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Abstract

This thesis deals with the existence of solution sets and its topological structure for three different
problems, a fractional differential equation with ψ-Riemann-Liouville fractional derivative on (0;∞)
in a special Banach space, non-local fractional differential equations on the half-line in a Banach space
and a hybrid fractional integro-differential equations with Hadamard integral boundary conditions.
Our approach in the three cases is based on a fixed point theorem combined with measure of
non-compactness. An example is given to show the applicability.

Key words and phrases: Fractional differential equations, Riemann-Liouville fractional
derivative, ψ-Riemann-Liouville fractional derivative, Hadamard fractional derivative, Hybrid
differential equation, boundary domain, unbounded domain, Nonlocal boundary value problem,
fixed points theorems,Meir-Keeler condensing operators, Dhage fixed point theorem, Banach
algebra, special Banach space, measure of non-compactness.
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Résumé

Cette thèse traite l’existence de l’ensemble des solutions et sa structure topologique, de trois
différents problèmes, une équation différentielle fractionnaire avec ψ-dérivée fractionnaire de
Riemann-Liouville sur (0;∞) dans un espace de Banach spécial, une équation différentielle
fractionnaire non locale sur la demi droite dans un espace de Banach et une équation
intégro-différentielle fractionnaire hybride avec des conditions aux limites intégrales de type
Hadamard. Notre approche dans les trois cas est basée sur les théorèmes du point fixe com-
biné à une mesure de non-compacité. Un exemple est donné pour chaque cas afin de vérifier
l’applicabilité de nos résultats.
Mots clés: Equations différentielles fractionnaires, dérivée fractionnaire de Riemann-Liouville,
ψ-dérivée fractionnaire de Riemann-Liouville, dérivée fractionnaire de Hadamardn, équation
différentielle hybride, domaine borné, domaine non borné, problème borné de valeur non-
local, théorèmes de points fixes, opérateur condensé de Meir-Keeler, théorèmes de points fixes
de Dhage, espace de Banach, algèbre de Banach, espace de Banach spécial, mesure de non-
compacité.
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Introduction

Fractional calculus can be seen as a generalization of the ordinary differentiation and integration
to arbitrary non integer order, and has been recognized as one of the most powerful tools to
describe long memory processes in the last decades. The concept of fractional calculus initially
start from communications between Marquis de L’Hôpital (1661-1704) to Gottfried Wilhelm
Leibniz (1646-1716), where Marquis de L’Hôpital ask Gottfried Wilhelm Leibniz the meaning
of dny

dxn
for the derivative of order n = 1

2
(What if n = 1

2
?). Subsequent mention of fractional

derivatives was made, in some context or the other, by (for example) Euler in 1730 , Lagrange
in 1772 , Laplace in 1812 , Lacroix in 1819, Fourier in 1822, Liouville in 1832, Riemann in 1847,
Greer in 1859, Holmgren in 1865, Grünwald in 1867, Letnikov in 1868, Sonin in 1869, Laurent
in 1884, Nekrassov in 1888, Krug in 1890, and Weyl in 1917. For a long time, the theory
of fractional Calculus developed only as a pure theoretical field of mathematics. However,
in the last decades, it was found that fractional derivatives and integrals provide, in some
situations. Indeed, fractional order models can be found to be more adequate than integer
order models in some real world problems as fractional derivatives provide an excellent tool
for the description of memory and hereditary properties of various materials and processes [1].
Applications of fractional Calculus include modeling viscoelastic and viscoplastic materials [49],
chemical processes [66], and a wide range of engineering problems. The mathematical modeling
of systems and processes in the fields of physics, chemistry, aerodynamics, electro dynamics of
complex medium, polymer rheology, etc..., involves derivatives of fractional order.

As a consequence, the subject of fractional differential equations is gaining more importance
and attention. There has been significant development in ordinary and partial differential
equations involving both Riemann-Liouville and Caputo fractional derivatives, see [5, 8]and [7],
[9]. Another kind of fractional derivative appears side by side to Riemann Liouville and Caputo
derivatives in the literature is Hadamard fractional derivative introduced in 1892 [44], which
differs from the preceding ones in the sense that the kernel of the integral (in the definition
of Hadamard derivative) contains logarithmic function of arbitrary exponent. Details and
properties of Hadamard fractional derivative and integral can be found in [27, 28, 29, 48, 50, 61].

Fixed point theory is one of the most effective and fruitful tool used in nonlinear analysis
to solve functional integral equations. It’s concerned with the conditions for the existence of
one or more fixed points of a mapping from a topological space into itself. Brouwer estab-
lished a fixed point result what has become the well-known Brouwer’s fixed point theorem for
finite dimensional spaces. While in 1922, Banach introduced his celebrated Banach contraction
principle for complete metric spaces which guarantee the existence and uniqueness of fixed
point. Afterwards, in 1930 , Schauder extended the Brouwer’s fixed point theorem to infinite
dimensional spaces using the condition of compactness. There are many developments in fixed
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point theory in various directions,, Kuratowski in 1930, opened up a new direction of research
with the introduction of the concept of a measure of noncompactness, which gives the degree
of noncompactness for bounded sets. The measure of noncompactness can also be used in the
study of single-valued and multivalued mappings, especially in metric and topological fixed
point theory. The measure of noncompactness combining with some algebraic arguments is
beneficial for studying mathematical formulations, especially solving the existence of solutions
of some nonlinear problems under certain situations.

Quadratic perturbations of nonlinear differential equations have attracted much attention.
We call such differential equations hybrid differential equations. There have been many works
on the theory of hybrid differential equations, we refer the readers to the articles [13, 26, 60, 65].
Integro-differential and integrals equations of fractional order have also proved to be valuable
tools in the modelling of many phenomena in various fields of science and engineering, the kind
of this area of research have been studied by many authors [41, 42, 63].

Non-local conditions were initiated by Byszewaski [31] where he proved the existence and
uniqueness of mild and classical solutions of non-local Cauchy problems. As remarked by Bysze-
waski [30], the non-local conditions can be more useful than the standard condition to describe
some physical phenomena.
Very recently, many research papers have appeared concerning the fractional differential equa-
tions in Banach spaces, some of them investigated the existence results of solutions on finite
intervals and unbounded domain by classical tools from functional analysis and measure of non
compactness see, for example the following references: [10, 18, 22, 45, 53, 59].

We have organized this thesis as follows :
Chapter 1. Groups together the notations, the definitions of the concepts used throughout

this manuscript. We introduce some important notions for fractional calculus, non-compactness
measure and fixed point theory.

Chapter 2. we show the existence solution of the following boundary value problem :
RLDα,ψ

0+ y(t) = f(t, y(t)), t ∈ (0,+∞),
RLI2−α,ψ

0+ y(0+) = a,
RLDα−1,ψ

0+ y(∞) = b,

where RLDα,ψ denote the left-sided ψ-Riemann-Liouville fractional derivative with

1 < α < 2.The operator I
(2−α),ψ

0+ denotes the left-sided ψ- Riemann-Liouville fractional integral,
E is a Banach space with the norm ‖.‖, a, b ∈ E, f : (0,∞)×E → E. We prove the existence
of solutions, by applying the fixed point theorem combined with the technique of measure of
non-compactness. Finally an example.

Chapter 3. In Chapter three we deal with the existence of solution sets and its topo-
logical structure for fractional differential equations on unbounded domain with the non-local

8



conditions for the problem :
RLDα0+y(t) = f(t, y(t)), t ∈ J = (0,+∞),
I2−α

0+ y(0+) =
∑∑∑m

i=1 λiy(τi),
RLDα−1

0+ y(∞) = y∞,

where RLDα0+ denotes the Riemann-Liouville fractional derivative of order α, 1 < α ≤ 2. The
operator I2−α

0+ denotes the Riemann-Liouville fractional integral, the state y(·) takes values in
a Banach space E, f : (0,∞) × E → E, τi, i = 1, 2, . . . ,m are pre-fixed points satisfying
0 < τ1 ≤ · · · ≤ τm, λi ∈ R∗+ and

Γ(α− 1) 6=
m∑
i=1

λiτ
α−2
i , where Γ(α) =

∫ +∞

0

tα−1e−tdt.

We prove the existence of solutions, by using the fixed point theorem for Meir-Keeler condens-
ing operators via measure of non-compactness. We also present an illustrative example.

Chapter 4. We discuss in this Chapter the following hybrid implicit integro-differential
boundary fractional value problem with Hadamard integral boundary conditions,

HD
α
( x(t)

f(t, x(t),G(t, x(t))

)
= g

(
t, x(t),HD

α
( x(t)

f(t, x(t),G(t, x(t)))

))
,

t ∈ J = [1, T ], 0 < α ≤ 1,
aHJ

1−αx(t)|t=1 + bHJ
1−αx(t)|t=T = c,

where HD
α is the Hadamard fractional derivative of order α, f : J × R × R → R \ {0}),

g : J × R×R→ R are continuous functions, G is a nonlinear integral operator defined by

G(t, x(t)) =

∫ t

0

ψ(t, τ)h(τ, x(τ))dτ,

ψ and h are functions that will be specified later, HJ
α is the Hadamard fractional integral

of order α, a, b and c are real numbers such that a + b 6= 0. In this Chapter we present the
existence result for the problem, using Dhage fixed point theorem and an illustrative example.
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Chapter 1

Preliminaries

This chapter contains used notations, definitions of functional spaces, fractional integrals
and fractional derivatives. We also give the definitions and proprieties of the measure of non-
compactness and fixed points theorems which are used throughout this thesis.

1.1 Spaces of integrable, absolutely continuous, and continuous func-
tions

In this section we present different used functional spaces.
Let J = [a, b], 0 < a < b be a finite or infinite interval of the real positive axes [0,∞) and

E be a real Banach space with the norm ‖ · ‖. We denote by L1(J,R) the space of Lebesgue
integrable functions y on J with the norm

‖y‖L1 =

∫ b

a

|y(t)|dt,

A measurable function y : J → E is Bochner integrable if and only if ‖y‖ is Lebesgue integrable.
Let L1(J ;E) be the space of E-valued Bochner integrable functions on J with the norm

‖y‖L1 =

∫ b

a

‖y(t)‖dt,

Let now J = [a, b], 0 ≤ a < b < ∞ be a finite interval and AC(J,E) the space of E-valued
functions which are absolutely continuous in J . For n ∈ N∗, we denote by ACn(J,E) the
Banach space of functions from the interval J into E which is defined as:

ACn(J,E) = {y : J → E : y ∈ Cn(J,E) with Dny ∈ AC(J,E)}.

Let J = [a, b], 0 < a < b be a finite or infinite interval of the real positive axes [0,∞) and
n ∈ N∗. We denote by Cn(J,E) a space of E-valued functions y which are n times continuously
differentiable on J with the norm

‖y‖Cn =
n∑
k=0

‖y(k)‖∞ =
n∑
k=0

sup
x∈J
‖y(k)(x)‖.

10



Chapter 1 preliminaries

In particular, for n = 0, C0(J,E) = C(J,E) is the space of continuous E-valued functions y on
J with the norm

‖y‖∞ = sup
x∈J
‖y(x)‖.

When J = [a, b], 0 < a < b be a finite or infinite interval of the real positive axes and α > 0 we
introduce the weighted space Cα,log(J) of real valued functions y, given on (a, b] and such that
[log(x/a)]αy(x) ∈ C(J) and

‖y‖ =
∥∥∥(ln

x

a

)α
y(x)

∥∥∥
∞

We consider the following Banach space

Cα([0,∞), E) = {y ∈ C((0,∞), E) : lim
t→0+

t2−αy(t) and lim
t→∞

t2−αy(t)

1 + tα
exist and are finite}.

A norm in this space is given by

‖y‖α = sup
t∈J

t2−α‖y(t)‖
1 + tα

.

For y ∈ Cα([0,∞), E), we define yα by

yα(t) =


t2−αy(t)

1 + tα
, t ∈ (0,∞),

lim
t→0

t2−αy(t)

1 + tα
, t = 0.

.

It is clear that yα ∈ C([0,∞), E).

Definition 1.1. Let p, q > 0, then the Beta function β(p, q) is defined as

β(p, q) =

∫ 1

0

xp−1(1− x)q−1dx.

Remark 1.2. For p, q > 0, the following identity holds,

β(p, q) =
Γ(p)Γ(q)

Γ(p+ q)
,

where Γ is Gamma function defined by

Γ(q) =

∫ ∞
0

e−ssq−1ds.

1.2 Fractional integrals and fractional derivatives

This section contains the definitions and some properties of fractional integrals and fractional
derivatives of used types.

We begin with some definitions and lemmas of the theory of fractional calculus.
Let J = [a, b], a, b > 0 and (E, ‖.‖) be a real Banach space.

11



Chapter 1 preliminaries

Definition 1.3. [49] The Riemann-Liouville fractional integral of order α > 0 of the function
h is defined almost everywhere in [a, b] by

Iαa+h(t) =
1

Γ(α)

∫ t

a

(t− s)α−1h(s)ds,

where Γ is the gamma function. When a = 0, we write Iαh(t) = [h ∗ϕα](t), where ϕα(t) = tα−1

Γ(α)

for t > 0 and ϕα(t) = 0 for t ≤ 0. The equality holds everywhere if h ∈ C([a, b], E).

Definition 1.4. [49] Let α > 0 and n be the smallest integer greater than or equal to α and
h : [a, b] → E be a function such that In−αh ∈ ACn([a, b], E). Then, the Riemann-Liouville
fractional derivative of order α of the function h is defined almost every where in [a, b] by

RLDα
a+h(t) =

1

Γ(n− α)

dn

dt

(∫ t

a

(t− s)n−α−1h(s)ds

)
.

Lemma 1.5. [64] Let α > 0 and h ∈ C(J,E) ∩ L1(J,E). Then the differential equation

RLDα
a+h(t) = 0,

has solutions h(t) = c1(t− a)α−1 + c2(t− a)α−2 + . . .+ cn(t− a)α−n,
for some ci ∈ R, i = 1 . . . n, where n = [α] + 1.

Lemma 1.6. [64] Let α > 0. Suppose that h ∈ C(J,E) ∩ L1(J,E) with a fractional derivative
of order α belonging to C(J,E) ∩ L1(J,E). Then

IαRLDα
a+h(t) = h(t) + c1(t− a)α−1 + c2(t− a)α−2 + . . .+ cn(t− a)α−n,

for some ci ∈ R, i = 1, . . . , n, where n = [α] + 1.

Remark 1.7. [49] For α > 0, k > −1, we have

Iα0+t
k =

Γ(k + 1)

Γ(α + k + 1)
tα+k and RLDα

0+t
k =

Γ(k + 1)

Γ(k − α + 1)
tk−α, t > 0,

giving in particular RLDα
0+t

α−m = 0, m = 1, . . . , n, where n is the smallest integer greater than
or equal to α.

Remark 1.8. If h is suitabe function (see for instance [49, 54] ), we have

RLDα
0+I

α
0+h(t) = h(t), α > 0 and RLDα

0+I
k
0+h(t) = Ik−α0+ h(t), k > α > 0, t > 0.

Definition 1.9. [49, 62] Let h be an integrable function defined on (a, b]. Then,

(i) the ψ-Riemann-Liouville fractional integral of order α > 0 of the function h is defined by

Iα,ψa+ h(t) =
1

Γ(α)

∫ t

a

ψ′(s)ψ(t, s)α−1h(s)ds,

12



Chapter 1 preliminaries

(ii) the ψ-Riemann- Liouville fractional derivative of order α > 0 of the function h is defined
by

RLDα,ψa+ h(t) =
1

Γ(n− α)

(
1

ψ′(t)

d

dt

)n(∫ t

a

ψ′(s)ψ(t, s)n−α−1h(s)ds

)
,

where Γ is the gamma function and ψη(t, s) = (ψ(t)−ψ(s))η, for all η > −1and t ≥ s ≥ 0.

Lemma 1.10. [49, 62] Let α, β ∈ R∗+. We have then

1. Iα,ψ0+ ψβ−1(t, 0) =
Γ(β)

Γ(α + β)
ψα+β−1(t, 0).

2. If 1 < α < 2, we have

(i1) RLDα−1,ψ
a+ ψα−1(t, a) = Γ(α) and RLDα−1,ψ

a+ ψα−2(t, a) = 0,

(i2) RLDα,ψa+ ψα−1(t, a) =RL Dα,ψa+ ψα−2(t, a) = 0.

Definition 1.11. [49] Let α > 0 and n be the smallest integer greater than or equal to α. Let
h ∈ L1(J,R), the Hadamard fractional integral of order α > 0 is defined almost everywhere by

HI
αh(t) =

1

Γ(α)

∫ t

1

(
ln
t

s

)α−1h(s)

s
ds,

where ln(·) = lne(·).

Definition 1.12. [49] Let α > 0 and n be the smallest integer greater than or equal to α.
Let h : J → R be a function such that HI

n−αh ∈ ACn
δ (J ;R). Then Hadamard derivative of

fractional order α is defined by

HD
αh(t) = δ(n)(In−αh(t))(t)

=
1

Γ(n− α)

(
t
d

dt

)n ∫ t

1

(
ln
t

s

)n−α−1h(s)

s
ds.

Lemma 1.13. [49] If Re(α), Re(β) > 0, and 0 < a < b <∞, then

1) ( HI
α
a+(ln

τ

a
)β−1)(t) =

Γ(β)

Γ(β + α)
(ln

t

a
)β+α−1

2) ( HD
α
a+(ln

τ

a
)β−1)(t) =

Γ(β)

Γ(β − α)
(ln

t

a
)β−α−1

3) ( HI
α
b−(ln

b

τ
)β−1)(t) =

Γ(β)

Γ(β + α)
(ln

b

t
)β+α−1

4) ( HD
α
b−(ln

b

τ
)β−1)(t) =

Γ(β)

Γ(β − α)
(ln

b

t
)β−α−1.

13
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Lemma 1.14. [49]Let α > 0 and x ∈ C[1,+∞)∩L1[1,+∞). Then the solution of Hadamard
fractional differential equation HD

αx(t) = 0 is given by

x(t) =
n∑
i=1

ci (ln t)α−i

and the following formula holds :

HI
α
HD

αx(t) = x(t) +
n∑
i=1

ci(ln t)
α−i,

where ci ∈ R, i = 1, . . . , n are arbitrary constants and n− 1 < α ≤ n.

Lemma 1.15. [49] Let α > β > 0

• If 0 < a < b <∞ and 1 ≤ p ≤ ∞, then for h ∈ Lp(a, b)

HI
α
a+ HI

β
a+h = HI

α+β
a+ h

HD
β
a+ HI

α
a+h = HI

α−β
a+ h

• In Particular if β = m ∈ N, then

HD
m
a+ HI

α
a+h = HI

α−m
a+ h

1.3 Measure of non-compactness and condensing operators

We start this section some definitions and properties of measure of non-compactness. For more
details, we refer the reader to Deimling [36] and Kamenskii [47]. We introduce an important
measure of non-compactness called the Kuratowski measure of non-compactness.

Definition 1.16. [19, 43] Let D a bounded subset of E. The Kuratowski measure of non-
compactness ϑ of the subset D is defined as :

ϑ(D) = inf{e > 0 : D =
n⋃
i=1

Di for some Di with diam(Di) ≤ e for 1 ≤ i ≤ n <∞}.

Here, diam(D) denotes the diameter of a set D ⊂ E, that is,

diam(D) := sup{d(x, y)|x, y ∈ D}.

Another important measure of noncompactness is the so-called Hausdorff (or ball) measure
of noncompactness defined as follow

Definition 1.17. [19, 43] Let D a bounded subset of E. The Hausdorff measure of non-
compactness χ of the subset D is defined as :

χ(D) = inf{ε : D has a finite ε-net in E}

14
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Remark 1.18. [19] The measures χ and ϑ are equivalent, that is, for any bounded subset D
of E, the following estimate holds,

χ(D) ≤ ϑ(D) ≤ 2χ(D)

Let us now recall the definition of the measure of non-compactness in the sense of Kuratowski
and its properties. For all G ⊆ E, we denote by Sb(G) the set of all bounded subsets of G.

Lemma 1.19. [19, 43] Let A,B ∈ Sb(E). The following properties hold:
(i1) v(A) = 0 if and only if A is relatively compact,
(i2) v(A) = v(A), where A denotes the closure of A,
(i3) v(A+B) ≤ v(A) + v(B),
(i4) A ⊂ B implies v(A) ≤ v(B),
(i5) v(a.A) = ‖a‖.v(A) for all a ∈ E,
(i6) v({a} ∪ A) = v(A) for all a ∈ E,
(i7) v(A) = v(Conv(A)), where Conv(A) is the smallest convex that contains A.

Lemma 1.20. [38] Let D ∈ Sb(E) and ε > 0. Then, there is a sequence {xn}n∈N ⊂ D, such
that

ϑ(D) ≤ 2ϑ({xn, n ∈ N}) + ε.

Lemma 1.21. [43] If D is an equicontinuous and bounded subset of C(J,E), then
ϑ(D(.)) ∈ C(J,R+)

ϑC(D) = max
r∈[a,b]

ϑ(D(r)), ϑ

({∫ b

a

w(r)dr : w ∈ D
})
≤
∫ b

a

ϑ(D(r))dr,

where D(r) = {w(r) : w ∈ D} and ϑC is the measure of non-compactness on the space
C([a, b], E).

Definition 1.22. [19] Let E1 and E2 be two Banach spaces and µ1 and µ2 be arbitrary measures
of noncompactness on E1 and E2, respectively. An operator F from E1 to E2 is called a (µ1, µ2)-
condensing operator if it is continuous and for every bounded noncompact set D ⊂ E1, the
following inequality holds,

µ2(F (D)) < µ1(D).

Whenever E1 = E2 and µ1 = µ2 we shall simply say, F is an µ-condensing operator.
Meir-Keeler has been introduced since 1969 the notion of Meir-Keeler contraction mapping

in a metric space.

Definition 1.23. [11] Let µ be an arbitrary measure of non-compactness on E and G be a
nonempty subset of E. Let F be an operator from G to G. F is said Meir-Keeler condensing
operator if

∀ε > 0, ∃k(ε) > 0,∀D ∈ Sb(G) : ε ≤ µ(D) < ε+ k =⇒ κ(FD) < ε.

15
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1.4 Some fixed point theorems

Most recently in 2015, the authors [11] introduced the following fixed point theorem.

Theorem 1.24. [11] Let µ be an arbitrary measure of non-compactness on E and D a closed,
bounded and convex subset of E. Let F be an operator from D to D, assume that F is a Meir-
Keeler condensing operator and continuous, then the set {w ∈ D : F (w) = w} is nonempty and
compact.

The following result was improved by Dhage.

Theorem 1.25. [39] Let D be a non-empty, closed convex and bounded subset of the Banach
algebra E let F : E → E and H : D → E be two operators such that

(A1) F is Lipschitzian with a Lipschitz constant K.

(A2) H is completely continuous.

(A3) x = FxHy ⇒ x ∈ D for all y ∈ D.

(A4) MK ≤ 1 where M = sup
x∈D
|H(x)|. Then the operator equation x = FxHx has at least one

solution.

16



Chapter 2

Existence result for a problem
involving ψ-Riemann-Liouville
fractional derivative on unbounded
domain

2.1 Introduction

This chapter study the existence of solutions on unbounded domain of the following problem :
RLDα,ψ0+ y(t) = f(t, y(t)), t ∈ (0,+∞), (2.1)
RLI2−α,ψ

0+ y(0+) = a, (2.2)
RLDα−1,ψ

0+ y(∞) = b, (2.3)

where RLDα,ψ denote the left-sided ψ-Riemann-Liouville fractional derivative with 1 < α < 2.

The operator I
(2−α),ψ

0+ denotes the left-sided ψ- Riemann-Liouville fractional integral, E is a
Banach space with the norme ‖.‖, a, b ∈ E, f : (0,∞) × E → E a function satisfying some
specified conditions and ψ ∈ C1([0,∞),R+) satisfied ψ′(t) > 0, for all t ∈ [0,∞).

2.2 Background and basic results

Let I ⊂ (0,∞) be a compact interval and denote by C(I, E) the Banach space of continuous
functions y : I → E with the usual norm

‖y‖∞ = sup{‖y(t)‖, t ∈ I}.

L1(J,E) the space of E valued Bochner integrable functions on J with the norm

‖f‖L1 =

∫ +∞

0

‖f(t)‖dt.

17
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For all η > −1 and s, t ∈ [0,∞) with t ≥ s, we pose ψη(t, s) = (ψ(t)− ψ(s))η. We consider the
following Banach space

Cα,ψ([0,∞), E) = {y ∈ C((0,∞), E) : lim
t→0

ψ2−α(t, 0)y(t) and lim
t→∞

ψ2−α(t, 0)y(t)

1 + ψα(t, 0)
exists and finite},

equipped with the norm

‖y‖ψα = sup

{
ψ2−α(t, 0)‖y(t)‖

1 + ψα(t, 0)
, t ∈ (0,∞)

}
.

Definition 2.1. A function y ∈ Cα,ψ([0,+∞)) is said to be solution of the problem (2.1)-(2.3)
if y satisfies the equation RLDα0+y(t) = f(t, y(t)) and the conditions (2.2)-(2.3).

Before we give our result we introduce the following four hypotheses which are needed :

(H1) f : (0,∞)× E → E is a continuous function and for all x, y and (0, T ] ⊂ (0,∞):

‖f(t, x)− f(t, y)‖ ≤ Aψ2−α(t, 0)‖x− y‖, for all t ∈ (0, T ],

where A ∈ R+.

(H2) There exists functions a, b ∈ C([0,∞),R+) such that

‖f(t, u)‖ ≤ a(t) + ψ2−α(t, 0)b(t)‖u‖ for all t ∈ (0,∞) and u ∈ E,

with ∫ ∞
0

ψ′(s)[1 + ψα(s, 0)]b(s)dt < Γ(α)

and ∫ ∞
0

ψ′(s)a(s)dt <∞.

(H3) There exists a function ` ∈ C([0,∞),R+) such that for each nonempty, bounded set
Ω ⊂ Cα,ψ((0,∞), E)

ϑ(f(t,Ω(t))) ≤ `(t)ψ2−α(t, 0)ϑ(Ω(t)), for all t ∈ (0,∞)

with, ∫ ∞
0

ψ′(s)(1 + ψα(s, 0))`(s)ds ≤ Γ(α)

2
.

(H4) There exists R > 0 such that

R >

‖b‖+ (α− 1)‖a‖+

∫ ∞
0

ψ′(s)a(s)ds

Γ(α)−
∫ ∞

0

ψ′(s)(1 + ψα(s, 0))b(s)ds

.

18
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Let
B = {y ∈ Cα,ψ([0,∞), E) : ‖y‖αψ ≤ R},

such that R is a strictly positive real.

Remark 2.2. There exists a positive real number M such that∫ ∞
0

ψ′(s)‖f(s, y(s))‖ds ≤M, for any y ∈ B.

Lemma 2.3. Any solution y ∈ B of the following integral equation

y(t) =
1

Γ(α)

[
b−

∫ ∞
0

ψ′(s)f(s, y(s)dsψα−1(t, 0)

]
+
aψα−2(t, 0)

Γ(α− 1)

+
1

Γ(α)

∫ t

0

ψ′(s)ψα−1(t, s)f(s, y(s)ds
(2.4)

is a solution of the problem (2.1)-(2.3).

Proof. Let y ∈ B be a solution of (2.4). Applying I2−α,ψ
0+ to both sides of (2.4) and utilizing

Lemma 1.10, we get

I2−α,ψ
0+ y(t) =

1

Γ(α)
[b−

∫ ∞
0

ψ′(t)f(t, y(t)dt]ψ1(t, 0) + a+ I2,ψ
0+ f(t, y(t)).

By taking t tends to 0, we get
I1−α,ψ

0+ y(0) = a.

By applying RLDα−1,ψ
0+ to both sides of (2.4) and using Lemma 1.10, we have

RLDα−1,ψ
0+ y(t) = b−

∫ ∞
0

ψ′(t)f(t, y(t)dt+ I1,ψ
0+ f(t, y(t)).

As t −→∞, we get

RLDα−1,ψ
0+ y(∞) = b.

Next, by applying RLDα,ψ0+ to both sides of (2.4) and by using Lemma 1.10, we obtain

RLDα,ψ0+ y(t) = f(t, y(t)).

The results are proved completely.

2.3 Existence result

The theorem below is the main result.

Theorem 2.4. Suppose that conditions (H1)− (H4) are valid. Then the problem (2.1)− (2.3)
has at least one solution.
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Consider the operator N : Cα,ψ([0,∞), E)→ Cα,ψ([0,∞), E) defined by

Ny(t) =
1

Γ(α)

[
b−

∫ ∞
0

ψ′(t)f(t, y(t)dt

]
ψα−1(t, 0) +

aψα−2(t, 0)

Γ(α− 1)

+
1

Γ(α)

∫ t

0

ψ′(s)ψα−1(t, s)f(s, y(s)ds.

Proof. From the definition of the operator N and Lemma 2.3, we see that the fixed points of
N are solutions of problem (2.1)− (2.3).
For this reason, it suffices to verify the conditions of Theorem 1.24, it is done in four steps.
Step 1: N is bounded on B.

Let y ∈ Cα,ψ([0,∞), E), from (H2) it is easy to deduce that Ny ∈ Cα,ψ([0,∞), E). Using (H2),
for all y ∈ B and t ∈ (0,∞) we get

ψ2−α(t, 0)‖N(y)(t)‖
1 + ψα(t, 0)

≤ ‖b‖+M

Γ(α)
+

‖a‖
Γ(α− 1)

+
1

Γ(α)

∫ ∞
0

ψ′(s)‖f(s, y(s))‖ds

≤ ‖b‖+ 2M + (α− 1)‖a‖
Γ(α)

.

Hence, NB is bounded.
Step 2: N is continuous.

We rewrite N as follows

Ny(t) =
bψα−1(t, 0)

Γ(α)
+
aψα−2(t, 0)

Γ(α− 1)
− ψα−1(t, 0)

Γ(α)

∫ ∞
t

ψ′(s)f(s, y(s)ds

+
1

Γ(α)

∫ t

0

ψ′(s)[ψα−1(t, s)− ψα−1(t, 0)]f(s, y(s)ds.

Let {yn}n∈N converges to y in Cα,ψ([0,∞), E) and ε > 0, by noticing that the functions yn, n ∈ N
and y are bounded, it implies that there exists M > 0 such that

‖yn‖ψα ≤M,n ∈ N

and
‖y‖ψα ≤M.

Hypothese (H2) assume that there exists L > 0, such that∫ ∞
L

ψ′(s)a(t)dt <
Γ(α)

6
ε

and ∫ ∞
L

ψ′(s)(1 + ψα(t, 0))b(t)dt <
Γ(α)

6
ε,

and from (H1) there exists m ∈ N such that, for all n ≥ m and t ∈ (0, L], we have

‖f(t, yn(t))− f(t, y(t))‖ < Γ(α)

3ψ1(L, 0)
ε. (2.5)
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Then for all t ∈ (0,∞) and n > m, we have

ψ2−α(t, 0)

1 + ψα(t, 0)
‖N(yn)(t)−N(y)(t)‖ ≤ 1

Γ(α)

∫ t

0

ψ′(s)‖f(s, yn(s))− f(s, y(s))‖ds

+
1

Γ(α)

∫ ∞
t

ψ′(s)‖f(s, yn(s))− f(s, y(s))‖ds

≤ 1

Γ(α)

∫ L

0

ψ′(s)‖f(s, yn(s))− f(s, y(s))‖ds

+
2M

Γ(α)

∫ ∞
L

ψ′(s)[1 + ψα(s, 0)]b(s)ds

+
2

Γ(α)

∫ ∞
L

ψ′(s)a(s)ds ≤ ε

3
+
ε

3
+
ε

3
= ε.

So,
‖Nyn −Ny‖ψα → 0 as n→∞.

Step 3: NB is equicontinuous on any compact [c, d] of (0,∞).

Let y ∈ B and t1, t2 ∈ [c, d], where t2 > t1. Then∥∥∥∥ψ2−α(t2, 0)N(y)(t2)

1 + ψα(t2, 0)
− ψ2−α(t1, 0)N(y)(t1)

1 + ψα(t1, 0)

∥∥∥∥
≤ ‖b‖+M

Γ(α)
| ψ1(t2, 0)

1 + ψα(t2, 0)
− ψ1(t1, 0)

1 + ψα(t1, 0)
|

+
‖a‖
Γ(α)

∣∣∣∣ 1

1 + ψα(t2, 0)
− 1

1 + ψα(t1, 0)

∣∣∣∣
+

1

Γ(α)

∥∥∥∥∫ t2

0

ψ′(s)ψα−1(t2, s)f(s, y(s))ds

−
∫ t1

0

ψ′(s)ψα−1(t1, s)f(s, y(s))ds

∥∥∥∥
≤ ‖b‖+M

Γ(α)
| ψ1(t2, 0)

1 + ψα(t2, 0)
− ψ1(t1, 0)

1 + ψα(t1, 0)
|

+
‖a‖
Γ(α)

∣∣∣∣ 1

1 + ψα(t2, 0)
− 1

1 + ψα(t1, 0)

∣∣∣∣
+

1

Γ(α)

∫ t1

0

ψ′(s)[ψα−1(t2, s)− ψα−1(t1, s)]

‖f(s, y(s))‖ds

+
1

Γ(α)

∫ t2

t1

ψ′(s)ψα−1(t2, s)‖f(s, y(s))‖ds
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≤ ‖b‖+M

Γ(α)
| ψ1(t2, 0)

1 + ψα(t2, 0)
− ψ1(t1, 0)

1 + ψα(t1, 0)
|

+
‖a‖
Γ(α)

∣∣∣∣ 1

1 + ψα(t2, 0)
− 1

1 + ψα(t1, 0)

∣∣∣∣
+

1

Γ(α)

∫ t1

0

ψ′(s)[ψα−1(t2, s)− ψα−1(t1, s)]a(s)ds

+
R

Γ(α)

∫ t1

0

ψ′(s)[ψα−1(t2, s)− ψα−1(t1, s)]

(1 + ψα(s, 0))b(s)ds

+
1

Γ(α)

∫ t2

t1

ψ′(s)ψα−1(t2, s)a(s)ds

+
R

Γ(α)

∫ t2

t1

ψ′(s)ψα−1(t2, s)(1 + ψα(s, 0))b(s)ds

≤ ‖b‖+M

Γ(α)
| ψ1(t2, 0)

1 + ψα(t2, 0)
− ψ1(t1, 0)

1 + ψα(t1, 0)
|

+
‖a‖
Γ(α)

∣∣∣∣ 1

1 + ψα(t2, 0)
− 1

1 + ψα(t1, 0)

∣∣∣∣
+
a∗ + b∗R

Γ(α)

(∫ t1

0

ψ′(s)[ψα−1(t2, s)− ψα−1(t1, s)]ds

)
+
a∗ + b∗R

Γ(α)

∫ t2

t1

ψ′(s)ψα−1(t2, s)ds

+
2b∗R

Γ(α)

(∫ t2

0

ψ′(s)ψα−1(t2, s)ψα(s, 0)ds

−
∫ t1

0

ψ′(s)ψα−1(t1, s)ψα(s, 0)ds

)
≤ ‖b‖+M

Γ(α)
| ψ1(t2, 0)

1 + ψα(t2, 0)
− ψ1(t1, 0)

1 + ψα(t1, 0)
|

+
‖a‖
Γ(α)

∣∣∣∣ 1

1 + ψα(t2, 0)
− 1

1 + ψα(t1, 0)

∣∣∣∣
+
a∗ + b∗R

Γ(1 + α)
(ψα(t2, 0)− ψα(t1, 0)− ψα(t2, t1))

+
a∗ + b∗R

Γ(1 + α)
ψα(t2, t1) +

2b∗RΓ(α + 1)

Γ(2α + 1)
ψ2α(t2, t1),

where a∗ = max
t∈[c,d]

a(t) and b∗ = max
t∈[c,d]

b(t). As t2 → t1 the right-hand side of the above inequality

tends to zero.
Then NB is equicontinuous on any compact [c, d] of (0,∞).
Step 4: We verify that N satisfies the assumptions of theorem 1.24.

First, we now show that N is defined from B to B, Indeed, for any y ∈ B, by above conditions
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(H2), (H4) and by according to a little calculation, we have

‖ψ2−α(t, 0)N(y)(t)

1 + ψα(t, 0)
‖ ≤ ‖b‖

Γ(α)
+

‖a‖
Γ(α− 1)

+
1

Γ(α)

∫ ∞
0

ψ′(s)‖f(t, y(t))‖dt

≤ 1

Γ(α)

(
‖b‖+ (α− 1)‖a‖+

∫ ∞
0

ψ′(s)a(s)ds

+ R

∫ ∞
0

ψ′(s)(1 + ψα(s, 0))b(s)ds

)
< R.

We put D = conv(NB), it is clear that D is a closed, bounded and convex subset of B.
Knowing that ND ⊂ NB ⊂ D, then N remains defined from D to D. We denote by ϑ(α,ψ) the
Kuratowski measure of non-compactness on Cα,ψ([0,∞), E), we will show the following equality

ϑ(α,ψ)(NV ) = sup

{
ϑ

(
ψ2−α(t, 0)NV (t)

1 + ψα(t, 0)

)
, t ∈ (0,∞)

}
, for all V ⊂ D. (2.6)

Let us first show that for all ε > 0, there is a real number T∞ > 0 such that, for any t1, t2 ≥ T∞
and y ∈ V , we have

‖ψ2−α(t2, 0)Ny(t2)

1 + ψα(t2, 0)
− ψ2−α(t1, 0)Ny(t1)

1 + ψα(t1, 0)
‖ < ε. (2.7)

We have

‖ψ2−α(t2, 0)N(y)(t2)

1 + ψα(t2, 0)
− ψ2−α(t1, 0)N(y)(t1)

1 + ψα(t1, 0)
‖

≤ ‖b‖+M

Γ(α)

∣∣∣∣ ψ1(t2, 0)

1 + ψα(t2, 0)
− ψ1(t1, 0)

1 + ψα(t1, 0)

∣∣∣∣
+
‖a‖
Γ(α)

∣∣∣∣ 1

1 + ψα(t2, 0)
− 1

1 + ψα(t1, 0)

∣∣∣∣
+

1

Γ(α)

∥∥∥∥ ψ1(t2, 0)

1 + ψα(t2, 0)
− ψ1(t1, 0)

1 + ψα(t1, 0)

∥∥∥∥∫ ∞
0

ψ′(s) ‖f(s, y(s))‖ ds.

We distinguish two cases. If limψ1(t, 0)) =∞, we obtain

lim
t→∞

ψ1(t, 0))

1 + ψα(t, 0)
= 0,

and

lim
t→∞

1

1 + ψα(t, 0)
= 0,

then, this shows that

‖ψ2−α(t2, 0)Ny(t2)

1 + ψα(t2, 0)
− ψ2−α(t1, 0)Ny(t1)

1 + ψα(t1, 0)
‖ → 0 as t1, t2 →∞. (2.8)
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If limψ1(t, 0)) = l <∞, by noticing the inequality

∥∥∥∥ ψ1(t2, 0)

1 + ψα(t2, 0)
− ψ1(t1, 0)

1 + ψα(t1, 0)

∥∥∥∥ ≤ ∥∥∥∥ ψ1(t2, 0)

1 + ψα(t2, 0)
− l

1 + lα

∥∥∥∥
+

∥∥∥∥ ψ1(t1, 0)

1 + ψα(t1, 0)
− l

1 + lα

∥∥∥∥ ,
we easily obtain the estimate (2.8). In the same way, we verify that for all ε > 0, there is a real
number 0 < T0 << T∞ such that, for any t1, t2 ≤ T0 and y ∈ V , we have∥∥∥∥ψ2−α(t2, 0)Ny(t2)

1 + ψα(t2, 0)
− ψ2−α(t1, 0)Ny(t1)

1 + ψα(t1, 0)

∥∥∥∥ < ε. (2.9)

We come back to show equality (2.6), we show first

ϑ(α,ψ)(NV ) ≤ sup
(0,∞)

ϑ

(
ψ2−α(t, 0)NV (t)

1 + ψα(t, 0)

)
.

Let NV |K the restriction of NV on the interval K = [T0, T∞] and let ε be a strictly positive
real number, by utilizing Lemma 1.21 and the third step, we get

ϑ(α,ψ)(NV |K) = sup
K
ϑ

(
ψ2−α(t, 0)NV (t)

1 + ψα(t, 0)

)
≤ sup

(0,∞)

ϑ

(
ψ2−α(t, 0)NV (t)

1 + ψα(t, 0)

)
,

this implies that there exists a finite partition NVi of NV so that

NV = ∪iNVi

and

diam(NVi|K) < sup
(0,∞)

ϑ

(
ψ2−α(t, 0)NV (t)

1 + ψα(t, 0)

)
+ ε, i = 0, 1, · · · , k. (2.10)

Consequently, using inequalities (2.7) and (2.10), we get, for all Ny1, Ny2 of NVi and t ≥ T∞

‖ψ2−α(t, 0)Ny2(t)

1 + ψα(t, 0)
− ψ2−α(t, 0)Ny1(t))

1 + ψα(t, 0)
‖

≤ ‖ψ2−α(t, 0)Ny2(t)

1 + ψα(t, 0)
− ψ2−α(T∞, 0)Ny2(T∞)

1 + ψα(T∞, 0)
‖

+ ‖ψ2−α(T∞, 0)Ny2(T∞)

1 + ψα(T∞, 0)
− ψ2−α(T∞, 0)Ny1(T∞)

1 + ψα(T∞, 0)
‖

+ ‖ψ2−α(t, 0)Ny1(t)

1 + ψα(t, 0)
− ψ2−α(T∞, 0)Ny2(T∞)

1 + ψα(T∞, 0)
‖

< 3ε+ sup
(0,∞)

ϑ

(
ψ2−α(t, 0)NV (t)

1 + ψα(t, 0)

)
.
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So,

‖ψ2−α(t, 0)Ny2(t)

1 + ψα(t, 0)
− ψ2−α(t, 0)Ny1(t))

1 + ψα(t, 0)
‖ ≤ 3ε+ sup

(0,∞)

ϑ

(
ψ2−α(t, 0)NV (t)

1 + ψα(t, 0)

)
. (2.11)

By the same procedure and using inequalities (2.9) and (2.10), we easily show that the inequality
(2.11) is also true for all Ny1, Ny2 of NVi and t ≤ T0. Then, from (2.10) and (2.11), we obtain

diam(NVi) < sup
(0,∞)

ϑ

(
ψ2−α(t, 0)NV (t)

1 + ψα(t, 0)

)
+ 3ε, i = 0, 1, · · · , k.

Thus,

ϑ(α,ψ)(NV ) < sup
(0,∞)

ϑ

(
ψ2−α(t, 0)NV (t)

1 + ψα(t, 0)

)
+ 3ε.

Since ε is arbitrary, this leads us to the result.

Conversely. we show that sup
(0,∞)

ϑ

(
ψ2−α(t, 0)NV (t)

1 + ψα(t, 0)

)
≤ ϑ(α,ψ)(NV ).

According to the definition of Kuratowski MNC, we have, for all ε > 0 we can find a finite
partition NV = ∪iNVi such that

diam(NVi) < ϑ(α,ψ)(NV ) + ε,

then for all y1, y2 ∈ V and t ∈ (0,∞), we obtain

‖ψ2−α(t, 0)Ny2(t)

1 + ψα(t, 0)
− ψ2−α(t, 0)Ny1(t)

1 + ψα(t, 0)
‖ ≤ ‖Ny2 −Ny1‖ψα < ϑ(α,ψ)(NV ) + ε.

According to NV (t) = ∪iNVi(t), we get

ϑ

(
ψ2−α(t, 0)NV (t)

1 + ψα(t, 0)

)
< ϑ(α,ψ)(NV ) + ε,

since ε is arbitrary, we then have

ϑ

(
ψ2−α(t, 0)NV (t)

1 + ψα(t, 0)

)
≤ ϑ(α,ψ)(NV ).

So,

sup
(0,∞)

ϑ

(
ψ2−α(t, 0)NV (t)

1 + ψα(t, 0)

)
≤ ϑ(α,ψ)(NV ).

That’s all he would like to show.
Next, it remains to prove that N is a Meir-Keeler condensing operator via the measure of
non-compactness ϑ(α,ψ), this is equivalent to demonstrating the following implication

∀ε > 0,∃%(ε) : ε ≤ ϑ(α,ψ)(V ) < ε+ % =⇒ ϑ(α,ψ)(NV ) < ε, for any V ⊂ D. (2.12)

Let ε be a strictly positive real, V ⊂ D and t ∈ (0,∞), for all ι, κ ∈ R∗+ verifying
0 < ι ≤ t ≤ κ, we define the auxiliary operator Nι,κ by
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Nι,κy(t) =
bψα−1(t, 0)

Γ(α)
+
aψα−2(t, 0)

Γ(α− 1)
− ψα−1(t, 0)

Γ(α)

∫ κ

t

ψ′(s)f(s, y(s)ds

+
1

Γ(α)

∫ t

ι

ψ′(s)[ψα−1(t, s)− ψα−1(t, 0)]f(s, y(s)ds.

Using the properties of ϑ, we get

ϑ

(
ψ2−α(t, 0)Nι,κV (t)

1 + ψα(t, 0)

)
→
(
ψ2−α(t, 0)NV (t)

1 + ψα(t, 0)

)
as ι→ 0 and κ→∞. (2.13)

An argument similar to that of third step, we show that the Nι,κV is equicontinuous and
bounded on [ι, κ]. From Lemmas 1.19, 1.20,1.21, (H3) and the previous steps, we have, there
exists a sequence {µn}∞n=0 ⊂ V such that

ϑ

(
ψ2−α(t, 0)Nι,κV (t)

1 + ψα(t, 0)

)
≤ ε

2
+

1

Γ(α)
ϑ

{∫ κ

t

ψ′(s)f(s, µn(s))ds, n ∈ N
}

+
1

Γ(α)
ϑ

{∫ t

ι

ψ′(s)f(s, µn(s))ds, n ∈ N
}

≤ ε

2
+

1

Γ(α)

∫ κ

ι

ψ′(s)ϑ {f(s, µn(s)), n ∈ N} ds

≤ ε

2
+
ϑ(α,ψ)(V )

Γ(α)

∫ ∞
0

ψ′(s)[1 + ψα(s, 0)]`(s)ds.

From (2.13), we know that

ϑ(α,ψ)(NV ) ≤ ε

2
+
ϑ(α,ψ)(V )

Γ(α)

∫ ∞
0

ψ′(s)[1 + ψα(s, 0)]`(s)ds.

If

ϑ(α,ψ)(NV ) ≤ ε

2
+
ϑ(α,ψ)(V )

Γ(α)

∫ ∞
0

ψ′(s)[1 + ψα(s, 0)]`(s)ds < ε,

this implies that

ϑ(α,ψ)(V ) <
Γ(α)

2
∫∞

0
ψ′(s)[1 + ψα(s, 0)]`(s)ds

ε,

so that implication (2.12) is fulfilled, we take

% =
Γ(α)− 2

∫∞
0
ψ′(s)[1 + ψα(s, 0)]`(s)ds

2
∫∞

0
ψ′(s)[1 + ψα(s, 0)]`(s)ds

ε.

So, N is a Meir-Keeler condensing operator via ϑ(α,ψ), finally all the hypotheses of the theorem
1.24 are fulfilled, which ensures us that the solution sets of problem (2.1) − (2.3 is nonempty
and compact.
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2.4 Example

As an application of our results we consider the following fractional differential equation.


RLD

3
2
,ψy(t) =

(√
ψ0.5(t, 0)yn(t)

1 + ψ1.5(t, 0)
+

sin(t)

1 + e2t

)∞
n=1

, t ∈ (0,+∞), (2.14)

RLI
1
2
,ψ

0+ y(0) = (1, 0, . . . , 0, . . .), (2.15)

RLD
1
2
,ψ

0+ y(∞) = (1, 0, . . . , 0, . . .). (2.16)

where ψ(t) = − arctan( 1
1+t

), this implies that

ψ′(t) =
1

1 + (1 + t)2

and
ψη(t, 0) = [ψ(t) +

π

4
]η.

Let
E = {(y1, y2, . . . , yn, . . .) : sup

n
|yn| <∞},

with the norm ‖y‖ = supn |yn|, then (E, ‖.‖) consists a Banach space, by comparing with the
(2.1)− (2.3), we notice that

α = 1.5

and
f(t, y(t)) = (f(t, y1(t)), . . . , f(t, yn(t)), . . .),

where

f(t, yn(t)) =

√
ψ0.5(t, 0)yn(t)

1 + ψ1.5(t, 0)
+

sin(t)

1 + e2t
, n ∈ N∗.

We shall verify the conditions (H1) and (H2). Evidently, f is continuous function in (0,∞)×E
and

‖f(t, y(t))‖ ≤
√
ψ0.5(t, 0)

1 + ψ1.5(t, 0)
‖y(t)‖+

1

1 + e2t
.

With the aid of simple computation we find that∫ ∞
0

ψ′(t)b(t)[1 + ψ1.5(t, 0)]dt =

∫ ∞
0

dt

1 + (1 + t)2
=
π

4
< Γ(1.5) and∫ ∞

0

ψ′(t)a(t)dt =

∫ ∞
0

dt

(1 + e2t)(1 + (1 + t)2)
≤ π

2
<∞.

Finally, we verify condition (H3). For any bounded set Ω ⊂ Cα,ψ((0,∞), E), we have

f(t,Ω(t)) =

√
ψ0.5(t, 0)

1 + ψ1.5(t, 0)
Ω(t) +

{
sin(t)

1 + e2t

}
.
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Then

ϑ(f(t,Ω(t)) ≤
√
ψ0.5(t, 0)

1 + ψ1.5(t, 0)
ϑ(Ω(t)).

Since
∫∞

0
ψ′(t)`(t)[1 +ψ1.5(t, 0)]dt ≤ Γ(1.5)

2
, we conclude that condition (H3) is satisfied. There-

fore, Theorem 2.4 ensures that the solution sets of problem (2.14)-(2.16) is nonempty and
compact.
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Chapter 3

Non-local Fractional Differential
Equation On The Half Line in Banach
Space

3.1 Introduction

In this Chapter we deal with the existence of solution sets and its topological structure for frac-
tional differential equations on unbounded domain with the non-local conditions. We consider
the following non-local boundary-value problem :

RLDα0+y(t) = f(t, y(t)), t ∈ J = (0,+∞), (3.1)

I2−α
0+ y(0+) =

m∑
i=1

λiy(τi), (3.2)

RLDα−1

0+ y(∞) = y∞, (3.3)

where RLDα0+ denotes the Riemann-Liouville fractional derivative of order α, 1 < α ≤ 2. The
operator I2−α

0+ denotes the Riemann-Liouville fractional integral, the state y(·) takes values in
a Banach space E, f : (0,∞)×E → E will be specified. τi, i = 1, 2, . . . ,m are pre-fixed points
satisfying 0 < τ1 ≤ · · · ≤ τm, λi ∈ R∗+ and

Γ(α− 1) 6=
m∑
i=1

λiτ
α−2
i , where Γ(α) =

∫ +∞

0

tα−1e−tdt. (3.4)

3.2 Background and basic results

Let I ⊂ J = (0,∞) be a compact interval and denote by C(I, E) the Banach space of continuous
functions y : I → E with the usual norm

‖y‖∞ = sup{‖y(t)‖, t ∈ I}.
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L1(J,E) the space of E valued Bochner integrable functions on J with the norm

‖f‖L1 =

∫ +∞

0

‖f(t)‖dt.

We consider the following Banach space

Cα([0,∞), E) = {y ∈ C((0,∞), E) : lim
t→0+

t2−αy(t) and lim
t→∞

t2−αy(t)

1 + tα
exist and are finite}.

A norm in this space is given by

‖y‖α = sup
t∈J

t2−α‖y(t)‖
1 + tα

.

For y ∈ Cα([0,∞), E), we define yα by

yα(t) =


t2−αy(t)

1 + tα
, t ∈ (0,∞),

lim
t→0

t2−αy(t)

1 + tα
, t = 0.

yα ∈ C([0,∞), E).
In the sequel we denote

T =
1

Γ(α− 1)−
m∑
i=1

λiτ
α−2
i

.

Definition 3.1. A function y ∈ Cα([0,+∞)) is said to be a solution of the problem (3.1)-(3.3)
if y satisfies the equation RLDα0+y(t) = f(t, y(t)) and the conditions (3.2)− (3.3).

Lemma 3.2. Let 1 < α < 2. A function y is a solution of the fractional integral equation

y(t) =

y∞ −
∫ ∞

0

f(s, y(s))ds

Γ (α)

[
tα−1 + T

(
m∑
i=1

λiτ
α−1
i

)
tα−2

]
+
Ttα−2

Γ (α)

m∑
i=1

λi

∫ τi

0

(τi − s) f(s, y(s))ds+
1

Γ (α)

∫ t

0

(t− s)α−1 f(s, y(s))ds

(3.5)

if and only if y is a solution of the problem :
RLDα0+y(t) = f(t, y(t)), t ∈ J = (0,+∞), (3.6)

I2−α
0+ y(0+) =

m∑
i=1

λiy(τi), (3.7)

RLDα−1

0+ y(∞) = y∞. (3.8)
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Proof. Assume that y satisfies the problem (3.6)-(3.8). We may apply Lemma 1.20 to reduce
equation (3.6) to an equivalent integral equation

y(t) = c1t
α−1 + c2t

α−2 + Iα0+f(t, y(t)), (3.9)

for some c1, c2 ∈ R. Applying I2−α
0+ to both sides of (3.9), we have

I2−α
0+ y(t) = c1I2−α

0+ tα−1 + c2I2−α
0+ tα−2 + I2−α

0+ I
α
0+f(t, y(t)).

From Remark 1.7, we then get

I2−α
0+ y(t) =

c1Γ(α)

Γ(2)
t+ c2Γ(α− 1) +

1

Γ(2)

∫ t

0

(t− s)f(s, y(s))ds.

Taking t −→ 0, we obtain

c2 =
I2−α

0+ y(0+)

Γ(α− 1)
.

Applying RLDα−1
0+ to both sides of (3.9), we obtain

RLDα−1

0+ y(t) = c1
RLDα−1

0+ tα−1 + c2
RLDα−1

0+ tα−2 + RLDα−1

0+ Iα0+f(t, y(t)).

From Remark 1.7 and Remark 1.8, we get

RLDα−1

0+ y(t) = c1Γ(α) +
1

Γ(1)

∫ t

0

f(s, y(s))ds.

Hence

c1 =
1

Γ(α)

[
y∞ −

∫ ∞
0

f(s, y(s)))ds

]
.

Thus, we have

y(t) =
1

Γ(α)

[
y∞ −

∫ ∞
0

f(s, y(s)))ds

]
tα−1 +

I2−α
0+ y(0+)

Γ(α− 1)
tα−2

+
1

Γ(α)

∫ t

0

(t− s)α−1f(s, y(s))ds.

(3.10)

Next, we substitute t by τi into the above equation,

y(τi) = 1
Γ(α)

[
y∞ −

∫ ∞
0

f(s, y(s)))ds

]
τα−1
i +

I2−α
0+ y(0+)

Γ(α− 1)
τα−2
i

+
1

Γ(α)

∫ τi

0

(τi − s)α−1f(s, y(s))ds,

by multiplying both sides of the equality by λi, we obtain

λiy(τi) =
1

Γ(α)

[
y∞ −

∫ ∞
0

f(s, y(s)))ds

]
λiτ

α−1
i +

I2−α
0+ y(0+)

Γ(α− 1)
λiτ

α−2
i

+
λi

Γ(α)

∫ τi

0

(τi − s)α−1f(s, y(s))ds.
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From (3.2), we have

I2−α
0+ y(0+) =

1

Γ(α)

[
y∞ −

∫ ∞
0

f(s, y(s)))ds

] m∑
i=1

λiτ
α−1
i +

I2−α
0+ y(0+)

Γ(α− 1)

m∑
i=1

λiτ
α−2
i

+
1

Γ(α)

m∑
i=1

λi

∫ τi

0

(τi − s)α−1f(s, y(s))ds,

which implies

I2−α
0+ y(0+) =

T

α− 1

[
(y∞ −

∫ ∞
0

f(s, y(s)))ds)
m∑
i=1

λiτ
α−1
i

+
m∑
i=1

λi

∫ τi

0

(τi − s)α−1f(s, y(s))ds.

] (3.11)

Substituting (3.11) into (3.10), we derive that (3.5).
Conversely, assume that y satisfies the integral equation (3.5). Applying I2−α

0+ to both sides of
(3.5) and using Remark 1.7, we have

I2−α
0+ y(t) =

(
y∞ −

∫ ∞
0

f(s, y(s)))ds

)(
t+

T

α− 1

m∑
i=1

λiτ
α−1
i

)

+
T

α− 1

m∑
i=1

λi

∫ τi

0

(τi − s)α−1f(s, y(s))ds+ I2
0+f(t, y(t))).

As t −→ 0, we get

I2−α
0+ y(0+) =

T

α− 1
(
m∑
i=1

λiτ
α−1
i )

(
y∞ −

∫ ∞
0

f(s, y(s)))ds

)
+

T

α− 1

m∑
i=1

λi

∫ τi

0

(τi − s)α−1f(s, y(s))ds,

t by τi into (3.5), we have

y(τi) =
y∞ −

∫∞
0
f(s, y(s)))ds

Γ(α)

(
τα−1
i + T (

m∑
i=1

λiτ
α−1
i )τα−2

i

)

+
Tτα−2

i

Γ(α)

m∑
i=1

λi

∫ τi

0

(τi − s)α−1f(s, y(s))ds+
1

Γ(α)

∫ τi

0

(τi − s)α−1f(s, y(s))ds.

So, we derive

m∑
i=1

λiy(τi) =
y∞ −

∫∞
0
f(s, y(s)))ds

Γ(α)

(
m∑
i=1

λiτ
α−1
i + T (

m∑
i=1

λiτ
α−1
i )

m∑
i=1

λiτ
α−2
i

)
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+

T
m∑
i=1

λiτ
α−2
i

Γ(α)

m∑
i=1

λi

∫ τi

0

(τi − s)α−1f(s, y(s))ds

+
1

Γ(α)

m∑
i=1

λi

∫ τi

0

(τi − s)α−1f(s, y(s))ds

=

(y∞ −
∫∞

0
f(s, y(s)))ds)

m∑
i=1

λiτ
α−1
i

Γ(α)

(
1 + T

m∑
i=1

λiτ
α−2
i

)

+
1

Γ(α)

m∑
i=1

λi

∫ τi

0

(τi − s)α−1f(s, y(s))ds

(
1 + T

m∑
i=1

λiτ
α−2
i

)
.

Finally,

m∑
i=1

λiy(τi) =
T

α− 1
(
m∑
i=1

λiτ
α−1
i )

(
y∞ −

∫ ∞
0

f(s, y(s)))ds

)
+

T

α− 1

m∑
i=1

λi

∫ τi

0

(τi − s)α−1f(s, y(s))ds = I2−α
0+ y(0+)

Now by applying RLDα−1
0+ to both sides of (3.5) and using Remark 1.7, Remark 1.8, we have

RLDα−1

0+ y(t) = y∞ −
∫ ∞

0

f(s, y(s)))ds+ I1
0+f(t, y(t)).

Let t −→∞, then we get
RLDα−1

0+ y(∞) = y∞.

Next, by applying RLDα0+ to both sides of (3.5) and using Remark 1.7, Remark 1.8, we obtain

RLDα0+y(t) = f(t, y(t)).

Which ends the proof.

Now, we are in a position to give the main result of this work. Let

B = {y ∈ Cα([0,∞), E) : ‖y‖α ≤ R}.

Remark 3.3. We can write Equation (3.5) in the following form,

y(t) =
y∞

Γ(α)

[
tα−1 + T (

m∑
i=1

λiτ
α−1
i )tα−2

]
+
Ttα−2

Γ(α)

m∑
i=1

λi

∫ τi

0

(τi − s)α−1f(s, y(s))ds

− 1

Γ(α)

∫ t

0

[tα−1 + Ttα−2

m∑
i=1

λiτ
α−1
i − (t− s)α−1]f(s, y(s))ds

− 1

Γ(α)

∫ ∞
t

(tα−1 + Ttα−2

m∑
i=1

λiτ
α−1
i )f(s, y(s))ds.
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3.3 Existence result

Before we give our main result we need the following assumptions.

(H1) There exist nonnegative continuous functions a, b such that
‖f(t, u)‖ ≤ a(t) + t2−αb(t)‖u‖ , for all t ∈ J and u ∈ E,∫∞

0
(1 + tα)b(t)dt ≤ Γ(α)

3(1 + |T |
m∑
i=1

λiτ
α−1
i )

,

∫∞
0
a(t)dt <∞.

(H2) f : (0,∞)× E → E is a continuous function and for all x, y and (0, b] ⊂ (0,∞):

‖f(t, x)− f(t, y)‖ ≤ αt2−α‖x− y‖, for all t ∈ (0, b],

with α ∈ R+.

(H3) There exists nonnegative function ` ∈ L1(J,R+) such that for each non empty, bounded
set Ω ⊂ Cα(J,E)

γ(f(t,Ω(t))) ≤ t2−α`(t)γ(Ω(t)), for all t ∈ J,∫∞
0

(1 + tα)`(t)dt ≤ Γ(α)

4(1 + |T |
m∑
i=1

λiτ
α−1
i )

.

(H4) There exists strictly positive real number R such that

R >
‖y∞‖+ 3

∫∞
0
a(t)dt

Γ(α)

(1 + |T |(
m∑
i=1

λiτ
α−1
i ))

− 3
∫∞

0
(1 + tα)b(t)dt

.

Theorem 3.4. Assume that conditions (H1), (H2), (H3) and (H4) are satisfied. Then, the
problem (3.1)-(3.3) has at least one solution.

Proof. Let the operator N : Cα([0,∞), E)→ Cα([0,∞), E) be defined as

N(y)(t) =
y∞

Γ(α)
[tα−1 + T (

m∑
i=1

λiτ
α−1
i )tα−2] +

Ttα−2

Γ(α)

m∑
i=1

λi

∫ τi

0

(τi − s)α−1f(s, y(s))ds

− 1

Γ(α)

∫ t

0

[tα−1 + T (
m∑
i=1

λiτ
α−1
i )tα−2 − (t− s)α−1]f(s, y(s))ds

− 1

Γ(α)

∫ ∞
t

(tα−1 + T (
m∑
i=1

λiτ
α−1
i )tα−2)f(s, y(s))ds.
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From the definition of the operator N and Lemma 3.2, we see that the fixed points of N are
solutions of problem (3.1)-(3.3). For this reason, it suffices to verify the axioms of Theorem
1.24, which is done in four steps.
Step1: We start to prove that N is bounded.

Let y ∈ Cα([0,∞), E), from (H1) it is easy to deduce that Ny ∈ Cα(J,E). Using (H1), for all
y ∈ B and t ∈ (0,∞), we get

t2−α‖N(y)(t)‖
1 + tα

≤
‖y∞‖

(
1 + |T |

m∑
i=1

λiτ
α−1
i

)
Γ(α)

+
|T |

Γ(α)

m∑
i=1

λi

∫ τi

0

(τi − s)α−1‖f(s, y(s))‖ds

+

2 + |T |
m∑
i=1

λiτ
α−1
i

Γ(α)

∫ t

0

‖f(s, y(s))‖ds

+

1 + |T |
m∑
i=1

λiτ
α−1
i

Γ(α)

∫ ∞
t

‖f(s, y(s))‖ds

≤
‖y∞‖(1 + |T |

m∑
i=1

λiτ
α−1
i )

Γ(α)
+

3|T |
m∑
i=1

λiτ
α−1
i + 3

Γ(α)

∫ ∞
0

a(t)dt

+

3|T |‖y‖α
m∑
i=1

λiτ
α−1
i + 3

Γ(α)

∫ ∞
0

(1 + tα)b(t)dt.

Hence, N : Cα(J,E)→ Cα(J,E) is bounded.
Step2: We will show that N is continuous.

Let {yn}∞n=1 ⊂ Cα(J,E) and y ∈ Cα(J,E) such that yn → y as n→∞. Then,
{yn}∞n=1 is a bounded set of Cα(J,E), i.e. there exists M > 0 such that ‖yn‖α ≤M , for n > 1.
We also have by taking the limit that ‖y‖α ≤M . In view of condition (H1), for all ε > 0, there
exists L > τm such that ∫ ∞

L

a(t)dt <
Γ(α)ε

3

[
|T |

m∑
i=1

λiτ
α−1
i + 4

] ,
and ∫ ∞

L

(1 + tα)b(t)dt <
Γ(α)ε

3

[
4|T |

m∑
i=1

λiτ
α−1
i + 4

]
M

, (3.12)

and from (H2), there exists Ñ ∈ N such that, for all n ≥ Ñ and t ∈ (0, L], we have
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‖f(t, yn(t))− (t, y(t))‖ < Γ(α)

3

[
2|T |(

m∑
i=1

λiτ
α−1
i ) + 3

]
L

ε. (3.13)

Therefore, for all t ∈ J and n > Ñ , we have

t2−α

1 + tα
‖N(yn)(t)−N(y)(t)‖ ≤ |T |

Γ(α)

m∑
i=1

λi

∫ τi

0

(τi − s)α−1‖f(s, yn(s))− (s, y(s))‖ds

+

2 + |T |(
m∑
i=1

λiτ
α−1
i )

Γ(α)

∫ t

0

‖f(s, yn(s))− f(s, y(s))‖ds

+

1 + |T |(
m∑
i=1

λiτ
α−1
i )

Γ(α)

∫ ∞
t

‖f(s, yn(s))− f(s, y(s))‖ds.

If t ≤ L and n > Ñ , we have

t2−α

1 + tα
‖N(yn)(t)−N(y)(t)‖ ≤ |T |

Γ(α)

m∑
i=1

λiτ
α−1
i

∫ L

0

‖f(s, yn(s))− f(s, y(s))‖ds

+

3 + 2|T |(
m∑
i=1

λiτ
α−1
i )

Γ(α)

∫ L

0

‖f(s, yn(s))− f(s, y(s))‖ds

+

2 + 2|T |(
m∑
i=1

λiτ
α−1
i )

Γ(α)

∫ ∞
L

a(s)ds

+

(2 + 2|T |(
m∑
i=1

λiτ
α−1
i ))M

Γ(α)

∫ ∞
L

(1 + sα)b(s)ds.

From (3.3) and (3.13), we obtain,

t2−α

1 + tα
‖N(yn)(t)−N(y)(t)‖ < ε

3
+
ε

3
+
ε

3
= ε.

The case when t > L and n > Ñ is treated similarly. Thus we conclude that,

‖yn − y‖α → 0 as n→∞.

So, N is continuous.

Step3: We prove the following results :
(i) NBα = {(Ny)α : y ∈ Bα} is equicontinuous on any compact [0, d] of [0,∞).
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(ii) For given ε > 0, there exists a constant n1 > 0 such that

‖N(y)α(t1)

1 + tα1
− N(y)α(t2)

1 + tα2
‖ < ε,

for any t1, t2 ≥ n1 and y(.) ∈ Bα.
We have, from (H1) and the boundedness of B, there exists M > 0 such that∫ ∞

0

‖f(t, y(t))‖dt ≤M for any y ∈ B. (3.14)

Let us show the equicontinuity of NBα on any compact [0, d]. Indeed, let y ∈ B and t1, t2 ∈
[0, d], where t2 > t1.Then

‖t
2−α
1 N(y)(t1)

1 + tα1
− t2−α2 N(y)(t2)

1 + tα2
‖ ≤ ‖y∞‖+M

Γ(α)

(
| t1
1 + tα1

− t2
1 + tα2

|+ | 1

1 + tα1
− 1

1 + tα2
|
)

+

[
|T |

Γ(α)

m∑
i=1

λi

∫ τi

0

(τi − s)α−1‖f(s, y(s))‖ds

] ∣∣∣∣ 1

1 + tα1
− 1

1 + tα2

∣∣∣∣
+

1

Γ(α)

∥∥∥∥∫ t1

0

(t1 − s)α−1f(s, y(s))ds

−
∫ t2

0

(t2 − s)α−1f(s, y(s))ds

∥∥∥∥
≤ ‖y∞‖+M

Γ(α)

∣∣∣∣ t1
1 + tα1

− t2
1 + tα2

∣∣∣∣
+

‖y∞‖+ |T |(
m∑
i=1

λiτ
α−1
i )M +M

Γ(α)

∣∣∣∣ 1

1 + tα1
− 1

1 + tα2

∣∣∣∣
+

1

Γ(α)

∫ t1

0

|(t2 − s)α−1 − (t1 − s)α−1|‖f(s, y(s))‖ds

+
1

Γ(α)

∫ t2

t1

(t2 − s)α−1‖f(s, y(s))‖ds

≤ ‖y∞‖+M

Γ(α)

∣∣∣∣ t1
1 + tα1

− t2
1 + tα2

∣∣∣∣
+

‖y∞‖+ |T |(
m∑
i=1

λiτ
α−1
i )M +M

Γ(α)

∣∣∣∣ 1

1 + tα1
− 1

1 + tα2

∣∣∣∣
+

1

Γ(α)

∫ t1

0

|(t2 − s)α−1 − (t1 − s)α−1|a(s)ds

+
R

Γ(α)

∫ t1

0

|(t2 − s)α−1 − (t1 − s)α−1|(1 + sα)b(s)ds
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+
1

Γ(α)

∫ t2

t1

(t2 − s)α−1a(s)ds

+
R

Γ(α)

∫ t2

t1

(t2 − s)α−1(1 + sα)b(s)ds

≤ ‖y∞‖+M

Γ(α)

∣∣∣∣ t1
1 + tα1

− t2
1 + tα2

∣∣∣∣
+

‖y∞‖+ |T |(
m∑
i=1

λiτ
α−1
i )M +M

Γ(α)

∣∣∣∣ 1

1 + tα1
− 1

1 + tα2

∣∣∣∣
+
a∗ + b∗R

Γ(α)

(∫ t1

0

(t2 − s)α−1 − (t1 − s)α−1ds

)
+
a∗ + b∗R

Γ(α)

∫ t2

t1

(t2 − s)α−1ds

+
2b∗R

Γ(α)

(∫ t2

0

(t2 − s)α−1sαds−
∫ t1

0

(t1 − s)α−1sαds

)
≤ ‖y∞‖+M

Γ(α)

∣∣∣∣ t1
1 + tα1

− t2
1 + tα2

∣∣∣∣
+

‖y∞‖+ |T |(
m∑
i=1

λiτ
α−1
i )M +M

Γ(α)

∣∣∣∣ 1

1 + tα1
− 1

1 + tα2

∣∣∣∣
+
a∗ + b∗R

Γ(1 + α)
(tα2 − tα1 − (t2 − t1)α)

+
a∗ + b∗R

Γ(1 + α)
(t2 − t1)α +

2b∗RB(α, α + 1)

Γ(α)
(t2α2 − t2α1 ),

where a∗ = max
t∈[a,b]

a(t) and b∗ = max
t∈[a,b]

b(t). As t2 → t1 the right-hand side of the above inequality

tends to zero. Then

{
t −→ t2−αN(y)(t)

1 + tα
, y ∈ B

}
is equicontinuous on [0, d].

Next, let us show the equiconvergence of NBα. In fact, let ε > 0, we have

‖t
2−α
1 N(y)(t1)

1 + tα1
− t2−α2 N(y)(t2)

1 + tα2
‖ ≤ ‖y∞‖+M

Γ(α)

∣∣∣∣ t1
1 + tα1

− t2
1 + tα2

∣∣∣∣
+

‖y∞‖+ |T |(
m∑
i=1

λiτ
α−1
i )M +M

Γ(α)

∣∣∣∣ 1

1 + tα1
− 1

1 + tα2

∣∣∣∣
+

1

Γ(α)

∥∥∥∥∫ t1

0

t2−α1 (t1 − s)α−1

1 + tα1
f(s, y(s))ds

−
∫ t2

0

t2−α2 (t2 − s)α−1

1 + tα2
f(s, y(s))ds

∥∥∥∥ .
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It suffices to show that∥∥∥∥∫ t1

0

t2−α1 (t1 − s)α−1

1 + tα1
f(s, y(s))ds−

∫ t2

0

t2−α2 (t2 − s)α−1

1 + tα2
f(s, y(s))ds

∥∥∥∥ ≤ ε.

Relation (3.14) yields that there exits N0 > 0 such that∫ ∞
N0

‖f(t, y(t))‖dt ≤ ε

3
for any y ∈ B. (3.15)

On the other hand, since lim
t→∞

t2−α(t−N0)α−1

1 + tα
= 0, there exists N1 > N0 such that, for any

t1, t2 ≥ N1 and s ∈ [0, N0], we have∣∣∣∣t2−α2 (t2 − s)α−1

1 + tα2
− t2−α1 (t1 − s)α−1

1 + tα1

∣∣∣∣ < ε

3M
. (3.16)

Now taking t1, t2 ≥ N1, from (3.15), (3.16), we can arrive at∥∥∥∥∫ t1

0

t2−α1 (t1 − s)α−1

1 + tα1
f(s, y(s))ds−

∫ t2

0

t2−α2 (t2 − s)α−1

1 + tα2
f(s, y(s))ds

∥∥∥∥
≤
∫ N1

0

∣∣∣∣t2−α2 (t2 − s)α−1

1 + tα2
− t2−α1 (t1 − s)α−1

1 + tα1

∣∣∣∣ ‖f(s, y(s))‖ds

+

∫ t1

N1

t2−α1 (t1 − s)α−1

1 + tα1
‖f(s, y(s))‖ds+

∫ t2

N1

t2−α2 (t2 − s)α−1

1 + tα2
‖f(s, y(s))‖ds

<
ε

3M

∫ ∞
0

‖f(s, y(s))‖ds+ 2

∫ ∞
N1

‖f(s, y(s))‖ds < ε.

Thus, NBα is equiconvergent.
Step 4: Now, let us show that N satisfies the assumptions of Theorem. 1.24

First, we now show that N is defined from B to B, Indeed, for any y ∈ B, by above conditions
(H1), (H4) and according to a little calculation, we have

‖t
2−αN(y)(t)

1 + tα
‖ ≤ ‖y∞‖

Γ(α)
(1 + |T |(

m∑
i=1

λiτ
α−1
i ))

+
|T |

Γ(α)

m∑
i=1

λi

∫ τi

0

(τi − s)α−1‖f(s, y(s))‖ds

+

2 + |T |(
m∑
i=1

λiτ
α−1
i )

Γ(α)

∫ t

0

‖f(t, y(t))‖dt

+

1 + |T |(
m∑
i=1

λiτ
α−1
i )

Γ(α)

∫ ∞
0

‖f(t, y(t))‖dt
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≤
(1 + |T |(

m∑
i=1

λiτ
α−1
i ))

Γ(α)

(
‖y∞‖+ 3

∫ ∞
0

a(t)dt

+3R

∫ ∞
0

(1 + tα))b(t)dt

)
< R.

Hence, ‖Ny‖α ≤ R, we conclude that N : B → B.
We put D = conv(NB), it is clear that D is a closed, bounded and convex subset of B. As we
know that ND ⊂ NB ⊂ D, then N remains defined from D to D.
We denote by γα the Kuratowski measure of non-compactness on Cα([0,∞), E). Let us first
show that γα satisfies the following equality

γα(NV ) = sup

{
γ

(
t2−αNV (t)

1 + tα

)
, t ∈ (0,∞)

}
, for all V ⊂ D. (3.17)

Remark 3.5. From the definitions of Cα([0,∞), E), we see that

γα(Ω) = γϕ(Ωα), for all bounded subset Ω of Cα([0,∞), E).

We show first

γα(NV ) ≤ sup
(0,∞)

γ

(
t2−αNV (t)

1 + tα

)
.

Let ε be a strictly positive real number. From the equiconvergence of NVα, there exists A > 0
such that

‖t
2−α
2 Ny(t2)

1 + tα2
− t2−α1 Ny(t1)

1 + tα1
‖ < ε, t1, t2 > A. (3.18)

Let NVα|K be the restriction of NVα on the interval K = [0, A], by using Lemma 1.21 and the
third step, we get

γα(NVα|K) = sup
K
γ

(
t2−αNV (t)

1 + tα

)
≤ sup

t∈(0,∞)

γ

(
t2−αNV (t)

1 + tα

)
,

this implies that there exists a finite partition NV i
α of NVα so that

NVα = ∪iNV i
α

and

diam(NV i
α|K) < sup

t∈(0,∞)

γ

(
t2−αNV (t)

1 + tα

)
+ ε, i = 0, 1, · · · , k. (3.19)

Consequently, using inequalities (3.18) and (3.19), for all Ny1, Ny2 of NVi and t ≥ A, we have
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‖t
2−αNy2(t)

1 + tα
− t2−αNy1(t))

1 + tα
‖ ≤ ‖ t

2−αNy2(t)

1 + ψα(t, 0)
− A2−αNy2(A)

1 + Aα
‖

+ ‖A
2−αNy2(A)

1 + Aα
− A2−αNy1(A)

1 + Aα
‖

+ ‖ t
2−αNy1(t)

1 + ψα(t, 0)
− A2−αNy2(A)

1 + Aα
‖

< 3ε+ sup
t∈(0,∞)

γ

(
t2−αNV (t)

1 + tα

)
.

So,

‖t
2−αNy2(t)

1 + tα
− t2−αNy1(t))

1 + tα
‖ ≤ 3ε+ sup

t∈(0,∞)

γ

(
t2−αNV (t)

1 + tα

)
. (3.20)

From (3.18) and (3.19), we obtain

diam(NVi) < sup
t∈(0,∞)

γ

(
ψ2−α
t NV (t)

1 + tα

)
+ 3ε, i = 0, 1, · · · , k.

Thus,

γα(NV ) < sup
t∈(0,∞)

γ

(
t2−αNV (t)

1 + tα

)
+ 3ε.

Since ε is arbitrary, this leads us to the desired result.
Conversely, we show that

sup
t∈(0,∞)

γ

(
t2−αNV (t)

1 + tα

)
≤ γα(NV ).

According to the definition of Kuratowski MNC, we have, for all ε > 0, we can find a finite
partition NVα = ∪iNV i

α such that

diam(NV i
α) < γα(NV ) + ε,

then for all y1, y2 ∈ V and t ∈ (0,∞), we obtain,

‖t
2−αNy2(t)

1 + tα
− t2−αNy1(t)

1 + tα
‖ ≤ ‖Ny2 −Ny1‖α < γα(NV ) + ε.

According to NVα(t) = ∪iNV i
α(t), we get

γ

(
t2−αNV (t)

1 + tα

)
< γα(NV ) + ε,

since ε is arbitrary, we then have

γ

(
t2−αNV (t)

1 + tα

)
≤ γα(NV ).
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So,

sup
t∈(0,∞)

γ

(
t2−αNV (t)

1 + tα

)
≤ γα(NV ).

Finally we need to prove the following implication

∀ε > 0, ∃%(ε) : ε ≤ γ(V ) < ε+ % =⇒ γ(α,ψ)(NV ) < ε, for any V ⊂ D. (3.21)

Let ε be a strictly positive real number, V ⊂ D and t ∈ (0,∞), for all κ ∈ R∗+ satisfying t ≤ κ,
we define the auxiliary operator Nκ by

Nκ(y)(t) =
y∞

Γ(α)
[tα−1 + T (

m∑
i=1

λiτ
α−1
i )tα−2] +

Ttα−2

Γ(α)

m∑
i=1

λi

∫ τi

0

(τi − s)α−1f(s, y(s))ds

+
1

Γ(α)

∫ t

0

[tα−1 + T (
m∑
i=1

λiτ
α−1
i )tα−2 − (t− s)α−1]f(s, y(s))ds

+
1

Γ(α)

∫ κ

t

(t− s)α−1f(s, y(s))ds.

Then from(H1), we obtain

t2−α

1 + tα
‖Nκ(y)(t)−N(y)(t)‖ ≤

1 + |T |(
m∑
i=1

λiτ
α−1
i )

Γ(α)

∫ ∞
κ

‖f(t, y(t))‖dt

≤
1 + |T |(

m∑
i=1

λiτ
α−1
i )

Γ(α)

(∫ ∞
κ

a(t)dt+R

∫ ∞
k

(1 + tα))b(t)dt

)
,

this shows that

Hd

(
t2−αNk(V )(t)

1 + tα
,
t2−αN(V )(t)

1 + tα

)
→ 0,

as k → ∞, t ∈ J . Where Hd denotes the Hausdorff metric in space E. By the property of
non-compactness measure, we get

lim
κ→∞

γ

(
t2−αNκ(V )(t)

1 + tα

)
= γ

(
t2−αN(V )(t)

1 + tα

)
. (3.22)

By a similar argument as the one of third step, we show that the NκVα is equicontinuous and
bounded on [0, κ]. From the Lemmas 1.19, 1.20,1.21, (H3) and the previous steps, it follows,
that there exists a sequence {un}∞n=0 ⊂ V such that

γ

(
t2−αNκV (t)

1 + tα

)
≤ ε

2
+

2 + 2|T |(
m∑
i=1

λiτ
α−1
i )

Γ(α)

∫ κ

0

γ {f(s, un(s)), n ∈ N} ds

≤ ε

2
+

2 + 2|T |(
m∑
i=1

λiτ
α−1
i )

Γ(α)

∫ κ

0

(1 + sα)`(s)γα(N(V ))ds.
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From (3.22), we know that

γ

(
t2−αN(V )(t)

1 + tα

)
≤ ε

2
+

2[1 + |T |(
m∑
i=1

λiτ
α−1
i )]γα(N(V ))

Γ(α)

∫ ∞
0

(1 + sα)`(s)ds.

Thus,

γα(N(V )) ≤ ε

2
+

2[1 + |T |(
m∑
i=1

λiτ
α−1
i )]ϑα(N(V ))

Γ(α)

∫ ∞
0

(1 + sα)`(s)ds.

If

γα(N(V )) ≤ ε

2
+

2[1 + |T |(
m∑
i=1

λiτ
α−1
i )]γα(N(V ))

Γ(α)

∫ ∞
0

(1 + sα)`(s)ds < ε,

this implies that

γα(N(V )) <
Γ(α)

4[1 + |T |(
m∑
i=1

λiτ
α−1
i )]

∫∞
0

(1 + sα)`(s)ds
ε,

so that implication (3.21) is fulfilled, we take

% =

Γ(α)− 4[1 + |T |(
m∑
i=1

λiτ
α−1
i )]

∫∞
0

(1 + sα)`(s)ds

4[1 + |T |(
m∑
i=1

λiτ
α−1
i )]

∫∞
0

(1 + sα)`(s)ds
ε.

So, N is a Meir-Keeler condensing operator via γ(α,ψ), thus all the hypotheses of the Theorem
1.24 are fulfilled. Then, the problem (3.1)− (3.3) is non-empty and compact.

3.4 Example

As an application of our results, we consider the following fractional differential equation.

RLD
3

2y(t) =


√
tyn(t)

(1 + t

3

2 )e10t

+
sin(t)

1 + t2


∞

n=1

, t ∈ J = (0,+∞), (3.23)

I
1

2
0+y(t) =

1

2
y(1) + y(4), (3.24)

RLD
1

2
0+y(∞) = y∞. (3.25)

Let
E = {(y1, y2, . . . , yn, . . .) : sup |yn| <∞},
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with the norm ‖y‖ = sup
n
|yn|, then E is a Banach space and problem (3.23)-(3.25) can be

regaded as an abstract problem (3.1)-(3.3), with

α =
3

2
, T ' 0.5642 and f(t, y(t)) = (f(t, y1(t)), . . . , f(t, yn(t)), . . .),

where

f(t, yn(t)) =

√
tyn(t)

(1 + t

3

2 )e10t

+
sin(t)

1 + t2
, n ∈ N∗.

We shall verify the conditions (H1)− (H3). Evidently, f is continuous in J × E and

‖f(t, y(t))‖ ≤
√
t

(1 + t

3

2 )e10t

‖y(t)‖+
1

1 + t2
.

With the help of simple computation, we find that∫ ∞
0

e−10tdt =
1

10
<

Γ(α)

3(1 + |T |
m∑
i=1

λiτ
α−1
i )

' 0.2451 and

∫ ∞
0

1

1 + t2
dt =

π

2
<∞.

Finally, we verify condition (H3). For any bounded set B ⊂ E, we have

f(t, B(t)) =

√
t

(1 + t

3

2 )e10t

B(t) +
sin(t)

1 + t2
.

Then

γ(f(t, B(t)) ≤
√
t

(1 + t

3

2 )e10t

γ(B(t)).

Since ∫ ∞
0

e−10tdt =
1

10
<

Γ(α)

4(1 + |T |
m∑
i=1

λiτ
α−1
i )

' 0.3676,

we conclude that condition (H3) is satisfied. Therefore, Theorem 3.4 ensures that problem
(3.23)-(3.25) is non-empty and compact.
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Chapter 4

Hybrid Implicit Fractional
Integro-differential equations with
Hadamard integral boundary
conditions

4.1 Introduction

We deal in this chapter with the existence of solutions for the problem : HD
α
( x(t)

f(t, x(t), G(t, x(t))

)
= g
(
t, x(t),H D

α
( x(t)

f(t, x(t), G(t, x(t)))

))
, t ∈ J = (1, T ], (4.1)

aHJ
1−αx(t)|t=1 + bHJ

1−αx(t)|t=T = c, (4.2)

where HD
α is the Hadamard fractional derivative of order 0 < α ≤ 1, f : J×R×R→ R\{0}),

g : J × R× R→ R are continuous functions, G is a nonlinear integral operator defined by

G(t, x(t)) =

∫ t

0

ψ(t, τ)h(τ, x(τ))dτ,

ψ and h are functions that will be specified, HJ
α is the Hadamard fractional integral of order

α, a, b and c are real numbers such that a+ b 6= 0.

4.2 Background and basic results

For 0 < α ≤ 1 let Cα(J,R) denote the weighted space of continuous functions defined by

Cα(J,R) = {x : J → R : (ln(.))1−αx(.) ∈ C(J,R)},

with the norm
‖x‖α = sup

t∈J
(ln t)1−α|x(t)|.

The(Cα(J,R), ‖.‖α) is a Banach space.
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We introduce the following assumptions :

(1) h : J × R → R is continuous on J and there exists a positive bounded function Lh with
bound ‖Lh‖ such that For all x1, x2 ∈ C(J,R) one has,

|h(t, x1(t))− h(t, x2(t))| ≤ Lh(t)|x1(t)− x2(t)|,

and

(2) ψ ∈ C(J2,R).

Finally properties of integral operator G are derived,

Lemma 4.1. The integral operator G has the following properties

(1) G : J × R→ R is continuous,
and

(2) For all x1, x2 ∈ C(J,R) we have,

‖G(., x1(.))−G(., x2(.)‖∞ ≤ T ‖Lh‖‖ψ‖ ‖x1 − x2‖∞.

Proof. We shall prove that G is continuous.
Let {xn} be a sequence such that xn → x in C(J,R). For each t ∈ J , we have

|G(t, x1(t))−G(t, x2(t)| = |
∫ t

0

ψ(t, s) [h(s, xn(s))− h(s, x(s))] ds|

≤ ‖Lh‖‖ψ‖
∫ t

0

|h(s, xn(s))− h(s, x(s))|ds

≤ T‖Lh‖‖ψ‖‖x1 − x2‖∞.

taking the supremum over the both side one has

‖G(., x1(.))−G(., x2(.)‖∞ ≤ T‖Lh‖‖ψ‖‖x1 − x2‖∞,

Since xn → x in C(J,R) one deduce,

‖G(., x1(.))−G(., x2(.)‖∞ → 0 as n→ +∞.

Thus G is continuous.

From the above one has,

‖G(., x1(.))−G(., x2(.)‖∞ ≤ T‖Lh‖‖ψ‖‖x1 − x2‖∞.
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Definition 4.2. A function x ∈ Cα(J,R) whose α-derivative exists on J is said to be a solution
of (4.1)-(4.2) if x satisfies the equation

HD
α
( x(t)

f(t, x(t), G(t, x(t))

)
= g
(
t, x(t),H D

α(
x(t)

f(t, x(t), G(t, x(t)))
)
)
,

and condition (4.2).

As a consequence of Lemma 1.6 and Lemma 1.14 we have the following result which is useful
in what follows.

Lemma 4.3. Given ρ ∈ C(J,R), x is a solution of the the integral equation

x(t) =
c(ln t)α−1

Γ(α)(a+ b)
− b(ln t)α−1

Γ(α)(a+ b)

∫ T

1

ρ(s)

s
ds+

1

Γ(α)

∫ t

1

(
ln
t

s

)α−1ρ(s)

s
ds (4.3)

if and only if x is a solution of the boundary value problem

HD
αx(t) = ρ(t), t ∈ J (4.4)

HJ
1−αx(t)|t=1 + bHJ

1−αx(t)|t=T = c. (4.5)

Proof. Apply HJ
α to both side of (4.4) we obtain

HJ
α
HD

αx(t) =H Jαρ(t),

by lemma 1.14 we have,

x(t) + d
(

ln t
)α−1

=H Jαρ)(t).

Hence,

x(t) =H Jαρ(t)− d
(

ln t
)α−1

. (4.6)

Now making use properties 1.13, 1.15 and apply HJ
1−α to both side of (4.6) one obtains,

HJ
1−αx(t) =H J1ρ(t)− d Γ(α),

let us tend t to 1 one obtains

HJ
1−αx(1) = −d Γ(α),

let us again tend t to T one has

HJ
1−αx(T ) = −d Γ(α) +

T∫
1

ρ(s)

s
ds,

then

d = − 1

Γ(α)(a+ b)

(
c− b

T∫
1

ρ(s)

s
ds
)
.
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Finally

x(t) =
c(ln t)α−1

Γ(α)(a+ b)
− b(ln t)α−1

Γ(α)(a+ b)

∫ T

1

ρ(s)

s
ds

+
1

Γ(α)

∫ t

1

(
ln
t

s

)α−1ρ(s)

s
ds.

Conversely if we apply HD
α to both sides of (4.3) it follows,

HD
αx(t) = (

cHD
α(ln t)α−1

Γ(α)(a+ b)
+
bHD

α(ln t)α−1

Γ(α)(a+ b)

∫ T

1

ρ(s)

s
ds)

+H D
α(

1

Γ(α)

∫ t

1

(
ln
t

s

)α−1ρ(s)

s
ds),

one has by using property 1.15

HD
α(

1

Γ(α)

∫ t

1

(
ln
t

s

)α−1ρ(s)

s
ds) = ρ(t),

in another leg by taking account property 1.13 and bearing in the mind that
1

Γ(0)
= 0, we

deduce easily HD
α(log t)α−1 = 0, which yields

(
cHD

α(ln t)α−1

Γ(α)(a+ b)
+
bHD

α(ln t)α−1

Γ(α)(a+ b)

∫ T

1

ρ(s)

s
ds) = 0.

Hence

HD
αx(t) = ρ(t).

For the second condition we have

x(t) =
c(ln t)α−1

Γ(α)(a+ b)
− (b ln t)α−1

Γ(α)(a+ b)

∫ T

1

ρ(s)

s
ds+

1

Γ(α)

∫ t

1

(
ln
t

s

)α−1ρ(s)

s
ds

=
(ln t)α−1

(a+ b)Γ(α)
[c− b

∫ 1

T

ρ(s)

s
ds] +H J

α(t)

J1−αx(t)|t =
1

(a+ b)
[c− b

∫ T
1

ρ(s)

s
ds] +H J

1(t)

aJ1−αx(t)|t + bJ1−αx(t)|t =
a

(a+ b)
[c− b

∫ T

1

ρ(s)

s
ds]

+
b

(a+ b)
[c− b

∫ T

1

ρ(s)

s
ds] + (HJ

1ρ)(T ).

= c

Consequently (4.5) yields, proof is complete.
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Lemma 4.4. [49] Given x ∈ C(J,R), the integral solution of boundary value problem (4.1)-
(4.2) is given by

x(t) = f(t, x(t), G(t, x(t)))(
c(ln t)α−1

Γ(α)(a+ b)
− b(ln t)α−1

Γ(α)(a+ b)

∫ T

1

ϕ(s)

s
ds

+
1

Γ(α)

∫ t

1

(
ln
t

s

)α−1ϕ(s)

s
ds),

where ϕ is the solution of the implicit equation ϕ(s) = g(s, x(s), ϕ(s)).

4.3 Existence result

We shall use Theorem 1.25 to prove our main result.

Theorem 4.5. Assume that the following assumptions hold.

(H1) The function f : J × R × R → R \ {0} is bounded continuous and there exists a positive
bounded functions φ1, φ2 with bound ‖φ1‖, |φ2‖ such that

|f(t, u1, v1)− f(t, u2, v2)| ≤ φ1(t)|u1 − v1|+ φ2(t)|u2 − v2|,

for each t ∈ J and for all u1, v1, u2, v2 ∈ R.

(H2) There exist a positive constant k and a constant 0 < l < 1 such that

|g(t, u2, v2)− g(t, u1, v1)| ≤ k (ln t)1−α|u1 − v1|+ l|u2 − v2|,

for each t ∈ R, u1, v1, u2, v2 ∈ R.

(H3) There exists a constant r > 0 such that

L |c|
Γ(α)|a+ b|

+
bL lnT (k r + g∗)

1− l

[ |b|
Γ(α)|a+ b|

+
1

Γ(α + 1)

]
≤ r, (4.7)

and

|c|
Γ(α)|a+ b|

(‖φ1‖∞ + T‖φ2‖Lh‖ψ‖) +
lnT (k r + g∗)

1− l

[ |b|
Γ(α)|a+ b|

+
1

Γ(α + 1)

]
≤ 1,

(4.8)
where |f(t, u, v)| ≤ L, ∀(t, u, v) ∈ J × R× R, g∗ = sups∈J g(s, 0, 0).

Then the boundary-value problem (4.1)-(4.2) has at least one solution on J .

Proof. Notice that the space Cα(J,R) has also structure of Banach algebra, where the multipli-
cation is defined as the usual product of real functions. Set X = Cα(J,R) and define a subset
S of X as

S = {x ∈ X : ‖x‖α ≤ r},
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where r satisfies inequality (4.7). Clearly S is closed, convex and bounded subset of the Banach
space X. By Lemma 1.6, the boundary-value problem (4.1)-(4.2) is equivalent to the integral
equation

x(t) = (f(t, x(t)), G(t, x(t)))

(
c(ln t)α−1

Γ(α)(a+ b)
− b(ln t)α−1

Γ(α)(a+ b)

∫ T

1

ϕ(s)

s
ds

+
1

Γ(α)

∫ t

1

(
ln
t

s

)α−1ϕ(s)

s
ds

)
.

For t ∈ J , define two operators A : X → X by

Ax(t) = f(t, x(t), G(t, x(t))), t ∈ J,

and B : S → X by

Bx(t) =
c(ln t)α−1

Γ(α)(a+ b)
− b(ln t)α−1

Γ(α)(a+ b)

∫ T

1

ϕ(s)

s
ds

+
1

Γ(α)

∫ t

1

(
ln
t

s

)α−1ϕ(s))

s
ds.

Clearly, from Lemma 4.3, fixed points of AB are solutions to (4.1) − (4.2). We shall show
that A, B satisfies the assumptions of Dhage fixed point theorem 1.25 [39]. The proof will be
given in several steps.

For the sake of clarity, we split the proof into a sequence of steps.

Step 1.

We first prove that A is a Lipschitz operator on X. Let x, y ∈ X. Then by (H1) and lemma
4.1 we have

|(ln t)1−αAx(t)− (ln t)1−αAy(t)| = (ln t)1−α|f(t, x(t), G(t, x(t))− f(t, y(t), G(t, y(t)))|
≤ (ln t)1−αφ1(t)|x(t)− y(t)|
+ (ln t)1−αφ2(t)|G(t, x(t))−G(t, y(t))|
≤ ‖φ1‖∞‖x− y‖α + ‖φ2‖Lh‖ψ‖T‖x− y‖α
≤ (‖φ1‖∞ + T‖φ2‖Lh‖ψ‖)|x− y‖α.

Finally for all x, y ∈ X.

‖Ax−Ay‖α ≤ (‖φ1‖∞ + T‖φ2‖Lh‖ψ‖)‖x− y‖α,

which means that A is a Lipschitz operator on X with Lipschitz constant

K = ‖φ1‖∞ + T‖φ2‖Lh‖ψ‖.

and then (A1) of theorem 1.25 holds.
Step 2.

The operator B is completely continuous on X.

Claim1. B is continuous
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Let {un} be a sequence such that un → u in X. Then for t ∈ J we have

Bun(t)− Bu(t) =
−b(ln t)α−1

Γ(α)(a+ b)

∫ T

1

ϕn(s)− ϕ(s)

s
ds

+
1

Γ(α)

∫ t

1

(
ln
t

s

)α−1ϕn(s)− ϕ(s)

s
ds,

where
ϕn(s) = g(s, un(s), ϕn(s)),

ϕ(s) = g(s, u(s), ϕ(s)),

and
|ϕn(s)− ϕ(s)| ≤ k (ln s)1−α|un(s)− u(s)|+ l|ϕn(s)− ϕ(s)|.

Thus

‖ϕn − ϕ‖∞ ≤
k

1− l
‖un − u‖α.

On the other hand,

|(ln t)1−αBxn(t)− (ln t)1−αBx(t)| ≤ |b|
Γ(α)|a+ b|

∫ T

1

|ϕn(s)− ϕ(s)|
s

ds

+
(ln t)1−α

Γ(α)

∫ t

1

(
ln
t

s

)α−1 |ϕn(s)− ϕ(s)|
s

ds

≤ k|b| lnT
(1− l)Γ(α)|a+ b|

‖un − u‖α

+
k(ln t)1−α

(1− l)Γ(α)
‖un − u‖α

(∫ t

1

(
ln
t

s

)α−1 1

s
ds
)

≤ k lnT

(1− l)Γ(α)
(
|b|
|a+ b|

+ 1)‖un − u‖α,

which implies

‖Bxn(t)− Bx(t)‖α ≤
k lnT

(1− l)Γ(α)
(
|b|
|a+ b|

+ 1)‖un − u‖α.

From the fact that un → u one deduce the continuity of B.

Claim2.

B maps bounded sets in S into bounded sets in X. Indeed, it is enough to show that for any
B ⊂ S, there exists a positive constant ` such that for each x ∈ B ⊂ S, we have ‖B(x)‖α ≤ `.
We have for each t ∈ J ,

|(ln t)1−αB(x)(t)| ≤ |c|
Γ(α)|a+ b|

+
|b|

Γ(α)|a+ b|

∫ T

1

|ϕ(s)|
s

ds

+
(ln t)1−α

Γ(α)

∫ t

1

(
ln
t

s

)α−1 |ϕ(s)|
s

ds.
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From condition (H2) yields

|ϕ(s)| = |g(s, x(s), ϕ(s))|
≤ |g(s, x(s), ϕ(s))− g(s, 0, 0)|+ |g(s, 0, 0)|
≤ k(ln t)1−α|x(s)|+ l|ϕ(s)|+ |g(s, 0, 0)|

≤ k(ln t)1−α|x(s)|+ |g(s, 0, 0)|
1− l

≤ k‖x‖α + g∗

1− l

≤ kr + g∗

1− l
.

Then

|(ln t)1−αB(x)(t)| ≤ |c|
Γ(α)|a+ b|

+
|b| lnT

Γ(α)|a+ b|
kr + g∗

1− l

+
k r + g∗

1− l

((ln t)1−α

Γ(α)

∫ t

1

(
ln
t

s

)α−1ds

s

)
≤ |c|

Γ(α)|a+ b|
+

|b| lnT
Γ(α)|a+ b|

kr + g∗

1− l
+

lnT (k r + g∗)

(1− l)Γ(α + 1)
.

Thus

‖B(x)‖α ≤
|c|

Γ(α)|a+ b|
+

|b| lnT
Γ(α)|a+ b|

kr + g∗

1− l
+

lnT (k r + g∗)

(1− l)Γ(α + 1)
:= `.

Claim3.

F maps bounded sets into equi-continuous sets of X. Let τ1, τ2 ∈ J , τ1 < τ2, B be a set
such that B ⊂ S as in Claim 2, and let x ∈ B. Then∣∣∣(ln t)1−αB(x)(τ2)− (ln t)1−αB(x)(τ1)

∣∣∣ =
∣∣∣(ln τ2)1−α

Γ(α)

∫ τ2

1

(
ln
τ2

s

)α−1ϕ(s)

s
ds

− (ln τ2)1−α

Γ(α)

∫ τ1

1

(
ln
τ2

s

)α−1

ϕ(s)sds
∣∣∣

+
∣∣∣(ln τ2)1−α

Γ(α)

∫ τ1

1

(
ln
τ2

s

)α−1ϕ(s)

s
ds

− (ln τ2)1−α

Γ(α)

∫ τ1

1

(
ln
τ1

s

)α−1ϕ(s)

s
ds
∣∣∣

+
∣∣∣(ln τ2)1−α

Γ(α)

∫ τ1

1

(
ln
τ1

s

)α−1ϕ(s)

s
ds
)

− (ln τ1)1−α

Γ(α)

∫ τ1

1

(
ln
τ1

s

)α−1ϕ(s)

s
ds
∣∣∣

≤ (ln τ2)1−α

Γ(α)

∫ τ2

τ1

(
ln
τ2

s

)α−1 |ϕ(s)|
s

ds

52



Chapitre 4 Hybrid Implicit Fractional Integro-differential equations with Hadamard integral boundary conditions

+
(ln τ2)1−α

Γ(α)

∫ τ1

1

(
ln
τ2

s

)α−1

−
(

ln
τ1

s

)α−1 |ϕ(s)|
s

ds

+
(ln τ2)1−α − (ln τ1)1−α

Γ(α)

∫ τ1

1

(
ln
τ1

s

)α−1 |ϕ(s)|
s

ds

≤ (ln τ2)1−α(k r + g∗)

(1− l)Γ(α + 1)
(ln

τ2

τ1

)α

+
(ln τ2)1−α(k r + g∗)

(1− l)Γ(α + 1)
(ln τα2 − ln τα1 + (ln

τ2

τ1

)α)

+
((ln τ2)1−α − (ln τ1)1−α)(k r + g∗)

(1− l)Γ(α + 1)
(ln τ1)α.

As τ1 → τ2, the right-hand side of the above inequality tends to zero. As a consequence of
Claims 1 to 3 together with the Arzelá-Ascoli theorem, we can conclude that B : S → X is
completely continuous. Hence, condition (A2) holds.

Step 3.

Next we shall prove that assumption (A3) of theorem 1.25 is satisfied. Let x ∈ X and y ∈ S
be arbitrary elements such that x = AxBy. Then we have

(ln t)1−α|x(t)| = (ln t)1−α|Ax(t)||By(t)|

=
∣∣∣f(t, x(t), G(t, x(t)))

∣∣∣∣∣∣ c

Γ(α)|a+ b|
− |b|

Γ(α)|a+ b|

∫ T

1

ϕ(s)

s
ds

+
(ln t)1−α

Γ(α)

∫ t

1

(
ln
t

s

)α−1ϕ(s)

s
ds
∣∣∣

≤ L |c|
Γ(α)|a+ b|

+
L|b| lnT

Γ(α)|a+ b|
k r + g∗

1− l
+
L lnT (k r + g∗)

(1− l)Γ(α + 1)
,

where ϕ is solution of the implicit equation ϕ(s) = g(s, y(s), ϕ(s)) Taking into account condition
(H3) inequality (4.7) one obtains,

‖x‖α ≤
L |c|

Γ(α)|a+ b|
+
L lnT (k r + g∗)

1− l

[ |b|
Γ(α)|a+ b|

+
1

Γ(α + 1)

]
≤ r.

which yields x ∈ S.

Step 4.

Now we shall show that MK ≤ 1, where M = ‖B(S)‖ = supx∈S |B(x)| and K the constant
Lipschitz K = ‖φ1‖∞ + T‖φ2‖Lh‖ψ‖, from condition (H2) one obtain,

M = ‖B(S)‖ = sup
x∈S
B(x)

≤ |c|
Γ(α)|a+ b|

+
b lnT

Γ(α)|a+ b|
k r + g∗

1− l
+

lnT (k r + g∗)

(1− l)Γ(α + 1)
,
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it follows then from condition (H3) inequality (4.8)

M K = K‖B(S)‖ = sup
x∈S
‖Bx‖

≤ K
|c|

Γ(α)|a+ b|
+

b lnT

Γ(α)|a+ b|
k r + g∗

1− l
+

lnT (k r + g∗)

(1− l)Γ(α + 1)

≤ (‖φ1‖∞ + T‖φ2‖)(
|c|

Γ(α)|a+ b|
+

b lnT

Γ(α)|a+ b|
k r + g∗

1− l
+

lnT (k r + g∗)

(1− l)Γ(α + 1)

)
≤ 1.

Therefore (A4) of theorem 1.25 holds.
Consequently, the operators A is Lipschitzian B : S → X is completely continuous and

satisfied condition (A4) of theorem 1.25. As a consequence of Dhage fixed point theorem 1.25
[39], we deduce that AB has a fixed point x in S which is a solution of problem (4.1)-(4.2),
proof is complete.

Remark 4.6. It is easy for the reader to verify the main result by using a classical fixed point
theorem such as Shauder’s one. If we check to give existence and uniqueness of the solution
for (4.1)-(4.2), Banach fixed point theorem can not be used in the space C(J,R) on account of

the unboundedness of the term c(ln t)α−1

Γ(α)(a+b)
, however we must considered a weight space Cα(J,R)

equipped with the norm ‖.‖αwhich is indeed a Banach space.

Theorem 4.7. Assume that the condition (H2) hold and f is bounded function with L its
bound,

k L lnT

(1− l)Γ(α)
(
|b|
|a+ b|

+ 1) < 1, (4.9)

then the problem (4.1)-(4.2) has a unique solution on J.

Proof. We considered the operator N defined by

Nx(t) = (f(t, x(t)), G(t, x(t)))×

(
c(ln t)α−1

Γ(α)(a+ b)
− b(ln t)α−1

Γ(α)(a+ b)

∫ T

1

g(s, x(s), ϕ(s))

s
ds

+ .
1

Γ(α)

∫ t

1

(
ln
t

s

)α−1 g(s, x(s), ϕ(s))

s
ds).∣∣∣(ln t)1−αNx(t)− (ln t)1−αNy(t)

∣∣∣
= |(f(t, x(t)), G(t, x(t)))×

(
c

Γ(α)(a+ b)
− b

Γ(α)(a+ b)

∫ T

1

g(s, x(s), ϕ(s))

s
ds

+ .
(ln t)1−α

Γ(α)

∫ t

1

(
ln
t

s

)α−1 g(s, x(s), ϕ(s))

s
ds)
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− (f(t, y(t)), G(t, y(t)))×

(
c

Γ(α)(a+ b)
− b

Γ(α)(a+ b)

∫ T

1

g(s, x(s), ϕ(s))

s
ds

− .(ln t)
1−α

Γ(α)

∫ t

1

(
ln
t

s

)α−1 g(s, y(s), ϕ(s))

s
ds)
∣∣∣

≤ L(
|b|

Γ(α)|a+ b|

∫ T

1

|g(s, x(s), ϕ(s))− g(s, y(s), ϕ(s))

s
ds

+
(ln t)1−α

Γ(α)

∫ t

1

(
ln
t

s

)α−1 |g(s, x(s), ϕ(s))− g(s, y(s), ϕ(s))|
s

ds)

≤ k L

(1− l)Γ(α)
(
|b| lnT
|a+ b|

+ ln T )‖x− y‖α.

Thus

‖Nx−Ny‖α ≤
k L lnT

(1− l)Γ(α)
(
|b|
|a+ b|

+ 1)‖x− y‖α.

Consequently by (4.9), N is a contraction. As a consequence of Banach fixed point theorem,
we deduce that N has a fixed point which is a solution of the problem (4.1)-(4.2).

4.4 Example

In this section we give an example to illustrate the usefulness of our main result. Let us consider
the implicit hybrid fractional boundary value -value problem,

HD
1
2 (

x(t)

f(t, x(t), G(t, x(t)))
) =

e−t
√

lnT (|x(t)|+
∣∣∣
H
Dα( x(t)

f(t,x(t),G(t,x(t)))
)
∣∣∣

(9 + et)(1 + |x(t)|+
∣∣∣
H
Dα( x(t)

f(t,x(t),G(t,x(t)))
)
∣∣∣

t ∈ J := [1, 4], α =
1

2
,

(4.10)

HJ
1−αx(t)|t=1 +H J

1−αx(t)|t=4 = 1, (4.11)

where,

f(t, x(t), G(t, x(t))) = e−2 tx(t) +
1

16

∫ t

0

(t− τ)2e−(4 t+|x(τ)|)dτ

G(t, x(t)) =
1

16

∫ t

0

(t− τ)2e−(2 t+|x(τ)|)dτ,

ψ(t, τ) =
1

16
(t− τ)2, h(t, x(τ)) = e−(2 t+|x(τ)|).
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It obvious to see that f is a continuous function, let us now verify that f is bounded.

|f(t, x(t), G(t, x(t)))| =|e−2 tx(t)|+ 1

16

∫ t

0

(t− τ)2|e−(4 t+|x(τ)|)|dτ

≤ 1

e2
(sup
x∈J
|x(t)|+ supx∈J e

|x(τ)|)|
16

∫ t

0

(t− τ)2dτ)

≤ 1

e2
(sup
x∈J
|x(t)|+ 4 supx∈J e

|x(τ)|)|
3e2

:= `∗.

Thus
‖f(., x(.), G(., x(.)))‖∞ ≤ `∗.

Set
f(t, x, y) = e−2 t(x+ y),∣∣∣f(t, x, y)− f(t, x, y)

∣∣∣ ≤ e−2t(
∣∣∣x− x∣∣∣+

∣∣∣y − y∣∣∣).
Thus ∣∣∣f(t, x, y)− f(t, x, y)

∣∣∣ ≤ φ1(t)
∣∣∣x− x∣∣∣+ φ2(t)

∣∣∣y − y∣∣∣,
where

φ1(t) = e−2 t, φ2(t) = e−2 t.

It easily to verify the properties concerning the nonlinear integral operator G.

(i) G is a continuous function,

(ii) ‖G(., x1)−G(., x2)‖∞ ≤ T ‖ψ‖‖Lh‖‖x1 − x2‖∞

Hence (H1) is satisfied. In another hand, set

g(t, x, y) =
e−t
√

ln t(x+ y)

(9 + et)(1 + x+ y)
, (t, x, y) ∈ J × [0,∞)× [0,+∞).

It clear that g is continuous, let x, y ∈ R and t ∈ J then

|g(t, x, y)− g(t, x, y)| = e−t
√

ln t

(9 + et)

∣∣∣ x+ y

1 + x+ y
− x+ y

1 + x+ y

∣∣∣
=
e−t
√

ln t

(9 + et

∣∣∣ 1

1 + x+ y
− 1

1 + x+ y

∣∣∣
≤ e−t

√
ln t

(9 + et)

∣∣∣x+ y − x− y
∣∣∣

≤ 1

10

√
ln t(

∣∣∣x− x∣∣∣) +

√
2 ln 2

10
(
∣∣∣y − y∣∣∣).
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Hence the condition (H2) holds with k = 1
10
, l =

√
2 ln 2
10

. We shall check that condition (H3) is
satisfied. Indeed, since

L = `∗, g∗ = 0, k = l =
1

10
, Γ(

1

2
) =
√
π, Γ(

3

2
) =

1

2

√
π,

(4.7) becomes

`∗(
1

2Γ(1
2
)

+
ln 4
10

r

10−
√

2 ln 2
10

[ 1

2Γ(1
2
)

+
1

Γ(3
2
)

]
)

= `∗(
1

2Γ(1
2
)

+
5r ln 2

√
π(10−

√
ln 2)

)

≤ r.

(4.12)

Since

‖φ1‖∞ = ‖φ2‖ =
1

e2
, ‖Lh‖ =

1

e
, ‖ψ‖ = 1,

(4.8) becomes then,
4 + e

e3
(

1

2Γ(1
2
)

+
5r ln 2

√
π(10−

√
2 ln 2)

) ≤ 1. (4.13)

Then by Theorem (4.5) the problem (4.10)-(4.11) has at least one solution on [1, 4] for values
of r and `∗ satisfying (4.12), (4.13).
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Conclusion

In this thesis we deal with the study of some class of fractional differential equations using
measure of non-compactness, it contains four chapters, in the first chapter we introduce no-
tations, definitions, fixed point theorems and preliminary facts from analysis tools which are
used throughout this thesis.
In the second one we are concerned with the study of existence of solution sets and its topolog-
ical structure for some fractional differential equation with ψ Riemman Liouville derivative on
an unbounded domain, which implies a lack of compactness, we avoid this obstruction by using
a special Banach space. We prove that this constructed space is in a natural way, in the sense
that, one recover the characterization of the relatively compact subset in the space C(J,E)
when J is compact. Our main result is based on tools from classical functionnal analysis and
Meir-Keeler condensing operators combined with measure of non-compactness.
In the third chapter we deal with the problem concerning existence of solution sets and its
topological structure for non-local Riemman-Liouville fractional differential equation modeled
by equation (3.1)-(3.3) on the half line with Riemann-Liouville fractional integral and deriva-
tive boundary conditions involving the discontinuity of the state y at 0+. Our main result is to
prove the existence of solution sets and its topological structure for the problem (3.1)-(3.3) on
unbounded domain with the non-local conditions. To overcome the difficulty of the problem,
we have to define a special weight space of continuous functions Cα(J,E). The constructed
space is in a natural way, in the sense that this space is endowed with a Banach structure. As
far as we know, in our opinion, this problem has not been studied in the literature.
The assumed hypotheses have as goals:
i) In this work we have assumed a more general growth condition (H1) unlike the affine condi-
tion.
ii) Hypothesis (H2) being supposed to overcome the equiconvergence at infinity.
iii) Conditions (H3) and (H4) ensure the veracity of the Meir-Keeler fixed point theorem for
condensing operator.
These conditions are optimal in the sense that no condition implies the other. We make use in
our approach the Meir-Keeler fixed point theorem combined with tools from classical functional
analysis and measure of non-compactness. The chapter concludes with an example to illustrate
the feasibility of our main result.
In the last chapter we deal with the existence of Hybrid integro-differential equation involving
Hadamard fractional integral, our approach is based on analysis tools combined with Dhage
fixed point theorem in Banach algebra.
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