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 ملخص

قد جذبت ل قية.والتطبي النظرية البحوثمعدنية موضوعا للعديد من نصف الالحديدية  سبائك المغناطيس أصبحت، منذ اكتشافها

 .يةدننصف معال يتميز بالخصائصسلر المعروفة معظم الاهتمام حيث أن العديد منها مركبات ه

ختلف في م ذات أهمية كبيرةمما يجعلها  يسية متنوعةمغناط بخصائص تمتاز تير الآلاف من المركبات السلتضم عائلة ه

ثر استكشافا الأكالثلاثية سلر مركبات ه ن جل اهتمامنا يتمحور حولالهذا السبب، ك الميادين المعاصرة مثل السبينترونيكس.

 .الرباعيةبالإضافة الى مشتقاتها 

ص الخصائبالإضافة الى  ،وخصائص المرونةيسية الخصائص البنيوية، الالكترونية، المغناط بدراسة العمل هذا في قمنا

جريت بالاعتماد على طريقة أ الحسابات. الكوبالتهسلر الثلاثية والرباعية القائمة على معادن الحديد  الكهرو حرارية لسبائك

التقريب  باستخداموذلك DFT  الكثافة الدالية تابعنظرية في إطار  wien2kالموجة المستوية خطيا المدمجة في برنامج 

.GGA 

 و مستقرة، سكة متما مكعبة ، فهي تمتاز ببنيةMoSb2Co و MoGe (X = Co, Fe) 2Xالثلاثية هسلر  لمركبات بالنسبة

 ،الالكترونية الخصائص عند دراسة .21Lتمتاز بالبنية المكعبة  فهي ،المركباتما بالنسبة لباقي أ. XAالبنية العكسية   و هي

تساوي  المغناطيسي الكلي قيم العزم النواقل النصف معدنية حيث  فئة هما من ZrGe2Co و bZrS2Fe  بانكأن المر وجدنا

Bµ 0.99  وBµ 1.96، بالنسبة لمركب  .بالتتابعZrGe2Fe،  المغناطيسي الكلي  قيمة العزمناقل مع  شبهفهو يمتاز بكونهBµ 

 .السبين الأسفل و السبين الأعلى حالتي في النواقل فئة بات فهي منكما باقي المرأ. 0

 الخاصة بالمركبات C 44و 11C،12 Cالمرونة  ثوابت أن فوجدنا ،المكعبة بالبنية المرونة الخاصة معاملات بحساب كذلك قمنا

ZrSb2Fe،ZrGe 2Co وMoZ (Z = Ge, Sb)2Fe  بالمركبات  الخاصة لمعاملاتل بالنسبة ماأ الاستقرار. لشروط تخضع

ZrGe2Fe، ZrSb2Co   وMoZ2Co،  11نأفنلاحظ C 12  صغر منأC، مما يرجح عدم استقرارها. 

النصف معدنية يتميزان بخصائصهما   CoFeZrSbو  CoFeZrGe انن المركبأالرباعية، وجدنا  بات هسلركمرعند دراسة 

 حالتي في النواقل فئة فهي من ،باتكباقي المر أما عن بالتتابع. ،Bµ 1.99و  .Bµ 051المغناطيسي الكلي  قيم العزم مع 

 الأسفل.و السبين الأعلى

 الاستقرار. لشروط تخضعالرباعية بات كن كل المرأالمرونة  أظهرت نتائج حساب معاملات

بات في مجال الاستخدام كالمرفاعلية هذه  أظهرت الحسابات مدىحيث  الكهرو حرارية، لخصائصا أخيرا قمنا بدراسةو 

 .المركبات الحديثة والتطبيقية لهذهاسات الفرضية مما يشجع على المزيد من الدر ،حراريالكهرو 

 تابع، نظرية الكهرو حرارية لخصائصا، المرونة معاملات، النواقل النصف معدنية، هسلر سبائك الكلمات المفتاحية:

 .الكثافة الدالية
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Abstract 

Since their discovery, half-metallic ferromagnets have been the topic of many theoretical and 

experimental researches due to their potential applications. The well-known Heusler 

compounds have attracted most attention as several among them were predicted to be half-

metals. The family of Heuslers incorporates thousands of members exhibiting diverse magnetic 

phenomena, which makes them very useful in various contemporary fields such as spintronics. 

For this reason, we have been interested in the ternary most explored group of Heusler alloys 

as well as their quaternary daughter systems.  

At first, we have investigated a set of Co- and Fe-based ternary systems (X = Fe, Co; Y = Zr, 

Mo and Z = Ge, Sb) using ab-initio calculations. We found that Cu2MnAl type structure is more 

favorable for all compounds, except X2MoGe (X = Co, Fe) and Co2MoSb where the inverse 

structure was energetically more stable. After studying the electronic properties, we have 

identified two half-metals (Co2ZrGe and Fe2ZrSb) that could be potential for spintronics 

applications. Unlike Fe2ZrSb, the half-metallicity in Co2ZrGe alloy has already been predicted 

in few theoretical studies where the structural and electronic properties agree well to our results.  

We have also checked the mechanical properties of the ternary alloys. The elastic parameters 

indicated the mechanical stability of the four Fe2ZrSb, Co2ZrGe and Fe2MoZ (Z = Ge, Sb) 

materials, where the half-metallic Fe2ZrSb compound is the only one characterized by an 

enhanced ductility.  

Afterwards, we completed the previous study by forming eight quaternary structures using the 

same previous magnetic components. We have studied the physical properties of the quaternary 

XX’YZ alloys (X = Co, Fe; X’ = Mo, Fe; Y = Zr, Fe; Z = Sb, Ge) and explained their relation 

with the former ternary Heuslers. The DFT method was once again applied to investigate the 

magnetic nature of these alloys and we found two other half-metals (CoFeZrGe and CoFeZrSb). 

Actually, both materials have already been investigated and the resulting lattice constants and 

gaps were close in values to our theoretical calculations.  

Additionally, we have computed the elastic parameters, electronic properties as well as the 

thermoelectric efficiency of the quaternary XX’YZ alloys. They were found to be mechanically 

stable and have shown different degrees of ductility and stiffness. Besides, they could be very 
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efficient for the thermoelectric field applications, which paves the way for further theoretical 

and experimental investigations concerning these new Heuslers. 

Keywords: Heusler alloys, half-metals, elastic constants, thermoelectric properties, density 

functional theory. 
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Résumé 

Dès leur découverte, les matériaux semi-métalliques sont devenus très attractifs et ils présentent 

un sujet de base dans des milliers de recherches théoriques et expérimentales. Une raison 

particulière est leur usage dans divers domaines modernes notamment, ceux concernant le 

domaine du spintronique. Pour cette raison, nous étions intéressés à l’étude des alliages 

ternaires ainsi que leurs filles quaternaires.  

En premier lieu, on a investiguer le groupe Co2- et Fe2YZ d’alliages ternaires (X = Fe, Co; Y = 

Zr, Mo and Z = Ge, Sb) en utilisant la méthode ab-initio. La structure Cu2MnAl a été adoptée 

par tous les alliages sauf X2MoGe et Co2MoSb, où la structure Hg2CuTi été plus stable 

énergétiquement. Après étudier les propriétés électroniques, on a trouvé deux composés semi-

métalliques (Co2ZrGe et Fe2ZrSb) qui pourraient être utiles dans le domaine du spintronique. 

Les résultats du matériau Co2ZrGe ont été déjà prédits dans quelques études théoriques, et le 

type de structure et la valeur du gap sont en bon accord avec nos résultats.  

Ainsi, on a calculé les propriétés élastiques de ces composés ternaires. On a trouvé que les 

matériaux Fe2ZrSb, Co2ZrGe et Fe2MoZ (Z = Ge, Sb) satisfont les conditions de stabilité, où le 

semi-métallique Fe2ZrSb est le seul matériau caractérisé par une ductilité accrue. 

Ensuite, on a étudié une deuxième famille de Heusler appelée les alliages quaternaires XX’YZ 

(X = Co, Fe; X’ = Mo, Fe; Y = Zr, Fe; Z = Sb, Ge) et on a essayé de trouver la relation entre 

leurs propriétés physiques et celles de leurs parents ternaires. La méthode DFT a été de nouveau 

appliquée afin de savoir la nature magnétique de ces composés et on a trouvé deux autres semi-

métaux (CoFeZrGe et CoFeZrSb). Ces derniers ont été déjà investiguer et leurs paramètres de 

mailles et gaps sont très proche de ceux estimés dans notre travail.  

En outre, nous avons calculé les paramètres élastiques, propriétés électroniques et efficacité 

thermoélectrique des alliages quaternaires. Ils se sont révélés mécaniquement stables et ils 

présentent différents degrés de ductilité. Ainsi, ils pourraient être très efficaces pour les 

applications de champ thermoélectrique, ce qui ouvre la voie à d’autres recherches théoriques 

et expérimentales concernant ces nouveaux matériaux Heusler. 

Les mots clés: alliages Heusler, les matériaux semi-métalliques, les constantes élastiques, 

les propriétés thermoélectriques, la théorie de la fonctionnelle de la densité.  
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Introduction 

Since their invention, integrated circuits (IC) [1] have become the heart and brain of most 

circuits and they exist almost in every circuit board. The number of electronic components that 

can be placed on an IC is characterized by Moore’s law [2], which describes a long-term trend 

in the history of computing hardware.  

In the last decades, advances in magnetic hard drive technology have increased the capacity of 

typical hard drives. However, there is a limit to such packing due to the finite interatomic 

distance of a few Angstroms in typical materials. Another important issue is the volatility of 

the information stored. Intense research efforts were dedicated to the area of magnetic data 

storage to produce smaller and faster devices. 

In 1988 [3,4], Fert and Grünberg [5] discovered a totally new physical effect called the giant 

Magneto-resistance (GMR). GMR was the perfect tool for reading data from hard disks when 

information registered magnetically has to be converted to electric current.  

Innovative technologies have been developed since the discovery of GMR to utilize the electron 

spin degree of freedom for information manipulation, storage, and transmission. Metal-based 

devices in the form of hetero-structures have already found applications in ultra-high density 

magnetic recording [6], as GMR sensors [7], in prototype magnetic random access memory 

(MRAM) [8] and in spin-current switches [9]. These devices utilize ordinary ferromagnetic 

(FM) materials that have a finite electronic spin polarization at Fermi energy. Information can 

be encoded into the finite resistance change resulting from spin-dependent electric transport 

through these magnetic hetero-structures. Unlike the conventional nonmagnetic devices, these 

devices exploit the spin degree of freedom. They have the advantages of increasing integration 

densities, non-volatility, accelerating speed in data processing and lowering the power 

consumption. 

Further development of these new technologies is by combining semiconductors and 

magnetism (utilize both electron’s charge and spin degree of freedom), in other words, 

employing spintronics [10]. 
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Spintronics is characterized by the transport of spin or charge and spin in semiconductor-based 

materials. These materials can be composed of FM metals, magnetic semiconductors with or 

without doping, and/or the so-called “half-metals” (HMs) [11,12]. 

Half-metals are a special kind of materials having novel spin properties due to their unique 

electronic structures. Many compounds were predicted to be half-metals [13-17] and Heusler 

alloys [18] received the most experimental and theoretical interest. 

The main goal of this work is to study Heusler compounds with the objective of developing 

new potential half-metallic materials. First principles calculations based on the density 

functional theory [19] have helped us significantly in understanding the electronic and magnetic 

behavior of these compounds. 
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Chapter I 

Theoretical Background 

Ferromagnetic materials with unsaturated d shells (iron Fe, cobalt Co, and nickel Ni, …) have 

always been of great interest in several innovative advanced technologies. Heusler compounds 

are a class of ferromagnetic materials that have made a significant topic of research. Due to 

their unique electronic structure, Heuler alloys exhibit a wide variety of properties such as 

spintronics [1], thermoelectrics [2,3] and magnetic shape memory effects [4,5]. 

In 1988, the Frenchman Albert Fert and the German Peter Grünberg [6] each independently 

discovered the antiferromagnetic coupling effect in Fe/Cr/Fe multilayered system [7]. Fert and 

Grünberg were later rewarded the Nobel Prize in 2007 for this experimental discovery in 

physics [8]. 

The giant magneto-resistance (GMR) is a quantum mechanical effect observed in multilayers 

composed of alternating ferromagnetic and non-magnetic conductive layers (see figure (I.1)) 

[9,10].  

 

 

 

 

 

Figure I.1 Magnetic tunnel junction. 
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It manifests in a significant change in the electrical resistance depending on whether the 

magnetization of adjacent ferromagnetic layers are in a parallel or an antiparallel alignment, 

where under the influence of an external magnetic field, the overall resistance is relatively low 

for parallel alignment and relatively high for antiparallel alignment (see figure (I.2)). 

Very weak magnetic changes give rise to major differences in electrical resistance in a GMR 

system. A system of this kind is the perfect tool for reading data from hard disks when 

information registered magnetically has to be converted to electric current. Soon researchers 

and engineers began work to enable use of the effect in read-out heads. In 1997, the first 

commercial read heads based on GMR were designed and launched by IBM (International 

Business Machines) and this soon became the standard technology. Even the most recent read-

out techniques of today are further developments of GMR. 

 

 
 

Figure I.2 Dependence of the electrical resistance on the relative magnetic alignment of the 

ferromagnetic layers. 

 

 

The main applications of GMR are magnetic field sensors (which are used to read data in hard 

disk drives HDD) [11], biosensors [12], micro-electromechanical systems (MEMS) and other 

devices [13]. GMR multilayer structures are also used in magneto-resistive random-access 

memory (MRAM) [14] as cells that store one bit of information. Besides, GMR is found in 

nearly all computers, and it was used in some digital cameras and MP3 players. 

Actually, it was the discovery of GMR that paved the way for new physics, such as TMR 

(tunneling magneto-resistance) [15]. TMR technology is the natural evolution of older 

https://fr.wikipedia.org/wiki/IBM
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technologies like GMR and AMR (anisotropic magneto-resistance) [16] (see figure (I.3)). It is 

a magneto-resistive effect that occurs in a magnetic tunnel junction (MTJ), which is a 

component consisting of two ferromagnets separated by a thin insulator. If the insulating layer 

is thin enough (typically a few nanometers), electrons can tunnel from one ferromagnet into the 

other. Since this process is forbidden in classical physics, the tunnel magneto-resistance is a 

strictly quantum mechanical phenomenon.  

The highest tunnel magneto-resistance ratio record were obtained when the Co2MnSi Heusler 

compound was used in tunnel-junction devices [17]. GMR and TMR devices have then a basic 

common structure, namely two ferromagnetic metal films separated by a nonmagnetic film. The 

difference between the structures of these devices is in the nonmagnetic spacer film, which 

consists of a metal film (GMR) or an insulator film (TMR) (see figure (I.3)). The discovery of 

giant magneto-resistance has opened the eyes on using the electron spin degree of freedom to 

develop innovative technologies, where traditionally, the electronic devices used to rely only 

on charge degree of freedom. Nowadays, advanced devices exploit electron spin properties in 

addition to their charge, thus defining the term spintronics [18].  

 

 

Figure I.3 Evolution of anisotropic magneto-resistance. 

 

 

 

As mentioned above, studies of spintronics started in 1988 after the discovery of GMR, which 

was implemented in hard disk drives (HDD). Because today’s information technology needs 

larger capacity data storage and faster data processing, spintronics, based on spin polarized 

electron transport, satisfy the above requirements. Actually, Heusler alloys offer fascinating 

functionalities in this particular domain.  The main feature that makes these materials efficient 

for spintronics applications is their ideal 100% spin polarization. 
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I.1 Spin polarization 

In a nonmagnetic material, the occupation of spin up and spin down states is equal, resulting in 

a zero net spin polarization. However, in a ferromagnetic metal, states of one spin channel are 

more occupied than the other, which leads to nonzero net spin polarization and ferromagnetic 

properties. Spin polarization is then quantified by the difference between the numbers of spin 

up and spin down electrons at Fermi level, as follows: 

P =
N↑(Ef)−N↓(Ef)

N↑(Ef)+N↓(Ef)
× 100%                                (I-1) 

where N↑ and N↓ represent the density of state of spin up and spin down near the Fermi level 

(Ef), respectively. 

The formula that relates the spin polarization (P) and the magneto-resistance for TMR devices 

was expressed in terms of spin polarization of two ferromagnetic electrodes (P1, P2) [19], as 

follows 

TMR =
2P1P2

1−P1P2
             (I-2) 

As P approaches 1, TMR values approach infinity, which implies that a perfect switch can be 

made with a 100% spin-polarized material. 

Highly spin-polarized ferromagnetic materials are strongly desired for spintronics devices such 

as magnetic tunnel junctions (MTJs), spin injectors to semiconductors and spin-torque 

oscillators [20-22]. Unfortunately, the spin polarization of common ferromagnets such as Fe 

and Co is only about 35-40% [23]. Hence, conventional ferromagnets cannot inject electrons 

with a large degree of spin polarization into the non-magnetic material [24]. The injected spin 

polarization could be increased by employing a half-metallic ferromagnet (HMF) [25] or a 

dilute magnetic semiconductor (DMS) [26], both of which might have 100% spin polarization 

in theory. 

However, in a DMS, Curie temperatures (the temperature above which certain materials lose 

their permanent magnetic properties) are typically below 80 K. For this reason, HMFs present 

a convenient solution for exploiting 100% spin polarization induced by spontaneous 

magnetization [27]. Among the many theoretically proposed HMFs, Heusler compounds hold 

the greatest potential to realize half-metallicity at room temperature due to their high Curie 

temperatures [28], lattice constant matching with major substrates (such as III–V 

semiconductors and MgO), and generally large gap at Fermi level (EF) [29]. A minority of 
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Heusler compounds were calculated to be half-metals and particularly promising as 

ferromagnetic electrodes of magneto-resistive devices since they have high Curie temperatures 

and high spin polarization. Finding such highly spin-polarized materials (half-metals) presents 

a main challenge for many theoreticians and experimentalists. So what are half-metals? 

I.2 Heusler compounds as Half-metallic Ferromagnets 

The concept of half-metallic ferromagnetism has attracted great interest since its introduction 

in the early 1980s. Half-metals (HMs) are materials that, unlike ordinary metals (Fe) combining 

both spin types at Fermi level, have only spin up electrons at Ef (N↓(Ef) = 0), leading to 100% 

spin polarization. HMs have then the peculiarity of being magnetic and semiconducting at the 

same time. This concept was initially predicted by de Groot and collaborators using first-

principles electronic calculations. They observed unusual electronic properties of the half-

Heusler NiMnSb [30] and showed that this compound is in reality half-metallic, i.e. the minority 

band is semiconducting with a gap at the Fermi level.  

NiMnSb has attracted considerable attention among theoreticians and several first-principles 

calculations have confirmed its half-metallic character [31-36]. This half-metallic compound 

has also attracted a lot of experimental interest [37-39]. It belongs to the family of Heuslers [40] 

consisting of full Heuslers and Half-Heusler compounds. 

The first family of Heusler alloys is of the form X2YZ, crystallizing in the L21 structure, which 

consists of four fcc sublattices. Such Heusler compounds have attracted a lot of interest due to 

the possibility to study in the same family of alloys a series of interesting diverse magnetic 

phenomena. In fact, full Heusler alloys were the first to be synthetized [41].  

The Japanese research groups were the first to predict the existence of half-metallicity in the 

case of full Heusler compounds. Using ab-initio electronic structure calculations, Ishida and 

collaborators studied the Co2MnZ alloys, where Z stands for Si and Ge [42-44], and Fujii and 

collaborators studied the Fe2MnZ alloys [45]. 

Full-Heusler compounds became very popular for potential applications and several groups 

managed to grow Co2MnGe and Co2MnSi thin films [46-53]. Experimentally, many full 

Heusler alloys have been confirmed to be half-metallic [54,55].  

Heusler alloys of the second class are of the form XYZ, crystallizing in the C1b structure, and 

consisting of three fcc sublattices; they are often called half- or semi-Heusler alloys in literature. 



Chapter I:        Theoretical Background 

10 

As half-metallic ferromagnets have a great potential in the emerging field of spintronic 

applications [56,57], magneto-optical effects [58] and GMR applications [59], Heusler alloys 

have been rigorously investigated and many of them were predicted to be new HMFs [60-67]. 

I.3 Classes of Half-metals 

Up to now, three main classes of ferromagnetic half-metals have been found by theory and/or 

experiment with distinct crystal structures. The first class of ferromagnetic half-metals are 

Heusler alloys [68], such as Co2CrAl. The second one are the oxides, such as CrO2 [69], and 

the third one are those having the zinc blende (ZB) structure (e.g., CrAs) [70,71]. 

A common feature of all these HMs is that they contain at least one transition-metal (TM) atom, 

such as Co, Mn, or Fe in the unit cell, where their d-states play a key role in the half-metallicity. 

The interaction of the d-states with the states of other atoms (the d-states of other TM atoms, 

the p-states of oxygen atoms, pnictides, or Group IV elements) give rise to a number of 

distinguishing properties. 

I.4 Half-metallic ferrimagnets 

Half-metallic ferrimagnetic materials are desirable candidates for the applications in magneto-

electronic devices. The advantage of a ferrimagnetic interaction is the resulting reduction of the 

magnetic moment due to the compensation of the moments carried by the different sublattices. 

These materials offer distinct advantages over their ferromagnetic counterparts, which are 

mostly due to their small magnetic moment. The ideal compensated ferrimagnet would exhibit 

a total magnetic moment of zero. In fact, half-metallic fully-compensated ferrimagnets (HM-

FCF) [72] were initially named half-metallic antiferromagnets (HMAs). 

In 1995, van Leuken and de Groot proposed a new class of materials called half-metallic 

antiferromagnets [73]. In conventional antiferromagnets, the symmetry of sites with opposite 

spin results in no spin polarization. However, in the case of crystallographically inequivalent 

magnetic sublattices with antiparallel alignment of their spins, half-metallicity combined with 

a zero net magnetic moment can be achieved, giving rise to half-metallic compensated 

ferrimagnets (see figure (I.4)). In this respect, Heusler compounds are an interesting class of 

materials. One of their major advantages is the high tunability of their magnetic structure 

because of the existence of one or more magnetic sublattices. The HMA character has been 
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reported the first time when studying the semi-Heusler compound CrMnSb, and it has been 

confirmed by calculations made by Shaughnessy and collaborators [74]. 

Except the semi-Heusler CrMnSb, full Heusler alloys with 24 valence electrons have also been 

predicted to be HMAs including the Mn3Ga [75,76], Cr2MnZ (Z = P, As, Sb, Bi) alloys [77,79], 

the Co-doped Mn2VZ (Z = Al, Si) half-metallic ferrimagnetic alloys and the Cr-doped Co2CrAl 

[80]. 

Heusler compounds are not the only family where the half-metallic anitferromagnetism has 

been predicted. Potential HMA candidates include also the double-perovskites [81-85], 

superlattice structures [86,87], diluted magnetic semiconductors [88,89] and even Fe-based 

superconductors [90].  

Finally, it is possible to grow a HMA by combing alternate layers of half-metallic ferromagnetic 

and ferrimagnetic Heusler compounds as suggested in [91]. 

 

 

 

Figure I.4 Density of states of (a) a metal, (b) a ferromagnet, (c) a half-metallic ferromagnet, 

and (d) a completely compensated half-metallic ferrimagnet [92]. 
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I.5 Magnetic semiconductors 

Another type of materials are the ones combining both the semiconducting behavior with the 

magnetic properties. Such compounds can offer novel functionalities to spintronic and 

magneto-electronic devices, e.g. they can act as spin-filter materials. These materials can find 

application in magnetic tunnel junctions (MTJ). In usual MTJs, the magnetic electrodes are 

separated by an insulating barrier and ballistic transport is achieved through the tunneling of 

the electrons via the barrier. The alternative is to use a spin-filter material as the barrier and 

have metallic electrodes. Then the probability for electrons tunneling through the spin-filter 

barrier is different for the two spin-directions and the flow of a spin-polarized current can be 

achieved [93,94]. Among Heusler compounds, there are two families of compounds studied 

recently that are magnetic semiconductors and can be used as spin-filter materials: 

(i) (CoV)XAl with X being Ti, Zr or Hf, which are ferromagnetic semiconductors [95], and (ii) 

(CrV)XAl with X being Ti, Zr or Hf, which are fully-compensated ferrimagnetic 

semiconductors [96]. The latter also combines magnetic semiconducting behavior with zero 

magnetization leading to minimum energy losses in devices. 

A special class are the so-called spin-gapless semiconductors [97]. These materials combine 

the properties of half-metals and magnetic semiconductors, and they are actually magnetic 

semiconductors, where there is an almost vanishing zero-width energy gap at Fermi level in the 

majority spin direction and a usual energy gap in the other spin-direction. Spin-gapless 

semiconductors offer also novel functionalists due to their unique properties: (i) the mobility of 

carriers is considerably larger than in usual semiconductors, (ii) excited carriers include both 

electrons and holes, which can be 100% spin-polarized simultaneously, and (iii) a vanishing 

amount of energy is enough to excite majority spin electrons from the valence to the conduction 

band. 

Although gapless-semiconductors are well known in literature, it was not until 2008 that Wang 

proposed that the doping of PbPdO2, a gapless semiconductor with transition metal atoms, 

would lead to a spin-gapless semiconductor [98,99]. Experimental confirmation was offered in 

2014 by Kim and collaborators who studied polycrystalline films of Mn and Co doped PbPdO2 

[100]. Among Heusler compounds, several have been identified to be spin-gapless 

semiconductors [101-103]. The main attention was given to Mn2CoAl, an inverse full Heusler 

compound, due to its successful growth in the form of films [104]. Galanakis and collaborators 
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have shown that defects keep the half-metallic character of Mn2CoAl but destroy the spin-

gapless semiconducting character [105]. 

Apart from the half-metallic character, Heusler alloys possess interesting diverse properties 

such as high magnetic Curie temperature [106], magneto-optical effects and spin filters [107], 

which explains the reason why these materials are extensively researched, studied and 

fabricated. However, there are certain factors that might affect the half-metallic character such 

as atomic disorder, defects and even vacancies [108,109]. More details about these phenomena 

are described in the next chapter. 

I.6 Motivation for the study of Co- and Fe-based type of Heuslers 

We found great passion in studying, particularly, Fe and Co-based Heusler families, and here 

are the reasons that motivated us: 

Heusler alloys containing Co atoms have attracted much attention as they are strongly 

ferromagnetic and most of the predicted half-metals belong to Co2YZ family [110-118].  

Co-based compounds were synthesized and investigated in the 1970s. They show high spin 

polarization in tunnel junction devices and spin-resolved photoemission. Moreover, high tunnel 

magneto-resistance (TMR) has been observed in some magnetic tunnel junctions (MTJs) based 

on Co2FeSi [119] and Co2Cr0.6Fe0.4Al [120] films. 

Generally, many Co-based Heuslers have been predicted to be fully spin-polarized, making 

them suitable in spintronic domain. They have also drawn commendable interest for 

applications in the areas of spintronics and other magnetism related applications due to their 

high Curie temperatures [121,122]. For instance, Wurmehl et al. have reported an exceptionally 

high magnetic moment of 6 μB and a Curie temperature TC of 1100K for the half-metallic 

Co2FeSi [123]. Other remarkable properties would be visualized in their structural similarity to 

industrial binary semiconductors [125,125] as well as the variable localized Co magnetic 

moments [126]. Furthermore, the simple fabrication method of Co2YZ materials makes them 

very attractive from the perspective of industrial applications. Yet there are relatively fewer 

investigations until now concerning Co-based systems with 4d transition metal elements. 

Several classes of Co-based compounds show a consistent trend with Slater-Pauling behavior. 

In contrast to experiments, calculations give a non-integer value of the magnetic moment in 

certain Co-based Heusler compounds. 
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Fe-based Heusler compounds, on the other hand, have also received as much interest as Co 

based ones. They are promising candidates for thermoelectric power generation. The theoretical 

investigation was demonstrated in Fe-based Heusler compounds using the first-principle 

calculations yielding the power factors, which are 4 to 5 times larger than that in the classical 

thermoelectric materials at room temperature [127].  Fe-based Heusler compounds are known 

to be soft ferromagnets with Curie temperature as high as 900 K, making them suitable for 

potential magnetic applications [128]. They have also been investigated experimentally and 

theoretically [129]. Unlike Co-based compounds, many Fe-based Heuslers often exhibit a 

deviation from the Slater Pauling rule due to disorder or less localized states at Fermi energy.  

It has been found that Co and Fe atoms possess high spin magnetic moments in the periodic 

table. For this reason, the magnetization values of the ferromagnetic Co- and Fe-based Heusler 

compounds are high. 

I.7 Thesis statement  

This work offers a set of several novel ferromagnets, semiconductors and new distinctive half-

metals with 3d and 4d transition elements, which can be exploited in various future electronic 

applications. These materials represent our primal motivator in making this thesis. Most of our 

work focuses on theoretical predictions of half-metallicity in ternary and quaternary iron (Fe) 

and cobalt (Co) based systems, as well as the effect of substituting Fe by Co atoms on the 

properties of the studied systems. Moreover, we have investigated different properties of these 

Heusler compounds in order to identify their capabilities and functionalities in different 

physical fields. We hope by the end of this experience to be able to clarify the impact of atomic 

arrangements on the electronic properties. Besides, we would like to find out how the 

conversion of a ternary Heusler structure to a quaternary one might influence the half-metallic 

character and the physical properties of these systems.  Another interesting point in this thesis 

concerns the effect of the presence of both 3d and 4d magnetic constituents on the electronic 

and magnetic properties, as well as the half-metallic character. 

I.8 thesis Outline 

Chapter I describes the story behind the discovery of half-metallic ferromagnets and their 

fascinating properties and applications. We also discuss the types of materials predicted to be 

half-metals in addition to Heusler compounds. Moreover, we discuss the appearance of new 
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half-metallic alloys with magnetic properties, such as half-metallic ferrimagnets, magnetic 

semiconductors and spin-gapless semiconductors. Lastly, we mention the reasons that 

motivated us to study Co- and Fe-based type of Heuslers. 

In chapter II, we remind of the nascence of the first Heusler alloy. Then, we introduce basic 

concepts relevant to Heusler compounds such as crystal structure, half-metallicity (HM) and 

other different magnetic phenomena. Next, we discuss special topics such as chemical disorder, 

defects and vacancies. In the last part of this chapter, details about the mechanical stability of 

cubic structures and the thermoelectric parameters are analyzed. We also present the main fields 

of applications of Heusler materials. 

The essential of the density functional theory based on the works of Hohenberg, Kohn and 

Sham in addition to the exchange-correlation effect are discussed in chapter III. We also review 

the main classes of usual approximations for the exchange-correlation energy. 

In chapter IV, we present the theoretical results concerning the ternary Co- and Fe-based series 

in addition to their quaternary derived compounds. For each system, we identify the crystal 

structure, electronic properties and magnetic behavior as well as the mechanical stability. The 

thermoelectric features are discussed for the quaternary systems only as most of the ternary 

alloys show no mechanical stability. 

Lastly, we present the summary of all previous chapters and our futuristic vision. 
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Chapter II 

Basics of Heusler Compounds  

II.1 Heusler compounds  

The birth of Heusler alloys recurs to the early nineties when Friedrich Heusler [1] discovered 

the ferromagnetic Cu2MnAl alloy [2]. This remarkable compound crystallizing in L21 structure 

was only the beginning of the rise of thousands of compounds namely Heusler alloys. It is the 

atomic combination of diamagnetic and paramagnetic elements that defines and differentiates 

the properties of each compound from the other, leading to amazing magnetic phenomena like 

metallicity, half-metallicity [3], semiconducting, superconductivity and topological insulators 

[4].  

Except the usual full Heusler compounds, there exists the so-called inverse full Heusler 

structure. These compounds have also the chemical formula X2YZ, but in their case, the valence 

of X transition metal atom is smaller than the valence of Y atom. Several inverse Heuslers have 

been studied using first-principles electronic structure calculations [5-8], also by experiment 

[9,10], and many of them have been identified to be half-metallic ferromagnets [11].  

Quaternary Heusler alloys are a special case of full Heuslers, where one site is occupied 

randomly by two chemical elements. Almost a decade ago, first-principles calculations have 

been employed to study the electronic and magnetic properties of 60 LiMgPdSn-type 

multifunctional quaternary Heuslers [12]. It was shown that most of these compounds were 

half-metals obeying the same Slater-Pauling rule for full Heuslers (Mt = Zt − 24), with few 

exceptions. 

Other from the full Heuslers mentioned above, there exists another type of ternary Heuler 

compounds called the half-Heuslers with the composition XYZ. The most well-known half-

Heusler compound is NiMnSb [13]. It has attracted a lot of experimental interest since, in 1983, 

de Groot and his collaborators [14] showed, using first-principles calculations that this 

compound is in reality half-metallic.  
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II.2 Crystal structure of Heusler compounds 

Usually, Heusler compounds can be categorized into two main groups; one with the 

composition 1:1:1 (half-Heuslers) and the other with stoichiometry 2:1:1 (full Heuslers). 

Mostly, X and Y elements represent different transition metals, while Z atom is either a 

nonmagnetic metal or a semiconductor [15]. The compounds of the first family are ternary 

materials with the general formula XYZ, and they are called Half-Heuslers (HH). HH 

compounds crystallize in a non-centrosymmetric cubic structure with space group F43m (216). 

In fact, the crystal structure is a sum of the zinc blende (covalent) and the sodium chloride 

(ionic) lattice. The corresponding occupied Wyckoff positions are (0, 0, 0), (1/2, 1/2, 1/2) and 

(1/4, 1/4, 1/4), where the most electropositive atom and the main group element occupy the 

octahedral sites, while tetrahedral sites are occupied by the other transition metal element. 

Whereas X2YZ Heusler compounds follow the L21 structure with the atomic positions (0, 0, 0), 

(1/2, 1/2, 1/2), (1/4, 1/4, 1/4) and (3/4, 3/4, 3/4). The unit cell consists of four face centered 

cubic sublattices and belongs to the space group Fm3m (225). A rock salt-type lattice is formed 

by the least and the most electropositive elements (Y and Z). Due to the ionic character of their 

interaction, these elements are coordinated octahedrally. On the other hand, all tetrahedral holes 

are filled by X atoms. 

When the atomic number of Y element is greater than that of X [16], an inverse Heusler 

structure is obtained. Inverse Heuslers have also the chemical formula X2YZ and the structure 

is still described by four interpenetrating face-centered-cubic (fcc) sublattices, but in this case, 

X and Z atoms form a rock salt lattice to achieve an octahedral coordination for X. The 

remaining X and Y atoms fill the tetrahedral holes with fourfold symmetry. As a consequence, 

the inverse Heusler compounds crystallize in the so-called XA or Xα structure, where the 

sequence of the atoms is X-Y-X-Z and the prototype is Hg2TiCu [17]. 

Except the usual and inverse full Heusler compounds, another full Heusler family is the 

quaternary one, also known as LiMgPdSn-type of Heuslers [18], with the chemical formula 

XX’YZ where X, X’ and Y are transition metal atoms, and Z is a main group element. The 

valence of X’ is lower than the valence of X atoms, and the valence of Y element is lower than 

the valence of both X and X’. The sequence of the atoms along the fcc cube’s diagonal is X-Y-

X’-Z, which is energetically the most stable [19] (see table II.1). 
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Figure II.1 Heusler structures (a) The full Heusler structure, (b) the half-Heusler structure, (c) 

the inverse Heusler structure and (d) the quaternary Heusler structure [62]. 

 

 

 

Table II.1 Atomic positions of the half-, full-, inverse and quaternary Heusler structures. 

 

 (1/4, 1/4, 1/4) (3/4, 3/4, 3/4) (1/2, 1/2, 1/2) (0, 0, 0) 

Half Heusler XYZ X  Y Z 

Full Heusler X2YZ X X Y Z 

Inverse Heusler XYXZ X Y X Z 

Quaternary Heusler XX’YZ X X’ Y Z 
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II.3 Disorder and defects  

As mentioned in the previous chapter, the properties of Heusler compounds strongly depend on 

the atomic order. Larson et al [20] have shown that the ordered structure of Heusler alloys is 

the one with the minimum energy and thus the most stable. There are several derivatives of the 

initial ideal Heusler structures (figure (II.1)), due either to atomic swaps or to disorder [21]. 

Vacancies are also a very common defect occurring during the growth of samples of Heusler 

compounds. Usually, moderate degrees of disorder and doping do not alter half-metallicity. 

Also defects with low formation energies, which are the most likely to occur; keep the half-

metallic character of the compounds. Yet, in [22], it was shown for several families of Heuslers 

that the occurrence of vacancies at the sites occupied by the higher valence transition metal 

atoms alters the local environment of the atoms, destroying the half-metallic character of the 

compounds under study. 

Half-Heusler compounds are tetrahedrally filled structures that are closely related to binary 

semiconductors. Covalent bonding interaction plays a significant role and their crystalline order 

is retained up to the composition temperature [23]. Thus, structural disorder, that leads to 

occupation of the vacant lattice site, occurs only rarely in Half-Heusler compounds, whereas 

X2YZ phases often display considerable amounts of atomic disorder. 

Within the Half-Heusler structure, different types of atomic disorder are possible. An overview 

of potential types of disorder is displayed in figure (II.2) and a detailed description of all 

possible atomic arrangements with the Heusler structure can be found in [24]. A mixture of the 

atoms on Wyckoff positions 4a and 4b leads to a CaF2-type structure (C1, space group Fm3m, 

no 225). In contrast to this, the vacant sites can partially become occupied, while at the same 

time, vacancies are introduced in the other sublattices. Hence, a partial occupancy of the 4d 

sites accompanied by voids on the 4c sites yields a Cu2MnAl-type structure (L21, space group 

Fm3m, no 225) and an additional mixing of the atoms on positions 4a and 4b leads to a CsCl 

type of disorder (B2, Pm3m, no. 221). On the other hand, if the vacant lattice site is partially 

occupied by atoms from 4b site accompanied by an intermixing of 4a and 4c positions, a NaTl-

type structure is obtained (B32a, Fd3m, no. 227). Finally, a completely random distribution of 

all three atoms on the four possible positions gives rise to a tungsten-type disorder (W, Im3m, 

no. 229). 
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Figure II.2 Types of disorder in the Half-Heusler structure: (a) CaF2-type disorder, (b) NaTl-

type disorder, (c) Cu2MnAl-type disorder, (d) CsCl-type disorder, and (e) tungsten-type 

disorder [62]. 

 

 

 

 

Figure II.3 Different types of disorder in the Heusler structure: (a) CsCl-type disorder, (b) 

BiF3-type disorder, (c) NaTl-type disorder, and (d) tungsten-type disorder [62]. 
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In the case of full Heusler compounds, band structure calculations show that already small 

amounts of disorder within the distribution of the atoms on the lattice sites cause distinct 

changes in their electronic structure and also in their magnetic and transport properties [25,26]. 

Therefore, a careful analysis of their crystal structure is essential to understand the structure-to-

property relation of Heusler compounds.  

Figure (II.3) shows the transition from the ordered to the most prominent disordered Heusler 

structures, which will be explained in the following [27-29]: If Y and Z atoms are evenly 

distributed, 4a and 4b positions become equivalent. This leads to a CsCl-like structure, also 

known as B2-type disorder. Consequently, the symmetry is reduced and the resulting space 

group is Pm3m.  

On the other hand, the random distribution of X and Y or X and Z leads to a BiF3-type disorder 

(Space group no. 216: Fm3m, DO3). Different from these types of disorder, the NaTl-type 

structure is observed very rarely. In this structure type, X atoms, which occupy one of the fcc 

sublattices, are mixed with Y atoms, whereas X atoms on the second sublattice are mixed with 

Z atoms. This kind of disorder is also known as B32a disorder (Space group no. 227, Fd3m). 

Here, X atoms are placed at the Wyckoff position 8a (0, 0, 0), while Y and Z are randomly 

distributed at position 8b (1/2, 1/2, 1/2).  

In contrast to these partial disorder phenomena, all positions become equivalent in the tungsten-

type structure with a base-centered-cubic (bcc) lattice and reduced symmetry (Im3m (A2)). 

All disorder types, which can be found in the Heusler structure, may also occur in Half-Heusler 

compounds, where the vacancy is statistically distributed on all positions. Only in the CaF2- 

type disorder, the vacant site is preserved. 

We point out that the chemical disorder occurring in the Heusler structure is the reason why 

experimental results differ from theoretical predictions of first-principle calculations, since 

these last ones are based on a perfect crystal. 
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II.4 Magnetic properties of Heusler compounds 

The XYZ materials exhibit one magnetic sublattice, since only the atoms on the octahedral sites 

can carry a magnetic moment. However, X2YZ compounds have two magnetic sublattices that 

can couple ferromagnetically or antiferromagnetically (figure (II.4)). Thus, full Heuslers can 

show all kinds of magnetic phenomena, such as ferromagnetism, antiferromagnetism, 

ferrimagnetism, helimagnetism, Pauli paramagnetism and heavy fermion behavior [30-33]. The 

crystal structure, composition and heat treatment were found to be important parameters for 

determining the magnetic properties of Heuslers. In fact, it has been shown that the s-p electron 

concentration plays an important role in establishing the magnetic properties, including the total 

magnetic moment, the structural stability, and the type of magnetic order. In addition, the 

properties of Heusler compounds strongly depend on the atomic order, especially the X atom 

site.  

The majority of Heusler compounds order ferromagnetically and saturate in weak applied 

magnetic fields. Nevertheless, there exists some Heuslers that order antiferromagnetically, and 

many studies reported the antiferromagnetic behavior in several B2-type disordered X2MnZ 

(X=Ni, Pd; Z=Al, In) Heusler alloys [34]. Although antiferromagnetism is more favorable in 

full Heusler alloys with B2-type structure, experimentally, antiferromagnetic order has been 

measured both in half-Heusler (C1b structure) and in full Heusler alloys (L21 and B2 structure). 

In comparison to ferromagnetic or antiferromagnetic behavior, ferrimagnetic ordering is very 

rare in Heusler alloys. Actually only CoMnSb, Mn2VAl and Mn2VGa compounds have been 

detected to be ferrimagnetic alloys, and Mn2VAl [35] received the most experimental attention. 

The properties of Heusler alloys can easily be predicted by simply counting the number of 

valence electrons [36], which leads us to an important criteria used as an indicator of the half-

metallic character in Heusler compounds. 

 

 

Figure II.4 Types of interactions in (a) XYZ Half Heusler compounds exhibiting only one 

magnetic sublattice, (b) X2YZ Heusler compounds having two magnetic sublattices [62]. 
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 The Slater Pauling rule 

Based on the Slater Pauling behavior [37,38], the total magnetic moment Mt can be estimated 

by following a simple electron counting rule. For half- and full Heuslers, the total magnetic 

moment is given by 𝐌𝐭 = 𝐙𝐭 − 𝟏𝟖 , and 𝐌𝐭 = 𝐙𝐭 − 𝟐𝟒, respectively, where Zt is the total 

number of valence electrons. 

The Slater-Pauling rule is also valid for quaternary Heusler compounds [39]. In figure (II.5), 

we present the Slater Pauling curve for the ternary and quaternary Heusler materials studied in 

this thesis. 

 

 

Figure II.5 Slater Pauling curve for the ternary X2YZ (X = Fe, Co; Y = Zr, Mo; Z = Ge, Sb) 

and quaternary XX’YZ (X = Co, Fe; X’ = Mo, Fe; Y = Zr, Fe; Z = Sb, Ge) Heusler alloys. 
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II.5 Elastic properties 

The elastic properties reflect the response of a particular material to elastic or non-elastic 

deformation when a stress load is applied. Investigating the mechanical properties is crucial to 

provide information about the stiffness and stability of a material, hence estimating its different 

practical usages. 

Cubic crystals have only three independent elastic constants, namely, C11, C12, and C44. The 

two cubic elastic constants C11 and C12 are derived from the bulk modulus B, as: 

𝐁 =
 (𝐂𝟏𝟏+𝟐𝐂𝟏𝟐)

𝟑
,                                                                                                                      (II-1) 

Moreover, the bulk modulus can be extracted from the equation of state described by a Morse 

function [40] fitted to the total energy, by: 

𝐁 = 𝐕
𝛛𝟐𝐄

𝛛𝐕𝟐                                                                                                                               (II-2) 

The necessary and sufficient mechanical stability conditions of the elastic constants for a cubic 

crystal are the so called Born-Huang criteria [41], defined as: 

𝐂𝟒𝟒 > 𝟎                                                                                                                                                                                                   (II-3) 

𝐁 > 𝟎                                                                                                                                     (II-4) 

 (𝐂𝟏𝟏−𝐂𝟏𝟐)

𝟐
> 𝟎                                                                                                                                                                                       (II-5) 

𝐂𝟏𝟐 < 𝐁 < 𝐂𝟏𝟏                                                                                                                                                                                  (II-6) 

After determining the elastic constants, one can calculate other important elastic moduli, such 

as the shear modulus, anisotropy and Young’s modulus through the following equations: 

𝐀 =
 𝟐𝐂𝟒𝟒

𝐂𝟏𝟏−𝐂𝟏𝟐
,                                                                                                                           (II-7) 

𝐄 =
 𝟗𝐁𝐆

𝟑𝐁+𝐆
,                                                                                                                               (II-8) 

𝐆 =
 (𝐆𝐑+𝐆𝐕)

𝟐
,                                                                                                                           (II-9) 
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Where GR and GV are Reuss’s [42] and Voigt’s [43] shear moduli of a cubic crystal, 

respectively, given by: 

𝐆𝐑 =
 𝟓𝐂𝟒𝟒(𝐂𝟏𝟏−𝐂𝟏𝟐)

𝟒𝐂𝟒𝟒+𝟑(𝐂𝟏𝟏−𝐂𝟏𝟐)
,                                                                                                           (II-10) 

and: 

𝐆𝐕 =
 𝐂𝟏𝟏−𝐂𝟏𝟐+𝟑𝐂𝟒𝟒

𝟓
,                                                                                                               (II-11) 

The value of Young’s modulus generally shows how materials respond along the edges when 

strain is applied, and describes their stiffness. In fact, the higher the value of E, the higher will 

be the stiffness. 

The Cauchy pressure is used as an indicator of the brittle-ductile behavior, it is expressed as: 

𝐂𝐩 = 𝐂𝟏𝟐 − 𝐂𝟒𝟒                                                                                                                                                                             (II-12) 

Negative 𝐂𝐩 has been associated with covalent nature of the metallic bond and is characteristic 

to brittle alloys, whereas positive 𝐂𝐩 indicates metallic character and enhanced ductility [44]. A 

second indicator of the brittle-ductile behavior is Pugh’s ratio [45], given by:  

𝐤 = 𝐁/𝐆                                                                                                                                                                                              (II-13) 

and Poisson’s ratio υ,  

𝛖 =
𝟏

𝟐

 (𝟑𝐁−𝟐𝐆)

(𝟑𝐁+𝐆)
=

𝟑𝐁−𝐄

𝟔𝐁
                                                                                                           (II-14) 

Pugh’s and Poisson’s ratio give valuable expectations of the malleability in materials. The ratio 

of bulk and shear modulus [46] can also be used to examine the brittle and ductile behavior [47] 

for covalent and ionic materials. Small values of Pugh’s ratio indicate low malleability of 

crystals. High values of 𝐁/𝐆 (above 1.75) indicate the material is ductile.  

Ductile materials have a wide range of applications in the parts of machine undergoing rapid 

acceleration. Another factor that gives information about the brittle/ductile nature of a given 

material is Poisson’s ratio. It usually ranges between 0.25 and 0.35 for solids such as metals, 

polymers and ceramics [48]. According to the Frantsevich rule [49], Poisson’s ratio is less than 

0.26 for brittle alloys, while materials having a value above 0.26 are observed to be ductile. 
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Anisotropy factor [50] is considered as the signifier of instability of cubic structures. The large 

anisotropy of crystals correlates to the possibility of micro-cracks in materials, since it shows 

the tendency of a system toward phase transitions.  

It is also important to mention that the value of elastic anisotropy must be unity for an isotropic 

crystal, while any value less or greater than 1 indicates the system is anisotropic [51]. 

 Prediction of the melting temperature 

The melting point of a substance is the temperature at which it changes state from solid to liquid. 

At this point, the solid and liquid phases exist in equilibrium. For cubic crystals, Fine et al. [52] 

showed that there is a rough correlation between the average elastic constant and the melting 

temperature as follows: 

𝑻𝒎𝒆𝒍𝒕 = [𝟓𝟓𝟑𝑲 + (
𝟓.𝟗𝟏𝑲

𝑮𝑷𝒂
) 𝑪𝟏𝟏] ± 𝟑𝟎𝟎𝑲                            (II-15) 

 

 

 

 

 

 

 

 

 

 



Chapter II:       Basics of Heusler Compounds 

34 

II.6 Thermoelectric properties 

Thermoelectric (TE) effects have been well known since the discoveries of Thomas Seebeck in 

the early 19th century [53]. When a material is subject to a temperature gradient, high-energy 

carriers residing in hot regions tend to diffuse to the cold ones, producing a charge build-up and 

an electrostatic potential difference. In open-circuit conditions, such a process continues until 

drift and diffusion currents balance and a Seebeck voltage is established. 

The term "thermoelectric effect" encompasses three separately identified effects: the Seebeck 

effect (creating a voltage from temperature difference), Peltier effect (driving heat flow with an 

electric current) and Thomson effect (reversible heating or cooling within a conductor when 

there is both an electric current and a temperature gradient). 

TE effects provide a very interesting way to convert waste heat into useful energy (see figure 

(II.6)) using a solid-state converter: this possibility has been widely explored since the 1950s, 

but in practice, TE devices have been relegated so far to a small group of niche scientific, 

medical, or military applications. The key reason for such a limited diffusion of this technology 

fundamentally lies in the relatively low thermodynamic efficiency of existing TE devices.  

 

 

Figure II.6 Overview of energy conversion from various sources using TE device. 
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While all materials have a nonzero thermoelectric effect, in most materials it is too small to be 

useful. However, low-cost materials that have a sufficiently strong thermoelectric effect (and 

other required properties) are also considered for applications including power generation and 

refrigeration. 

The performance of thermoelectric materials can be determined by the parameter thermoelectric 

figure-of-merit (ZT) and fabricating those better materials with higher ZT value (c. ZT > 1) is 

the challenging one for the proper usage of thermal energy against refrigeration and electrical 

power generation. 

The performance of thermoelectric materials is often defined by the following dimensionless 

figure of merit [54]: 

𝐙𝐓 =
𝐓𝐒𝟐𝛔

𝐤
,                                                                                                                    (II-16) 

Here: 𝑺 is the Seebeck coefficient, 𝛔 is the electrical conductivity, T the absolute temperature 

and 𝐤 the thermal conductivity: 𝐤 = 𝐤𝐞𝐥𝐞𝐜𝐭𝐫𝐨𝐧𝐢𝐜 + 𝐤𝐥𝐚𝐭𝐭𝐢𝐜𝐞. Since the thermoelectric figure of 

merit is directly related to the efficiency of a thermoelectric generator, it makes it very 

convenient parameter to compare the potential effectiveness of converters, which uses different 

materials. Values of about ZТ = 1 at room temperature are now considered as good values and 

allow to achieve efficiency of the order of 8 %. Increasing the figure of merit up to 2-3 would 

increase the efficiency of thermoelectric converters to about 20 % and expand their applications. 

While ZT values of about 3-4 seem to be sufficient so that the thermoelectric device can 

compete in efficiency with electric generators and cooling units of conventional design. 

Equation (II-16) shows that the Seebeck coefficient and the electrical conductivity are directly 

proportional to ZT.  

Efficient thermoelectric materials are characterized by a large Seebeck coefficient, high 

conductivity, and low thermal conductivity at the same time. 

The Seebeck coefficient and electrical conductivity are determined mainly by the electronic 

properties of the material. By combining these two physical quantities, we get a single value 

called the power factor, which is defined by the relation:  

𝑷𝑭 = 𝑺𝟐𝝈/𝝉,                                                                                                                    (II-17) 
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From this relation, one can see that the power factor increases with increasing conductivity and 

Seebeck coefficient. The spin dependent Seebeck coefficient (S) is used to designate the 

material characteristics from the application perspectives.  

The total thermopower generated from materials can be estimated by taking into consideration 

the conductivities [55,56] and Seebeck coefficients of both spin channels, as: 

𝐒 =
𝐒↑𝛔↑+𝐒↓𝛔↓

𝛔↑+𝛔↓
                                                                                                                        (II-18) 

Here σ↑, σ↓ are the electrical conductivities, and S↑, S↓ are the Seebeck coefficients of spin up 

and spin down channels, respectively.  

While the overall temperature dependent behavior of the electrical conductivity [57] is 

calculated by combining the contributions from both spin channels as follows: 

𝛔 = 𝛔↑ + 𝛔↓                                                                                                                         (II-19) 

The effective thermal conductivity has a contribution from two parameters namely electronic 

thermal conductivity (𝑘𝑒) and lattice thermal conductivity (𝑘𝑙), where: 𝑘𝑡𝑜𝑡 = 𝑘𝑒 + 𝑘𝑙.  

The lattice thermal conductivity 𝑘𝑙 can be estimated using the Slack equation [58]: 

𝒌𝒍 =
𝑨𝜽𝑫𝑽𝟏/𝟑𝒎

𝜸𝟐𝒏𝟐/𝟑𝑻
,                            (II-20) 

Where: A is a physical constant (A ~ 3.1 *10-6), 𝛾 is the Grüneisen parameter, 𝜃𝐷 the Debye 

temperature, V is the volume per atom, n is the number of atoms in the primitive unit cell, and 

m is the average mass of the atoms in the crystal. 

Thermoelectric materials are believed to overcome the energy crisis as this method is not only 

environment friendly, but it is also capable of generating electric energy from waste heat. A 

schematic figure of a TE device is shown in figure (II.7). It consists of n- and p-type TE 

materials connected in series electrically with metal electrodes and arranged thermally in 

parallel. 

https://www.intechopen.com/chapters/72638#F1
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Figure II.7 Schematic figure of a thermoelectric (TE) power generation device. 

 

Since the fundamental physical limits of thermoelectric conversion efficiency are unknown, a 

lot of attention is now being paid to the search for new thermoelectric materials with improved 

parameters. In order to achieve good thermoelectric performance, we need to minimize the 

thermal conductivity of materials, while enhancing their electrical conductivity. Finding an 

efficient and high temperature thermoelectric material with such requirements is difficult to be 

satisfied, because the three parameters are functions of carrier concentration, which cannot be 

tuned independently.  

The Seebeck coefficient S decreases with carrier concentration n, whereas the conductivity σ 

increases. As a result, conventional metals have a very small Seebeck coefficient and a 

relatively high thermal conductivity, while insulators show a very high electrical resistivity. For 

this reason, the most favorable materials for thermoelectric applications are usually 

semiconductors having a Fermi level near the band gap.  

A variety of TE materials have been explored, such as chalcogenides, skutterudites, clathrates, 

silicides, Zintl compounds, half-Heusler compounds and oxides [59-61]. Most of these 

materials are semiconductors because in general they have high Seebeck coefficients than 

metals. However, recent theoretical and experimental studies have revealed that metals, in 

particular, half-metallic full-Heusler compounds have relatively high Seebeck coefficients as 

well as high electrical conductivities. In addition, their junction with a metal electrode is robust 

compared to that of semiconductors, which is also an advantage. 
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II.7 Applications of Heusler alloys 

The robustness of Heusler compounds lies at the fact that their structural and physical properties 

can be tuned in an exotic way. Hence, they are used in different fields of applications including 

spintronics [62-64], ferromagnetic shape memory alloys [65,66], thermoelectrics [67,68] and 

topological insulators [69,70].  

II.7.1 Heusler alloys in the field of data storage 

In chapter I, we have already mentioned that the discovery of the GMR effect [71,72] gave birth 

to a new research field, namely "spintronics." The advantages of spintronic devices include 

non-volatility, increased data processing speed, large storage density, and low energy 

consumption. To enhance their competition versus semiconducting devices, half-metallic 

ferromagnets (HMF) with high spin polarization are essential. This half-metallic property found 

in many Heusler compounds enables them to be promising materials for spintronic devices such 

as magnetic hard disks, magnetic random access memories, and magnetic sensors.  

The discovery of the half-Heusler compound NiMnSb [73] suggested the possibility of dramatic 

magneto-resistance (MR) enhancement of the GMR/TMR devices by using Heusler compounds 

as electrodes. However, the first MTJ with NiMnSb epitaxial electrode yielded MR ratios as 

low as 9% at room temperature and 18% at low temperature [74], respectively. This low MR 

ratio was attributed to the atomic-disorder, which leads to the diminishing of the half-metallic 

gap around Fermi level (Ef) [75]. Similar low MR effect was reported for devices employing 

other half-Heusler compounds, for example, PtMnSb in GMR spin-valves [76-79].  

Later on, research interest was shifted to Co-based full Heusler compounds due to their 

expected larger MR effect, because they were shown to possess more stable half-metallicity in 

both theory and experiment [80-84]. The early successful demonstration of large MR values in 

the quaternary Co2Cr0.6Fe0.4Si-based MTJs triggered enormous efforts focusing on the 

incorporation of the Co-based full Heusler compounds into both GMR and TMR devices [85], 

leading to a tremendous increase in the MR ratio during the recent decade [86,87]. In addition 

to the high spin polarization and high Curie temperature (Tc), Co-based Heusler compounds 

such as Co2FeAl and Co2FexMn1-xSi, have a much lower saturation magnetization and damping 

constant compared with those of the conventional ferromagnetic materials [88,89]. This is of 

crucial importance to the reduction of the switching current and power consumption of the 

current spin-transfer torque (STT) devices. Remarkably, perpendicular magnetic anisotropy 
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(PMA) has recently been reported in the CoFeAl-based epitaxial stacking structures [90-93], 

suggesting the feasibility of the application of CoFeAl in the perpendicular ferromagnetic 

electrodes of MTJs with high thermal stability at reduced dimension. 

Other than the well-known cubic full Heusler compounds, a family of tetragonally distorted 

Heusler compounds Mn2YZ have recently emerged as another category of suitable materials 

due to their almost excellent fulfillment of the requirements for the electrodes of STT devices 

[94-99]. 

II.7.2 Heusler alloys in the field of thermoelectrics 

The most commonly used thermoelectric materials are based on Bi2Te3 and Bi2Se3, which are 

considered as good thermoelectric materials at room temperature with a temperature 

independent figure of merit between 0.8 and 1.0 [100], and therefore they are suitable for 

refrigerating applications around 300K. Nevertheless, the use of telluride compounds is limited 

by the toxicity and rarity of Tellurium [101]. Motivated by the discovery of Bi2Te3 in mid-

1950s, many thermoelectric materials were synthesized, but ZT did not exceed unity for 30 

years or more. 

The efficient thermoelectric performance of Heusler alloys have revolutionized the fields of 

waste heat recovery systems and power generators [102]. Half-Heusler (HH) alloys have a great 

potential for high-temperature power generation applications and are also environmentally 

friendly [103]. Examples of these alloys include NbFeSb, NbCoSn and VFeSb. They have a 

cubic MgAgAs-type structure formed by three interpenetrating fcc lattices. The ability to 

substitute any of these three sublattices opens the door for wide variety of compounds to be 

synthesized. Various atomic substitutions are employed to reduce the thermal conductivity and 

enhance the electrical conductivity. Previously, ZT could not peak more than 0.5 for p-type (0.8 

for n-type) HH compounds. However, in the past few years, researchers were able to achieve 

ZT ≈ 1 for both n- and p-type HH alloys [104]. 
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Chapter III 

Methodology 

III.1 The many-body problem 

One of the fundamental problems in condensed-matter physics and quantum chemistry is the 

theoretical study of electronic properties of systems ranging from atoms and molecules to 

complex materials. Since electrons are governed by the laws of quantum mechanics, all these 

systems are fully described by the Schrödinger equation. Analytic solutions of this equation are 

obtainable for very simple systems only. However, for systems with large number of atoms, the 

electrostatic repulsion between the electrons makes its numerical resolution very difficult. In 

that case, it is natural to consider the many-electron wave function 𝜑(r1, r2, . . , ri, … ) with 

appropriate approximations. The earliest and widely used approximation was that of Hartree 

[1], which expresses the wave function of a system as a product of one-electron wave functions, 

so that the problem reduces to a one-electron Schrödinger equation. Then, considerable 

improvement of the energy computation was made by incorporating the exchange effects with 

the so-called Hartree-Fock approximation [2], which replaces the product of one-electron wave 

functions by a linear combination of orbitals [3]. 

When the adiabatic approximation is made, that permits to separate the movements of ions and 

electrons, the electronic Schrödinger equation describing the state of the electrons interacting 

in the presence of ions, reads: 

∑ (
−ħ𝟐

𝟐𝒎
𝜵𝒊

𝟐
𝒊 ) +

𝟏

𝟐
∑ ∑ 𝐔𝐞𝐞(|𝐫𝐢 − 𝐫𝐣|)𝒋≠𝒊𝒊 + ∑ ∑ 𝐔𝐞𝐢(|𝐑𝛂 − 𝐫𝐢|)𝜶𝒊 𝛗𝐞𝐥 = 𝐄𝐞𝐥𝛗𝐞𝐥            (III-1) 

Or under the compact form: 

 [𝐓 + 𝐔𝐞𝐞 + 𝐔𝐞𝐢]𝛗𝐞𝐥 = 𝐄𝐞𝐥𝛗𝐞𝐥                  (III-2) 

where the first two terms in the Hamiltonian are the kinetic and electron-electron interaction 

operators, respectively, and the third term represents the potential energy operator of the 

electron i in the field of all ions. Within the Hartree approximation, the N-electron wave 

function φel is the product of one-electron wave functions: 

𝛗𝐞𝐥 = (𝐫𝟏, 𝐫𝟐, . . , 𝐫𝐍) = ∏ 𝛗𝐢(𝐫𝐢) =𝒊 𝛗𝟏(𝐫𝟏)𝛗𝟐(𝐫𝟐) … 𝛗𝐍(𝐫𝐍)                    (III-3) 
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Consequently, the electronic energy Eel; as a sum of one-electron energies, is given by: 

𝐄𝐞𝐥 = ∑ 𝐄𝐢

𝒊

= ⟨𝛗𝐞𝐥|𝐇|𝛗𝐞𝐥⟩ 

       = ∫ … ∫ 𝝋𝟏
∗ (𝐫𝟏) … 𝝋𝑵

∗ (𝐫𝐍)[𝐓 + 𝐔𝐞𝐢]𝛗𝟏(𝐫𝟏) … 𝛗𝐍(𝐫𝐍)𝒅𝐫𝟏 … 𝒅𝐫𝐍 

      +
𝟏

𝟐
∑ ∑ ∫ … ∫ 𝝋𝒊

∗(𝐫𝐢)𝝋𝒋
∗(𝐫𝐣)[

𝐞𝟐

𝟒𝛑𝛆𝟎𝐫𝐢𝐣
]𝛗𝐢(𝐫𝐢)𝛗𝐣(𝐫𝐣)𝒅𝐫𝐢𝒅𝐫𝐣𝒋≠𝒊𝒊                (III-4) 

The last term in the previous equation is the so-called Coulomb energy. The simplification 

achieved in this term comes from the fact that certain factors are equal to unity as a consequence 

of normalization of the wave function. Now, the implementation of the Hartree approximation 

amounts to define the Hartree potential WH(ri) representing the potential energy of the electron 

i in the field of all other electrons: 

𝐖𝐇(𝐫𝐢) = ∑ ∫
𝐞𝟐

𝟒𝛑𝛆𝟎

|𝛗𝐣(𝐫𝐣)|
𝟐

𝐫𝐢𝐣
𝐣≠𝐢 𝐝𝐫𝐣,                  (III-5) 

in order to reduce the Schrödinger equation for multiple electrons (equation (III-1)) to the sum 

of one-electron Schrödinger equations: 

[
−ħ𝟐

𝟐𝒎
𝜵𝒊

𝟐 + ∑ 𝐔𝐞𝐢(|𝐑𝛂 − 𝐫𝐢|) + 𝐖𝐇(𝐫𝐢)]𝜶 𝛗𝐢 = 𝐄𝐢𝛗𝐢               (III-6) 

Besides, a different description of many-electron systems was made by Thomas [4] and Fermi 

[5], who noted that the energy of electrons moving in the potential of nuclei can be directly 

calculated from the electron density n(r) rather than from the wave function. If N is the number 

of electrons in the system, the electron density is defined as: 

𝒏(𝒓) = 𝑵 ∫ … ∫ 𝝋𝒆𝒍
∗ (𝐫, 𝐫𝟐, . . , 𝐫𝐍) 𝛗𝐞𝐥(𝐫, 𝐫𝟐, . . , 𝐫𝐍)𝒅𝐫𝟐𝒅𝐫𝐍,              (III-7) 

which is normalized to the electron number, ∫ 𝑛(𝑟)𝑑𝑟 = 𝑁. The term 𝑛(𝑟)𝑑𝑟 represents the 

elemental probability of finding any electron in the volume element 𝑑𝑟 at position 𝑟: As a result, 

the electronic energy Eel may be calculated in terms of the electron density as: 

𝐄𝐞𝐥[𝐧] = ⟨𝛗𝐞𝐥|𝐇|𝛗𝐞𝐥⟩ = ∫[𝐓 + 𝐔𝐞𝐞 + 𝐔𝐞𝐢 ]𝐧(𝐫)𝐝𝐫               (III-8) 
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III.2 The Density Functional Theory 

The density functional theory (DFT) established itself as a well-reputed way to compute the 

electronic structure in most branches of chemistry and materials science. The DFT is applied, 

with low computational cost and reasonable accuracy, to predict diverse properties as binding 

or atomization energies, shapes and sizes of molecules, crystal structures of solids, energy 

barriers to various processes, etc. In the mid-1980s, it became an attractive alternative to the 

well-developed wave function techniques such as Hartree-Fock, when crucial developments in 

exchange-correlation energy has been taken into account, since the Hartree-Fock method treats 

exchange exactly but neglects correlation. 

The rigorous developments of the density functional theory were posed by Hohenberg, Kohn 

and Sham [6,7], that legitimized the model intuitively established by Thomas, Fermi and Dirac 

[8]. For practical reasons, they replaced the potential energy operator of the electron i in the 

field of all ions Uei with the external potential Vext to indicate that the electrons move in an 

arbitrary external potential including the Coulomb energy due to point nuclei, so that the 

Schrödinger equation for N electrons (equation (III-2)), reads: 

[𝐓 + 𝐔𝐞𝐞 + 𝐕𝐞𝐱𝐭]𝛗𝐞𝐥 = 𝐔𝐞𝐥𝛗𝐞𝐥,                            (III-9) 

and the electronic energy (equation (III-8)), is a functional of the electron density profile n(r): 

𝐄𝐞𝐥[𝐧] = ⟨𝛗𝐞𝐥|𝐇|𝛗𝐞𝐥⟩ = 𝐅[𝐧] + ∫ 𝐕𝐞𝐱𝐭(𝐫)𝐧(𝐫) 𝐝𝐫,              (III-10) 

where  

𝐅[𝐧] = ⟨𝛗𝐞𝐥|𝐓|𝛗𝐞𝐥⟩ + ⟨𝛗𝐞𝐥|𝐔𝐞𝐞|𝛗𝐞𝐥⟩ = 𝐓[𝐧] + 𝐔𝐞𝐞[𝐧],                                (III-11) 

is the so-called universal energy functional, in the sense that it does not contain the external 

potential Vext(r) and can be determined independently of ∫ Vext(r)n(r) dr. 

III.2.1 Formulation of Hohenberg and Kohn 

The Hohenberg and Kohn (HK) approach might be understood by considering the ground state 

[9] of a system of electrons at 0K with the wave function φ(1), the Hamiltonian H(1) and the 

external potential Vext
(1)

(r). The HK approach asserts that the external potential can be uniquely 

determined by an electron density, n(r), that minimizes the ground state energy: 
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𝐄(𝟏) = ⟨𝛗(𝟏)|𝐇(𝟏)|𝛗(𝟏)⟩ = 𝐓[𝐧] + 𝐔𝐞𝐞[𝐧] + ∫ 𝐕𝐞𝐱𝐭
(𝟏)

(𝐫)𝐧(𝐫) 𝐝𝐫,            (III-12) 

by supposing that another Hamiltonian H(2), only different from H(1) in the external potential 

Vext
(2)

(r) ≠ Vext
(1)

(r) gives rise to the wave function φ(1) that yields the same density n(r). Unless 

Vext
(1)(r) − Vext

(2)(r) = const, φ(2) cannot be equal to φ(1) since they satisfy different Schrödinger 

equations. The wave function φ(2) minimizes the ground state energy for the Hamiltonian H(2): 

𝐄(𝟐) = ⟨𝛗(𝟐)|𝐇(𝟐)|𝛗(𝟐)⟩,                (III-13) 

By force of the variational principle, the expectation energy of the Hamiltonian is the lowest 

with its “correct” wave function, hence 

𝐄(𝟏) = ⟨𝛗(𝟏)|𝐇(𝟏)|𝛗(𝟏)⟩<⟨𝛗(𝟐)|𝐇(𝟏)|𝛗(𝟐)⟩                         (III-14) 

The operators T and Uee being the same in the two Hamiltonians, it follows that the equation 

(III-14) becomes: 

𝐄(𝟏) < 𝐄(𝟐) + ∫[𝐕𝐞𝐱𝐭
(𝟏)(𝐫) − 𝐕𝐞𝐱𝐭

(𝟐)
(𝐫)]𝐧(𝐫) 𝐝𝐫              (III-15) 

The same reason applied to (III-13) leads to: 

𝐄(𝟐) < 𝐄(𝟏) + ∫[𝐕𝐞𝐱𝐭
(𝟐)(𝐫) − 𝐕𝐞𝐱𝐭

(𝟏)
(𝐫)]𝐧(𝐫) 𝐝𝐫,              (III-16) 

and the sum of the two previous relations leads to the inconsistency: 

𝐄(𝟏) + 𝐄(𝟐) < 𝐄(𝟏) + 𝐄(𝟐),                (III-17) 

indicating that the starting hypothesis is wrong. Thus the HK approach, based upon the 

variational principle, implies that it is sufficient to use the electron density (and not the full 

wave function) as the variational property, from which, once it is found, all ground-state 

properties can be deduced. The considerations above are restricted to non-degenerate ground 

states; however, a generalization towards degenerate states has been suggested [10], within a 

different and more systematic scheme.  

While the universal energy functional F[n] (composed of kinetic and potential energies of the 

electron gas), remains unchanged whatever the external potential Vext(r) (equation (III-11)), 

two different external potentials cannot yield the same ground state energy. The HK approach 

asserts that there is a one-to-one mapping between external potential Vext(r), electron density 

n(r) and wave function of the system in its ground state. It implies that, given the electron 

density, only a unique external potential and, consequently, its unique wave function, can be 

determined. Conversely, given the external potential, the corresponding electron density and 

wave function are uniquely defined. It should also be stressed that the term ∫ Vext(r)n(r) dr is 

relatively easy to calculate for a given external potential, whereas the expressions of the 

functionals T[n] and Uee[n] are more difficult to evaluate and some approximations have to be 
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made. In the initial density functional theory, the main difficulty was to determine the 

functionals of the kinetic and potential energies for the interacting electron gas. 

III.2.2 Formulation of Kohn and Sham 

The Kohn and Sham (KS) approach consists in prescribing a convenient recipe to calculate the 

universal energy functional 𝐅[𝐧] = 𝐓[𝐧] + U𝐞𝐞[𝐧] for interacting electronic systems.  

The authors assumed that it was reasonable to evaluate the kinetic energy 𝐓[𝐧] of any 

interacting electronic system by 𝐓𝐨[𝐧], which is the kinetic energy of the corresponding non 

homogeneous and non-interacting electron gas of the same density, plus the exchange 

correlation energy 𝐄𝐱𝐜[𝐧], to be further specified see equation (III-19).  

The potential energy 𝐔𝐞𝐞[𝐧], which, within the Hartree approximation, is that of electrons in 

the field of all other electrons (equation (III-5)), is approximated by the electron density 

interacting with itself, including self-interaction: 

𝐔𝐞𝐞[𝐧]~𝐖𝐇[𝐧] =
𝟏

𝟐

𝐞𝟐

𝟒𝛑𝛆𝟎
∬

𝐧(𝐫)𝐧(𝐫′)

|𝐫−𝐫′|
𝐝𝐫 𝐝𝐫′              (III-18) 

With the KS prescription, the total energy functional (equation (III-10)) reads: 

𝐄𝐞𝐥[𝐧] = 𝐓𝐨[𝐧] + 𝐄𝐱𝐜[𝐧] + 𝐖𝐇[𝐧] + ∫ 𝐕𝐞𝐱𝐭(𝐫)𝐧(𝐫) 𝐝𝐫            (III-19) 

In the KS approach, the kinetic energy 𝐓𝐨[𝐧] is not an explicit functional of density, but of 

orbitals of which this density is constructed. The exchange-correlation energy functional 𝐄𝐱𝐜[𝐧] 

incorporates the difference between real and approximated universal energy functionals: 

𝐄𝐱𝐜[𝐧] = (𝐓[𝐧] + 𝐔𝐞𝐞[𝐧]) − (𝐓𝟎[𝐧] + 𝐖𝐇[𝐧])                        (III-20) 

It should be noted that 𝐄𝐱𝐜[𝐧] is the only unknown functional in the right-hand side of equation 

(III-19), since the other terms can be calculated exactly.  

In practical terms, 𝐄𝐱𝐜[𝐧] is a small part of the total energy because the magnitudes of 𝐓[𝐧] and 

𝐓𝟎[𝐧] are similar, and the same is true of 𝐔𝐞𝐞[𝐧] and 𝐖𝐇[𝐧]. Note also that, if 𝐄𝐱𝐜[𝐧] vanishes, 

the physical content of the KS procedure becomes identical to that of the Hartree approximation 

given by equation (III-4).  
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The simplest and reasonable approximation for 𝐄𝐱𝐜[𝐧] proposed by Kohn and Sham is the so-

called local density approximation (LDA): 

𝐄𝐱𝐜
𝐋𝐃𝐀[𝐧(𝐫)] = ∫ 𝐞𝐱𝐜 [𝐧(𝐫)]𝐧(𝐫)𝐝𝐫               (III-21) 

where ∫ 𝐞𝐱𝐜 [𝐧(𝐫)] is the exchange-correlation energy, per electron, of the uniform electron gas 

of local electron density 𝐧(𝐫).  

A fairly good result for 𝐄𝐱𝐜
𝐋𝐃𝐀[𝐧(𝐫)] cannot be overstated when n(r) has a very low spatial 

variation. Considering the characteristics of the functionals in equation (III-19), it is not 

surprising that the many-electron Schrödinger equation in the KS procedure reduces to a set of 

one-electron equations. Indeed, the electron density would minimize the total energy, i.e. 

𝛅𝐄𝐞𝐥[𝐧] = 𝟎, under the normalization condition ∫ 𝐧(𝐫)𝐝𝐫 = 𝟎.  

Therefore, the method of Lagrange with the multiplier µ may be used to obtain the equation 

requiring that the variation of the functional {𝐄𝐞𝐥[𝐧] − µ𝐍} with respect to 𝐧(𝐫) is equal to zero, 

i.e., 𝛅{𝐄𝐞𝐥[𝐧] − µ𝐍} = 𝟎.  

This variation allows us to define the functional derivative, denoted by 
𝛅

𝛅𝐧(𝐫)
{𝐄𝐞𝐥[𝐧] − µ𝐍}, by 

the relation: 

𝛅{𝐄𝐞𝐥[𝐧] − µ𝐍} =
𝛅

𝛅𝐧(𝐫)
{𝐄𝐞𝐥[𝐧] − µ𝐍}𝛅n(𝐫)𝐝𝐫                        (III-22) 

where, according to equations (III-18, -19 and -21), the functional {𝐄𝐞𝐥[𝐧] − µ𝐍} reads: 

{𝑻𝟎[𝒏] +
𝟏

𝟐

𝒆𝟐

𝟒𝝅𝜺𝟎
∫ ∫

𝒏(𝒓)𝒏(𝒓′)

|𝒓−𝒓′|
𝒅𝒓𝒅𝒓′ + ∫ 𝒆𝒙𝒄[𝒏]𝒏(𝒓)𝒅𝒓 + ∫ 𝑽𝒆𝒙𝒕(𝒓)𝒏(𝒓)𝒅𝒓 − µ ∫ 𝒏(𝒓)𝒅𝒓} 

Now, with equation (III-22), the variational principle 𝛅{𝐄𝐞𝐥[𝐧] − µ𝐍} = 𝟎 yields: 

∫ {
𝜹

𝜹𝒏
(𝑻𝟎[𝒏]) +

𝒆𝟐

𝟒𝝅𝜺𝟎
∫

𝒏(𝒓′)

|𝒓−𝒓′|
𝒅𝒓′ + 𝒆𝒙𝒄[𝒏] + 𝒏(𝒓)

𝜹

𝜹𝒏
(𝒆𝒙𝒄[𝒏]) + 𝑽𝒆𝒙𝒕(𝒓) −

µ}𝜹𝒏(𝒓)𝒅𝒓 = 𝟎                                        (III-23) 

Kohn and Sham postulated that the many-electron system described by the functional derivative 

in brackets of the previous equation could be equivalently represented by a non-interacting 

reference system described by the following one-electron Schrödinger equation: 

(
−ħ𝟐

𝟐𝒎
𝜵𝒊

𝟐 + 𝝊𝑲𝑺) 𝝋𝒊 = 𝑬𝒊𝝋𝒊,                (III-24) 
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where each electron moves independently in the effective potential 𝝊𝑲𝑺(𝒓) consisting of the 

Hartree potential 𝑾𝑯(𝒓), the exchange-correlation potential 𝑽𝒙𝒄(𝒓) and the external potential 

𝑽𝒆𝒙𝒕(𝒓); namely: 

𝝊𝑲𝑺(𝒓) = 𝑾𝑯(𝒓) + 𝝊𝒙𝒄(𝒓) + 𝑽𝒆𝒙𝒕(𝒓)              (III-25) 

By setting: 
−ħ𝟐

𝟐𝒎
𝜵𝒊

𝟐 =
𝜹

𝜹𝒏
{𝑻𝟎[𝒏(𝒓)]},  

𝑾𝑯(𝒓) =
𝒆𝟐

𝟒𝝅𝜺𝟎
∫

𝒏(𝒓′)

|𝒓−𝒓′|
𝒅𝒓′,                (III-26) 

𝝊𝒙𝒄(𝒓) = 𝒆𝒙𝒄[𝒏] + 𝒏(𝒓)
𝜹

𝜹𝒏
(𝒆𝒙𝒄[𝒏]), 

𝑬𝒊 = µ, 

and 𝒏(𝒓) = ∑ |𝝋𝒊|²𝒊                  (III-27) 

Thus, the electron density in atoms, molecules and solids can be regarded as a sum of densities 

due to non-interacting quasi-particles moving in the effective potential 𝝊𝑲𝑺(𝒓).  

In the KS equation (III-24), the potential 𝝊𝑲𝑺(𝒓) is a function of the electron density n(r), which 

can be calculated from the wave functions (equation (III-27)) of independent electrons (Kohn-

Sham orbitals).  

Provided that 𝒆𝒙𝒄𝒏[(𝒓)] is known, the KS equation may be solved in a self-consistent procedure 

as follows: from an initial arbitrary electron density 𝒏𝟏(𝒓); the effective potential 𝝊𝑲𝑺(𝒓) is 

determined and equation (III-24) is solved. Then, a new electron density 𝒏𝟐(𝒓) is deduced with 

equation (III-27), and the procedure is repeated until convergence of the potential 𝝊𝑲𝑺(𝒓) and 

the electron density 𝒏(𝒓).  

It should be noted that the KS orbitals are calculated at each iteration, in terms of a set of basis 

functions, and that the coefficients of linear combination of basis functions are determined as 

in the Hartree-Fock calculations, but the computational time is shorter.  

The choice of the set of basis functions is of great importance in the KS calculations. 

The KS approach gives useful results for most physical and chemical applications [11], but a 

large number of subsequent approximations must be used for correcting some of the defects of 

the local density approximation 𝑬𝒙𝒄
𝑳𝑫𝑨[𝒏(𝒓)]. 
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III.3 Generalized-gradient approximations 

The development of the generalized gradient approximation (GGA) started in 1980, with the 

form, 

𝑬𝒙𝒄
𝑮𝑮𝑨[𝒏] = ∫ 𝒇 [𝒏(𝒓), 𝜵𝒏(𝒓)]𝒅𝒓,                         (III-28) 

where f is some function. The GGAs are semi-local approximations in the sense that f does not 

only use the local value of the density 𝒏(𝒓) but also its gradient 𝜵𝒏(𝒓).  

For simplicity, we consider here only the spin-independent form, but in practice, GGA 

functionals are more generally formulated in terms of spin densities (𝒏 ↑, 𝒏 ↓) and their 

gradients (𝜵𝒏 ↑, 𝜵𝒏 ↓). 

Many GGA functionals have been proposed. We very briefly review here some of the most 

widely used ones. 

III.3.1 B88 exchange functional 

The Becke 88 (B88 or B) [12] exchange functional is formulated as an additive correction to 

LDA. It consists in a compact function of 𝒏 and 
|𝜵𝒏|

𝒏𝟒/𝟑 chosen so as to satisfy the exact asymptotic 

behavior of the exchange energy per particle for finite systems, and with an empirical parameter 

fitted to Hartree-Fock exchange energies of rare-gas atoms.  

III.3.2 PBE exchange-correlation functional 

The Perdew-Burke-Ernzerhof (PBE) [13] exchange-correlation functional is a simplification of 

the PW91 functional [14-16].  

The exchange and correlation energies per particle are expressed as simpler functions of 𝒏 and 

|𝜵𝒏| enforcing less exact conditions and with no fitted parameters. Specifically, the function 

used for correlation enforces the second-order small-gradient expansion in the high-density 

limit, the vanishing of correlation in the large-gradient limit, and removes the logarithm 

divergence of the LDA in the high-density limit.  

The function used for exchange is chosen to cancel out the second-order small-gradient 

expansion of correlation and enforces the Lieb-Oxford bound in the large-gradient limit. 
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III.4 Meta-generalized gradient approximations 

The meta-generalized gradient approximations (meta-GGAs or mGGAs) are of the generic 

Form: 

𝑬𝒙𝒄
𝒎𝐆𝑮𝑨[𝒏] = ∫ 𝒇 [𝒏(𝒓), 𝜵𝒏(𝒓), 𝜵𝟐𝒏(𝒓), 𝝉(𝒓)]𝒅𝒓                                                (III-29) 

i.e., they use more ingredients than the GGAs, namely the Laplacian of the density 𝜵𝟐𝒏(𝒓) 

and/or the non-interacting positive kinetic energy density 𝝉(𝒓) 

𝝉(𝒓) =
𝟏

𝟐
∑ |𝜵𝝋𝒊(𝒓)|𝟐𝑵

𝒊=𝟏 ,                (III-30) 

where 𝝋𝒊(𝒓) are the KS orbitals. Note that meta-GGAs are only implicit functionals of the 

density since 𝝉(𝒓) is itself an implicit functional of the density through the orbitals. 

To avoid complications for calculating the functional derivative, they are usually considered as 

functionals of 𝒏 and 𝝉 taken as independent variables, 𝑬𝒙𝒄
𝒎𝑮𝑮𝑨[𝒏, 𝝉]. This tacitly implies a slight 

extension of the usual KS method.  

The meta-GGAs are considered part of the family of semi-local approximations, in the sense 

that 𝝉(𝒓) depends only the gradient of the orbitals at point r. Again, we consider here only the 

spin-independent form, but meta-GGAs are more generally formulated in terms of spin-

resolved quantities (𝒏 ↑, 𝒏 ↓, 𝜵𝒏 ↑, 𝜵𝒏 ↓, 𝜵𝟐𝒏 ↑, 𝜵𝟐𝒏 ↓, 𝝉 ↑, 𝝉 ↓). 

One motivation for the introduction of the variable 𝝉(𝒓) is that it appears in the short-range 

expansion of the exchange hole [17], which for the case of a closed-shell system is: 

𝒏𝒙(𝒓, 𝒓′) = −
𝒏(𝒓)

𝟐
−

𝟏

𝟑
[𝜵𝟐𝒏(𝒓) − 𝟒𝝉(𝒓) +

|𝜵𝒏(𝒓)|𝟐

𝟐𝒏(𝒓)
]|𝒓 − 𝒓′|𝟐 + ⋯           (III-31) 

Another important motivation is that 𝝉(𝒓) can be used to make the correlation energy per 

particle 𝜺𝒄(𝒓) correctly vanish in spatial regions where the density has a one-electron character. 

This is done by comparing 𝝉(𝒓) with the von Weizsäcker kinetic energy density, 

𝝉𝑾(𝒓) =
|𝛁𝒏(𝒓)|𝟐

𝟖𝒏(𝒓)
,                 (III-32) 

which is exact for one-electron systems, e.g. by introducing the ratio 
𝝉(𝒓)

𝝉𝑾(𝒓)
. 
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One of the most used meta-GGA approximation is the Tao-Perdew-Staroverov-Scuseria 

(TPSS) [18] exchange-correlation functional. A more recently developed meta-GGA 

approximation is the SCAN exchange-correlation functional [19], which satisfies 17 known 

exact constraints and contains 7 parameters determined by fitting to a few simple systems. 

III.5 Basis function 

To solve Kohn-Sham equations numerically, besides the exchange correlation potential and full 

potential, we must employ a set of basis functions in order to efficiently represent the electronic 

wave function. The electronic structure calculations done by first principles methods are 

employed by expanding in basis sets of atomic orbitals. 

III.5.1 Augmented Plane Wave method (APW) 

The wave function of Bloch, vector k, and band number λ is a linear combination of basis 

functions satisfying the Bloch boundary conditions. In periodic systems, an electronic wave 

function 𝝋(𝒓) can be written as a plane wave (PW) [20]. Plane wave constitutes a complete 

and orthogonal basis set. Therefore, every electronic wave function can be written as, 

𝝋𝑲𝝀(𝒓) = ∑ 𝑪𝑮
𝒌𝝀

𝑮 𝒆𝒊(𝑮+𝑲)𝒓,                              (III-33) 

where, G are reciprocal lattice vectors, and 𝑪𝑮 are variational coefficients. This works only for 

pseudo potentials and not for the potential with a singularity 1/r at the nucleus where strong 

fluctuations appear in the wave function close to the nucleus.  

Slater [21] introduces non-overlapping muffin-tin spheres. For the special case of muffin-tin 

potential, the Bloch function may be determined with any desired accuracy without having a 

complete basis set.  

In the APW scheme [22], the unit cell is partitioned into two types of regions: (i) spheres 

centered around all constituent atomic sites, the so called Muffin-Tin sphere (S), and (ii) the 

remaining part of the unit cell, which is called interstitial region (I) as shown in figure (III.1) 
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Figure III.1 Unit cell volume partitioned into the muffin-tin spheres (S) and the interstitial 

region (I). 

 

 

The potential in the whole space can be defined as, 

𝑽(𝒓) = {    
𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕                       𝒓 ∈ 𝑰𝑹 
𝑽(𝒓)                           𝒓 ∈ 𝑴𝑻      

                                                    (III-34) 

Close to the nuclei, it is assumed that electrons behave like in a free-atom. The atomic like 

functions are efficient to describe the behavior of the electrons in this region. Therefore, the 

wave function of the electron over the whole unit cell can be obtained as: 

𝛗𝐆
𝐀𝐏𝐖(𝐤, 𝐫) = {

𝐞𝐢(𝐆+𝐊)𝐫                                             𝐫 ∈ 𝐈𝐑 

∑ 𝐀𝐥𝐦
µ𝐆

 (𝐤)𝐔𝐥𝐥𝐦 (𝐫, 𝛜)𝛄𝐥𝐦(ȓ)                    𝐫 ∈ 𝐌𝐓      
,            (III-35) 

where k is the Bloch vector, G is a reciprocal lattice vector, l and m are the orbital and magnetic 

quantum numbers, respectively, and 𝐔𝐥 is the regular solution of the radial Schrödinger 

equation: 

{
−ħ𝟐

𝟐𝐦

𝛛𝟐

𝛛𝐫𝟐 +
−ħ𝟐

𝟐𝐦

𝐥(𝐥+𝟏)

𝐫𝟐 + 𝐕(𝐫) − 𝛜} 𝐫𝐔𝐥(𝐫) = 𝟎               (III-36) 
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Here ϵ is an energy parameter and V(r) is the spherical component of the potential. The 

coefficients Alm
µG

  are determined from the requirement that the wave functions have to be 

continuous at the boundary of the muffin-tin spheres. Hence, the APWs form a set of continuous 

basis functions that cover all space, where each function consists of a plane wave in the 

interstitial region plus a sum of functions, which are solutions of the Schrödinger equation to a 

given set of angular momentum quantum numbers and a given parameter ϵ, inside the muffin-

tin spheres. 

No doubt, APW is a good approach that can be used to obtain true valence states in the real 

potential. However, APW method requires use of an energy dependent secular equation, which 

is not practical for more than simple solid states systems. There is no clear way to make full 

potential. The asymptote energy cannot match at energies where Ul equals zero on the sphere 

boundary. This will happen at some energy problem particular in case of d and f band materials. 

III.5.2 The linearized augmented plane wave method (LAPW) 

In LAPW method [23], the weakly bonded electrons (e.g. valence electrons) are well described 

by PW, which are the solutions to the Hamiltonian with a zero potential. On the other hand, a 

core electron (deep in energy) “feels” practically only the nucleus to which it is bonded and 

thus it is well described by spherical harmonics (solutions for a single free atom). The LAPW 

approach combines these two basis sets by setting up a muffin-tin (MT) sphere on each atom. 

The rest of the space is the interstitial region.  

A linear combination of radial functions times spherical harmonics Υlm(r) is, 

𝛗𝐊𝐧 = ∑ [𝐀𝐥𝐦,𝐊𝐧𝐔𝐥(𝐫, 𝐄𝐥) + 𝐁𝐥𝐦,𝐊𝐧𝐔̇𝐥(𝐫, 𝐄𝐥)]𝚼𝐥𝐦(ȓ)𝐥𝐦 ,                                                     (III-37) 

where Ul(r, El) is the (at the origin) regular solution of the radial Schrödinger equation for 

energy El and the spherical part of the potential inside sphere; U̇l(r, El) is the energy derivative 

of Ul evaluated at the same energy El. A linear combination of these two functions constitutes 

the linearization of the radial function; the coefficients Alm and Blm are functions of Kn 

determined by requiring that this basis function matches (in value and slope) the corresponding 

basis function of the interstitial region. Ul and U̇l are obtained by numerical integration of the 

radial Schrödinger equation on a radial mesh inside the sphere. 
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Based on whether or not electrons in an atom participate in the chemical bonding with other 

atoms, the electrons can be divided into two types. One type of electrons are the core electrons, 

which are extremely bound to their nucleus and thus entirely localized in the MT sphere. The 

corresponding states are called core states. The other type of electrons is the valence electrons 

that are leaking out of the MT sphere and bond with other atoms. However, for many elements, 

the electrons cannot be clearly distinguished like that. Some states are neither constrained in 

the core states, nor lie in the valence states and are correspondingly termed semi-core states. 

They have the same angular quantum number l as the valence states but with lower principal 

quantum number n. 

Semi-core states are treated by introducing local orbitals in the LAPW method. Local orbitals 

do not depend on k and G, but only belong to one atom and have a specific character. They are 

called local since they are confined to the muffin-tin spheres and thus zero in the interstitial. 

When applying LAPW on these states, it is thus hard to use one ϵ to determine the two same l. 

The dilemma is solved by introducing local orbitals (LO), which are defined as, 

𝛗𝐥𝐦
𝐋𝐎 = [𝐀𝐥𝐦𝐔𝐥(𝐫, 𝐄𝟏,𝐥) + 𝐁𝐥𝐦𝐔̇𝐥(𝐫, 𝐄𝟏,𝐥) + 𝐂𝐥𝐦𝐔𝐥(𝐫, 𝐄𝟐,𝐥)]𝚼𝐥𝐦(ȓ)                                      (III-38) 

The coefficients Alm, Blm and Clm are determined by the three requirements that φLO should be 

normalized and has zero value and slope at the sphere boundary. 

The LAPW method can be extended to non-spherical muffin-tin potentials with a little 

difficulty, because the basis offers enough variational freedom. This leads then to the full-

potential linearized augmented plane wave method (FP-LAPW). 

III.5.3 Full-potential linearized augmented plane wave method 

(FP-LAPW) 

The accuracy of the LAPW + lo method can be further improved by using the full potential 

(FP) [24]. The potential approximated to be spherically inside the muffin-tins, while in the 

interstitial region, the potential is set to be constant. It is a method used to simulate the electronic 

properties of materials on the basis of DFT. This method has been successfully applied to study 

structural phase transitions of certain semiconductors, which increases the number of plane 

waves in the basis set in order to decrease the structural properties of systems accurately. 



Chapter III:               Methodology 

59 

The shape of the charge density is taken into account with high accuracy. In this method, the 

unit cell is divided into two regions as shown in figure (III.2). 

In FP-LAPW method, both, the potential and charge density are expanded into lattice harmonics 

inside each atomic sphere and as a Fourier series in the interstitial region. 

 𝐕(𝐫) = {
∑ 𝐕𝐥𝐦(𝐫)𝚼𝐥𝐦(ȓ)                        𝐫 ∈ 𝐈𝐑𝐥𝐦                           
∑ 𝐕𝐆𝐞𝐢𝐆𝐫

𝐆                                     𝐫 ∈ 𝐌𝐓
               (III-39) 

Therefore, the plane wave solves the Schrödinger equation in interstitial region, and the product 

of radial solution times the spherical harmonic solution solve the Schrödinger equation in the 

muffin-tin region. 

 

 

 

 

Figure III.2 Unit cell divided into muffin-tin region and interstitial region. 
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III.6 Computational aspects 

WIEN2k is a full-potential all-electron code developed by Blaha et al. [25], at the institute fur 

Materialchemie, Technical Universitat at Wien, Austria. WIEN2k consists of many 

independent F90 programs, which are linked together via C-shell scripts.  

The code is based on the Kohn-sham formalism of DFT [26-30]. In order to solve these 

equations, we have to construct the effective Hamiltonian operator, which depends on the 

electron density of the electronic system. The manner through which the Schrödinger wave 

equation is solved within WIEN2k code is represented by the flow chart shown below in figure 

(III.3). 

In the newest version WIEN2k [31], the alternative basis set (APW + lo) is used inside the 

atomic spheres for those important orbitals (partial waves) that are difficult to converge 

(outermost valence p-, d-, or f-states), or for atoms where small atomic spheres must be used 

[32-34]. For all the other partial waves, the LAPW scheme is used. 

 

 

 

Figure III.3 Representation of the solution of Schrödinger’s equation. 
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Chapter IV 

Results and Discussion 

The electronic properties, magnetism, mechanical stability and thermoelectric behavior of the 

ternary X2YZ (X = Fe, Co; Y = Zr, Mo; Z = Ge, Sb) and quaternary XX’YZ (X = Co, Fe; X’ 

= Mo, Fe; Y = Zr, Fe; Z = Sb, Ge) group of Heusler alloys were studied using the full potential 

linearized augmented plane wave method as implemented in wien2k code (check chapter III for 

more details about the theoretical ab-initio method). 

We have employed the generalized gradient approximation (GGA) suggested by Perdew-

Burke-Ernzerhof (PBE) [1] for the electronic exchange-correlation functional. 

The cut-off energy separating the core and valence states was set to -6.0 Ry and the number of 

K-points used in the Brillouin zone after optimization was 3000.  

The plane wave cutoff parameter Rmt*Kmax has been also optimized and set to 9.0.  The muffin 

tin radius was chosen as 2.2 Bohr for all atoms.  

For the elastic constants, we have employed the cubic elastic code [2]. While the transport 

properties were computed using the Boltzmann transport theory as implemented in BoltzTrap 

code [3]. 
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IV.1 The ternary X2YZ family (X = Fe, Co; Y = Zr, Mo; Z = Ge, Sb) 

IV.1.1 Crystal structure 

In chapter II, we have explained the possible structures exhibited by full Heusler alloys 

(Hg2CuTi-type and Cu2MnAl-type structures). In the normal Heusler structure, X atoms occupy 

a (3/4, 3/4, 3/4) and b (1/4, 1/4, 1/4) sites, and Y atom enters the c (1/2, 1/2, 1/2) site, leaving d 

(0, 0, 0) site to Z atom in Wyckoff coordinates. However, in the inverse structure, X atoms 

occupy a and c sites, while Y and Z atoms enter the b and d sites, respectively. 

In order to investigate the site preferences of X and Y atoms, we have optimized both inverse 

Hg2CuTi- and normal Cu2MnAl-type structures for Fe- and Co-based ternary compounds and 

compared their ground-state total energies.  

The variation of the total energy as function of volume for the nonmagnetic and ferromagnetic 

states of both types of structures (presented in figure (IV.1.a)) suggests the stability of the three 

Fe-based systems, Fe2ZrGe, Fe2ZrSb and Fe2MoSb, in the normal L21 structure, while only 

Fe2MoGe crystallizes in CuHg2Ti type structure. The optimized lattice parameters are 6.01 Å, 

6.24 Å, 5.95 Å and 6.1 Å for Fe2ZrGe, Fe2ZrSb, Fe2MoGe and Fe2MoSb, respectively.  

For Co2YZ family (Y = Zr, Mo; Z = Ge, Sb), we found that the normal Heusler structure is 

adopted when Y site is occupied by Zr element (Co2ZrGe and Co2ZrSb). However, when Zr is 

replaced by Mo atom, the systems (Co2MoGe and Co2MoSb) crystallize in the inverse structure 

(see figure (IV.1.b)). The energy minimum corresponds to a lattice constant of 6.08 Å, 6.28 Å, 

5.88 Å and 6.12 Å for Co2ZrGe, Co2ZrSb, Co2MoGe and Co2MoSb, respectively. 

We also notice from figures (IV.1.a) and (IV.1.b) that the ferromagnetic (spin polarized) 

configuration is lower in energy as compared to the paramagnetic state for all the ternary Fe- 

and Co-based systems, except Fe2ZrGe, showing a lower energy in the nonmagnetic state.  

 

 

 

 



Chapter IV:         Results and Discussion 

65 

 

 

 

 

Figure IV.1.a Optimization curves for the ternary Fe-besed Heusler alloys. 
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Figure IV.1.b Optimization curves for the ternary Co-based Heusler alloys. 
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The crystal structure types, equilibrium lattice constants and energy band gaps are listed in table 

(IV.1). 

For each pair of compounds with the same X and Y elements, we notice that the lattice 

parameter increases by increase of the valence of Z atom (see table (IV.1)).  

We also notice from the same table that the lattice constant increases when substituting Fe by 

Co atom for the compounds crystallizing in the normal Heusler structure. Whereas for the 

inverse Heusler alloys, the lattice constant decreases when Fe is replaced by Co element. 

 

Table IV.1 Lattice constants, structure type, magnetic moments, the minority spin gap (Egmin) 

and energy band gaps (EgHM) of the ternary compounds. 

System Lattice constant (Å) Structure 

type 

Egmin (eV) EgHM (eV) 

Fe2ZrGe 6,01 (5.93 for Fe2ZrSi) TI 0.135 / 

Fe2ZrSb 6,24 TI 0.73 0 

Fe2MoGe 5,95 (5.78 for Fe2MoSi) TII / / 

Fe2MoSb 6,10 TI / / 

Co2ZrGe 6,08 (6.08)[5] (6.06)[4] TI 0.59 (0.58)[5] (0.43)[4] 0.32 (0.31)[5] 

Co2ZrSb 6,28 TI / / 

Co2MoGe 5,88 (5.78 for Co2MoSi) TII / / 

Co2MoSb 6,12 TII / / 

 

 

 

 

 

 



Chapter IV:         Results and Discussion 

68 

IV.1.2 Electronic properties 

The electronic structures of the ternary Fe- and Co-based alloys were studied using first-

principles calculations. The band structures presented in figures (IV.2.a) and (IV.2.b) were 

calculated at equilibrium lattice constants along their high symmetry directions in the Brillouin 

zone, where the black solid lines represent the majority spin channels and the red dashed lines 

refer to the minority states. In addition, we present the calculated total and partial magnetic 

moments in table IV.2. 

 

Figure IV.2.a Band structures of the majority and minority spin channels for the ternary Fe-

based Heusler alloys. 
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Figure IV.2.b Band structures of the majority and minority spin channels for the ternary Co-

based Heusler alloys. 
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The electronic structure of Fe2ZrGe shows a flat band at the bottom of the conduction band 

along Γ-X direction. This alloy with 24 valence electrons is consistent with the Slater Pauling 

rule [6] and exhibits a magnetic moment of 0 µB, indicating a semiconducting behavior. The 

obtained band gap is indirect with a value of about 0.14 eV. 

When replacing Ge by Sb (Fe2ZrSb), we notice the stability of the ferromagnetic phase. The 

band structure calculations show a metallic aspect in spin up channel, while the minority spin 

states is semiconducting. Hence, Fe2ZrSb is a half-metallic ferromagnet with a magnetic 

moment of 0.99 µB.  The band gap is also indirect and it is located around Fermi level (EF) in 

the minority-spin channel.  

For Fe2MoSb, the band structure shows a metallic behavior with a moderate moment of 2.81 

µB, which is close to the one predicted by Slater Pauling rule (3µB).  

The last compound in Fe-based series, Fe2MoGe, crystallizing in the inverse Hg2CuTi type 

structure, is characterized by a metallic aspect and it shows a magnetic moment of almost 3.55 

µB, which disobeys Slater Pauling predictions. 

For Co2ZrGe, the band structure shows a half-metallic aspect with a magnetic moment of 1.96 

µB (2 µB according to Slater Pauling rule). An ideal band structure with a magnetic moment of 

2.00 µB has already been determined in [4] and [5]. The difference in the resulting magnetic 

moments confirms the importance of the atomic positions on the structural properties of Heusler 

alloys [7].  

Co2ZrSb, on the other hand, is an ordinary magnetic alloy with a magnetic moment of 1.69 µB, 

which is far less from the predictions of Slater Pauling rule (3µB).  

The next two compounds, Co2MoGe and Co2MoSb, both crystallizing in the inverse Heusler 

structure, show similar features around Fermi level in both spin directions. The magnetic 

moments were found to be 0.16 µB and 0.20 µB, respectively, which disobeys Slater’s 

predictions. 
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Table IV.2 Unit cell total magnetic moments Mtot and atomic moments Mi of constituent i for 

the ternary full Heuslers. Nv is the number of valence electrons of the systems. 

 

Systems Nv Mx Mx’ My Mz Mint Mtot 

Fe2ZrGe (TI) 24 0.00 0.00 0.00 0.00 0.00 0.00 

Fe2ZrSb (TI) 25 0.65745 0.65745 -0.15185 -0.01979 -0.14675 0.99651 

Fe2MoGe (TII) 26 1.78877 2.22991 -0.36676 0.00748 -0.11187 3.54752 

Fe2MoSb (TI) 27 1.31352 1.31352 0.19772 -0.01415 0.00049 2.81110 

Co2ZrGe (TI) 26 1.08258 1.08258 -0.09574 0.02929 -0.13373 1.96470 

Co2ZrSb (TI) 27 0.90737 0.90737 -0.05440 0.02690 -0.09288 1.69436 

Co2MoGe (TII) 28 0.23990 -0.02800 -0.02460 -0.00783 -0.01630 0.16316 

Co2MoSb (TII) 29 0.33771 0.14250 -0.18359 -0.01259 -0.08020 0.20383 

 

Generally, the hybridizations between the d-orbitals of transition metals is mainly responsible 

of the existence of the minority gap, while the s-p elements are very important for the structural 

stability of Heusler alloys. To better understand these hybridizations [8], we have calculated 

the total and partial densities of states (DOS) of the ternary Heusler alloys as shown in figures 

(IV.3.a) and (IV.3.b). The positive DOS values represent the majority-spin channel and the 

negative values represent the minority-spin states. From these figures, we notice that the s-

bands of Sb and Ge atoms are very low in energy, and are located in an isolated range of -12.5 

eV to -10.5 eV, and -11 eV to -9 eV, respectively 

The Sb-p orbitals contribute significantly to the density of states of X2YSb compounds. 

Likewise, Ge-p orbitals contribute to the density of states in an energy region between ~ -7 eV 

and -3 eV. These s and p-states show almost identical band structures for the two spin directions 

in both series and are hybridized with X and Y d-electrons, which explains the small negative 

moments of these s-p elements. 
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Fe2ZrGe with 24 valence electrons is a semiconductor with a narrow band gap. In this 

compound, Fe d-states dominate the higher valence band, while they are located at about 0.14 

eV above the conduction band. Whereas Zr d- orbitals are split into occupied states lying around 

-2 eV below Fermi level and unoccupied states in the lowest conduction band above. Primly, 

the electronic structure of Fe2ZrGe compound shows the same behavior as the majority channel 

of Fe2ZrSb, except that in the latter, the Fermi level is located above the conduction band.  

The spin up channel of Fe2ZrSb is also characterized by Fe d-states surrounding EF, while Zr 

d-orbitals are located in the unoccupied part of this channel. The minority spin states present 

significant band gaps in the partial DOS. These gaps are larger for Y and Z atoms as compared 

to X element. In this compound, Fe d-states surrounding the half-metallic gap hybridize with 

Zr d-orbitals, opening a large indirect gap of 0.73 eV above Fermi level.  

For Fe2MoGe with type II structure, the d-states of both Fe atoms contribute the most to the 

total DOS below Fermi level, while Mo d-orbitals extend into the unoccupied part of the 

majority spin channel. Spin down channel is characterized by a pseudo gap below Fermi level. 

FeI d-states are localized around EF and are coupled to FeII and Mo d-orbitals below Fermi level, 

which explains the reduction in the moment of FeI atom. Fe2MoGe totally disagrees the rule of 

24. 

For Fe2MoSb, we notice that Fe d-states participate the most to the total DOS. The majority 

channel shows three main peaks below Fermi level that belong to Fe atom with small 

contributions from Mo element. The minority channel is characterized by Fe d-states mixed to 

Mo d-orbitals constituting two main peaks below EF. While above, we notice that Fe and Mo 

d-orbitals constitute a large peak. The interactions between the d-states of the transition 

elements cause a reduction in the moment of Mo atom, leading to a deviation of the total 

moment of the system from the predicted one. 
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Figure IV.3.a Total and partial densities of states for the ternary Fe-based Heusler alloys. 
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Figure IV.3.b Total and partial densities of states for the ternary Co-based Heusler alloys. 
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Moving on to Co-based series, where we notice that the magnetic moments of Co atoms in 

compounds with TII structure are considerably reduced as compared to those crystallizing in 

TI Heusler structure. Moreover, the interaction between X (or X’) and Y element is antiparallel 

for all Co-based systems. 

For Co2ZrZ (Z = Ge, Sb) alloys, the magnetic moments carried by Co atoms decrease with 

increasing the number of valence electrons, while the densities of states of these two systems 

are almost identical. The Fermi level in Co2ZrGe lies almost at the center of the minority band 

gap and it is limited by 0.32 eV below EF and 0.27 eV above. This results in an equal band gap 

to that characterizing the minority channel of Co2ZrSb (0.59 eV), where the Fermi level is 

situated near the conduction band. For both Co2ZrZ alloys, the bonding states of the majority 

channel mostly exist at the higher valence transition metal element, while the unoccupied 

antibonding bands mainly exist at Zr 4d-orbitals. In addition, the spin down gap occurred by Zr 

atoms is broader than the one presented by Co elements around EF. 

As compared to Co2ZrGe, the minority conduction band of Co2ZrSb constitutes a large peak 

extending upon the Fermi level. Co2ZrGe have already been reported as a perfect half-metal 

with a moment of exactly 2.00µB [4,5], where the difference in the partial and total magnetic 

moments is related to the difference in atomic positions. For the same reason, the magnetic 

moment of Co atom has been reduced in Co2ZrSb system, causing a loss of the half-metallic 

properties.  

The electronic structure of Co2MoZ pair exhibits almost identical features in majority and 

minority spin channels, where CoI and CoII d-orbitals show the major contributions to the total 

DOS with small contributions from Mo d-states. These states are very mixed around EF and 

they extend along the conduction band. For both Co2MoZ materials, the energy range between 

-3.0 and 1.0 eV is relative to the d-states of the transition metal elements cutting through the 

Fermi level. Moreover, the magnetic moment of Co atoms is very small and negative in the case 

of Co2MoGe (CoII atom precisely). The similarities between spin up and spin down channels 

support the metallic character of these two compounds.  
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IV.1.3 Elastic properties 

Calculating the elastic parameters of a material helps to provide information about its ductility 

and stiffness. The three elastic constants 𝑪𝟏𝟏, 𝑪𝟏𝟐 and 𝑪𝟒𝟒 were calculated by relaxing the unit 

cell in the optimized configurations. We remind of the Born-Huang criteria [9], unleashing the 

conditions of mechanical stability for a cubic system as follows:   

𝑪𝟒𝟒 > 𝟎,    
 (𝑪𝟏𝟏−𝑪𝟏𝟐)

𝟐
> 𝟎,    𝑪𝟏𝟐 < 𝑩 < 𝑪𝟏𝟏 

According to the previous Born-Huang criteria, only four compounds Fe2ZrSb, Co2ZrGe and 

Fe2MoZ (Z = Ge, Sb), were found to be mechanically stable. As for Fe2ZrGe, Co2ZrSb and 

Co2MoZ alloys, we notice that C11 is much smaller than C12, which overbalances their 

mechanical instability. Because these materials are not mechanically stable, the remaining 

elastic parameters will be discussed for the four stable systems only. 

The hardness of each alloy was measured by estimating the values of the Bulk modulus (B), 

where large values of B characterize stiffed materials. While the shear modulus (G) has been 

evaluated using the following Voigt [10] and Reuss [11] expressions: 

𝑮𝑹 =
 𝟓𝑪𝟒𝟒(𝑪𝟏𝟏−𝑪𝟏𝟐)

𝟒𝑪𝟒𝟒+𝟑(𝑪𝟏𝟏−𝑪𝟏𝟐)
                         ,                       𝑮𝑽 =

 𝑪𝟏𝟏−𝑪𝟏𝟐+𝟑𝑪𝟒𝟒

𝟓
 

Young’s modulus (E) is another indicator of the stiffness of materials, where high values of E 

define stiff alloys. The estimated bulk (B) and shear (G) values as well as the values of Young’s 

modulus listed in table (IV. 3) indicate that all of Fe2ZrSb, Co2ZrGe and Fe2MoZ materials may 

be stiff in nature. 

Poisson’s ratio (ʋ) [12] and Pugh’s factor (𝒌) [13] give information of the brittle or ductile 

character in a given material. Poisson’s ratio is less than 0.26 for brittle materials. In addition, 

the material is considered ductile if the ratio of 𝑩/𝑮 is above 1.75, otherwise, it is brittle. 

In the case of Co2ZrGe and Fe2MoZ alloys, although exhibiting positive values of Cauchy 

pressure, the values of ʋ are less than 0.26, meaning that these alloys may be brittle in nature. 

They also possess small values of 𝑩/𝑮, which confirms their brittleness.  

On the other hand, the large positive 𝐂𝐩, large 𝑩/𝑮 and ʋ of Fe2ZrSb indicate its enhanced 

ductility. 
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In addition, all of these ternary compounds can be considered as anisotropic regarding their 

small values of anisotropy factor [14]. These values are also different from unity, which 

indicates the structural stability of Fe2ZrSb, Co2ZrGe and Fe2MoZ systems. 

 

 

Table IV.3 Elastic constants (GPa) of the ternary Heuslers. 

 

 𝑪𝟏𝟏 𝑪𝟏𝟐 𝑪𝟒𝟒 𝑩 𝑮 𝑬 υ 𝑨 𝒌 𝑪𝒑  Tmelt 

Fe2ZrGe 21.02 524.9 221.2 356.9 20.08 59.12 0.47 -0.88 17.78 303.7 1567.6

±300𝐾 

Fe2ZrSb 265,7 195.3 126.3 218.7 75.75 203.7 0.34 3.59 2.89 69 1469.9

±300𝐾 

Fe2MoGe 203.2 152.4 81.23 169.3 137.5 324.6 0.18 3.2 1.23 71.17 1753.9

±300𝐾 

Fe2MoSb 238.5 179.7 102.9 199.3 -1054.7 4141.4 -2.96 3.5 -0.19 76.8 677.2

±300𝐾 

Co2ZrGe 229.7 131.7 85.9 164.4 243.75 489.3 0.004 1.75 0.67 45.8 1910.5

±300𝐾 

Co2ZrSb 97.84 175.6 78.7 149.7 -149.48 -672.1 1.25 -2.02 -1.00 96.92 1131.2

±300𝐾 

Co2MoGe 171.7 179.1 121.7 176.6 161.65 371.6 0.15 -32.9 1.09 57.4 1962.6

±300𝐾 

Co2MoSb 155.1 181.2 444.9 172.5 194.6 424.2 0.09 -34.1 0.89 -263.7 2123.4

±300𝐾 
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Finally, we have estimated the melting temperature [15] related to the elastic constant 𝑪𝟏𝟏 as 

follows: 

𝑻𝒎𝒆𝒍𝒕 = [𝟓𝟓𝟑𝑲 + (
𝟓.𝟗𝟏𝑲

𝑮𝑷𝒂
) 𝑪𝟏𝟏] ± 𝟑𝟎𝟎𝑲  

Obviously, the material with higher elastic constant has higher melting temperature. All four 

stable systems show high values of melting temperature, which supports their ability of 

preserving their crystal structures in a large range of temperature changes. 

In the purpose of developing further new half-metals, we have formed eight quaternary 

structures based on the same atomic composition of the previous ternary Heuslers, only by 

replacing one X atom by a different 3d or 4d element.  

The next part of this chapter will be focusing on the electronic properties, mechanical stability 

and thermoelectric efficiency of the quaternary systems. 
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IV.2 The quaternary XX’YZ family (X = Co, Fe; X’ = Mo, Fe; Y = Zr, 

Fe; Z = Sb, Ge) 

IV.2.1 Crystal structure 

Commonly, quaternary Heusler alloys crystallize in the LiMgPdSn structure (F-43m) with four 

atoms occupying (0, 0, 0), (1/2, 1/2, 1/2), (1/4, 1/4, 1/4), and (3/4, 3/4, 3/4) Wyckoff positions. 

They have three structural prototypes labelled as type1, type2 and type3 that differ only in their 

atomic positions (see table IV.4).  

If we consider Z atom at (0, 0, 0) position, the remaining three X, X′ and Y atoms will be placed 

in three different face centered cubic (fcc) sublattices in three non-degenerate ways.  

The site preferences for the studied quaternary systems may be explained as follows:  

The stability of the least electronegative Y atom (in this case Zr with 1.33 and Fe with 1.83 

Pauli units) depends on losing its electrons to other elements in the system. Simultaneously, the 

most electronegative Z atom (2.01 and 2.05 Pauli unit for Ge and Sb respectively) tries to accept 

electrons from other elements. Therefore, these two occupy tetrahedral sites forming an ionic 

type sublattice. Whereas X and X’ having intermediate electronegativities occupy tetrahedral 

sites. 

 

 

Table IV.4 Site occupancy in the quaternary Heusler structure for different types of atomic 

arrangements. 

Structure type a(1/4, 1/4, 1/4) b(1/2, 1/2, 1/2) c(3/4, 3/4, 3/4) d(0, 0, 0) 

Type 1 X X’ Y Z  

Type 2 X Y  X’ Z  

Type 3  X’ X Y Z  
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In order to confirm the ground state structure of the quaternary Heusler alloys, we have 

calculated the total energy as function of the lattice constant (Etot / a) for three different atomic 

arrangements (see figures (IV.4.a) and (IV.4.b)). We report as well the structure types, 

equilibrium lattice constants (a0), number of valence electrons (NV) and energy band gaps (Eg) 

in table (IV.5).  

From figures (IV.4.a) and (IV.4.b), we notice that the most stable configuration for XX’ZrZ (X 

= Co, Fe; X’ = Mo, Fe; Z = Ge, Sb) alloys corresponds to type 2 structure. This type of structure 

has the occupation of octahedral sites d (0, 0, 0) and b (1/2, 1/2, 1/2) by Z element and Zr, 

respectively. 

Whereas X and X’ are at a (1/4, 1/4, 1/4) and c (3/4, 3/4, 3/4) tetrahedral sites, respectively. 

This is confirmed by implying the rule of electronegativities, where in structure type 2 and by 

fixing the s-p element at d position, b site is always occupied by the least electronegative 

transition metal element, which is Zr atom (1.33) in the case of the six XX’ZrZ (X = Co, Fe; 

X’ = Mo, Fe; Z = Ge, Sb) alloys. 

Whereas for CoMoFeZ (Z = Ge, Sb) systems, the lowest energy versus volume curve 

corresponds to type 1 structure with the occupation of a (1/4, 1/4, 1/4) position by Co atom, Mo 

at b (1/2, 1/2, 1/2) and Fe at c (3/4, 3/4, 3/4). In this case, both Fe and Co elements have close 

values of electronegativities, leading to a structure type 1. The octahedral sites are occupied by 

the main group element (Ge/Sb) and the most electronegative of the three transition elements 

(Mo), while the tetrahedral sites are occupied by the two other transition metal elements (Co 

and Fe).  

Figures (IV.4.a) and (IV.4.b) also show that the ferromagnetic phase is lower in energy as 

compared to the paramagnetic state for all XX’YZ quaternary Heuslers.   

An increase in the lattice constant and decrease in the bulk modulus is observed for CoX’YZ 

materials (X’ = Fe, Mo; Y = Fe, Zr; Z = Ge, Sb) with a number of valence electrons over 24. 

While the bulk modulus of XMoZrZ (X = Co, Fe; Z = Ge, Sb) compounds, having a number of 

valence electrons that is equal or less than 24, increases with increasing lattice constants (see 

table IV.5). 
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Figure IV.4.a The three possible atomic arrangements (type 1, type 2 and type 3) for CoX’YZ 

(X’ = Mo, Fe; Y = Zr, Fe; Z = Ge, Sb) quaternary Heuslers calculated for the nonmagnetic 

state. The ferromagnetic state was estimated only for the most stable nonmagnetic total 

energy. 
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Figure IV.4.b The three possible atomic arrangements (type 1, type 2 and type 3) for XMoZrZ 

(X = Co, Fe; Z = Ge, Sb) quaternary Heuslers calculated for the nonmagnetic state. The 

ferromagnetic state was estimated only for the most stable nonmagnetic total energy. 
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Table IV.5 Optimized lattice constants a0, number of valence electrons NV, Bulk modulus (B) 

and band gaps (Eg) for quaternary Heusler compounds. 

System NV Magnetic 

state 

Structure 

type 

Etot (eV)  a0 (A°) B (GPa) Half-metallicity 

 

Egmin EgHM 

FeMoZrGe 

 

22 NM 

 

 

 

FM 

Type1 

Type2 

Type3 

 

Type2 

 

-22041.345615 

-22041.414087 

-22041.403940 

 

-22041.419194 

6.3143 

6.2559 

6.3161 

 

6.2841 

156.9121 

171.9438 

168.7521 

 

156.4103 

 

 

 

 

/ 

 

 

 

 

 

/ 

 

 

FeMoZrSb 

 

23 NM 

 

 

 

FM 

Type1 

Type2 

Type3 

 

Type2 

 

-30810.394544 

-30810.502722 

-30810.436101 

 

-30810.504665 

6.5249 

6.4636 

6.5305 

 

6.4647 

141.9657 

169.0049 

157.5264 

 

159.6964 

 

 

 

 

/                         

 

 

 

 

/ 

 

 

CoMoZrGe 

 

23 NM 

 

 

 

FM 

Type1 

Type2 

Type3 

 

Type2 

 

-22282.688142 

-22282.775644 

-22282.773482 

 

-22282.781460 

6.3427 

6.2803 

6.3205 

 

6.2823 

149.3693 

164.3353 

171.4521 

 

165.1552 

 

 

 

 

/ 

 

 

 

 

/ 

 

 

CoMoZrSb 

 

24 NM 

 

 

 

FM 

Type1 

Type2 

Type3 

 

Type2 

 

-31051.741379 

-31051.865877 

-31051.812168 

 

-31051.874392 

6.5471 

6.4655 

6.5316 

 

6.4630 

135.1610 

148.6458 

156.7892 

 

165.5031 

 

 

 

 

/ 

 

 

 

 

/ 

 

 

CoFeZrGe 

 

25 NM 

 

 

 

FM 

Type1 

Type2 

Type3 

 

Type2 

 

-16729.164772 

-16729.293588 

-16729.186504 

 

-16729.303712 

6.1287 

6.0395 

6.1233 

 

6.0501 

[16] 

158.8694 

182.2885 

161.7539 

 

177.9919 

 

 

 

 

0.50089 

[16] 

 

 

 

 

0.00369 

[16] 

 

 

CoFeZrSb 

 

26 NM 

 

 

 

FM 

Type1 

Type2 

Type3 

 

Type2 

 

-25498.203085 

-25498.345624 

-25498.222435 

 

-25498.376041 

6.3695 

6.2552 

6.3587 

 

6.2809 

[16] 

133.6173 

166.3653 

138.8768 

 

158.7701 

 

 

 

 

0.67753 

 

 

 

 

0.16547 

 

 

CoMoFeGe 

 

27 NM 

 

 

 

FM 

Type1 

Type2 

Type3 

 

Type1 

 

-17629.899482 

-17629.895676 

-17629.892540 

 

-17629.934747 

5.8766 

5.8885 

5.8925 

 

5.8995 

232.7758 

205.3062 

226.5456 

 

219.5824 

 

 

 

 

/ 

 

 

 

 

/ 

 

 

CoMoFeSb 

 

28 NM 

 

 

 

FM 

Type1 

Type2 

Type3 

 

Type1 

-26398.918999 

-26398.917362 

-26398.915491 
 

-26398.955097 

6.0922 

6.1176 

6.1223 

 

6.1104 

210.3784 

194.1589 

191.4277 

 

193.6095 

 

 

 

 

/ 

 

 

 

 

/ 
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IV.2.2 Magnetic moments and electronic properties 

We present the band structures of the quaternary XX’YZ (X = Co, Fe; X’ = Mo, Fe; Y = Zr, 

Fe; Z = Sb, Ge) Heusler alloys in figures (IV.5.a) and (IV.5.b), where the black solid lines 

represent the majority channels and the red dashed lines represent the minority states. We have 

also listed their total and atomic moments in table (IV.6). 

Only two compounds, CoFeZrGe and CoFeZrSb, were found to exhibit a true half-metallic 

character. In these systems, the bands cross the Fermi level in spin up channel indicating a 

metallic behavior while the minority spin states shows no band at Fermi level, indicating a 

semiconducting behavior. 

CoFeZrZ (Z = Ge, Sb) compounds with the magnetic moments 1 µB and 2 µB, respectively, 

agree well to the Slater Pauling rule, where Fe and Co atoms contribute the most to the total 

moment (see table (IV.6)), while the interactions between 4d and 3d elements is antiparallel. In 

CoFeZrGe, the BCmin is located at 0.49 eV at X point, and the BVmax at -0.036 eV at Γ point, 

creating an indirect band gap with a value of 0.5 along Γ-X direction.  An indirect band gap of 

0.67 eV is also observed in the band structure of CoFeZrSb alloy, with the BVmax at -0.16 eV 

at Γ point and the BCmin at 0.51 eV along X direction. 

For both half-metallic quaternary CoFeZrZ systems, X and X’ are 3d transition elements and Y 

is a 4d atom. The first was derived from the ternary parents Co2ZrGe (a stable half-metal) and 

Fe2ZrGe (an unstable semiconductor). Whereas the second is a combination of the unstable 

magnetic Co2ZrSb and the stable half-metallic Fe2ZrSb. The ternary parents of each quaternary 

half-metal were found to crystallize in the normal Heusler structure. Moreover, they do not 

share the same character; however, one of them adopts a half-metallic aspect. In other words, 

we found that the half-metallic properties could be transferrable from only one half-metallic 

ternary parent even if the other parent exhibits a magnetic character. 

For the rest of materials with X being a 3d element and X’ and Y being 4d transition metals, 

the bands cross the Fermi level in both spin states, meaning that no true half-metallic gap could 

exist in any of these systems.  
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Figure IV.5.a Band structures of the majority and minority spin channels for CoX’YZ (X’ = 

Mo, Fe; Y = Zr, Fe; Z = Ge, Sb) quaternary alloys. 
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Figure IV.5.b Band structures of the majority and minority spin channels for XMoZrZ (X = 

Co, Fe; Z = Ge, Sb) quaternary alloys. 
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For the pair CoMoZrZ, the magnetic moments according to Slater Pauling’s rule should be 1µB 

and 0µB, respectively. All constituents of these two Heuslers are coupled ferromagnetically. 

CoMoZrSb is the only alloy showing a much deviated moment than the predicted one. It is a 

combination of the stable magnetic Co2ZrSb crystallizing in the normal Heusler structure and 

the metallic Co2MoSb with the inverse type structure. Noticeably, CoMoZrSb follows the same 

character of the ternary parents since they were both found to deviate from the rule of 24. 

Whereas CoMoZrGe, with a combination of the unstable half-metal Co2ZrGe with the normal 

Heusler structure and the stable magnetic Co2MoGe with the inverse structure, shows a 

moderate moment of 0.84µB and a metallic aspect. 

The metallic behavior is also predominant in CoMoFeZ compounds. If we consider the structure 

type 2 as equivalent to that of the regular Heusler structure and type 1 to that of the inverse 

structure of the ternary parents, CoMoFeZ would be the only pair crystallizing in the inverse 

type structure. In these systems, X and Y atoms are in symmetric positions a (1/4, 1/4, 1/4) and 

c (3/4, 3/4, 3/4). The interactions between these elements are parallel, where the 3d transition 

atoms carry larger magnetic moments as compared to the 4d ones. CoMoFeSb with the stable 

metallic parents: the inverse Co2MoSb and the normal Fe2MoSb, shows a moderate moment 

that conforms well to the slater Pauling rule (4µB). This compound also adopts the same metallic 

character of the ternary parents. CoMoFeGe on the other hand, even of exhibiting no half-

metallic character, its magnetic moment of 2.82µB conforms well to the Slater Pauling rule 

(3µB). This compound with a combination of two stable magnetic inverse metals Co2MoGe and 

Fe2MoGe, follows the same metallic character of the precedent ternary parents.  

For the pair FeMoZrZ with the parents (the stable metal Fe2MoGe-the unstable semiconductor 

Fe2ZrGe) and (the stable metal Fe2MoSb-the stable half-metal Fe2ZrSb), respectively, Fe atoms 

carry the largest magnetic moment, while the interactions between 4d-Zr element and the rest 

of atoms is antiparallel. For these two quaternary systems, we obtained the magnetic moments 

1.99µB and 0.97µB, respectively. Despite of being in good agreement with the Slater Pauling 

rule (2µB and 1µB, respectively), these two compounds can only be considered as near half-

metals with a near gap in spin up channel. 
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 Table IV.6 Total and atomic magnetic moments of the quaternary systems.  

Systems Atomic magnetic moments total magnetic 

moments 

X X’ Y Z (Ge/Sb) 

FeMoZrGe 1.32016 0.64483 -0.09558 -0.01704 1.98759 

FeMoZrSb 0.85638 0.25641 -0.09805 -0.00993 0.97443 

CoMoZrGe 0.28590 0.42799 0.02657 0.00160 0.84358 

CoMoZrSb 1.66160 0.97556 0.15500 0.00152 2.97668 

CoFeZrGe 0.58363 0.67064 -0.09774 -0.00985 1.04972 [16] 

CoFeZrSb 1.03951 1.25514 -0.15045 0.00580 1.99345 [16] 

CoMoFeGe 1.21085 0.36138 1.27059 0.00015 2.82752 

CoMoFeSb 1.24107 0.84237 1.75028 -0.00765 3.87813 

 

 

The total and partial densities of states were also calculated at equilibrium lattice constants in 

order to better understand the electronic properties of these alloys (see figures (IV.6) and 

(IV.7)), where the positive DOS values refer to spin-up channel and the negative values 

represent spin-down states. Obviously, the main hybridizations come from the d−d bands of the 

transition metal atoms. These atoms contribute the most in the formation of the gap.  

The s-p bands of the main group elements are also important in determining the positions of the 

d-bands. In the present series of compounds, Ge and Sb atoms introduce a deep lying s-band at 

about -10 and -12 eV, respectively, and three p-bands situated below the d-bands of the 

transition metals. 

Several studies [17,18] have explained the dependence of the half-metallic gap on positions of 

the bonding (eg, t2g) and anti-bonding (eu, tu) orbitals resulting from the hybridizations between 

X, X’ and Y transition metal elements. The X and X’ d-orbitals hybridize forming the 2eg and 
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3t2g bonding orbitals. These hybrid orbitals hybridize with Y d-states developing 2eu and 3tu 

bonding and anti-bonding hybrid orbitals and creating a gap in between. 

For the majority channel of CoFeZrZ pair, the valence band region from −4 to -1 eV is mostly 

dominated by the t2g states of Co and Fe atoms. In the energy region from −1 to 1 eV, the main 

contributions arise from the eg states of the 3d transition metals. While from 1 to 4 eV, it is the 

Zr t2g and eg states that predominate. As for the minority channel, the energy region from −4 to 

0 eV refers to the t2g states of Co and Fe elements. The energy interval from 0 to 4 eV shows 

that the eg states of Co and Fe atoms in addition to Zr-t2g and -eg degenerates participate the 

most to the total DOS. 

All three compounds CoMoZrGe and FeMoZrZ (Z = Ge, Sb) present a band gap in spin up 

channel, however, the gap do not extend through the Fermi level in any of them.  

The majority and minority spin directions of CoMoZrGe alloy show common features with a 

spin up gap that is closer to the Fermi level than the one situated in spin down channel. The 

spin up energy region from -4 to 0 eV shows that the main peaks belong to Co- and Mo-t2g 

states. Above Fermi level, we notice that the d-eg states of Co and Mo appear in the energy 

between 0 and 2 eV, while Zr-t2g and -eg degenerates show contributions from 2 to 4 eV. 

CoMoZrSb is also an ordinary metal presenting a small gap in spin down channel. The t2g states 

of Co and Mo atoms dominate the spin up energy region from -4 to -1 eV. Whereas from -1 to 

1 eV, we notice small contributions from Co- and Mo-eg states. The last partition from 1 to 4 

eV refers to Zr-eg and -t2g orbitals.  As for spin down channel, the energy region from -3 to 0 

eV is populated by Co- and Mo-t2g orbitals with a relatively small contribution from Zr. Above 

Fermi level, Co- and Mo-eg states participate from 0 to 2 eV, while Zr-eg and t2g states dominate 

from 2 to 4 eV. 

Similar to CoMoFeGe, the hybridizations between 3d and 4d atoms in CoMoFeSb near Fermi 

level may be responsible of the reduction of the total magnetic moment in this compound. For 

the minority spin channel, all transition metals show major contributions of the d-t2g states from 

-4 eV to 0 eV. Above EF, Co- and Fe-eg states contribute from 0 to 2 eV in addition to Mo 

(t2g+eg) degenerates. The majority channel from -4 to -2 eV is dominated by Co and Fe-t2g 

degenerates as well as small participation of Mo-t2g states. The partition from -2 to 0 eV is 

relative to the eg orbitals of Co and Fe atoms, while the t2g and eg degenerates of Mo arise in the 

energy between 0 and 2 eV. 
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For FeMoZrGe (FeMoZrSb) alloy, Fe- and Mo-t2g orbitals contribute the most in the energy 

region between -4 and 0 eV of spin up channel. From 0 to 2 eV, the main contributions come 

from the eg states of Fe and Mo atoms. While Zr-eg and t2g orbitals are dominant from 2 to 4 

eV. In the minority spin direction from -2 to 1 eV, Fe- and Mo-t2g orbitals are the main 

contributors in addition to small participation from Zr. From 1 to 2 eV, the main contributions 

originate from Fe and Mo-eg states, and from 2 to 4 eV, they refer to Zr-eg and -t2g orbitals. 

In general, the loss of the half-metallic properties refers either to the atomic composition of 

these alloys or to the hybridizations between the 3d elements and Mo 4d delocalized orbitals. 

 

 

 

Figure IV.6.a Total densities of states for the quaternary CoX’YZ (X’ = Mo, Fe; Y = Zr, Fe; Z 

= Ge, Sb) Heusler alloys. 
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Figure IV.6.b Total densities of states for the quaternary XMoZrZ (X = Co, Fe; Z = Ge, Sb) 

Heusler alloys. 
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Figure IV.7.a Partial densities of states for CoMoFeZ (Z = Ge, Sb) quaternary alloys. 
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Figure IV.7.b Partial densities of states for CoFeZrZ (Z = Ge, Sb) quaternary alloys. 
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Figure IV.7.c Partial densities of states for FeMoZrZ (Z = Ge, Sb) quaternary alloys. 
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Figure IV.7.d Partial densities of states for CoMoZrZ (Z = Ge, Sb) quaternary alloys. 
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IV.2.3 Elastic properties 

We have also checked the mechanical stability of these quaternary systems by calculating the 

three elastic parameters 𝐂𝟏𝟏, 𝐂𝟏𝟐 and 𝐂𝟒𝟒 (see table (IV.7)). Because the resulting elastic 

constants satisfy the Born-Huang preconditions, the quaternary Heuslers XX’YZ may be 

considered as stable alloys. 

The evaluated values of B and G that are listed in table (IV.7) prove the hardness and strength 

of XX’YZ quaternary alloys. Moreover, the values of the Bulk that were extracted from 

Murnaghan equation of state [19] are very close to those calculated using the elastic constants 

for all alloys (check table (IV.5). The high values of Young’s modulus presented by the 

quaternary Heuslers also support their stiffness. 

Poisson’s ratio (ʋ) and Pugh’s factor (𝒌) were also calculated in order to check the brittle or 

ductile character in these materials. The resulting values of Pugh’s and Poisson’s ratio for 

XMoZrGe (X = Co, Fe) and CoFeZrZ (Z = Ge, Sb) pairs of alloys are greater than 1.75 and 0.3, 

respectively, which confirms the ionic character and ductility of these alloys. For the pair 

XMoZrSb (X = Co, Fe), Poisson’s and Pugh’s ratios are under the limited values, which means 

these two materials may be brittle. The brittle nature of CoMoZrSb and FeMoZrSb alloys is 

also substantiated by the negative values of Cauchy pressure (-7.99 GPa and -3 GPa, 

respectively). CoMoFeZ (Z = Ge, Sb) pair on the other hand have shown a remarkable ductile 

behavior and a strong malleability as both alloys are characterized by high values of 𝛖 and 𝒌. 

Moreover, because the anisotropic factor (A) is either smaller or greater than 1, XX’MoZ 

systems possess an anisotropic behavior. 

Lastly, the high values of 𝑻melt for all these quaternary alloys confirm their atomic bonding 

strength and ability to maintain their crystal structure over a large range of temperatures. 
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Table IV.7 Calculated elastic constants and mechanical parameters (GPa) of quaternary 

compounds at equilibrium lattice constants. 

 𝑪𝟏𝟏 𝑪𝟏𝟐 𝑪𝟒𝟒 𝑩 𝑮 𝑬 υ 𝑨 𝒌 𝑪𝒑  Tmelt 

FeMoZrGe 222,3 142,8 78,14 169.3 59.59 159.9 0.34 1.96 2.84 64.62 1866.85

±300𝐾 

FeMoZrSb 318,8 128,5 131,5 191.9 115.5 288.7 0.25 1.38 1.66 -3 2437.46

±300𝐾 

CoMoZrGe 272,2 146,2 96,04 188.2 81.1 212.7 0.31 1.53 2.32 50.2 2161.41

±300𝐾 

CoMoZrSb 313,2 94,59 102,6 167.5 105.2 261.3 0.24 0.94 1.59 -7.99 2404.25

±300𝐾 

CoFeZrGe 226.2 154.9 92 178.7 62.91 100.3 0.41 2.58 5.01 62.9 1889.84

± 300𝐾 

CoFeZrSb 255,1 108.1 67.2 157.1 69.66 190.8 0.3 0.91 2.14 40.9 2060.64

± 300𝐾 

CoMoFeGe 252,9 213,1 62,13 226.3 39.42 111.8 0.42 3.12 5.74 150.9 2047.40

±300𝐾 

CoMoFeSb 204,5 182,9 124,8 190.1 51.55 141.8 0.38 11.6 3.69 58.1 1761.6

±300𝐾 
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IV.2.4 Thermoelectric properties 

The peculiarity of thermoelectric materials is their ability to transform heat into useful energy. 

For this reason, they are very beneficial in the field of waste heat recovery systems and power 

generators. Figures (IV.7) and (IV.8) display the thermoelectric properties of the quaternary 

XX’YZ systems. We have also listed the maximum values of the Seebeck coefficient, electrical 

conductivity and power factor of these alloys in table (IV.8). 

From figure (IV.8 (a)), we notice that CoMoZrSb exhibits positive Seebeck values with 

increasing temperature, indicating it is a p-type material. The total thermopower of this 

compound shows an intense decrement from a value of 489.9µV/K to a minimum of 

129.8µV/K. Unlike CoMoZrSb, we notice an almost consistent trend in the Seebeck of 

CoMoZrGe upon increase of temperature, where the maximum value have reached 148.3µV/K. 

Since the Seebeck coefficient remains positive, CoMoZrGe is also a p-type material. 

For CoMoFeGe (CoMoFeSb) alloy, the Seebeck increases slowly upon increase of temperature 

with a maximum of 95.3µV/K (93.9µV/K) at 400K (700K). CoMoFeGe shows high positive 

values of thermopower below room temperature in contrast to CoMoFeSb, indicating a p-type 

of conduction for the low s-p valent alloy and an n-type of conduction for the high valent one. 

Whereas above, both alloys show nearly equal positive Seebeck values with holes as main 

charge carriers. 
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Figure IV.8.a Temperature dependence of the Seebeck coefficient (S) for XX’YZ (X = Co, 

Fe; X’ = Mo, Fe; Y = Zr, Fe; Z = Ge, Sb) quaternary alloys. 

 

 

 

Figure IV.8.b Temperature dependence of the electrical conductivity (σ) for XX’YZ (X = Co, 

Fe; X’ = Mo, Fe; Y = Zr, Fe; Z = Ge, Sb) quaternary alloys. 
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For CoFeZrZ alloys, we notice a sharp decaying trend in the total Seebeck coefficient from a 

value of -975.36 and 664.16 microV.K-1, respectively, below room temperature, and a slow 

decaying trend above. The Seebeck of CoFeZrGe is negative below 500K (suggesting an n-

type of conduction) and positive above (a p-type of conduction). Whereas for CoFeZrSb, the 

Seebeck remains negative in a temperature range from 200 to 900K. This compound is at the 

whole an n-type material.  

The last two alloys, FeMoZrGe and FeMoZrSb, show negative values of thermopower, which 

overbalances the n-type of conduction. Below 600K, the total thermopower of FeMoZrGe 

increases reaching -173.6µV/K. As for FeMoZrSb, it shows a decaying trend from a value of -

245.8µV/K. Above 600K, the Seebeck curve decreases for both alloys. 

 

 

 

Figure IV.9 Temperature dependence of the Power Factor (PF) for the XX’YZ (X = Co, Fe; 

X’ = Mo, Fe; Y = Zr, Fe; Z = Ge, Sb) quaternary alloys. 
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Table IV.8 The maximum values of the Seebeck coefficient, electrical conductivity and power 

factor of the quaternary alloys. 

 S (µV/K) σ/τ (*1020Ω-1m-1s-1) 𝑷𝑭(1012W/K².m.s) 

FeMoZrGe -173.6 0.91 2.32 

FeMoZrSb -245.8 0.58 1.86 

CoMoZrGe 148.3 1.3 1.76 

CoMoZrSb 489.9 1.22 1.89 

CoFeZrGe -975.36 0.99 1.19 

CoFeZrSb 664.16 0.87 1.03 

CoMoFeGe 95.3 2.55 1.81 

CoMoFeSb 93.9 1.29 1.01 

 

 

The electrical conductivity (σ/τ) is illustrated in figure IV.8 (b), where all alloys show a 

monotonous increment within temperature.  

For the pair FeMoZrZ, the conductivity curves follow a linear altitude showing a gradual 

increasing trend below room temperature and a sharp one above, where the ultimate peaks have 

reached 9.1*1019 and 5.8*1019Ω-1m-1s-1, respectively.  

The electrical conductivity of CoMoFeGe increases remarkably as compared to the rest of 

materials, where the highest value have reached 2.55*1020Ω-1m-1s-1.  

For CoMoFeSb, CoMoZrGe and CoMoZrSb alloys, the conductivity increases sharply up to 

700K with the ultimate values 1.29*1020, 1.3*1020 and 1.22*1020Ω-1m-1s-1, respectively. 

Finally, the two half-metals possess an almost linear increment in the total conductivity, where 

CoFeZrGe exhibits a higher maximum conductivity than CoFeZrSb (0.99*1020 and 0.87*1020 
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Ω−1m−1s−1, respectively). The increasing trend in the total conductivity confirms the half-

metallic behavior in these compounds. 

In order to estimate the amount of power that could be generated by these quaternary Heuslers, 

we have calculated the variation of the power factor (PF) within temperature (see figure IV.9) 

using the following equation:  

𝑃𝐹 = 𝑆(↑)2𝜎(↑)/𝜏 + 𝑆(↓)²𝜎(↓)/𝜏 

We notice an exponential rise in the PF curve of CoMoFeZ pair, where the lower valent p-group 

alloy shows high efficiency due to its higher values of Seebeck coefficient and conductivity as 

compared to CoMoFeSb. For these two compounds, the power factor have reached an optimum 

of 1.81*1012W/K².m.s and 1.01*1012W/K².m.s, respectively. 

CoFeZrZ alloys also show an exponential behavior, where the power factor of CoFeZrGe 

increases up to 500K reaching a maximum of 1.19*1012W/K².m.s, and decreases above. 

CoFeZrSb shows the same trend with a maximum of 1.03*1012W/K².m.s at 700K.  

The power factor of FeMoZrZ and CoMoZrZ alloys increases dramatically upon increase of 

temperature. FeMoZrGe exhibits a PF value of 2.32*1012W/K².m.s. As for FeMoZrSb, we 

obtained the value 1.86*1012W/K².m.s.  

As for the last pair of alloys, CoMoZrZ, the maximum PF value have reached 

1.76*1012W/K².m.s and 1.89*1012W/K².m.s, respectively. 
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To conclude, we have employed the FP-LAPW method based on DFT within the generalized 

gradient approximation GGA to investigate the properties of sixteen ternary and quaternary Fe- 

and Co-based Heuslers. 

First, we have studied the electronic properties of the ternary alloys, where the band structure 

calculations confirmed the existence of a true half-metallic character in two compounds, 

Co2ZrGe and Fe2ZrSb. An indirect band gap along Γ-X direction was obtained in the minority 

spin channel of each half-metal with the values 0.59 eV and 0.73 eV, respectively. 

The three elastic coefficients supported the stability of Co2ZrGe, Fe2ZrSb and Fe2MoZ (Z = 

Ge, Sb) alloys only. The calculated elastic parameters confirmed the brittleness of Co2ZrGe and 

Fe2MoZ alloys, while a ductile behavior characterized Fe2ZrSb compound. This new half-metal 

definitely requires a detailed phonic and thermoelectric discussion. 

Next, we have derived eight quaternary systems from the previous ternary parent compounds. 

In this series, we obtained two other half-metals, CoFeZrGe and CoFeZrSb that were also found 

to exhibit indirect band gaps along Γ-X direction in spin down channel with the values 0.5 eV 

and 0.67 eV, respectively. As for the rest of materials, the metallic character was predominant. 

Moreover, we have examined the mechanical stability of these quaternary systems and they 

were all found to satisfy the mechanical Born-Huang stability criteria. The elastic parameters 

have also confirmed their metallic bonding and ductility except for XMoZrSb pair (X = Co, 

Fe), where the brittle nature takes-over. In addition, the estimated high melting temperatures 

proved the ability of these systems to maintain their crystal structure over a large range of 

temperatures. 

Lastly, the quaternary XX’YZ materials have shown a commendable thermoelectric behavior 

and good efficiency in the thermoelectric field applications. The largest values of the power 

factor were obtained for the near half-metallic FeMoZrGe and the metallic CoMoZrSb 

regarding their high Seebeck coefficients. The remaining quaternary alloys have also exhibited 

interesting thermoelectric features, where the power factor have reached as high as 

1.86*1012W/K².m.s for FeMoZrSb alloy. 

After performing an intensive theoretical investigation of the crystal structure, magnetic 

properties, mechanical stability and thermoelectric behavior of the ternary X2YZ (X = Fe, Co; 

Y = Zr, Mo; Z = Ge, Sb) and quaternary XX’YZ (X = Co, Fe; X’ = Mo, Fe; Y = Zr, Fe; Z = Sb, 
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Ge) group of Heuslers, our findings suggest that these are promising materials for spin-

electronics (due to the robustness of half-metallicity) and thermoelectric applications. 
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Summary 

The general idea of this thesis was based on the development of new half-metals with different 

properties by mixing both 3d and 4d magnetic elements.  

Using FP-LAPW method within the generalized gradient approximation (GGA), we have 

investigated a group of ternary and quaternary Fe- and Co-based materials. Eventually, a pair 

of ternary (Co2ZrGe, Fe2ZrSb) and a pair of quaternary (CoFeZrGe, CoFeZrSb) compounds 

were identified to be true half-metals. They exhibit indirect band gaps in the minority spin 

channel with the values 0.59 eV, 0.73 eV, 0.5 eV and 0.68 eV, respectively, along Γ-X direction. 

We have also found a non-magnetic semiconductor, Fe2ZrGe with a gap of 0.14 eV along the 

same direction.  

For the rest of materials, the band structures and the densities of states have shown no true half-

metallic properties.  

The elastic parameters of the ternary materials have been estimated and only four compounds 

Fe2ZrSb, Co2ZrGe and Fe2MoZ (Z = Ge, Sb) were found to satisfy the conditions of Born-

Huang stability criteria. In contrary, all quaternary alloys were found to be dynamically stable. 

We have also calculated the thermoelectric efficiency of the quaternary systems using the 

BoltzTrap code. Large Seebeck coefficients were obtained for the two half-metallic CoFeZrGe 

and CoFeZrSb compounds. These values have reached as high as -975.36 and 664.16 

microV.K-1, respectively, at 100K. Both systems exhibit high power factors as well, with the 

maximum values 1.19*1012WK−2m−1s−1 and 1.03*1012Wm−1K−2s−1, respectively, above room 

temperature.  

The remaining quaternary systems have also shown a high thermoelectric efficiency, where the 

values of the power factor have reached as high as 2.32*1012W/K².m.s, which proves their 

capability as promising thermoelectric materials.  

Eventually, we look forward for more theoretical and experimental researches concerning these 

materials. In addition, we would like to work on the substitution of the magnetic components 

of these systems and modifying their structural arrangements, which could result in the 

formation of a half-metallic gap and perform their spintronic properties. 


