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Abstract

The necessity to study impulsive functional differential equations is due to the fact that
these equations are useful in modeling many real processes and phenomena studied in
optimal control, biology, mechanics, medicine, bio-technologies, electronics, economics,
etc. This thesis consists of three parts. The first part is a reminder on the fundamentals
concepts of stability.

The purpose of the second part is devoted to the study of the practical stability of

impulsive cascade systems of the form

l"l = fl(taxl) + h(t,l’)l‘g,t 7& tk
1"2 = f2(t7:€2)7 t # To,

Axy = Jy(x9), t = T7,.

where ;7 € R", x5 € R™, and z := col(x1,x2). The functions fi, fo and h are contin-
uous, locally Lipschitz in z uniformly in ¢, and f; is continuously differentiable in both
arguments.
A generalization of the work of V. Lakshmikantham [40] is established.

Finally, the third part deals with the exponential practical stability of the solutions
of the same cascade systems. Precisely, by a similar study we develop the exponential
practical stability with weaker assumptions for cascades impulsive systems of the form (1)

using technique which permits us to eliminate some restrictions that are usually imposed.



Résumé

La nécessité d’étudier les équations différentielles fonctionnelles impulsives est due au fait
que ces équations sont utiles pour modéliser de nombreux processus et phénoménes réels
étudiés en controle optimal, biologie, mécanique, médecine, biotechnologies, électronique,
économie, etc. Cette thése se compose de trois parties. La premiére partie est un rappel

sur les concepts fondamentaux de la stabilité.

[’objet de la deuxiéme partie est consacré a I’étude de la stabilité pratique des systémes

impulsifs en cascade du type

@y = fi(t,z1) + h(t, 7)za, # 1)
Al‘l = [k<l'1>,t = tk,
To = fg(t,l’z), 13 7é To

Axy = Jy(x9), t = 7,.

oux; € R", x9 € R™, La fonction f;, f5 et h sont continues, localement Lipschitzienne en
x uniformément en ¢, et f; est contintiment différentiable. Une généralisation des travaux
de V. Lakshmikantham [40] est établie.

Enfin, la troisiéme partie traite la stabilité pratique exponentielle des solutions des
mémes systémes en cascade. Précisément, par une étude similaire on développe I’exponentielle
stabilité pratique avec des hypothéses plus générales pour les systémes impulsifs en cas-
cades de la forme (1) en utilisant une technique qui nous permet d’éliminer certaines

restrictions qui sont habituellement imposées.



General introduction

The concept of impulsive control and its mathematical foundation called impulsive dif-
ferential equations, or differential equations with impulse effects have a long history. But
the long history of impulsive differential equations and impulsive control systems did not
mean that we already had a good understanding of impulsive systems. This is because
for many years, the study of impulsive problems had been restricted to only a few kinds
of special problems such as mechanical systems with impacts and the optimal control of
spacecraft.

There was Publication of many books on impulsive differential equations since 1982
to 1995, but the control community still saw nothing exciting about these mathematical
tools because the well-known plants that can be studied by these mathematical tools seem
to be too limited. For example, mechanical systems with impacts are not a main focus
of control community, predator-prey systems can not attract serious attention of control
engineers. Unfortunately, mathematicians only know the above few kinds of real examples
that fall into the scope of impulsive differential equations. And to make things worse, the
existing monographs on impulsive differential equations target mainly mathematicians as
potential readers.Fortunately, this slow developing of impulsive control system had been
changed at the end of last century because of the theory of impulsive differential equations
had been gradually diffused into control community; much more new plants, which can
be modeled by impulsive differential equations.

In applied mathematics, it is now recognized that real-world phenomena that are
subject to short-term perturbations whose duration is negligible in comparison with the
duration of the process are more accurately described using impulsive differential equa-
tions. In the modeling process, it is natural to assume that these perturbations act

instantaneously or in the form of impulses.



Applied impulsive mathematical models have become an active research topic in non-
linear science and have attracted further attention in many diverse fields. For exam-
ple, important impulsive mathematical models have recently been introduced in pop-
ulation dynamics, such as vaccination |21, 51|, population ecology [3, 4, 5, 7, 11, 23,
30, 35, 43, 44, 58, 60, 62, 63, 66, 67, 68, 70, 72|, drug treatment|[42, 69|, the chemo-
stat [64], the tumor-normal cell interaction|24], plankton allelopathy [28], in mechanics
[8, 14, 15], in radio engineering [8, 31|, in communication security [32, 33|, in neural net-
works |6, 48, 57, 59, 61, 63, 74], etc. In addition, in optimal control of economic systems,
frequency-modulated signal processing systems, and the motion of some flying objects,
many systems are characterized by abrupt changes in their states at certain instants. This
type of impulsive phenomenon can also be found in the fields of information science, elec-
tronics, automatic control systems, computer networks, artificial intelligence, robotics,
and telecommunications. Many sudden and sharp changes occur instantaneously in these
systems, in the form of impulses which cannot be well described by pure continuous-time
or discrete-time models [41, 47, 71, 73].

To analyze the stability of dynamical. systems with impulsive effects, Lyapunov sta-
bility results have been presented in the literature. local and global asymptotic stability
conclusions of an equilibrium point of a given impulsive dynamical system are provided if
a smooth (at least continuously differentiable) positive-definite function of the nonlinear
system states (Lyapunov function) can be constructed for which its time rate of change
over the continuous-time dynamics is strictly negative and its difference across the reset-
ting times is negative.

In particular, the notion of practical stability, which includes as a special case stability in

the sense of Lyapunov, is one of the most important notions in the stability theory.

In [13] Benabdallah et al. investigated global practical uniform exponential stability
of cascade dynamical systems by using a known result by Corless which appeared in [20].
Some good results related to the subject have been obtained, See [1-16]. Recently, Beld-
jerd et al |26] studied the practical exponential stability of the cascade system under some

hypotheses.

In [22] M. Dlala, and M. A. Hammami give certain results of practical stability under



some sufficient conditions for a certain class of perturbed impulsive systems
In this thesis we study the practical stability and practical exponential stability of

nonlinear impulsive time-varying system of the form

(t, x1) + h(t,x)za, t #
= folt,x2), t # 75,
AIQ = U(CEQ), t

where z; € R", x5 € R™, and x := col(xy, x2). The function fi, f, and h are continuous,
locally Lipschitz in x uniformly in ¢, and f; is continuously differentiable in both argu-

ments.

We establish sufficient conditions for the practical exponential stability of a class of
nonlinear nonautonomous impulsive systems. In the spirit of a result of [13] and [26], we
develop the exponential practical stability with more general assumptions for cascades

impulsive systems.



Chapter 1

Preliminaries

1.1 Introduction

As is well known, the field of differential equations is an old subject. which remains topical
and useful to engineers, scientists and mathematicians. The study of differential equations
began with the birth of calculus, which dates of the 1660s. Part of Newton’s motivation
in the development of calculus was to solve the problems that could be approached by dif-
ferential equations. After more than 300 years of history, differential equations represent
a huge field of knowledge and a wide range of applications in many disciplines. These are
very important problems in the theory and applications of differentials equations, hence
the interest of mentioning a few, for example, in applied sciences practical problems con-
cerning mechanics, economics, control theory, physical sciences are associated with the

nonlinear differential equations.

At the end of the 19th century, three types of stability were established for motion
in continuous dynamical systems: Lyapunov stability, Zhukovskij stability, and Poincaré
stability. Among them, Lyapunov stability, Poincaré stability are the most known. One
can determine the properties of stability and boundedness of a system or solutions of a
differential equation, directly using the definitions of stability and boundness. As is well
known, in general it is impossible to find the solution of all differential equations, except
numerically. Therefore, due to the absence of the analytical expression of solutions for

differentials equations it is very important to obtain information on the behavior of the



stability and boundness of these solutions. So far, the most effective tool for the study
of the stability and boundedness of solutions of a given nonlinear system is provided by
Lyapunov’s theory, which is Lyapunov’s second (or direct) method. It is also important
to mention that this theory has become an important part of mathematics and theoretical

mechanics in the twentieth century.

In this introductory chapter, we briefly present Lyapunov’s theory as well as the main
results concerning the stability of the solutions of differential equations using Lyapunov

functions.

1.2 Notions on stability

Definition 1.2.1. Consider the nonautonomous system

i = f(t, ), (1.1)

where f: Ry x D — R" continuous in t and locally lipschitz in x, where D C R™.

We say that a is an equilibrium point for the system (1.1) if :

f(t,a) =0, Vi > 0.

An equilibrium point at the origin could be a translation of a nonzero equilibrium point

or, more generally, a translation of a nonzero solution of the system.

Definition 1.2.2. (Stability) An equilibrium point 0 of (1.1) is stable if:

Ve > 0,3d(e, tg) > 0: [|z(to)|| < d = ||z(t)|| < &,V >ty > 0.
Obviously: an equilibrium point x is unstable if it is not stable.

In other words, the stability in the sense of Lyapunov of the origin of the system means
that for all ¢ > 0, the solution z(¢) remains in the neighborhood of the origin if x(t¢) is
in the neighborhood of the origin. So a small perturbation of the initial condition x(t¢)
around the origin gives a solution that remains close to the origin.

The stability of a system does not imply the convergence of solutions towards the

origin, it is therefore insufficient for the study of the behavior of solutions.



Definition 1.2.3. An equilibrium point 0 of (1.1) is asymptotically stable (AS) if :
e i) it is stable.
e i) there is &1 = §1(ty) > 0 :
lz(to)|| < 61 = tlggo z(t) = 0.
Definition 1.2.4. (Uniform boundedness ) the solutions of the system (1.1) are said:

e i) Uniformly bounded if: 3¢ > 0 such that

Va €10,c[,3B8(a) > 0: ||z(t)|| < a = ||z(t)] < 5,Vt > to.
e i) Globally uniformly bounded if the previous property is true for c quite large.
Definition 1.2.5. An equilibrium point is
e i) Uniformly stable (U.S) if:

Ve > 0,36(2) > 0: [la(t)]| < 6 = ||lz(8)]| < &,V >ty > 0.

e i) Globally uniformly stable (G.U.S) if it is uniformly stable and solutions of the

system solutions are globally uniformly bounded.
Definition 1.2.6. An equilibrium point 0 is:
e FEzxponentially stable (ES) if there exist positive constants ¢,k and \ such that:
lz (@)l < Kk llz(to) | e X7 [la(to)]| < e
the constant k 1is called the rate or also the speed of convergence.

e Globally exponentially stable (G.E.S) if the previous condition is checked
W I(to) S R™.

Remark 1.2.7. It is important to note that the exponential stability property of the system

necessarily results in the asymptotic stability of the system.



1.2.1 Lyapunov Theory

Definition 1.2.8. Consider the system (1.1). Let D C R™ be a neighborhood of 0 and
VR, x D — R a continuously differentiable function on D. The function V is said to

be positive semi definite if:
1. V(t,0) =0, vVt € R,.
2. V(t,x) >0 if Voee D—{0}.

The use of positive definite functions is a highly effective technique for analyzing the
stability of a system governed by an ordinary differential equation. But there is no method

to determine these kinds of functions.

Definition 1.2.9. Let D C R" a neighborhood of 0 and V : R, x D — R a continuously
differentiable function on D. The function V is said to be positive definite if:

1. V(t,0) =0, Vt € R,.

2. There is a definite positive function Wy(z) such as:

Wi(z) < V(t,xz),Vx € D.

Definition 1.2.10. Let D C R" and V : Ry x D — R a continuously differentiable
function on D. The function V is said to be decreasing if there is a positive semi definite

function Wy(z) such that:
V(t,z) < Wsy(z), VzeD.

Definition 1.2.11. (Lyapunov function) We consider the system (1.1).

Y

1) It is said that V is a Lyapunov function in the broad sense in 0 if it checks the following

two properties:

i. V is positive definite.



ii. V(t,z) <0 for all x € D.
2) It is said that V is a strict Lyapunov function in 0, if it checks the following two

properties:

i. V is positive definite.
ii. V(t,2) <0 for all z € D — {0}.

The use of these functions provides criteria for concluding the stability or asymptotic
stability of a equilibrium point without the integration of the equation considered. Here
are two important theorems of the stability of a equilibrium point. These results date

from the 19 century and are due to Lyapunov.

Theorem 1.2.12. Let x = 0 be an equilibrium point for (1.1) and D be a domain con-
taining x = 0 . Let V : Ry xD — R be a continuously differentialble function sush
as:
Wi(z) < V(t,x) < Wy(x);
ov oV

- 4 <0
5 +axf<t””)—0’

forallt > 0 and x € D, where Wy (z) and Wy(z) are continues positive definite functions.
Then x = 0 uniformly stable.

Theorem 1.2.13. Let © = 0 be an equilibrium point for (1.1) and D be a domain con-
taining x = 0. Let V : Ry xD — R be a continuously differentiable function on D such
that:

Wi(x) < V(t,z) < Wy(z);

av oV

E + %f(t,l‘) < _W3(I>;

for allt > 0 and x € D, where Wi(x), Wa(z) and W5(z) are continues positive definite
functions. Then x = 0 is uniformly asymptotically stable. If D = R™ then x = 0 1is
globally uniformly asymptotically stable.



1.3 Stability of perturbed systems

Physical systems are often complex and their representations with precision and a simple
structure model, remain a great concern to guarantee the fidelity of the model towards

the real process. Indeed many dynamics are described by disturbed systems of form:

T = f(t,x) + g(t, z), (1.2)

where f : R, x D — R" and g : R, x D — R” are continuous functions in relation to ¢,
and locally Lipschitzian in z on D where D C R" a domain such as 0 € D.

Such a system is seen as the sum of the nominal system & = f(¢,z) and the perturba-
tion term g(¢, x). The latter term represents the modeling errors of the real system given
the presence of uncertainties. Generally, we do not know this function but we have some
information about it, like for example the upper terminal of ||g(¢, z)||. One of the classic
problems that can arise for this class of systems is the problem of stability. Assuming that
the nominal system is uniformly exponentially stable (U.E.S), will the disturbed system
behave the same or not?. The idea of solving this problem is to use the Lyapunov function
of the nominal system as the Lyapunov function depending on the perturbed system. This
approach is used to study the local stability of the & = F'(¢, x) system during linearization.
The limitations of this method lie in the fact that the perturbation term considered in
linearization verifies the hypothesis: ||g(t,z)|| < L ||z||*, ¥ ||z(t)|| < 7, this is not the case
in general. However, the exponential stability of the perturbed system can be ensured by
imposing on the function ¢(t, ) a definite condition so that the term destabilizing, g(¢, x),
which is assumed to be a destabilizing term, does not affect the stability of the nominal

system. For example, it is sufficient to assume the following condition:
lg(t, 2)[l < L [l«|*, vt >0,

L a positive constant. Note that functions that tend towards 0 and that are locally

Lipschitzian in z, uniformly in t for all ¢ > 0 check the latest inequality.

1.3.1 Perturbation of type A

Consider the system(1.2) such that g(¢,0) = 0. It is assumed that = 0 is exponentially

stable equilibrium point for the nominal system and let V (¢, 2) be a Lyapunov function



satisfying

a el < Vit @) < e flan? (1.3)
ovy oV
8—;+a—x1f1(t,xl) S —03V1(t,:c1) (14)
oVj
152 < el (15

for all (t,z) € Ry x D and ¢y, cq,c3 and ¢4 positive constants. It is assumed that the

perturbation term g(t, z) verifies:
lg(@t, 2)|| < L], ¥t = 0,Vz € D, (1.6)
where L is a positive constant.

Lemma 1.3.1. Let x = 0 an exponentially stable equilibrium point of the nominal sys-
tem. Let V(t,x) be a Lyapunov function which verifies hypotheses (1.3) on Ry x D. It
is assumed that the perturbation term g(t,x) verifies (1.6). Then the origin is an erpo-
nentially stable equilibrium point for the system (1.2) Moreover, if the assumptions are

verified globally,then the origin is globally exponentially stable.

1.3.2 Perturbation of type B

If it is not known that g(t,z) = 0, the origin x = 0 may not be a point of equilibrium for

the disturbed system.

Lemma 1.3.2. Let x = 0 be an exponentially stable equilibrium point for the nominal
system x = f(t,x). Let V(t,z) a Lyapunov function of the nominal system satisfies 1.3
on Rt x D where

D={xeR" |jz|| <r}.
Suppose the perturbation term verifies:

1

lg(t, )| <6< = [ o,
C4q

C2

forallt >0, allz € D and 0 < 0 < 1. Then for all ||x(to)| < \/gr, solution of the

perturbed system verifies:

(@)l
le@®Il < b, VE>to+T,

kz(to)|| e 7)) Vg <t <ty+T and

IN

10



for T finite, where

k= 0_1’7:—(1—9)@)7 b=

Lemma 1.3.3. (Comparison Lemma) [13[If W verifies
W(t) < —a()W(t) + b(t),

where a and b are continuous functions then

W) < e® [Wo + / t e“’(t)b(s)ds} and o(t) = — / " a(s)ds.

to to

1.4 Exponential stability of nonautonomous non-linear

differential equations

Sufficient conditions for exponential stability of a class of nonlinear autonomous, differ-

ential equations are given in this part by using the Lyapunov method.

Theorem 1.4.1. Let x = 0 the point of equilibrium of the system (1.1) and D C R" a

domain that contains x = 0. Let

V 1 [0;400(xD — R a continuously differentiable function such that

kx| < V(E, @) < ko f|l2]® (1.7)
ov oV
4 < — “ :

fort >0 and Vo € D and kq, ko, k3 positive constants, then x = 0 is exponentially stable.
If these assumptions are checked globally then x = 0 s globally exponentially stable.

Consider nonlinear autonomous system

where f:R* x R" — R" nonlinear function such that f(¢,0) =0 for all t € R*.
It is assumed that the conditions imposed on the system (1.9) such as the existence of

the solutions are guaranteed.

11



Definition 1.4.2. Function V (t,x) definite on W = Rt x D, where is D an open of R™
and 0 € D is called function L- Lyapunov for (1.9) if V (t, ) is continuously differentiable
int € RY; x € D and there are positive constants A1, Ao, A3, k, p, q, r, & such that:

Alle]]” < VIt x) < Ag ]|, V(E @) € W, (1.10)
DiV(t,z) < —Xsl|lz|" + Ke™, ¥t >0, 2 € D—{0}. (1.11)

1.5 Criteria for exponential stability of nonautonomous

nonlinear differential equations

1.5.1 Practical stability

Practical stability concerns the fact that an arbitrarily small neighborhood of the origin
(at place of origin itself) is stable. In this case, the objective is reduced to the study of
the stability of a whole ball centered at the origin.

The definitions of practical stability are very varied and present more or less important
differences in the literature, but the idea remains the same to make stability flexible and
to facilitate its applications. The notion of practical stability was developed by Lasalle
and Lefschetz (1961). It is defined for a disturbed system, with initial conditions. The
time interval over which stability is studied is infinite. In the next part some definitions

and criteria of practical stability will be given.

{ &= f(t,z(t)) (1.12)

I(to) = XZ9-

Let » > 0 and B, = {z € R"/ ||z|| < r}. Note by B" the following set

Consider the system

B = {z R/l 2 r}.

In what follows we are interested in some particular notions of stability. The results

that we will develop in the following chapters are based on these concepts.

12



We will give definition of uniform stability of B,, and then the uniform asymptotic
stability.

Definition 1.5.1. (Uniform stability of B,)
1. B, is uniformly stable if for all e > r, 30 = 6(¢) > 0 such that (to > 0),

lz(to)l] < 0 = [lz(®)]| <&, ¥Vt >t

2. B, is globally uniformly stable if it is uniformly stable and system solutions (1.12) are
globally uniformly bounded.

Definition 1.5.2. If there is a function o of the class IC, a positive v constant and a

positive r constant such that for any initial condition xq, the solution verifies
@) < ~(llzoll) + 7, VE = to.
Then the system (1.12) is globally uniformly practically stable.

Definition 1.5.3. If there is a function [ of class KL and a constant positive r such as

for any initial condition xq, the solution verifies
(@)l < Bllxoll T —to) +r, VE = to.
So the system (1.12) is globally uniformly practically asymptotically stable.

Definition 1.5.4. B, is uniformly exponentially stable if there exists v > 0 and k > 0
such as for everything to, € Ry and zo € R”

lz ()] < 7+ k[l e 7070 Wt > ¢,

Uniformly exponentially stable, if there exists r > 0 such that B, is globally uniformly

exponentially stable.

Definition 1.5.5. The system (1.12) is globally uniformly exponentially convergent to
B.ifandonlyif3a > 0 such as ¥ty € R, xy € R™, ¢( x9) > 0 if x(t) is a solution of (1.12)
such that x(ty) = xo then:

|z(t)|| < 7+ c(zo)e 1) Wt > ¢, (1.13)

13



Lemma 1.5.6. Consider the system © = f (t,x). Let
V[0, 4+o00[ x R" — R,
a continuously differentiable function such as:

alzl” < V(tz) <cll]?
ov. oV

- 4 - < — r

for allt > 0 et x € R™where ci,co, c3,k,p,q and r are positive constants; then V 1is

bounded.

Proof. There are three possible behaviors of V:

DIFV <0
V' is positive definite and decreasing so V' is bounded.
NIV >0
0 < V< -l +k
< _Byiik
C3
By taking
__8
e
we obtain
—,qu +k >0,

which implies

So V is bounded.
3) If V is oscillatory:
There exists (t,)n>0, tn > 0 and lim ¢, = +o00 such that V(tn) =0.

n—+00

without loss of generality we assume that
q

for t € [tn;tns1] - V(¢) > 0 which implies than V (t) < (f) "

for t € [tpi1;tnsa] @ V(t) < 0 implies that V(t) < V(tps) < (g) - O

14



Remark 1.5.7. Inequality ¢y ||z||” < V(t,2) < co ||x||? leads :

1
forp>q: el < (2)77
1
p—q
forp<aq: o] = (2)7"
We have also the following theorem :

Theorem 1.5.8. We consider the system @ = f(t,x). Let V : [0,400] x R" — R be a

continuously differentiable function such that:

alzl” < V(L) <l
ov. oV

E—i—%f(t,x) < —esp(||z||” = k),

for allt >0 and x € W, such that

N

B, if p>q such thatr = (%)ﬁ,
W = v,

B if p < q such that ro = (i—;)m ,
where c1,co , c3,k,p,q and r are positive constants and lel

y

1
(%) T difp>y,
kca : — oy —
ifp=q=r,
p= % o fp 1 (3.12)
{fam= Ur<asm

{,/ max(ca (k),V (to,a0)
\ (&

1

ifp<qandq>r.

Then (1.12) is exponentially convergent to B, where:

C(l'0> - (V(z0)—k) Zf V(xo) S k’ (313)

C1

we also have that (1.12) is exponentially stable in B,.
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Chapter 2

Results on the practical stability of

cascade 1mpulsive systems

2.1 Introduction

Impulsive systems (systems of impulsive differential equations) model real world processes
that under go abrupt changes (impulses) in the state at a sequence of discrete times. These
abrupt changes in system’s states inspire the impulsive control mechanism. Mechanical
systems with impacts are not a main focus of control community, predator-prey systems
can not attract serious attention of control engineers. Unfortunately, mathematicians only
know the above few kinds of real examples that fall into the scope of impulsive differential
equations.

Mathematical foundation for the concept of impulsive control called impulsive differ-
ential equations, or differential equations with impulse effects, or differential equations
with discontinuous righthand sides have a long history that can be traced back to the
beginning of modern control theory. The mathematical investigations of the impulsive or-
dinary differential equations mark their beginning with the work of Mil’'man and Myshkis
1960. In it some general concepts are given about the systems with impulse effect and
the first results on stability of such systems solutions are obtained. The theory of impul-
sive differential equations and its applications to impulsive control problems has been an
active research area since 1990s. for many years, the study of impulsive control problems

had been restricted to only a few kinds of special problems such as mechanical systems
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with impacts and the optimal control of spacecraft. Another fact contributed to the slow
development of impulsive control is that the early research activities were reported as

Russian literature and therefore was not well-known to the English community.

Even after the publication of many English books on impulsive differential equations
since 1982, the control community still saw nothing exciting about these mathematical
tools because the well-known plants that can be studied by these mathematical tools
seem to be too limited. Impulsive dynamical systems have become increasingly popu-
lar during the past decades because they provide a natural framework for mathematical
modeling of many real-world phenomena. Applications of impulsive dynamical systems
can be found in a variety of fields such as aeronautics, ecology, economics, epidemiology,

finance, medicine and robotics, just to name a few.

An impulsive dynamical system normally consists of three elements: a continuous sys-
tem of differential equations, which governs the motion of the dynamical system between
impulsive and resetting events; a discrete system of difference equations, which governs
the way the system states are instantaneously changed when a setting event occurs; and
a criterion for determining when the states of the system are to be reset. The solutions
of impulsive dynamical systems are in general discontinuous, which often renders some
of the standard analysis and control design methods ineffective. Nonetheless, significant
progress has been made in theory and applications of impulsive dynamical systems in
the past few decades,especially when the underlying continuous portions are described by
ordinary differential equations. The latter are often referred to as impulsive (ordinary)

differential equations.

In recent years the qualitative and qualitative theory of such equations has been ex-
tensively studied. A number of results on existence, uniqueness, continuability, stability,
boundedness, oscillations, asymptotic properties, etc. were published. Scientists have
been aware of the fact that many applicable problems are pointless unless the dependence
on previous states is being taken into account. But until Volterra’s work [65], a bigger
part of the obtained results refers to several specific properties of a narrow type of equa-

tions. This work marks the beginning of the development of the functional differential
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equations theory. Impulsive functional differential equations are a natural generalization
of impulsive ordinary differential equations (without delay) and of functional differential
equations (without impulses). At the present time the qualitative theory of such equa-

tions undergoes rapid development.

Many results on the stability of their solutions are obtained. It is natural to ask
whether we can find a systematic account of recent developments in the stability theory
for impulsive functional differential equations. Our aim is to present the main results
on stability theory for impulsive functional differential equations by means of the second
method of Lyapunov and provide a unified general structure applicable to study the dy-

namics of mathematical models based on such equations.

Recently, many interesting results in stability analysis of impulsive systems have been
reported in the literature by using Lyapunov function approach. However, sometimes
it seems to be more difficult to appropriate Lyapunov functions for stability analysis.
Many real-world processes exhibit continuous-time evolution with intermittent bursts of
comparatively fast dynamics. In mathematical models of such processes, these bursts of

activity are sometimes intrinsic to the dynamics.

For example, the Hodgkin-Huxley model [19] is a nonlinear ordinary differential equa-
tion that describes the propagation of action potentials of neurons; here, the bursts of
activity correspond to the action potentials and are an intrinsic feature of the model. In
the Hodgkin-Huxley model, these bursts arise from slow-fast dynamics in the continuous-
time model, but in other neuronal models such as integrate-and-fire, the bursts are in-
troduced synthetically using a logic rule. In other situations, these bursts of activity or
impulses enter into the model in the form of a control that is designed to (ideally) force
or constrain the dynamics in a desired way. The applications of this idea are quite di-
verse, including control theory, multi-agent systems, epidemiology, population dynamics,
medicine and robotics. The mathematical formalism in which these ideas take concrete

form is impulsive dynamical systems.

Also as an example, one of the first mathematical models which incorporate interaction
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between two species (predator-prey, or herbivore-plant, or parasitoid-host) was proposed
by Alfred Lotka [45] and Vito Volterra [65]. The classical predator-prey model is based

on the following system of two differential equations:

{ H(t) = H(t) (ri = bP(?))
P(t) = P(t) (=r2 + cH(1))

where H(t) and P(t) represent the population densities of prey and predator at time ¢,
respectively; ¢ > 0; r; > 0 is the intrinsic growth rate of the prey; ro > 0 is the death
rate of the predator or consumer; b and c are the interaction constants. More concrete,
the constant b is the per-capita rate of the predator predation and the constant ¢ is the
product of the predation per-capita rate and the rate of converting the prey into the
predator.

However, in the study of the dynamic relationship between species, the effect of some
impulsive factors has been ignored, which exists widely in the real world. For example,
the birth of many species is an annual birth pulse or harvesting. Moreover, the human
beings have been harvesting or stocking species at some time, then the species is affected
by another impulsive type. Also, impulsive reduction of the population density of a given
species is possible after its partial destruction by catching or poisoning with chemicals
used at some transitory slots in fishing or agriculture. Such factors have a great impact
on the population growth. If we incorporate these impulsive factors into the model of
population interaction, the model must be governed by impulsive functional differential
system.

For example, if at the moment ¢t = t; the population density of the predator is changed,

then we can assume that
AP(ty) = P(ty +0) — P(ty — 0) = gr. P(tx),

where P(ty — 0) = P(t;) and P(t; + 0) are the population densities of the predator
before and after impulsive perturbation, respectively, and g € R are constants which
characterize the magnitude of the impulsive effect at the moment ¢;. If g, > 0, then the
population density increases and if gp < 0, then the population density decreases at the

moment t.
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Thus the following impulsive functional differential system is obtained :

—71

H(t) = H(t) (rl —a ﬁ H(t+ s)dui(s) — bP(t))

P(t) = P(t) (—7’2 +eH(t) —d f P(t+ s)du2(s)>

—To

where 7, > 0, u; [—7;,0] — R is non-decreasing on[—7;,0] , i = 1,2; a;d are the intra-
species competition coefficients. and ¢, are fixed moments of time, 0 < t; < ty < .....
lim ¢, = oo. Which denote in mathematical ecology system a model of the dynamics of

k—o0
a predator-prey system, which is subject to impulsive effects at certain moments of time.

By means of such models, it is possible to take into account the possible environmental
changes or other exterior effects due to which the population density of the predator is

changed momentary.

We are interested in this these to the cascade systems which appear in various contexts
related to control and automatic. In addition to the fact that this structure is commonly
found in physical systems, it often reduces the complexity of the analysis considerably.
Cascade interconnected subsystems are interconnected unilaterally, i.e. the output of
one subsystem is the input of another subsystem, this structure has been widely studied.
Numerous results were developed for the study of the behavior of cascade systems: Coron,
Kokotovi’c, Ortega, Praly, Sepulcher, Sontag, Sussmann, Teel, Vidyasagar.

The main advantage of this structure is that each subsystem can be studied separately,
and a stability property can be deduced for the entire cascade. The interest of the control
community in this structure is not recent. It has its roots in [56], which presents some

theoretical results for the analysis of system stability.

2.2 Some reminders on the practical stability of impul-

sive equations

In this section, we develop notation and introduce some basic properties of impulsive

dynamical systems.
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Let o € R, and © a domain of R™ which contains the origin with |lz|| = /> 27 the
k=1

norm for all x € R. We consider the following system of impulsive differential equations:

(2.1)

{ &= ft,x),t # ty;
Ax(t) = Ix(z), t = ty;

with the following conditions:

(Hy) 0<t; <ty <..<tp<..and klim t, = oo.
—00
(Hs) f:]tk—1,tx] x R — R™ is continuous on |t;_1,%;] x R™ and for all x € R™,
k=1,2,... we have

lim  f(t,y) = f(t,2).

(ty) = (t{ )
(Hs) f(t,z) is Lipschitzian in x.
(Hy) I :R™— R"™ is continuous and for all p > 0 there is p; € (0, p) such that:

z € S(p1)  Le(x) € S(p) and S(p) ={z e R™ |lz| < p}.
Definition 2.2.1. Let V : R, x R* — R..V is said class Vy if:

i)V is continuous on |tg_1,t;] X R™ and for all z € R*, k = 1,2, ..., such that

(t,y)%(t:,z)v(t y) = V(t—k’—7 x) exist.
i)V is locally Lipschitzian in x for |ti_1,tx] .
Definition 2.2.2. for (t,z) € |ty_1,tx] X R", we define

D*V(tx) = lim sup % V(t+ha+hf(t,z) = V(t,)].

h—0+

Theorem 2.2.3. Let V : R, x R" - R, and V € Vj. Suppose that

{ DV (t,2) < g(t, V(t,2)),t # t,
Vit x+ I(x) < p(V(tz), k=1,2, ...

where g : R2 — R checks the condition (Hs) and vy : Ry — Ry is strictly increasing.

Let r(t) = r(t, to,uo) the mazimum solution of the differential equation

{ u' = g(t,u),t # tp,ulty) =ug >0,
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that exists on [ty,00[. then V(t$,xo) < ug implies thal
Vit x(t)) <r(t),t = to,
where x(t) = z(t, to, o) is solution of (2.1) existing on [ty, 0] .

Corollaire 2.2.4. If we assume in the theorem 2.2.3, the following hypotheses:

a)g(t,u) = 0,v(u) =u for all k;

b)g(t,u) = 0,vx(u) = diu,dp >0 for all k;

)g(t,u) = —au,a>0,¢Y(u) = dyu,d;, >0 for all k;

d)gt,u) = N()u,vp(u) = dyu,dy >0 for all k and A € C*' [R,,R,];

Then the following conclusions are verify respectively:

a)V (t,x(t)) is strictly increasing in t and V(t,z(t)) < V(tg,zo),t > to.
DV (t,(t)) < V(5 20) [ dr.t>to.

to<tp<t

c)V(t,x(t))s V(tsxo) [ e—““—to),tzto.

to<tp<t

d)V(t,x(t))g V(ty.zo) [[ de e(/\(t)_’\(t(’)),tzto.

to<tp<t

The following theorem gives sufficient conditions of practical stability of the impulsive
system (2.1) satisfying the conditions (H;) — (Hy) .

Theorem 2.2.5. Assume that the hypotheses (i) - (v) hold

(i) A\, A € R are given such that 0 < \ < A;

i)V Ry x R" = Ry and V €V, verified (¢) (corollaire 2.2.4);

iii) it exists p = p(A) such that v € S(A); Iy € S(p) for all k;
iv) for (t,x) € Ry x S(p), b(||z]]) < V(t,z) < a(||z|]),a,b € K; such that K is strictly
increasing, where K is strictly increasing {a € C (Ry,R;),a(0) =0}
v) a(X) < b(N\) holds.
Then, the practical stability properties of (2.2.3) imply the corresponding practical stability
properties of the system (2.1).
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2.3 Assumptions and main results

In the following section we have obtained sufficient conditions to guarantee the practical
stability of system (1).

We suppose that the following hypotheses are verified :

H1) There is a function V] continuously differentiable and constants ¢y, ¢2, ¢3, ¢4 such
that:

)
e ||lza]? < Vit 2n) < e[|,
21 4 %fl(taxl) < —csVi(t, @) + 1, t#

‘ m‘ (2.2)

Wil < ey o],

‘/i(ta 1+ [k(xl)) S (¢1)k (%(t7$1))7t = tk’? k= 17 27

H2) There is a function V5 continuously differentiable and constants by, by, by such that

\

by ||za||® < Valt, xa) < by 22|,
2 4 g—ﬁﬁ(t,wz) < —bsVa(t,w2) + 12 tF# 7o
Vo(t, x1 + Jp(22)) < (2), (Valt, x2)), t =1,,0 = 1,2, ...

such that

(1), Vit 21)) = (d0), Vit my), t=tp, k=12 ..
and
(1), (Va(t, 29)) = (d2), Va(t,22), t =1, o=1,2,..

Theorem 2.3.1. Suppose that assumptions (Hy) and (Hs) hold, and that the intercon-

nection term 1s limited, 1.e ,
AM > 0: ||h(t,x)|| < M for all (t,z).
Then the system (1) is practically stable.

Proof. Let W(t,x1,2z2) = Vi(t, x1) + dVia(t, z2) where § is a positive constant that will be

23



specified later. The derivative of W along the trajectories of the system (1) is

. oV, oVy 0z OV OV 0xs
W = )
o Tom oot VOl tam ot
ovy oWy oVi oV, OV,
= 1+ nw —Lh(t §(Z=2 + 222 fo(t
BT + 8x1f1( ;1) + 92, (t, x)ze + 0 BN + 8x2f2< , T2))
< =3Vt z1) + oM ||| ||2e]| + 6(—b3Va(t, x2)) + 7
M 2
< _03‘/1<t; 131) + %(@ +¢€ ||I2||2) — 5b3‘/2<t, .132) +r
caM caMe
S —(63 - 2101 )Vi(t, 1‘1) — (bg — 246104 )5‘/2(t, ZEQ) + . (23)
where r = r; + 7o.
By taking
C4M
€= ,
CiC3
we get
C4M . ﬁ
2¢c; 27
and
cyMe (c4M)2
2615 N 261031)16'
Thus,

(caM)’

. C3
W< —=Vi(t —by + ———
- 2 1( ,-Tl) + ( 3 26163b15

VOVa(t, zo) + 1.

It is convenient to choose ¢ such that

(caM)?
—b —— < 0.
3 + 26103()1(5 <
Therefore )
5> L)
20163b1b3 '
Fix
. (C4M)2
N 6103b1b3’
we have )
M b
—bz + (e M) ==
20103b15 2
Consequently

. b
LVg—%%@wﬂ—ég%@wﬂ+%
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Let v = min (%”, %”) Hence

W < =AW (t) 4.
We also have
Vi(t, o1 + Ix(z1)) < Vit 21)),t =t b =1,2, ...
and

‘/2<t,$2 + Ja’(£2)) S w20<‘/2<t7x2))7t =T6,0 = 17 27

It follows that

W(t, z1z1 + I(21), 22 + Jo(22)) < Vi(t, 21 + Li(21)) + aVa(t, 20 + J,(22))
< (W)e(Vilt,21)) + a(¥2)(Va(t, 22))

= (di)Vi(t, 1) + a(da), Va(t, z2)

S ’Yk,szVa

A

such that vy ,— max((d1), (d2)s). By Theorems (2.2.3) and (2.2.5) system (1) is practically
stable. =

2.3.1 Example 1

Consider the system

( 1

jjl = —<1+€t>$1+ml‘g,t7§t1§
Az, = ]k'<171) = QpTi,t = tp, qp € R,k =1,2.. (24)
Gy = —x9+ e ¢ #* T,

AI’Q = JU(.CEQ) = 55.’172, t= 7—0750 € R,U = 1,2

In this case,

filt,z) = —(1+6t) x1,
falt,z2) = —xo0+ e—x%j
1
h(t =

Set Vi(t,z1) = 2? and Vi (¢, z9) = 3.

Verification of assumptions:
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We have

Il < Vitea) < el
oy oV
a_tl + a_xifl(taxl) = _21'% S _2‘/17
oV
— 2
1% = 2t

Vilt,xy + Ix(zq)) = Vi(t, o + agzy) < Yie(Vi(t, zq)) = (1 + ozk,)2 x%,t =t k=1,2, ...

With ¢ =1, co =1, ¢35 =2,¢4 = 2 and Y1 (Vi(t,21)) = (1 + ak)z V.

We have also

leal” < Valt @) < sl
oVy OV
R+ S htm) = 2 < -2,
Volt, o+ Jo(22)) = Valt,va + Bowa) = (14 B5)° 23 < oy (Val(t, 29)),t = 75,0 = 1,2, ...
With by = 1, by = 1, by = 2,and o, (Va(t, 22)) = (1 + 5,)* Va .
We have also ||h(t,z)|| < 1= M.
Therefore, we can apply Theorem 3.2.1 to prove that system 2.4 is practically stable.

We propose in the following to state several generalizations of Theorem3.2.1. To do

this, let’s establish the following lemma:

Lemma 2.3.2. We consider the system @ = f(t,z). Let
V[0, 400 x R" = R, (2.5)
a continuously differentiable function such that

alzl” < V(tz) <cll]?

ov oV
- 4 - < — r
o + (%f(t’x) < —csz||” +

for allt > 0 and x € R™, where c1,ca, c3,p,q and r are positive constants.
Then V is bounded.

Theorem 2.3.3. Consider the system (1), and suppose that

26



i) The hypotheses (Hy) and (Hs) verified.

ii) There is a constant € such that
1h(t, 2)|| < elz|| + L, for all(t,z) € RT x D,
where D an open of R™. Then the system (1)is practically stable.

Proof. We have

LoV oW oVi
i = o +8m1f1(t’x1)+8x1h(t’x)x2

< —aVi(t,z) + calleaf| [Jeall (e 2l + L) + 1.

The existence of A such that ||| < A, and the use of triangular inequality
]l < o]l + fl= ]l
give

‘./1 S —C3C1 HI1||2 + C4/\€ ||.I’1||2 + C4>\(€)\ + L) ”1}1” + T1

< — M1 ||$1||2 + C4)\(€)\ + L) ||l’1|| + T,

with py = c3c; — ey Ae. Therefore, just choose € such that c4e) < c3¢y.

Let 0 < # < 1, we can rewrite the previous inequality as follows

Vi < —pflanl* + m o * = b [l + cad( A + L) |l ]| + 4

< —m(1=0) |z|* = b |21 |* + cah(eEX + L) ||| + 71
So
— 10 ||z1|]* 4 csh(eX + L) ||21]| <0,
just take
C4>\(5)\+ L)
] > S
H1
Hence,
Vi < —pn(1=6) [l |)*.
Therefore Lo Meha I
<=0y ) > SAEAED)
C1 m@
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Now, consider

W(t,]?l,ZL’Q) = Vl(t,ﬂfl) +‘/Q<t,l’2). (26)
The derivative of W along system trajectories of (1) is equal to

ovy oV )% OVy OV, Oxy

. 1
= — 4+ —f1(¢ —h(t . 2.
w 315 + al'lfl( ,I1>+ axl ( ,.T)J,’2+ 375 + 81'2 815 ( 7)

From conditions (i) and (i) we get

. 1—-6

W< —%Vl N A

1
where r =r{ +ro.
Thus
W < —uW,

1-0
with p = min{M
4]

b3}

We also have

Vi(t,xy + I(xq)) < (P1)k(Vi(t, 1)), t = te, k= 1,2, ...
and

Va(t, wa + Jo(22)) < (¥2)0(Va(t, 22)),t = 75,0 = 1,2, ...
Then

W(t,xy + Ii(21), 22 + Jo(22)) < Vi(t,x1 + Li(21)) + Va(t, 29 + J,(22))
(V1)r(Va(t, 1)) + (¥2)0 (Va(t, 2))

= (d), Vi(t,z1) + (d2), Va(l, 22)

S ’Yk,ovva

IN

such that v o— max((dy)g, (d2)s). By Theorems2.2.3 and 2.2.5 the system (1) is practically
stable. =

We are now able to present our second generalization of Theorem3.2.1. We begin by
stating the following assumptions.

Hj3) There is a function V; continuously differentiable and constants ¢y, co, c3, ¢4, 7, p
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and ¢ such that :

cllz | < Vit 21) < el |
vy oV .
— + —f4(t < — t £t
5 +ax1f1( ,71) < —cgllw]]” 4ot F
oy
8_1:1 < el

N

Vilt,zy + Ii(zq)) < (VAL x0)),t =t k= 1,2, ...

H,) There is a function V5 continuously differentiable and constants by, bs, b3, r, p and

q such that :

b[laa)” < Va(t, ) < by |||

oV, OV r
a_f+a_:pzf"’(t’“’2) < by llwafl” + it £ o

‘/2<t, To + JU(LUQ)) S wgga/z(t,xg)),t = T,0 = 1, 2,

Lemma 2.3.4. Let V be a positive definite and continuously differentiable function defined
such that

V(t) < —aV(t)+ B/ V() +k,

where o, B, k are positives constants, and s > 1. Then V' 1is bounded.

Proof. Take
F(V)=—=aV + vV + k.

There are three possibilities for the behavior of V().

Case 1) If V() < 0, since V is a positive definite function, then V is a decreasing function.
Hence, V' is necessarily bounded.

—saVl=s + 8

Case 2) If V(¢) > 0, in this case f(V) >0 and f/(V) = s
S s

It is easy to see that

F(V)=0and f(V) = s 1 (g)s_l+k>0,

Qs—1

where V = (fa)sil and f/(V) < 0 for V() > V and VliIE f(V) = —oo. Thus, there
—+oo
exists &€ > V such that f(¢) = 0. Consequently

f(V)>0 forall V(t) <.
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Hence, V' is bounded.
Case 3) If V is oscillatory.
There exists the sequence (t,),>0 such that t, >0, and lim ¢, = 400 with V(tn) =

n—-+o0o

0, VYn. Without loss of generality, we suppose that on [t,;t,.1] : V(¢) > 0, from case 2
there exists finite constant &, > 0 such that V(t) <&, for all t € [t,41;t,12)-

If t € [thi1;tnio) V() <0and V(t) < V(tng1) < & so V(t) <&, for all t € [t,;tnia],
consequently , V() < sup,5q &, for all £ > 1. O

Theorem 2.3.5. We consider the system (1) and we suppose that
i) The assumptions (H3) and (Hy) are verified.

ii) There is a positive constant M such that
|h(t,2)|| < M, for all (t,z) € Rt x D,
where D is an open of R™. Then the system (1) is practically stable.

Proof. Since V' is positive and decreasing, V' is bounded
Consider W defined by (3.8), and its derivative along the trajectories of the system (1)
satisfaisant (3.9). By Conditions (H3) and (H4) we have

W < =g llanll” + caM ||| [Jw2]l = bs [lz2]]" + p
< _#1‘/—15 _M2‘/257

b
wherep = p1 + p2 111 = Blﬁ and pp = —i
cq by
Note that

—pa Vi — e Vo + pn (Vi — Vf) + p2(Va —VQE) + p.
< =W+ (Vi = Vi) + (Vo — Vi) + p,

%.
IN

where p = min {,ul,,ug}. As V; and V5, are bounded
p(Vi = Vi*) + pa(Va = V') < 0.
Hence

W < —uW +p,
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We also have
Vi(t, a1+ Ii(z1)) < vu(Vilt @), t=tp, k=12, .

and
‘/2(757 Zo + Ja(xQ)) S ¢2o‘(‘/2(t7 m?))u = Toy 0 = ]-7 27

Then

W(t,x1 + Ix(z1), 20 + Jp(22)) < Vi(t, 21 + k(1)) + aVa(t, xo + Jo(22))

IN

(V1)e(Va(t, 1)) + a(92)o (Va(t, 22))
= (d) Vilt,z1) + a(da), Val(t, x2)
S ’Yk,aVVa

such that yy,,— max{(di)x, (d2)o}.
From Theorems 2.2.3 and 2.2.5 the system (1) is practically stable.

2.3.2 Example 2

Consider the system

/ 3
2
T = —;lazlg + ﬁeﬁ + ﬁfﬂg,t £ 1,
Axy = Ix(z1) = agzy, t =ty ap € Rk =1,2...
Tog = —ng + 2x§e‘r5 t# 71,
Azy = Jy(x9) = oo, t =7,,0, ER0=1,2....

In this case,

3
1 3 x2 2
t = ——x? 1 *t,
3 1 3 9
folt,xs) = —x3 —1—595226_””2,
1
h(t =
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5 5
Set Vi(t,x1) = z{ and Va(t,x9) = 3.

Verification of assumption Hj). We have

5 3
o] < Vit 21) < ]2

3
oV,  oV; 5 1 3 2
t < el 2 7
8t +alf(’x1) 4']71( 4'271—'—1_‘_3:%6 )
7
< —15z¢
< =15z
‘/l(taxl—{_lk(xl)) = %(t,$1+ak$1) Sd}lk(‘/l(taxl)) = (1+ak)2$%7t:tk’7k: 1727'
} 5) 3 5
Wlthpzi,qzé,rzzl,clzl, =1, c5 =15, =7
Verification of assumption H,).We have
5 3
[zof|* < Va(t, m2) < [|ao]|?
v, 8‘/2 51 3 13
825 f2(t r1) < 152 (—z3 + 5r2€ ?)
5z
< —gl’f
< =2l
—— ||z
>~ ] 2 )
‘/2(t7 T2 + Ja<x2)> = ‘/2<t X2 + 60x2> (1 + ﬁo) S 1%0(%(@ xQ))7t =T
: 5) 3 7 5
Wlthp:Z,q:2 41)1—1 by =1, b3 = 3

Therefore, we can apply Theorem3.3.3 to prove that system (2.8) is practically stable.

Theorem 2.3.6. Assume that the hypotheses (Hs3) and (Hy) are checked, and that there

are positive constants L,e such as
[h(t, 2)[| < ellzll + L,
for all (t,x) € RT x D, where D is open from R™. Then system (1) is practically stable.

Proof. As V is positive and decreasing then V' is bounded.
We consider W defined by (3.8) and its derivative along the trajectories of the system (1)
given by (3.9), then using conditions (i) and (ii) we get

W < —cs |zl + calel|z]| + L) [z ]| 2] — b ||2|"
< —f Hl"lH — b3 H$2H
< —M1V1 —M2V2 :
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b
with pi = B—zla fo = =
Cy b3
Note that
W< —/vL1V1E + Vi — Vi — ,uzvza + paVo — apia V.
Then

W < =W + (Vi = Vi7) + (Ve = V') + K,

with g = min {,ul,,ug}. The limits of V; and V; leads to the existence of p > 0 such
that:
(Vi = V') + (Vo = V') + K < p.

So
W < —uW +p. (2.9)
We also have
Vilt,z1 + Ii(z1)) < Yie(Vilt, 1)), t =t k= 1,2, ..
and
Va(t, w2 + Jo(22)) < Yo (Va(t, 22)),t = 75,0 = 1,2, ...

Then

W(t,z1z1 + Ix(z1), m0 + Jp(22)) < Vi(t, 21 + Ip(x1)) + Valt, 20 + Jo(22))
(V)e(Vi(t, 1)) + (¥2) o (Va(t, 22))

= (di) Vi(t,21) + (da), Va(t, 72)

7k,0W7

IA

IA

such as Y o= max((dy)g, (d2),). By Theorems 2.2.3 and 2.2.5 the system (1) is practically
stable. O
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Chapter 3

Results on the exponential practical

stability of cascade impulsive systems

3.1 Introduction

Since analytical solutions of nonlinear differential equations cannot usually be obtained,
the second Lyapunov method is of major importance in the determination of the stabil-
ity of nonlinear systems. This method will be used in the paper of Mohsen Dlala and
Mohamed Ali Hammami to investigate several criteria for perturbed impulsive systems
in the case where the zero solution is an equilibrium point, they provide some sufficient
conditions for the uniform exponential stability of perturbed impulsive systems by using
the Lyapunov second method. Practical stability is also investigated for a class of per-

turbed impulsive systems.

In this section,first we introduce the results of Mohsen Dlala and Mohamed Ali Ham-
mami concerning global practical exponential stability of impulsive perturbed systems.

Let us consider the impulsive system

.I':f(t,l’>,t7£tk
AJZIIR(I),t:tk, k:1,2,..., (31)

(to) = Jo(2),

where
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1. $H1=0<t1 <ty <..<tp<..and lim ¢, = oo.

k—o0

2. f: Ry x B, — R"is piecewise continuous in ¢ with discontinuities of the first
kind at t = t; and is left continuous at ¢ = t; and locally Lipschitz with respect to

x on the sets |ty_1,tx_1] X B,.

3. The fonction I : B, — R™ is locally Lipschitz for k= 1,2,...and I;(0) = 0.

4. A x(ty) = z(t]) — x(t;), where

z(tf) = lim z(t+h)z(t,) = lim z(t —h),

t—0F t—0t

and z(t;) = z(¢;) which implies that the solution of (3.1) is left continuous at t.

The perturbed impulsive system has the form:

= f(t,x)+g(t,x), t #ty
Az = Ij(x) + Jp(z),t =t,, k=12, .., (3.2)

(to) = Jo(x2),

where

1. The function g is continuous and locally Lipschitz with respect to x on the sets

Jtp—1,tk]|x B, fork = 1,2, ..., and for each k and y € B,, the limy ), ») 9(t,y) exists,

and J, :B, — R" is locally Lipschitz for k=1,2,...

2. We denote
(i) by K the class of continuous functions o : Rt — RT such that « is strictly
increasing and «(0) = 0;
(ii) by C[R*] the set of functions 1) : Rt — R which are continuous;
(iii) by PC*'[R™, R] the set of functions ¢ : R* — R which are piecewise continuous
differentiable.
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We introduce the following assumption:
(A1) Suppose that the nominal system (2) is uniformly exponentially stable with a Lya-
punov function V' € 1 satisfying:
Derllz]® < V(E2) < ool
(i) [V (¢, ) = V(t,y)| < Lz = yl|;
(iii) D(Jgil)V(t,x) < —c3l|z||? for t # ty;
(iv) V(t), 2 + Lyx) < V(tg, x) for t = ty,
where c¢1, ¢o, c3, and L are positive constants. The perturbation term ¢(¢, ) and impulse
effects satisfy the following condition:
(A) |lg(t, z)|| < ~(t)||z]|? for all t € Ry and x € B,, where v : R — R is a nonnegative
continuous function on[0, +-o00|.

(A3) For any t € Ry and z € B,, we have
1e(@)] < exll]l?,

where €, > 0 and Y€, < +00.
(Ay) lg(t,z)]| < ~(t)||z] for all t € R, and all x € B,., where v : R — R is a nonnegative
continuous function on [0, 00/

(As) For any t € Ry and x € B,, we have
[T (@)I] < g

where p, > 0.

(Ag) There exists a positive constant 7 such that for any ¢ € R, and = € B,, we have

lg(t )| <7.

Note that the convergence of the series Y€, < 400 is equivalent to the convergence

of the infinite product] [, (e + 1).

Theorem 3.1.1. Let (Ay), (A3) hold. In addition, assume that the upper bound of the
perturbed term satisfies Then the solution x = 0 of perturbed system (3.2) is an exponen-
tially stable equilibrium point. Moreover, if all assumptions hold globally, then the origin

s globally exponentially stable.

Theorem 3.1.2. Let assumptions (A1), (As) hold. In addition, assume that the upper
bound of the perturbed term is integrable on [0,400]. Then the solution x = 0 of perturbed
system (3.2) is globally uniformly exponentially stable.
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Theorem 3.1.3. Let assumptions (Ay), (Ay), and (As) hold. In addition, assume that
the series Y/l converges and the function y(t) in (As) is bounded or integrable on
[0, 400, then perturbed system (3.1) is practically exponentially stable. Moreover, if all
assumptions hold globally, then the perturbed system 1is globally practically exponentially
stable.

Theorem 3.1.4. Let assumptions (Ay), (As), and (Ay) hold. In addition, assume that
the function ~(t) in (As) is bounded or integrable on [0,4o00|. Then perturbed system
(5.2) is practically exponentially stable. Moreover, if all assumptions hold globally, then
the perturbed system s globally practically exponentially stable.

Theorem 3.1.5. Let assumptions (A1), (As), and (Ag) hold. In addition, assume that the
series Yy /1u converges. Then perturbed system (3.2) is practically exponentially stable.
Moreover, if all assumptions hold globally, then the perturbed system s globally practically

exponentially stable.

In the next paragraph, we will present another generalization of Theorem 3.2.1.

n
Let tp € R, and ©Q a domain of R™ which contains the origin with ||z|| = /> 23 for
\ =1

all x € R™. We consider the following system

{ l’:f@,l'),t?étk,

Ax(t) = Iy(x),t = ty, (3.3)

with the following conditions:

1. thi=0<ti <ty <..<t <..and lim t; = oco;

k—o0

2. f:(tg_1,tx) x R® — R™ is piecewise continuous in ¢ with discontinuities of the first
kind at t; and is left continuous at t;, and locally Lipschitz with respect to x on the
sets (tg—1,tx] X B, for k=1,2,..., 7 > 0, where B, = {x € R",||z|| < r};

3. Iy : B, — R™is locally Lipschitz for k£ = 1,2, ... and I(0) = 0;

4. z(ty) = x(tf) — x(t;,), where z(t}) = hl'g&:c(t + h), x(t;) = hli%1+x(t — h), and

x(tx), which implies that the solution of (3.3) is left continuous at .

8
—~

~+
=
~—

I
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Definition 3.1.6. The equilibrium point © = 0 of system (3.3) is said to be :

(1) uniformly exponentially stable if there exist positive constants ¢, k, and X such that
(2, to, o)l < k[J(to) | e "), Va(to) < c,
(1) globally uniformly exponentially stable if (i) holds for all x(ty) € R™.

Definition 3.1.7. System (5.3) is said to be :

1. uniformly exponentially practically stable (UEPS) with respect to B, with the attraction
region § if there exist constants p > 0 such that for all ty > 0,2 € €1, there exists k > 0
such that

z(t, to, x0) < p + ka(ty)e M0,

2. uniformly globally exponentially practically stable (UGEPS) if it is UEPS with R™ as

the attraction region.

Definition 3.1.8. For (t,x) € (tg_1,tx] X R™ we define

D*V(t,z) = lim sup % V(t+h,a+hf(t,x)) —V(t,z)].

h—0+

Lemma 3.1.9. (Comparison Lemma)[22] Assume that
1) v e PCYR,,R) and v(t) is left continuous at ty, k=1,2, ...,
2) For k =1,2,...,t > to,
Do(t) < a(t)o(t) +b(t), v(t]) < cpv(ty) + d,

where a,b € C(Ry), ¢ > 0 and dy, are constants.
Then

t

t t t
fa(s)ds fa(s)ds a(u)du
v<t>sw0>( I ) A (o) e ( 0 ) NECCN
to

to<tp<t to<tp<t tp<t;<t s<tp<t

3.2 Assumptions and main results

We are now able to present our generalization of Theorem (3.2.1) were we have obtained

sufficient conditions to guarantee the practical stability of system (1).
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We start by stating the hypotheses considered.

Hy) There is a function V; continuously differentiable and constants ¢y, ¢, c3, ¢4 and rq
such that:

ar e ])* < Vit o) < ep |zl

% + %fl(taxl) < —e3Vi(t,my) + 1, tF 1

ovy
ox1

‘/i(t7x1 + [k(xl)) S (wl)k (m(twrl))vt = tkak = 1727

(3.4)

<yl

\
H,) There is a function V5 continuously differentiable and constants by, by, b3 and ry

such that
by HI2||2 < Va(t, x2) < by H$2||27

% + g—:‘ng(t,fl‘z) < —b3Va(t,za) + 125 t# 7,
‘/Q(ta T + JO-(.TQ)> S (77[)2)0 (‘/Q(ta x2))7t =T5,0 = 17 27
such that

(¢1)k (m(t,l'l)) = (]_ + (d1>k) ‘/1(7571’1),25 = tk, ]C = 1, 2,
and
(Va), (Va(t,x2)) = (1 + (da),) Va(t, z2),t = 75,0 = 1,2, ...

Theorem 3.2.1. Suppose that assumptions (Hy) and (Hs) hold, and that the intercon-

nection term is limited, 1.e ,
aM > 0:||h(t,x) << M, for all (t,z).
Then the system (1) is uniformly exponentially practically stable provided that

Z% < 400 where ~; = max{(d)g, (ds)s}. (3.5)

Proof. Let W(t,x1,z2) = Vi(t,x1) + dVa(t, z2) where § is a positive constant that will be
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specified later. The derivative of W along the trajectories of the system (1) is
ovy 0V 0xy oV OV, Oxs

W= o Tam e % tan, )

v oy v, Ny OV

= 5 T 8x1f1(t’x1) + axlh(t,x)xfré( ETa 8x2f2<t’x2>)

< =3Vt 1) + eaM ||| ||2a]| + 6(—b3Va(t, x2)) + 7

M 2
< —eVi(t,m) + 042 (H"ZIH + £ ||laa|?) = ObsVa(t, ms) + 7
caM caMe
< _(CS - 2ecy )m(tvxl) - (b3 - 2bi v )5‘/2(tax2) +, (36)

where r = r{ + ro. By taking

C4M
€= ,
C1C3
we get
C4M . C3
2, 2
and
C4M€ . (C4M)2
2b1(5 N 20103()15'
Thus,
W< — Vit o) + (—bs + <C4M)2)5V(t )+
. — T T.
= 9 1\t L1 3 201031715 2\b, L2

It is convenient to choose ¢ such that

(caM)?
—bs 26103615 <0
Therefore )
20103b1b3
By taking
. (C4M>2
N Clcgblb;g’
we have )
—bs + (M) b
20103b15 2
Consequently

~ b
W < —%Vl(t,xl) — 5531/2(t,x2) + 7.
Let A\ = min (%3, %3) Hence

W < =AW (t) + .

40



We also have

Vi(t, o + Ip(21)) < (14 (d),) Vilt,z1),t =t k= 1,2, ...
and

Vo(t, mg + Jy(x2)) < (14 (d2),) Valt, z2),t = 75,0 = 1,2, ...
It follows that

W(t, zrz1 + I(21), x0 + Jo(22)) < VA(t, 21 + Ip(x1)) + 0Va(t, 22 + Jo(22))
= (L4 (d)y) Vit z1) + 6 (1 + (d2),) Va(t, 22)
< (+m)W,
such that from (3.5) we have ) ; < 4o0.
By Comparison lemma we geti

v ewio ILwen) oo [ (IL o)

to<t;<t s<t;<t

Since the convergence of the series ) ~; is equivalent to the convergence of the infinite
i
product J] (1 4 ~;), then, there exists positive constant p such that [] (14 ;) < u.
i i

Hence,

t
w < W(to),ue_k(t_to)-i—,ur/ e N9 s

to

e W(to)ue_A(t_tO) _|_ %6_)‘“)'
Thus, we obtain
(CQ + (5()2) —A(t—tg) ur _Mo
|| 4 ———= ||x(@ e 2  F /=€
ol <\ {22 leio) T
We conclude that (1) is uniformly exponentially practically stable. O

3.2.1 Example 1

Consider the system

(

. 1
[Elz—(l—Fet)fEl—l—mIBQ,t%tk

) Axr, = Ik(wl) :zak:xlyt =tr, o € R E=1,2... (37)
[tg = —I9 + e "2 ¢ 7é T

A$2 = JO-<£L'2) = 601'2, t= Tg,ﬂg S R,O’ = 1,2

\
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In this case,

fl(t,xl) = — (1 + et) Zy,
fat,x2) = —x9+ e %,
1
h(t,z) = e

Set Vi(t, 1) = 22 and Vi(t, zo) = 23.

Verification of assumptions :

We have
|z1* < Va(ta) < |,
%—l—g—gﬁ(t,xl) = 27 < -2V,
\%V < 2,

Vilt,zy + In(z)) = Vi(t, oy + apay) < Vit 1)) = (1 + )’ a2t =ty k= 1,2, ...

withc; =1, c0 =1, c3 =2,¢4 =2 and 1 (Vi(t,21)) = (1 + ozk)2V1.

We have also

lzal” < Va(t, @) < [l
oV- oV
R+ 2 hm) = 2 < -2,

Va(t, 2o + Jp(x2)) = Va(t, o+ Botz) = (1 + Bo)* 22 < oy (Va(t, 22)),t = 75,0 = 1,2, ...

with

by = 1,0y = 1,by = 2, andibo, (Va(t, 22)) = (1 + B,)° Va,and ||A(t,z)|| < 1 = M.

Therefore, we can apply Theorem 3.2.1 to prove that system (3.7) is uniformly exponen-

tially practically stable.

Theorem 3.2.2. Consider the system (1), and suppose that 1) there is a constant €
such that
|ht,2)|| < ellzl + L, for all(t,x) € R x D,

where D an open of R™.
Then, the system (1) is uniformly exponentially practically stable.

42



Proof. We have

LoV oWy oVi
i = By +8x1f1<t’x1)+8x1h(t’x)x2

< —esVil, 1) + callan] le2ll (e flfl + L) 471
The existence of A such that ||z3]| < A, and the use of triangular inequality
]l < fla]] + 2]

give

=
AN

—c301 Hx1H2 + ey e H5L’1H2 + caNeX + L) ||z ]| + 71
< = ||z |? + eaMEX + L) [[2]] + 71,

with p1 = c3c; — ey Ae. Therefore, just choose € such that cue) < c3¢y.

Let 0 < 0 < 1, we can rewrite the previous inequality as follows

Vi < =l + o )? = g0 lzg ) + cahE X+ L) ||| + 7
< (1= 0) lz|* = b |z ]|* + caheX + L) ||z + 1.
So
— a0 ||z |)* + cah(eX + L) ||z < 0,
just take
C4)\(5/\+ L)
o > SRR
1
Hence,
Vi< —pu(1—0) |z
Therefore . M4 I
: 1— EA A+
v, < _le Y, Y > M
C1 110
Counsider

W(tv Ty, xQ) = ‘/i(ta IL‘1) + ‘/2(15’ xQ)'
The derivative of W along system trajectories of (1) satisfied

) 1 Vi oV, OV, Oy
W =35 T oz, ilbo) + bt z)es + 5=+ 5=
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From conditions (i) and (ii) we get

. 1-106
e =0y
(&1
where r =1r; + ry. Thus
W S _MW+T7

1—-6
with ¢ = min {M, bg}. We also have

&1
‘/1(15,371 -+ Ik(fﬂl)) S (1 + (dl)k) ‘/i(t,l'l),t = tk, k= 1, 2,
and
Va(t,xg + Jy(x2)) < (14 (d2),) Valt,z2),t = 75,0 = 1,2, ...

It follows that

W(t,z1z1 + Ix(z1), m0 + Jp(22)) < Vi(t,x1 + Ix(z1)) + Valt, 20 + Jo(x2))
= (1+(di)) Vilt,21) +0 (1 + (da),) Valt, o)
< (1+vw)W,

such that from (3.5) we have ) v; < 4o0.

By Comparison lemma we get

W= W@o)( 11 <1+%)> s / | < 11 (1%)) ef iy ds.

to<t;<t s<t;<t
Note that the convergence of the series )+, is equivalent to the convergence of the infinite
product [] (14 ~;), then, there exists plositive constant p such that [ (14 ;) < S.
Hence Z Z

t
W < Wi(tg)Be =) 4 pr / .

to

= W(ty)Be Ht10) 4 &e_“to.
]

Thus, we obtain

(Cz -+ (5b2> —n(t—tg) Br _ptg
|| <y ——= ||z(t e~ 2 +4/—————e 2.
ol < gy et 2 eew
We conclude that (1) is uniformly exponentially practically stable. O]
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3.2.2 Example 2

Consider the system

10-3ze~*" 1
. — 1 t _ - t t
X1 (+e)$l+ 1+ 2 +5a 7&/*3
Ax, = Ik(lL'l) = a1, t =1k, 0 € R,/{J =1,2... (310)
Gy = —a0t e Bt #£T,

Al’g = Jo-(ill'z) = 50-513'2, t= Ta‘,ﬂo’ S R,O' = 1,2

L5 g2

We have h(t,z) = % + £. We have also ||h(t,z)|| < e |l || +M where
1 2c3n2

L=-<
5 Cy

Therefore, we can apply Theorem 3.2.2 to prove that system (3.10) is uniformly exponen-

2
=5 and £ = 1073e72.

tially practically stable.

3.3 Generalizations of the exponential practical stabil-

ity of cascade impulsive systems

We propose in this part to state several generalizations of Theorem 3.2.1

Now we state our main results, to do this let’s establish the following Lemma :
Lemma 3.3.1. We consider the system @ = f(t,x). Let

V[0, 400 x R" — R, (3.11)
a continuously differentiable function such that

alzl” < V() < el

_+_x (t,x) < —cs|z|" +,

for allt > 0 and x € R™, where cq, co, c3,p,q and r are positive constants.

Then V 1s bounded.

We are now able to present our second generalization of Theorem 3.2.1. We begin by

stating the following assumptions.
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Hj) There is a function V; continuously differentiable and constants ¢y, cq, ¢3, ¢4, 7,

and ¢ such that :

cllz|” < Vit 21) < el |
v, AV, .
8—;+a—x1f1(t,ff1) < —cgl||lx||” + p1,t # te
oV
8_1:1 < eyl
‘/i(tax1+jk(xl)> S ¢1k(m(t7xl))7t:tk7k: 1727"'

H,) There is a function V5 continuously differentiable and constants by, bs, b3, r, p and

q such that:

b [Jza)? < Va(t, xa) < byf|as||”

oV5 oV. r
Gt ghlta) € bl + e £

‘/Q(tax2+Ja(:B2)) S 1/120(1/2(25,1'2))7 tzTU? 0 = 1a2a"'

Lemma 3.3.2. Let V be a positive definite and continuously differentiable function defined
such that

V(t) < —aV(t) + BV (t) + k,

where o, B, k are positives constants, and s > 1. Then V is bounded.

Proof. Take
F(V)=—=aV + vV + k.

There are three possibilities for the behavior of V().

Case 1) If V(1) <0,

since V' is a positive definite function, then V is a decreasing function. Hence, V is
necessarily bounded.

Case 2) If V(t) > 0,

—saVl=s + 15}

1

in this case f(V) >0 and f(V) =
sV1=s

It is easy to see that
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where V = ( b
_sa
exists £ > V such that f(£) = 0. Consequently

)ﬁ and f'(V) < 0 for V(t) > V and lim f(V) = —oo. Thus, there

V—+400

f(V)>0 forall V(t) <.

Hence, V' is bounded.
Case 3) If V is oscillatory.
there exists the sequence (t,)n>0 such that t, >0, and lim t, = +oo with V(t,) =

n—-+o0o

0, Vn. Without loss of generality, we suppose that on [t,;tn1] : V() > 0, from case 2
there exists finite constant &, > 0 such that V(t) <&, for all ¢ € [t,41;t,12)-

If ¢ € [tpor;tnee] : V() <0and V() < V(tpsr) < & so V() < &, for all t € [ty tnsa],
consequently , V() < sup,5q &, for all £ > 1. O

Theorem 3.3.3. Consider the system (1) and suppose that
i) The assumptions (Hs) and (Hy) are verified.

ii) There is a posilive constantM
such that ||h(t,z)|| < M, for all (t,z) € Rt x D,

where D is an open of R". Then the system (1) is uniformly exponentially practically
stable.

Proof. a) Boundedness of V;:
case 1) Ifp=q=r
oV, 8V1

: ovi
) = S+ At + 5ol 2
oV

IN

—c3 ||z ||+ p1 + M H

22

< =z + p1 + M H$1|| [E2(

From assumption (H4) we have that @9 = fy(¢,22) is practically exponentially stable.
Hence, by Theorem 3.5, there exists A > 0 such that ||z5]| < A. Then

A
v ‘/1<t7 xl)

Vi(t, ) < —?vl(t,:cl) + &
2

cuMao

v

Take f(V}) = —aVi + B/ V1 + o1 with a = ﬁ, and = . We conclude by Lemma
Co

3.9 (s = r) that V] is bounded.

47



case 2) If p> g Vjis bounded (see the proof of Theorem 3.4).
case 3) If p < ¢, we have

1

CQH
wmn>(a) 0

: vy oV, oV
Nltao) = 7+ 5o hlto) + 5g(t @)
Vi

and

IN

—%WﬁH+pr%MH ™

< —csllm||” 4+ p1 + M ||$1|| [E2(

[EAS
28

Since for all £ > 0, ||z1]| [|z2|| < ( + 26 ||22]%), we get

C4M§

Vit,x1) < 5 lz2||* + p1.
We discuss two cases.
1) For r > q we have
. . caM C4Mf
Vilt,z1) < —esn™ o] + 2 [z + ==+ py
c3n’ caM caME
< — Vit —Vi(t A
< o 1t 1) + 2erEnp 2 (L, 1) 5 +m
c3n' caM caM§
< = — Vit A )
- ( Ca 201f7lp_2) 1t,21) 2 th
We choose ¢ such that
r—q M
il __“ > 0.
Co 2c1&{np2
It follows that
Vl(taxl) < —GVi(t,z1) + Ky,
where Iy M§
CoCy c3n’ 1 Cq 9
§ P B %y 1= + 01

We conclude by Lemma 2.2, that 1} is bounded.
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2) For r < g we have

Vi(t, 1) < —cg ||z ||” 4 p1 + ca [ || ||22]]
< —cs ||z ]]” 4+ AeaM [z || 4 p1

r )\C4M r
< =g llaal]” + —= llz:ll” + o1
< =B ||lz1]|” + pu,
)\C4M .
where S5 = ¢3 — —— and M is chosen such that S > 0. Hence, by Theorem

3.4, V1 is bounded.

b) Practical exponential stability of system (1):
Set W(t,x1,z2) = Vi(t, x1) + aVa(t, zo) where av is a positive constant. The derivative of

W along the trajectories of system (1) is

: ovy oWy oV, oVy OV,
W) = 2+ 2Lh gt 22
( ) ot + 81’1f1( 7I1) + 81‘19( ,ZL’)Z‘Q—FOZ( ot + 8[E2f2( 7x2))

< —csllzill” + o1+ el (2| lz2ll + a(=bs [|z2]]" + p2)
< =Bl + pr — abs |22 + po
< —u Vit @) + pr — V' (t, 1) + po,

. B3 b3

where (3 = min(f1, 52,¢3), 1 = — and ps = —.Remark that
¢y b

W) < — mVilt,ar) — aps Valt,zo) + m(Vi(t, 21) — Vi (t, 21))
+ OéILL?(‘/Q(t?xQ) - ‘/2;(75,1‘2)) + p1+ p2.
Let p = min(uq, p2), we obtain
W (t) < —pW(t) + pa(Vilt, 21) = Vi (t,21)) + apa(Va(t, 22) — Vo' (t,72)) + p1 + pa.

The boundedness of V; and V5 implies that there exists p3 > 0 such that
pr(Valt, o) — Vi (1)) + apa(Va(t, o) — Vo' (, 23)) < ps,

thus,

W(t) < —uW(t) +p,
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b
where p = p1 + pa + p3 mzﬁi and pp = —-.

q q
Gy by

Note that

— Vi — g Vo + n (Vi = Vi) + pa(Va = Vo) + p.
< =W (Vi = V7)) + pa(Va = V') + p,

g.
IN

where ;1 = min {,ul,,ug}. As V; and V5, are bounded

T

(Vi = V") + pa(Va = V') <0,
Hence
W < —uW +p.

We also have
%(t,ﬂf] + [k(ajl)) S wlk(‘/l<t7xl))7t = tk) k= 17 2a

and
%(tax2 + Jo‘<1'2)) S 1/)20(‘/2(ta$2>)7t =T, 0= 17 2a

Then

W(t, x|+ [k(ﬂﬁl), i) + JU(.CL'Q)) S %(f,.%l + [k($1)) + Oé‘/z(t, o + Jg(l‘g))

< ()r(Va(t 1)) + a(te) s (Va(t, 22))
= (di) Va(t,z1) + a(d2), Va(t, z2)
S 'Vk,o'vva

such that 7 ,— max{(d,)s, (d2)s }.

By Comparison lemma we get

W < W (to) ( H (1+ %)> etftO_AdS + /t ( H (1+ %)) esft_’\d“rds.

to<t; <t s<t;<t
Note that the convergence of the series )+, is equivalent to the convergence of the infinite
product J] (14 ~;), then, there exist positive constant p such that [] (14 ;) < u.
Hence
t
W < Wi(to)pe M) 4 ur/ e A9 s

to

= W (ty)pe Nt=t0) 4 %6_’\“’.
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Thus, we obtain

(co + 0by) q  ZAlt=tg) ur g
< p—"= t P P R A — .
ol < {2E 2 o) ™5 4 o e
We conclude that (1) is exponentially practically stable. O

3.3.1 Example

Consider the system

( 3
2

T, = —;lxlg + ﬁeﬁ + #xg,t # ty,

Az = Ii(x1) = agxy, t = tg,ap € Rk =1,2... (3.12)
Ty = —xQ% + 2x§e_””g t# T,

Axy = J,(x9) = Boe, t =75, 0, € R0 =1,2....

In this case,

3
1 3 ZE§ 2
toar) = —-—a? 4 A et
f1(7x1) 4I1+1+x% Y
3 1 3 9
folt,za) = —x3 +§l‘2267x27
1
h(t =

5 5
Set Vi(t,z1) = xf and Va(t,z2) = z3.

Verification of assumption Hj). We have

5
lza][* < VAL 20) < [laa]?
3
vy oWy 51 13 TP
L T f(t < Zoi(_Z,p2 x7
ot + 8x1f1( ) = 4%( 47 1+ 22 )
7
< —15z7
< =15 flan ||t
Vilt, o1+ Iu(21)) = Vit 21+ opmn) < vu(Vilt,21)) = (14 ap)? 2l t =ty k= 1,2,.
) 3 7 )
With p = —, q:§77”:1701=1702=1,03=157 =7
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Verification of assumption H4). We have

5
[zl < Va(t, 32) < [laof|?
Vy OV, 5 1 3. 1% o
W + a—@fg(t,l‘l) < 11‘2 (—SL’Z + §$26 2)
5 1
< —§JI2
< =2l
8 2 )
‘/2(t7 X2 + JJ<I2)) - ‘/vQ(tva + 60'1:2) - (]- + /BU)Q'IE S 1/}20.(‘/2(1571'2)),25 =T
5! 3 7 5!
Withp:Z7q:§7Tzz,b1:].,bgzl,bgzg.

Therefore, we can apply Theorem 3.3.3 to prove that system (3.12) is uniformly exponen-

tially practically stable.

Theorem 3.3.4. Assume that the hypotheses (H3) and (Hy) are checked, and that there

are positive constants L,e such as
\h(t,2)|| <ellz]|+ L, for all (t,z) € Rt x D,
where D is open from R™. The system (1) is uniformly exponentially practically stable.

Proof. As V is positive and decreasing then V' is bounded.
We consider W defined by (3.8) and its derivative along the trajectories of the system (1)
given by (3.9), then using conditions (i) and (ii) we get

W < —czllzal]” + cale ||zl + L) [[aa]] [|w2]] — bs [J22]]”
< =By |o]]” = by flaa |
S _:ul‘/lg - MQ‘/257
b.
with M1 = 6_117 M2 = _i
Cy b3
Note that
W< —M1V1E +mVi — Vi — M2VgE + paVo — apia V.
Then

W < —uW + (Vi = Vi) + pa(Va = V') + K,

with ¢ = min {,ul, ,ug}. The limits of V; and V5 leads to the existence of p > 0 such that:
(Vi = Vi) + (Vo = V') + K < p.
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So
W < —uW 4+ p. (3.13)

We also have
Vi(t, o + Ii(21)) < Vit 21)), t =t k=1,2, ...
and

‘/2<t,$2 + Ja’(£2)) S w20<‘/2<t7x2))7t =T6,0 = 17 27

Then

W(t,x1x1 + Ix(z1), 22 + Jo(22)) < Vi(t, 21 + Ii(x1)) + Va(t, o + Jy(22))
()r(Vi(t, 1)) + (¥2)o(Va(t, 22))
(di), Vi(t, x1) + (d2), Va(t, 22)

Vie,o W,

I IA

IN

such as v ,— max((dy)x, (d2),). By Comparison lemma we get

W< Wit) ( II a +%)> etf:fAdS + /t < II @ +%)) esft_kd“rds.

to<t; <t s<t; <t

Hence

t
W < W(to),ue_k(t_m)—i—,ur/ e M9 gg
to
\(t— ro_
— W(to)ue A(t tO) _|_ ’LLTG >\t0‘

Thus, we obtain

(CQ + (5()2) q —At=tg) ur _Atg
< D t P P _
”.fL'H = (Cl +(5b1) HZC( 0)“ pe + )\(Cl +5b1)€ Z,
We conclude that (1) is uniformly exponentially practically stable. O]
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CONCLUSION

In this thesis, as set out in the objectives of the research, we investigated the qualitative
properties of solutions of certain classes of cascade impulsive differential systems. The
Lyapunov second method was used (the use of Lyapunov functions) which remains one of
the most effective method to discuss the concepts of stability.

Variants of the tool employed in these studies had been employed extensively by re-
searchers to study the qualitative properties of solutions of these classes of differential
systems. We give some sufficient conditions which guarantee practical stability and prac-
tical exponential stability of nonlinear time-varying cascade impulsive systems. In this
way, we extend some existing results under more generalized assumptions.

Open Problems: The following are the open problems for further research:

e Better and easier ways to construct a Lyapunov function to impulsive cascade dif-

ferential systems of higher orders.
e Study of the practical stability of impulsive cascade systems with delay.

e Due to high growth in the use of Lyapunov method, if possible, study practical

stability of cascade systems of fractional-order with Caputo Derivatives.

e Find new criteria for stability of triangular higher order fractional differential equa-

tions.

The identified problems are subjects to be considered in the near future.
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Abstract

The main objective of our thesis is to carry out a study on the
practical stability and exponential practical stability of cascading
impulsive systems.

Our contribution is the improvement and generalization of some
relevant existing works.

Résumé

L'objectif principal de notre thése est de réaliser une étude sur la
stabilité pratique et la stabilité pratique exponentielle des systemes
impulsives en cascade.

Notre contribution est I'amélioration et la généralisation de certains
travaux pertinents

existants.
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