♠✐❦❤✱ ❉❥✐❧❛❧✐ ❇❡❤❧♦✉❧ ❡) ❙❡❞❞✐❦ ❖✉❛❦❦❛,✳

✷✳✶ ●$♥$&❛❧✐*$+

✷✳✶✳✶ ❆♣♣❧✐❝❛)✐♦♥, f✲❤❛/♠♦♥✐1✉❡,

❉!✜♥✐%✐♦♥ ✷✳✶✳✶ ❙♦✐# f ∈ C∞ (M) ✉♥❡ ❢♦♥❝#✐♦♥ ♣♦*✐#✐✈❡✱ ❧✬❛♣♣❧✐❝❛#✐♦♥

φ : (Mm, g) −→ (Nn, h) ❡*# ❞✐#❡ f ✲❤❛3♠♦♥✐5✉❡ *✐ ❡❧❧❡ ❡*# ♣♦✐♥# ❝3✐#✐5✉❡ ❞❡ ❧❛ ❢♦♥❝#✐♦♥♥❡❧❧❡
f ✲6♥❡3❣✐❡ ✿

Ef (φ) =
1

2

∫

M

f |dφ|2dvg.

❈❡❧❛ ❡*# 65✉✐✈❛❧❡♥# 6 ❞✐3❡ 5✉❡ φ *❛#✐*❢❛✐# ❧❡* 65✉❛#✐♦♥* ❞✬❊✉❧❡3✲▲❛❣3❛♥❣❡ ❛**♦❝✐6❡* 6 ❧❛

❢♦♥❝#✐♦♥♥❡❧❧❡ f ✲6♥❡3❣✐❡ ✿

τf (φ) = fτ (φ) + dφ (gradf) = f (τ (φ) + dφ (grad ln f)) = 0,

τf (φ) ❡*# ❛♣♣❡❧6 ❧❡ ❝❤❛♠♣ ❞❡ f ✲#❡♥*✐♦♥ ❞❡ ❧✬❛♣♣❧✐❝❛#✐♦♥ φ✳

❉!✜♥✐%✐♦♥ ✷✳✶✳✷ =♦✉3 ❧❡* ❛♣♣❧✐❝❛#✐♦♥* f ✲❤❛3♠♦♥✐5✉❡*✱ ❧❡ #❡♥*❡✉3 ✐♠♣✉❧*✐♦♥ f ✲6♥❡3❣✐❡

Sf (φ) ❞❡ φ ❛**♦❝✐66 ❢♦♥❝#✐♦♥♥❡❧❧❡ f ✲6♥❡3❣✐❡ Ef (φ) ❡*# ❞6✜♥✐ ♣❛3 ✭✈♦✐3 ❬✶❪✮

Sf (φ) = f (e (φ) g − φ∗h)

❡# ❧❛ 3❡❧❛#✐♦♥ ❡♥#3❡ Sf (φ) ❡# τf (φ) ❡*# ❞♦♥♥6❡ ♣❛3 ✭✈♦✐3 ❬✸❪✮

divSf (φ) = −h (τf (φ) , dφ) .

✷✳✶✳✷ ❆♣♣❧✐❝❛)✐♦♥, ❜✐✲f✲❤❛/♠♦♥✐1✉❡,

❯♥❡ ♣0❡♠✐W0❡ ❣7♥70❛❧✐,❛)✐♦♥ ❞❡, ❛♣♣❧✐❝❛)✐♦♥, f ✲❤❛0♠♦♥✐2✉❡, ❡,) ❞7✜♥✐❡ ❝♦♠♠❡ ,✉✐) ✿

❧✬❛♣♣❧✐❝❛)✐♦♥ φ : (Mm, g) −→ (Nn, h) ❡,) ❞✐)❡ ❜✐✲f ✲❤❛0♠♦♥✐2✉❡ ,✐ ❡❧❧❡ ❡,) ♣♦✐♥) ❝0✐)✐2✉❡ ❞❡

❧❛ ❢♦♥❝)✐♦♥♥❡❧❧❡ ❜✐✲f ✲7♥❡0❣✐❡

Ef,2 (φ) =
1

2

∫

M

|τf (φ)|2dvg.
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▲❡$ %&✉❛)✐♦♥$ ❞✬❊✉❧❡1✲▲❛❣1❛♥❣❡ ❛$$♦❝✐%❡$ 5 ❧❛ ❢♦♥❝)✐♦♥♥❡❧❧❡ ❜✐✲f ✲%♥❡1❣✐❡ ♥♦✉$ ❞♦♥♥❡♥)

❧✬%&✉❛)✐♦♥ ❞❡ ❧❛ ❜✐✲f ✲❤❛1♠♦♥✐❝✐)% ❞❡ ❧✬❛♣♣❧✐❝❛)✐♦♥ φ ✭✈♦✐1 ❬✶✸❪✮ ✿

τf,2 (φ) = −Trg∇φf∇φτf (φ)− fTrgR
N (τf (φ) , dφ) dφ = 0, ✭✷✳✶✮

τf,2 (φ) ❡$) ❛♣♣❡❧% ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲f ✲)❡♥$✐♦♥ ❞❡ φ✳ ◆♦)♦♥$ &✉❡

Trg∇φf∇φτf (φ) = f
(

Trg
(

∇φ
)2
τf (φ) +∇grad ln fτf (φ)

)

,

❛❧♦1$

τf,2 (φ) = f
(

−Trg
(

∇φ
)2
τf (φ)− TrgR

N (τf (φ) , dφ) dφ−∇gard ln fτf (φ)
)

, ✭✷✳✷✮

❡) φ ❡$) ❜✐✲f ✲❤❛1♠♦♥✐&✉❡ $✐ ❡) $❡✉❧❡♠❡♥) $✐ ✭✈♦✐1 ❬✶✷❪✱❬✶✹❪✮

Trg
(

∇φ
)2
τf (φ) + TrgR

N (τf (φ) , dφ) dφ+∇grad ln fτf (φ) = 0.

❊♥ $✉✐✈❛♥) ❧❡ ♥♦)✐♦♥ ❞❡ ❏✐❛♥❣✱ ❧❡ )❡♥$❡✉1 ✐♠♣✉❧$✐♦♥ ❜✐✲f ✲%♥❡1❣✐❡ Sf,2 (φ) ❞❡ φ ❡$) ❞%✜♥✐

♣❛1 ✭✈♦✐1 ❬✸❪✮

Sf,2 (φ) =

(

1

2
|τf (φ)|2 + fTrgh (∇τf (φ) , dφ)

)

g − 2fsymh (∇τf (φ) , dφ) ,

♦I

Trgh (∇fτ (φ) , dφ) = h
(

∇φ
ei
fτ (φ) , dφ (ei)

)

✭◆♦✉$ $♦♠♠♦♥$ $✉1 ❧❡$ ✐♥❞✐❝❡$ 1%♣%)%$✮✳ ❧❡ )❡♥$❡✉1 ✐♠♣✉❧$✐♦♥ ❜✐✲f ✲%♥❡1❣✐❡ Sf,2 (φ) $❛)✐$❢❛✐)

❧❛ 1❡❧❛)✐♦♥ $✉✐✈❛♥)❡ ✿

divSf,2 (φ) = h (τf,2 (φ) , dφ) + (Trgh (∇τf (φ) , dφ)) df.

✷✳✷ ◗✉❡❧&✉❡' ()'✉❧*❛*'✳

❈♦♠♠❡ ♣1❡♠✐❡1 1%$✉❧)❛) ❞❛♥$ ❝❡))❡ $❡❝)✐♦♥✱ $✐ ♦♥ ❝♦♥$✐❞K1❡ ✉♥❡ ❛♣♣❧✐❝❛)✐♦♥ φ : (Mm, g) −→
(Nn, h) ❞❡ ❝❧❛$$❡ C∞

❡♥)1❡ ❞❡✉① ✈❛1✐%)%$ 1✐❡♠❛♥♥✐❡♥♥❡$ ❡) ✉♥❡ ❢♦♥❝)✐♦♥ ♣♦$✐)✐✈❡ f ∈
C∞ (M)✱ ❧❛ 1❡❧❛)✐♦♥ ❡♥)1❡ ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲f ✲)❡♥$✐♦♥ ❡) ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲)❡♥$✐♦♥ ✜❡❧❞ ❞❡ φ

❡$) ❞♦♥♥%❡ ♣❛1 ❧❡ 1%$✉❧)❛) $✉✐✈❛♥)✳

 !♦♣♦$✐&✐♦♥ ✷✳✷✳✶ ❙♦✐# φ : (Mm, g) −→ (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❞❡ ❝❧❛,,❡ C∞
❡# ,♦✐#

f ∈ C∞ (M) ✉♥❡ ❢♦♥❝#✐♦♥ ♣♦,✐#✐✈❡✳ ❆❧♦1,

τf,2 (φ) = f 2τ2 (φ)− 3f 2∇φ
grad ln fτ (φ)− f 2

(

∆ ln f + 2 |grad ln f |2
)

τ (φ)

− f 2
(

Trg
(

∇φ
)2
dφ (grad ln f) + TrgR

N (dφ (grad ln f) , dφ) dφ
)

− 3f 2∇φ
grad ln fdφ (grad ln f)− f 2

(

∆ ln f + 2 |grad ln f |2
)

dφ (grad ln f) .

✭✷✳✸✮
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 !❡✉✈❡ ❞❡ ❧❛ ♣!♦♣♦*✐,✐♦♥ ✸✳✸✳✶✳ "❛$ ✉♥ '✐♠♣❧❡ ❝❛❧❝✉❧✱ ♥♦✉' ♠♦♥0$♦♥' 1✉❡ ♣♦✉$ 0♦✉0

V ∈ Γ (φ−1TN) ❧✬31✉❛0✐♦♥ '✉✐✈❛♥0❡ ✿

Trg
(

∇φ
)2
fV = f

(

Trg
(

∇φ
)2
V + 2∇φ

grad ln fV +
(

∆ ln f + |grad ln f |2
)

V
)

. ✭✷✳✹✮

"❛$ ❞3✜♥✐0✐♦♥✱ ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲f ✲0❡♥'✐♦♥ ❞❡ φ ❡'0 ❞♦♥♥3❡ ♣❛$

τf,2 (φ) = −fTrg
(

∇φ
)2
τf (φ)− fTrgR

N (τf (φ) , dφ) dφ− f∇φ
grad ln fτf (φ) , ✭✷✳✺✮

♦@

τf (φ) = f (τ (φ) + dφ (grad ln f)) .

❈❤♦✐'✐''♦♥' (ei)1≤i≤m ✉♥❡ ❜❛'❡ ♦$0❤♦♥♦$♠❛❧❡ '✉$M ✱ ♦♥ ❝♦♠♠❡♥❝❡ ♣❛$ ❧❡ ❝❛❧❝✉❧ ❞✉ ♣$❡♠✐❡$

0❡$♠❡ Trg
(

∇φ
)2
τf (φ) ❞❡ ❧✬31✉❛0✐♦♥ (2.5)✱ ♦♥ ❛

Trg
(

∇φ
)2
τf (φ) = Trg

(

∇φ
)2
fτ (φ) + Trg

(

∇φ
)2
fdφ (grad ln f) .

❊♥ ✉0✐❧✐'❛♥0 (3.19)✱ ♥♦✉' ♦❜0❡♥♦♥'

Trg
(

∇φ
)2
fτ (φ) = f

(

Trg
(

∇φ
)2
τ (φ) + 2∇φ

grad ln fτ (φ)
)

+ f
(

∆ ln f + |grad ln f |2
)

τ (φ)

❡0

Trg
(

∇φ
)2
fdφ (grad ln f) = f

(

Trg
(

∇φ
)2
dφ (grad ln f) + 2∇φ

grad ln fdφ (grad ln f)
)

+ f
(

∆ ln f + |grad ln f |2
)

dφ (grad ln f) .

✐❧ '✉✐0 1✉❡

Trg
(

∇φ
)2
τf (φ) = fTrg

(

∇φ
)2
τ (φ) + fTrg

(

∇φ
)2
dφ (grad ln f)

+ 2f∇φ
grad ln fτ (φ) + 2f∇φ

grad ln fdφ (grad ln f)

+ f
(

∆ ln f + |grad ln f |2
)

(τ (φ) + dφ (grad ln f)) .

✭✷✳✻✮

"♦✉$ ❧❡ 0❡$♠❡ TrgR
N (τf (φ) , dφ) dφ✱ ✐❧ ❡'0 '✐♠♣❧❡ ❞❡ ✈♦✐$ 1✉❡

TrgR
N (τf (φ) , dφ) dφ = fTrgR

N (τ (φ) , dφ) dφ+ fTrgR
N (dφ (grad ln f) , dφ) dφ. ✭✷✳✼✮

❋✐♥❛❧❧❡♠❡♥0✱ ♣♦✉$ ❧❡ 0❡$♠❡ ∇φ
grad ln fτf (φ)✱ ♦♥ ❛

∇φ
grad ln fτf (φ) = ∇φ

grad ln ffτ (φ) +∇φ
grad ln ffdφ (grad ln f)

= f∇φ
grad ln fτ (φ) + f |grad ln f |2 τ (φ)

+ f∇φ
grad ln fdφ (grad ln f) + f |grad ln f |2 dφ (grad ln f) .

✭✷✳✽✮
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❙✐ ♦♥ &❡♠♣❧❛❝❡ (2.6)✱ (2.7) ❡. (2.8) ❞❛♥0 (2.5)✱ ♦♥ ❞1❞✉✐. 3✉❡

τf,2 (φ) = f 2τ2 (φ)− 3f 2∇φ
grad ln fτ (φ)− f 2

(

∆ ln f + 2 |grad ln f |2
)

τ (φ)

− f 2
(

Trg
(

∇φ
)2
dφ (grad ln f) + TrgR

N (dφ (grad ln f) , dφ) dφ
)

− 3f 2∇φ
grad ln fdφ (grad ln f)− f 2

(

∆ ln f + 2 |grad ln f |2
)

dφ (grad ln f) .

❈❡ 3✉✐ ❝♦♠♣❧5.❡ ❧❛ ♣&❡✉✈❡ ❞❡ ❧❛ ♣&♦♣♦0✐.✐♦♥ ✸✳✸✳✶✳

❘❡♠❛$%✉❡ ✷✳✷✳✶ ❙♦✐# φ : (Mm, g) −→ (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❞❡ ❝❧❛,,❡ C∞
❡# ,♦✐#

f ∈ C∞ (M) ✉♥❡ ❢♦♥❝#✐♦♥ ♣♦,✐#✐✈❡✳ ❆❧♦1, φ ❡,# ❜✐✲f ✲❜✐❤❛1♠♦♥✐6✉❡ ,✐ ❡# ,❡✉❧❡♠❡♥# ,✐

τ2 (φ)−
(

Trg
(

∇φ
)2
dφ (grad ln f) + TrgR

N (dφ (grad ln f) , dφ) dφ
)

− 3∇φ
grad ln fτ (φ)−

(

∆ ln f + 2 |grad ln f |2
)

τ (φ)

− 3∇φ
grad ln fdφ (grad ln f)−

(

∆ ln f + 2 |grad ln f |2
)

dφ (grad ln f) = 0.

❉❛♥0 ❧❡ ❝❛0 ♦; ❧✬❛♣♣❧✐❝❛.✐♦♥ φ ❡0. ❤❛&♠♦♥✐3✉❡✱ ♥♦✉0 ♦❜.❡♥♦♥0 ❧❡ &10✉❧.❛. 0✉✐✈❛♥.✳

❘❡♠❛$%✉❡ ✷✳✷✳✷ ❙♦✐# φ : (Mm, g) −→ (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❤❛1♠♦♥✐6✉❡ ❡# ,♦✐# f ∈
C∞ (M) ✉♥❡ ❢♦♥❝#✐♦♥ ♣♦,✐#✐✈❡✳ ❆❧♦1, φ ❡,# ❜✐✲f ✲❜✐❤❛1♠♦♥✐6✉❡ ,✐ ❡# ,❡✉❧❡♠❡♥# ,✐

Trg
(

∇φ
)2
dφ (grad ln f) + TrgR

N (dφ (grad ln f) , dφ) dφ

+ 3∇φ
grad ln fdφ (grad ln f) +

(

∆ ln f + 2 |grad ln f |2
)

dφ (grad ln f) = 0.

❖♥ ❛♣♣❧✐3✉❡ ❝❡..❡ ❞❡&♥✐5&❡ &❡♠❛&3✉❡ ♣♦✉& ❝♦♥0.&✉✐&❡ 3✉❡❧3✉❡0 ❡①❡♠♣❧❡0 ❞✬❛♣♣❧✐❝❛.✐♦♥

❜✐✲f ✲❤❛&♠♦♥✐3✉❡0✳

❊①❡♠♣❧❡ ✷✳✷✳✶ ❖♥ ❝♦♥,✐❞81❡ ❧❛ ♣1♦❥❡❝#✐♦♥ φ : R∗
+ × R

3 −→ R
∗
+ × R

2
❞:✜♥✐❡ ♣❛1

φ (t, x2, x3, x4) = (t, x2, x3) .

❖♥ ,✉♣♣♦,❡ 6✉❡ ln f = α (t)✱ ❛❧♦1, ❣1>❝❡ ? ❧❛ 1❡♠❛16✉❡ ✷✳✷✳✷✱ ❧❛ ♣1♦❥❡❝#✐♦♥ φ ❡,# ❜✐✲f ✲

❤❛1♠♦♥✐6✉❡ ,✐ ❡# ,❡✉❧❡♠❡♥# ,✐

α′′′ + 4α′α′′ + 2 (α′)
3
= 0.

❙♦✐# β = α′
✱ ❞♦♥❝ ❧❛ ❞❡1♥✐81❡ ❡①♣1❡,,✐♦♥ ❞❡✈✐❡♥#

β′′ + 4ββ′ + 2β3 = 0.

❖♥ ❞:❞✉✐# ❞❡, ,♦❧✉#✐♦♥, ♣❛1#✐❝✉❧✐81❡, ❞❡ ❧❛ ❢♦1♠❡ β =
a

t
♦B a ∈ R

∗
✳ ◆♦✉, ♦❜#❡♥♦♥, a = 1

❝❡ 6✉✐ ♥♦✉, ❞♦♥♥❡ f (t) = Ct ❛✈❡❝ C > 0✳ ❉❛♥, ❝❡ ❝❛, ❧❛ ♣1♦❥❡❝#✐♦♥ φ ❡,# ❜✐✲f ✲❤❛1♠♦♥✐6✉❡

♦B f (t) = Ct✳
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❊①❡♠♣❧❡ ✷✳✷✳✷ ❙♦✐# φ : (R2n, gR2n) −→ (Rn+1, gRn+1) ❧✬❛♣♣❧✐❝❛#✐♦♥ ❞❡ ❍♦♣❢ ❞.✜♥✐❡ ♣❛0

φ (x, y) =
(

|x|2 − |y|2 , 2xy
)

∈ R⊕K,

♦1 n = 2, 4 ♦✉ 8 ❡# x, y ∈ K ≃ R
n
❛✈❡❝ K =✱ H ✭6✉❛#❡0♥✐♦♥7✮✱ ♦✉ O ✭♦❝#♦♥✐♦♥7✮✱

0❡7♣❡❝#✐✈❡♠❡♥#✳ ❊❝0✐✈♦♥7 ❧❡7 ♣♦✐♥#7 x, y ∈ R
2n

7♦✉7 ❧❛ ❢♦0♠❡

(x, y) = r (cos θ · p, sin θ · q) ,
(

r ∈ [0,+∞) , θ ∈
[

0,
π

2

]

, p, q ∈ Sn−1
)

❡# ❝❡✉① ♦❢ R
n+1

7♦✉7 ❧❛ ❢♦0♠❡

s (ost, sin tdotw) ,
(

s ∈ [0,+∞) , θ ∈ [0, π] , w ∈ Sn−1
)

.

▲✬❛♣♣❧✐❝❛#✐♦♥ φ ♣0❡♥❞ ❧❛ ❢♦0♠❡ 7✉✐✈❛♥#❡ ✿

φ (rosθdotp, r sin θdotq) = (sost, s sin tdotpq) ,

♦1 s = r2 ❡# t = 2θ✳ ▲❡7 ♠.#0✐6✉❡7 7✉0 R
2n

❡# R
n+1

♦♥# 0❡♣❡❝#✐✈❡♠❡♥# ❧❡7 ❡①♣0❡77✐♦♥7 ✿

gR2n = dr2 + r2dθ2 + r2os2θdotgsn−1 + r2 sin2 θdotgsn−1

❡#

gRn+1 = ds2 + s2dt2 + s2 sin2 tdotgsn−1 .

❯♥❡ ❜❛7❡ ♦0#❤♦♥♦0♠.❡ ❞❡ R
2n

❡7# ❞♦♥♥.❡ ♣❛0

e1 =
∂

∂r
, e2 =

1

r

∂

∂θ
, ej =

1

r cos θ
ξj, ek =

1

r sin θ
ξk,

♦1

ξj = r (cos θ ·Xj, 0) , j = 3, ..., n+ 1

❡#

ξk = r (0, sin θ ·Xk) , k = n+ 2, ...., 2n

♦1 ❧❡7 ✈❡❝#❡✉07 Xj ❛♥❞ Xk 7♦♥# ❞❡7 ✈❡❝#❡✉07 #❛♥❣❡♥#7 ✉♥✐#❛✐0❡7 C ❧❛ 7♣❤D0❡ Sn−1
✳ ❖♥ ❛

∇eiei =
1− 2n

r

∂

∂r
+
n− 1

r2
(tan θ − cot θ)

∂

∂θ

❙✉♣♣♦7♦♥7 6✉❡ ❧❛ ❢♦♥❝#✐♦♥ f ❞❡♣❡♥❞ 7❡✉❧❡♠❡♥# ❞❡ r ❡# ♣♦7♦♥7 ln f = α (r)✳ ❆❧♦07 ♣❛0 ❧❛

0❡♠❛06✉❡ ✷✳✷✳✷✱ ♦♥ ❞.❞✉✐# 6✉❡ ❧✬❛♣♣❧✐❝❛#✐♦♥ φ ❡7# ❜✐✲f ✲❤❛0♠♦♥✐6✉❡ 7✐ ❡# 7❡✉❧❡♠❡♥# 7✐ ❧❛

❢♦♥❝#✐♦♥ β = α′
7❛#✐7❢❛✐# ❧✬.6✉❛#✐♦♥ ❞✐✛.0❡♥#✐❡❧❧❡ 7✉✐✈❛♥#❡

rβ′′ + 4rββ′ + (2n+ 1) β′ +
2n− 1

r
β + (2n+ 2) β2 + 2rβ3 = 0.
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❊♥ ❝❤❡❝❤❛♥& ❞❡( (♦❧✉&✐♦♥( (♣.❝✐❛❧❡( /✉✐ (✬.❝1✐✈❡♥& (♦✉( ❧❛ ❢♦1♠❡ β =
a

r
♦5 a ∈ R

∗
✱ ♥♦✉(

♦❜&❡♥♦♥( a = −n + 1 ❝❡ /✉✐ ❞♦♥♥❡ f (r) =
C

rn−1
✱ (C > 0) ❡& ❞❛♥( ❝❡ ❝❛(✱ ❧✬❛♣♣❧✐❝❛&✐♦♥ ❞❡

❍♦♣❢ φ : (R2n, gR2n) −→ (Rn+1, gRn+1) ❛✐♥(✐ ❞.✜♥✐❡ ❡(& ❜✐✲f ✲❤❛1♠♦♥✐/✉❡ ❛✈❡❝ f (r) =
C

rn−1
✳

❯♥ ❛✉&'❡ ❝❛* ♣❛'&✐❝✉❧✐❡' ❡*& ❞❡ ❝♦♥*✐❞0'❡' ❧✬❛♣♣❧✐❝❛&✐♦♥ ✐❞❡♥&✐&0✱ ♦♥ ♦❜&✐❡♥& ✿

❝♦"♦❧❧❛✐"❡ ✷✳✷✳✶ ▲✬❛♣♣❧✐❝❛&✐♦♥ ✐❞❡♥&✐&. IdM : (Mm, g) −→ (Mm, g) ❡(& ❜✐✲f ✲❤❛1♠♦♥✐/✉❡
(✐ ❡& (❡✉❧❡♠❡♥& (✐ ❧❛ ❢♦♥❝&✐♦♥ f ❡(& ✉♥❡ (♦❧✉&✐♦♥ ❞❡ ❧✬./✉❛&✐♦♥ (✉✐✈❛♥&❡ ✿

grad∆ ln f +
3

2
grad

(

|grad ln f |2
)

+
(

∆ ln f + 2 |grad ln f |2
)

grad ln f

+ 2Ricci (grad ln f) = 0.
✭✷✳✾✮

❉❛♥* ❝❡ ;✉✐ *✉✐&✱ ♥♦✉* ♣'0*❡♥&❡'♦♥* ❞❡✉① ❡①❡♠♣❧❡* ❞✬❛♣♣❧✐❝❛&✐♦♥* ❜✐✲f ✲❤❛'♠♦♥✐;✉❡*✳

❊①❡♠♣❧❡ ✷✳✷✳✸ ❙♦✐& ❧✬❛♣♣❧✐❝❛&✐♦♥ ✐❞❡♥&✐&. IdRn\{0} : R
n \{0} −→ R

n \{0} ♦5 ♦♥ (✉♣♣♦(❡
/✉❡ ln f ❡(& 1❛❞✐❛❧❡ (ln f = α (r))✳ ❊♥ ✉&✐❧✐(❛♥& ❧❛ ❞.✜♥✐&✐♦♥ ❞✉ ▲❛♣❧❛❝✐❡♥✱ ✉♥ ❝❛❧❝✉❧ ❞✐1❡❝&

♥♦✉( ❞♦♥♥❡

grad∆ ln f =

(

α′′′ +
n− 1

r
α′′ − n− 1

r2
α′
)

∂

∂r
,

grad
(

|grad ln f |2
)

= 2α′α′′ ∂

∂r

❡&

∆ ln f = α′′ +
n− 1

r
α′.

❆❧♦1( ♣❛1 ❧❡ ❝♦1♦❧❧❛✐1❡ ✸✳✺✳✶✱ ♦♥ ❞.❞✉✐& /✉❡ IdRn\{0} ❡(& ❜✐✲f ✲❤❛1♠♦♥✐/✉❡ (✐ ❡& (❡✉❧❡♠❡♥&

(✐ ❧❛ ❢♦♥❝&✐♦♥ β = α′
❡(& (♦❧✉&✐♦♥ ❞❡ ❧✬./✉❛&✐♦♥ ❞✐✛.1❡♥&✐❡❧❧❡ (✉✐✈❛♥&❡ ✿

β′′ +
n− 1

r
β′ − n− 1

r2
β + 4ββ′ +

n− 1

r
β2 + 2β3 = 0.

❘❡❣❛1❞♦♥( ❞❡( (♦❧✉&✐♦♥( ♣❛1&✐❝✉❧✐F1❡ ❞❡ &②♣❡ β =
a

r
✭a ∈ R

∗
✮✱ ❞♦♥❝ IdRn\{0} : R

n \ {0} −→

R
n \ {0} ❡(& ❜✐✲f ✲❤❛1♠♦♥✐/✉❡ (✐ ❡& (❡✉❧❡♠❡♥& (✐

a =
−n+ 5±

√

(n− 1) (n+ 7)

4
.

◆♦✉( ♦❜&❡♥♦♥( f (r) = Cr

−n+ 5±
√

(n− 1) (n+ 7)

4
✭C > 0✮ ❡& ❞❛♥( ❝❡ ❝❛( ❧✬❛♣♣❧✐❝❛&✐♦♥

✐❞❡♥&✐&. IdRn\{0} : R
n \ {0} −→ R

n \ {0} ❡(& ❜✐✲f ✲❤❛1♠♦♥✐/✉❡✳



✺✷ ◗✉❡❧$✉❡% &'%✉❧(❛(% %✉& ❧❡% ❛♣♣❧✐❝❛(✐♦♥% ❜✐✲f ✲❤❛&♠♦♥✐$✉❡%

❊①❡♠♣❧❡ ✷✳✷✳✹ ❖♥ ❝♦♥$✐❞'(❡ M = Sn
❛✈❡❝ ❧❛ ♣❛(❛♠/0(✐$❛0✐♦♥

x = (cos s, sin s · y) , s ∈ [0, π] , y ∈ Sn−1.

❯♥❡ ❜❛$❡ ♦(0❤♦♥♦(♠/❡ ❞❡ Sn
❡$0 ❞♦♥♥/❡ ♣❛(

e1 =
∂

∂s
, ei = (0, fi) , i = 2, ..., n

♦4 ❧❡$ ✈❡❝0❡✉($ fi $♦♥0 0❛♥❣❡♥0$ 7 ❧❛ $♣❤'(❡ S
n−1
✳ ❖♥ $✉♣♣♦$❡ 9✉❡ ln f = α (s)✳ ❯♥ ❝❛❧❝✉❧

❞✐(❡❝0 ❞♦♥♥❡

grad ln f = gradα = α′ ∂

∂s
,

|grad ln f |2 = |gradα|2 = (α′)
2
,

grad
(

|grad ln f |2
)

= grad
(

|gradα|2
)

= 2α′α′′,

∆ ln f = ∆α = α′′ + (n− 1) (cot s)α′,

grad∆ ln f = grad∆α =
(

α′′′ + (n− 1) (cot s)α′′ − (n− 1)
(

1 + cot2 s
)

α′) ∂

∂s

❡0

RicciS
n

(grad ln f) = RicciS
n

(gradα) = (n− 1)α′ ∂

∂s
.

❆❧♦($ ❣(;❝❡ ❛✉ ❈♦(♦❧❧❛✐(❡ ✸✳✺✳✶✱ ♦♥ ❞/❞✉✐0 9✉❡ ❧✬❛♣♣❧✐❝❛0✐♦♥ IdSn
❡$0 ❜✐✲f ✲❤❛(♠♦♥✐9✉❡ $✐

❡0 $❡✉❧❡♠❡♥0 $✐ ❧❛ ❢♦♥❝0✐♦♥ β = α′
$❛0✐$❢❛✐0 ❧✬/9✉❛0✐♦♥ ❞✐✛/(❡♥0✐❡❧❧❡ $✉✐✈❛♥0❡ ✿

β′′ + (n− 1) cot sβ′ + 4ββ′ + (n− 1)
(

1− cot2 s
)

β + (n− 1) cot sβ2 + 2β3 = 0.

F❛( ❡①❡♠♣❧❡✱ ♣(❡♥♦♥$ n = 1✱ ❛❧♦($ ❧✬❛♣♣❧✐❝❛0✐♦♥ IdS1
❡$0 ❜✐✲f ✲❤❛(♠♦♥✐9✉❡ $✐ ❡0 $❡✉❧❡♠❡♥0

$✐

β′′ + 4ββ′ + 2β3 = 0.

❖♥ ❝❤❡(❝❤❡ ❞❡$ $♦❧✉0✐♦♥$ ♣❛(0✐❝✉❧✐'(❡$ ❞❡ 0②♣❡ β =
a

s
✱ ♦♥ ♦❜0✐❡♥0 a = 1✱ ❝❡ 9✉✐ ♥♦✉$ ❞♦♥♥❡

f (s) = ks ✭k > 0✮✳ ❉♦♥❝ ❧✬❛♣♣❧✐❝❛0✐♦♥ IdS1
❡$0 ❜✐✲f ✲❤❛(♠♦♥✐9✉❡✱ ♦4 f (s) = ks ✭k > 0✮✳

❉❛♥% ❧❛ %❡❝)✐♦♥ %✉✐✈❛♥)❡✱ ♥♦✉% ❛❧❧♦♥% /)✉❞✐❡1 ❧❛ ❝❛% ♦2 φ : (Mn, g) → (Nn, h) ❡%) ✉♥❡

❛♣♣❧✐❝❛)✐♦♥ ❝♦♥❢♦1♠❡ ❞❡ ❞✐❧❛)❛)✐♦♥ λ ❛✈❡❝ n ≥ 3✳



✷✳✸ ❈❛% ❞❡% ❛♣♣❧✐❝❛,✐♦♥% ❝♦♥❢♦0♠❡%✳ ✺✸

✷✳✸ ❈❛% ❞❡% ❛♣♣❧✐❝❛,✐♦♥% ❝♦♥❢♦0♠❡%✳

❖♥ ❝♦♠♠❡♥❝❡ ❝❡((❡ )❡❝(✐♦♥ ♣❛- ❧❛ -❡♠❛-/✉❡ )✉✐✈❛♥(❡✳

❘❡♠❛$%✉❡ ✷✳✸✳✶ ❙♦✐# φ : (Mn, g) → (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦,♠❡ ❞❡ ❞✐❧❛#❛#✐♦♥ λ✳

▲❡ ❝❤❛♠♣ ❞❡ f ✲#❡♥3✐♦♥ ❞❡ φ ❡3# ❞♦♥♥4 ♣❛,

τf (φ) = f (τ (φ) + dφ (grad ln f))

= f ((2− n) dφ (grad lnλ) + dφ (grad ln f))

= fdφ
(

grad ln fλ2−n
)

.

❊♥ ♣❛,#✐❝✉❧✐❡, 3✐ f = λ✱ ▲❡ ❝❤❛♠♣ ❞❡ λ✲#❡♥3✐♦♥ ❞❡ φ ♣,❡♥❞ ❧❛ ❢♦,♠❡

τλ (φ) = (3− n)λdφ (grad lnλ) .

❖♥ ❞✐✈✐)❡ ❝❡((❡ )❡❝(✐♦♥ ❡♥ ❞❡✉① ♣❛-(✐❡)✳

✷✳✸✳✶ ❈❛& ♦( ❧❛ ❢♦♥❝-✐♦♥ f = λ✳

◆♦✉) ❝❛❧❝✉❧♦♥) ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲λ✲(❡♥)✐♦♥ ♣♦✉- ✉♥❡ ❛♣♣❧✐❝❛(✐♦♥ ❝♦♥❢♦-♠❡ φ✳

❚❤-♦$/♠❡ ✷✳✸✳✶ ❙♦✐# φ : (Mn, g) → (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦,♠❡ ❞❡ ❞✐❧❛#❛#✐♦♥ λ

❛✈❡❝ n ≥ 3✳ ▲❡ ❝❤❛♠♣ ❞❡ ❜✐✲λ✲#❡♥3✐♦♥ ❞❡ φ ❡3# ❞♦♥♥4 ♣❛, ✿

τ2(φ) = (n− 2) dφ (H (λ))

♦4

1

H (λ) = grad∆ lnλ− n− 9

2
grad

(

|grad lnλ|2
)

+ 2RicciM (grad lnλ)

−
(

(n− 7) |grad lnλ|2 +∆ lnλ
)

grad lnλ.
✭✷✳✶✵✮

0$❡✉✈❡✳ ?❛- ❞@✜♥✐(✐♦♥✱ ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲λ✲(❡♥)✐♦♥ ❞❡ φ ❡)( ❞♦♥♥@ ♣❛-

τλ,2 (φ) = λ
(

−Trg
(

∇φ
)2
τλ (φ)− TrgR

N (τλ (φ) , dφ) dφ−∇gard lnλτλ (φ)
)

.

▲❡ ❝❤❛♠♣ ❞❡ λ✲(❡♥)✐♦♥ ❞❡ ❧✬❛♣♣❧✐❝❛(✐♦♥ ❝♦♥❢♦-♠❡ φ ❡)( @❣❛❧ F

τλ (φ) = (3− n)λdφ (grad lnλ) ,

✐❧ )✉✐( /✉❡

τλ,2 (φ) = (n− 3)λTrg
(

∇φ
)2
λdφ (grad lnλ)

+ (n− 3)λTrgR
N (λdφ (grad lnλ) , dφ) dφ

+ (n− 3)λ∇gard lnλλdφ (grad lnλ) .

✭✷✳✶✶✮



✺✹ ◗✉❡❧$✉❡% &'%✉❧(❛(% %✉& ❧❡% ❛♣♣❧✐❝❛(✐♦♥% ❜✐✲f ✲❤❛&♠♦♥✐$✉❡%

■❧ ❡%& %✐♠♣❧❡ ❞❡ ✈♦✐- .✉❡

Trg
(

∇φ
)2
λdφ (grad lnλ) = λTrg

(

∇φ
)2
dφ (grad lnλ) + 2λ∇gard lnλdφ (grad lnλ)

+ λ (∆ lnλ) dφ (grad lnλ) + λ |grad lnλ|2 dφ (grad lnλ) .
✭✷✳✶✷✮

●-6❝❡ 8 ✉♥ -:%✉❧&❛& ❝✐&: ❞❛♥% ❧❡ ♣-❡♠✐❡- ❝❤❛♣✐&-❡ .✉✐ ❝♦♥❝❡-♥❡ ❧❡% ❛♣♣❧✐❝❛&✐♦♥% ❝♦♥❢♦-♠❡%✱

♦♥ ♦❜&✐❡♥&

Trg
(

∇φ
)2
dφ (grad lnλ) = dφ (grad∆ lnλ) + 2dφ

(

grad
(

|grad lnλ|2
))

+ dφ
(

RicciM (grad lnλ)
)

− (∆ lnλ) dφ (grad lnλ)

− (n− 2) |grad lnλ|2 dφ (grad lnλ) .

✭✷✳✶✸✮

❈♦♥❝❡-♥❛♥& ❧❡ &❡-♠❡ ∇gard lnλdφ (grad lnλ)✱ ♦♥ ❛ ✭✈♦✐- ❬✷❪✮

∇gard lnλdφ (grad lnλ) = |grad lnλ|2 dφ (grad lnλ) + 1

2
dφ

(

grad
(

|grad lnλ|2
))

. ✭✷✳✶✹✮

❊♥ -❡♠♣❧❛:➓❛♥& ✭✷✳✶✸✮ ❡& ✭✷✳✶✹✮ ❞❛♥% ✭✷✳✶✷✮✱ ♦♥ ❞:❞✉✐& .✉❡

Trg
(

∇φ
)2
λdφ (grad lnλ) = λdφ (grad∆ lnλ) + 3λdφ

(

grad
(

|grad lnλ|2
))

− (n− 5)λ |grad lnλ|2 dφ (grad lnλ)

+ λdφ
(

RicciM (grad lnλ)
)

.

✭✷✳✶✺✮

▼❛✐♥&❡♥❛♥&✱ ♥♦✉% ❛❧❧♦♥% ❝❛❧❝✉❧❡- TrgR
N (dφ (grad lnλ) , dφ) dφ✳ ❚♦✉❥♦✉-%✱ ❧❡ ♠I♠❡ -:%✉❧✲

&❛& ❝✐&: ❞❛♥% ❧❡ ♣-❡♠✐❡- ❝❤❛♣✐&-❡ .✉✐ ❝♦♥❝❡-♥❡ ❧❡% ❛♣♣❧✐❝❛&✐♦♥% ❝♦♥❢♦-♠❡% ♥♦✉% -❛♠K♥❡

8

TrgR
N (dφ (grad lnλ) , dφ) dφ = −n− 2

2
dφ

(

grad
(

|grad lnλ|2
))

+ dφ
(

RicciM (grad lnλ)
)

− (∆ lnλ) dφ (grad lnλ) .

✭✷✳✶✻✮

M♦✉- ❝♦♠♣❧:&❡- ❧❛ ♣-❡✉✈❡✱ ✐❧ ♥♦✉% -❡%&❡ ❧❡ &❡-♠❡ ∇gard lnλλdφ (grad lnλ)✱ ✉♥ ❝❛❧❝✉❧ %✐♠♣❧❡

❞♦♥♥❡

∇gard lnλλdφ (grad lnλ) =
1

2
λdφ

(

grad
(

|grad lnλ|2
))

+ 2λ |grad lnλ|2 dφ (grad lnλ) .

✭✷✳✶✼✮

❙✐ ♦♥ %✉❜%&✐&✉❡ ✭✷✳✶✺✮✱ ✭✷✳✶✻✮ ❡& ✭✷✳✶✼✮ ❞❛♥% ✭✷✳✶✶✮✱ ♦♥ ❝♦♥❝❧✉❡ .✉❡

τλ,2 (φ) = (n− 3)λ2dφ (H (λ))



✷✳✸ ❈❛% ❞❡% ❛♣♣❧✐❝❛,✐♦♥% ❝♦♥❢♦0♠❡%✳ ✺✺

♦"

H (λ) = grad∆ lnλ− n− 9

2
grad

(

|grad lnλ|2
)

+ 2RicciM (grad lnλ)

−
(

(n− 7) |grad lnλ|2 +∆ lnλ
)

grad lnλ.

❈❡ %❤'♦()♠❡ ♥♦✉- ❞♦♥♥❡ ✉♥ ('-✉❧%❛% ❞❡ ❝❛(❛❝%'(✐-❛%✐♦♥

❝♦"♦❧❧❛✐"❡ ✷✳✸✳✶ ❙♦✐# φ : (Mn, g) → (Nn, h)✱ ✭n ≥ 4✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦/♠❡ ❞❡ ❞✐❧❛✲

#❛#✐♦♥ λ✱ ❞♦♥❝ φ ❡3# ❜✐✲f ✲❤❛/♠♦♥✐6✉❡ 3✐ ❡# 3❡✉❧❡♠❡♥# 3✐

grad∆ lnλ− n− 9

2
grad

(

|grad lnλ|2
)

− (∆ lnλ) grad lnλ

− (n− 7) |grad lnλ|2 grad lnλ+ 2RicciM (grad lnλ) = 0.
✭✷✳✶✽✮

❊♥ ♣❛(%✐❝✉❧✐❡(✱ ♦♥ ♣(♦✉✈❡ =✉❡ ❧❛ ❜✐✲λ✲❤❛(♠♦♥✐❝✐%' ❞❡ ❧✬❛♣♣❧✐❝❛%✐♦♥ ❝♦♥❢♦(♠❡ φ : (Rn, g) →
(Nn, h) ✭n ≥ 3✮ ♦" ❧❛ ❞✐❧❛%❛%✐♦♥ λ ❡-% (❛❞✐❛❧❡ (lnλ = α (r) , r = |x| ❛♥❞ α ∈ C∞ (R,R)) ❡-%

'=✉✐✈❛❧❡♥%❡ B ✉♥❡ '=✉❛%✐♦♥ ❞✐✛'(❡♥%✐❡❧❧❡ ❞✉ ❞❡✉①✐)♠❡ ♦(❞(❡✳ ◆♦✉- ❛✈♦♥-

❝♦"♦❧❧❛✐"❡ ✷✳✸✳✷ ▲❡# φ : (Rn, g) → (Nn, h) ✭n ≥ 4✮ #♦ ❜❡ ❛ ❝♦♥❢♦/♠❛❧ ♠❛♣ ♦❢ ❞✐❧❛#✐♦♥ λ

✇❤❡♥ ✇❡ 3✉♣♣♦3❡ #❤❛# lnλ ✐3 /❛❞✐❛❧ (lnλ = α (r) , r = |x| ❛♥❞ α ∈ C∞ (R,R))✳ ❚❤❡♥ φ ✐3

❜✐✲λ✲❤❛/♠♦♥✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ β = α′
3❛#✐3✜❡3 #❤❡ ❢♦❧❧♦✇✐♥❣ ♦/❞✐♥❛/② ❞✐✛❡/❡♥#✐❛❧ ❡6✉❛#✐♦♥ ✿

β′′ − (n− 8) ββ′ +
n− 1

r
β′ − n− 1

r2
β − n− 1

r
β2 − (n− 7) β3 = 0. ✭✷✳✶✾✮

+"❡✉✈❡ ❞✉ ❝♦"♦❧❧❛✐"❡ "✷✳✸✳✷✳ ❙♦✐% φ : (Rn, g) → (Nn, h) ✭n ≥ 4✮ ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥

❝♦♥❢♦(♠❡ ❞❡ ❞✐❧❛%❛%✐♦♥ λ ♦" ♦♥ -✉♣♣♦-❡ =✉❡ lnλ ❡-% (❛❞✐❛❧❡ (lnλ = α (r) , r = |x| ❡% α ∈ C∞ (R,R))✳

❉✬❛♣()- ❧❡ ❝♦(♦❧❧❛✐(❡ ✷✳✸✳✶✱ φ ❡-% ❜✐✲λ✲❤❛(♠♦♥✐=✉❡ -✐ ❡% -❡✉❧❡♠❡♥% -✐

grad∆ lnλ− n− 9

2
grad

(

|grad lnλ|2
)

− (∆ lnλ) grad lnλ

− (n− 7) |grad lnλ|2 grad lnλ = 0.

❯♥ ❝❛❧❝✉❧ ❞✐(❡❝% ♠♦♥%(❡ =✉❡

grad lnλ = α′ ∂

∂r
,

|grad lnλ|2 = (α′)
2
,

grad
(

|grad lnλ|2
)

= 2α′α′′ ∂

∂r
,

∆ lnλ = α′′ +
n− 1

r
α′,



✺✻ ◗✉❡❧$✉❡% &'%✉❧(❛(% %✉& ❧❡% ❛♣♣❧✐❝❛(✐♦♥% ❜✐✲f ✲❤❛&♠♦♥✐$✉❡%

❡#

grad∆ lnλ =

(

α′′′ +
n− 1

r
α′′ − n− 1

r2
α′
)

∂

∂r
.

❉✬♦'✱ φ ❡)# ❜✐✲λ✲❤❛/♠♦♥✐2✉❡ )✐ ❡# )❡✉❧❡♠❡♥# )✐ ❧❛ ❢♦♥❝#✐♦♥ α ✈8/✐✜❡ ❧✬82✉❛#✐♦♥ ❞✐✛8/❡♥#✐❡❧❧❡

)✉✐✈❛♥#❡

α′′′ − (n− 8)α′α′′ +
n− 1

r
α′′ − n− 1

r2
α′ − n− 1

r
(α′)

2 − (n− 7) (α′)
3
= 0.

❙♦✐# β = α′
✱ ❝❡##❡ ❞❡/♥✐=/❡ 82✉❛#✐♦♥ ❡)# 82✉✐✈❛❧❡♥#❡ > ✉♥❡ 82✉❛#✐♦♥ ❞✐✛8/❡♥#✐❡❧❧❡ ❞✉ )❡❝♦♥❞

♦/❞/❡ ❞❡ ❧❛ ❢♦/♠❡

β′′ − (n− 8) ββ′ +
n− 1

r
β′ − n− 1

r2
β − n− 1

r
β2 − (n− 7) β3 = 0.

❈♦♠♠❡ ❝♦♥)82✉❡♥❝❡ ❞✉ ❝♦/♦❧❧❛✐/❡ ✷✳✸✳✷✱ ♥♦✉) ♣/8)❡♥#❡/♦♥) 2✉❡❧2✉❡) /❡♠❛/2✉❡) ❛✉①2✉❡❧❧❡)

♥♦✉) ❞♦♥♥❡/♦♥) ✉♥❡ )♦❧✉#✐♦♥ ♣❛/#✐❝✉❧✐=/❡ ❞❡ ❧✬82✉❛#✐♦♥ ✭✷✳✶✻✮ 2✉✐ ♥♦✉) ♣❡/♠❡# ❞❡ ❝♦♥)#/✉✐/❡

✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❜✐✲λ✲❤❛/♠♦♥✐2✉❡✳

❘❡♠❛$%✉❡ ✷✳✸✳✷ ✳ ❘❡❣❛%❞♦♥) ❞❡) )♦❧✉,✐♦♥) ♣❛%,✐❝✉❧✐0%❡ ❞❡ ,②♣❡ β =
a

r
✭a ∈ R

∗
✮✳ 4❛%

✭✷✳✶✻✮✱ ♦♥ ❞9❞✉✐, :✉❡ φ : (Rn, g) → (Nn, h) ✭n ≥ 4✮ ❡), ❜✐✲λ✲❤❛%♠♦♥✐:✉❡ )✐ ❡, )❡✉❧❡♠❡♥,

)✐ a ❡), )♦❧✉,✐♦♥ ❞❡ ❧✬9:✉❛,✐♦♥ ❛❧❣9❜%✐:✉❡ )✉✐✈❛♥,❡

(n− 7) a2 + 7a+ 2n− 4 = 0.

❈❡,,❡ 9:✉❛,✐♦♥ ❛❞♠❡, ❞❡) )♦❧✉,✐♦♥) %9❡❧❧❡) )✐ ❡, )❡✉❧❡♠❡♥, )✐ n ∈ {4, 5, 6, 7, 8}✳

✶✳ ❙✐ n = 4✱ ♦♥ ,%♦✉✈❡ a =
7 +

√
97

6
♦✉ a =

7−
√
97

6
✱ ❞♦♥❝ λ = Cr

7 +
√
97

6
♦✉ λ =

Cr

7−
√
97

6
✭C > 0✮✳ ❆❧♦%&✱ ❞❛♥& ❝❡ ❝❛& -♦✉-❡ ❛♣♣❧✐❝❛-✐♦♥ ❝♦♥❢♦%♠❡ φ : (R4, g) →

(N4, h) ❞❡ ❞✐❧❛-❛-✐♦♥ λ = Cr

7 +
√
97

6
♦✉ λ = Cr

7−
√
97

6
❡&- ❜✐✲λ✲❤❛%♠♦♥✐6✉❡✳

✷✳ ❙✐ n = 5✱ ♦♥ -%♦✉✈❡ a =
7 +

√
97

4
♦✉ a =

7−
√
97

4
✱ ♣❛% &✉✐-❡ λ = Cr

7 +
√
97

4

♦✉ λ = Cr

7−
√
97

4
✭C > 0✮✳ ■❧ &✉✐- 6✉❡ -♦✉-❡ ❛♣♣❧✐❝❛-✐♦♥ ❝♦♥❢♦%♠❡ φ : (R5, g) →

(N5, h) ❞❡ ❞✐❧❛-❛-✐♦♥ λ = Cr

7 +
√
97

4
♦✉ λ = Cr

7−
√
97

4
❡&- ❜✐✲λ✲❤❛%♠♦♥✐6✉❡✳

✸✳ ▲❡ ❝❛& n = 6 ❞♦♥♥❡ a = 8 ♦✉ a = −1✱ ❞♦♥❝ λ = Cr8 ♦✉ λ = Cr−1
✭C > 0✮✳ ❉❛♥&

❝❡ ❝❛& ❝❤❛6✉❡ ❛♣♣❧✐❝❛-✐♦♥ ❝♦♥❢♦%♠❡ φ : (R8, g) → (N8, h) ❞❡ ❞✐❧❛-❛-✐♦♥ λ = Cr8 ♦✉

λ = Cr−1
❡&- ❜✐✲λ✲❤❛%♠♦♥✐6✉❡✳



✷✳✸ ❈❛% ❞❡% ❛♣♣❧✐❝❛,✐♦♥% ❝♦♥❢♦0♠❡%✳ ✺✼

✹✳ ❙✐ n = 7✱ ❛❂
−10

7
✱ ❞♦♥❝ λ = Cr

−10

7
✭C > 0✮✳ ❆❧♦/0✱ 1♦✉1❡ ❛♣♣❧✐❝❛1✐♦♥ ❝♦♥❢♦/♠❡

φ : (R7, g) → (N7, h) ❞❡ ❞✐❧❛1✐♦♥ λ = Cr

−10

7
❡01 ❜✐✲λ✲❤❛/♠♦♥✐:✉❡✳

✺✳ ❙✐ n = 8✱ ♦♥ 1/♦✉✈❡ a = −3 ♦✉ a = −4✱ ❞✬♦> λ = Cr−3
♦✉ λ = Cr−4

✭C > 0✮✳

❈❡ :✉✐ ✐♠♣❧✐:✉❡ :✉❡ 1♦✉1❡ ❛♣♣❧✐❝❛1✐♦♥ ❝♦♥❢♦/♠❡ φ : (R8, g) → (N8, h) ❞❡ ❞✐❧❛1❛1✐♦♥

λ = Cr−3
♦✉ λ = Cr−4

❡01 ❜✐✲λ✲❤❛/♠♦♥✐:✉❡✳

❈♦♠♠❡ &❡❝♦♥❞ *+&✉❧.❛. ❞❡ ❝❡..❡ ♣*❡♠✐2*❡ ♣❛*.✐❡✱ ♦♥ ❝❛❧❝✉❧❡ ❧❡ .❡♥&❡✉* ❜✐✲λ✲+♥❡*❣✐❡

❛&&♦❝✐+ 7 ✉♥❡ ❛♣♣❧✐❝❛.✐♦♥ ❝♦♥❢♦*♠❡ φ ❡. ♦♥ ♠♦♥.*❡ 9✉❡ S2(φ) ❞+♣❡♥❞ &❡✉❧❡♠❡♥. ❞❡ ❧❛

❞✐❧❛.❛.✐♦♥✳

❚❤"♦$%♠❡ ✷✳✸✳✷ ❙♦✐1 φ : (Mn, g) → (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛1✐♦♥ ❝♦♥❢♦/♠❡ ❞❡ ❞✐❧❛1❛1✐♦♥ λ✱

♦♥ ❛

Sλ,2 (φ) = (3− n)λ4
(

n+ 1

2
|grad lnλ|2 +∆ lnλ

)

g

− 2 (3− n)λ4 (∇d lnλ+ (d lnλ⊗ d lnλ)) ,

✭✷✳✷✵✮

❡1 ❧❛ 1/❛❝❡ ❞❡ S2(φ) ❡01 ❞♦♥♥@❡ ♣❛/

TrgSλ,2 (φ) = (3− n)λ4
(

n2 + n− 4

2
|grad lnλ|2 + (n− 2)∆ lnλ

)

. ✭✷✳✷✶✮

+$❡✉✈❡✳ @❛* ❞+✜♥✐.✐♦♥✱ ❧❡ .❡♥&❡✉* ❜✐✲λ✲+♥❡*❣✐❡ ❞❡ φ ❡&. ❞♦♥♥+ ♣❛* ✿

Sλ,2 (φ) (X, Y ) =

(

1

2
|τλ (φ)|2 + λTrgh (∇τλ (φ) , dφ)

)

g (X, Y )

− 2λsymh (∇τλ (φ) , dφ) (X, Y ) ,

✭✷✳✷✷✮

♦C

τλ (φ) = (3− n)λdφ (grad lnλ) .

❊♥ ✉.✐❧✐&❛♥. ❧❡& +9✉❛.✐♦♥& ✭✸✳✶✻✮ ❡. ✭✸✳✶✾✮ ❞❡ ❧❛ ♣*♦♣♦&✐.✐♦♥ ✸✳✸✳✶✱ ♦♥ ♦❜.✐❡♥.

1

2
|τλ (φ)|2+λTrgh (∇τλ (φ) , dφ) =

1

2
|(3− n)λdφ (grad lnλ)|2+(3− n)λTrgh (∇λdφ (grad lnλ) , dφ) .

❯♥ &✐♠♣❧❡ ❝❛❧❝✉❧ ♥♦✉& ❞♦♥♥❡

1

2
|(3− n)λdφ (grad lnλ)|2 = (3− n)2

2
λ4 |grad lnλ|2

❡.

Trgh (∇λdφ (grad lnλ) , dφ) = (n+ 1)λ3 |grad lnλ|2 + λ3∆ lnλ,



✺✽ ◗✉❡❧$✉❡% &'%✉❧(❛(% %✉& ❧❡% ❛♣♣❧✐❝❛(✐♦♥% ❜✐✲f ✲❤❛&♠♦♥✐$✉❡%

❛❧♦%&

1

2
|τλ (φ)|2 + λTrgh (∇τλ (φ) , dφ) = (3− n)λ4

(

n+ 5

2
|grad lnλ|2 +∆ lnλ

)

. ✭✷✳✷✸✮

❈❛❧❝✉❧♦♥& ♠❛✐♥2❡♥❛♥2 symh (∇τλ (φ) , dφ)✱ ♦♥ ♣❛% ❞7✜♥✐2✐♦♥ ♣♦✉% 2♦✉& X, Y ∈ Γ (TM)

symh (∇τλ (φ) , dφ) (X, Y ) =
1

2
(h (∇Xτλ (φ) , dφ (Y )) + h (∇Y τλ (φ) , dφ (X)))

= −n− 3

2
h (∇Xλdφ (grad lnλ) , dφ (Y ))

− n− 3

2
h (∇Y λdφ (grad lnλ) , dφ (X))

= −n− 3

2
λh (∇Xdφ (grad lnλ) , dφ (Y ))

− n− 3

2
λh (∇Y dφ (grad lnλ) , dφ (X))

− n− 3

2
λX (lnλ)h (dφ (grad lnλ) , dφ (Y ))

− n− 3

2
λY (lnλ)h (dφ (grad lnλ) , dφ (X)) .

■❧ ❡&2 &✐♠♣❧❡ ❞❡ ✈♦✐% ;✉❡

h (∇Xdφ (grad lnλ) , dφ (Y )) = λ2
(

∇d lnλ (X, Y ) + |grad lnλ|2 g (X, Y )
)

,

h (∇Y dφ (grad lnλ) , dφ (X)) = λ2
(

∇d lnλ (X, Y ) + |grad lnλ|2 g (X, Y )
)

,

X (lnλ)h (dφ (grad lnλ) , dφ (Y )) = λ2X (lnλ)Y (lnλ) = λ2 (d lnλ⊗ d lnλ) (X, Y )

❡2

Y (lnλ)h (dφ (grad lnλ) , dφ (X)) = λ2X (lnλ)Y (lnλ) = λ2 (d lnλ⊗ d lnλ) (X, Y ) .

■❧ &✉✐2 ;✉❡

symh (∇τλ (φ) , dφ) = (3− n)λ3
(

∇d lnλ+ (d lnλ⊗ d lnλ) + |grad lnλ|2 g
)

✭✷✳✷✹✮

❙✐ ♦♥ &✉❜&2✐2✉❡ ✭✷✳✷✸✮ ❡2 ✭✷✳✷✹✮ ❞❛♥& ✭✷✳✷✷✮✱ ♥♦✉& ❝♦♥❝❧✉♦♥& ;✉❡

Sλ,2 (φ) = (3− n)λ4
(

n+ 1

2
|grad lnλ|2 +∆ lnλ

)

g−2 (3− n)λ4 (∇d lnλ+ (d lnλ⊗ d lnλ)) .



✷✳✸ ❈❛% ❞❡% ❛♣♣❧✐❝❛,✐♦♥% ❝♦♥❢♦0♠❡%✳ ✺✾

"♦✉% ❝❛❧❝✉❧❡% ❧❛ *%❛❝❡ ❞✉ *❡♥-❡✉% ❜✐✲λ✲1♥❡%❣✐❡ ❞❡ φ✱ ♦♥ ❝♦♥-✐❞4%❡ (ei)1≤i≤n ✉♥❡ ❜❛-❡ ♦%*❤♦✲

♥♦%♠1❡ -✉% M ✱ ♦♥ ❛

TrgSλ,2 (φ) = Sλ,2 (φ) (ei, ei)

= (3− n)λ4
(

n+ 1

2
|grad lnλ|2 +∆ lnλ

)

g (ei, ei)

− 2 (3− n)λ4 (∇d lnλ (ei, ei) + (d lnλ⊗ d lnλ) (ei, ei))

= (3− n)nλ4
(

n+ 1

2
|grad lnλ|2 +∆ lnλ

)

− 2 (3− n)λ4
(

∆ lnλ+ |grad lnλ|2
)

.

❉✬♦9

TrgSλ,2 (φ) = (3− n)λ4
(

n2 + n− 4

2
|grad lnλ|2 + (n− 2)∆ lnλ

)

.

❊♥ ❝❛❧❝✉❧❛♥* ❧❡ ▲❛♣❧❛❝✐❡♥ ❞❡ ❧❛ ❢♦♥❝*✐♦♥ λ

n2 + n− 4

2 (n− 2)
✭(n ≥ 4)✮✱ ♥♦✉- ♦❜*❡♥♦♥- ❧❡ ❝♦%♦❧❧❛✐%❡

-✉✐✈❛♥* ✿

❝♦"♦❧❧❛✐"❡ ✷✳✸✳✸ ❙♦✐# φ : (Mn, g) → (Nn, h)✱ (n ≥ 4) ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦-♠❡ ❞❡ ❞✐❧❛✲

#❛#✐♦♥ λ✱ ❛❧♦-1 TrgSλ,2 (φ) ❡1# ♥✉❧❧❡ 1✐ ❡# 1❡✉❧❡♠❡♥# 1✐ ❧❛ ❢♦♥❝#✐♦♥ λ

n2 + n− 4

2 (n− 2)
❡1# ❤❛-♠♦✲

♥✐3✉❡✳

❯♥❡ ❛✉*%❡ ❝♦♥-1C✉❡♥❝❡ ❡-* ❞♦♥♥1❡ ❞❛♥- ❧❛ %❡♠❛%C✉❡ -✉✐✈❛♥*❡ ✿

❘❡♠❛",✉❡ ✷✳✸✳✸ ❙♦✐# φ : (Mn, g) → (Nn, h)✱ ✭n ≥ 4✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦-♠❡ ❞❡

❞✐❧❛#❛#✐♦♥ λ✱ ♥♦✉1 ❛✈♦♥1

divSλ,2 (φ) = h (τλ,2 (φ) , dφ) + (Trgh (∇τλ (φ) , dφ)) dλ

❡#

Trgh (∇τλ (φ) , dφ) = (3− n)λ3
(

∆ lnλ+ (n+ 1) |grad lnλ|2
)

.

❙✐ ♦♥ 1✉♣♣♦1❡ 3✉❡ ❧✬❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦-♠❡ φ ❡1# ❜✐✲λ✲❤❛-♠♦♥✐3✉❡✱ ❛❧♦-1 divSλ,2 (φ) ❡1# ♥✉❧❧❡

1✐ ❡# 1❡✉❧❡♠❡♥# ❧❛ ❢♦♥❝#✐♦♥ λn+1
❡1# ❤❛-♠♦♥✐3✉❡✳

✷✳✸✳✷ ❈❛% ♦' ❧❛ ❢♦♥❝,✐♦♥ f ❡%, /✉❡❧❝♦♥/✉❡✳

❉❛♥- ❝❡**❡ ❞❡✉①✐4♠❡ ♣❛%*✐❡✱ ♦♥ *%❛✐*❡ ❧❛ ❝❛- ❣1♥1%❛❧ ❡* ♦♥ ❝♦♠♠❡♥❝❡ ♣❛% ❧❡ ❝❛❧❝✉❧ ❞✉

❝❤❛♠♣ ❞❡ ❜✐✲f ✲*❡♥-✐♦♥✳



✻✵ ◗✉❡❧$✉❡% &'%✉❧(❛(% %✉& ❧❡% ❛♣♣❧✐❝❛(✐♦♥% ❜✐✲f ✲❤❛&♠♦♥✐$✉❡%

❚❤"♦$%♠❡ ✷✳✸✳✸ ❙♦✐# φ : (Mn, g) → (Nn, h)✱ ✭n ≥ 3✮ ✉♥❡ ❛♣♣❧✐❝❛#♦✐♥ ❝♦♥❢♦/♠❡ ❞❡

❞✐❧❛#❛#✐♦♥ λ✱ ❛❧♦/2 ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲f ✲#❡♥2✐♦♥ ❞❡ φ ❡2# ❞♦♥♥6 ♣❛/ ✿

τf,2 (φ) = f 2dφ (H (λ, f))

♦

✁

9

H (λ, f) = (n− 2) grad∆ lnλ− (n− 2) (n− 6)

2
grad

(

|grad lnλ|2
)

− (n− 2)
(

2 (∆ lnλ) + (n− 2) |grad lnλ|2
)

grad lnλ

+ 2 (n− 2)RicciM (grad lnλ) +
(

n (∆ ln f) + (2n− 1) |grad ln f |2
)

grad lnλ

− grad∆ ln f − 4∇grad lnλgrad ln f + 4 (n− 2) |grad lnλ|2 grad ln f
−

(

∆ ln f + 2 |grad ln f |2
)

grad ln f + 4 (n− 2)∇gard ln fgrad lnλ

− 6d lnλ (grad ln f) grad ln f − 3

2
grad

(

|grad ln f |2
)

− 2RicciM (grad ln f)

✭✷✳✷✺✮

+$❡✉✈❡✳ ❧❡ ❝❤❛♠♣ ❞❡ f ✲0❡♥2✐♦♥ φ ❡20 ❞5✜♥✐❡ ♣❛7

τf (φ) = fdφ
(

grad ln fλ2−n
)

,

❞✬♦9✱ ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲f ✲0❡♥2✐♦♥ ❞❡ φ ❡20 ❞♦♥♥5 ♣❛7

τf,2 (φ) = −f
(

Trg
(

∇φ
)2
fdφ

(

grad ln
(

λ2−nf
))

+ fTrgR
N
(

dφ
(

grad ln
(

λ2−nf
))

, dφ
)

dφ
)

− f∇φ
gard ln ffdφ

(

grad ln
(

λ2−nf
))

.

<♦✉7 ❝❛❧❝✉❧❡7 ❧❡ 0❡7♠❡ Trg
(

∇φ
)2
fdφ (grad ln (λ2−nf))✱ ♦♥ ✈❛ ✉0✐❧✐2❡7 ❧✬5?✉❛0✐♦♥ (3.19) ❡0

♦♥ ❛

Trg
(

∇φ
)2
fdφ

(

grad ln
(

λ2−nf
))

= fTrg
(

∇φ
)2
dφ

(

grad ln
(

λ2−nf
))

+ 2f∇φ
grad ln fdφ

(

grad ln
(

λ2−nf
))

+ f
(

∆ ln f + |grad ln f |2
)

dφ
(

grad ln
(

λ2−nf
))

.

❉✬✉♥ ❝❛❧❝✉❧ 2✐♠♣❧❡✱ ♦♥ ♠♦♥07❡ ?✉❡

∇φ
gard ln ffdφ

(

grad ln
(

λ2−nf
))

= f∇φ
gard ln fdφ

(

grad ln
(

λ2−nf
))

+f |grad ln f |2 dφ
(

grad ln
(

λ2−nf
))

,

✐❧ 2✉✐0 ?✉❡

τf,2 (φ) = −f 2Trg
(

∇φ
)2
dφ

(

grad ln
(

λ2−nf
))

− f 2TrgR
N
(

dφ
(

grad ln
(

λ2−nf
))

, dφ
)

dφ

− f 2
(

∆ ln f + 2 |grad ln f |2
)

dφ
(

grad ln
(

λ2−nf
))

− 3f 2∇φ
gard ln fdφ

(

grad ln
(

λ2−nf
))

✭✷✳✷✻✮



✷✳✸ ❈❛% ❞❡% ❛♣♣❧✐❝❛,✐♦♥% ❝♦♥❢♦0♠❡%✳ ✻✶

◆♦✉% &'✉❞✐❡+♦♥% '❡+♠❡ ♣❛+ '❡+♠❡ ❧❡ ❝&✁'& ❞+♦✐' ❞❡ ❧✬&4✉❛'✐♦♥ (2.11)✳ 6♦✉+ ❧❡ ♣+❡♠✐❡+ '❡+♠❡

Trg
(

∇φ
)2
dφ (grad ln (λ2−nf)) + TrgR

N (dφ (grad ln (λ2−nf)) , dφ) dφ✱ ♦♥ ❛

Trg
(

∇φ
)2
dφ

(

grad ln
(

λ2−nf
))

+ TrgR
N
(

dφ
(

grad ln
(

λ2−nf
))

, dφ
)

dφ

= dφ
(

grad∆ ln
(

λ2−nf
))

+ 4dφ
(

∇grad lnλgrad ln
(

λ2−nf
))

− 2
(

∆ ln
(

λ2−nf
))

dφ (grad lnλ)− (n− 2) dφ
(

∇grad ln(λ2−nf)grad lnλ
)

− (n− 2) |grad lnλ|2 dφ
(

grad ln
(

λ2−nf
))

+ 2dφ
(

RicciM
(

grad ln
(

λ2−nf
)))

.

❊♥ ✉'✐❧✐%❛♥' ❧❡ ❢❛✐' 4✉❡

ln
(

λ2−nf
)

= (2− n) lnλ+ ln f,

♥♦✉% ♦❜'❡♥♦♥%

Trg
(

∇φ
)2
dφ

(

grad ln
(

λ2−nf
))

+ TrgR
N
(

dφ
(

grad ln
(

λ2−nf
))

, dφ
)

dφ

= (2− n) dφ (grad∆ lnλ) +
(n− 2) (n− 6)

2
dφ

(

grad
(

|grad lnλ|2
))

− 2 (2− n) (∆ lnλ) dφ (grad lnλ) + (n− 2)2 |grad lnλ|2 dφ (grad lnλ)

+ 2 (2− n) dφ
(

RicciM (grad lnλ)
)

+ dφ (grad∆ ln f) + 4dφ (∇grad lnλgrad ln f)

− 2 (∆ ln f) dφ (grad lnλ)− (n− 2) dφ (∇grad ln fgrad lnλ)

− (n− 2) |grad lnλ|2 dφ (grad ln f) + 2dφ
(

RicciM (grad ln f)
)

.

✭✷✳✷✼✮

▼❛✐♥'❡♥❛♥'✱ ♥♦✉% ❛❧❧♦♥% +❡❣❛+❞❡+ ❧❡ ❞❡+♥✐❡+ '❡+♠❡ ∇φ
gard ln fdφ (grad ln (λ

2−nf)) ❀ ♣❛+ ✉♥

❝❛❧❝✉❧ %✐♠♣❧❡✱ ♦♥ ♦❜'✐❡♥'

∇φ
gard ln fdφ

(

grad ln
(

λ2−nf
))

= (2− n)∇φ
gard ln fdφ (grad lnλ) +∇φ

gard ln fdφ (grad ln f)

= (2− n)
(

|grad lnλ|2 dφ (grad ln f) + dφ (∇gard ln fgrad lnλ)
)

+ 2d lnλ (grad ln f) dφ (grad ln f)− |grad ln f |2 dφ (grad lnλ)

+ dφ (∇gard ln fgrad ln f) ,

❝❡ 4✉✐ ♥♦✉% ❞♦♥♥❡

∇φ
gard ln fdφ

(

grad ln
(

λ2−nf
))

= (2− n) |grad lnλ|2 dφ (grad ln f) + 1

2
dφ

(

grad
(

|grad ln f |2
))

− |grad ln f |2 dφ (grad lnλ) + (2− n) dφ (∇gard ln fgrad lnλ)

+ 2d lnλ (grad ln f) dφ (grad ln f) .

✭✷✳✷✽✮



✻✷ ◗✉❡❧$✉❡% &'%✉❧(❛(% %✉& ❧❡% ❛♣♣❧✐❝❛(✐♦♥% ❜✐✲f ✲❤❛&♠♦♥✐$✉❡%

❙✐ ♦♥ &❡♠♣❧❛❝❡ (2.12) ❡- (2.13) ❞❛♥/ (2.11)✱ ♥♦✉/ ❞2❞✉✐/♦♥/ 3✉❡

τf,2 (φ) = (n− 2) f 2dφ (grad∆ lnλ)− (n− 2) (n− 6)

2
f 2dφ

(

grad
(

|grad lnλ|2
))

− (n− 2) f 2
(

2 (∆ lnλ) + (n− 2) |grad lnλ|2
)

dφ (grad lnλ)

+ 2 (n− 2) f 2dφ
(

RicciM (grad lnλ)
)

+ f 2
(

n (∆ ln f) + (2n− 1) |grad ln f |2
)

dφ (grad lnλ)

− f 2dφ (grad∆ ln f)− 4dφ (∇grad lnλgrad ln f) + 4 (n− 2) f 2 |grad lnλ|2 dφ (grad ln f)

− f 2
(

∆ ln f + 2 |grad ln f |2
)

dφ (grad ln f) + 4 (n− 2) f 2dφ (∇gard ln fgrad lnλ)

− 6f 2d lnλ (grad ln f) dφ (grad ln f)− 3

2
f 2dφ

(

grad
(

|grad ln f |2
))

− 2f 2dφ
(

RicciM (grad ln f)
)

❉✬♦6

τf,2 (φ) = f 2dφ (H (λ, f))

♦6

H (λ, f) = (n− 2) grad∆ lnλ− (n− 2) (n− 6)

2
grad

(

|grad lnλ|2
)

− (n− 2)
(

2 (∆ lnλ) + (n− 2) |grad lnλ|2
)

grad lnλ

+ 2 (n− 2)RicciM (grad lnλ) +
(

n (∆ ln f) + (2n− 1) |grad ln f |2
)

grad lnλ

− grad∆ ln f − 4∇grad lnλgrad ln f + 4 (n− 2) |grad lnλ|2 grad ln f

−
(

∆ ln f + 2 |grad ln f |2
)

grad ln f + 4 (n− 2)∇gard ln fgrad lnλ

− 6d lnλ (grad ln f) grad ln f − 3

2
grad

(

|grad ln f |2
)

− 2RicciM (grad ln f) .

❯♥❡ ❝♦♥/23✉❡♥❝❡ ❞❡ ❝❛&❛❝-2&✐/❛-✐♦♥ ❞❡ ❧❛ ❜✐✲f ✲❤❛&♠♦♥✐❝✐-2 ❡/- ❞♦♥♥2❡ ♣❛& ❧❛ ♣&♦♣&✐2-2

/✉✐✈❛♥-❡✳

❘❡♠❛$%✉❡ ✷✳✸✳✹ ❙♦✐# φ : (Mn, g) → (Nn, h)✱ ✭n ≥ 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦/♠❡ ❞❡

❞✐❧❛#❛#✐♦♥ λ✱ ❛❧♦/2 φ ❡2# ❜✐✲f ✲❤❛/♠♦♥✐6✉❡ 2✐ ❡# 2❡✉❧❡♠❡♥# 2✐

(n− 2) grad∆ lnλ− (n− 2) (n− 6)

2
grad

(

|grad lnλ|2
)

− (n− 2)
(

2 (∆ lnλ) + (n− 2) |grad lnλ|2
)

grad lnλ

+ 2 (n− 2)RicciM (grad lnλ) +
(

n (∆ ln f) + (2n− 1) |grad ln f |2
)

grad lnλ

− grad∆ ln f − 4∇grad lnλgrad ln f + 4 (n− 2) |grad lnλ|2 grad ln f

−
(

∆ ln f + 2 |grad ln f |2
)

grad ln f + 4 (n− 2)∇gard ln fgrad lnλ

− 6d lnλ (grad ln f) grad ln f − 3

2
grad

(

|grad ln f |2
)

− 2RicciM (grad ln f) = 0.

✭✷✳✷✾✮



✷✳✸ ❈❛% ❞❡% ❛♣♣❧✐❝❛,✐♦♥% ❝♦♥❢♦0♠❡%✳ ✻✸

❊♥ ♣❛&'✐❝✉❧✐❡&✱ .✐ ❧✬❛♣♣❧✐❝❛'✐♦♥ φ ❡.' ❜✐❤❛&♠♦♥✐4✉❡✱ ♥♦✉. ♦❜'❡♥♦♥. ❧❡ &5.✉❧'❛' .✉✐✈❛♥'✳

❝♦"♦❧❧❛✐"❡ ✷✳✸✳✹ ❙♦✐# φ : (Mn, g) → (Nn, h)✱ ✭n ≥ 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦/♠❡ ❞❡ ❞✐❧❛✲

#❛#✐♦♥ λ 3✉♣♣♦34❡ ❜✐❤❛/♠♦♥✐7✉❡✳ ❆❧♦/3 φ ❡3# ❜✐✲f ✲❤❛/♠♦♥✐7✉❡ 3✐ ❡# 3❡✉❧❡♠❡♥# 3✐

grad∆ ln f + 4∇grad lnλgrad ln f − 4 (n− 2)∇grad ln fgrad lnλ

+
(

∆ ln f + 2 |grad ln f |2 − 4 (n− 2) |grad lnλ|2 + 6d lnλ (grad ln f)
)

grad ln f

−
(

n∆ ln f + (2n− 1) |grad ln f |2
)

grad lnλ+
3

2
grad

(

|grad ln f |2
)

+ 2RicciM (grad ln f) = 0.

●&9❝❡ ❛✉ ❝♦&♦❧❧❛✐&❡ ✷✳✸✳✹✱ ♥♦✉. ❝♦♥.'&✉✐.♦♥. ✉♥ ❡①❡♠♣❧❡ ❞✬✉♥❡ ❛♣♣❧✐❝❛'✐♦♥ ❜✐✲f ✲❤❛&♠♦♥✐4✉❡✳

❊①❡♠♣❧❡ ✷✳✸✳✶ ❙♦✐# φ : R4 \ {0} −→ R
4 \ {0} ❧✬✐♥✈❡/3✐♦♥ ❞4✜♥✐❡ ♣❛/

φ (x) =
x

|x|2
.

❖♥ 3❛✐# 7✉❡ φ ❡3# ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦/♠❡ ❜✐❤❛/♠♦♥✐7✉❡ ❞❡ ❞✐❧❛#❛#✐♦♥

λ =
1

r2
, r = |x| .

◆♦✉3 3✉♣♣♦3♦♥3 7✉❡ ln f ❡3# /❛❞✐❛❧❡ (ln f = α (r))✳ ❊♥ ❛♣♣❧✐7✉❛♥# ❧❡ /43✉❧#❛# ❞✉ ❝♦/♦❧❧❛✐/❡

✷✳✸✳✹✱ ♦♥ ❞4❞✉✐# 7✉❡ ❧✬✐♥✈❡/3✐♦♥ φ : R
4 \ {0} −→ R

4 \ {0} ❡3# ❜✐✲f ✲❤❛/♠♦♥✐7✉❡ 3✐ ❡#

3❡✉❧❡♠❡♥# 3✐ ❧❛ ❢♦♥❝#✐♦♥ α 3❛#✐3❢❛✐# ❧✬47✉❛#✐♦♥ ❞✐✛4/❡♥#✐❡❧❧❡ 3✉✐✈❛♥#❡

α′′′ +
3

r
α′′ − 27

r2
α′ + 4α′α′′ +

5

r
(α′)

2
+ 2 (α′)

3
= 0.

D♦3♦♥3 β = α′
✱ ❝❡##❡ ❞❡/♥✐E/❡ 47✉❛#✐♦♥ ❞❡✈✐❡♥#

β′′ +
3

r
β′ − 27

r2
β + 4ββ′ +

5

r
β2 + 2β3 = 0.

❙✐ ♦♥ /❡❣❛/❞❡ ❧❡3 3♦❧✉#✐♦♥3 ❞❡ #②♣❡ β =
a

r
✭a ∈ R

∗
✮✱ ♦♥ ❞4❞✉✐# 7✉❡ φ : R4 \{0} −→ R

4 \{0}

❡3# ❜✐✲f ✲❤❛/♠♦♥✐7✉❡ 3✐ ❡# 3❡✉❧❡♠❡♥# 3✐

2a2 + a− 28 = 0.

❈❡##❡ 47✉❛#✐♦♥ ❛❧❣4❜/✐7✉❡ ♣♦33E❞❡ ❞❡✉① 3♦❧✉#✐♦♥3 a = −4 ❡# a =
7

2
✳

✶✳ D♦✉/ a = −4✱ ♦♥ ♦❜#✐❡♥# f (r) = Cr−4
❡# ❞❛♥3 ❝❡ 7✉❡ ❧✬✐♥✈❡/3✐♦♥ φ : R4 \ {0} −→

R
4 \ {0} ❡3# f ✲❤❛/♠♦♥✐❝ ❞♦♥❝ ❜✐✲f ✲❤❛/♠♦♥✐❝✳



✻✹ ◗✉❡❧$✉❡% &'%✉❧(❛(% %✉& ❧❡% ❛♣♣❧✐❝❛(✐♦♥% ❜✐✲f ✲❤❛&♠♦♥✐$✉❡%

✷✳ "♦✉% a =
7

2
✱ ♦♥ ♦❜)✐❡♥) f (r) = Cr

7

2
❀ ✐❧ .✉✐) /✉❡ ❧✬✐♥✈❡%.✐♦♥ φ : R4\{0} −→ R

4\{0}

❡.) ❜✐✲f ✲❤❛%♠♦♥✐/✉❡ ✭♥♦♥ f ✲❤❛%♠♦♥✐/✉❡✮✳

◆♦✉% &❡(♠✐♥♦♥% ❝❡ ❝❤❛♣✐&(❡ ♣❛( ❧❡ ❝❛❧❝✉❧ ❞✉ &❡♥%❡✉( ❜✐✲f ✲4♥❡(❣✐❡ ♣♦✉( ✉♥❡ ❛♣♣❧✐❝❛&✐♦♥

❝♦♥❢♦(♠❡ φ ❡& ♦♥ ♣(♦✉✈❡ 8✉❡ Sf,2 (φ) ❞4♣❡♥❞ %❡✉❧❡♠❡♥& ❞❡ ❧❛ ❞✐❧❛&❛&✐♦♥ ❡& ❧❛ ❢♦♥❝&✐♦♥ f ✳

❚❤"♦$%♠❡ ✷✳✸✳✹ ❙♦✐) φ : (Mn, g) → (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛)✐♦♥ ❝♦♥❢♦%♠❡ ❞❡ ❞✐❧❛)❛)✐♦♥ λ✱

♥♦✉. ❛✈♦♥.

Sf,2 (φ) = f 2λ2

(

−(n− 2)2

2
|grad lnλ|2 + 3

2
|grad ln f |2

)

g

+ f 2λ2 ((2− n) d lnλ (grad ln f) + (2− n)∆ lnλ+∆ ln f) g

+ f 2λ2
(

2 (n− 2) sym (d lnλ⊙ d ln f)− 2 (d ln f)2
)

− 2f 2λ2 ((2− n)∇d lnλ+∇d ln f)

✭✷✳✸✵✮

❡) ❧❛ )%❛❝❡ ❞❡ Sf,2 (φ) ❡.) ❞♦♥♥=❡ ♣❛% ❧❛ ❢♦%♠✉❧❡ .✉✐✈❛♥)❡ ✿

TrgSf,2 (φ) = − (n− 2)2 f 2λ2
(

∆ lnλ+
n

2
|grad lnλ|2

)

+ (n− 2) f 2λ2 (3d lnλ (grad ln f) + ∆ ln f)

+
3n− 4

2
f 2λ2 |grad ln f |2 .

✭✷✳✸✶✮

,$❡✉✈❡✳ ▲❡ &❡♥%❡✉( ❜✐✲f ✲4♥❡(❣✐❡ ❡%& ❞4✜♥✐ ♣❛(

Sf,2 (φ) =

(

1

2
|τf (φ)|2 + fTrgh (∇τf (φ) , dφ)

)

g

− 2fsymh (∇τf (φ) , dφ) .

❈♦♠♠❡ φ ❡%& ❝♦♥❢♦(♠❡ ❞❡ ❞✐❧❛&❛&✐♦♥ λ✱ ♦♥ ❛ ❞♦♥❝

τf (φ) = (2− n) fdφ (grad lnλ) + fdφ (grad ln f)

❡&

|τf (φ)|2 = (n− 2)2 f 2λ2 |grad lnλ|2 + f 2λ2 |grad ln f |2

+ 2 (2− n) f 2λ2d lnλ (grad ln f) .
✭✷✳✸✷✮



✷✳✸ ❈❛% ❞❡% ❛♣♣❧✐❝❛,✐♦♥% ❝♦♥❢♦0♠❡%✳ ✻✺

❈❛❧❝✉❧♦♥) ❧❡ +❡,♠❡ Trgh (∇τf (φ) , dφ)✱ ❙♦✐+ (ei)1≤i≤n ✉♥❡ ❜❛)❡ ♦,+❤♦♥♦,♠3❡ )✉, M ✱ ♦♥ ❛

Trgh (∇τf (φ) , dφ) = (2− n)h
(

∇φ
ei
fdφ (grad lnλ) , dφ (ei)

)

+ h
(

∇φ
ei
fdφ (grad ln f) , dφ (ei)

)

= (2− n) fh
(

∇φ
ei
dφ (grad lnλ) , dφ (ei)

)

+ (2− n)h (ei (f) dφ (grad lnλ) , dφ (ei))

+ fh
(

∇φ
ei
dφ (grad ln f) , dφ (ei)

)

+ h (ei (f) dφ (grad ln f) , dφ (ei))

= (2− n) fh
(

∇φ
ei
dφ (grad lnλ) , dφ (ei)

)

+ (2− n) fh (dφ (grad lnλ) , dφ (grad ln f))

+ fh
(

∇φ
ei
dφ (grad ln f) , dφ (ei)

)

+ fh (dφ (grad ln f) , dφ (grad ln f))

= (2− n) fh
(

∇φ
ei
dφ (grad lnλ) , dφ (ei)

)

+ (2− n) fλ2d lnλ (grad ln f)

+ fh
(

∇φ
ei
dφ (grad ln f) , dφ (ei)

)

+ fλ2 |grad ln f |2 .

■❧ ❡)+ ❝♦♥♥✉ 5✉❡ ✭✈♦✐, ❬✷❪✮

h
(

∇φ
ei
dφ (grad lnλ) , dφ (ei)

)

= h (∇dφ (ei, grad lnλ) , dφ (ei)) + h (dφ (∇eigrad lnλ) , dφ (ei))

= h
(

|grad lnλ|2 dφ (ei) , dφ (ei)
)

+ λ2g (∇eigrad lnλ, ei)

= nλ2 |grad lnλ|2 + λ2∆ lnλ

❡+

h
(

∇φ
ei
dφ (grad ln f) , dφ (ei)

)

= h (∇dφ (ei, grad ln f) , dφ (ei)) + h (dφ (∇eigrad ln f) , dφ (ei))

= h (ei (lnλ) dφ (grad ln f) , dφ (ei)) + h (d lnλ (grad ln f) dφ (ei) , dφ (ei))

− h (ei (ln f) dφ (grad lnλ) , dφ (ei)) + λ2g (∇eigrad ln f, ei)

= h (dφ (grad ln f) , dφ (grad lnλ)) + d lnλ (grad ln f)h (dφ (ei) , dφ (ei))

− h (dφ (grad lnλ) , dφ (grad ln f)) + λ2g (∇eigrad ln f, ei)

= nλ2d lnλ (grad ln f) + λ2∆ ln f.

❈❡ 5✉✐ ♥♦✉) ❞♦♥♥❡

Trgh (∇τf (φ) , dφ) = (2− n)nfλ2 |grad lnλ|2 + (2− n) fλ2∆ lnλ

+ 2fλ2d lnλ (grad ln f) + fλ2∆ ln f + fλ2 |grad ln f |2 .
✭✷✳✸✸✮

❘❡❣❛,❞♦♥) ♠❛✐♥+❡♥❛♥+ ❧❡ +❡,♠❡ symh (∇τf (φ) , dφ) ❀ ♥♦✉) ❛✈♦♥) ♣❛, ❞3✜♥✐+✐♦♥ ♣♦✉, +♦✉)

X, Y ∈ Γ (TM)

symh (∇τf (φ) , dφ) (X, Y ) =
1

2
(h (∇Xτf (φ) , dφ (Y )) + h (∇τf (φ) , dφ (X))) .



✻✻ ◗✉❡❧$✉❡% &'%✉❧(❛(% %✉& ❧❡% ❛♣♣❧✐❝❛(✐♦♥% ❜✐✲f ✲❤❛&♠♦♥✐$✉❡%

!♦✉$ ❧❡ '❡$♠❡ h (∇Xτf (φ) , dφ (Y ))✱ ♦♥ ❛

h (∇Xτf (φ) , dφ (Y )) = (2− n)h (∇Xfdφ (grad lnλ) , dφ (Y )) + h (∇Xfdφ (grad ln f) , dφ (Y ))

= (2− n) fh (∇Xdφ (grad lnλ) , dφ (Y )) + (2− n)X (f)h (dφ (grad lnλ) , dφ (Y ))

+ fh (∇Xdφ (grad ln f) , dφ (Y )) +X (f)h (dφ (grad ln f) , dφ (Y ))

= (2− n) fh (∇Xdφ (grad lnλ) , dφ (Y )) + (2− n) fλ2X (ln f)Y (lnλ)

+ fh (∇Xdφ (grad ln f) , dφ (Y )) + fλ2X (ln f)Y (ln f) .

❧❡ ❢❛✐' .✉❡ φ ❡/' ❝♦♥❢♦$♠❡ ♥♦✉/ ❞♦♥♥❡

h (∇Xdφ (grad lnλ) , dφ (Y )) = λ2 |grad lnλ|2 g (X, Y ) + λ2∇d lnλ (X, Y )

❡'

h (∇Xdφ (grad ln f) , dφ (Y )) = λ2X (lnλ)Y (ln f) + λ2d lnλ (grad ln f) g (X, Y )

− λ2X (ln f)Y (lnλ) + λ2∇d ln f (X, Y ) ,

❞✬♦3

h (∇Xτf (φ) , dφ (Y )) = (2− n) fλ2 |grad lnλ|2 g (X, Y ) + fλ2d lnλ (grad ln f) g (X, Y )

+ (2− n) fλ2∇d lnλ (X, Y ) + fλ2X (lnλ)Y (ln f) + fλ2∇d ln f (X, Y )

− (n− 1) fλ2X (ln f)Y (lnλ) + fλ2X (ln f)Y (ln f) .

!❛$ ✉♥ /✐♠♣❧❡ ❝❛❧❝✉❧✱ ♦♥ ❛$$✐✈❡ 6 ❧❛ ❢♦$♠✉❧❡ /✉✐✈❛♥'❡

h (∇Y τf (φ) , dφ (X)) = (2− n) fλ2 |grad lnλ|2 g (X, Y ) + fλ2d lnλ (grad ln f) g (X, Y )

+ (2− n) fλ2∇d lnλ (X, Y ) + fλ2X (ln f)Y (lnλ) + fλ2∇d ln f (X, Y )

− (n− 1) fλ2X (lnλ)Y (ln f) + fλ2X (ln f)Y (ln f) .

■❧ /✉✐' .✉❡

symh (∇τf (φ) , dφ) (X, Y ) = (2− n) fλ2 |grad lnλ|2 g (X, Y ) + fλ2d lnλ (grad ln f) g (X, Y )

+ (2− n) fλ2∇d lnλ (X, Y ) + fλ2∇d ln f (X, Y ) + fλ2 (d ln f)2 (X, Y )

− (n− 2) fλ2sym (d lnλ⊙ d ln f) (X, Y ) ,

✭✷✳✸✹✮

♦3

(d ln f)2 (X, Y ) = d ln f (X) d ln f (Y ) = X (ln f)Y (ln f)



✷✳✸ ❈❛% ❞❡% ❛♣♣❧✐❝❛,✐♦♥% ❝♦♥❢♦0♠❡%✳ ✻✼

❡#

sym (d lnλ⊙ d ln f) (X, Y ) =
1

2
((d lnλ⊗ d ln f) (X, Y ) + (d lnλ⊗ d ln f) (Y,X))

=
1

2
(X (lnλ)Y (ln f) +X (ln f)Y (lnλ)) .

●%&❝❡ ❛✉① +,✉❛#✐♦♥ (2.19)✱ (2.20) ❡# (2.21)✱ ♥♦✉1 ❝♦♥❝❧✉♦♥1 ,✉❡

Sf,2 (φ) (X, Y ) = f 2λ2

(

−(n− 2)2

2
|grad lnλ|2 + 3

2
|grad ln f |2

)

g (X, Y )

+ f 2λ2 ((2− n) d lnλ (grad ln f) + (2− n)∆ lnλ+∆ ln f) g (X, Y )

+ f 2λ2
(

2 (n− 2) sym (d lnλ⊙ d ln f)− 2 (d ln f)2
)

(X, Y )

− 2f 2λ2 ((2− n)∇d lnλ+∇d ln f) (X, Y ) .

❝❡❧❛ ♥♦✉1 %❛♠4♥❡ 5 ✿

Sf,2 (φ) = f 2λ2

(

−(n− 2)2

2
|grad lnλ|2 + 3

2
|grad ln f |2

)

g

+ f 2λ2 ((2− n) d lnλ (grad ln f) + (2− n)∆ lnλ+∆ ln f) g

+ f 2λ2
(

2 (n− 2) sym (d lnλ⊙ d ln f)− 2 (d ln f)2
)

− 2f 2λ2 ((2− n)∇d lnλ+∇d ln f) .

❚❡%♠✐♥♦♥1 ❧❛ ♣%❡✉✈❡ ♣❛% ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❞✉ #❡♥1❡✉% ❜✐✲f ✲+♥❡%❣✐❡✳ ❙♦✐# (ei)1≤i≤n ✉♥❡ ❜❛1❡

♦%#❤♦♥♦%♠+❡ 1✉% M ✱ ♦♥ ❛

TrgSf,2 (φ) = Sf,2 (φ) (ei, ei)

= f 2λ2

(

−(n− 2)2

2
|grad lnλ|2 + 3

2
|grad ln f |2

)

g (ei, ei)

+ f 2λ2 ((2− n) d lnλ (grad ln f) + (2− n)∆ lnλ+∆ ln f) g (ei, ei)

+ f 2λ2
(

2 (n− 2) sym (d lnλ⊙ d ln f)− 2 (d ln f)2
)

(ei, ei)

− 2f 2λ2 ((2− n)∇d lnλ+∇d ln f) (ei, ei)

= f 2λ2

(

−n (n− 2)2

2
|grad lnλ|2 + 3n

2
|grad ln f |2

)

+ f 2λ2 ((2− n)nd lnλ (grad ln f) + (2− n)n∆ lnλ+ n∆ ln f)

+ f 2λ2
(

2 (n− 2) d lnλ (grad ln f)− 2 |grad ln f |2
)

− 2f 2λ2 ((2− n)∆ lnλ+∆ ln f) ,
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❞✬♦%

TrgSf,2 (φ) = − (n− 2)2 f 2λ2
(

∆ lnλ+
n

2
|grad lnλ|2

)

+ (n− 2) f 2λ2 (d lnλ (grad ln f) + ∆ ln f)

+
3n− 4

2
f 2λ2 |grad ln f |2 .

❘❡♠❛$%✉❡ ✷✳✸✳✺ ❙♦✐# φ : (Mn, g) → (Nn, h) ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦,♠❡ ❞❡ ❞✐❧❛#❛#✐♦♥ λ✱

♦♥ ❛

divSf,2 (φ) = h (τf,2 (φ) , dφ) + (Trgh (∇τf (φ) , dφ)) df

❡#

Trgh (∇τf (φ) , dφ) = (2− n) fλ2 (∆ lnλ) + (2− n)nfλ2 |grad lnλ|2

+ fλ2 (∆ ln f) + 3
(

fλ2
)

d lnλ (grad ln f) .

❙✐ ♦♥ 0✉♣♣♦0❡ 1✉❡ ❧✬❛♣♣❧✐❝❛#✐♦♥ φ ❡0# ❜✐✲f ✲❤❛,♠♦♥✐1✉❡✱ ❛❧♦,0 divSf,2 (φ) ❡0# ♥✉❧❧❡ 0✐ ❡#

0❡✉❧❡♠❡♥# 0✐ ❧❡0 ❢♦♥❝#✐♦♥0 λ ❡# f ✈7,✐✜❡♥# ❧✬71✉❛#✐♦♥ 0✉✐✈❛♥#❡

(2− n)∆ lnλ+∆ ln f + (2− n)n |grad lnλ|2 + 3d lnλ (grad ln f) = 0.

❇✐❜❧✐♦❣&❛♣❤✐❡
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♠❛♥✐❢♦❧❞1✱ ❙❝✐✳ ❈❤✐♥❛ ▼❛3❤✳ ✺✽ ✭✷✵✶✺✮✱ ♥♦✳ ✼✱ ✶✹✽✸✲✶✹✾✽✳

✶✷✳ ❨✳ ▲✉♦ ❛♥❞ ❨✲▲✳❖✉ ✿ ❙♦♠❡ ,❡♠1 ♦♥ ❇✐✲❢✲❍❛,♠♦♥✐❝ ▼❛♣1 ❛♥❞ ❢✲❇✐❤❛,♠♦♥✐❝ ▼❛♣1✱

❘❡1✉❧31 ✐♥ ▼❛3❤❡♠❛3✐❝1✱ ✼✹✱ ♥✉♠❜❡, ✾✼ ✭✷✵✶✾✮✱ ✶✲✶✾✳

✶✸✳ ❙✳ ❖✉❛❦❦❛1 ❛♥❞ ❉✳ ❉❥❡❜❜♦✉,✐✱ ❈♦♥❢♦,♠❛❧ ▼❛♣1✱ ❇✐❤❛,♠♦♥✐❝ ▼❛♣1✱ ❛♥❞ 3❤❡ ❲❛,♣❡❞

W,♦❞✉❝3✳ ▼❛3❤❡♠❛3✐❝1 ✷✵✶✻✱ ✹✱ ✶✺ ❀ ❞♦✐ ✿ ✶✵✳✸✸✾✵✴♠❛3❤ ✹✵✶✵✵✶✺✳

✶✹✳ ❙✳ ❖✉❛❦❦❛1✱ ❘✳ ◆❛1,✐ ❛♥❞ ▼✳ ❉❥❛❛ ✿ ❖♥ 3❤❡ f ✲❇✐❤❛,♠♦♥✐❝ ♠❛♣1✱ ❏W ❏✳ ●❡♦♠✳

❚♦♣♦✳ ✶✵✭✶✮✱ ✭✷✵✶✵✮✱ ✶✶✲✷✼✳

✶✺✳ ❩✳✲W✳ ❲❛♥❣✱ ❨✳✲▲✳ ❖✉ ❛♥❞ ❍✳✲❈✳ ❨❛♥❣❛ ✿ ❇✐❤❛,♠♦♥✐❝ ❛♥❞ ❢ ✲❜✐❤❛,♠♦♥✐❝ ♠❛♣1

❢,♦♠ ❛ ✷✲1♣❤❡,❡✱ ❏✳ ●❡♦♠✳ W❤②1✳ ✶✵✹ ✭✷✵✶✻✮✱ ✶✸✼✲✶✹✼✳



✼✵ ◗✉❡❧$✉❡% &'%✉❧(❛(% %✉& ❧❡% ❛♣♣❧✐❝❛(✐♦♥% ❜✐✲f ✲❤❛&♠♦♥✐$✉❡%



✸

❈❤❛♣✐&'❡

❆♣♣❧✐❝❛&✐♦♥. ❜✐❤❛'♠♦✲

♥✐2✉❡. ❡& ❞5❢♦'♠❛&✐♦♥.

D✲✐.♦♠5&'✐2✉❡. ❞❡. ✈❛'✐5✲

&5. ♣'❡.2✉❡ ❞❡ ❝♦♥&❛❝&✳

❙♦♠♠❛✐'❡

✸✳✶ ■♥&'♦❞✉❝&✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✸✳✷ ❙&'✉❝&✉'❡. ♣'❡.2✉❡ ❞❡ ❝♦♥&❛❝& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✸✳✷✳✶ ❱❛'✐5&5 ❞❡ ❑❡♥♠♦&.✉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✸✳✸ ❚❤❡ ♠❛✐♥ '❡.✉❧&.✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✸✳✸✳✶ ◗✉❡❧2✉❡. '5.✉❧&❛&. .✉' ❧❛ ❞5❢♦'♠❛&✐♦♥ D✲✐.♦♠❡&'✐2✉❡

❞✬✉♥❡ ✈❛'✐5&5 ♣'❡.2✉❡ ❞❡ ❝♦♥&❛❝&✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✸✳✸✳✷ ▲❛ ❜✐❤❛'♠♦♥✐❝✐&5 ❞❡ ❧✬❛♣♣❧✐❝❛&✐♦♥ ✐❞❡♥&✐&5

Id :
(

M2m+1, ϕ, ξ, η, g
)

−→ (M2m+1, ϕ, ξ, η, g)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✸✳✸✳✸ ▲❛ ❜✐❤❛'♠♦♥✐❝✐&5 ❞❡ ❧✬❛♣♣❧✐❝❛&✐♦♥ ✐❞❡♥&✐&5

Id : (M2m+1, ϕ, ξ, η, g) −→
(

M2m+1, ϕ, ξ, η, g
)

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✸✳✹ ❆♣♣❧✐❝❛&✐♦♥. f✲❜✐❤❛'♠♦♥✐2✉❡. ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✸✳✺ ❚❤❡ ♠❛✐♥ '❡.✉❧&. ♦❢ f✲❜✐❤❛'♠♦♥✐❝ ♠❛♣.✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✸✳✺✳✶ ❚❤❡ ❝❛.❡ ♦❢ ❝♦♥❢♦'♠❛❧ ♠❛♣.✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✸✳✶ ■♥%&♦❞✉❝%✐♦♥✳

■❧ ❡①✐-.❡ ♣❧✉-✐❡✉1- .②♣❡- ❞❡ ❞4❢♦1♠❛.✐♦♥- ❝♦♥❝❡1♥❛♥. ❧❡- -.1✉❝.✉1❡- ♣1❡-;✉❡- ❞❡ ❝♦♥.❛❝.✳

▲❛ ♥♦.✐♦♥ ❞❡ ❧❛ D✲ ❞4❢♦1♠❛.✐♦♥ ❝♦♥❢♦1♠❡ ❣4♥41❛❧✐-4❡ ❡-. 4.✉❞✐4❡ ❞❛♥- ❬✾❪ ♦B ❧❡- ❛✉.❡✉1-

❞♦♥♥❡♥. ;✉❡❧;✉❡- -.1✉❝.✉1❡- ♣❛1.✐❝✉❧✐C1❡ ❝♦♥❝❡1♥❛♥. ❝❡ .②♣❡ ❞❡ ❞4❢♦1♠❛.✐♦♥ ❡. ✐❧- 4.✉❞✐❡♥.

❧❛ ❝♦✉1❜✉1❡ -❝❛❧❛✐1❡ ❛--♦❝✐4❡✳ ❉❛♥- ❝❡ ❝❤❛♣✐.1❡✱ ♦♥ 4.✉❞✐❡ ✉♥ ❛✉.1❡ .②♣❡ ❞❡ ❞4❢♦1♠❛.✐♦♥✱

❞✐. ❞4❢♦1♠❛.✐♦♥ D✲✐-♦♠4.1✐;✉❡✱ ♦♥ ♣14-❡♥.❡ ;✉❡❧;✉❡- 14-✉❧❛.- ❧✐4- H ❝❡..❡ ❞4❢♦1♠❛.✐♦♥✱

♦♥ ❞♦♥♥❡ ❧❛ 1❡❧❛.✐♦♥ ❡♥.1❡ ❧❡- ❝♦♥♥❡①✐♦♥- ❞❡ ▲4✈✐✲❈✐✈✐.❛ .✐♦♥- ❞❡ (M2m+1, ϕ, ξ, η, g) ❡.

(

M2m+1, ϕ, ξ, η, g
)

❡. ♦♥ .1❛✐.❡ ;✉❡❧;✉❡- ❝❛- ♣❛1.✐❝✉❧✐❡1-✳ ▲✬♦❜❥❡❝.✐❢ ♣1✐♥❝✐♣❛❧ ❞❡ ❝❡ ❝❤❛♣✐.1❡

❡-. ❞✬4.✉❞✐❡1 ❧✬❤❛1♠♦♥✐❝✐.4 ❡. ❧❛ ❜✐❤❛1♠♦♥✐❝✐.4 1❡❧❛.✐✈❡- H ❝❡ .②♣❡ ❞❡ ❞4❢♦1♠❛.✐♦♥✳ ▲❡-

14-✉❧.❛.- ♦❜.❡♥✉- ❞❛♥- ❝❡ ❝❤❛♣✐.1❡ ❢♦♥. ❧✬♦❜❥❡. ❞✬✉♥ ♣❛♣✐❡1 ❡♥ ❝♦✉1- ❞❡ ✜♥❛❧✐-❛.✐♦♥ ❡. ;✉✐

❞♦✐. N.1❡ -♦✉♠✐-✳

✼✶



✼✷ ❆♣♣❧✐❝❛&✐♦♥) ❜✐❤❛,♠♦♥✐.✉❡) ❡& ❞2❢♦,♠❛&✐♦♥) D✲✐)♦♠2&,✐.✉❡) ❞❡) ✈❛,✐2&2) ♣,❡).✉❡ ❞❡ ❝♦♥&❛❝&✳

✸✳✷ ❙$%✉❝$✉%❡) ♣%❡)+✉❡ ❞❡ ❝♦♥$❛❝$

❉!✜♥✐%✐♦♥ ✸✳✷✳✶ ❖♥ ❝♦♥$✐❞'☎)❡

✶✳ M ✉♥❡ ✈❛)✐'0' ❞✐✛')❡♥0✐❛❜❧❡ ❞❡ ❞✐♠❡♥$✐♦♥ ✐♠♣❛✐)❡ 2n+ 1✳

✷✳ ϕ ✉♥ ❝❤❛♠♣$ ❞❡ 0❡♥$❡✉) ❞❡ 0②♣❡ (1, 1)✳

✸✳ ξ ✉♥ ❝❤❛♠♣ ❞❡ ✈❡❝0❡✉)$✳

✹✳ η ✉♥❡ ✶✲❢♦)♠❡ $✉) M ✳

▲❡ 0)✐♣❧❡0 (ϕ, ξ, η) ❡$0 ❞✐0 ✉♥❡ $0)✉❝0✉)❡ ♣)❡$>✉❡ ❞❡ ❝♦♥0❛❝0 $✉) M 0❡❧ >✉❡

η(ξ) = 1, ϕ2X = −X + η(X)ξ.

❉!✜♥✐%✐♦♥ ✸✳✷✳✷ ❯♥❡ ✈❛)✐'0' ♣)❡$>✉❡ ❞❡ ❝♦♥0❛❝0 ❡$0 ✉♥❡ ✈❛)✐'0' ❞❡ ❞✐♠❡♥$✐♦♥ ✐♠♣❛✐)❡

2n+1 ♠✉♥✐❡ ❞✬✉♥❡ $0)✉❝0✉)❡ ♣)❡$>✉❡ ❞❡ ❝♦♥0❛❝0 (ϕ, ξ, η)✳ ❉❛♥$ ❝❡ ❝❛$✱♦♥ ❛ ❧❡$ ♣)♦♣)✐'0'$
$✉✐✈❛♥0❡$

ϕξ = 0, η ◦ ϕ = 0, rangϕ = 2n

❚❤!♦-.♠❡ ✸✳✷✳✶ ❚♦✉0❡ ✈❛)✐'0' ♣)❡$>✉❡ ❞❡ ❝♦♥0❛❝0 (M,ϕ, ξ, η) ❛❞♠❡0 ✉♥❡ ♠'0)✐>✉❡ ❘✐❡✲
♠❛♥♥✐❡♥♥❡ g ❝♦♠♣❛0✐❜❧❡ ❛✈❡❝ ❧❛ $0)✉❝0✉)❡ ♣)❡$>✉❡ ❞❡ ❝♦♥0❛❝0 (ϕ, ξ, η) 0❡❧❧❡ >✉❡ ✿

g(ϕX,ϕY ) = g(X, Y )− η(X)η(Y ) , g(X, ξ) = η(X), ∀X, Y ∈ Γ(TM)

❡0

g(X,ϕY ) + g(ϕX, Y ) = 0.

❉!✜♥✐%✐♦♥ ✸✳✷✳✸ ❯♥❡ ✈❛)✐'0' ♠'0)✐>✉❡ ♣)❡$>✉❡ ❞❡ ❝♦♥0❛❝0 (M,ϕ, ξ, η, g) ❡$0 ✉♥❡ ✈❛)✐'0'
♣)❡$>✉❡ ❞❡ ❝♦♥0❛❝0 (M,ϕ, ξ, η) ♠✉♥✐❡ ❞✬✉♥❡ ♠'0)✐>✉❡ ❘✐❡♠❛♥♥✐❡♥♥❡ g 0❡❧❧❡ >✉❡ ❝❡00❡ ♠'✲
0)✐>✉❡ $♦✐0 ❝♦♠♣❛0✐❜❧❡ ❛✈❡❝ ❧❛ $0)✉❝0✉)❡ ♣)❡$>✉❡ ❞❡ ❝❛♥0❛❝0 (ϕ, ξ, η)✳
❉❛♥$ ❝❡ ❝❛$✱ 0♦✉0❡ ✈❛)✐'0' ♠'0)✐>✉❡ ♣)❡$>✉❡ ❞❡ ❝♦♥0❛❝0 (M,ϕ, ξ, η, g) ❛❞♠❡0 ✉♥❡ ❜❛$❡ ♦)✲
0❤♦♥♦)♠' ❧♦❝❛❧❡✱ {Xi, ϕXi, ξ}ni=1 ❛♣♣❡❧'❡ ϕ− base.



✸✳✷ ❙$%✉❝$✉%❡) ♣%❡)+✉❡ ❞❡ ❝♦♥$❛❝$ ✼✸

❉!✜♥✐%✐♦♥ ✸✳✷✳✹  ♦✉# ❝❤❛'✉❡ )*#✉❝*✉#❡ ♠,*#✐'✉❡ ♣#❡)'✉❡ ❞❡ ❝♦♥*❛❝* (ϕ, ξ, η, g) )✉ M ♦♥

❞,✜♥✐* ❧❛ ✷✲❢♦#♠❡ ❢♦♥*❞❛♠❡♥*❛❧❡ Φ ♣❛# ✿

Φ(X, Y ) = g(X,ϕY ).

▲❛ ✷✲❢♦#♠❡ ❢♦♥*❞❛♠❡♥*❛❧❡ Φ ♣♦)),❞❡ ❧❡) ♣#♦♣#✐,*,) )✉✐✈❛♥*❡ ✿

✶✳ Φ(X, Y ) = −Φ(Y,X)✱ ❝✳❛✳❞✱ Φ ❡)* ❛♥*✐✲)②♠,*#✐'✉❡✳

✷✳ Φ(ϕX,ϕY ) = Φ(X, Y ), ❝✳❛✳❞✱ Φ ❡)* ✐♥✈❛#✐❛♥*❡ , ϕ✳

∀X, Y ∈ Γ(TM).

❉!✜♥✐%✐♦♥ ✸✳✷✳✺ ❖♥ ❞✐* '✉✬✉♥❡ ✈❛#✐,*, M2n+1
❛❞♠❡* ✉♥❡ )*#✉❝*✉#❡ ♣#❡)'✉❡ ❞❡ ❝♦♥*❛❝*

)✬✐❧ ❡①✐)*❡ ✉♥❡ ✶✲❢♦#♠❡ ❞✐✛,#❡♥*✐❡❧❧❡ ❣❧♦❜❛❧❡ η ❡* ✉♥❡ ✷✲❢♦#♠❡ ❞✐✛,#❡♥*✐❡❧❧❡ ❣❧♦❜❛❧❡ Φ )✉#

M *❡❧❧❡ '✉❡✱

η ∧ φn 6= 0.

✸✳✷✳✶ ❱❛&✐()( ❞❡ ❑❡♥♠♦)0✉

❉!✜♥✐%✐♦♥ ✸✳✷✳✻ ❯♥❡ ✈❛#✐,*, ♠,*#✐'✉❡ ♣#❡)'✉❡ ❞❡ ❝♦♥*❛❝* (M,ϕ, ξ, η, g) ❡)* ❞✐*❡ ✈❛#✐,*,
❞❡ ❑❡♥♠♦*)✉ )✐

dη = 0 et dΦ = 2Φ ∧ η,

❡* ❧❛ *#✐♣❧❡* (ϕ, ξ, η) ❡)* ♥♦#♠❛❧❡✳

❚❤!♦/0♠❡ ✸✳✷✳✷ ❙♦✐❡♥* (M,ϕ, ξ, η, g) ✉♥❡ ✈❛#✐,*,♣#❡)'✉❡ ❞❡ ❝♦♥*❛❝* ❞❡ ❞✐♠❡♥)✐♦♥ (2n+
1) ❡* ∇ ❧❛ ❝♦♥♥❡❝*✐♦♥ ❞❡ ▲❡✈✐✲❈❡✈✐*❛ )✉# M ✳ ❖♥ ❞✐* '✉❡ M ❡)* ✉♥❡ ✈❛#✐,*, ❞❡ ❑❡♥♠♦*)✉

)✐ ❡* )❡✉❧❡♠❡♥* )✐ ♣♦✉# *♦✉) X, Y ∈ Γ(TM),

(∇Xϕ)Y = −g(X,ϕY )− η(Y )ϕX.

❉❡ ❝❡**❡ ❝♦♥❞✐*✐♦♥ ♦♥ ♣❡✉* ❞,❞✉✐#❡ '✉❡

∇Xξ = X − η(X)ξ.



✼✹ ❆♣♣❧✐❝❛&✐♦♥) ❜✐❤❛,♠♦♥✐.✉❡) ❡& ❞2❢♦,♠❛&✐♦♥) D✲✐)♦♠2&,✐.✉❡) ❞❡) ✈❛,✐2&2) ♣,❡).✉❡ ❞❡ ❝♦♥&❛❝&✳

✸✳✸ ❚❤❡ ♠❛✐♥ )❡*✉❧-*✳

❖♥ ❝♦♥&✐❞)*❡ (M2m+1, ϕ, ξ, η, g) ✉♥❡ ✈❛*✐/0/ ♣*❡&2✉❡ ❞❡ ❝♦♥0❛❝0✳ ❯♥❡ ❞/❢♦*♠❛0✐♦♥ D✲

✐&♦♠/0*✐2✉❡ ❡&0 ❞/✜♥✐❡ ❞❡ ❧❛ ♠❛♥✐)*❡ &✉✐✈❛♥0❡ ✭✈♦✐* ❬✾❪✮

ϕ = ϕ, η = αη, ξ =
1

α
ξ, g = βg +

(

α2 − β
)

η ⊗ η,

♦? α ❡&0 ✉♥❡ ❢♦♥❝0✐♦♥ ♣♦&✐0✐✈❡ &✉* M ❀ ◆♦0♦♥& 2✉❡

(

M,ϕ, ξ, η, g
)

❡&0 ❛✉&&✐ ✉♥❡ ✈❛*✐/0/

♣*❡&2✉❡ ❞❡ ❝♦♥0❛❝0✳ ◆♦0♦♥& ♣❛* ∇ ❡0∇ ❧❡& ❝♦♥♥❡①✐♦♥& ❞❡ ▲❡✈✐✲❈✐✈✐0❛ &✉* (M2m+1, ϕ, ξ, η, g)

❡0

(

M2m+1, ϕ, ξ, η, g
)

*❡&♣❡❝0✐✈❡♠❡♥0✳

✸✳✸✳✶ ◗✉❡❧'✉❡( )*(✉❧+❛+( (✉) ❧❛ ❞*❢♦)♠❛+✐♦♥ D✲✐(♦♠❡+)✐'✉❡ ❞✬✉♥❡

✈❛)✐*+* ♣)❡('✉❡ ❞❡ ❝♦♥+❛❝+✳

 !♦♣♦$✐&✐♦♥ ✸✳✸✳✶ ❙♦✐# (M2m+1, ϕ, ξ, η, g) ✉♥❡ ✈❛)✐*#* ♠*#)✐,✉❡ ♣)❡.,✉❡ ❞❡ ❝♦♥#❛❝# ❡#

.♦✐#

(

M,ϕ, ξ, η, g
)

✉♥❡ ❞*❢♦)♠❛#✐♦♥ D✲✐.♦♠*#)✐,✉❡ ❞❡ (M2m+1, ϕ, ξ, η, g)✳ ❆❧♦).✱ ♦♥ ❛

g
(

∇XY, Z
)

= g (∇XY, Z) + αη (X) η (Z)Y (α)− αη (X) η (Y )Z (α)

+ αη (Y ) η (Z)X (α) +
(

α2 − 1
)

η (Z) η (∇XY )

+
1

2

(

α2 − 1
)

η (X) {g (∇Y ξ, Z)− g (∇Zξ, Y )}

+
1

2

(

α2 − 1
)

η (Y ) {g (∇Xξ, Z)− g (∇Zξ,X)}

+
1

2

(

α2 − 1
)

η (Z) {g (∇Xξ, Y ) + g (∇Y ξ,X)} .

 !❡✉✈❡ ❞❡ ❧❛  !♦♣♦$✐&✐♦♥ ✸✳✸✳✶✳ ❊♥ ✉0✐❧✐&❛♥0 ❧❛ ❢♦*♠✉❧❡ ❞❡ ❑♦&③✉❧✱ ♦♥ ❛

2g
(

∇XY, Z
)

= X (g (Y, Z)) + Y (g (X,Z))− Z (g (X, Y ))

+ g ([X, Y ] , Z) + g ([Z,X] , Y )− g (X, [Y, Z]) ,

♣♦✉* 0♦✉& X, Y, Z ∈ Γ (TM)✳ ❈♦♠♠❡ g = g + (α2 − 1) η ⊗ η✱ ♦♥ ♦❜0✐❡♥0

2g
(

∇XY, Z
)

= X
(

g (Y, Z) +
(

α2 − 1
)

η (Y ) η (Z)
)

+ Y
(

g (X,Z) +
(

α2 − 1
)

η (X) η (Z)
)

− Z
(

g (X, Y ) +
(

α2 − 1
)

η (X) η (Y )
)

+ g ([X, Y ] , Z) +
(

α2 − 1
)

η ([X, Y ]) η (Z)

+ g ([Z,X] , Y ) +
(

α2 − 1
)

η ([Z,X]) η (Y )

− g (X, [Y, Z])
(

α2 − 1
)

η (X) η ([Y, Z]) .



✸✳✸ ❚❤❡ ♠❛✐♥ )❡*✉❧-*✳ ✼✺

"♦✉% ❧❡ (❡%♠❡ X (βg (Y, Z) + (α2 − β) η (Y ) η (Z))✱ ✉♥ ❧♦♥❣ ❝❛❧❝✉❧ ❞♦♥♥❡

X
{

g (Y, Z) +
(

α2 − 1
)

η (Y ) η (Z)
}

= X (g (Y, Z)) +X
{(

α2 − 1
)

η (Y ) η (Z)
}

= g (∇XY, Z) + g (Y,∇XZ) + 2αη (Y ) η (Z)X (α)

+
(

α2 − 1
)

η (Z) {g (∇Xξ, Y ) + η (∇XY )}

+
(

α2 − 1
)

η (Y ) {g (∇Xξ, Z) + η (∇XZ)}

"❛% ✉♥ ❝❛❧❝✉❧ 0✐♠✐❧❛✐%❡✱ ♦♥ ♦❜(✐❡♥(

Y
(

g (X,Z) +
(

α2 − 1
)

η (X) η (Z)
)

= g (∇YX,Z) + g (X,∇YZ) + 2αη (X) η (Z)Y (α)

+
(

α2 − 1
)

η (Z) {g (∇Y ξ,X) + η (∇YX)}

+
(

α2 − 1
)

η (X) {g (∇Y ξ, Z) + η (∇YZ)}

❡(

Z
(

g (X, Y ) +
(

α2 − 1
)

η (X) η (Y )
)

= g (∇ZX, Y ) + g (X,∇ZY ) + 2αη (X) η (Y )Z (α)

+
(

α2 − 1
)

η (Y ) {g (∇Zξ,X) + η (∇ZX)}

+
(

α2 − 1
)

η (X) {g (∇Zξ, Y ) + η (∇ZY )} .

❋✐♥❛❧❡♠❡♥(✱ ✐❧ ❡0( ❝❧❛✐% 4✉❡

(

α2 − 1
)

η ([X, Y ]) η (Z) =
(

α2 − 1
)

η (Z) η (∇XY )−
(

α2 − 1
)

η (Z) η (∇YX) ,

(

α2 − 1
)

η ([Z,X]) η (Y ) =
(

α2 − 1
)

η (Y ) η (∇ZX)−
(

α2 − 1
)

η (Y ) η (∇XZ)

❡(

(

α2 − 1
)

η (X) η ([Y, Z]) =
(

α2 − 1
)

η (X) η (∇YZ)−
(

α2 − 1
)

η (X) η (∇ZY ) .

■❧ 0✉✐( 4✉❡

g
(

∇XY, Z
)

= g (∇XY, Z) + αη (X) η (Z)Y (α)− αη (X) η (Y )Z (α)

+ αη (Y ) η (Z)X (α) +
(

α2 − 1
)

η (Z) η (∇XY )

+
1

2

(

α2 − 1
)

η (X) {g (∇Y ξ, Z)− g (∇Zξ, Y )}

+
1

2

(

α2 − 1
)

η (Y ) {g (∇Xξ, Z)− g (∇Zξ,X)}

+
1

2

(

α2 − 1
)

η (Z) {g (∇Xξ, Y ) + g (∇Y ξ,X)} .

❊♥ ❛♣♣❧✐4✉❛♥( ❧❛ "%♦♣♦0✐(✐♦♥ ✸✳✸✳✶✱ ♥♦✉0 ♦❜(❡♥♦♥0 ❧❡ %;0✉❧(❛( 0✉✐✈❛♥( ✿



✼✻ ❆♣♣❧✐❝❛&✐♦♥) ❜✐❤❛,♠♦♥✐.✉❡) ❡& ❞2❢♦,♠❛&✐♦♥) D✲✐)♦♠2&,✐.✉❡) ❞❡) ✈❛,✐2&2) ♣,❡).✉❡ ❞❡ ❝♦♥&❛❝&✳

❚❤"♦$%♠❡ ✸✳✸✳✶  ♦✉# $♦✉% X, Y ∈ Γ (TM)✱ ❧❛ #❡❧❛$✐♦♥ ❡♥$#❡ ∇XY ❡$ ∇XY ❡%$ ❞♦♥♥-❡

♣❛#

∇XY = ∇XY − αη (X) η (Y ) gradα +
α2 − 1

2
{η (X)∇Y ξ + η (Y )∇Xξ}

− α2 − 1

2
{η (X)Trg {g (∇·ξ, Y ) ·}+ η (Y )Trg {g (∇·ξ,X) ·}}

+
α2 − 1

α
η (X) η (Y ) ξ (α) ξ +

1

α
η (X)Y (α) ξ +

1

α
η (Y )X (α) ξ

+
(α2 − 1)

2

2α2
{η (X) g (∇ξξ, Y ) + η (Y ) g (∇ξξ,X)} ξ

+
α2 − 1

2α2
{g (∇Xξ, Y ) ξ + g (∇Y ξ,X) ξ} ,

✭✸✳✶✮

♦/

Trgg (X,∇·ξ) · = g (X,∇eiξ) ei + g (X,∇ϕeiξ)ϕei + g (X,∇ξξ) ξ.

+$❡✉✈❡ ❞✉ ❚❤"♦$%♠❡ ✸✳✺✳✶✳ ❙✐ ♦♥ ❝♦♥,✐❞./❡ ✉♥❡ ❜❛,❡ ♦/4❤♦♥♦/♠7❡ {ei, ϕei, ξ}mi=1

,✉/ ❧❛ ✈❛/✐747 ♠74/✐:✉❡ ♣/❡,:✉❡ ❞❡ ❝♦♥4❛❝4 (M2m+1, ϕ, ξ, η, g)✱ ❛❧♦/, ✉♥❡ ❜❛,❡ ♦/4❤♦♥♦/♠7❡

,✉/

(

M2m+1, ϕ, ξ, η, g
)

❡,4 ❞♦♥♥✉♥❡ ❜❛,❡ ♦/4❤♦♥♦/♠7❡❡ ♣❛/

{

ei = ei, ϕei = ϕei, ξ =
1

α
ξ

}m

i=1

.

❋♦/ ❛❧❧ X, Y ∈ Γ (TM)✱ ✇❡ ❤❛✈❡

∇XY = g
(

∇XY, ei
)

ei + g
(

∇XY, ϕei
)

ϕei + g
(

∇XY, ξ
)

ξ

= g
(

∇XY, ei
)

ei + g
(

∇XY, ϕei
)

ϕei +
1

α2
g
(

∇XY, ξ
)

ξ.
✭✸✳✷✮

@❛/ ❧❛ @/♦♣♦,✐4✐♦♥ ✸✳✸✳✶✱ ♦♥ ♦❜4✐❡♥4

g
(

∇XY, ei
)

= g (∇XY, ei)− αη (X) η (Y ) ei (α)

+
α2 − 1

2
η (X) {g (∇Y ξ, ei)− g (∇eiξ, Y )}

+
α2 − 1

2
η (Y ) {g (∇Xξ, ei)− g (∇eiξ,X)} ,

✭✸✳✸✮

g
(

∇XY, ϕei
)

= g (∇XY, ϕei)− αη (X) η (Y ) (ϕei) (α)

+
α2 − 1

2
η (X) {g (∇Y ξ, ϕei)− g (∇ϕeiξ, Y )}

+
α2 − 1

2
η (Y ) {g (∇Xξ, ϕei)− g (∇ϕeiξ,X)}

✭✸✳✹✮



✸✳✸ ❚❤❡ ♠❛✐♥ )❡*✉❧-*✳ ✼✼

❡"

g
(

∇XY, ξ
)

= α2g (∇XY, ξ) + αη (X)Y (α)

− αη (X) η (Y ) ξ (α) + αη (Y )X (α)

− α2 − 1

2
{η (X) g (∇ξξ, Y ) + η (Y ) g (∇ξξ,X)}

+
α2 − 1

2
{g (∇Xξ, Y ) + g (∇Y ξ,X)} .

✭✸✳✺✮

❊♥ *❡♠♣❧❛/❛♥" ✳✳✳ ❞❛♥1 ✳✳✳✱ ♦♥ ❞4❞✉✐" 7✉❡

∇XY = g (∇XY, ei) ei + g (∇XY, ϕei)ϕei + g (∇XY, ξ) ξ

− αη (X) η (Y ) ei (α) ei − αη (X) η (Y ) (ϕei) (α)ϕei

− αη (X) η (Y ) ξ (α) ξ +
α2 − 1

α
η (X) η (Y ) ξ (α) ξ

+
α2 − 1

2
η (X) g (∇Y ξ, ei) ei +

α2 − 1

2
η (X) g (∇Y ξ, ϕei)ϕei

+
α2 − 1

2
η (Y ) g (∇Xξ, ei) ei +

α2 − 1

2
η (Y ) g (∇Xξ, ϕei)ϕei

− α2 − 1

2
η (X) g (∇eiξ, Y ) ei −

α2 − 1

2
η (X) g (∇ϕeiξ, Y )ϕei

− α2 − 1

2
η (Y ) g (∇eiξ,X) ei −

α2 − 1

2
η (Y ) g (∇ϕeiξ,X)ϕei

− α2 − 1

2α2
{η (X) g (∇ξξ, Y ) ξ + η (Y ) g (∇ξξ,X) ξ}

+
α2 − 1

2α2
{g (∇Xξ, Y ) ξ + g (∇Y ξ,X) ξ}

+
1

α
η (X)Y (α) ξ +

1

α
η (Y )X (α) ξ.

❋✐♥❛❧❡♠❡♥"✱ ♥♦"♦♥1 7✉❡

g (∇Xξ, ξ) = g (∇Y ξ, ξ) = 0

❛♥❞ ✉1✐♥❣ "❤❡ ❢❛❝" "❤❛"

∇XY = g (∇XY, ei) ei + g (∇XY, ϕei)ϕei + g (∇XY, ξ) ξ,

gradα = ei (α) ei + (ϕei) (α)ϕei + ξ (α) ξ,

T rg {g (∇·ξ,X) ·} = g (∇eiξ,X) ei + g (∇ϕeiξ,X)ϕei + g (∇ξξ,X) ξ,

T rg {g (∇·ξ, Y ) ·} = g (∇eiξ, Y ) ei + g (∇ϕeiξ, Y )ϕei + g (∇ξξ, Y ) ξ,

∇Xξ = g (∇Xξ, ei) ei + g (∇Xξ, ϕei)ϕei,



✼✽ ❆♣♣❧✐❝❛&✐♦♥) ❜✐❤❛,♠♦♥✐.✉❡) ❡& ❞2❢♦,♠❛&✐♦♥) D✲✐)♦♠2&,✐.✉❡) ❞❡) ✈❛,✐2&2) ♣,❡).✉❡ ❞❡ ❝♦♥&❛❝&✳

∇Y ξ = g (∇Y ξ, ei) ei + g (∇Y ξ, ϕei)ϕei,

♥♦✉% ❝♦♥❝❧✉♦♥% (✉❡

∇XY = ∇XY − αη (X) η (Y ) gradα +
α2 − 1

2
{η (X)∇Y ξ + η (Y )∇Xξ}

− α2 − 1

2
{η (X)Trg {g (∇·ξ, Y ) ·}+ η (Y )Trg {g (∇·ξ,X) ·}}

+
α2 − 1

α
η (X) η (Y ) ξ (α) ξ +

1

α
η (X)Y (α) ξ +

1

α
η (Y )X (α) ξ

+
(α2 − 1)

2

2α2
{η (X) g (∇ξξ, Y ) + η (Y ) g (∇ξξ,X)} ξ

+
α2 − 1

2α2
{g (∇Xξ, Y ) ξ + g (∇Y ξ,X) ξ} ,

❉✉ ❚❤-♦.-♠❡ ✸✳✺✳✶✱ %✐ (M2m+1, ϕ, ξ, η, g) ❡%6 ✉♥❡ ✈❛.✐969 ❞❡ ❑❡♥♠♦6%✉✱ ♦♥ ♦❜6✐❡♥6 ❧❡

❝♦.♦❧❧❛✐.❡ %✉✐✈❛♥6✳

❈♦"♦❧❧❛"② ✸✳✸✳✶ ❙♦✐# (M2m+1, ϕ, ξ, η, g) ✉♥❡ ✈❛)✐*#* ❞❡ ❑❡♥♠♦#.✉✱ ❛❧♦). ❧❛ )❡❧❛#✐♦♥ ❡♥#)❡

∇XY ❡# ∇XY ❡.# ❞♦♥♥*❡ ♣❛)

∇XY = ∇XY − αη (X) η (Y ) gradα

+
α2 − 1

α
η (X) η (Y ) ξ (α) ξ

+
1

α
{η (X)Y (α) + η (Y )X (α)} ξ

+
α2 − 1

α2
{g (X, Y )− η (X) η (Y )} ξ

)"❡✉✈❡ ❞✉ ❈♦"♦❧❧❛✐"❡ ✸✳✺✳✶✳ ▲❡ ❢❛✐6 (✉❡ (M2m+1, ϕ, ξ, η, g) ❡%6 ✉♥❡ ✈❛.✐969 ❞❡ ❑❡♥♠♦6%✉

♥♦✉% ♣❛.♠❡6 ❞❡ %✐♠♣❧✐✜❡. ❧✬9(✉❛6✐♦♥ ✳✳✳ ♦♥ ❛

∇Xξ = X − η (X) ξ, ∇Y ξ = Y − η (Y ) ξ,

❛❧♦.%

η (X)∇Y ξ + η (Y )∇Xξ = η (Y )X + η (X)Y − 2η (X) η (Y ) ξ

❡6 ❝♦♠♠❡

η (ei) = η (ϕei) = 0, η (ξ) = 1,

♦♥ ♦❜6✐❡♥6

∇eiξ = ei, ∇ϕeiξ = ϕei, ∇ξξ = 0.

✐❧ %✉✐6 (✉❡

Trg {g (∇·ξ,X) ·} = X − η (X) ξ



✸✳✸ ❚❤❡ ♠❛✐♥ )❡*✉❧-*✳ ✼✾

❡#

Trg {g (∇·ξ, Y ) ·} = Y − η (Y ) ξ,

❛❧♦'(

η (X)Trg {g (∇·ξ, Y ) ·}+ η (Y )Trg {g (∇·ξ,X) ·} = η (Y )X + η (X)Y − 2η (X) η (Y ) ξ.

❋✐♥❛❧❡♠❡♥#✱ ✐❧ ❡(# ❢❛❝✐❧❡ ❞❡ ✈♦✐' 2✉❡

g (∇Xξ, Y ) = g (∇Y ξ,X) = g (X, Y )− η (X) η (Y )

❡#

g (∇Xξ, Y ) + g (∇Y ξ,X) = 2g (X, Y )− 2η (X) η (Y ) ,

❝❡ 2✉✐ ❞♦♥♥❡

Trg {g (∇·ξ,X) ·} = X − η (X) ξ.

❘❡✈❡♥✐' 5 ❧✬72✉❛#✐♦♥ ✳✳ ❡# ❡♥ ✉#✐❧✐(❛♥# ❧❡( ❢♦'♠✉❧❡( ♦❜#❡♥✉❡(✱ ♦♥ ❞7❞✉✐# 2✉❡

∇XY = ∇XY − αη (X) η (Y ) gradα

+
α2 − 1

α
η (X) η (Y ) ξ (α) ξ

+
1

α
{η (X)Y (α) + η (Y )X (α)} ξ

+
α2 − 1

α2
{g (X, Y )− η (X) η (Y )} ξ.

✸✳✸✳✷ ▲❛ ❜✐❤❛(♠♦♥✐❝✐-. ❞❡ ❧✬❛♣♣❧✐❝❛-✐♦♥ ✐❞❡♥-✐-.

Id :
(

M 2m+1, ϕ, ξ, η, g
)

−→
(

M 2m+1, ϕ, ξ, η, g
)

✳

 !♦♣♦$✐&✐♦♥ ✸✳✸✳✷ ❙♦✐❡♥% (M2m+1, ϕ, ξ, η, g) ❡% (N2n+1, ϕN , ξN , ηN , h) ❞❡✉① ✈❛+,%,- ♠,✲
%+✐0✉❡- ♣+❡-0✉❡ ❞❡ ❝♦♥%❛❝% ❡% -♦✐%

(

M2m+1, ϕ, ξ, η, g
)

✉♥❡ ❞,❢♦+♠❛%✐♦♥ D✲✐-♦♠,%+✐0✉❡
❞❡ (M2m+1, ϕ, ξ, η, g)✳ ◆♦%♦♥- ♣❛+ τ (φ) ❧❡ ❝❤❛♠♣ ❞❡ %❡♥-✐♦♥ ❞❡ ❧✬❛♣♣❧✐❝❛%✐♦♥ ❧✐--❡ φ :
(M2m+1, ϕ, ξ, η, g) −→ (N2n+1, ϕN , ξN , ηN , h) ❡% ♣❛+ τ (φ) ❧❡ ❝❤❛♠♣ ❞❡ %❡♥-✐♦♥ ❞❡ φ :
(

M2m+1, ϕ, ξ, η, g
)

−→ (N2n+1, ϕN , ξN , ηN , h)✳ ❛❧♦+-✱ ❧❛ +❡❧❛%✐♦♥ ❡♥%+❡ τ (φ) ❡% τ (φ) ❡-%

❞♦♥♥,♣❛+

τ (φ) = τ (φ) +
1

α
dφ (gradα)− α2 + 1

α3
ξ (α) dφ (ξ)

− α2 − 1

α2
(divξ) dφ (ξ)− α2 − 1

α2
∇ξdφ (ξ) .

❊♥ ♣❛+%✐❝✉❧✐❡+✱ ❙✐ ♦♥ ❝♦♥-✐❞;+❡ ❧✬❛♣♣❧✐❝❛%✐♦♥ ✐❞❡♥%✐%, Id :
(

M2m+1, ϕ, ξ, η, g
)

−→
(M2m+1, ϕ, ξ, η, g)✱ ♦♥ ♦❜%✐❡♥%

τ (Id) =
1

α
gradα− α2 + 1

α3
ξ (α) ξ − α2 − 1

α2
{(divξ) ξ +∇ξξ} .



✽✵ ❆♣♣❧✐❝❛&✐♦♥) ❜✐❤❛,♠♦♥✐.✉❡) ❡& ❞2❢♦,♠❛&✐♦♥) D✲✐)♦♠2&,✐.✉❡) ❞❡) ✈❛,✐2&2) ♣,❡).✉❡ ❞❡ ❝♦♥&❛❝&✳

 ❡✉✈❡ ❞❡ ❧❛ ♣(♦♣♦*✐,✐♦♥ ✸✳✸✳✷✳ ❈❤♦✐&✐&&♦♥& ✉♥❡ ❜❛&❡ ♦,-❤♦♥♦,♠/❡ {ei, ϕei, ξ}mi=1

&✉, ❧❛ ✈❛,/-/ ♠/-,✐2✉❡ ♣,❡&2✉❡ ❞❡ ❝♦♥-❛❝- (M2m+1, ϕ, ξ, η, g)✱ ❛❧♦,& ✉♥❡ ❜❛&❡ ♦,-❤♦♥♦,♠/❡

{ei, ϕei, ξ}mi=1 &✉,

(

M2m+1, ϕ, ξ, η, g
)

❡&- ❞♦♥♥/❡ ♣❛,

{

ei = ei, ϕei = ϕei, ξ =
1

α
ξ

}m

i=1

.

♣❛, ❞/✜♥✐-✐♦♥✱ ❧❡ ❝❤❛♠♣ ❞❡ -❡♥&✐♦♥ ❞❡ φ :
(

M2m+1, ϕ, ξ, η, g
)

−→ (N2n+1, ϕN , ξN , ηN , h)

❡&- ❞/✜♥✐ ♣❛,

τ (φ) = Trg∇dφ

= ∇eidφ (ei)− dφ
(

∇eiei
)

+∇ϕeidφ (ϕei)

− dφ
(

∇ϕeiϕei
)

+∇ξdφ
(

ξ
)

− dφ
(

∇ξξ
)

= ∇eidφ (ei) +∇ϕeidφ (ϕei) +
1

α
∇ξ

1

α
dφ (ξ)

− dφ
(

∇eiei
)

− dφ
(

∇ϕeiϕei
)

− dφ
(

∇ξξ
)

.

❊♥ ✉-✐❧✐&❛♥- ❧❛ 9,♦♣♦&✐-✐♦♥ ✸✳✸✳✶✱ ♦♥ ♦❜-✐❡♥-

∇eiei = ∇eiei = ∇eiei +
α2 − 1

α2
g (∇eiξ, ei) ξ,

∇ϕeiϕei = ∇ϕeiϕei +
α2 − 1

α2
g (∇ϕeiξ, ϕei) ξ,

∇ξξ = α2∇ξξ − αgradα +
α2 + 1

α
ξ (α) ξ,

∇ξξ = ∇ξξ −
1

α
gradα +

1

α
ξ (α) ξ

❡- ✉♥ ❝❛❧❝✉❧ &✐♠♣❧❡ ❞♦♥♥❡

1

α
∇ξ

1

α
dφ (ξ) =

1

α2
∇ξdφ (ξ)−

1

α3
ξ (α) dφ (ξ) .

■❧ &✉✐- 2✉❡

τ (φ) = τ (φ) +
1

α
dφ (gradα)− α2 + 1

α3
ξ (α) dφ (ξ)

− α2 − 1

α2
(divξ) dφ (ξ)− α2 − 1

α2
∇ξdφ (ξ) ,

♦> τ (φ) ❡&- ❧❡ ❝❤❛♠♣ ❞❡ -❡♥&✐♦♥ ❞❡ φ : (M2m+1, ϕ, ξ, η, g) −→ (N2n+1, ϕN , ξN , ηN , h)✳



✸✳✸ ❚❤❡ ♠❛✐♥ )❡*✉❧-*✳ ✽✶

❘❡♠❛$%✉❡ ✸✳✸✳✶ ❙✐ (M2m+1, ϕ, ξ, η, g) ❡#$ ✉♥❡ ✈❛)*$* ❞❡ ❑❡♥♠♦$#✉✱ ❧❡# )*#✉❧$❛$# ♦❜$❡✲

♥✉❡# ❞❛♥# ❧❛ ♣)♦♣♦#✐$✐♦♥ ✸✳✸✳✷ ❞❡✈✐❡♥$

τ (φ) = τ (φ) +
1

α
dφ (gradα)− α2 + 1

α3
ξ (α) dφ (ξ)

− 2m (α2 − 1)

α2
dφ (ξ)− α2 − 1

α2
∇ξdφ (ξ)

❡$

τ (Id) =
1

α
gradα− α2 + 1

α3
ξ (α) ξ − 2m (α2 − 1)

α2
ξ

❚❤"♦$%♠❡ ✸✳✸✳✷ ❙♦✐$ (M2m+1, ϕ, ξ, η, g) ✉♥❡ ✈❛)*$* ❞❡ ❑❡♥♠♦$#✉ ❡$ #♦✐$

(

M,ϕ, ξ, η, g
)

✉♥❡ ❞*❢♦)♠❛$✐♦♥ D✲✐#♦♠*$)✐8✉❡ ❞❡ (M2m+1, ϕ, ξ, η, g) ♦9 ♥♦✉# #✉♣♣♦#♦♥# 8✉❡ ❧❛ ❢♦♥❝✲

$✐♦♥ α ❞*♣❡♥❞ #❡✉❧❡♠❡♥$ #✉) ❧❛ ❞✐)❡❝$✐♦♥ ❞❡ ξ✳ ❆❧♦)#✱ ❧✬❛♣♣❧✐❝❛$✐♦♥ ✐❞❡♥$✐$* Id :
(

M2m+1, ϕ, ξ, η, g
)

−→ (M2m+1, ϕ, ξ, η, g) ❡#$ ❜✐❤❛)♠♦♥✐8✉❡ #✐ ❡$ #❡✉❧❡♠❡♥$ #✐

α2ξ (ξ (ξ (α)))− 10αξ (ξ (α)) ξ (α) + 6mα2ξ (ξ (α)) + 15 (ξ (α))3

− 22mα (ξ (α))2 + 8m2α2ξ (α)− 4mα4ξ (α)− 8m2α5
(

α2 − 1
)

= 0.

▲❡♠♠❛ ✸✳✸✳✶ ❙♦✐$ (M2m+1, ϕ, ξ, η, g) ✉♥❡ ✈❛)✐*$* ❞❡ ❑❡♥♠♦$#✉ ❡$ #♦✐$
(

M,ϕ, ξ, η, g
)

✉♥❡

❞*❢♦)♠❛$✐♦♥ D✲✐#♦♠*$)✐8✉❡ ❞❡ (M2m+1, ϕ, ξ, η, g) ♦9 ♥♦✉# #✉♣♣♦#♦♥# 8✉❡ ❧❛ ❢♦♥❝$✐♦♥ α

❞*♣❡♥❞ #❡✉❧❡♠❡♥$ #✉) ❧❛ ❞✐)❡❝$✐♦♥ ❞❡ ξ✳ ❙♦✐$ f ✉♥❡ ❢♦♥❝$✐♦♥ 8✉✐ ❞*♣❡♥❞ #❡✉❧❡♠❡♥$ #✉) ❧❛

❞✐)❡❝$✐♦♥ ❞❡ ξ✱ ❛❧♦)# ♦♥ ❛

Trg∇2fξ =
1

α2
ξ (ξ (f)) ξ − 1

α3
ξ (α) ξ (f) ξ + 2

(m

α2
ξ (f)−mf

)

ξ.

.$❡✉✈❡ ❞✉ ▲❡♠♠❡ ✸✳✸✳✶✳ ❙♦✐# f ✉♥❡ ❢♦♥❝#✐♦♥ )✉✐ ❞+♣❡♥❞ -❡✉❧❡♠❡♥# -✉0 ❧❛ ❞✐0❡❝#✐♦♥ ❞❡

ξ✱ ♦♥ ❛

ei (f) = (ϕei) (f) = 0, gradf = ξ (f) ξ.

❈♦♠♠❡ (M2m+1, ϕ, ξ, η, g) ❡-# ✉♥❡ ✈❛0✐+#+ ❞❡ ❑❡♥♠♦#-✉✱ ❛❧♦0-

∇eiξ = ei, ∇ϕeiξ = ϕei, ∇ξξ = 0

❡#

∇∇ei
eiξ = ∇eiei +mξ, ∇∇ϕei

ϕeiξ = ∇ϕeiϕei +mξ.



✽✷ ❆♣♣❧✐❝❛&✐♦♥) ❜✐❤❛,♠♦♥✐.✉❡) ❡& ❞2❢♦,♠❛&✐♦♥) D✲✐)♦♠2&,✐.✉❡) ❞❡) ✈❛,✐2&2) ♣,❡).✉❡ ❞❡ ❝♦♥&❛❝&✳

❆✈❛♥& ❞❡ ❝❛❧❝✉❧❡, Trg∇2fξ✱ ♥♦✉/ ♣,♦✉✈❡,♦♥/ ❝❡,&❛✐♥❡/ ♣,♦♣,✐2&22/✳ ♦♥ ❛

ei (ξ (f)) = ei (g (ξ, gradf))

= g (∇eiξ, gradf) + g (ξ,∇eigradf)

= g (ei, gradf) + g (ei,∇ξgradf)

= ei (f) + g (ei,∇ξξ (f) ξ)

= ξ (ξ (f)) g (ei, ξ) ,

❝❡ 4✉✐ ❞♦♥♥❡

ei (ξ (f)) = 0.

❉❡ ♠7♠❡✱ ♥♦✉/ ♠♦♥&,♦♥/ 4✉❡

(ϕei) (ξ (f)) = 0.

♦♥ ❡♥ ❞2❞✉✐& ❛✉//✐ 4✉❡ ❧❛ ❢♦♥❝&✐♦♥ ξ (f) ❞2♣❡♥❞ /❡✉❧❡♠❡♥& /✉, ❧❛ ❞✐,❡❝&✐♦♥ ❞❡ ξ✳ ❙✐♠♣❧✐✜♦♥/

❧❡ &❡,♠❡ (∇eiei) (f)✱ ♥♦✉/ ♦❜&❡♥♦♥/

(∇eiei) (f) = g (∇eiei, gradf)

= g (∇eiei, ξ (f) ξ)

= ξ (f) g (∇eiei, ξ)

= −ξ (f) g (ei,∇eiξ)

= −ξ (f) g (ei, ei) ,

✐❧ /✉✐& 4✉❡

(∇eiei) (f) = −mξ (f) .

❯♥ ❝❛❧❝✉❧ /✐♠✐❧❛✐,❡ ❞♦♥♥❡

(∇ϕeiϕei) (f) = −mξ (f) .

▲❛ ♠7♠❡ ♠2&❤♦❞❡ ❞❡ ❝❛❧❝✉❧ ♥♦✉/ ❝♦♥❞✉✐& ? ❧✬24✉❛&✐♦♥ /✉✐✈❛♥&❡

(∇eiei) (ξ (f)) = (∇ϕeiϕei) (ξ (f)) = −mξ (ξ (f)) .

A❛, ❞2✜♥✐&✐♦♥

Trg∇2fξ = ∇ei∇eifξ −∇∇ei
ei
fξ

+∇ϕei∇ϕeifξ −∇∇ϕei
ϕei
fξ

+∇ξ∇ξfξ −∇∇
ξ
ξfξ

✭✸✳✻✮

❉❛♥/ ❝❡ ❝❛/✱ ♦♥ ❛

ei = ei, ϕei = ϕei, ξ =
1

α
ξ, ∇ξξ = 0



✸✳✸ ❚❤❡ ♠❛✐♥ )❡*✉❧-*✳ ✽✸

❡#

∇eiei = ∇eiei +
m (α2 − 1)

α2
ξ, ∇ϕeiϕei = ∇ϕeiϕei +

m (α2 − 1)

α2
ξ.

❆❧♦'(

∇ei∇eifξ −∇∇ei
ei
fξ = ∇ei∇eifξ −∇∇ei

eifξ −
m (α2 − 1)

α2
∇ξfξ

= f∇ei∇eiξ − f∇∇ei
eiξ − (∇eiei) (f) ξ −

m (α2 − 1)

α2
ξ (f) ξ

= f∇eiei − f (∇eiei +mξ) +mξ (f) ξ − m (α2 − 1)

α2
ξ (f) ξ

=
m

α2
ξ (f) ξ −mfξ.

■❧ (✉✐# ,✉❡

∇ei∇eifξ −∇∇ei
ei
fξ =

(m

α2
ξ (f)−mf

)

ξ. ✭✸✳✼✮

▲❛ ♠4♠❡ ♠5#❤♦❞❡ ❞❡ ❝❛❧❝✉❧ ♥♦✉( ❞♦♥♥❡

∇ϕei∇ϕeifξ −∇∇ϕei
ϕei
fξ =

(m

α2
ξ (f)−mf

)

ξ. ✭✸✳✽✮

❋✐♥❛❧❡♠❡♥#✱ ♦♥ ❛

∇ξ∇ξfξ =
1

α
∇ξ

1

α
∇ξfξ

=
1

α
∇ξ

1

α
ξ (f) ξ

=
1

α
ξ

(

1

α
ξ (f)

)

ξ,

❝❡ ,✉✐ ❞♦♥♥❡

∇ξ∇ξfξ =
1

α2
ξ (ξ (f)) ξ − 1

α3
ξ (α) ξ (f) ξ. ✭✸✳✾✮

❊♥ '❡♠♣❧❛5➓❛♥# (3.7)✱ (3.8) ❡# (3.9) ❞❛♥( (3.6)✱ ♦♥ ❞5❞✉✐# ,✉❡

Trg∇2fξ =
1

α2
ξ (ξ (f)) ξ − 1

α3
ξ (α) ξ (f) ξ + 2

(m

α2
ξ (f)−mf

)

ξ.

 !❡✉✈❡ ❞✉ ❚❤(♦!*♠❡ ✸✳✺✳✷✳ ▲❡ ❝❤❛♠♣ ❞❡ #❡♥(✐♦♥ ❞❡ ❧✬❛♣♣❧✐❝❛#✐♦♥ ✐❞❡♥#✐#5 Id :
(

M2m+1, ϕ, ξ, η, g
)

−→
(M2m+1, ϕ, ξ, η, g) ❡(# ❞♦♥♥5 ♣❛'

τ (Id) =
1

α
gradα− α2 + 1

α3
ξ (α) ξ − 2m (α2 − 1)

α2
ξ.



✽✹ ❆♣♣❧✐❝❛&✐♦♥) ❜✐❤❛,♠♦♥✐.✉❡) ❡& ❞2❢♦,♠❛&✐♦♥) D✲✐)♦♠2&,✐.✉❡) ❞❡) ✈❛,✐2&2) ♣,❡).✉❡ ❞❡ ❝♦♥&❛❝&✳

▲❡ ❢❛✐' (✉❡ α ❞+♣❡♥❞ ✉♥✐(✉❡♠❡♥' ❞❡ ❧❛ ❞✐0❡❝'✐♦♥ ❞❡ ξ ♥♦✉3 ❞♦♥♥❡ ei (α) = (ϕei) (α) = 0

❡' gradα = ξ (α) ξ✱ ❝❡ (✉✐ ❞♦♥♥❡

τ (Id) = − 1

α3
ξ (α) ξ − 2m (α2 − 1)

α2
ξ.

❉❡ ❝❡''❡ ❞❡0♥✐60❡ +(✉❛'✐♦♥✱ ♥♦✉3 ❡♥ ❞+❞✉✐3♦♥3 (✉❡ Id :
(

M2m+1, ϕ, ξ, η, g
)

−→ (M2m+1, ϕ, ξ, η, g)

❡3' ❤❛0♠♦♥✐(✉❡ 3✐ ❡' 3❡✉❧❡♠❡♥' 3✐

ξ (α) + 2mα
(

α2 − 1
)

= 0.

▲✬❛♣♣❧✐❝❛'✐♦♥ ✐❞❡♥'✐'+ Id :
(

M2m+1, ϕ, ξ, η, g
)

−→ (M2m+1, ϕ, ξ, η, g) ❡3' ❜✐❤❛0♠♦♥✐(✉❡ 3✐

❡' 3❡✉❧❡♠❡♥' 3✐

Trg∇2

(

1

α3
ξ (α) ξ

)

+ 2mTrg∇2

(

α2 − 1

α2
ξ

)

+

(

1

α3
ξ (α) +

2m (α2 − 1)

α2

)

TrgR (ξ, ·) · = 0.

✭✸✳✶✵✮

❊♥ ✉'✐❧✐3❛♥' ❧❡ ▲❡♠♠❡ ✸✳✸✳✶✱ ♦♥ ♦❜'✐❡♥'

Trg∇2

(

1

α3
ξ (α) ξ

)

=
1

α2
ξ

(

ξ

(

1

α3
ξ (α)

))

ξ − 1

α3
ξ (α) ξ

(

1

α3
ξ (α)

)

ξ

+ 2

(

m

α2
ξ

(

1

α3
ξ (α)

)

− m

α3
ξ (α)

)

ξ.

❯♥ ❝❛❧❝✉❧ ❞✐0❡❝' ❞♦♥♥❡

ξ

(

1

α3
ξ (α)

)

=
1

α3
ξ (ξ (α))− 3

α4
(ξ (α))2

❡'

ξ

(

ξ

(

1

α3
ξ (α)

))

=
1

α3
ξ (ξ (ξ (α)))− 9

α4
ξ (ξ (α)) ξ (α) +

12

α5
(ξ (α))3 ,

❛❧♦03

Trg∇2

(

1

α3
ξ (α) ξ

)

=
1

α5
ξ (ξ (ξ (α))) ξ − 10

α6
ξ (ξ (α)) ξ (α) ξ

+
2m

α5
ξ (ξ (α)) ξ +

15

α7
(ξ (α))3 ξ

− 6m

α6
(ξ (α))2 ξ − 2m

α3
ξ (α) ξ.

✭✸✳✶✶✮

❉❡ ♠B♠❡✱ ♦♥ ❛

Trg∇2

(

α2 − 1

α2
ξ

)

=
1

α2
ξ

(

ξ

(

α2 − 1

α2

))

ξ − 1

α3
ξ (α) ξ

(

α2 − 1

α2

)

ξ

+
2m

α2
ξ

(

α2 − 1

α2

)

ξ − 2m (α2 − 1)

α2
ξ.



✸✳✸ ❚❤❡ ♠❛✐♥ )❡*✉❧-*✳ ✽✺

▲❛ ♠%♠❡ ♠'(❤♦❞❡ ❞❡ ❝❛❧❝✉❧ ♥♦✉0 ❛♠1♥❡ 2

ξ

(

α2 − 1

α2

)

=
2

α3
ξ (α)

❡(

ξ

(

ξ

(

α2 − 1

α2

))

=
2

α3
ξ (ξ (α))− 6

α4
(ξ (α))2 ,

✐❧ 0✉✐( 4✉❡

Trg∇2

(

α2 − 1

α2
ξ

)

=
2

α5
ξ (ξ (α)) ξ − 8

α6
(ξ (α))2 ξ

+
4m

α5
ξ (α) ξ − 2m (α2 − 1)

α2
ξ.

✭✸✳✶✷✮

;♦✉< ❝♦♠♣❧'(❡< ❧❛ ♣<❡✉✈❡✱ ✐❧ ❡0( 0✐♠♣❧❡ ❞❡ ✈'<✐✜❡< 4✉✬♦♥ ❛

TrgR (ξ, ·) · = −2mξ. ✭✸✳✶✸✮

❊♥ 0✉❜0(✐(✉❛♥( (3.11) ✱ (3.12) ❡( (3.13) ❞❛♥0 (3.10)✱ ♦♥ ❞'❞✉✐( 4✉❡ ❧✬❛♣♣❧✐❝❛(✐♦♥ ✐❞❡♥(✐('

Id :
(

M2m+1, ϕ, ξ, η, g
)

−→ (M2m+1, ϕ, ξ, η, g) ❡0( ❜✐❤❛<♠♦♥✐4✉❡ 0✐ ❡( 0❡✉❧❡♠❡♥( 0✐

α2ξ (ξ (ξ (α)))− 10αξ (ξ (α)) ξ (α) + 6mα2ξ (ξ (α)) + 15 (ξ (α))3

− 22mα (ξ (α))2 + 8m2α2ξ (α)− 4mα4ξ (α)− 8m2α5
(

α2 − 1
)

= 0.

❊①❡♠♣❧❡ ✸✳✸✳✶ ✭❬✸❪✮ ❈♦♥(✐❞+,♦♥( ❧❛ ✈❛,✐+0+ M = {(x, y, z) ∈ R
3, z 6= 0}✳ M ❡(0 ✉♥❡ ✈❛✲

,✐+0+ ❞❡ ❑❡♥♠♦0(✉✱ ❧❛ ♠+0,✐8✉❡ ,✐❡♠❛♥♥✐❡♥♥❡ (✉, M ❡(0 ❞+✜♥✐❡ ♣❛,

g =
1

z2
dx2 +

1

z2
dy2 +

1

z2
dz2,

❡0 ❧❛ ❜❛(❡ ♦,0❤♦♥♦,♠+❡ ❡(0 ❞♦♥♥+❡ ♣❛, e1 = z
∂

∂x
✱ e2 = ϕe1 = z

∂

∂y
❛♥❞ ξ = e3 = −z ∂

∂z
✳

▲❡( ❝❤❛♠♣( ❞❡ ✈❡❝0❡✉,( e1✱ e2 ❡0 e3 (❛0✐(❢♦♥0

∇e1e1 = 0, ∇e1e2 = 0, ∇e1e3 = e1,

∇e2e1 = 0, ∇e2e2 = 0, ∇e2e3 = e2,

∇e3e1 = 0, ∇e3e2 = 0, ∇e3e3 = 0.

❖♥ (✉♣♣♦(❡ 8✉❡ ❧❛ ❢♦♥❝0✐♦♥ α ❞❡♣❡♥❞ (❡✉❧❡♠❡♥0 ❞❡ z✳ ▲✬❛♣♣❧✐❝❛0✐♦♥ ✐❞❡♥0✐0+ Id :
(

M,ϕ, ξ, η, g
)

−→
(M,ϕ, ξ, η, g) ❡(0 ❤❛,♠♦♥✐8✉❡ (✐ ❡0 (❡✉❧❡♠❡♥0 (✐ ❧❛ ❢♦♥❝0✐♦♥ α ❡(0 ✉♥❡ (♦❧✉0✐♦♥ ❞❡ ❧✬+8✉❛0✐♦♥

❞✐✛+,❡♥0✐❡❧❧❡ (✉✐✈❛♥0❡

zα′ − 2α
(

α2 − 1
)

= 0.



✽✻ ❆♣♣❧✐❝❛&✐♦♥) ❜✐❤❛,♠♦♥✐.✉❡) ❡& ❞2❢♦,♠❛&✐♦♥) D✲✐)♦♠2&,✐.✉❡) ❞❡) ✈❛,✐2&2) ♣,❡).✉❡ ❞❡ ❝♦♥&❛❝&✳

▲❛ "♦❧✉&✐♦♥ ❣*♥*+❛❧❡ ❞❡ ❝❡&&❡ */✉❛&✐♦♥ ❡"&

α = ± 1√
1− Cz4

.

▲✬❛♣♣❧✐❝❛&✐♦♥ ✐❞❡♥&✐&* Id :

(

M,ϕ, ξ, η, g = g +

(

Cz4

1− Cz4

)

η ⊗ η

)

−→ (M,ϕ, ξ, η, g) ❡"&

❤❛+♠♦♥✐/✉❡✳ ❊♥ ✉&✐❧✐"❛♥& ❧❡ ❚❤*♦+7♠❡ ✸✳✺✳✷✱ ♦♥ ❞*❞✉✐& /✉❡ ❧✬❛♣♣❧✐❝❛&✐♦♥ ✐❞❡♥&✐&* Id :
(

M,ϕ, ξ, η, g
)

−→ (M,ϕ, ξ, η, g) ❡"& ❜✐❤❛+♠♦♥✐/✉❡ "✐ ❡& "❡✉❧❡♠❡♥& "✐

z3α2α(3) − 3z2α2α′′ − 10z3αα′α′′

+ 3zα2α′ − 4zα4α′ + 12z2α (α′)
2

+ 15z3 (α′)
3
+ 8α5

(

α2 − 1
)

= 0.

✸✳✸✳✸ ▲❛ ❜✐❤❛'♠♦♥✐❝✐,- ❞❡ ❧✬❛♣♣❧✐❝❛,✐♦♥ ✐❞❡♥,✐,-

Id :
(

M 2m+1, ϕ, ξ, η, g
)

−→
(

M 2m+1, ϕ, ξ, η, g
)

✳

❙♦✐% (M2m+1, ϕ, ξ, η, g) ✉♥❡ ✈❛+✐,%, ❞❡ ❑❡♥♠♦%0✉ ❡% 0♦✐%

(

M,ϕ, ξ, η, g
)

✉♥❡ ❞,❢♦+♠❛✲

%✐♦♥ D✲✐0♦♠,%+✐3✉❡ ❞❡ (M2m+1, ϕ, ξ, η, g) ♦4 ♥♦✉0 0✉♣♣♦0♦♥0 3✉❡ ❧❛ ❢♦♥❝%✐♦♥ α ❞,♣❡♥❞

✉♥✐3✉❡♠❡♥% ❞❡ ❧❛ ❞✐+❡❝%✐♦♥ ❞❡ ξ✳ 9❛+ ❚❤,♦+<♠❡ ✸✳✺✳✶✱ ❧❛ +❡❧❛%✐♦♥ ❡♥%+❡ ∇ ❡% ∇ ❡0% ❞♦♥♥,❡

♣❛+

∇XY = ∇XY − 1

α
η (X) η (Y ) ξ (α) ξ

+
1

α
{η (X)Y (α) + η (Y )X (α)} ξ

+
α2 − 1

α2
{g (X, Y )− η (X) η (Y )} ξ.

✭✸✳✶✹✮

9♦✉+ ,%✉❞✐❡+ ❧❛ ❜✐❤❛+♠♦♥✐❝✐%, ❞❡ Id : (M2m+1, ϕ, ξ, η, g) −→
(

M2m+1, ϕ, ξ, η, g
)

✱ ♥♦✉0

✉%✐❧✐0❡+♦♥0 ❧❡ ❧❡♠♠❡ 0✉✐✈❛♥%✳

▲❡♠♠❛ ✸✳✸✳✷ ❙♦✐& (M2m+1, ϕ, ξ, η, g) ✉♥❡ ✈❛+✐*&* ❞❡ ❑❡♥♠♦&"✉ ❡& "♦✐&
(

M,ϕ, ξ, η, g
)

✉♥❡

❞*❢♦+♠❛&✐♦♥ D✲✐"♦♠*&+✐/✉❡ ❞❡ (M2m+1, ϕ, ξ, η, g) ♦B ♥♦✉" "✉♣♣♦"♦♥" /✉❡ ❧❛ ❢♦♥❝&✐♦♥ α

❞*♣❡♥❞ ✉♥✐/✉❡♠❡♥& ❞❡ ❧❛ ❞✐+❡❝&✐♦♥ ❞❡ ξ✳ ❙♦✐& f ✉♥❡ ❢♦♥❝&✐♦♥ /✉✐ ❞*♣❡♥❞ ✉♥✐/✉❡♠❡♥& ❞❡ ❧❛

❞✐+❡❝&✐♦♥ ❞❡ ξ✱ ❛❧♦+" ♦♥ ❛

Trg∇2fξ =
1

α2
ξ (ξ (f)) ξ − 1

α3
ξ (α) ξ (f) ξ + 2

(m

α2
ξ (f)−mf

)

ξ.

'(❡✉✈❡ ❞✉ ▲❡♠♠❡ ✸✳✸✳✷✳ ♣❛+ ❞,✜♥✐%✐♦♥✱ ♦♥ ❛

Trg∇
2
fξ = ∇ei∇eifξ −∇∇ei

eifξ +∇ϕei∇ϕeifξ

−∇∇ϕei
ϕeifξ +∇ξ∇ξfξ.



✸✳✸ ❚❤❡ ♠❛✐♥ )❡*✉❧-*✳ ✽✼

❊♥ ✉%✐❧✐(❛♥% ❧✬+,✉❛%✐♦♥ (3.14)✱ ♦♥ ♦❜%✐❡♥%

∇eifξ = f∇eiξ = fei,

❛❧♦1(

∇ei∇eifξ = f∇eiei = f∇eiei +
m (α2 − 1) f

α2
ξ.

❊♥ ✉%✐❧✐(❛♥% ❧❡ ❢❛✐% ,✉❡

η (∇eiei) = −m, ∇∇ei
eiξ = ∇eiei +mξ

❡%

(∇eiei) (f) = −mξ (f) , (∇eiei) (α) = −mξ (α) ,

♦♥ ♦❜%✐❡♥% ❛✉((✐

∇∇ei
eifξ = f∇eiei −

mf

α
ξ (α) ξ −mξ (f) ξ +mfξ,

❝❡ ,✉✐ ♥♦✉( ❞♦♥♥❡

∇ei∇eifξ −∇∇ei
eifξ =

mf

α
ξ (α) ξ +mξ (f) ξ − mf

α2
ξ.

❯♥ ❝❛❧❝✉❧ (✐♠✐❧❛✐1❡ ❞♦♥♥❡

∇ϕei∇ϕeifξ −∇∇ϕei
ϕeifξ =

mf

α
ξ (α) ξ +mξ (f) ξ − mf

α2
ξ

❋✐♥❛❧❡♠❡♥%✱ ✉♥ ❝❛❧❝✉❧ 1✐❣♦✉1❡✉① ♥♦✉( ❝♦♥❞✉✐% :

∇ξ∇ξfξ =
f

α
ξ (ξ (α)) ξ + ξ (ξ (f)) ξ +

2

α
ξ (α) ξ (f) ξ.

◆♦✉( ❝♦♥❝❧✉♦♥( ,✉❡

Trg∇
2
fξ =

f

α
ξ (ξ (α)) ξ + ξ (ξ (f)) ξ +

2

α
ξ (α) ξ (f) ξ

+
2mf

α
ξ (α) ξ + 2mξ (f) ξ − 2mf

α2
ξ

▲❡♠♠❛ ✸✳✸✳✸ ❙♦✐# (M2m+1, ϕ, ξ, η, g) ✉♥❡ ✈❛)✐*#* ❞❡ ❑❡♥♠♦#.✉ ❡# .♦✐#
(

M,ϕ, ξ, η, g
)

✉♥❡

❞*❢♦)♠❛#✐♦♥ D✲✐.♦♠*#)✐1✉❡ ❞❡ (M2m+1, ϕ, ξ, η, g) ♦2 ♥♦✉. .✉♣♣♦.♦♥. 1✉❡ ❧❛ ❢♦♥❝#✐♦♥ α

❞*♣❡♥❞ ✉♥✐1✉❡♠❡♥# ❞❡ ❧❛ ❞✐)❡❝#✐♦♥ ❞❡ ξ✳ ❙♦✐# f ✉♥❡ ❢♦♥❝#✐♦♥ 1✉✐ ❞*♣❡♥❞ ✉♥✐1✉❡♠❡♥# ❞❡ ❧❛

❞✐)❡❝#✐♦♥ ❞❡ ξ✱ ❛❧♦). ♦♥ ❛

Trg∇2fξ =
1

α2
ξ (ξ (f)) ξ − 1

α3
ξ (α) ξ (f) ξ + 2

(m

α2
ξ (f)−mf

)

ξ.



✽✽ ❆♣♣❧✐❝❛&✐♦♥) ❜✐❤❛,♠♦♥✐.✉❡) ❡& ❞2❢♦,♠❛&✐♦♥) D✲✐)♦♠2&,✐.✉❡) ❞❡) ✈❛,✐2&2) ♣,❡).✉❡ ❞❡ ❝♦♥&❛❝&✳

 !❡✉✈❡ ❞✉ ▲❡♠♠❡ ✸✳✸✳✸✳ !❛# ❞%✜♥✐)✐♦♥✱ ♦♥ ❛

TrgR (ξ, ·) · = R (ξ, ei) ei +R (ξ, ϕei)ϕei +R (ξ, ξ) ξ.

▲❡ ♣#❡♠✐❡# )❡#♠❡ R (ξ, ei) ei ❡0) ❞%✜♥✐ ♣❛#

R (ξ, ei) ei = ∇ξ∇eiei −∇ei∇ξei −∇[ξ,ei]ξ.

❚❡#♠❡ ♣❛# )❡#♠❡✱ ❞❡ ❧♦♥❣0 ❝❛❧❝✉❧0 ♥♦✉0 ❞♦♥♥❡♥) ❧❡0 ❢♦#♠✉❧❡0 0✉✐✈❛♥)❡0

∇ξ∇eiei = ∇ξ∇eiei +
m

α3
ξ (α) ξ,

∇ei∇ξei = ∇ei∇ξei

❡)

∇[ξ,ei]ξ = ∇[ξ,ei]ξ,

✐❧ 0✉✐) 8✉❡

R (ξ, ei) ei =
m

α3
ξ (α) ξ −mξ.

▲❛ ♠9♠❡ ♠%)❤♦❞❡ ❞❡ ❝❛❧❝✉❧ ❞♦♥♥❡

R (ξ, ϕei)ϕei =
m

α3
ξ (α) ξ −mξ.

❊♥✜♥✱ ✐❧ ❡0) )#%0 0✐♠♣❧❡ ❞❡ ✈♦✐# 8✉❡

R (ξ, ξ) ξ = 0.

♦♥ ❞%❞✉✐) 8✉❡

TrgR (ξ, ·) · = 2m

α3
ξ (α) ξ − 2mξ

❚❤,♦!.♠❡ ✸✳✸✳✸ ❙♦✐# (M2m+1, ϕ, ξ, η, g) ✉♥❡ ✈❛)✐*#* ❞❡ ❑❡♥♠♦#.✉ ❡# .♦✐#

(

M,ϕ, ξ, η, g
)

✉♥❡ ❞*❢♦)♠❛#✐♦♥ D✲✐.♦♠*#)✐1✉❡ ❞❡ (M2m+1, ϕ, ξ, η, g) ♦2 ♥♦✉. .✉♣♣♦.♦♥. 1✉❡ ❧❛ ❢♦♥❝✲

#✐♦♥ α ❞*♣❡♥❞ ✉♥✐1✉❡♠❡♥# ❞❡ ❧❛ ❞✐)❡❝#✐♦♥ ❞❡ ξ✳ ❆❧♦).✱ ❧✬❛♣♣❧✐❝❛#✐♦♥ ✐❞❡♥#✐#* Id :
(M2m+1, ϕ, ξ, η, g) −→

(

M2m+1, ϕ, ξ, η, g
)

❡.# ❜✐❤❛)♠♦♥✐1✉❡ .✐ ❡# .❡✉❧❡♠❡♥# .✐

α2ξ (ξ (ξ (α)))− 10αξ (ξ (α)) ξ (α) + 6mα2ξ (ξ (α)) + 15 (ξ (α))3

− 22mα (ξ (α))2 + 8m2α2ξ (α)− 4mα4ξ (α)− 8m2α5
(

α2 − 1
)

= 0.

 !❡✉✈❡ ❞✉ ❚❤,♦!.♠❡ ✸✳✸✳✸✳ ▲❡ ❝❤❛♠♣ ❞❡ )❡♥0✐♦♥ ❞❡ ❧✬❛♣♣❧✐❝❛)✐♦♥ ✐❞❡♥)✐)%

Id : (M2m+1, ϕ, ξ, η, g) −→
(

M2m+1, ϕ, ξ, η, g
)

❡0) ❞%✜♥✐ ♣❛#

τ (Id) = ∇eiei −∇eiei +∇ϕeiϕei −∇ϕeiϕei +∇ξξ.



✸✳✸ ❚❤❡ ♠❛✐♥ )❡*✉❧-*✳ ✽✾

❊♥ ✉%✐❧✐(❛♥% ❧❡( +,✉❛%✐♦♥( (✉✐✈❛♥%❡(

∇eiei = ∇eiei +
m (α2 − 1)

α2
ξ,

∇ϕeiϕei = ∇ϕi
ϕei +

m (α2 − 1)

α2
ξ

❡%

∇ξξ =
1

α
ξ (α) ξ,

♦♥ ♦❜%✐❡♥%

τ (Id) =
1

α
ξ (α) ξ +

2m (α2 − 1)

α2
ξ.

♦♥ ❞+❞✉✐% ,✉❡ Id : (M2m+1, ϕ, ξ, η, g) −→
(

M2m+1, ϕ, ξ, η, g
)

❡(% ❤❛2♠♦♥✐,✉❡ (✐ ❡% (❡✉❧❡✲

♠❡♥% (✐

αξ (α) + 2m
(

α2 − 1
)

= 0.

▲✬❛♣♣❧✐❝❛%✐♦♥ ✐❞❡♥%✐%+ Id : (M2m+1, ϕ, ξ, η, g) −→
(

M2m+1, ϕ, ξ, η, g
)

❡(% ❜✐❤❛2♠♦♥✐,✉❡ (✐

❡% (❡✉❧❡♠❡♥% (✐

Trg∇
2
(

1

α
ξ (α)

)

ξ + 2mTrg∇
2
(

α2 − 1

α2

)

ξ

+

(

1

α
ξ (α) +

2m (α2 − 1)

α2

)

TrgR (ξ, ·) · = 0.

❊♥ ✉%✐❧✐(❛♥% ❧❡ ▲❡♠♠❡ ✸✳✸✳✷✱ ♦♥ ♦❜%✐❡♥%

Trg∇
2
(

1

α
ξ (α)

)

ξ =
1

α
ξ (ξ (ξ (α))) ξ +

2m

α
ξ (ξ (α)) ξ − 2m

α3
ξ (α) ξ

❡%

Trg∇
2
(

α2 − 1

α2

)

ξ =
α2 + 1

α3
ξ (ξ (α)) ξ +

1

α4
(ξ (α))2 ξ

+
2m (α2 + 1)

α3
ξ (α) ξ − 2m (α2 − 1)

α4
ξ.

❊♥✜♥✱ ❡♥ ✉%✐❧✐(❛♥% ❧❡ ▲❡♠♠❡ ✸✳✸✳✸✱ ♦♥ %2♦✉✈❡

(

1

α
ξ (α) +

2m (α2 − 1)

α2

)

TrgR (ξ, ·) · = 2m

α4
(ξ (α))2 ξ +

4m2 (α2 − 1)

α5
ξ (α) ξ

− 2m

α
ξ (α) ξ − 4m2 (α2 − 1)

α2
ξ.



✾✵ ❆♣♣❧✐❝❛&✐♦♥) ❜✐❤❛,♠♦♥✐.✉❡) ❡& ❞2❢♦,♠❛&✐♦♥) D✲✐)♦♠2&,✐.✉❡) ❞❡) ✈❛,✐2&2) ♣,❡).✉❡ ❞❡ ❝♦♥&❛❝&✳

❆❧♦%&✱ ❧✬❛♣♣❧✐❝❛-✐♦♥ ✐❞❡♥-✐-1 Id : (M2m+1, ϕ, ξ, η, g) −→
(

M2m+1, ϕ, ξ, η, g
)

❡&- ❜✐❤❛%♠♦✲

♥✐6✉❡ &✐ ❡- &❡✉❧❡♠❡♥- &✐

α4ξ (ξ (ξ (α))) + 2mα2
(

2α2 + 1
)

ξ (ξ (α)) + 4mα (ξ (α))2

+
{

2m (2m− 1)α4 + 2m (4m− 1)α2 − 4m2
}

ξ (α)

− 4m2α
(

α4 − 1
)

= 0.

❘❡❢❡#❡♥❝❡&

✶✳ :✳ ❇❛✐%❞ ❛♥❞ ❏✳ ❊❡❧❧& ✿ ❍❛"♠♦♥✐❝ ♠♦"♣❤✐*♠* ❜❡-✇❡❡♥ ❘✐❡♠❛♥♥❛✐♥ ♠❛♥✐❢♦❧❞*✱ ❖①❢♦"❞

❙❝✐❡♥❝❡* 7✉❜❧✐❝❛-✐♦♥* ✭✷✵✵✸✮✳
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❆♥♥❡①❡

✸✳✹ ❆♣♣❧✐❝❛)✐♦♥, f✲❜✐❤❛0♠♦♥✐2✉❡,

❙♦✐❡♥% (Mm, g) ❡% (Nn, h) ❞❡✉① ✈❛+✐,%,- +✐❡♠❛♥♥✐❡♥♥❡- ❡% -♦✐% f ∈ C∞ (M) ✉♥❡ ❢♦♥❝✲

%✐♦♥ ♣♦-✐%✐✈❡✳ ▲✬❛♣♣❧✐❝❛%✐♦♥ φ ❡-% ❞✐%❡ f ✲❤❛+♠♦♥✐8✉❡ -✐ ❡❧❧❡ ❡-% ✉♥ ♣♦✐♥% ❝+✐%✐8✉❡ ❞❡ ❧❛

❢♦♥❝%✐♦♥♥❡❧❧❡ f ✲,♥❡+❣✐❡ ✿

Ef (φ) =
1

2

∫

M

f |dφ|2dvg

♣❛+ +❛♣♣♦+% ❛✉① ✈❛+✐❛%✐♦♥- -✉♣♣♦+%,❡- ❞❡ ♠❛♥✐;+❡ ❝♦♠♣❛❝%❡✳ ❉❡ ♠❛♥✐;+❡ ,8✉✐✈❛❧❡♥%❡✱ φ

❡-% f ✲❤❛+♠♦♥✐8✉❡ -✐ ❡❧❧❡ -❛%✐-❢❛✐% ❧❡- ,8✉❛%✐♦♥- ❞✬❊✉❧❡+✲▲❛❣+❛♥❣❡ ❛--♦❝✐,❡- ✿

τf (φ) = fτ(φ) + dφ (gradf) = f (τ(φ) + dφ (grad ln f)) = 0,

τf (φ) ❡-% ❛♣♣❡❧, ❧❡ ❝❤❛♠♣ ❞✉ f ✲%❡♥-✐♦♥ ❞❡ φ✳ ▲✬❛♣♣❧✐❝❛%✐♦♥ φ ❡-% ❞✐%❡ f ✲❜✐❤❛+♠♦♥✐8✉❡ ✐-✐

❡❧❧❡ ❡-% ✉♥ ♣♦✐♥% ❝+✐%✐8✉❡ ❞❡ ❧❛ ❢♦♥❝%✐♦♥♥❡❧❧❡ f ✲❜✐✲,♥❡+❣✐❡ ✿

E2,f (φ) =
1

2

∫

M

f |τ(φ)|2dvg.

❉❡ ♠❛♥✐;+❡ ,8✉✐✈❛❧❡♥%❡✱ φ ❡-% f ✲❜✐❤❛+♠♦♥✐8✉❡ -✐ ❡❧❧❡ -❛%✐-❢❛✐% ❧❡- ,8✉❛%✐♦♥- ❞✬❊✉❧❡+✲

▲❛❣+❛♥❣❡ ❛--♦❝✐,❡- ✿

τ2,f (φ) = fτ2(φ)− (∆f) τ(φ)− 2∇gradfτ(φ) = 0, ✭✸✳✶✺✮

τ2,f (φ) ❡-% ❛♣♣❡❧, ❧❡ ❝❤❛♠♣ ❞❡ f ✲❜✐✲%❡♥-✐♦♥ ❞❡ φ✳ ❈♦♥%+❛✐+❡♠❡♥% ❛✉ ❢❛✐% 8✉❡ %♦✉%❡ ❛♣♣❧✐✲

❝❛%✐♦♥ ❤❛+♠♦♥✐8✉❡ ❡-% ❜✐❤❛+♠♦♥✐8✉❡✱ ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ f ✲❤❛+♠♦♥✐8✉❡ ♥✬❡-% ♣❛- ♥,❝❡--❛✐+❡✲

♠❡♥% f ✲❜✐❤❛+♠♦♥✐8✉❡✳

✸✳✺ ❚❤❡ ♠❛✐♥ 0❡,✉❧), ♦❢ f✲❜✐❤❛0♠♦♥✐❝ ♠❛♣,✳

❊♥ ♣+❡♠✐❡+ ❧✐❡✉✱ ♦♥ ♣❡✉% -✐♠♣❧✐✜❡+ ❧❛ ❢♦+♠✉❧❡ ❞♦♥♥,❡ ♣❛+ ✭✸✳✶✺✮ ♣♦✉+ ♦❜%❡♥✐+ ❧❛ +❡✲

♠❛+8✉❡ -✉✐✈❛♥%❡✳

✾✶



✾✷ ❆♣♣❧✐❝❛&✐♦♥) ❜✐❤❛,♠♦♥✐.✉❡) ❡& ❞2❢♦,♠❛&✐♦♥) D✲✐)♦♠2&,✐.✉❡) ❞❡) ✈❛,✐2&2) ♣,❡).✉❡ ❞❡ ❝♦♥&❛❝&✳

❘❡♠❛$%✉❡ ✸✳✺✳✶ ❯♥ "✐♠♣❧❡ ❝❛❧❝✉❧ ❞♦♥♥❡ ∆f = f∆ ln f + f |grad ln f |2 ❡- gradf =

fgrad ln f ✳ ❆❧♦0"

τ2,f (φ) = f
{

τ2 (φ)−
(

∆ ln f + |grad ln f |2
)

τ (φ)− 2∇grad ln fτ (φ)
}

. ✭✸✳✶✻✮

♥♦✉" ❞1❞✉✐"♦♥" 2✉❡ φ ❡"- f ✲❜✐❤❛0♠♦♥✐2✉❡ "✐ ❡- "❡✉❧❡♠❡♥- "✐

τ2 (φ)−
(

∆ ln f + |grad ln f |2
)

τ (φ)− 2∇grad ln fτ (φ) = 0. ✭✸✳✶✼✮

■❧ ❡,- ❝❧❛✐1 2✉❡ -♦✉-❡ ❛♣♣❧✐❝❛-✐♦♥ ❤❛1♠♦♥✐2✉❡ ❡,- f ✲❜✐❤❛1♠♦♥✐2✉❡✳ ❙✐ ❧✬❛♣♣❧✐❝❛-✐♦♥ φ ❡,-

❜✐❤❛1♠♦♥✐2✉❡ ✭τ2(φ) = 0✮✱ ❛❧♦1, φ ❡,- f ✲❜✐❤❛1♠♦♥✐2✉❡ ,✐ ❡- ,❡✉❧❡♠❡♥- ,✐

(

∆ ln f + |grad ln f |2
)

τ (φ) + 2∇grad ln fτ (φ) = 0.

✸✳✺✳✶ ❚❤❡ ❝❛)❡ ♦❢ ❝♦♥❢♦-♠❛❧ ♠❛♣)✳

◆♦✉, ?-✉❞✐♦♥, ❧❡, ❛♣♣❧✐❝❛-✐♦♥, ❝♦♥❢♦1♠❡, ❡♥-1❡ ❧❡, ✈❛1✐?-?, ?2✉✐❞✐♠❡♥,✐♦♥♥❡❧❧❡, ❞❡

❞✐♠❡♥,✐♦♥ n ≥ 3✳ ◆♦-♦♥, 2✉❡ ♣❛1 ❧❡ 1?,✉❧-❛- ♦❜-❡♥✉ ❞❛♥, ❬✹❪✱ ✉♥❡ -❡❧❧❡ ❛♣♣❧✐❝❛-✐♦♥ ♥❡

♣❡✉- ❛✈♦✐1 ❛✉❝✉♥ ♣♦✐♥- ❝1✐-✐2✉❡✱ ❞♦♥❝ ❝✬❡,- ✉♥ ❞✐✛?♦♠♦1♣❤✐,♠❡ ❧♦❝❛❧❡♠❡♥- ❝♦♥❢♦1♠❡ ✳

❘❛♣♣❡❧♦♥, 2✉✬✉♥❡ ❛♣♣❧✐❝❛-✐♦♥ φ : (Mn, g) → (Nn, h) ❡,- ❞✐-❡ ❝♦♥❢♦1♠❡ ,✬✐❧ ❡①✐,-❡ ✉♥❡

❢♦♥❝-✐♦♥ ❞❡ ❝❧❛,,❡ C∞ λ :M → R
∗
+ ❞❡ -❡❧❧❡ ,♦1-❡ 2✉❡ ♣♦✉1 -♦✉, X, Y ∈ Γ(TM) ✿

h(dφ(X), dφ(Y )) = λ2g(X, Y ).

▲❛ ❢♦♥❝-✐♦♥ λ ❡,- ❞✐-❡ ❧❛ ❞✐❧❛-✐♦♥ ♣♦✉1 ❧✬❛♣♣❧✐❝❛-✐♦♥ φ✳ ▲❡ ❝❤❛♠♣ ❞❡ -❡♥,✐♦♥ ♣♦✉1 ✉♥❡

❛♣♣❧✐❝❛-✐♦♥ ❝♦♥❢♦1♠❡ ❡,- ❞♦♥♥? ♣❛1 ✭✈♦✐1 ❬✹❪✮ ✿

τ(φ) = (2− n)dφ(grad lnλ).

❚❤-♦$/♠❡ ✸✳✺✳✶ ✭❬✶✶❪✮ ❙♦✐- φ : (Mn, g) → (Nn, h) ✭n ≥ 3✮ ✉♥❡ ❛♣♣❧✐❝❛-✐♦♥ ❝♦♥❢♦0♠❡ ❞❡
❞✐❧❛-✐♦♥ λ✱ ❛❧♦0" ❧❡ ❝❤❛♠♣ ❞❡ ❜✐✲-❡♥"✐♦♥ ❞❡ φ ❡"- ❞♦♥♥1 ♣❛0

τ2(φ) = (n− 2) dφ (H)

♦>

H = grad∆ lnλ− (n− 6)

2
grad

(

|grad lnλ|2
)

+ 2RicciM (grad lnλ)

−
(

2 (∆ lnλ) + (n− 2) |grad lnλ|2
)

grad lnλ.

?♦✉0 -♦✉" X ∈ Γ (TM)✱ ❧✬♦♣10❛-❡✉0 RicciM ❡"- ❞1✜♥✐ ♣❛0

RicciM(X) = TrgR
M (X, ·) · = RM (X, ei) ei

♦> (ei)1≤i≤m ❡"- ✉♥❡ ❜❛"❡ ♦0-❤♦♥♦0♠1❡ ❧♦❝❛❧❡ "✉0 M ✭♥♦✉" "♦♠♠♦♥" "✉0 ❧❡" ✐♥❞✐❝❡" 01♣1✲

-1"✮✳

▲❛ f ✲❜✐❤❛1♠♦♥✐❝✐-? ❞✬✉♥❡ ❛♣♣❧✐❝❛-✐♦♥ ❝♦♥❢♦1♠❡ ❡,- ❞♦♥♥?❡ ♣❛1 ❧❡ -❤?♦1❡♠❡ ,✉✐✈❛♥-✳



✸✳✺ ❚❤❡ ♠❛✐♥ *❡+✉❧.+ ♦❢ f ✲❜✐❤❛*♠♦♥✐❝ ♠❛♣+✳ ✾✸

❚❤"♦$%♠❡ ✸✳✺✳✷ ❙♦✐# φ : (Mn, g) → (Nn, h) ✭n ≥ 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦.♠❡ ❞❡

❞✐❧❛#✐♦♥ λ✱ ❛❧♦.2 φ ❡2# f ✲❜✐❤❛.♠♦♥✐6✉❡ 2✐ ❡# 2❡✉❧❡♠❡♥# 2✐

grad∆ lnλ− (n− 6)

2
grad

(

|grad lnλ|2
)

+ 2∇grad ln fgrad lnλ

−
(

2 (∆ lnλ) + (n− 2) |grad lnλ|2 −∆ ln f − |grad ln f |2
)

grad lnλ

+ 2 |grad lnλ|2 grad ln f + 2RicciM (grad lnλ) = 0.

✭✸✳✶✽✮

,$❡✉✈❡ ❞✉ ❚❤"♦$%♠❡ ✸✳✺✳✷✳ '❛) ❧✬,-✉❛/✐♦♥ ✭✸✳✶✻✮✱ ❧❡ ❝❤❛♠♣ ❞❡ f ✲❜✐/❡♥=✐♦♥ ❞❡ φ ❡=/

τ2,f (φ) = f
{

τ2 (φ)−
(

∆ ln f + |grad ln f |2
)

τ (φ)− 2∇grad ln fτ (φ)
}

. ✭✸✳✶✾✮

❈♦♠♠❡ φ ❡=/ ✉♥❡ ❛♣♣❧✐❝❛/✐♦♥ ❝♦♥❢♦)♠❡✱ ❛❧♦)=

τ(φ) = (2− n)dφ(grad lnλ)

❡/

τ2(φ) = (n− 2) dφ (H)

♦@

H = grad∆ lnλ− (n− 6)

2
grad

(

|grad lnλ|2
)

+ 2RicciM (grad lnλ)

−
(

2 (∆ lnλ) + (n− 2) |grad lnλ|2
)

grad lnλ,

❝❡ -✉✐ ♥♦✉= ❞♦♥♥❡

τ2,f (φ) = (n− 2) f
{

dφ (H) +
(

∆ ln f + |grad ln f |2
)

dφ (grad lnλ) + 2∇grad ln fdφ (grad lnλ)
}

.

'♦✉) ❧❡ /❡)♠❡ ∇grad ln fdφ (grad lnλ)✱ ♥♦✉= ❛✈♦♥= ✭✈♦✐) ❬✹❪✮

∇grad ln fdφ (grad lnλ) = ∇dφ (grad lnλ, grad ln f) + dφ (∇grad ln fgrad lnλ)

= |grad lnλ|2 dφ (grad ln f) + dφ (∇grad ln fgrad lnλ) .

❆❧♦)=

τ2,f (φ) = (n− 2) fdφ
(

H +
(

∆ ln f + |grad ln f |2
)

grad lnλ+ 2 |grad lnλ|2 grad ln f + 2∇grad ln fgrad ln

❋✐♥❛❧❡♠❡♥/✱ ♥♦✉= ❝♦♥❝❧✉♦♥= -✉❡ ❧❡ ❝❤❛♠♣ ❞❡ f ✲❜✐/❡♥=✐♦♥ ❞❡ φ ❡=/ ❞♦♥♥, ♣❛)

τ2,f (φ) = (n− 2) fdφ (H (λ, f))

♦@

H (λ, f) = grad∆ lnλ− (n− 6)

2
grad

(

|grad lnλ|2
)

+ 2∇grad ln fgrad lnλ

−
(

2 (∆ lnλ) + (n− 2) |grad lnλ|2 −∆ ln f − |grad ln f |2
)

grad lnλ

+ 2 |grad lnλ|2 grad ln f + 2RicciM (grad lnλ) .



✾✹ ❆♣♣❧✐❝❛&✐♦♥) ❜✐❤❛,♠♦♥✐.✉❡) ❡& ❞2❢♦,♠❛&✐♦♥) D✲✐)♦♠2&,✐.✉❡) ❞❡) ✈❛,✐2&2) ♣,❡).✉❡ ❞❡ ❝♦♥&❛❝&✳

❊♥ ❝♦♥&✐❞)*❛♥, ❧❡ ❢❛✐, 0✉❡ n ≥ 3✱ ♥♦✉& ❝♦♥❝❧✉♦♥& 0✉❡ ❧✬❛♣♣❧✐❝❛,✐♦♥ ❝♦♥❢♦*♠❡ φ ❡&, f ✲

❜✐❤❛*♠♦♥✐0✉❡ &✐ ❡, &❡✉❧❡♠❡♥, &✐

H (λ, f) = grad∆ lnλ− (n− 6)

2
grad

(

|grad lnλ|2
)

+ 2∇grad ln fgrad lnλ

−
(

2 (∆ lnλ) + (n− 2) |grad lnλ|2 −∆ ln f − |grad ln f |2
)

grad lnλ

+ 2 |grad lnλ|2 grad ln f + 2RicciM (grad lnλ) = 0.

❈❡ 0✉✐ ❛❝❤:✈❡ ❧❛ ♣*❡✉✈❡ ❞✉ ❚❤)♦*:♠❡ ✸✳✺✳✷✳

❉❛♥& ❧❛ ♣❛*,✐❡ &✉✐✈❛♥,❡✱ ♥♦✉& ♣*)&❡♥,❡*♦♥& ✉♥ ❡①❡♠♣❧❡ ❞✬❛♣♣❧✐❝❛,✐♦♥& f ✲❜✐❤❛*♠♦♥✐0✉❡&✳

❙♦✐, φ : Rn\{0} −→ R
n\{0} (n ≥ 3) ❧✬✐♥✈❡*&✐♦♥ ❞❡✜♥)❡ ♣❛* φ (x) =

x

|x|2
✳ φ ❡&, ✉♥❡ ❛♣♣❧✐❝❛✲

,✐♦♥ ❝♦♥❢♦*♠❡ ❛✈❡❝ ❞✐❧❛,✐♦♥ λ =
1

r2
(r = |x|) . ❙✉♣♣♦&♦♥& 0✉❡ ln f ❡&, *❛❞✐❛❧❡ (ln f = α (r))✳

❆❧♦*& ♣❛* ❚❤)♦*:♠❡ ✸✳✺✳✷✱ ♥♦✉& ❡♥ ❞)❞✉✐&♦♥& 0✉❡ ❧✬❛♣♣❧✐❝❛,✐♦♥ φ : Rn\{0} −→ R
n\{0} ❡&,

f ✲❜✐❤❛*♠♦♥✐0✉❡ &✐ ❡, &❡✉❧❡♠❡♥, &✐ ❧❛ ❢♦♥❝,✐♦♥ α &❛,✐&❢❛✐, ❧✬)0✉❛,✐♦♥ ❞✐✛)*❡♥,✐❡❧❧❡ &✉✐✈❛♥,❡

1

r
α′′ +

(n− 7)

r2
α′ +

1

r
(α′)

2 − 4 (n− 4)

r3
= 0.

❙♦✐, β = α′
✱ ❝❡,,❡ )0✉❛,✐♦♥ ❞❡✈✐❡♥,

1

r
β′ +

(n− 7)

r2
β +

1

r
β2 − 4 (n− 4)

r3
= 0.

❈❤❡*❝❤♦♥& ❞❡& &♦❧✉,✐♦♥& ♣❛*,✐❝✉❧✐:*❡& ❞❡ ,②♣❡ β =
a

r
✭a ∈ R

∗
✮✱ ❛❧♦*&

φ : Rn \ {0} −→ R
n \ {0} ❡&, f ✲❜✐❤❛*♠♦♥✐0✉❡ &✐ ❡, &❡✉❧❡♠❡♥, &✐

a2 + (n− 8) a− 4 (n− 4) = 0.

❈❡,,❡ )0✉❛,✐♦♥ ❛ ❞❡✉① &♦❧✉,✐♦♥& a = 4 ❡, a = 4− n✳

✶✳ K♦✉* a = 4✱ ♥♦✉& ♦❜,❡♥♦♥& f (r) = Cr4 ❡, ❞❛♥& ❝❡ ❝❛& ❧✬✐♥✈❡*&✐♦♥

φ : Rn \ {0} −→ R
n \ {0} ❡&, f ✲❜✐❤❛*♠♦♥✐0✉❡✳

✷✳ K♦✉* a = 4− n✱ ♥♦✉& ♦❜,❡♥♦♥& f (r) = Cr4−n
❀ ✐❧ &✉✐, 0✉❡ ❧✬✐♥✈❡*&✐♦♥

φ : Rn \ {0} −→ R
n \ {0} ❡&, f ✲❜✐❤❛*♠♦♥✐0✉❡✳

❈♦♠♠❡ ❝♦♥&)0✉❡♥❝❡ ❞✉ ,❤)♦*:♠❡ ✸✳✺✳✷✱ &✐ ♥♦✉& &✉♣♣♦&♦♥& 0✉❡ f = λ✱ ♥♦✉& ♦❜,❡♥♦♥& ❧❡

❝♦*♦❧❧❛✐*❡ &✉✐✈❛♥,✳

❝♦"♦❧❧❛✐"❡ ✸✳✺✳✶ ❙♦✐# φ : (Mn, g) → (Nn, h) ✭n ≥ 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦.♠❡ ❞❡ ❞✐❧❛#✐♦♥
λ✱ ❛❧♦.2 φ ❡2# λ✲❜✐❤❛.♠♦♥✐6✉❡ 2✐ ❡# 2❡✉❧❡♠❡♥# 2✐

grad∆ lnλ−
(

∆ lnλ+ (n− 5) |grad lnλ|2
)

grad lnλ

− (n− 8)

2
grad

(

|grad lnλ|2
)

+ 2RicciM (grad lnλ) = 0.



✸✳✺ ❚❤❡ ♠❛✐♥ *❡+✉❧.+ ♦❢ f ✲❜✐❤❛*♠♦♥✐❝ ♠❛♣+✳ ✾✺

❊♥ ♣❛&'✐❝✉❧✐❡&✱ ♥♦✉/ ♣&♦✉✈♦♥/ 1✉❡ ❧❛ λ✲❜✐❤❛&♠♦♥✐❝✐'6 ❞❡ ❧✬❛♣♣❧✐❝❛'✐♦♥ ❝♦♥❢♦&♠❡ φ : (Rn, g) →
(Nn, h) ✭n ≥ 3✮ ♦< ❧❛ ❞✐❧❛'❛'✐♦♥ λ ❡/' &❛❞✐❛❧❡ (lnλ = α (r) , r = |x| ❛♥❞ α ∈ C∞ (R,R)) ❡/'

61✉✐✈❛❧❡♥' = ✉♥❡ 61✉❛'✐♦♥ ❞✐✛6&❡♥'✐❡❧❧❡ ♦&❞✐♥❛✐&❡ ❞✉ ❞❡✉①✐@♠❡ ♦&❞&❡✳ B❧✉/ ♣&6❝✐/6♠❡♥'✱

♥♦✉/ ❛✈♦♥/

❘❡♠❛$%✉❡ ✸✳✺✳✷ ❙♦✐# φ : (Rn, g) → (Nn, h) ✭n ≥ 3✮ ✉♥❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦.♠❡ ❞❡ ❞✐❧❛✲

#✐♦♥ λ 2✉❛♥❞ ♥♦✉3 3✉♣♣♦3♦♥3 2✉❡ lnλ ❡3# .❛❞✐❛❧❡ (lnλ = α (r) , r = |x| ❛♥❞ α ∈ C∞ (R,R))✳

❯♥ ❝❛❧❝✉❧ ❞✐.❡❝# ❞♦♥♥❡

grad lnλ = α′ ∂

∂r
,

|grad lnλ|2 = (α′)
2
,

grad
(

|grad lnλ|2
)

= 2α′α′′ ∂

∂r
,

∆ lnλ = α′′ +
n− 1

r
α′

❡#

grad (∆ lnλ) =

(

α′′′ +
n− 1

r
α′′ − n− 1

r2
α′
)

∂

∂r
.

6❛. ❝♦♥372✉❡♥# φ ❡3# λ✲❜✐❤❛.♠♦♥✐2✉❡ 3✐ ❡# 3❡✉❧❡♠❡♥# 3✐ ❧❛ ❢♦♥❝#✐♦♥ α 3❛#✐3❢❛✐# ❧✬72✉❛#✐♦♥

❞✐✛7.❡♥#✐❡❧❧❡ 3✉✐✈❛♥#❡

α′′′ − (n− 7)α′α′′ +
n− 1

r
α′′ − n− 1

r2
α′ − n− 1

r
(α′)

2 − (n− 5) (α′)
3
= 0.

❙✐ ♥♦✉3 ❞7♥♦#♦♥3 β = α′
✱ ❧❛ λ✲❜✐❤❛.♠♦♥✐❝✐#7 ❞❡ φ ❡3# 72✉✐✈❛❧❡♥#❡ > ❧✬72✉❛#✐♦♥ ❞✐✛7.❡♥#✐❡❧❧❡

β′′ − (n− 7) ββ′ +
n− 1

r
β′ − n− 1

r2
β − n− 1

r
β2 − (n− 5) β3 = 0.

❈❤❡.❝❤♦♥3 ❞❡3 3♦❧✉#✐♦♥3 ♣❛.#✐❝✉❧✐@.❡3 ❞❡ #②♣❡ β =
a

r
✭a ∈ R

∗
✮✱ ♥♦✉3 ❞7❞✉✐3♦♥3 2✉❡ φ :

(Rn, g) → (Nn, h) ✭n ≥ 3✮ ❡3# λ✲❜✐❤❛.♠♦♥✐2✉❡ 3✐ ❡# 3❡✉❧❡♠❡♥# 3✐ a ❡3# ✉♥❡ 3♦❧✉#✐♦♥ ❞❡

❧✬72✉❛#✐♦♥ ❛❧❣7❜.✐2✉❡

(n− 5) a2 + 6a+ 2n− 4 = 0.

❈❡##❡ 72✉❛#✐♦♥ ❛ ❞❡ 3♦❧✉#✐♦♥3 .7❡❧❧❡3 3✐ ❡# 3❡✉❧❡♠❡♥# 3✐ n ∈ {3, 4, 5, 6}✳

✶✳ ❙✐ n = 3✱ ♥♦✉3 #.♦✉✈♦♥3 a =
3 +

√
17

2
♦✉ a =

3−
√
17

2
✱ ❛❧♦.3 λ = Cr







3 +
√
13

2







♦✉ λ = Cr







3−
√
13

2







✭C ∈ R
∗
+✮✳ ■❧ 3✬❡♥3✉✐# 2✉❡ #♦✉#❡ ❛♣♣❧✐❝❛#✐♦♥ ❝♦♥❢♦.♠❡ φ :



✾✻ ❆♣♣❧✐❝❛&✐♦♥) ❜✐❤❛,♠♦♥✐.✉❡) ❡& ❞2❢♦,♠❛&✐♦♥) D✲✐)♦♠2&,✐.✉❡) ❞❡) ✈❛,✐2&2) ♣,❡).✉❡ ❞❡ ❝♦♥&❛❝&✳

(R3, g) → (N3, h) ❞❡ ❞✐❧❛%✐♦♥ λ = Cr







3 +
√
13

2







♦✉ λ = Cr







3−
√
13

2







❡)% λ✲

❜✐❤❛-♠♦♥✐/✉❡✳

✷✳ ❙✐ n = 4✱ ♥♦✉) %-♦✉✈♦♥) a = 3 +
√
13 ♦✉ a = 3 −

√
13✱ ❞♦♥❝ λ = Cr(3+

√
13)

♦✉

λ = Cr(3−
√
13)

✭C ∈ R
∗
+✮✳ ■❧ )✬❡♥)✉✐% /✉❡ %♦✉%❡ ❛♣♣❧✐❝❛%✐♦♥ ❝♦♥❢♦-♠❡ φ : (R4, g) →

(N4, h) ❞❡ ❞✐❧❛%✐♦♥ λ = Cr(3+
√
13)

♦✉ λ = Cr(3−
√
13)

❡)% λ✲❜✐❤❛-♠♦♥✐/✉❡✳

✸✳ ❙✐ n = 5✱ ♥♦✉) %-♦✉✈♦♥) a = −1✱ ❞♦♥❝ λ =
C

r
✭C ∈ R

∗
+✮✳ ■❧ )✬❡♥)✉✐% /✉❡ %♦✉%❡

❛♣♣❧✐❝❛%✐♦♥ ❝♦♥❢♦-♠❡ φ : (R5, g) → (N5, h) ❞❡ ❞✐❧❛%✐♦♥ λ =
C

r
❡)% λ✲❜✐❤❛-♠♦♥✐/✉❡✳

✹✳ ❙✐ n = 6✱ ♥♦✉) %-♦✉✈♦♥) a = −2 ♦✉ a = −4✱ ❛❧♦-) λ =
C

r2
♦✉ λ =

C

r4
✭C ∈ R

∗
+✮✳

❉❛♥) ❝❡ ❝❛)✱ %♦✉%❡ ❛♣♣❧✐❝❛%✐♦♥ ❝♦♥❢♦-♠❡ φ : (R6, g) → (N6, h) ❞❡ ❞✐❧❛%✐♦♥ λ =
C

r2

♦✉ λ =
C

r
❡)% λ✲❜✐❤❛-♠♦♥✐/✉❡✳ ♣❛- ❡①❡♠♣❧❡✱ ❧✬✐♥✈❡-)✐♦♥ φ : (Rn\ {0} , gRn) −→

(Rn\ {0} , gRn) ❞@✜♥✐❡ ♣❛- φ (x) =
x

|x|2
❡)% ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ ❝♦♥❢♦-♠❡ ❞❡ ❞✐❧❛%✐♦♥

λ =
1

r2
❡% ❡❧❧❡ ❡)% λ✲❜✐❤❛-♠♦♥✐/✉❡ )✐ ❡% )❡✉❧❡♠❡♥% )✐ n = 6✳

❘❡❢❡#❡♥❝❡&

✶✳ ▼✳❆✳ ❆♣'♦❞✉ ✿ ❙♦♠❡ -❡♠) ♦♥ ♣✲❤❛-♠♦♥✐❝ ♠❛♣)✱ ❙%✉❞✳ ❈❡-❝✳ ▼❛%✳ ✺✵ ✭✶✾✾✽✮✱ ♥♦✳

✺✲✻✱ ✷✾✼✲✸✵✺✳

✷✳ K✳ ❇❛✐-❞✱ ❆✳ ❋❛-❞♦✉♥ ❛♥❞ ❙✳ ❖✉❛❦❦❛) ✿ ❈♦♥❢♦-♠❛❧ ❛♥❞ )❡♠✐✲❝♦♥❢♦-♠❛❧ ❜✐❤❛-♠♦♥✐❝

♠❛♣)✱ ❆♥♥❛❧) ♦❢ ●❧♦❜❛❧ ❆♥❛❧②)✐) ❛♥❞ ●❡♦♠❡%-② ✸✹ ✭✷✵✵✽✮✱ ✹✵✸✲✹✶✹✳

✸✳ K✳ ❇❛✐-❞ ❡% ❉✳ ❑❛♠✐))♦❦♦ ✿ ❖♥ ❝♦♥)%-✉❝%✐♥❣ ❜✐❤❛-♠♦♥✐❝ ♠❛♣) ❛♥❞ ♠❡%-✐❝)✱ ❆♥♥❛❧)

♦❢ ●❧♦❜❛❧ ❆♥❛❧②)✐) ❛♥❞ ●❡♦♠❡%-② ✷✸ ✭✷✵✵✸✮✱ ✻✺✲✼✺✳

✹✳ K✳ ❇❛✐-❞ ❛♥) ❏✳❈✳ ❲♦♦❞ ✿ ❍❛-♠♦♥✐❝ ♠♦-♣❤✐)♠) ❜❡%✇❡❡♥ ❘✐❡♠❛♥♥❛✐♥ ♠❛♥✐❢♦❧❞)✱

❖①❢♦-❞ ❙❝✐❡♥❝❡) K✉❜❧✐❝❛%✐♦♥) ✭✷✵✵✸✮✳

✺✳ ❆✳ ❇❛❧♠✉) ✿ ❇✐❤❛-♠♦♥✐❝ ♣-♦♣❡-%✐❡) ❛♥❞ ❝♦♥❢♦-♠❛❧ ❝❤❛♥❣❡)✱ ❆♥✳ ❙%✐✐♥%✳ ❯♥✐✈✳ ❆❧✳■✳

❈✉③❛ ■❛)✐ ▼❛%✳ ✭◆✳❙✳✮ ✺✵ ✭✷✵✵✹✮✱ ✸✻✼✲✸✼✷✳

✻✳ ◆✳❊✳❍✳ ❉❥❛❛ ❛♥❞ ❆✳ ▼✳ ❈❤❡-✐❢ ✿ ●❡♥❡-❛❧ f ✲❤❛-♠♦♥✐❝ ♠♦-♣❤✐)♠)✱ ❆-❛❜ ❏ ▼❛%❤ ❙❝✐

✷✷ ✭✷✵✶✻✮✱ ✷✼✺✲✷✽✹✳

✼✳ ❏✳ ❊❡❧❧) ❛♥❞ ▲✳ ▲❡♠❛✐-❡ ✿ ❆ -❡♣♦-% ♦♥ ❤❛-♠♦♥✐❝ ♠❛♣)✱ ❇✉❧❧✳ ▲♦♥❞♦♥ ▼❛%❤✳ ❙♦❝✳

✶✻ ✭✶✾✼✽✮✱ ✶✲✻✽✳



✸✳✺ ❚❤❡ ♠❛✐♥ *❡+✉❧.+ ♦❢ f ✲❜✐❤❛*♠♦♥✐❝ ♠❛♣+✳ ✾✼

✽✳ ❏✳ ❊❡❧❧% ❛♥❞ ▲✳ ▲❡♠❛✐,❡ ✿ ❆♥♦0❤❡, ,❡♣♦,0 ♦♥ ❤❛,♠♦♥✐❝ ♠❛♣%✱ ❇✉❧❧✳ ▲♦♥❞♦♥ ▼❛0❤✳

❙♦❝✳ ✷✵ ✭✶✾✽✽✮✱ ✸✽✺✲✺✷✹✳

✾✳ ❏✳ ❊❡❧❧% ❛♥❞ ▲✳ ▲❡♠❛✐,❡ ✿ ❙❡❧❡❝0❡❞ 0♦♣✐❝% ✐♥ ❤❛,♠♦♥✐❝ ♠❛♣%✱ ❈◆▼❙ ❘❡❣✐♦♥❛❧ ❈♦♥❢❡✲

,❡♥❝❡ ❙❡,✐❡% ♦❢ 0❤❡ ◆❛0✐♦♥❛❧ ❙❝✐❡♥❝❡% ❋♦✉♥❞❛0✐♦♥✱ ✭✶✾✽✶✮✳

✶✵✳ ❏✳ ❊❡❧❧% ❛♥❞ ❆✳ ❘❛00♦ ✿ ❍❛,♠♦♥✐❝ ▼❛♣% ❛♥❞ ▼✐♥✐♠❛❧ ■♠♠❡,%✐♦♥% ✇✐0❤ ❙②♠♠❡0,✐❡%✱

N,✐♥❝❡0♦♥ ❯♥✐✈❡,%✐0② N,❡%% ✭✶✾✾✸✮✳

✶✶✳ ❆✳ ❋❛,❞♦✉♥ ✿ ❖♥ ❡R✉✐✈❛,✐❛♥0 ♣✲❤❛,♠♦♥✐❝ ♠❛♣%✱ ❆♥♥✳ ■♥%0✳ ❍❡♥,✐ N♦✐♥❝❛,S✱ ❱♦❧✳

✶✺✱ ♥♦ ✶ ✭✶✾✾✽✮✱ ✷✺✲✼✷✳

✶✷✳ ●✳ ❨✳ ❏✐❛♥❣ ✿ ✷✲❤❛,♠♦♥✐❝ ♠❛♣% ❛♥❞ 0❤❡✐, ✜,%0 ❛♥❞ %❡❝♦♥❞ ✈❛,✐❛0✐♦♥❛❧ ❢♦,♠✉❧❛%✱

❈❤✐♥❡%❡ ❆♥♥✳ ▼❛0❤✳ ❙❡,✳ ❆ ✼✭✶✾✽✻✮✱ ✸✽✾✲✹✵✷✳

✶✸✳ ❲✳❏✳ ▲✉ ✿ f ✲❍❛,♠♦♥✐❝ ♠❛♣% ♦❢ ❞♦✉❜❧② ✇❛,♣❡❞ ♣,♦❞✉❝0 ♠❛♥✐❢♦❧❞%✱ ❆♣♣❧✳ ▼❛0❤✳ ❏✳

❈❤✐♥❡%❡ ❯♥✐✈✱ ✷✽✭✷✮✱✭✷✵✶✸✮✱ ✷✹✵✲✷✺✷✳

✶✹✳ ❲✳❏✳ ▲✉ ✿ ❖♥ f ✲❜✐✲❤❛,♠♦♥✐❝ ♠❛♣% ❛♥❞ ❜✐✲f ✲❤❛,♠♦♥✐❝ ♠❛♣% ❜❡0✇❡❡♥ ❘✐❡♠❛♥♥✐❛♥

♠❛♥✐❢♦❧❞%✱ ❙❝✐✳ ❈❤✐♥❛ ▼❛0❤✳ ✺✽ ✭✷✵✶✺✮✱ ♥♦✳ ✼✱ ✶✹✽✸✲✶✹✾✽✳

✶✺✳ ❈✳ ❖♥✐❝✐✉❝ ✿ ◆❡✇ ❡①❛♠♣❧❡% ♦❢ ❜✐❤❛,♠♦♥✐❝ ♠❛♣% ✐♥ %♣❤❡,❡%✱ ❈♦❧❧♦R✳ ▼❛0❤✳✱ ✾✼

✭✷✵✵✸✮✱ ✶✸✶✲✶✸✾✳

✶✻✳ ❙✳ ❖✉❛❦❦❛% ✿ ❇✐❤❛,♠♦♥✐❝ ♠❛♣%✱ ❝♦♥❢♦,♠❛❧ ❞❡❢♦,♠❛0✐♦♥% ❛♥❞ 0❤❡ ❍♦♣❢ ♠❛♣%✳❉✐✛✳

●❡♦♠✳ ❆♣♣❧✱ ✷✻ ✭✷✵✵✽✮✱ ✹✾✺✲✺✵✷✳

✶✼✳ ❨✳✲▲✳ ❖✉ ✿ ♣✲❤❛,♠♦♥✐❝ ♠♦,♣❤✐%♠%✱ ❜✐❤❛,♠♦♥✐❝ ♠♦,♣❤✐%♠%✱ ❛♥❞ ♥♦♥✲❤❛,♠♦♥✐❝ ❜✐✲

❤❛,♠♦♥✐❝ ♠❛♣%✱ ❏✳ ●❡♦♠✳ N❤②%✳ ❱♦❧✉♠❡ ✺✻ ✭✸✮✱ ✸✺✽✲✸✼✹ ✭✷✵✵✻✮✳
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