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Introduction

Many physical phenomena in nature can be described by partial differential equations and
the control of such equations is a quite recent and very active field of investigation. The aim
of this dissertation is to survey several issues related to the study of the Lamé system under
fractional controls.

The problem of well-posedness and stability for elasticity systems in general, and the wave
equation in particular, has attracted considerable attention in recent years, where diverse types
of dissipative mechanisms have been introduced and several stability and boundedness results
have been obtained. The main problem concerning the stability of solutions is to determine
and estimate the best decay rate for solutions.

Real progress has been realized during the last three decades, Let us recall here some known
results addressing problems of existence, uniqueness and asymptotic behavior of solutions.

In particular, in the works of Haraux and Chentouf [37], [20], considering the problem
of observability, exact controllability and stability of general elasticity systems with variable
coeffcients depending on both time and space variables in bounded domains, the results hold
under linear or nonlinear, global or local feedbacks, and they generalize and improve, in some
cases, the decay rate obtained by Alabau and Komornik [41].

This thesis focuses on fractional calculus which has been applied successfully in various
areas to modify many existing models of physical processes such as heat conduction, diffusion,
viscoelasticity, wave propagation, electronics etc. Caputo and Mainardi [10] have established
the relation between fractional derivative and theory of viscoelasticity. The feedback under
consideration here is of fractional type and is described by the following fractional derivative:

fe ]- ¢ —a —n(t—s dw
o ’”w(t)—m/o (t =5y e L (5)ds, oy >0 (1)

The order of the derivative is between 0 and 1. In addition to being nonlocal, fractional
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derivative involves singular and non-integrable kernels (t*,0 < o < 1). It has been shown (see
[49]) that, as O, the fractional derivative 0§ forces the system to become dissipative and the
solution to approach the equilibrium state.

Furthermore, This thesis intended also to state the well-posedness result for the wave equa-
tion using the theory of semigroups. Linear semigroup theory received considerable attention in
the 1930s as a new approach in the study of linear partial differential equations. Note that the
linear semigroup theory has been later developed as an independent theory, with applications
in some other fields, such as ergodic theory, the theory of Markov processes, etc.

Outline: This dissertation is split into three chapters.

CHAPTER 1: Preliminaries

In this chapter, we present some well known results, definitions, properties and theorems
that are used throughout the dissertation. Firstly, we recall some basic knowledge on linear
operators and semigroups without proofs, including some theorems on strong, exponential and
polynomial stability of Cy-semigroups. Next, we display a brief historical introduction to frac-
tional derivatives and we define the fractional derivative operator in the sense of Caputo. After
that, we introduce some preliminary facts on the Bessel functions and lastly, we define two
different types of geometric conditions.

CHAPTER 2: On the Stability of a DegenerateWave Equation Under Fractional
Feedbacks Acting on the Degenerate Boundary

This Chapter is devoted to the study of boundary stabilization of fractional type for degen-
erate wave equation of the form

u(z,t) — (2 uy(z, 1)), =0 in (0,1) x (0,400),
(P) (27u,)(0,t) = 00;""u(0,t) in (0, +00),
u(l,t) =0 in (0, 400),

u(z,0) = ug(x), us(x,0) = uy(z) on (0,1),

where v € [0,1) and ¢ > 0. The notation 9,"" stands for the generalized Caputo’s fractional
derivative of order «, (0 < a < 1), with respect to the time variable (see [21]). It is defined as
follows

u(t) fora =1,7>0,

atOévnu(t) = 1 /t _ _n(t_ )du
- —s) 5 — fi 1,n>0.
Ti—a) O(t s) %e ds(s)ds, or0<a<1,n>0
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We will explain the influence of the relation between the degenerate coefficient and the fractional
feedback on decay estimates.

CHAPTER 3: Global Existence and Asymptotic Behavior of the Solutions to a
Class of Nonlinear Second Order ODE With Delay Term

This Chapter is devoted to the study of following scalar nonlinear second order ODE with
delay term of the type

u” + ey ol ()] (1) + colu (t — 7)|*U (t — 7) + eslulPu =0

where «, 8, c1, ¢ et T are positive constants.

We prove the global existence of its solutions in energy spaces by means of the energy
method under a condition between the weight of the delay term in the feedback and the weight
of the term without delay. Furthermore, we study the asymptotic behavior of solutions using
multiplier method and general weighted integral inequalities.



Introduction



Chapter 1

Preliminaries

1.1 Reminder on Real and complex analysis

Definition 1.1.1 A function f defined on a real interval I is said to be absolutely continuous
if for any € > 0 there exists 6 > 0 such that for any finite sequence of sub-intervals [a,, by|n<n
of I with disjoint interiors we have

> (b —an) <6= Y |F(by) — Flan)| <e

Proposition 1.1.1 ([57]) If I = [a,b] then we have the equivalnces
1. f is absolutely continuous on I

2. 3g € LY (I) such that
/ g@t)ydt = f(x)— f(a),Vx €I

3. f is derivable almost everywhere, and its derivative [’ satisfies
/ f'(t)dt = f(x) — f(a), almost everywhere

Definition 1.1.2 A function f : R — R is said to bo locally absolutely continuous if f is
absolutely continuous on every [a,b] C R.
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Theorem 1.1.1 (Rouche’s theorem, stronger version [32]) Let f and g be holomorphic
functions in a domain G. If K C G s a bounded region with continuous boundary 0K and

1f(2) —g(2)] <lg(2)] Vze€ oK
then f and g have the same number of roots (counting multiplicity) in K.

Definition 1.1.3 For a complex number z with R(z) > 0 we set

+oo
[(z) = / e tdt
0

The function z — T'(z) is said the gamma function.

Proposition 1.1.2 ([28]) For R(z) > 0, we have

1.
I'(z) = /0 2 e dy
2. )
['(z) = /0 (—In(z))* tdx
3.
I(z+1) ==2I'(2)
/.

I'n+1)=nl,VneN
Definition 1.1.4 Let Q be an open subset of R™. For p € [1,+00| and m € N, the set
WmP(Q) = {u € LP(Q)|D € LP(2),Va € N", |a| < m}
is called the (m, p)-Sobolev space on S).

W™P is a Banach space when equipped with the norm

1
L flwme= (Y I Dul[f,)r

laj<m

Proposition 1.1.3 ([14]) The space W(]0,1[) is equal to the set of absolutely continuous
fonctions on |0, 1].

W0, 1)) = {f :]0, 1[— R|f is absolutely continuous}
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Definition 1.1.5 For p = 2, the Sobolev space W™?2(Q) is denoted H™ ()
wm(Q) = H™(Q)
H™ () is a Hilbert space, where the scalar product is given by

< U,V >gmQ)= Z < D%, D%v >12(Q)

laj<m

Theorem 1.1.2 (Rellich-Kondrachov theorem [14]) If2 is a bounded open set of R™ with
a C-boundary, then any bounded sequence in H'(Q2) admits a convergent subsequence in L*(2).

This theorem stats that any bounded set of H'(f2) is compact in L?(2). We said that the
canonical injection i : H*(Q2) — L?*(f2) is compact.

1.2 Linear Operators

The proofs of the following results can be found in [26] and [14].
Definition 1.2.1 Let X and Y be two Banach spaces. A linear mapping:

A:DA(CX) oY

is called a linear operator. The D(A) C X is called the domain of A and R(A) CY is called
the range of A:
R(A)={Az |z € D(A)}.

A is said to be one-to-one (or injective) if Ax = 0 if and only if x = 0; A is said to be onto
(or surjective) if R(A) =Y ; A is said to be densely defined if

D(A) =X

Definition 1.2.2 A linear operator A is said to be closed if for any (x)n>1 C D(A) such that
T, = x, Ar, =y, as n — oo,

then € D(A) and Ax =y. A is said to be bounded if D(A) = X and A maps a bounded set
of X into a bounded set of Y. A linear operator is bounded if and only if it is continuous, that
18,

Ty, — 19 € X = Ax, — Arg €Y

for any (n)ast C X.
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Obviously, any operator which has bounded inverse must be closed. All the bounded opera-
tors from X to Y are denoted by £(X,Y’). In particular, when X =Y, £(X,Y) is abbreviated
as L(X).

Theorem 1.2.1 Let X and Y be Banach spaces. Then L(X,Y) is a Banach space with the
norm

lAll = sup {lAz]| | = € X, |l=[| = 1}.

Definition 1.2.3 Let X be a Banach space. If Y = 1R orY =C, then the operator in L(X,Y)
is called a linear functional on X. A bounded functional is also denoted by f.

By Theorem 1.2.1, all linear bounded functionals on X consist of a Banach space which is
called the dual of the space X, denoted by X*.

A bounded operator is called compact operator if A maps any bounded set into a relatively
compact set which is a compact set but not necessarily closed. For a closed operator A, we can
define the graph space [D(A)] where the norm is defined by

[z llipeay = llell + | Az]], Vo € D(A). (1.1)

Let X and Y be two normed spaces. If there exists a one-to-one linear operator A mapping
X into Y having the property || Azx|y = ||z||x for every x € X andy € Y , then we call
A an isometric isomorphism between X and Y, and we say that X and Y are isometrically
1somorphic.

Definition 1.2.4 An operator sequence {A,,} C L(X,Y") is said to be convergent to an operator
A€ L(X,Y) in terms of the operator norm, if

A, — Al| — 0 asn — .

(Ap)n is said to be strongly convergent to A € L(X,Y), if for all x € X,

A, v — Az as n — oo.

(Ap)n is said to be weak* convergent to A € L(X,Y), if for all f € Y*,

f(Ax) — f(Ax) as n — .
which 1s generally denoted by
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(Apz, fY — (Ax, f) as n — oo.

where (.,.) stands for the duality product between X and X*, that is, < z, f > simply means
that

<ZL‘,f> = <l'7f>X7X* = f({L')

Theorem 1.2.2 [Banach inverse theorem]
Let X andY be two Banach spaces. If a linear operator A : X — Y defined on the whole space
X is an invertible and onto mapping, then A~' € L(Y, X).

Theorem 1.2.3 [Open mapping theorem]
Let X and Y be Banach spaces and let A be a bounded operator from X to Y. If R(A) =Y,
then A maps an open set of X into an open set of Y.

Theorem 1.2.4 [Closed graph theorem)]
Suppose that A is a closed operator in a Banach space X. Then A must be bounded provided
D(A)=X.

Theorem 1.2.5 [Uniform convergence theorem]
Let X and Y be Banach spaces. Suppose that {T,,} C L(X,Y). If

sup {||Tnz||} < o0, V2 € X,

then
sup {||75.||} < oc.

Let A be a linear operator in a Banach space. A is said to be densely defined in X if D(A)
is dense in X. For a densely defined operator A, there exists a unique operator A* defined in
X*, which is called the adjoint operator of A satisfying

(Azx,y) = (z, A™y), Vo € D(A), y € D(A"),

where
D(A") ={f € X* | 3z € X* such that(Az, f) = (x,2), Vo € D(A)}.

When X is a Hilbert space, we consider X* = X attributed to the following Riesz repre-
sentation theorem.
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Theorem 1.2.6 [Riesz representation theorem)]
Suppose that H is a Hilbert space. Then f € H* if and only if there is an x € H such that

fly) =(y,z), Vo,y € H

Definition 1.2.5 A closed linear operator A : X — Y between two Banach spaces is said to
be of Fredholm if

1. D(A) is dense in X.

2. dimker A < 400

3. dim coker A :=dim(Y/ranA) < 400
In this case, the index of Fredholm of A is

ind A = dimker A — dim coker A

Theorem 1.2.7 (Fredholm’s alternative) If A: X — X is a compact linear operator on a
Banach space, then, exactly one of the following assertions holds

o [ — A is surjective (and hence it is bijective).

o dimker/ — A > 0.

Theorem 1.2.8 [Lax Milgram theorem]
Let a(x,y) be a sesquilinear form, that is, it is linear in x and conjugate linear iny, and satisfies

e there is an M > 0 such that |a(x,y)| < M||z||||y|| for all xz,y € H;
e there is a § > 0 such that for any x € H, |a(x, )| > §||z|*
Then there ezists a unique A € L(H) which is bounded invertible and satisfies
a(x,y) = (x, Ay), Vr,y € H.
Definition 1.2.6 A linear operator in a Hilbert space is said to be symmetric if
A*=A on D(A) and D(A*) 2 D(A)
A symmetric operator is said to be self-adjoint, if A* = A.

For bounded operators, the symmetric and self-adjoint are the same. But for unbounded
operators, they are different.
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Definition 1.2.7 A linear operator B in a Hilbert space H 1is said to be A-bounded if
e D(B) D D(A), and
e there are a,b > 0 such that

1Bz[| < allAz|| + bljz]l, Yz € D(A).

Theorem 1.2.9 [Kato-Rellich theorem]
Let A be a self-adjoint operator in a Hilbert space H and B be symmetric and A-bounded, such
that

|Bx|| < al||Az|| + b||z||, Vz € D(A), 0<a<1l,b>0

then A+ B is self-adjoint in D(A). In particular, when B is bounded, A+ B is self-adjoint.

Definition 1.2.8 Let A € L(H) be a self-adjoint operator in a Hilbert space H. A is said to
be positive if
(Az,z) >0, Vo € H. (1.2)

A positive operator is denoted by A > 0; A is said to be positive definite if the equality in
1.2 holds true only if x = 0, which is denoted by A > 0; A positive operator A is said to be
strictly positive if there exists an m > 0 such that

(Az,z) > ml|z|]2, Vo € D(A). (1.3)

1.3 The spectrum of linear operators

The proofs of the following results can be found in [26] and [14].

Definition 1.3.1 Suppose that X is a Banach space and A : D(A)(C X) — X is a linear
operator. The resolvent set p(A) of A is an open set in the complex plane, which is defined by

p(A)={reC|(A-A)"eL(X)}.
When \ € p(A), the operator R(A\, A) = (A — A)~! is called the resolvent of A. If one

of resolvents is compact, then any of the resolvents must be compact. This comes from the
following resolvent formula:

A=A = (=A== A=A (w-A)"" VA pep(A)

The spectrum o(A) of A is the supplement set of the resolvent set in the complex plane,
that is,
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a(A) =C\p(A).

Generally, the spectrum o(A) is decomposed into three parts:
g(A) =0,(A)Uo.(A)Uo,.(A)
where

e the point spectrum

0p(A) ={X €C | Iz € X\ {0} so that Az = \z};

e the continuous spectrum

o.(A) = {/\ eC |(A—A) is invertible and RN — A) = X} ;

e the residual spectrum

o-(A) = {)x eC | (A—A) is invertible and R(\ — A) # X} :

When A € 0,(A), any nonzero vector x satisfying Ax = Az is said to be an eigenvector
(it is also called eigenfunction if the space is a function space) of A. For a matriz in C", the
spectrum is just the set of eigenvalues.

1.4 Semigroups of linear operators

The proofs of the following results can be found in [26].

Definition 1.4.1 Semigroup theory is aiming to solve the following linear differential equation
i Banach space X :

u(t) = Au(t), t > 0,
{u(O) =z e X, (1.4)

where A: D(A)(C X) — X is a linear operator.
Equation (1.4) is said to be well-posed (for bounded A) If:

e for any initial value v € D(A) = X, there exists a solution u(x,t) to (1.4) which is
differentiable for t > 0, continuous at t =0 and u(z,t) satisfies (1.4) fort >0,
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e u(z,t) depends continuously on the initial condition x, that is:

x — 0 implies u(x,t) — 0 for each t > 0;

o u(z,t) is unique for each x € D(A) = X.
We can then define an operator T by
T(t)x = u(x,t) for each t > 0.

From the ezistence and uniqueness of the solution u(z,t), we know that T(t), t > 0 is well
defined on X.

Definition 1.4.2 Let X be a Banach space and T(t) : X — X be a family of linear bounded
operators, for t > 0, T'(t) is called a semigroup of linear bounded operators, or simply a semi-
group, on X if

o T(0) =1,

o T'(t+s)=T(t)T(s), Vt >0, Vs >0

A semigroup T (t) is called uniformly continuous if
lim |7(1) — ]| = 0.

and is called strongly continuous, (or Cy-semigroup for short), if

IimT(t)r —z=0, Ve € X

t—0

Definition 1.4.3 Let T'(t) be a Cy-semigroup on a Banach space X. The operator A defined
as

Az = lim %, Vo € D(A),

t—0
T(t)r —
D(A) = {x € X | lim Mz exists}
t—0 t
is called the infinitesimal generator of the Cy-semigroup T'(t).
Theorem 1.4.1 Let X be a Banach space. For any bounded linear operator A on X,
T(t) = e

is a uniformly continuous semigroup and A is the infinitesimal generator of T(t) and we have
D(A) = X.



18 CHAPTER 1. PRELIMINARIES

Theorem 1.4.2 Let T(t) be a Cy-semigroup on a Banach space X, then the following holds

o There exists constants M > 1 and w > 0 such that

T < Me**, Vt >0

e Suppose that A is the generator of T'(t). Then

{ANeC | Re(N) > w} C p(A).
e [n addition, if Re(\) > w, then

RN Az =N—A) "tz = / e MT(t)adt, Yo € X.
0

o T'(t) is strongly continuous on X. i.e. for any x € X, the map t — T(t)z is continuous.

Theorem 1.4.3 Let A be the generator of a Cy-semigroup T(t) on a Banach space X. we
have the following

e D(A) is dense in X
e A is a closed operator.

o Foranyn > 1, D(A") is dense in X. The set
D= ()D(A")
n=1

is also dense in X and is invariant under T'(t). i.e. for x € D, T(t)x € D fort > 0.
Moreover, if we define

D* ={zxeX|t—>T(t)x e C*}.
then we have D = D™

Theorem 1.4.4 Let T(t) and S(t) be Cy-semigroups, and let A and B be their infinitesimal
generators, respectively. Then

A=B=T() =S(t) vt>0.
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Definition 1.4.4 Let T'(t) be a Cy-semigroup on a Banach space X and let M > 1 and w > 0.
If|IT(t)|| < M fort >0 then T(t) is called uniformly bounded.

Moreover, if we have M = 1, then T'(t) is called a contraction.

Theorem 1.4.5 [Hille-Yosida]
Let X be a Banach space and let A be a linear (not necessirely bounded) operator in X. Then,
A is the infinitesimal generator of a Cy-semigroup of contractions T(t) on X, if and only if

o A is closed and D(A) is dense in X

e There exist positive constants M and w verifying the property: for all A € p(A), R\ > w,

the following holds
M

IROAP < =

n=12..

Corollary 1.4.1 Let X be a Banach space and let A be a linear (not necessirely bounded)
operator in X. Then, A is the infinitesimal generator of the Cy-semigroup of contractions T'(t)
on X, if and only if the following holds.

o A is closed and D(A) is dense in X

o For any A >0, A € p(A) and
IR(A A <

> =

Definition 1.4.5 Let X be a Banach space and let F(X) be the duality set. A linear operator
A in X is said to be dissipative if for every x € D(A) there is an x* € F(X) such that

Re(Ax,xz*) <0

Corollary 1.4.2 Let A be a linear operator in a Banach space X.Then A is dissipative if and
only if

|z|| < ||z — hAz||, for each h >0 and all x € D(A).

Definition 1.4.6 A linear operator A in a Banach space X 1is called m-dissipative if A is
dissipative and R(A — A) = X, for some A > 0.
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Remark 1.4.1 In a Hilbert space H, the dissipativity of A simply means that
Re(Azx,z) <0, Vx € D(A).

Theorem 1.4.6 [Limer-Phillips]
Let A be a linear operator in a Banach space X. Then A generates a Cy-semigroup of
contractions on X if and only if

e D(A)=X.

o A is dissipative.

Corollary 1.4.3 Let A be a linear operator in a Banach space X. Then A generates a Cy-
semigroup of contractions on X if and only if

o A is densely defined and closed.

e Both A and A* are dissipative.

Remark 1.4.2 When X is reflezive, the condition D(A) = X can be removed in the Liimer-
Phillips theorem.
1.5 Stability of Cj)-semigroups.

The proofs of the following results can be found in [26].
Definition 1.5.1 Let T(t) be a Cy-semigroup on a Banach space X.

o T'(t) is said to be exponentially stable, if there exist two positive constants M, w > 0 such
that
I1T(t)| < Me™™*, Vvt > 0.

o T'(t) is said to be strongly or asymptotically stable, if

lim ||T(t)z|| =0 Vz € X.

t—+00

o T'(t) is said to be weakly stable, if

(T(t)x,y) =0 as t o0, Ve e X, ye X"
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o T'(t) is said to be polynomially stable if there exist two positive constants C' and o such
that
IT#)|| < Ct™™ Vt >0, Vo € X.

Theorem 1.5.1 [Spectral mapping theorem)|
Let T(t) be a Cy-semigroup on a Banach space X and A be its infinitesimal generator. Then

e'7r A C o, (T(t)) C e u{o}.

More precisely, if X € o,(A). then e’ € 0,(T(t)), and if e € 0,(T(t)) then there exists an
integer k such that A\, = X\ + 2mik/t € 0,(A).

Theorem 1.5.2 Let T(t) be a Cy-semigroup on a Banach space with generator A. Then
e o (T(2)).

Proposition 1.5.1 Let X = H be a Hilbert space. Suppose that T'(t) is a weakly stable Cy-
semigroup on H. i.e. (T(t)x,y) — 0 ast — oo for all x,y € H. If its infinitesimal generator
A has compact resolvent, then T(t) is asymptotically stable. i.e. |T(t)z| — 0 ast — oo for
all z € H.

Theorem 1.5.3 Let T(t) be a uniformly bounded Cy-semigroup on a Banach space X and let
A be its generator. Then

o [fT(t) is asymptotically stable then o(A) NilR C o.(A).
o [fo(A)NiIR C 0.(A) and o.(A) is countable, then T(t) is asymptotically stable.

o If R(\,A) is compact, then T(t) is asymptotically stable if and only if ReX < 0 for all
Aea(A).

Corollary 1.5.1 Let T(t) be a Cy-semigroup on a Banach space X and A be its generator.
Suppose that o(A) NilR C 0.(A) and o.(A) is countable, then T(t) is weakly stable if and only
if T(t) is asymptotically stable.

Theorem 1.5.4 Let A be the infinitesimal generator of a Cy-semigroup T(t) on a Banach
space X. If for some p > 1

/ | T(t)z||Pdt < oo, for every z € X,
0

then T (t) is exponentially stable.



22 CHAPTER 1. PRELIMINARIES

Remark 1.5.1 We say that T'(t) is exponentially asymptotically stable if for every x € X,
there exist M,,w, > 0 depending on x such that

IT ()] < My,

Theorem 1.5.4 shows that a linear Cj-semigroup is exponentially asymptotically stable if
and only if it is exponentially stable.

Theorem 1.5.5 Let T'(t) be a Cy-semigroup with infinitesimal generator A. The following
statements are equivalent.

e T'(t) is exponentially stable, i.e.
|1T(t)z| < Me™".
for M > 1 and w > 0.
e lim [I7(0)] = 0.

e There exists a tg > 0 such that
1T(to)| < 1.

We assume, that X = H is a Hilbert space with the inner product (.,.) and the induced
norm ||.||. Recall that if A generates a Cy-semigroup T'(¢t) on H with | T(¢t)|| < Me**, then for
all A with Re\ > w,

R\, Az = / e MT(t)z dt
0

Theorem 1.5.6 Let T'(t) be a Cy-semigroup on a Hilbert space H with generator A. Then
T(t) is exponentially stable if and only if

{\| Red >0} C o(A)

and
RN A)| < M

for all X with ReX > 0 and some constant M > 0.

Theorem 1.5.7 [Huang-Pruss|

Assume that A is the generator of a strongly continuous semigroup of contractions (S(t))i>o
on H. S(t) is uniformly stable if and only if
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1. IR C p(A).

2. sup [|(iBI — A) 7 gy < +oo.
selR

Theorem 1.5.8 [Batty , A.Borichev and Y.Tomilov, Z. Liu and B. Rao.]
Assume that A is the generator of a strongly continuous semigroup of contractions (S(t))i>o
on H. If iR C p(A), then for a fixred | > 0 the following conditions are equivalent

1. dim sup 5 |[(A = A) 7|z < +oo.
[A|—=+o00

2. |1S@®)Usllu < 75 11Usllpay ¥Vt >0, Uy € D(A), for some C > 0.

1.6 Bessel functions

The proofs of the following results can be found in [28] and [59].
The second order differential equation given as

2
xg% - xj—i +(2* =)y =0

is known as Bessel’s differential equation which is often encountered when solving boundary

value problems, especially when working in cylindrical or spherical coordinates. The constant

v, determines the order of the Bessel functions found in the solution to Bessel’s differential

equation and can take any real numbered value. For cylindrical problems the order of the

Bessel function is an integer value (v = n) while for spherical problems the order is of half

integer value (v =n + 1/2).

Since Bessel’s differential equation is a second-order equation, there must be two linearly
independent solutions. Typically the general solution is given as:

y = AJy(z) + BY,(x)
where A and B are arbitrary constants and the special functions J,(x) and Y, (z) are:
e Bessel functions of the first kind, J,(x), which are finite at x = 0 for all real values of v

e Bessel functions of the second kind, Y, (z), (also known as Weber or Neumann functions)
which are singular at z = 0.
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The Bessel function of the first kind of order v can be determined using an infinite power
series expansion as follows:

o (—1)"(z/2) 2"
— k(v +r+1)

T )

or by noting that I'(v + k + 1) = (v + k)!, we can write

Jy ()

D) = 30 U2

k(v + K)!

K=

The Bessel function of the second kind, Y, (z) is sometimes referred to as a Weber function
or a Neumann function (which can be denoted as N, (z)). It is related to the Bessel function
of the first kind as follows:

Jy(x)cos(vm) — J_,(x)

sin(vm)

Y, (z) =

where we take the limit ¥ — n for integer values of v.

For integer order v, J,,, J_, are not linearly independent:

Jou(x) = (=1)" ] (x)
Y, (x) = (=1)"Y, (2)

in which case Y, is needed to provide the second linearly independent solution of Bessel’s
equation. In contrast, for non-integer orders, .JJ, and J_, are linearly independent and Y, is
redundant.

The Bessel function of the second kind of order v can be expressed in terms of the Bessel
function of the first kind as follows:

Y, (z) = %JV(Q;) (mgH)_%H: (V_Z!_l) <§>2M+
gl gl
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Recurrence formulas satisfied by the Bessel functions

Bessel functions of higher order be expressed by Bessel functions of lower orders for all real

values of v.

Toia(e) = 22 a(a) ~ Jya (),

d —v - —v
o (27T, (2)] = =27V Jysa (),

Voa(e) = 2%, (o) = Vya(o)

/ 1

Yl/+1 (l‘) =

= 5 [YV_1<«T) - Yu—i-l(x)]

Y (2) =Y, 1(z) - gyy(x)

d v v
75 2 Y (@)] = 2"V (2)

d —v _ —v
. (7Y, (2)] = —27"Y, ()

Polynomial approximations of The Bessel functions:

For x > 2, we can use the following approximation based upon asymptotic expansions:

To(z) = (3> " B (e)cosu — O (x)sim]

™

where u =z — (2n + 1)% and the polynomials P,(z) and @, (z) are given by

P(x) = 1_(4n2 —1%)(4n?* — 3?) <1 _ (4n? = 5%)(n® -7 (1 ~ (4n® = 9%)(4n® - 117) (1— ))>

6.5(8x)2

2.1(8x)? 4.3(8z)?
and
_ (4n?-1?)
@nle) = 155 (1 N 3.2(82)?

(4n? — 3%)(4n? — 5?) (1 S S P )))

5.4(8z)?

The general form of these terms can be written as
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(4n? — (4k — 3)%)(4n* — (4k — 1)?)
2k(2k — 1)(8x)? ’

(4n? — (4k — 1)?)(4n? — (4k + 1)?)
2k(2k + 1)(8x)? ’

Pu(z) = k=1,2,3..

Qn(z) = k=1,23..

e Asymptotic approximation of Bessel Functions (large values of x):

1/2
Yo(z) <3> (Py()sin(x — 7/4) + Qo(x)cos(x — 7/4)]

1/2
Yi(x) = (i) [Py (x)sin(x — 31/4) + Q1(x)cos(x — 3m/4)]

T

1.7 Fractional derivatives

Some history of fractional calculus:

In a letter dated September 30th, 1695 L’Hospital wrote to Leibniz asking him about
the meaning of d"y/dz™ if n = 1/2, that is "what if n is fractional?”. Leibniz’s response:” An
apparent paradox, from which one day useful consequences will be drawn.”

In 1819 S. F. Lacroix was the first to mention in some two pages a derivative of arbitrary order.
Thus for y = 2%, a € IR, he showed that

d'?y ['(a+1) a—1/2
= 2
a2 T T+ 1/2)
In particular he had (d/dz)?x = 2\/x/7.

In 1822 J. B. J. Fourier derived an integral representation for f(x),

ﬂwziégwméfmm—wm

obtained (formally) the derivative version
ar 1
@) = o [ seda [ o coslpta =)+ Sar

where "the number v will be regarded as any quantity whatever, positive or negative”.
In 1823 Abel resolved the integral equation arising from the brachistochrone problem, namely

1 ’ g(u) u= f(x o
)/0( du = f(x), 0<ax<l

['a r—u)t—e
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with the solution

14w
g(x)_f‘(l—a)ﬁ/o (:U—u)o‘du

Abel never solved the problem by fractional calculus but, in 1832 Liouville did solve this
integral equation.

Perhaps the first serious attempt to give a logical definition of a fractional derivative is due to
Liouville; he published nine papers on the subject between 1832 and 1837, the last in the field
in 1855. They grew out of Liouville’s early work on electromagnetism. There is further work
of George Peacock (1833), D. F. Gregory (1841), Augustus de Morgan (1842), P. Kelland
(1846), William Center (1848). Especially basic is Riemann’s student paper of 1847.

After the participation of Riemann and the work of Cayley in 1880, among the mathematicians
spearheading research in the broad area of fractional calculus until 1941 were S.F. Lacroix,
J.B.J. Fourier, N.H. Abel, J. Liouville, A. De Morgan, B. Riemann, Hj. Holmgren, K. Griinwald,
A.V. Letnikov, N.Ya. Sonine, J. Hadamard, G.H. Hardy, H. Weyl, M. Riesz, H.T. Davis, A.
Marchaud, J.E. Littlewood, E.L. Post, E.R. Love, B.Sz.-Nagy, A. Erdelyi and H. Kober.
Fractional calculus has developed especially intensively since 1974 when the first international
conference in the field took place.lt was organized by Bertram Ross.

Samko et al in their encyclopedic volume state and we cite: ”We pay tribute to investigators
of recent decades by citing the names of mathematicians who have made a valuable scientific
contribution to fractional calculus development from 1941 until the present [1990]. These are
M.A. Al- Bassam, L.S. Bosanquet, P.L.. Butzer, M.M. Dzherbashyan, A. Erdelyi, T.M. Flett,
Ch. Fox, S.G. Gindikin, S.L. Kalla, LA. Kipriyanov, H. Kober, P.I. Lizorkin, E.R. Love, A.C.
McBride, M. Mikolas, S.M. Nikol’skii, K. Nishimoto, LI. Ogievetskii, R.O. O’Neil, T.J. Osier, S.
Owa, B. Ross, M. Saigo, [.N. Sneddon, H.M. Srivastava, A.F. Timan, U. Westphal, A. Zygmund
and others”. To this list must of course be added the names of the authors of Samko et al and
many other mathematicians, particularly those of the younger generation. Books especially
devoted to fractional calculus include K.B. Oldham and J. Spanier, S.G. Samko, A.A. Kilbas
and O.I. Marichev, V.S. Kiryakova [91], K.S. Miller and B. Ross, B. Rubin. Books containing
a chapter or sections dealing with certain aspects of fractional calculus include H.T. Davis,
A. Zygmund, M.M.Dzherbashyan, I.N. Sneddon, P.L. Butzer and R.J. Nessel, P.L.. Butzer and
W. Trebels, G.O. Okikiolu, S. Fenyo and H.W. Stolle, H.M. Srivastava and H.L. Manocha, R.
Gorenfio and S. Vessella.

Definitions of fractional integrals and derivatives of different kind

Let f be a real function of a real variable. All the following definitions are formal.

Definition 1.7.1 The left Riemann-Liouville fractional integral of order o > 0 starting from
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a has the following form

(I f)(x) = ﬁ / " — 00 (1)

Definition 1.7.2 The right Riemann-Liouville fractional integral of order a > 0 ending at
b > a is defined by
1 b
Iy = —— — 1) f(t)dt.
BN = s [ =075
Definition 1.7.3 The left Riemann-Liouville fractional derivative of order a > 0 starting at

a 18 gwen below
(0% d n n—o
(Df)(@) = ()" (" f)(2), n = la] + 1.
Definition 1.7.4 The right Riemann-Liouville fractional derivative of order a > 0 ending at

b becomes
d

(Dy f)(@) = (=) (" f)(@).

T

Definition 1.7.5 The left Caputo fractional derivative of order a > 0 starting from a has the
following form

(D f) (@) = (al"*f)(2), n=[a] +1.
Definition 1.7.6 The right Caputo fractional derivative of order o > 0 ending at b becomes
(D f)(@) = (L~ (=1)" f™) ().
The Hadamard type fractional integrals and derivatives were introduced in [15] as:

Definition 1.7.7 The left Hadamard fractional integral of order o > 0 starting from a has the
following form

(I°f)(z) = ﬁ / Iz — ) f()dt

Definition 1.7.8 The right Hadamard fractional integral of order o > 0 ending at b > a 1is
defined by

b
@) = foos [ (e =) f)ar

Definition 1.7.9 The left Hadamard fractional derivative of order o > 0 starting at a is given
below

(WD f)() = ()" (@I F)(x), = [a] + 1
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Definition 1.7.10 The right Hadamard fractional derivative of order a > 0 ending at b is

(D§£)(&) = (o) () (a),

Definition 1.7.11 The fractional deriwative of order a, 0 < a < 1, in sense of Caputo, is
defined by

Def(t) = ﬁ/ﬂ (t—s)—aj—é(s)ds.

Definition 1.7.12 The fractional integral of order o, 0 < o < 1, in sense of Riemann-
Liouwille, is defined by

1°f(t) = ﬁ / (t — )7 f(s)ds.

Remark 1.7.1 From the above definitions, clearly
D*f=I'"°Df 0<a<l.

Lemma 1.7.1
I“DYf(t) = f(t) — f(0), 0 <a<1.

Lemma 1.7.2 If
DPf(0) = 0.

then
D*DPf =DPf 0<a<l1, 0<fB<1.

Now, we give the definitions of the generalized Caputo’s fractional derivative and the gener-
alized fractional integral. These exponentially modified fractional integro-differential operators
were first proposed in [54].

Definition 1.7.13 The generalized Caputo’s fractional derivative is given by

1 ! d
D*f(t) = m/o (t— 5)_0‘6_7’(t_5)d—”§(3) ds, 0<a<1l,n>0.

Remark 1.7.2 The operators D and D™ differ just by their kernels.

Definition 1.7.14 The generalized fractional integral is given by

1 t
] / (t —s)* te M=) f(s)ds, 0 <a<1,n7>0.
0

I f(t) = )

Remark 1.7.3 We have
DY f =[""Df 0<a<1,n>0.
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Chapter 2

On the stability of a degenerate wave
equation under fractional feedbacks
acting on the degenerate boundary

2.1 Introduction

In this chapter, we are concerned with the boundary stabilization of fractional type for
degenerate wave equation of the form

ug(z,t) = (27ug(z,1)),0 in (0,1) x (0,400),
(P) (x7u,)(0,t) = 00;""u(0,t) in (0, 4+00),

u(l,t) =0 in (0, 4+00),

u(x,0) = ug(x), ur(z,0) = uy(x) on (0,1),

where v € [0,1) and ¢ > 0. The notation 9, stands for the generalized Caputo’s fractional
derivative of order a, (0 < a < 1), with respect to the time variable (see [21]). It is defined as
follows

u(t) fora=1,7>0,

a?7nu(t> = 1 /t _ 77](157 )du
— —s) ¢ 8 — fi 1,n >0.
Ti—a) O(t s) e ds(s)ds, or0<a<l,n>0

The degenerate wave equation (P) (i.e v # 0) can describe the vibration problem of an elastic
string. In a neighborhood of an endpoint z = 0 of this string, the elastic is sufficiently small
or the linear density is large enough. Indeed a mathematical model that describes transverse

31
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vibration of an elastic string is given by

g (x,t) — (T@) ug(, t)) + lower terms = 0,
p(x) .
where T is the tension of a string and p is the density of the string. The elasticity of the
string can stretch proportionally to a variation in tension. Hence, the wave equation becomes
degenerate when T'(z) — 0 as x — 0 or p(z) — +o0 as v — 0.
In [55], G. Propst and J. Pruss consider the following model for the evolution of sound in
a compressible fluid with viscoelastic surface, that is

pu(r,t) — Ap(x,t) =0, t€IR, v €
b
a—z(x,t)m*pt(x,t) =0, teIR, v €o,

where p(z,t) € IR denote acoustic pressure, Q C IR? is a domain with smooth boundary and
n(x) is the outer normal to 002 at x. The convolution is axv(t,.) = ffoo a(t—s)v(s,.)ds, ais a
given real-valued function on [0, c0). Physically, the boundary condition models the interaction
of a viscoelastic boundary material with memory and the incident waves. It is mentioned in
[55] that these boundary conditions model well the reflexion of sound at surfaces of materials
that are of interest in ingineering practice.

It has been shown (see [50], [48] and [24]) that, as J;, the fractional derivative 0f forces the
system to become dissipative and the solution to converge to the equilibrium state. Therefore,
when applied on the boundary, we can consider them as controllers which help to reduce the
vibrations.

Moreover, fractional derivatives can improve performance not achievable before using con-
trols of integer-order type and provide an excellent instrument for the description of memory
and hereditary properties of various materials and processes (see [45]). This is the main advan-
tage of fractional derivatives in comparison with classical integer-order models, in which such
effects are in fact neglected.

The bibliography of works concerning the stabilization of nondegenerate wave equation with
different types of dampings is truly long (see e.g. [22], [23] and [20] and the references therein).
In [23], for a(x) = a1z + ap : D’Andrea-Novel, F. Boustany and B. Rao have established
aymptotics stabilization with the following boundary damping

{ (au:c)(ovt) = 07
(au,)(1,t) = —ku(1,t) —w(1,t), k> 0.

In [20], B. Chentouf, C.Z. Xu and G. Sallet considered the following modelization of a flexible
torque arm controlled by two feedbacks depending only on the boundary velocities:

u(x,t) — (a(z)uy) + aug(x,t) + Pu(x,t) =0, 0<x <1, t >0,

(a(z)uz)(0) = k1w (0,t),t > 0,

(a’('r)ux)(l) = _k2ut(17t)7t > 07
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where
a>0,8>0,k, ks 20,k1+k27é0,
a € Wh(0,1),a(x) > ao for all z € [0, 1].

They proved the exponential decay of the solutions.

On the contrary, when the coefficient a(z) is degenerate very little is known in the literature,
even though many problems that are relevant for applications are described by hyperbolic
equations degenerating at the boundary of the space domain (see [33]).

The controllability problems for degenerate/singular heat equations have been studied by
many authors in the last decade (see, for instance, [12], [18], [4], [17], [16], [30] and [31]).

New Carleman estimates and moment methods (based on spectral analysis) have been used
to derive observability inequalities for the corresponding dual problems. Recently, there are
more and more authors who studied the exact controllability of the degenerate wave equations,
see related studies [33], [63], [8]. In [33], for any 0 < v < 1, the null controllability of the
following degenerate wave equation was considered:

ug(x,t) — (2 Vuz(x, 1)), =0 on (0,1) x (0,7),
(PC) uw(0,t) = 0(t),u(l,t) =0 on (0,7),
u(z,0) = ug(x), us(x,0) = uy(z) on (0,1),

where 0(t) is the control variable and it acts on the degenerate boundary. He proved that the
degeneracy affect the exact controllability and an explicit expression for the controllability time
depending on the parameter ~ is given.
Very recently, A. Benaissa and C. Aichi [10] studied the degenerate wave equation of the
type
u(x,t) = (a(z)ug(x,t)), in (0,1) x (0, +00), (2.1)

where the coefficient @ is a positive function on ]0, 1] but vanishes at zero. The degeneracy of
(2.1) at = 0 is measured by the parameter p, defined by

zla' ()]
o = Su 2.2
a 0<:1:21 a(x) (22)
and the initial conditions are
u(z,0) = ug(x), ur(z,0) = uy (), (2.3)

followed by the boundary conditions

u(0,t) =0 if0<p, <1 .
(Pl) { (CLUI)((),t) - 0 lf 1 S ,[,La < 2 m (Oa +OO)7
(aug)(1,1) + 00%"u(1,t) + Bu(1,t) =0 in (0, +00).
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They obtained optimal polynomial stability of the solutions. Moreover, the degeneracy does
not affect the decay rates of the energy.

Here we want to focus on the following remarks:

e System (P) under study is different from one studied on [10]. Indeed, the control is
located at x = 0.

e The explicit representation of the resolvent gives us a sharp polynomial decay rate, how-
ever in [10], stabilization is done under the frequency domain method based on multiplier
techniques (see [41]). Unfortunately, this method does not seem to be applicable in the
case of damping acting at x = 0.

In this work, we explain the influence of the relation between the degenerate coefficient and
the fractional feedback on decay estimates. To our best knowledge, this is the first attempt to
study the global decaying solutions for a degenerate wave equation under a control acting on
the degenerate boundary.

This chapter is organized as follows. In sections 2 and 3, we give preliminary results and
we reformulate the system (P) into an augmented system by coupling the degenerate wave
equation with a suitable diffusion equation and we show the well-posedness of our problem
by semigroup theory. In section 4, we prove lack of exponential stability by spectral analysis
and by using Bessel functions. In the last section, we prove an optimal decay rate. The proof
heavily relies on Bessel equations and Borichev-Tomilov Theorem.

2.2 Preliminary results
Now, we introduce, as in [19], the following weighted Sobolev spaces:
H;,(0,1) = {u is locally absolutely continuous in (0,1] : 2 u, € L2(0,1)/ u(l) = 0},
H(0,1) = {u is locally absolutely continuous in (0, 1] : 22, € L*(0, 1}.

We remark that H 71((), 1) is a Hilbert space with the scalar product

1
(wv)E10,1) = /0 (U + 2V ug(x)vg(x)) dz,  Vu,v € H(0,1).

Let us also set
1/2

1
\u|H&7(071) = </0 :U7|ux(a:)\2dx) Yu € Hvl(O, 1).
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Actually, | - | H3(0,1) is an equivalent norm on the closed subspace H&W(O, 1) to the norm of
Hvl(O, 1). This fact is a simple consequence of the following version of Poincaré’s inequality.

Proposition 2.2.1 There is a positive constant C, = C() such that
ull720) < C*|u|§{éﬁ(071) Yu € Hy(0,1). (2.4)

Proof. Let u € H;_(0,1). For any x €]0, 1] we have that

1 1 1/2
/ uz(s)ds| < |u’H3,w(071){/ ;ds} :
T 0
/ lu(z |2dac<

2 _ 1 , 1
HZ(0,1) ={u€ H,(0,1): 2"u, € H (0,1)},

where H'(0,1) denotes the classical Sobolev space.

Remark 2.2.1 Notice that if u € H?(0,1),y € [1,2), we have (27u,)(0) = 0 since 1/x7 is

not integrable over neighbourhoods of 0. Hence the problem is not well-posed in terms of the
semaigroups in the Hilbert space.

ju(z)| =

Therefore

|U’H1 L(0,1)°

Next, we define

The elements of Hy . (0,1) satisfy the following property.

Proposition 2.2.2 For every u € Hj_(0,1), u is absolutely continuous in [0,1] and we have

(*) HUHL‘”OU—\/—HUHHI (0,1)-

Proof. As )
u'(x) = ﬁ/Q:ﬂ/Qu'(x) vV €]0,1].

1 1 1/2
/
[ w@ar < ([ Zao) o
1

= \/1—_—7Hu($)”H(}W(O,1)

v’ is summable over (0,1). So u is absolutely continuous in [0, 1]. Moreover

1
/x 5)ds /|u |dx<¢_||u|| o

then

ju(z)| =

(%) is thus proved.
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2.2.1 Augmented model

In this section, we reformulate (P) into an augmented system. For that, we need the following
proposition.

Proposition 2.2.3 (see [49]) Let p be the function:
n(€) = €] V2 —co < €< 400, 0<a< 1. (2.5)

Then the relationship between the ‘“input’ U and the ‘output’ O of the system

O(E,1) + (€ 4+ Molest) — Up(€) =0, —o0 <€ < toon>0,6>0,  (26)
¢(£,0) =0, (2.7)
O(t) = ()" sin(an) / " uO)(E 1) de, (2.8)

where U € C°([0,400)), is given by
O =1, (2.9)

where

o () = — ) /0 (t — 7)1 ) f(7) dr

(@)

Lemma 2.2.1 (see [3]) If A € D, =C\] — oo, —n] then

/Mﬂds— T )

foo AFNFE sin ar

Using now Proposition 2.2.3 and relation (2.9), system (P) may be recast into the following
augmented system

((uy(x,t) = (x”ux(a: )z,
G (1) + (€2 +n)o 5 t) = ut(O t)u(f) —00 < € < 400, t>0,

(P) < (27u,)(0,t) g/ ) d€,

u(l,t) =
(JI,O) O(I)vut(x70) - ul( )7¢(§70) =0,

where ¢ = o(m) ! sin(ar).
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2.3 Well-posedness

In this section, we are interested in showing that system (P’) is well posed in the sens of
semigroups. We introduce the following Hilbert space

H = H;(0,1) x L*(0,1) x L*(—o00, +00)

equipped with the inner product

u 1 1 oo
< v |, > = / 2 Uyl de + / vodx + ¢ i P dE.
¢ 0 0 —00

H
If we put U = (u,us, ¢)7, it is clear that (P’) can be written in the following form

D &

U, = AU, U(0) = U, (2.10)

where Uy = (ug,uy,0)” and A : D(A) C H — H is defined by

Al o) = mi’%)x (2.11)
) —(&+ )¢ +v(0)u(f)

with domain

(u,v,0) in H : u 6 HZ2(0,1) N Hy,(0,1),v € H (0, 1),
@ +77)¢+v (5) € L2< 0, +00),
D(A) = (7, ( C/ : (2.12)
|€|¢ € L*(—o0 —I—oo)
Our main result is giving by the following theorem.

Theorem 2.3.1 The operator A defined by (2.11) and (2.12), generates a Cy-semigroup of
contractions e in the Hilbert space H.

Proof.
To prove this result, we shall use the Lumer-Phillips” Theorem. Sine we have for for every

U = (u,v,9) € D(A) -
RAU, Uy = —C / (€ + n)|o(6) 2 de. (2.13)

then A is dissipative.
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Let A > 0. we prove that the operator (A — A) is a surjection. In other words, we shall
demonstrate that given any triplet F' = (f1, fa, f3) € H, there is an other triplet U = (u, v, ¢)
in D(A) such that

(M - AU =F. (2.14)
Equation (2.14) is equivalent to
Au—v = f17
A — (27Uy)y = fa, (2.15)

A+ (& + )¢ —v(0)u(é) = fs.
Suppose u is found with the appropriate regularity. Then, (2.15); and (2.15)3 yield

v=Xu— fi € Hj,(0,1), (2.16)
E+n+A
By using (2.15)2 and (2.16) it can easily be shown that u satisfies
Nu— (27uy), = f2 + M. (2.18)

Solving equation (2.18) is equivalent to finding v € H?(0,1) N Hg_(0,1) such that

/0 (N2ut — (2Vuy), W) dor = /0 (fo+ A\fi)wdz, (2.19)

for all w € H;_(0,1). By using (2.19), the boundary condition (2.12)3 and (2.17) the function
u satisfies the following equation

/0 (N2 4 (27uy)W,) da + Co(0)w(0)

(2.20)
/ (fo+Af)wdz — C/OO mf 3(§) d€w(0),
o 2(8) . .

where ¢ = C/ 52‘*‘—‘1‘)\ d¢. Using again (2.16), we deduce that

v(0) = Au(0) — f1(0). (2.21)
Inserting (2.21) into (2.20), we get
1
/ (A2uw + 27, W,) d 4+ A u(0)w(0)

0 (2.22)

= [ anmar—¢ [ g6 dento) + o)
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Problem (2.22) is of the form
B(u,w) = L(w), (2.23)

where the sesquilinear' form B : [H;_(0,1) x H;_(0,1)] =@ and the antilinear® form
L: Hy (0,1) =€ are defined by

1
B(u,w) = /0 (N2 + 27 u,w,) dz 4+ A u(0) w(0),

L(w) Z/Ol(f2+>\f1)wdaz—g/_:0#

0+ +f3(8) dgw(0) + C1(0)w(0).

It is clear that B is a continuous and coercive form on H&ﬂ/((), 1)x H&W(O, 1) and £ is a continuous
form on Hg_(0,1). Hence, by means of the Lax-Milgram Lemma, system (2.23) has a unique
solution u € Hj_(0,1). In particular, setting w € D(0,1) in (2.23), we get

Nu — (27u,), = fo + Af1 in D'(0,1). (2.24)
As fo + Af1 € L*(0,1), using (2.24), we deduce that
Nu — (27uy), = fo + Afy in L*(0,1). (2.25)
Due to the fact that u € Hj_(0,1) we get (27u,), € L*(0,1), and we deduce that
u e H2(0,1) N Hy (0, 1).

Multiplying the conjugate of the equality (2.25) by w € H&W(O, 1), integrating by parts on
(0,1), and comparing with (2.23) we get

—(@7ug)( 0) + oA\ +n)*u(0)w(0)
+§/OO 24 +)\f 5(8) d€w(0) — o(A +n)* " f1(0)w(0) = 0.

Consequently, defining v = Au — f; and ¢ by (2.17), we deduce that

(g (0) + ¢ / " H(©)0(e) dé = 0.

LAn application B: V x V — C where V is a C vector space is said to be sesquilinear if it is linear for one
variable and antilinear for the other.

2An application £ : V — C where V is a C vector space is said to be antilinear if L (Az) = AL () for all
x €V and A € C.
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In order to complete the existence of U € D(A), we need to prove ¢ and |{|¢ € L*(—o0, o).
From (2.17), we get

|§|2a71

(GETESY

2 |f3(€)|2 2 U 2 2
o orde<s [ B0 g st + 10 [

Using Proposition 2.2.3, it easy to see that

[ de= - ) )
IR (&2 +n+A)? sin arm e

On the other hand, using the fact that f; € L?(IR), we obtain

|3 )
/ﬂ%md£ S CES\E /IR | f3(&)7 d§ < +o0.

It follows that ¢ € L?(IR). Next, using (2.17), we get

2 €[ f3(E)I 21, (12 2 (S
/IR|§¢(§)| d¢ < S/Rmdf—i_?)()\ [u(0)|* + | f1(0)] )/Rmdﬁ.

Using again Proposition 2.2.3, it easy to see that

/ |§‘2Oé+1 dg_ a d ()\+ )a,1
R (E+n+N2 " sinar Ca

Now, using the fact that f3 € L*(IR), we obtain

G 2
/IR 241+ A)? de < CESY /IR|f3(£)\ € < +oo0.

It follows that |¢|¢ € L*(IR). Finally, since ¢ € L*(IR), we get

—(& + ) +v(0)u(§) = A(€) — f3(§) € L*(IR).

Then U € D(A) and Therefore, the operator AI — A is surjective for any A > 0.
|

As a consequence of Theorem 2.3.1, the system (P’) is well-posed in the energy space H
and we have the following proposition.
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Proposition 2.3.1 For (ug,u1,0) € H, the problem (P') admits a unique weak solution
(u, us, ¢) € CO(IR;, H).
and for (ug,u,0) € D(A), the problem (P') admits a unique strong solution
(u,us, ¢) € C°(IRy, D(A)) NCHIRy, H).
Moreover, from the density of D(A) in H, the energy of (u(t), p(t)) at time t > 0 given by

1 1 “+o00
B =3 [ (il +aluPie+ 5 [ o npae (2.26)
decays as follows

0= [ @+ nonraso 227)

Proof of Proposition 2.3.1. Noting that the regularity of the solution of the problem (P’)
is consequence of the semigroup properties. We have just to prove (2.27).

Multiplying the first equation in (P’) by @, integrating over (0, 1) and using integration by
parts, we get

1 1
/ u(x, t)updr — / (" uy(x,t))udx = 0.
0 0

then
4 ( / gz, )] dx) + 5%/ |z, 1) d — %[(x”ux)(:c,t)ﬂt]: 0.
then
1 d 1 +oo
3% i (]ut(x,t)|2 + x7|um(x,t)\2) dx + g?}%m(o,t)/_ w(&)o(&,t) dE = 0. (2.28)
Multiplying the second equation in (P') by (¢ and integrating over (—oo, +-00), to obtain:
+oo +oo +oo
¢ [ atenaends ¢ [ €@ v ol 0Pd — Cuo.t) [ uleate i =o.
Hence
d +o0 +o00 +oo _
s | telenPdes¢ [ @ nlote oPde - Rul0.0) [ u@idle. g =0 (2:29)

Consequently, it is resulted from (2.26), (2.28) and (2.29) that

+o00
(t) = —</ (€ 1 n)lo(e. P de <.

This completes the proof of the Proposition.
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Remark 2.3.1 In the case a = 1, we take ou;(0,t) instead of 00;""u(0,t). We do not need to
introduce an augmented system. In this case the operator A takes the form

JOREN o

o [ (uv)inH uc H2(0,1) N Hy . (0,1),v € Hy(0,1),
b = { (572)(0) = 0v(0), } - @23

with domain

where

H = H;_(0,1) x L*(0,1)

I S

The well-posedness result follows exactly as in the case 0 < « < 1. Moreover, the energy
function is defined as

with inner product

<

Bt) = %/0 (ugl? + 2|2z (2.32)

and decays as follows )
E'(t) = —olu(0, 1) <0.

2.4 Spectral analysis and lack of uniform stability

This section will be devoted to the study of the lack of exponential decay of solutions associated
with the system (2.10). To do this, we shall use the following well-known result from semigroup
theory.

Theorem 2.4.1 ([56]-[40]) Let S(t) be a Cy-semigroup of contractions on Hilbert space X
with generator A. Then S(t) is exponentially stable if and only if

p(A) D {iB: B e R} =ilR (2.33)

and
‘61|iinoo||(iﬁ] — A) 7Y gea) < o0 (2.34)
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Our main result is the following.

Theorem 2.4.2 The semigroup generated by the operator A is not exponentially stable if n = 0
or a # 2u, = 21 7

Proof. We will examine two cases.

eCase 1 n = 0 and o # 1: We shall show that ¢\ = 0 is not in the resolvent set of the

operator A. Indeed, noting that F' = (sin(z — 1),0,0)7 € H, and assume that there exists
= (u,v, )T € D(A) such that —AU = F. It follows

—v = sin(z — 1),
—(2"uy), = 0,
¢ =v(0)u(8).
We see that ¢(€) = |¢]*2 sinl. But, then ¢ ¢ L*(—o0,+0c), since o €]0,1]. So we get
(u,v,¢)T & D(A). Then the operator —A is not invertible.
e Case 2 # 0 and a # 2v,:
We aim to show that an infinite number of eigenvalues of A approach the imaginary axis
which prevents the system (P) from being exponentially stable. Indeed we first compute the

characteristic equation that gives the eigenvalues of A. Let A be an eigenvalue of A with
associated eigenvector U = (u, v, $)T. Then AU = AU is equivalent to

AU = v,
A\v = (x”uz)m, (2.35)
Ap + (€2 + )¢ = v(0)u(§)

with boundary conditions
u(1) =0,
+oo
(271,)(0) = ¢ / ‘ (2.36)

Inserting (2.35); into (2.35), and (2.35)3, we get

20 = (1Y
VO s oo (237
From the condition (2.36)2, (2.37)2 and Lemma 2.2.1, we obtain that
(27u3)(0) = oA (A + n)* 'u(0). (2.38)
Finally, we get the following problem

ANu = (27Ug) s,
u(1) = 0, (2.39)
(2712)(0) = oA(A +1)* " u(0).
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It is well-known that Bessel functions play an important role in this type of problem. Assume
that u is a solution of (2.39); associated to eigenvalue —\?, then one easily checks that the

function )
2—n

is a solution of the following problem:

YV (y) + y¥'(y) + (@f - (%)2) W(y) = 0. (2.40)
We have
u(z) =cy &y +c D, (2.41)

where @, and ®_ are defined by

2
2
and )
et 1=y 2—y
b _(x):=a7 J_, z')w?) ,
) ! (2 -
where
o (=™ Y\ 2
J,(y) = (—) = NT ey 2.42
- (=™ y\2mv =~ _ 2m—
J o (y) = (—) _ m-v. 2.43
1—~
Vo = —.
Y 2 o ,.)/

J,, and J_, are Bessel functions of the first kind of order v, and —v,. As v, € IN, so Ju,
and J_, are linearly independent and therefore the pair (J, ,J_,. ) (classical result) forms a
fundamental system of solutions (2.40).

Then, using the series expansion of .J,, and J_,_, one obtains

with




2.4. SPECTRAL ANALYSIS AND LACK OF UNIFORM STABILITY 45

Next one easily verifies that ®,,®_ € H_(0,1): indeed,

i (2) ~o o' aPRY () o (1= )6 g2,
B (1) ~0 Gy g0 AP () g (2 - 7)E g2,

where we have used the following relation

zJ (x) = v, (x) — x4 (). (2.44)
Hence, given ¢, and c_,u(x) = ¢, &, (z) + c_P_(x) € H;(0,1) with the following boundary
condition
{ (a7u )( ) = oA(A+ 1) 1u(0),
u(l) =
Then

wove = (s ) ()= () e

Hence, a non-trivial solution w exists if and only if the determinant of M()\) vanishes. Set
f(A) = detM () thus the characteristic equation is f(A) = 0.

Our purpose is to prove, thanks to Rouché’s Theorem ([32]), that there is a subsequence of
eigenvalues for which their real part tends to 0.

In the sequel, since A is dissipative, we study the asymptotic behavior of the large eigen-
values A of A in the strip —ap < R(A) < 0, for some oy > 0 large enough and for such A, we
remark that ®,, ®_ remain bounded.

Lemma 2.4.1 There exists N € IN such that

{Ak}kez*,|k|2N C O'(.A), (246)

where
o [fy=0and a =1, then

A = o+1 , ke

o [f0<y<1anda=1, then

2 -7, vy 3 6] 1
Ak__TZ(k+?+1>ﬂ+l{;l——2m+o(m>’kEN’ﬂEIR’ﬂ<O'

Ne = Ay if k < =N,
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where
1—~ch osi
v €0 SIn VAT

6:_

0 ¢, 0T T .

o If o =2v,, then

— 2 — 1+ A 1
Ao = —i ’V(%ww—g)— 471n 7 +O<E), keZ,
\/1 + A% 4 2A cos 2v,m
Xe = A_p if k < —N,
where

2—7 c;%()

and 0 is such that

( o (1 iL A) co~s VyT0 ’
) \/1+A2+2Acos2y77r
Gng — (1 ~— A) Si? Uy T .
\ \/1+A2+2A0052V77r

o If a > 2u,, then

2—r, vy 3 Q o] 1 -
A, = — 5 Z(k+3+1>ﬂ—+ka—2uy+kaoc—2l/'y+o(k;oc—2u’y)7k2N’a/EZIR’6€IR7/B<O’

e = A4 if k< —N,

where
5= 1= veyo (2—7\" " cos(l —a)Zsinv,m
0 ¢\ 2 L |
o If a < 2uv,, then
2— 3 ¢ 1
Ay = — 27@' (k—%JrZ) w+k23_a+k2f_a+o (km—a) k> N,aeilR,8€IR, 3 <0,
Me = A_p if k < —N,
where
5 — 0 Cuo(2—7 e cos(1 — a)g sinv,m
1o\ 2 T '

Moreover for all |k| > N, the eigenvalues Ay, are simple.
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The proof of Lemma 2.4.1 will be given in Appendix A.
Now, setting U, = ()\2 — A)Uy, where Uy is a normalized eigenfunction associated to Ay.
We then have

- [ =AUl (AR = A) Ukl
IR = A) ey = sup > -
¢ 07 venvzo U A
Ol
= IOR = AUkl

Hence, by Lemma 2.4.1, we deduce that

) ko2 ifa > 2u
0 _ 1 -y R
(A% = A) " ey = C{ k2= if o < 2.

Thus, (2.34) is not satisfied for a # 2v,,. So that, the semigroup e is not exponentially stable.
Thus the proof is complete.
|

2.5 Optimality of energy decay when n # 0

By Lemma 2.4.1, the spectrum of A is at the left of the imaginary axis, but approaches this
axis for a # 2v,. Hence, the decay of the energy depends on the asymptotic behavior of the
real part of these eigenvalues.

Unfortunately, we were not able to prove this decay rate by frequency domain method
based on multiplier method as the problem (P) is degenerate and the control is acting on the
degenerate boundary.

To state and prove our stability results, we need some results from semigroup theory.

Theorem 2.5.1 ([6]) Let A be the generator of a uniformly bounded Cy-semigroup {S(t)}+>o
on a Hilbert space X. If:

(i) A does not have eigenvalues on iIR.

(i) The intersection of the spectrum o(A) with iIR is at most a countable set,

then the semigroup {S(t)}i>0 is asymptotically stable, i.e, ||S(t)z]lx — 0 as t — oo for any
zeX.

Theorem 2.5.2 ([13]) Let S(t) be a bounded Cy-semigroup on a Hilbert space X with gener-

ator A. If
— 1
iR C p(A) and Tim —||(i81 — A) || zx) < oo,
|8l—00 3
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for some L, then there exist ¢ such that

C
Aol < Vo34
ti

First, we use Theorem 2.5.1 to show the strong stability of the Cy-semigroup e** associated
to the system (P’). Our main result is the following Theorem.

Theorem 2.5.3 The Cy-semigroup e is strongly stable in H; i.e, for all Uy € H, the solution
of (2.10) satisfies

lim ||e"Up|3 = 0.

t—o00

For the proof of Theorem 3.2.1, we need the following two lemmas.

Lemma 2.5.1 A does not have eigenvalues on ilR..

Proof.
We make a distinction between i\ = 0 and i\ # 0.
Step 1. Solving for AU = 0 leads to the system

v =20,
(27ug), = 0, (2.47)
(& +m)d =v(0)u(§)

together with the conditions (2.36).
Then v =0,¢ =0, (z7u,)(0) = 0 and

(27us)(z) = ¢,
where ¢ is a constant. As (z7u,)(0) = 0, we have (z7u,)(z) = 0. Hence
uz(x) =0 for x € (0,1).
As u(1) =0, then u = 0. We have U = 0. Hence, ¢A = 0 is not an eigenvalue of A.

Step 2. Let A € IR — {0}. We prove that i) is not an eigenvalue of A. Let U = (u,v, ¢)T with
|Ull% = 1, be such that

AU = iMU. (2.48)
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Using the definition of A it follows that AU = i\U if and only if

AU =,

iIAU = (2 Uy),,

A + (&% +m)¢ = v(0)u(§)
together with the conditions (2.36). Using (2.13) and (2.48), we find

¢ =0,
then, using the third equation in (2.49), we deduce that
v(0) = 0.
Therefore, from (2.49); and (2.36)2, we get
u(0) =0 and (2"u,)(0)=0.

Thus, by eliminating v, the system (2.49) implies that

A2y + (27ug), = 0 on (0, 1),
u(0) = u(l) =0,
(x7u,)(0) = 0.

The solution of the equation (2.53) is given by
u(z) = C1P4(x) + Cod_(x),
where &, and ®_ are defined by

1—7 2 22—y 1—v
Qi (z) =27 J, (2 — 7)\5E2) , O (x)=x7 J_,, (

From boundary conditions (2.53), and (2.53)3, we deduce that
Csé, , =0,

2 2
1, (—)\) ey (—)\) o,
Y 2 _ ,7 ol 2 _ ,}/
Ci(1 - )6, =0,

where

. 2\ 2 \"
Coo = Cuy (—2 — 7)\) ,6,:’0 =c, (—2 — ’y)\) :

Hence
u=0.

49

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

Therefore U = 0, which contradicts ||U||z = 1. This completes the proof of Lemma 2.5.1.
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Lemma 2.5.2
If X #£ 0, the operator iAl — A is surjective.
If A =0 and n # 0, the operator i\l — A is surjective.

Proof.
Case 1: X\ # 0. Let F = (f1, f2, f3)7 € H be given, and let U = (u,v,¢)’ € D(A) be such
that

(iAN[ — A)U = F. (2.55)
Equivalently, we have
AU — v = f,
I — (27Ug)y = fo, (2.56)

iAG + (2 +n)p — n(&)v(0) = fs

together with the conditions (2.36).
Inserting (2.56); into (2.56),, we get

N — (2Uy) e = (fo +iNf1). (2.57)
Solving system (2.57) is equivalent to finding v € H2 N Hj_(0,1) such that
1 1
/ (—=\Nuw — (27uy), 0 dr = / (fo+iNfr)wdx (2.58)
0 0

for all w € Hg_(0,1). By using (2.56)3 and (2.56); the function u satisfies the following system

1
/ (=N + 27 u,w,) da + ioA(EA + 1)* 'u(0)w(0)
0

= [ inpmar—¢ [ g6 de w0) + otir + o R0)O)
0 oo 2t
(2.59)
We can rewrite (2.59) as
B(u,w) = l(w), Vw e H;(0,1), (2.60)
where
B(u, w) = By (u, w) + Ba(u, w)
with )
Bi(u,w) = / T U W, dx + 1o\ + 1) u(0)w(0),
0 (2.61)

1
Bs(u, w) = —/ Nuw dx,
0
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and

(e i}
)= [ rinimar—¢ [ G g a wo

+o(id +n)*~ f1(0)w(0).
Let (H,,(0,1))" be the dual space of H_(0,1). Let us define the following operators

B:H{ (0,1) = (HL,(0,1)) Bi: HL (0,1) — (H (0,1)) i€ {1,2}

u — Bu u — Bu (2.62)

such that .
(Bu)w = B(u,w), Yw € Hy_ (0, 1),

(Biu)w = Bj(u,w), Yw € Hj_(0,1),7 € {1,2}.
We need to prove that the operator B is an isomorphism. For this aim, we divide the proof
into three steps:
Step 1. In this step, we want to prove that the operator B; is an isomorphism. For this aim,
it is easy to see that B; is sesquilinear, continuous form on H&N(O, 1). Furthermore

(2.63)

RB, (u, u) 127 2ug |3 + 0AR (i(iA + )71 [u(0)]?

> a7 uq3,

where we have used the fact that

+o0 2
AR (i(iA + )™ = Q?/ ME” s

o A (+E7)?
Thus B; is coercive. Then, from (2.62) and Lax-Milgram theorem, the operator B; is an
isomorphism.

Step 2. In this step, we want to prove that the operator B, is compact. For this aim, from
(2.61) and (2.63), we have

|Ba(u, w)| < ellull 2. [wllz20.),

and consequently, using the compact embedding from Hg (0,1) to L*(0,1) (see [4]) we deduce
that By is a compact operator. Therefore, from the above steps, we obtain that the operator
B = B;+ B, is a Fredholm operator of index zero. Now, following Fredholm alternative, we still
need to prove that the operator B is injective to obtain that the operator B is an isomorphism.
Step 3. Let u € ker(B), then

B(u,w) =0 VYw e Hy_(0,1). (2.64)
In particular for w = u, it follows that

N ulZzg,1) — i0AGA + ) Hu(O) = (|27 2|22 0,1)-
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Hence, we have

u(0) = 0. (2.65)
From (2.64), we obtain
(27u,)(0) = 0 (2.66)
and then
—\2u — (27u,), = 0,
u(0) = (27/%u,)(0) = 0, (2.67)
u(1) = 0.

Then, according to Lemma 2.5.1, we deduce that u = 0 and consequently Ker(B) = {0}.
Finally, from Step 3 and Fredholm alternative, we deduce that the operator B is isomorphism.
It is easy to see that the operator [ is a antilinear and continuous form on H&V(O, 1). Conse-
quently, (2.60) admits a unique solution u € H&W(O, 1). By using the classical elliptic regularity,
we deduce that U € D(A) is a unique solution of (2.55). Hence i\ — A is surjective for all
Ae IR

Case 2: A =0 and n # 0. Using Lax-Milgram Lemma, we obtain the result.
Taking account of Lemmas 2.5.1, 2.5.2 and from Theorem 2.5.1 The Cy-semigroup e is
strongly stable in H.
|

Next, by an explicit representation of the resolvent of the generator on the imaginary axis
and the use of Theorem 2.5.2, we prove an optimal decay rate. Our main result is the following.

Theorem 2.5.4 Ifn # 0, then the global solution of the problem (P) has the following energy

decay property
c

t+ HUOHQD(A) if a > 2v,,
o— V’Y

B(0) = ISAOVl < § — Ul i< 2,
tZV’Y_a

ce="||Upll3, if = 2u,.

Moreover, the rate of energy decay is optimal for general initial data in D(A).

Proof.
Let us consider the resolvent equation

Au—v=f,
i — (2Uy)e = fo, (2.68)
iIAp+ (62 +1n)d —v(0)u(E) = fs,
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where F' = (f1, fo, f3)T € H. From (2.68); and (2.68),, we have

/\2u + (m”um)x = —(fz + Z)\fl) (269)

{ 2u2)(0) = ¢ / §)d, (2.70)
u(l) =

The substitution of ¢ given by (2.68)3 into (2.70); gives us

with

O,

Nt €. (2.71)

+oo
(@) = olid-+ ) o0) +¢ [ F
Moreover, from (2.68);, we have

v(0) = iMu(0) — £1(0).

Then, the condition (2.71) become

+oo
(7,)(0) — QIA(IA + 1) u(0) = —o(ih + 1)* L f1(0) + ¢ / - + 52 dg (2.72)

Assume that @ is a solution of (2.69), then one easily checks that the function ¥ defined by

D(zx) =22 T <2 2 /\x> (2.73)

-

is solution of the following inhomogeneous Bessel equation:
y—1\?
U (y) +y¥(y) + | v - <—> U(y) =
2 — (2.74)
2 .

The solution can be written as

¥y) = AL, ) + BT~ 5 TS () = oy ()T (5)) ds,

where
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@ 2 1y 1y . 2 24 2 2-4
o (e [ o (1 (2 07) - ()
~J, (0"T) T, (35257 ds.

Therefore,
u(z) = Ad (z)+ BP_(z)
s () [ (o) + MA@ -0 - @y (s s, BT
where @, and ®_ are defined by
O, (z) = avlfJ,,7 (2 E fy)\xQZW) , O_(z) = x VJ_l,W <2 E 7)@227) (2.76)
Then
uy(xr) = AP\ (z)+ BP (x)
s () [ () + MA@ 08 ()~ (s s, BT
From (2.72), (2.77) and (2.75), we conclude that
+o0o
(1= 2)ef, 0 = 0NN+ 1), 8 = —air 4 fi0) ¢ [ HEBE g o
T 2 !
AP+ (1) + BP-(1) = —5=——(5— ’Y)/o (f2(s) +iAf1(s)) (P4 (8) (1) — D1 (1)D_(s)) ds,
! (2.79)
Where 2m—+tvy 2m—vy
Cyom = Co (2 3 /\) v G = Com (%A)
and

(1) = J, (2 2 7A> S_(1)=J_, <%/\) |

Using (2.78) and (2.79), a linear system in A and B is obtained

(o ) (5)=(6): a5
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where
= (1_ )I/-YO7
ra = —0iA(iA+n)*Te, o,
ron = Jy, (%)\),
roo = Joo, (%A),
400
¢ = s [T IO
~ 2
¢ = _2si11ryy7r(2_7>/0(f2(8)+i/\f1(5))(q)+(3>q)—(1)—@+(1)¢_(8))d5‘.

Let the determinant of the linear system given in (2.80) be denoted by D. Then

D = u—yﬁ;WLw(ﬁ7g+pM@A+ma1“ Lw( A)

= (L=9)c, (%)w AV [(27;\7)1/2 cos (%/\ T 5= %) +0(35
)

FoiM(iA+ ) ey o (5

- TA
= (1- 7)0,:0 (%)w (2 ; 7)1/2 A2 cos (%)\ + vy — g)
+0i%;, <227>7%{ (2 ; 7>1/2 A7 3 cos <ﬁ>\ — v, — %)
Ols7) + Ol

As D # 0 for all A # 0, then A and B are uniquely determined by (2.80).
Now, we will prove that

D| > c|A[ 712 for large \ if a > 2v,,
= | ]\ Y2 for large A if a < 2v,.

95

(2.81)

Indeed, suppose (2.81) was wrong. We consider the case o > 21,,. The case a < 2v, is similar.

Then 3\, such that |\,| — oo with
|D|[Ap]?77 — 0 as n — oo.

By RD,
2
\)\n|1/2J_,,7 (—)\n) — 0 asn — +o0.
2—y

(2.82)
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2
’)\n’a—QVﬁ-l/?Jw <2—)\n) — 0 asn — +oo.
-7

By asymptotic behavior of J, and J_,_ (see formula (2.87)), we obtain

2 T s
cos (ﬂ/\n"'VvE — Z) — 0 as n — +o0,

-2 2 s s
|>\n|a Y7 cos (E/\n — Uy — Z) — 0 as n — +o0.

This is impossible. Indeed, 3k, € Z with |k,| — +00 n — 400 such that

2 T
—\, o
+V72

1
2 (kn+ =)+ o(1).

ﬂ. —_—
4 2
Then

2 A r_r — i — +
COS | —Ap, — VUy— — — SIN VT as n .
2 — 72 4 7

In the following Lemma, we will prove some technical inequalities which will be useful for
showing the optimal polynomial decay of the solution.

Lemma 2.5.3
(I) For all X € IR — {0} large, we have

||‘I’+||L2(0,1)7 ||‘1>—||L2(o,1) < \/W (2.83)

(1D)

< e/ (2.84)
L2(0,1)

Y

L2(0,1)

2 — 2 —
x_%Jy /\x2T x_%J_Z, )\xQT
T\2—7 T\2—7v

(I11) The{re} exists a constant C' > 0 such that, for all fy € Hj (0,1),f, € L*(0,1) and
Ae R — {0},

1 | ¢ (Il 0 + 1 ell o)
[ )+ A )@ (90 (1) = @y (10 (5)) ds| < 3 - (289)

The proof of Lemma 2.5.3 will be given in Appendix B.
Now

1 ~
A= 5(07’22 — CT’lg),
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1 ~
B = 5(—07’21 + 07“11).
Considering only the dominant terms of A, the following is obtained:
IDIA] < el A2 + e At S gl A,

3 cs| A\l if o > 2v
< a— vy=1 < 3| Y
DBl < el e < { ORI M 02

where we have used the fact that f; € H;_(0,1) and

i (f2(s) +iAf1(s)) (@4 ()P (1) — O (1)®_(s)) ds

< 57 (il o + Mo

i (f2(s) + iAf1(5))(D4 ()27 (1) — ¥, (1)P_(s)) ds

Then, we conclude that

< (Ml 0 + I fellizony) -

A2 3 if if o > 2
A<l 7
Al < {cw—l/? if if a <2v,,
Ao273 if if o> 2
EIER S o
APz it if o < 2u,.
Then
A2 (I fillay o + Iz ) i o> 20,
c| APt (HfIHHéW(O,l) + Hf2HL2<o,1)) it if o <2,

Using (2.68); and (2.75), we get

| 20,1y <

A2 (il 0 + 1l ) if @ > 20,
c| AP (“leHéﬁ(O,l) + ||f2||L2(o,1)> it if o < 2v,.

From (2.76) and (2.44), we have

0] 22(0,1) <

PP () = (5 ), () < D, ()
PR = (5 e () - T, ().

Then from (2.77), we can get

\’$7/2Ux|’L2(071) =

C‘)\‘@—2V7 (”leH(}w(o’l) + Hf2HL2(0,1)) if o > 2l/,y,
c| AP (”leHgﬁ(og) + ”szLz(o,l)) if o < 2v,.
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Now, taking inner product of (2.68) with U in ‘H and using (2.13) we get
|Re(AU, U)| < [[U |3 Fl[3-

This implies that

+00
¢ / (€ + ) dE < U1l Fllse (2.86)
Since n > 0, we have
+o0o
18] o) < / (€ + D) de < | Ul e

Thus, we conclude that

cA*™2 as A = oo if a > 2v,,
[GA = A) gy < A7 as [\ oo ifa<2u,
c as |A| > oo if a =2uw,.

The conclusion then follows by applying Theorem 2.5.2 for o # 2v, and Theorem 2.4.1 for
a = 2v,.
Besides, we prove that the decay rate is optimal. Indeed, the decay rate is consistent with

the asymptotic expansion of eigenvalues.
|

2.6 Appendix

2.6.1 Appendix A. Proof of Lemma 2.4.1

This appendix is devoted to prove Lemma 2.4.1.
Proof.
ev=0and a=1.
System (2.39) becomes
AU — ugy =0,
,(0) = oAu(0),
u(l) = 0.

The solution u is given by

u = cre™ + cpe .

Thus, the boundary conditions give
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If o > 1 and if we set A = x 4 1y, then

1 4
2 _ & and e* =
o+1
Hence 1
r=-In"— and y=km, keZ
2 0
Then
1. o— ,
A=—=1In + ik, kel
2 o+
Now if o < 1, we have
1—
2 and e*¥ = —1
o+1
Hence - .
xzilnglfandy:(k’—i—é)ﬂ, ke Z.
Then L1 )
A=—-1 k+ = keZ.
2ng+1+2(+2)7r, €

e0<vy<land a=1.
Step 1. From (2.45), our aim is to solve the equation

2 2
N = (1 =9 4], 2 A, oy, | =— 1IN | =
f( ) ( V)CVA,,OJ y (2_77’ ) +Q CVW,OJ’Y (2_72 ) 0

We will use the following classical development (see [44] p. 122, (5.11.6)): for all 6 > 0, the
following development holds when |arg z| < m — ¢:

1

2
v2 T T (" = Dsin(z —pz — ]
M= COS(Z_V§_Z>_ 24 ( - 4)+O<W> - (2.87)
Then /
2\ 1=vy .= 2\ e G- L
where
2




60 A degenerate wave equation under fractional feeddbacks

and
. e aa L= [ 2 N ¢ oeXE1) 4 eminm 1
_ 2i(Z—vy 5= 2d) -
f()\) = (e ( 27 1) + 1) + —Q (—2 — 72) = ; 20, +0 h (289)
= N+ +0(3),
where N
fo(A) = e2Ee=1) 4 1, (2.90)
1— 9 2vy Cj o )
0 - Iy CV,WO

Note that fy and f; remain bounded in the strip —ay < R(\) < 0.
Step 2. We look at the roots of fy. From (2.90), fo has one family of roots that we denote \J.

foA) =0e XE 31 1 1=0

Hence 5
%(2_JA—wg—%)_u%+Lm,kez,
ie.,
2—7. 1% 3
)\gz—Tz(k—l—%%—z—l)ﬂ, keZ.

We will now use Rouché’s Theorem. Let Bi(\2, ;) be the ball of centrum A} and radius

s and X\ € OBy (i.e A = A) + ¢, 0 € [0,27]). Then, we successively have:

"k = T2

fo(N) ree’? + O(r3).

T2
It follows that there exists a positive constant ¢ such that

C
YA € 0B, [fo(M 2 erv = a5

TMnmn@hwﬁmnegnumufuy—ﬁ@nzo(ﬁgm>zo(m%m)Inmmmumm

for k large enough ~
YA € OBy, |f(N) — o] < | fo(N)],

Then f and fo have the same number of zeros in By,. Consequently, there exists a subsequence
of roots of f which tends to the roots A} of f;. Equivalently, it means that there exists N € IN
and a subsequence { g }jx>n of roots of f(A), such that A, = A +o0(1) which tends to the roots

2 — 3
—Tfyz' (k + % + Z_l) 7 of fo. Finally for |k| > N, ), is simple since \) is.
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Step 3. From Step 2, we can write

Using (2.92), we get

. 2 .
622<ﬁ2)\k—w¥%—§) — e Tk

= —1+ 36+ O0(e}).
Substituting (2.93) into (2.90), using that f(\;) = 0, we get:

1

. 4 _1—7( 2 ,)2”%;,0 2 sin v,

k) = € i
J () 2 — v k 0 22—~ €0 (—27772'/{377')1_2”“/

and hence

1—70,:,0 sin v, ( 1 )

Ek — — — Y
0 CV—Y,O (kﬂ-)lfQVW k1—2v,

From (2.95) we have in that case |[k['"*R\; ~ 3 with

+ .
1 —~¢C, 0 sinv,m

0 ¢ o(m)i=

ﬁ:_

o o =2v,.
From (2.45), our aim is to solve the equation

) 2 i 2
fA)=(01- 7)0?,:70J_l,7 (2 2/\) + oA(A+ 1) 1cl,woJl,W ( z/\) =0

_ 2— 7
Then 12
2 ) TV (B 5 — )
)\ — = )\171/«, )\ a—1 _— s - /\
= (Z) o, (i) i
where
rs (5 T_ T 1_,)/ 2 . 2]/7 CI_/'_O (5T s 1
A — 2i(Z—vy5-7) 1 Vs 2i(2—-%) vy o=
Fo = (i T (2 e e o (5

= foN)+O0(3).

We look at the roots of fy. From (2.90), fy has one family of roots that we denote \9.

1+ A

e~ AT —|—A6iV’Y7T’

foX) = 0 &% = —

61

(2.92)

(2.93)

+o(er) +o (W) =0 (2.94)

(2.95)

(2.96)

(2.97)
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where

i ( : )% i)
0 2—xy Cu0
Let us set A = x + iy. Then, we have
__4 1+ A
e =" =
\/1 + A% 4 2A cos 2u, T

4, _T

Y

where 6 is such that )

(1+ A) cos vy

cosf = - - ,

\/1 + A% 4 2A cos 2uyT
1— A)si

jng = (L= Asinmr

\ \/1 + A% 4 2A cos 2u, T
Hence -y
r=—-221n +

Y

1 = =
\/1 + A% 4+ 2A cos 2u, T
yz—%(?lm—%—i—@), keZ.

Now with the help of Rouché’s Theorem, we conclude.
o o> 2u,.
Step 1. From (2.45), we have

\ 2\ /2 RN ) 9\ g 3-3) )
=\ - e, ) 2.
3 (5 T_ T ]_ - ’y 2 . 2,/7 Cj 0 627'(2_%) + e*il/fyﬂ' 1
A _ 2i(Z—vy 5—7) + 1)+ gh) +0| =
fN) (e 4 ) 0 92 _ /yl o \a—2vy A (2.99)
= fo)+28L +0 (%),
where -
fo(A) = X2 =5) 41, (2.100)
1 _ 2 21/—\/ ci‘ o )
fl(A) = ")/ ( Z) _’Y,O (eQZ(Z_Z) _|__ e—Zl/»YTI')' (2101)
0 2—v ¢ 0

We look at the roots of fy. From (2.100), fo has one family of roots that we denote Y.

fo(A) =0 e 2E3-9) 11 =0.
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Hence

ie.,

2 —

Using (2.102), we get

. 2 .
622(72—'71)%_1/7%_%) — e Tk

2.103
— 145+ 0. (2.103)

Substituting (2.103) into (2.99), using that f(\;) = 0, we get:

; 4 1—7 2 N\ cl,  2isinvr 1
k) = €k — i x J +o(er)+o| —— | =0 (2.104
T 2—7" o (2—7) Cpp o (=2 k)2 (&) fea—2v, (2.104)
and hence
B 1l—v[(2—7xn - Cj%o sin v, N 1
HT T ( 2 ) oo (emy2 O e
( 11—« .
y—1/(2—7 Cp,0 SINVAT ( T B E) 1
0 ( 2 ) ¢, o (km)a=2 cos(l —a)g —isin(l —a)g ) o o
for £ > 0,
= _ l-o .+ .
y—1/(2—7v Cy,0 SINV,T < LN B f) 1
0 ( 5 ) o o (—hm)e2 cos(1 a)2 + isin(1 a)2 +o P
\ for k <0.

(2.105)
From (2.105) we have in that case |k|*">*"R\;, ~ § with

l—v(2—y e Cz: o |1 . s
_ 1Ty (=7 : 1—a)t.
B . ( 5 ) T sin v, cos(1 — ) 5

o o < 2v,.
Step 1.

1/2 Vy —i(Gn T-T)
f(A)Z(iJ (1—7)””0;70( 272') et N, (2.106)
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A

—2vy 2i(2—-%F) vy
i(Z+v z 0 2 A/CVO + e 1
f) = (eHErmEe 4)+1)+1T(2 7) v O(

€vy.0 ) (2.107)
~ o s o (),

Uy,

where N
fo(A) = Gt 41, (2.108)
—ou. —
0 2 TG0 2i(3—1) vy
fiA) = —— (—z> —(e 1) 4 "), (2.109)
1—v\2—7v C;;,o

We look at the roots of fy. From (2.108), f, has one family of roots that we denote Y.

2
2 <2_7M+u€—%> —i(2k+\)r, keZ,

ie.,

2 — 3
Ak = — 272' (k—%—I—Z)W—I—%- (2.110)
Using (2.110), we get
Qa5+ 5-5) _e—%ak

2.111
= —1+ —ek + O(£3). ( )

Substituting (2.111) into (2.107), using that f(\z) = 0, we get:

f()\ | 4 . 0 5 —2u, Cy0 2isin v, o)+ 1 0 (2.112)
= € i o(e ol — | = .
T T o0 (= Fikmyz=a T T e
and hence
lta
0 2—7) Cp0 sinv,m a1 ( 1 )
g, = —— | — (—1) + 0 —
— ( 2) G (b e
( Q- :
0 2—7 Cp0 SV, T T 1
T < 5 > i o (k) <cos(1 — 04)5 +isin(1 — a)§) +o0 (]&w—a
- for k = 0,
- 14+a — .
0 2—7 Cp,0 SNV, T, s 1
T ( 5 > o (ke (cos(l — oz)§ —¢sin(1 — a)§> +o (kQVv—a
\ for £ < 0.

(2.113)
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From (2.113) we have in that case |k[** "R\, ~  with

14+a .—
0 2—x Cooo 1 . T
= -\ —— Sin V. cos(l — a)—.
P= v ( 2 > cr gmma S

2.6.2 Appendix B. Proof of Lemma 2.5.3
Suppose that A # 0. It is enough to consider A > 0. We will use the following results .

Lemma 2.6.1 ([28]-[59]) If a # b are complex numbers and RY > —1, we have

(CL2 - b2> /z tjﬁ(at)qu(bt) dt = (Jﬁ(al’) dd (Jﬂ(bl’)) Jﬁ(bl‘) dd (Jﬁ( )))
2 ) (2.114)
2a2/0 t(Jg(at))? dt = (a®2? —9?) (Jy(az))® + <xdi$(J19(a:c))) :
4 (2 z)) = 2%Jy(z
Lo 1w Joa(a), s
@) = = Tpa(a).

Remark 2.6.1 The equalities (2.114) are proposed as exercises in [28] but we can find the
proof in [59] p. 134-135, formula 7 and 11.

@)
1 2 2—~ 2
||¢+||%2(071) = / xli’y (JV,Y <2 7)\:1:2>) dQJ (2116)
0 —

Let z = ﬁ)\x? in equation (2.116) and using (2.114),, we get

2—v [" 2 2\
2 _ _
[P+ 7200y = 2 /0 2 (Jy,(2))" dz ( we set r = ﬂ)
1 1 9 2
= 5 - {(7’2 —2) (Jo, ()" + <7“J;7(7“)> }
1 1 2 2
= 5y [0 (e (0) = 207, (1) i ()]
where we have used (2.44). Using the asymptotic formula (2.87) for large A, we conclude that
c
® < —
|| +||L2(0 1) > \/X

Similarly, we prove that



66 A degenerate wave equation under fractional feeddbacks

(1D)

£2(0,1)
2 "o 2
=5 i 271 (I, (2) dz
Now, using (2.44), we have
T 1 T
I = / I de = — [ D)+ ya(2) dz
0 v Jo
= L(J (r))2+i/TJ (2) ., 11(2) dz
— 2V7 Uy V,Y 0 Vs V»y+1
1 > 1.1 7 ,
E(Jyw (r) +ZHV_3 i 2(Jy,41(2))% dz.

Using (2.114), and (2.87), we obtain

(o, (r)*+¢ /7" 2(Jy,41(2))% dz.
< cA. ’

1 2 2—
z"2J, ( AT 2W)
Y 2 _ ,Y

1 2 —
r2J_, ( /\x22)
Y 2 _ ,y

1
(III) Let f, € Hj,(0,1) and f, € L*(0,1). First we estimate I = / fi(s)®Py(s)ds. After a
0

I

IN

Hence

< C\/X.

£2(0,1)

Similarly, we prove that

< C\/X.

L2(0,1)

change of variables z = rs T, using (2.115), and integration by parts, we get
11 " A=A NS
=3 /0 I <<F> >Z“Jw(2>dz
1 1 r N\ d oo
= —Xr2iw/0 fi ((;) )@ <z2 vJ_ﬁ(@) dz
! ¢, f (O)+/ri f <£>2_2W =D (2)dz

e =507 o dz P\ R
)
r

1 _ 1 2 1 "
¢ f1(0) + XET/ | <<
r== Jo

Sl > = |
=
V)
\‘»—A
2
(V]
|
2
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Applying the Cauchy-Schwartz inequality, using the fact that

1
|f1(0>| < ||f1||L°°(0,1) < m”flnH}y,O(O,l)

and perform a change of variables, then by (2.114),, we have

11 1 1y 2y
< 3ol 31 Alson [+ Lo, (55,
11 1 /2~ 1/2 r 1/2
i >|+—<2A2) il gonr ([ 20 2
< e o ¢l on < ey il o

Hence, using (2.87), we deduce that

i\ / F1(5)®4(5)B_(1) ds

’)\| Hf1HH1 0(0,1)"

Also, we have

)P, (s)P_(1)ds

< [e- Il fall20nl|P+ ()] L200) < CIAI 1f2lz2 0.1

In the same way, one can check that

/Olfl(s)q) < | |
[ rsre- e mas

Consequently, we get (2.85). Thus, the proof of the Lemma 2.5.3 is complete.

71l o)

and

1
< el foll 0,1)-
|)\’ (0,1)

67
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Chapter 3

Global existence and asymptotic
behavior of the solutions to a class of
nonlinear second order ODE with delay
term

3.1 Introduction

In this chapter we investigate the existence and decay properties of solutions to the scalar
nonlinear second order ODE with delay term of the type

u” + cy|u (8) [ (t) + ol (t —7) |2 (t — 7) + c3]ulPu =0
u(0) = uo,

u(0) = uy,

U(V) = Uo, Y E] - T70['

(3.1)

where «a, 5, c1, co, c3 et T are positive constants.

It is well known that if c; = 0, that is, in absence of delay, the energy of problem (P) is
exponentially decaying to zero (see for instance [37], [34], [36] and [51]). On the contrary, if
c1 = 0, that is, there exits only the delay part in the internal, the system (P) becomes unstable
(see, for instance [25]). In recent years, the PDEs with time delay effects have become an
active area of research and arise in many pratical problems (see for example [1], [58]). In
[25], the authors showed that a small delay in a boundary control could turn such well-behave
hyperbolic system into a wild one and therefore, delay becomes a source of instability. To
stabilize a hyperbolic system involving input delay terms, additional control terms will be
necessary (see [52], [60], [53]). In [52] the authors examined the problem (P) and determined

69
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suitable relations between p; and ps, for which the stability or alternatively instability takes
place.

Our purpose in this chapter is to give a global solvability in Sobolev spaces and energy decay
estimates of the solutions to the problem (P) for a nonlinear damping and a time varying delay
term.

To prove decay estimates, we use a multiplier method. These arguments were introduced
and developed by Haraux [37], Komornik [41] and used by Liu and Zuazua [46], Eller et al
[29].

3.2 Preliminaries and main results

First assume the following hypotheses:
(H1) The positive constants ¢; and ¢y satisfy the next inequality

Co S C1 (32)
The following technical lemmas will play an important role in the sequel.

Lemma 3.2.1 ([37], [41]) Let £ : IRy — IR be a non increasing function and assume that
there are two constants o0 > —1 and w > 0 such that

+00 1
/ £47(1)dt < “E7(0)E(S). 08 < +oo, (3.3)
S
then we have
£(0)? :
Et)=0 Vvt> Vt>0, if —1<o0<0, (3.4)
wlo]|
1+0 \°
>
E(t) <&( )<1—|—wat> t>0, if o>0 (3.5)
and
E(t) < E(0)e! ¢ Vt>0, if o=0 (3.6)

We introduce, as in [52], the new variables
u'(t = pr) = Z(t, p) (3.7)

Then, we have
TZ(t,p) + Zy(t,p) = 0 (3.8)
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and . J
—TU (t - pT) = %Z@? p) = Zp(tu p)

= 2L — (- pr) = Zy(t, p)
= TZt(ta p) + Zp(ta p) = O
Therefore, problem (P) is equivalent to:

u” + cy|u () |2 () + ol Z (8,1) |“Z (¢, 1) + cs|u|Pu =0

TZy (t,p) + Z, (t,p) = 0.

uw(0) = ug, u(0) = uy,

u(V) = Ug, 7 e] -7, 0[7

Z( P ) fO

Let € be a positive constant such that
Cy < f <.
We define the energy associated to the solution of the problem (3.9) by:

1

& [ o
+ mhﬂﬁjL2 R |Z(t, p)|*dp.
0

71

(3.9)

(3.10)

(3.11)

Lemma 3.2.2 Let (u, z) be a solution of the problem (3.9). Then, the energy functional defined

by (3.11) satisfies

20) < (e~ — ) WO = (s + @) 120D g
< 0.
Proof.
Multiplying the first equation in (3.9) by u/(t), we get
L i 1 el (87 4 eal Z(8 D)2 D () + s L2 = 0. (3.13)
2 dt ! S ’ B+2dt '

We multiply the second equation in (3.9) by &|Z (¢, p)|*Z(t, p), we obtain

5 d 2 § d
—|Z(t, p)|*T? 4+ —=———|Z(t,p)|*™ = 0.

By integrating equation (3.14) over (0, 1) we get

a2 6 a+2 a+2
o [ e e - 2600

a+2dt

(3.14)

— 0. (3.15)
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Summing (3.13) and (3.15) we get

1
i [%W(tﬂz + s lul’ + Q%/O \Z(t,p)!a”dp} + e (2)]*F2

+02|Z(t7 1)|az<t’ 1)ul(t> + ﬁ(lz(u 1)|a+2 - |Z(t7 0)|a+2) =0.

As
Z (t,0) = /(¢). (3.16)
Hence
£ £
E't)=—c1— ——— ) [W/@®)]*" — | Z(t,)|*Z(t, D/ (t) — ———=—]|Z(t, 1)|*"2. (3.1
0= (o0~ g ) WOP = alZ D20 D00 - S 12@ 0. G17
Using young’s inequality
P 1 1 1
ab< P+ IV >0,-+ - =1 (3.18)
p get p q

then

p 1
—cgza,nrvau1y/@)gcgza,nrﬁimxwyg<3%¢zaguww+ﬂ+wa—;h/@n% (3.19)
qe

Hence
B(t) < — (e = — ) W12 4 e 20 PO ey | (01— — |21, D]
- (+2)7 P qet (a+2)7
(3.20)
We Choose ¢ = a+ 2. Thus p = (o +2)/(av + 1). We obtain
a+2
§ Co gatt §
Elt<— . . /ta+2_ . Zt1a+2
() = (Cl (a+2)7 (a+2)elt?) v’ (®)] 623—ﬁ+(a+2)7 12 (5, 1)l
(3.21)
To get E'(t) <0, it suffices
<Cl — 3 — G2 > Z 0
(a+2)T (at-2)ela+2)
= c (3.22)
(—023—1? + m) >0
1.e
5% < 1
N e R

a+2

. catl N 1 <o

2 | & - <a
oz_ﬁ (Q+2)8( +2)
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By Young’s inequality

p q0
a’t = aa’ < T (3.23)
p q
forp=60+1 andq:%weget
a?  a?
= — 4 — (3.24)
p 4q
so for X
0 = 3.25
a+1 ( )
i.e for b= % and a = ¢, wet get
1 1 141
—=¢cofl =g Tatl =1 = ¢ =1. (3.26)
€
Hence for e =1
co <. (3.27)

Our main result is the following.

Theorem 3.2.1 Let (ug,uy, fo) € IR? x C'(0,1) satisfy the compatibility condition
fo(0) = us.
Assume that (H1) holds. Then problem (P) admits a unique
u € CHIR"), u' € CHIRY)
and we obtain the following decay property:

(1) If a > %, then there exists a positive constant C(E(0)) depending continuously on
E(0) such that

my?

t

E@t) < (

(1) If a < %, then there exists a positive constant C'(E(0)) depending continuously on
E(0) such that
_(a+1)(5+2)

LU

t

E(t) < (

2/

Moreover, the rate of energy decay t=*/* in part (i) is optimal.
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3.2.1 Global existence

To show the existence of the solution for (P), we write the problem as first order system

u =

v = —cllvlall) — o] Z(t,1)|*Z(t,1) — cslul’u (3.28)
Zy(t, p) = —;Zp(t,p)

This is the initial value problem for an ordinary differential equation, which admits a unique
local solution u € C?([0, Tnax))- The energy in (3.28) is given by

» & e
B) = g OF + gl + =5 [ 12 (3.29)

B+ 2

From Lemma 3.2.2 for some constants M, Ms, we have
Vi e [OaTmaX)a ’u/(t)‘ < Mla ’u‘ < MQ'

In particular Ty. = 400, u is global, u € C?([0, +00)).

Now, we shall derive the decay estimate for the solutions in Theorem 3.2.1. For this we use
the method of multipliers. We denote by ¢ various positive constants which may be different
at different occurrences.

3.2.2 Asymptotic behaviour

We multiply equation (3.9); by E%u, where ¢ is positive constant, and integrate over (S,T)
where S, T are positive constants

T
0 = / Ef (0" + er|u/|*u’ + ea|2(t, 1)|*2(t, 1) + cslul’u) dt
s T T
= [Ew/u]y —/ (¢E'E ") w'udt — 2/ B/ dt
T ° 77 (3.30)
—l—/ E7 (u? + cslu|*?) dt + 01/ B/ |*un’ dt
s s

T
—i—cQ/ Elu|z(t,1)|%2(t, 1) dt
s



3.2. PRELIMINARIES AND MAIN RESULTS 75

Similarly, we multiply the second equation of (3.9)y by E%e(=2™)(a + 2)|2|* 2, we have
T 1
0 = / Eq/ e PP (a0 +2)|2|*2 (T2 + 2,) dpdt
° 1 ’ T T 1
— |:EQ/ 7_6—21'/)’2'()44-2 dp:| _7_/ (qE/Eq—l)/ 6—27'/)’2‘04-"-2 dpdt
s 0
/ Eq/ ( (e727°|2]%%?) + 21e” 2”’]2\0‘“) dpdt (3.31)

T T 1
{Eq/ Te 27p|z‘a+2dp} _7_/ (qE/Eq—l)/ 6_2Tp‘2‘a+2dpdt
S S 0

T T
BT (e D) a8, 0)) dt 4 2r / F1e=270)2|9%2 g
S S

Summing (3.31) and (3.30), we obtain that

T
A/ ETdar < —[Equ’u]§+/
s s
T T
—cl/ Equ]u’|au’dt—02/ Eul|z(t,1)|%2(¢, 1) dt
s s

T T
(¢E'ET ") vudt + 2/ EW dt
s

1 T T 1
— [Eq/ Te 2P| z|* T2 dp] —|—T/ (qE'qu)/ e 2P| 2|2 dpdt
0 s s 0

T
_ / B (e |a(t, 1)|™2 + |2(t,0)[**2) di
° (3.32)

where A = 2min{1,7¢7?7/£}. Since F is non-increasing, is abounded non-negative function
on IR, using the Cauchy-Schwartz inequality, we find that

— By = EUS)(S)u(S) — EYT)u'(T)u(T) 333
< cEq“/Q“/B”(S), (3.33)
and . T
E'ETY oudt| < E/|E 2t gt
/S (4 ) u'u ) < cv/s q|E'| ¥ (334)
< cEBTTTEE(S).
and . T
_ |:Eq/ 6—27-p|Z|a+2dp:|
0 s
(3.35)

1 1

= B1S) [ (S, dp— BT) [T ) dp
0 0

< cET(S).
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and T . T
FE'ET! / e P02 dpdt < c/ E" E1dt
/S (BB [ el dpdt < e | a(E) (3.36)
< cETTY(S).
and T y T
Ele ™ |z(t,D)|* T dt < / E1(—E"dt
| Eereorta < o pep) )
< cBTTY(S).
and

T T
/ Ez(t,0)|*dt = / B/ (t)|*2dt
S S

3.38
< c/ B (—E)dt (3:38)
S
< cETY(S).
Using estimates (3.33)-(3.38), we conclude from inequality (3.32) that
T T
A/ E™dt < cpEY(S) + dET 2R (S) +/ Ew/dt
S . /s
b [ Bl a4 Bl (e D
s S . (3.39)
< cuB(S) + BT EE(S) + / E9(—F')a+2 dt
T 1 a+1 ° T 1 a+1
+u1/ B 5z (—E Yotz dt + ug/ BT (—E etz dt
S S
Using young’s inequality
1 p 1
(ag) (—) b < P+ —b%, Ve >0 (3.40)
€ p qet
we deduce that
T T T
a a 2 1
/ EU-E)edt < — & | prfar+ —+/ (—E') dt
s o+ 2 s a+25% Js
T T T
/ EIri(—E)a dt < ! ea“/ gl e g O F 1% (—E')dt
s T a2 s a+2cait Js
We deduce that
4 i 1 1
A/ Eq+1dt S ClEq—H(S) + CgEq—"_%—i_m (S) + Cg@E(S) + C4@E(S)
s =’ et (3.41)

T T
—|—C5€QT+2 ‘E‘IOLT+2 dt + 065?4_2/ E(‘H’ﬁ)(a-‘r?) dt
S S
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We distinguish five cases related to the parameters o and f.

. s
Ifa>——
()1 a> 2
We choose ¢ such that
a+2
q =q+ 1L
Thus, we find ¢ = /2 and hence (q + ﬁ)(a +2)=q+ 1+~ with
_@t9E+) -5 _,
2(8 +2) '
Set 1 = E((;:% Choosing € and €5 small enough, we deduce from (3.41) that
a+2

T
/ g < CE(S) 4+ C'E(S) + CME™ 5 (8) 4 ¢ E(0)7 E(S)
S

<

/ E(0)4 " g -3+ " g 1
<C +CE(0) +C éo()o)q 73 4+ O E(0)5F )E(O)qE(S)

where C,C",C",C" and C"" are different positive constants independent of £(0). Hence, we
deduce from Lemma 3.2.1 that

I+ q /e / q 1" q—i4 -1 " T\ ,—1/q
E(t) < e (C +CE(0)"+ C"E(0)" 2752 + C E(o)aﬂ)t _

We choose ¢ such that

+ a+2)=q+ 1.
(¢4 55 a+2) =q
Thus, we find ¢ = % and hence anH =q+ 1+~ with
_(@+2)(B-a(8+2)
= > 0.
ala+1)(6+2)
Set ¢ = % Choosing ¢; and €2 small enough, we deduce from (3.41) that
a+2

T
/ Edt < CEIY(S) + C'E(S) + C" BT (S) + O E(0)F E(S)
S

IN

(o +OE(O)q—|—C”’E(O)q_%+ﬁ _f_C////E(O)% .
( E(0)7 ) E(0)7E(S)
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where C,C",C",C" and C" are different positive constants independent of £(0). Hence, we
deduce from Lemma 3.2.1 that

1+q Ve / q 1" a—3+555 1 X\ ,—1/q
B < (. (€' + CEO) + C"E(0) 3755 + CE(0) ) 1.

which completes the proof.



Conclusion and perspectives

The summary provided below considers some problems for future research works that arise
from this dissertation.

The second chapter of this thesis, was devoted to study of the boundary stabilization of the
degenerate wave system with dissipation law of fractional derivative type acting at a degenerate
point. Using a spectral analysis we have proved a non-uniform stability. Using Arendt-Batty
Theorem, we have proved the strong asymptotic stability. We obtain a sharp estimate for the
rate of energy decay of classical solutions depending on parameters v and «. Our approach is
based on the asymptotic theory of Cj- semigroups and in particular on a result due to Borichev
and Tomilov [13], which reduces the problem of estimating the rate of energy decay to finding
a growth bound for the resolvent of the semigroup generator. In particular, we obtain uniform
decay estimates for a weakly hyperbolic equation under a weak damping. This is a suprising
effect. As for an interesting open problem, is to prove that the results obtained in this chapter
hold for the case n = 0. The Borochev-Tomilov theorem do not work in this case.

Future works

1) Tt seems to be interesting to develop some multipliers method to treat the following problem
(also in the case a(x) = x7)

?tt(x), t) —O(G)(fv)uxa(x,t)()g :) 0 in Eg 1) ><)(07 +00),
a(x)u,)(0,t) = 00, u(0,t in (0, +00),
(PR) u(L,t) =0 ’ in (0, +00),

(
u(z,0) = ug(x), u(x,0) = uy(z) on (0,1).

Here a is weakly degenerate at x = 0 in the sense that

L
/—ds<+oo.
o a(s)

79
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Moreover, an explicit representation need to develop some tools similar to Bessel equations.
This is an interesting problem.
2) More general problem is the following

utt( ” vV a UIH L2(0, 1 ) )$(x7t) =0 in (07 1) X (07 +OO>
(H V@ ux||L2(01 (auz)(0, ) = Qaan (0,1) in (0, 400)
u(l,t) = in (0,+00)
u(r,0) = UO( ), uw(w,0) = ui () in (0,1).

The problem of global existence and energy decay is open. It is clear that the energy decay
rate depends on the order of degeneracy of M, a and the parameter a.
3) Another interesting problem is the following

ug(x,t) — (a(x)ug)(x,t) =0 in (0,1) x (0, 400)
(a2)(0,1) = h(u(0,1)) in (0, +00)

u(1,t) =0 in (0, 4+00)

u(z,0) = ug(x), u(x,0) =wuy(z) in (0,1).

at least for a(z) = 27,0 <y < 1 and h(s) = |s|/™'s (m > 1). It is clear that the energy decay
depends on the form of a and h.
4) It seems to be interesting to study stabilization, exact controllability and null controllability

of solutions to the following hyperbolic-parabolic system

(yi(z,t) — (2" y,(2,1)), = 0 in (0,1) x (0, 400),
zi(x,t) — (Jz|? 2 (2, 1)) = 0 in (—1,0) x (0, +00),
(:E’(’;lyé)r)(ov?oz)ﬂxlwzw) O’t) n Eg: +OO;7
y(0,t) = 2(0,¢ in (0, 400),

(P1) y(1,t) =0 in (0, +00),
z2(=1,t) =0 in (0, +00),
y(l’,O) :yo(l’>, on (071)7

[ 2(2,0) = 20(2), 2¢(,0) = z1(x) on (—1,0),

(4, (2, t) — (2 Yy, (2, 1)), =0 in (0,1) x (0, 400),
zu(@, 1) = (|2[?2:(2,1))e =0 in (=1,0) x (0, +00),
(?Z)ly;)(()’lt()():)('xlw%) 0,1) in Egﬂroog,

y(0,t) = 2(0,¢t in (0, 4+00),
(P2) y(1,1) =0 in (0, +00),
Z(—l,t) _g(t) n (07+OO)7
y(z,0) = yo(x), on (0,1),
[ 2(2,0) = 2(x), z(x,0) = z1(x) on (—1,0),
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and
[y (2, t) — (2" Yy (2, 1)), =0 in (0,1) x (0, 400),
zi(x,t) — (|x|22p(2,1))r =0 in (—1,0) x (0, 4+00),
(:E(;ly;)(o,t()oz)(mw,zx) 0,t) in Eg,—l—oo;,
y(0,t) = 2(0,¢t in (0, +00),
(F3) ) 5(1,6) = g(t in (0, +0).
z2(—=1,t) =0 in (0, 400),
y(x,0) = yo(x), on (0,1),
[ 2(2,0) = 2(x), 2(x,0) = z1(x) on (—1,0),

by means of the boundary control g.

Although, the last chapter has dealt with the multiplier technic which is widely used to
control various systems and became nowadays, an indispensable tool for the study of all systems.
whether they are finite or infinite, linear or nonlinear, time-invariant or time varying, continuous
or discrete. Consequently, reproducing the result obtained in the chapter, with a time delay of
fractional type and time-varying delay would be very interesting.

5) For the ordinary second order differential equation with delay, it is interesting to study
the same problem, but replacing the nonlinear terms by a fractional derivatives

u” 4 100 (t) 4 208 (t — 7) + eslulPu =0
u(0) = wy,

u(0) = uy,

u(’Y) = Uo, 7 E] - T O[

(3.42)
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Abstract

Title : Qualitative study of some evolution equation of second order.

This thesis is devoted to the study of the stabilisation of some evolution problems of second
order with the presence of dissipation. In particular, we consider some ordinary differential
of second order. Under assumptions on initial data and boundary conditions, we focused our
study on the global existence and asymptotic behavior of solutions where we obtained several
results.
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Weakly degenerate wave equation, Fractional boundary control, Semigroup theory, Sta-
bility, Bessel functions, Multiplier method.

Résumé

Titre : Etude qualitative de quelques équations d’évolution du second ordre.

Dans cette these, nous avons considéré quelques problemes d’évolution du second ordre
avec la présence des termes dissipatifs. En particulier, on considere quelques équations diffé-
rentielles du second ordre. Sous quelques hypotheses sur les données initiales et aux bords,
nous avons concentré notre étude sur 'existence globale et le comportement asymptotique
des solutions ou nous avons obtenu plusieurs résultats sur les propriétés de 'énergie.
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Equation des ondes dégénérée, Controle frontiere de type fractionnaire, Théorie des semi-
groupes, Stabilité, Fonctions de Bessel, Méthode des multiplicateurs.
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