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General introduction, ecological

motivation and thesis Outline

Ecological motivation

In ecology, an ecosystem is made up of different populations that interact with one another in several
ways Fig.1. A population is a group of individuals of the same species that occupy the same patch
simultaneously. Often, individuals from one population compete for the same resources, as do individuals
from different populations (competition). Some populations live at the expense of others (parasitism).
Certain populations help each other (mutualism, even symbiosis). All these phenomena are part of
the general framework of the struggle for life. Population dynamics is a branch of mathematical ecology
which aims to study these variations between living beings theoretically using simplified models. There are
several interesting questions that can be asked about ecosystems, on the factors that influence the stability
of an ecosystem, on the factors controlling the variability of the abundances of different components of
the ecosystem, and in particular on the interactions between populations and their role to lead or not the
coexistence of species in an ecosystem. To answer these questions, different methodological approaches
exist throughout this last century. The first mathematical models in ecology date from the 1920s, with the
two scientific researchers A.J. Lotka and V. Volterra. These models are based on the representation
of interactions between species through systems of ordinary differential equations. Our main objective
along this thesis is to model and study certain ecological phenomena for living beings in nature through
systems of ordinary differential equations or partial differential equations. The starting point is the

historical model of Lotka and Volterra.



FIGURE 1: Schematic representation of interactions in ecosystems [(1].

General introduction

The dynamic relationship between predator population and prey population has been considered
as one of the dominant themes in modern applied mathematics due to the universal existence and the
universal importance [12, 63], it is one of the reasons of the big preference by many researchers next to the
huge application in different ecosystems types as aquatic, terrestrial ecosystems. The beginning was with
Malthus 1798 [63] where he proposed a model of one population with an exponential increasing which
called by his name Malthus model. Later on, in 1838, Verhulst [39] offered more realistic model which
is known by the logistic model. The main assumption is to consider that the space that the animals
lives in it has a carrying capacity where the availability of resources is the main factor in determining
this food load of the space, which resolves the problem of the unboundedness of the resources generated
by the bounded space offered by Malthus model [63]. It follows by the pioneering works of Lotka [50]
and Volterra [00], where a system of two equations is considered for predicting the predator—prey

interaction evolution in terms of time.

In terms of modeling, the total dynamics of a predator-prey system can be affected by many factors
such as predator efficiency of their attack, birth, death, mature delay, so on. It is well known that the
functional response is the crucial component to describe the relationship between the prey and the
predator populations. In the last few decades, many functional responses appears for studying and
describing a particular relationship between the species. It is the main reason for having many functional
responses such as Holling I — I'V functional response [14, 47, 93, 103], Beddington-DeAngelis functional

response [17], ratio-dependent functional response [97, 78], Crowley-Martin functional response [36, 105],



Hassell-Varley functional response [45], so on.

Now, we introduce the prototypical predator-prey model with the following structure

P =Xf(X)-g(X,)Y),
(0.0.1)
9 — —mY +ng(X,Y),

where X, Y are respectively the populations sizes of the prey and the predator at the time ¢, f(X) is the
net growth for the prey population in the absence of the predator population, 0 < 7 < 1 is the conversion
rate of prey biomass into predator biomass and m is the natural death rate of the predator which has
been assumed to be constant.

In the real world, the prey population has a fast reproduction comparing with the predator population
(please see [39]). It is wise to choose a reproduction functional f(X) to model the crowding effect of the

prey. The most known one is the logistic form :

X

) =r(1-2)

where 7 is the net growth rate of the prey population, k is the carrying capacity of the prey in the
absence of predator. Obviously, the functional g(X,Y") represents the interaction functional. As we said,
it models the quality of interaction between the prey and the predator.

In nature, an important part of savanna preys lives collectively and proceed in a huge herd [?] from
one place to another, there are many examples of this behavior such as buffalos, elephants, gnus, so on.
For the buffalos example, the weakest elements occupy the interior of the group and the strongest stay
at the border for the purpose of defending the group and reducing the predation risk of the weakest.
For the goal of protecting there own child, the strongest prey defend the group brutally. Due to the
group’s structure, the prey get features in their foraging efficiency and reducing predation risk. Thus,
the herd behavior avoids the disappearance of the animals (for the reason of its big appearance),
which gives better defense mechanism from predation [?]. The first approach in terms of modeling this
phenomenon was introduced and studied by Ajraldi et al. [2]. The main assumption is presume that
the prey population has a regular shape as circle or a square. If we assume that X (¢) be the density of
the prey, namely number of individuals per surface unit, and the herd occupying an area S, it follows
that the individuals at the outer of the packs are proportional to the border of the patch, where the herd
is in a length depends on v/S. Then, they are in number proportional to the square root of the density
i.e. to v/ X, With a constant of proportionality depends on the regularity of the herd. Thus the number
of the captured prey by one predator will be proportional to the number of the prey population on the

boundary of the prey herd, which means that is proportional to the square root of the prey population
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FIGURE 2: Herd behavior in wild [19].

density i.e. vX. Therfore, we leads to a new predator-prey interaction presented in [2], that can be
written as
G =rX(1-%)-aVXY,
(0.0.2)
%—3; = —mY +naVXY,

we keep the same notation made with the previous system, the term « is the search efficiency of predator

for the prey.

Remark 1. Noticing that any shape of the herd formed by the prey population can be approximated by a

regular form such as circle or a square in 2D.

In share same concept of mathematical modeling in [2], some mathematical results and its ecological
relevant are provided. Another pioneering work appears into the interface in the case of predator-
prey interaction with prey grouping behavior which is presented by Braza [15]. The main result is to
consider the time for a predator to handel with a prey. Holling approximation is used for building a new
functional response. Other works offered to the wide audience for modeling other factors next to the
herd behavior such as herd shape, predator average handling time of the prey on the bounders. We
refer readers to the papers [16, 24, 27, 28, 29, 30, 31, 48, 81, 85, 87, 88, 99, 100, 101, 106], which shows

the big importance of such approximation and its huge significance in the real world.
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F1GURE 3: The herd structure and the mechanism of interaction between the prey and the predator population.

Thesis Outline

In this thesis, we will propose four new models of population dynamics which describes the interaction
between prey and predator in nature. Our fundamental hypothesis is to suppose that the population of

prey gather together in herds, on the other hand the predator shows a more individualistic behavior.

In Chapter 1, we scrutinize a delayed predator- prey model for the purpose of studying the impact
of the strategy considered by the prey population on the evolution of the studied species. The main
presumption is to assume that there exists two types of the prey with a contradictory behaviors. The
first, has a social behavior and takes the advantage of living in group for defending each others, and the
second one has a solitary behavior. A mathematical approach is used to study this effect, where local
stability and bifurcation analysis are examined. Indeed, it has been proved that the system that we
proposed has a rich dynamics such as Hopf bifurcation in both the absence and the presence of time lags.
Further the stability of the periodic solution generated by the presence of the time lags are discussed
using the normal form on the center of manifold theory. Some numerical simulations are provided for

ensuring the obtained mathematical results.

In Chapter 2, we returned to dimension two and we considered a prey-predator model taking into
account the shape of the herd formed by the prey. some preliminary results have been given including the

boundedness of the solutions, the stability and dynamical behaviours of the equilibria of the model and
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the dynamic behavior near the origin. Then, the effect of the herd shape for the prey population on the
prey and predator equilibrium densities has been analysed. After that, we investigate the global dynamics
of the model where some sufficient conditions are derived to ensure the global asymptotic stability of the
semi-trivial equilibrium point and coexistence equilibrium point. The analysis showed that the system
might undergo Hopf bifurcation in such case a limit cycles appear for the interior equilibrium. Finally,
to illustrate our theoretical results, some numerical simulations are given.

In Chapter 3, we deals with a diffusive predator-prey model subject to the zero flux boundary
conditions with prey social behavior and the quadratic predator harvesting. First, we proved the existence
of a positive solution and its bounders. The existence of the equilibrium states has been discussed. The
global stability of the semi trivial constant equilibrium state is established. Concerning the non trivial
equilibrium state, the local stability, Hopf bifurcation, diffusion driven instability, Turing-Hopf bifurcation
are investigated. The direction and the stability of Hopf bifurcation relying on the system parameters is
derived. Some numerical simulations are used to extend the analytical results and show the existence of
the homogeneous and non homogeneous periodic solutions. Further the effect of the rivalry rate on the
dynamical behavior of the studied species.

In Chapter 4, we consider a new approach of prey escaping from herd in a predator-prey model
with the presence of spatial diffusion. First, the sensitivity of the equilibrium state density with respect
to the escaping rate has been studied. Then, the analysis of the non diffusive system was investigated
where boundedness, local, global stability, Hopf bifurcation are obtained. Besides, for the diffusive
system, we proved the occurrence of Hopf bifurcation and the non existence of diffusion driven instability.
Furthermore, the direction of Hopf bifurcation has been proved using the normal form on the center

manifold. Some numerical simulations have been used to illustrate the obtained results.
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Chapter 1

The effect of the defensive strategy
taken by the prey on predator-prey

interaction

This chapter is taken from publication [83].

In this chapter, we propose a model with two prey and a one predator in the presence of delay. We
suppose that the two prey having two contradictory defensive strategies where, the first prey gathers in
herd and the second shows a solitary behavior. In term of reproducing, we assume that the social
population reproduces in a logistic manner and the individual population follows a Malthusian law of
reproduction, which means that the solitary prey has an advantage in the reproduction on the grouped
prey. We assume in this chapter that the predator consumes both types of prey, following these assump-
tions, we will try to choose the best strategy to defend as well as the prey preferred by the predator,
which gives the efficiency of the herd for the social population.

This chapter is organized as follows: Section 1.1 is devoted to the presentation of the mathematical
model. In Section 1.2 we analyze the stability of the equilibria for the non-delayed system. In Section
1.3, by considering time lags as a bifurcation parameter, we discuss the existence of Hopf bifurcation for
both, the boundary and the interior equilibrium. Section 1.4 is devoted to the analyze the stability and
direction of Hopf bifurcation at the interior equilibrium using normal form on the center manifold theory.

An extensive numerical simulation results have also been conducted to illustrate the theoretical results

14



in Section 1.5. A discussion section is provided for discussing and summarizing the obtained results.
At last, a brief concluding remarks are provided in Section 1.6 to close this work, where the biological
significance and importance of the mathematical results are given for the conserving of the ecological

species (partially and completely).

1.1 Model formulation

In nature, there are many problems for living in herds such as the big appearance of the group for the
predator. In this case the predator will be able to pursuit the group, also the sharing of the resources for
the interior prey herd is also a problem. The distribution of the resources between the inner group and
the outer group (on the bounders) for the prey population can be considered also as a problem. In this
case, the outer prey has a big availability of the resources (see [30]). In fact, this two last problems cannot
be found for the prey that exhibits solitary behavior, where this kind of animals searches for food in a
free way, the most common animals that exhibits this behavior is gazelle and giraffe. The inconvenient of
this behavior is losing the safety guaranteed by living in herds, this kind of behavior is the most proffered
to the predator. But in the real world the predator consumes both types of populations. For trying to
resolve the query of which behavior is the most appropriate to the prey surviving, we considers a three
species model with two type of prey. The first has a social behavior which means that the interaction
happens on the outer corridor of the herd. Also to mention that this kind of population reproduces in a
logistic manner for the reason of the crowding (which going to be explained better later), and the other
type of the prey has a solitary behavior reproduce in a Malthusian manner (for the reason of the small
number of them or its natural behavior). In fact, this means that the solitary prey has an advantage in
the reproduction on the grouped prey.

Indeed, models with time delay are more realistic for describing the real life situations. The time
lags occurs in almost every biological (resp. ecological) situation, it is responsible for regular fluctuations
in population density. It describes the time spent for conversion of the prey biomass into the predator
biomass (see for instance [28] ), the time spent in searching and capturing the prey by a predator [27].
It is well understood that many of the processes in both natural and man-made in biology and medicine
involve time lags. More precisely, in [49] it has been mentioned that an animal must take time delay to
digest their food before their further activities takes place. Hence, models of species dynamics without
delays can gives a wrong (or unprecise) mathematical predicting results which is not wise and it is better
to avoid this kind of situations. For the subject of giving a further realistic model as possible, we consider
the presence of the time delay for the prey population that exhibits herd behavior. As it has been

mentioned previously this kind of prey has a difficulty in collecting resources from the environment.
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Consequently, the time lags represents the time spends without any food that leads to the mortality of
this living being. This kind of phenomenon can happens in the dry seasons for the very youngest prey,
where this last has a less capability of adaptation, where the absence of resources is the main reason for
the biggest prey immigrations in our planet. To highlight that the time delay attracts many researchers
for the reason of its huge ecological and biological relevant, where a numerous models appears into the
interface for modeling this kind of interaction. In addition to the previously mentioned examples, we cite
for instance [11, 21, 23, 37, 43, 49, 59, 60, , ]

In both, mathematical and ecological point of view, the delay can generates a surprising results,
where a huge part of the literature papers are devoted to explore this rich dynamics. It has been
confirmed by many scientists that the delay can change the dynamics of solution for a model, it is the
main reason of considering it in this chapter, and the main purpose is for avoiding the misleading of
the results generated by neglecting this fluctuation of time lags and providing the maximal possible
precise mathematical-ecological results. In fact, it is interesting to discuss the effect of this delay on the
evolution of the species for confirming that the time spending by the social prey without any food due to
the crowding, can leads to the mortality. This phenomena can be modeled by the presence of the time
lags in the logistic growth of the crowding prey, for more details of the time delay in logistic growth and
its biological implication, we cite for instance [64]. In literature it has been mentioned that the herd
behavior has a benefit for the population that uses it, but no one has been proved it mathematically.
For the first time, we will give a comparative analysis between the two prey types and compar between
the defensive strategy considered by both type of resources (prey), which is the main motivation of our
chapter. In fact, we will give a preference for the solitary prey population presented by the malthusian
increasing of it (exponential reproduction).

Now, we consider a new model where two types of prey are considered. The density of the first at
time ¢ is denoted by X (t), this population exhibits social behavior and the one which has the time lags.
For the second type of the prey its density at the time ¢ is denoted by Y (t). These two types of the
resources has a contradictory behavior. In fact, these two types of prey are the subject of predation by
one predator, which models the diversity of predator consumption. Based on the big motivation of our

paper and ecological background we set the following model:

£X@0 =1 (1= 52) X(0) - a1 /XD 2(0),
%Y(t)—mf() a2Y() 0 (111)
42(t) = —Z(t) +e (a1 /XOZ(1) +a2Y (Z(1))

with initial conditions X (0) >0, Y (0)>0, Z(0)>0.In the absence of the predator, we assume that

the first population of prey (with social behavior) follows a logistic growth form, where the growth of the
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second (with the solitary behavior) is exponential. All the parameters are supposed to be nonnegative

with the following ecological meanings:

X the grouped prey density aq the hunting rate for the grouped prey
Y the solitary prey density (o2 the hunting rate for the solitary prey
zZ the predator density e the conversion coefficient

K the carrying capacity of the grouped prey density m the natural predator mortality

1 the growth rate of the grouped prey

ro  the growth rate of the solitary prey

Now, we introduce the effect of time lags for the system (1.1.1). In a precise way it will be put in
the logistic growth of the grouped prey as it has been highlighted. The prototype model embodying this
phenomenon is due to Hutchinson (1948) (see [64]) where it has been considered that in the absence of
predators, the prey’s growth is affected by population density only after a fixed period of time. Then,

our system of equations (1.1.1) becomes

£xX0) =r1 (1- X52) X (1) - a1 yXDZ(8),
FY (1) = raY () — a2Y (1) Z(2), (1.1.2)
%Z(t) —mZ(t —|—e<a1\/7Z +aY () Z(t ))

For the system (1.1.2) the following conditions are assumed to be hold:

(X (@),Y (1), Z(t)) = (Xo(t), Yo(t), Zo(t)), ~ —7<t<0,

where, X (t),Y(t),Z(t) € C([-7,0],R%), and X(0) >0, Y(0)>0, Z(0)>0.
For the subject of avoiding the heavy computation we will give a series of change of variables. First,

we introduce the following one X =u?, Y =wv, Z=w then (1.1.2) becomes:

Fu®) =3 (1- G2 ) u(t) - Fo@),
Lo(t) =rav(t) — agv(t)w(t), (1.1.3)
Lo(t) = —mw(t) + e (aru(t)w(t) + asv(t)w(t)) .

Next, we introduce the transformations

u " T1 ¢ (65}
x ) = ldy 2= — 7=
\/K new 2 © Tl\/K

For the goal of reducing the number of parameters for the nonlinear system (1.1.3), and after some

w, Yy=uv.

17



straightforward calculation we reach to the following non-dimensional model.

%x(t) = (1—22(t—71))z(t) — 2(t),
2yt = y(t) (= B2(1)), (1.1.4)
gr2(t) = 2(t) (=m+ya(t) +8y(t))
where,
o2 g pVE T L L
1 aq 1 1 gl

1.2 Analysis of the non-delayed model (7 = 0)

In this section, the qualitative stability of the equilibria is the subject of investigation in the absence of
time lags, where we will use the simplified predator-prey model (1.1.4). As a first step, let us compute

the equilibrium points of (1.1.4) which are the solutions of the following nonlinear system

(l—xz)x—z=0,
y(a—pBz)=0, (1.2.1)
z(—m—+~yz+dy) =0.

After solving the above system, we find the following equilibrium points

(i) The origin Ep := (0,0,0) which represents the extinction of the three population, which is not a

situation that we are seeking for it.

(ii) The axial equilibrium point E; := (1,0,0) which represent the surviving the grouped prey only

without any presence of the other species.
(iii) The boundary equilibrium point Es := (21,0,21) where
_ _ 2
z1=n  z1=(1-7°)n,

m
with positivity condition 1 < 1, where n = —. This equilibrium models the surviving of the grouped
prey only. If this equilibrium is stable, it means that the grouped prey has a survival advantage

but the solitary prey die out.

(iv) The coexistence equilibrium point E* := (z*,y*, z*) where

2 =a*(1—(2%)?) = p, y* = %(7]7:17*), where p= % (1.2.2)
and z* is the positive root of the following cubic equation
V()23 —2z4+p=0. (1.2.3)

18



Obviously, this equation has two change of signes, using Descartes’s rule, we deduce that (1.2.3)
has either two or nor roots. The two roots are denoted by z;, ¢ =1,2. Hence, we obtain the two
equilibria E, i =1,2. Precisely, since ¢(0) is positive and ¢’(0) < 0, we put

_ 1

r=—,
V3
where, T is the solution of ¥’ (x) =0, then, the Eq. (3.2.4) possess two roots if and only if 1(z) <0,
this implies that

2
< —=. 1.24

P<37 (1.2.4)
This last inequality is the existence condition for the interior equilibria E} := (z},y},2]), i =1,2.
From (1.2.2), the positivity requires that =} <1, i=1,2 and ] <7, ¢ =1,2 so, combining the two
conditions gives

xy <min{l,n}, i=1,2, (1.2.5)

and

1
] < —= < x5 (1.2.6)

V3

Summarizing the above discussion on the existence conditions of the interior equilibrium, we set the the

following theorem

Theorem 1. (/83]) Assume that (1.2.4) and (1.2.5) holds, then the system (1.1.4) has two equilibria

in the interior of R2, which are Ef = (x%,y},y}) and E} = (x5,v5,y5) with

1
] < —= < T5.

V3
Now focusing on studying the local behavior of the equilibria. The Jacobian matrix associated to

system (1.1.4) at an arbitrary equilibrium denoted by (z,y,2) in the absence of time delay (which means

that 7 =0) is accorded as follows

1-322 -\ 0 -1
vz 0z —m+yr+oy—A

Evaluating the Jacobian matrix at the extinction equilibrium Ej, we get the eigenvalues 1,a, —m, so that
this equilibrium is unstable, which shows that the three population never goes to extinction. At F; we
get instead —2,a, —m +~ which is also unstable.

Now focusing on determining the local stability of E5. As it has been mentioned previously, the sta-

bility of this equilibrium can determine a huge biological significant and alow us to confirm the advantage
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of using herd behavior on solitary behavior as a defensive strategy. For the mathematical analysis, it is
easy to see that the Jacobian matrix (1.2.7) evaluated at E2 has one eigenvalue that it can be computed

explicitly which is given as Ay = a— 7 (1 — n2). The other two are the roots of the quadratic equation,
©(\) =A% — (1—3772) /\+m(1—772) =0,
coming from a 2 x 2 minor J of (1.2.7), where

1-3n%2 -\ -1
0 a—Bz—x |. (1.2.8)
n(l—n?) —m+yn—X

N
Il

The local stability of Fo impose the following conditions
tr(J) = (1—3772) <0, det(.J) :m(l—nz) > 0.

which leads to
1
— <n<l (1.2.9)

V3

Then, we must combine (1.2.9) with the negativity of the first eigenvalue of the Jacobian matrix Aj.

Thus, the local stability of Fs holds if

1
— <<, and p<n(1—772). (1.2.10)

V3

Finally, we focus on the coexistence equilibrium F

*

¥, 1 =1,2. The characteristic equation of the Jacobian

matrix evaluated at E, ¢ = 1,2 can be expressed as the following cubic equation

Prr(A) = A2+ AN+ ApA+ A3 =0, i = 1,2, (1.2.11)
where,
A1 =3z; -1, Ay=a (; +m—fyx;k> , Az =a(m—yx],)Bx] —1), i=1,2. (1.2.12)

Now, by applying the Routh-Hurwitz criterion, see p. 67 of [0], the stability of EY, i =1,2 is guaranteed
if
Ay >0, A1As — Az > 0, Az > 0.

From (1.2.6) we conclude that the first equilibrium E7 is always unstable, and the second equilibrium

E3 is always locally asymptotically stable, when it exists.
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Equilibrium point Feasibility conditions Stability conditions

Ep=(0,0,0) — Always unstable

E; =(1,0,0) — Always unstable

By = (1,0,n(1-7?)) n<1 %<n<1andp<n(1—n2)
Ef=(af,y5,2f), i=1,2 p< % and from (1.2.6), we obtain
where, x7, ¢ =1,2 is solutions of zf <min{l,n},1=1,2 EY is unstable

3 — x4+ p=0, with

Yl = %(mfyxf), i=1,2and 27 =p, i=1,2 and E3 is stable

TABLE 1.1: Dynamical behavior of the system (1.1.4) around the equilibrium points for 7 = 0.

1.3 Analysis of the delayed model (7 > 0)

In this section, we will study the effect of the time delay on the stability of the equilibriums and shows the
importance of considering it in the model construction. Indeed, we will analyze the model system (1.1.4)
in the presence of time lags. We already know that time lags will not affect the number of the equilibria
of the system (??). So, all the equilibria will exist and will be the same as in the case of the absence of
time delay. For studying the local stability of equilibria we compute the Jacobian matrix evaluated at an

arbitrary equilibrium denoted by (x,y,2) for the delayed system (2.2.2), where

1—2% 222727 — ) 0 -1
J(z,y,2) = 0 a—pBz—A\ —By . (1.3.1)
vz 0z —m4yr+dy—A

Now, computing the characteristic equation of (1.3.1) at (x,vy,z), we obtain
)\3—|—m1)\2+m2)\+m3+67’\T(m4)\2+m5)\+m6) =0, (1.3.2)

where

my=—1—a+m—yr—dy+Bz+x?

ma=a—am—m+y(1+08)z+5(1+a)y+(y+Bm+pB)z—Byrz+(m—a)z? —yz?
—0x2y + fr2z,

ms = am — ayx — ady — Bmz + fyrz — ayz — ama? + ayad + adx?y + Bmalz + fyz? — Byadz,

my = 222,

ms = 2(a —m)x? — 2wz + 2yx3 + 2622y,

me = —2ama? + 200x%y + 2ma?z + 2y — 2Byx3 2.
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Because the equilibrium points Ey, E7 and Ej in absence of the time lags, we can deduce that these
equilibria stays unstable in the presence of time delay. Now we place our main attention to examine
the effect of the time delay on the linear stability of £ and the interior equilibrium E3 for the delayed
system (1.1.4). For insuring the stability of equilibrium point, all the eigenvalues of the characteristic
equation (1.3.2) must have negative real part. Now, we put our interest on seeking for the influence of
the time lags on the stability of the equilibria. In the absence of the delay the characteristic equation
(1.3.2) turns into

A2 4 (my +ma) A%+ (ma +ms) A +m3 +me = 0. (1.3.3)

By standard Routh-Hurwitz criterion (see [9]), all roots of Eq. (1.3.2) will have negative real parts if the
following hypothesis hold

(H1) :mi+ma >0, mg+me>0, (m1+ma)(me+ms)>(ms+me). (1.3.4)

If we assume that A =0 to be a solution of (1.3.2) lead to, mg+mg = 0, which is contradictory with the
second condition given in (H7). Therefore, we can claim that A =0 cannot be a solution of (1.3.2). Now,

for some 7 > 0 if we consider A =iw, w >0 to be a solution of (1.3.2), we get

3

—iw® —myw? + imow +ms + (coswt — isinwr)(—m4w2 +imsw +meg) = 0. (1.3.5)

separating the real and imaginary parts, we obtain the following transcendental equations

m3—m1w2+(mg——m4w2)cosw7+m5wsinw7':0, (1.3.6)

Mow — w3 +mswcoswT — (Mg — Maw?) sinwr = 0. (1.3.7)
Squaring and adding (1.3.6) and (1.3.7), and by putting w? = v, we define a polynomial
O(v) £ 0% +pv® +qu+r =0, (1.3.8)

where,

p=mi—mj—2ma, q:mgfm§+2m4m672m1m3, r:mgfm%.

Lemma 1. Putting A = p? —3q then, for the the polynomial Eq. (1.8.8), we get the following affir-

mations.
(Hs) If r <0, then, Eq. (1.3.8) has at least one positive root.

(H3) If r>0 and A <0, then, Eq. (1.3.8) has no positive roots.
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—p+VA
— =

(Hy) Ifr >0 and A >0, then, Eq. (1.3.8) has at least one positive root if and only if v = 3

and ®(vy) <0.

0

Proof. Since . hT ®(v) = 400, the Eq. (1.3.8) has at least one positive root if » < 0. From Eq. (1.3.8),
— T 00
we obtain

@' (v) = 30% 4+ 2pv +q.

clearly, if A <0 then, ®’(v) > 0 which means that ®(v) is monotonously increasing for z > 0. Therefore,
for r >0 and A <0, Eq. (1.3.8) has no positive root for = € [0,+00). For r >0 and A > 0, (1.3.8) has
two real roots
,U>c<__p~~_\/Z ’U*__p_\/z
1 — 3 ’ 2 — 3 .
From ®"(v}) = 2v/A > 0 and ®"(v}) = —2v/A < 0, we conclude that v} and vj are the local minimum
and the local maximum of ®(v), respectively. So if p(v]) <0 and from . liin ®(v) =400, ®(0) =7 >0,
— 400
we know that the sufficiency is true which means that Eq. (1.3.8) has positive roots vg € [0,v7]. This

completes the proof of Lemma Lemma 1. O

Now, we may assume that Eq. (1.3.8) has at least one positive real root wg = /vg, that is, the
characteristic equation (1.3.2) has a pair of imaginary roots of the form +wg. From (1.3.6) and (1.3.7),

we have
—(mswg (ma —wg) + (m3 —mywg) (me —maws))

CoSWOT = (1.3.9)

(me —mawd)? + (mswd)?

Now, 71, corresponding to the positive value of wq is expressed as follows:

—(msw (m2 — wg) + (m3 —m1wg) (mg — maw))
(me —mawd)? + (msw?)?

Tl = — arccos

+2k7r>, where k£ =0,1,2...
wo

(1.3.10)

Lemma 2. ([57]) Assume that ®'(vo) = 3v2 +2pvo +q # 0 and the conditions in (Hy) are satisfied.
lets \(1) = a(T) £iw(T) be the root of Eq. (1.3.2) with, a(tx) =0 and w(m,) =wo for k=0,1,2..., where
T defined in (1.3.10). Then, tiwg is a simple Toots and the sign of a'(1y) is coincident with the sign of

@' (vo) where vo = w3.

Proof. Letting A = A(7) be the root of Eq. (1.3.2). Substituting A(7) into Eq. (1.3.2) and differentiating
both sides of Eq. (1.3.2) with respect to the time lags 7, we get

ax A(ma A2 +msA+mg)e™ 7
dr 3\2 4+ 2ma A +ma + (—7(maA2 +ms A +mg) +2ma\ +ms)e AT
Then L
d T (3A2 4+ 2my A +ma)e™ (2maA+ms) T
dr MmN EmsA+me)  A(maA2FmsA+mg) A
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From (1.3.6)-(1.3.8), we arrive at

2 AT
()" = Re (BA*+2mi A +ma)e }+R [)\( (2maA+ms)

)\(m4)\2—|—m5)\—|—m6) m4/\2—|—m5)\—|—m6)
1

= 1 [3w8 +2(m? —m3 — 2ma)wg + (M3 —m2 4 2myms + lemg)wg}
1

= FBb+ 2pwi + qwg)

= %O‘I’/(Uo%

where, 1T = m%w% —|—mg. Notice that IT > 0 and vg > 0, which means that
sign [a' (13;)] = sign [®' (vo)] .
The proof of Lemma 2 is completed. O
Thus, from (1.3.10) and Lemma Lemma 2, we can state the following theorem

Theorem 2. ([83]) If ®'(vg) # 0, then system (1.1.4) undergoes Hopf bifurcation at Eo and E3 for

T =1y, where, k=0,1,2....
At the equilibrium point Fy Eq. (1.3.2) turn into
AN ANZ 4+ Aph+ Az 4 e N (A2 + As A+ Ag) = 0, (1.3.11)
where
p=A3— A2 —24,, q=A%2 - A2 124, A6 —2A, A3, r=A% - A2
The expression of 7%, k=0,1,2,... for Es is expressed by

1 (—<A5w3<Az—w3>+<A3—A1wa><A6—A4w3» >

TE, = — arccos
2 wo (AG — A40J(2))2 + (A5w§)2

(1.3.12)

and
Ar=—1+a+n1-n?)+n?

Ay = a—am+0m+(1—n?)(Bn> = By +n(y+ B+ Bm)) + (m—a)n® — 3,
Az = ayn® — amn? + (1= n?)(—Byn* + Bmn> + Byn? — Bmny),
Ay =2n?,
As =2(a—m)n® —2B73(1—n?) + 21>,
Ag = —2amn?® +28mn? (1 —n?) + 2yn> — 28y (1 —n?),
. m
with n = —
v

From previous calculations, we have the following aspects on the stability of the equilibrium Fs
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Theorem 3. ([57]) Suppose that (Hy) is satisfied, then we conclude that

(1)- If r >0 and A <0, all roots of Eq. (1.5.2) have negative real parts for all 7 >0 and hence the
equilibrium point Eo of system (1.1.4) is asymptotically stable for all T > 0.

(2)- If either r <0 orr >0, A>0, vi >0 and ®(v}) <0 hold, then ®(v) has at least one positive root
and Ey is is asymptotically stable for all T € [0,7g,).

(8)- If all conditions as stated in (2) and ®'(vo) # 0 holds, the sytem (1.1.4) undergoes a Hopf bifurcation

at the equilibrium point Eo for T =1Tg,.

Similarly at equilibrium point E3, the Eq. (1.3.2) turns into

A4+ BiAZ 4 Bod+ Az + e (ByA2 + BsA + Bg) =0, (1.3.13)
where
=B?>_-B?-92B = B2 - B2+2B,Bs—2B1B = B2 — B?
b= D3 4 2 q= D3 5+ 20456 153, r = D3 6-
1 —B5W8(Bg—w8)+(Bg—Blw(2))(BG—B4w(2)))
— 1.3.14
TE2 w0 arccos( (367B4w8)2+(35w3)2 ( )
and
B =—-14+m—yn+z3,
By =mt {1+ 0) 0 o (m— 0= m) (@3)? +7(6 - )z,
Bs = —ay(n—a3) —apys + Bp(235)* + ay(n—x3)((x5)% — 1),
By =2(x3)?,
Bs =2(yn—m)(z3)%,
Bg =2ay (n—x3),
m «
with n=—, =—.
! Y p B

Then, for the interior equilibrium E3, we set the following results
Theorem 4. ([55]) Suppose that Hy is satisfied, then we get

(1)- If A <0, all roots of Eq. (1.3.2) have negative real parts for all T >0 and hence the equilibrium
point Eo of system (1.1.4) is asymptotically stable for all T > 0.

(2)- If A>0, v >0 and ®(v]) <0 hold, then ®(v) has at least a positive root and E3 is asymptotically
stable for all T € [O,TE;) .

(3)- If all conditions as stated in (2) and ®'(vg) # 0 hold, (1.1.4) undergoes a Hopf bifurcation at the

equilibrium point Eo for T = TES -
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1.4 Stability and direction of the Hopf bifurcation Around E3

In this section, we investigation the direction and the stability of the periodic solutions bifurcating from a
stable equilibrium F7. Following the ideas developed by Hassard in [13], we derive the explicit formula
to determine the properties of the Hopf bifurcation at the critical value 74 by using normal form on the
center of manifold theory and center manifold reduction. Without loss of generality, we denote any one
of the critical values 7k, k =0,1,2... by 7* at which the system (1.1.4) undergoes a Hopf bifurcation
at E3. We translate the interior equilibrium E3 into the origin by the translation wui(t) = x(t) — x5,
ug(t) = y(t) —y3, us(t) = 2(t) — 25 and normalizing the delay 7 by the time scaling t — £, then system
(1.1.4) is transformed into:

1 =Tajiul +Tajoul (t—1)+71ajsus —|—Ta14u% (t—1)+7arsurui(t—1) +T(116’U4%U1 (t—1),

Ug = Ta1u3 + Taxuu3, (1.4.1)

Uz = TA31U] + TA32U2 + TA33U3 + TA34UTU3 + TA35U2U3.
where, aj1 =1—(23)%, a12=2(23)%, a13=-1, aa=-23, a15=-2v5 ae=—1,a21=—Py5, ax=
—B, a31=7p, azx=90p, azz=7yr5+0ys;—m, ass=+, azs=20.Let T=7"+p wherep€R, then
=0 is a Hopf bifurcation value of the system (1.4.1). For simplification of notations, we rewrite (1.4.1)
in C=C([-1,0,R}) as

u'(t) = Ly (ug) + F(u,uy). (1.4.2)

where, u(t) = (uy(t),u2(t),us(t))? € R3, uy(9) € C is defined by us(6) = u(@+1t) and L, : C — R3,
F:RxC — R3 are given, respectively, by

Lyug= (7" +p)A19(0) + (77" + p) A26(-1),

where A; and Ay are defined as follows:

ain 0 a3 aiz 0 0
A= 0 0 a2 |, Ao=1 0 0 0 (1.4.3)
a31 a32  G33 0 00
and
I
F(uo)=("+pu) | F |, (1.4.4)
F3
with,

F1 = a1497(—1) +a1561(0)p1(—1) + a1661(0)?p1(—1),
F> = a22¢2(0)93(0),
F3=a34¢1(0)¢3(0) 4+ az5$2(0)$3(0),
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() = (61(0),02(0),03(0))T € C([~1,0],R). From the discussion in Sec.1.3, we know that system (1.1.4)
undergoes Hopf bifurcation at E3 for y =0, and the associated characteristic equation of system (1.1.4)
with 1 =0 has a pair of simple imaginary roots +iwg. By the Riesz representation theorem [46, 72], there

exists a function (0, 1) of bounded variation for 6 € [—1,0], such that

L= [ apemoe),  voco
In fact, we can choose
A, 6=0,
eO,u) =< Az,  0€[-1,0), (1.4.5)
Ag(m*+p),  Oel-77-1),
where ¢ is the Dirac function. For ¢ € C([—1,0],R3), we set

de(0)

0 e [7130%
Buwo={ & (1.4.6)
| aveame).  o=o
and
0, 6e[-1,0),
RGpo=y b o (1.47)
Then the system (1.4.1) can be rewritten as
uy = B(p)ug + R(p)ug. (1.4.8)
For 1 € C'([-1,0],R3.), define:
W) e 10,
B*y(s) = ¥ (1.4.9)
/ d@T(_taO)w(_t)a s=0
—1
and bilinear inner product is given by
0 0
w(s).00) =5 000~ [ [ Gw-0de0)00)a (1.4.10)

We know that B* and B = B(0) are adjoint operators. By the discussion in Sec.1.4, we know that iwg
are eigenvalues of B(0), which are eigenvalues of B*. Suppose that ¢(6) = ¢(0)e™0? is an eigenvector of

B(0) corresponding to the eigenvalue iwg. Then, B(0) = iwgq(#). For § = 0, we obtain

{iwof - / 01 d@((’)ei“(’e} q(0) =0,
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which yields to ¢(0) = (1,a,b)T, where

S (1.4.11)
wwo

az1

="
—a32 —as3 +1iwo

(1.4.12)

Similarly, it can be verified that ¢* = D(1,a*,b*)e’0% is the eigenvector of B* corresponding to —iwo,

where
ey = — 22 (1.4.13)
W0
To = ) (1.4.14)

ass +aszs +iwg

By (1.4.10), we get

0 0
(¢*(s),9(0)) = D(Lz5.73)(Ler,m)" - / / (1,55, 75)e =00 do(6)(1,1,m1)T 0" du,
-1 Jv=0

0

- 1+515+W1T2—/ (1,5,@)96“"0%@(9)(1,51,771)Td1/,
1

. *
= l4ege3+mme+7"a10e 07 |
We can choose

1
14 ¢e185+m T3 + T*ajpe— o™’

ﬁ:

so that, (¢*(s),q(8)) =1, {(¢*(s),q(8)) =0. Following the algorithms developed in [13] and using a
computation process similar to that in [65, 71], we obtain the coefficients that are crucial in determining

the nature of the periodic solutions:

g20 = 2D(Hy1 +&2Hs31 +72Ho1),
g11 = D(H12 +82Ha2 + T2 Hsa),
902 = 2E(H13 +5H23 +7T72H33)3

g21 = 25([‘[14 +&3Hoy +7T2H34),
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where,

_ —iwgT™® —2iwoT™*
Hi1 = a16e™*°7 +ajse”="07 |

Hip =2a15 +ajge” ™07 +age’0”
H13 — alGeion* _|_a15€2'iwo7'*7
Hig =9 + —2iwgT™ + fiwo'r*N(l) (O) + N(l)(—l) ) fion*N(l)(_l) _’_1 ion*N(l)(O)
14 = 4G17 T al7€ ai6€ 11 a164Vq1 aise 11 2a166 20 ,
1
+016N2(o)(*1)
2
Ho1 = agzeq,

+a15€w°T*N2((1))(—1)7

Hoo = aggeq +agot,

Has = ag9fT,
aza N3 (0)71
2 b

Hoy = azle(?) (0)+ +a22N1(f)(0)€1 +

2
aze N3P (0)
2
_ 2
Hg31 = ag3m +asany,
H3o = agzmy +a33m™ +2a34m1 71,
— —9
H33 = a33m +a34m”,

azz Ny (0)
2

azz Ny (0)

T
Hs3y = aggNl(if) (0) + + a33N1(i’)(0)771 + 2a34N1(:1)’) (0)7‘(1 + 9 ! + a34N2(g) (0)7 1

) - iGona(0 . .
Nop(0) = Zgﬂq(o)@w(ﬁ o4 Meﬂwor 0 4V, e2iw0T0,

(JJQT* 3UJOT’E )
—1g11 iwnr*o  19119(0) i g
N+ (0) = 0)etwoT iwoT V-
11(0) = q(0)e + T +Va,

where V7 and V5 are both three-dimensional vectors, and can be determined by:

2wy — a1y —arze 20T —ayy —ai4 Hyy
—a91 21w 0 Vi=-2| Hy
—az; 0 2wy —aze Hs;
and
ai11+ai2 aiz auyy Hyo
a1 0 0 VQ =2 H22
asl 0 az2 H32

Then g21 can be expressed entirely by the system parameters. In fact, each g;; can be determined by the

parameters. Thus we can compute the following crucial quantities:

, 2
¢ go2 921
C1(0) = Siogr” (gngzo —2|g11* - oozl 3 | ) +5

_ Re{C1(0))
B2 = T Re N ()}
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B2 = Re{C1(0)},

~ImA{C1(0)} + paIm AN (%)}

Ty =
T*Wo

i

which determines the nature and the stability of the periodic solutions at the critical value 7% i.e, s
determines the direction of Hopf-bifurcation. By the results of Hassard et al. [43], we have the following

theorem.

Theorem 5. ([83]) If ua >0 (respectively ua < 0), then the Hopf bifurcation is supercritical (respec-
tively, subcritical) in this case the bifurcating periodic solutions exists for T > 1 (respectively, T <1*), (a2
determines the stability of bifurcating periodic solutions: the bifurcating periodic solutions are orbitally
asymptotically stable (respectively, unstable) if B2 <0 (respectively, Ba > 0), To determines the period
of the bifurcating periodic solutions: the period increases (respectively, decreases) if To <0 (respectively,

Ty >0)

1.5 Numerical simulations

For confirming the obtained mathematical results, we split our section into two subsections. The first is
for verifying the dynamics presented in the absence of time lags, and the second for ensuring the results

in the presence of the time delay.

1.5.1 Without delay (7 =0)

For «=0.09, 5=9.45, v=0.81, § =9.45, m = 0.7, we obtain p = 0.0952,n = 0.8642, E» = (0.8642,0.0000,0.2188),
E3 =(0.9952,—0.0112,0.0952) and Ef = (0.0095,—0.0733,0.0952) the two interior equilibriums does not
exists, p=0.0952 < n(1—n?) = 0.2188 according to the Tab 1.1 it follows that E is locally asymptotically
stable. (see Fig.1.1)

At first we consider he values a =3.1, § =10.5, v=10.81, § =0.9, m = 0.7, we get p=0.2952 > n(1—
n?) =0.2188, = 0.8642 then, F3 = (0.8642,0.0000,0.2188) is unstable. The first interior equilibrium E} =
(0.3317,0.4795,0.2952) is unstable where the second E3 = (0.7920,0.0650,0.2952) is locally asymptotically
stable. (see Fig.2.1)

1.5.2 With delay (7 >0)

We take the following values « =0.43, 3=19.1, y=0.7, § =7.6, m=0.75,7=0.71, we get p=0.0149, n=
0.5556, Tg, = 0.734711. Since, T < Tg,, according to Theorem 3 Ej is locally asymptotically stable (see
Fig.1.3 and the system (1.1.4) undergoes a Hopf bifurcation at E for 7 =7g, =0.734711. (see Fig.1.4).
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FIGURE 1.1: trajectory and phase portrait of the solution of the system (1.1.4), with  =0.09, 3=9.45, =
0.81, §=9.45, m=0.7. (a) time series behavior of (z(t),y(t),z(t)). (b) phase space behavior of the system
(1.1.4) showing that Es9 is locally asymptotically stable for 2(0) = 0.5, y(0) = 0.09 and z(0) = 0.5.

Finally, we take o = 3.5, 8 = 20.1962, v =0.81, § =4.0392, m = 3.5, 7 = 0.924, implies that p =
0.1733, n = 8.7500, TEy = 0.920973. T > TES according to Theorem 4 EJ is locally asymptotically
stable (see Fig.1.5) and the system (1.1.4) undergoes a Hopf bifurcation at Ty = 0.921973 as depicted
in Fig.1.6. Further, from the above process, we can determine the stability and direction of periodic
solutions bifurcating from the positive equilibrium at the critical point 7. For instance, for 7 = TRy =
0.921973, C1(0) = —0.565364 + 3.15609:. From Section 1.4, it follows that pa > 0 and B2 < 0. Therefore,
the bifurcation takes place when 7 crosses gy to the right 7 > TES and the corresponding periodic orbits

are asymptotically stable.

1.6 Discussion

We provided in this research a new approximation of predator-prey interaction where one-predator and
two-prey intermingling is considered. The first prey is assumed to have a social behavior and the other
have a solitary behavior. In the absence of the predator, it has been presumed that the first population
of prey reproduces in a logistic manner, and the growth of the second is assume to be in a Malthusian
manner. In the absence of time lags, and from the linear stability analysis of the equilibrium points, it is
concluded that for 1/v/3 <7 <1 and p < n(1—n?), the social prey with the predator will survive and the

second population of prey will extinct this result appears clearly from Fig.1.1 and Fig.1.3. In this case,
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FIGURE 1.2: The local stability of E5, with « =3.1, =105, v=0.81, §=0.9, m=0.7. (a) time series
behavior of (z(¢),y(¢),z(t)). (b) phase space behavior of the system (1.1.4) showing that is locally asymptotically
stable where E} and Ey are unstable. Here x(0) = 0.46, y(0) = 0.01 and z(0) = 0.5.
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FIGURE 1.3: Numerical simulation of the system (1.1.4), with « =043, =191, v=0.7, §=76, m=
0.75,7=0.71, implies 7, =0.734711, 7 < 7g,. Then Ej is locally asymptotically stable. Here the initial value
is (0.44,0.03,0.04)

the solitary population can not resist even though its growth is Malthusian (exponential) and goes to

extinction. Therefore, it can be concluded that the predator prefers the individual prey and finds some
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FIGURE 1.4: The existence of periodic solutions of the system (1.1.4), with « =0.43, £=19.1, v=0.7, §=

7.6, m=0.75,7=0.83, implies T, =0.734711, T > 7R,. E> loses its stability and a Hopf-bifurcation occurs.

(a) time series behavior of (z(¢),y(t),z(¢)), (b) phase space behavior of the system (1.1.4). Here the initial value
is (0.2,0.1,0.2).
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FIGURE 1.5: The local stability of F5, with a« =3.1, §=10.5, v=0.81, §=9.45 m=0.9,7=0.89, implies
p=0.2952, n=11111, TEy = 0.921973. T < TE- Then Ej5 is locally asymptotically stable. (a) time series
behavior of (z(t),y(t),z(t)), (b) phase space behavior of the system (1.1.4). Here the initial value is (0.5,0.01,0.5).
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FIGURE 1.6: Numerical simulation of the system (1.1.4), with o = 3.5, 8 = 20.1962, =081, §=

4.0392, m = 3.5,7 =0.924, implies p = 0.1733, n = 8.7500, TE; = 0.920973. T > TE} - Then E5 loses its

stability and a Hopf bifurcation occurs. (a) time series behavior of (x(¢),y(t),z(¢)), (b) phase space behavior of
the system (1.1.4). Here the initial value is (0.1,0.01,0.05).

difficulty with the organized prey that lives in herds. The most interesting situation for ecologists is to
conserve all species. For our model, if the equilibrium E3 exists then it is stable, where in this case we can
avoid extinction for each species this condition is p < 2/3+/3 and x% < min{1,7}. This consequence can
be seen clearly from Fig.2.1 and Fig.1.5, for the biological meaning, we can highlight that the solitary
exists but in small densities which agrees with the real life situation. In fact, if we consider the species
that is in the danger of prey extinction we can see that the most part of them have a solitary behavior
which can claims the big help that the group provides for the surviving of this species (prey). It has
been mentioned at Section 1.1 that the delay can give a very good precision. Avoiding using the time
lags can lead to losing the ecological precision of the ecological results. In fact, Section 1.3 is devoted
to study the misleading that can be obtained by neglecting the time lags, where a stable equilibrium in
the absence of the time delay can becomes unstable, even can lead to a Hopf bifurcation. A suitable
condition are provided in Theorem 4, where Fig.1.4 and Fig. Fig.1.6. For the stability of the periodic
solution generated by the presence of Hopf bifurcation on a stable equilibrium E35 where section Section
1.4 is offered to show this result. In the next section we will give ecological version of our study using

the affirmation used in this section and other claims which are going to be helpful in the real world.
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1.7 Concluding and remarks

In this chapter, we dealt with a comparative analysis between two contradictory defensive strategies for
two type of prey. The first prey population has a social behavior. This behavior has huge benefits for
this type of animals, where the predator don’t dare to attack a prey on a moving herd directly. But it
uses other methods to hunt the prey such as creating panicking on the herd by pursuing it for long time
or attacking this moving pack from different angles. The purpose of these attacks is to divide the herd
which means that the bond between the herd members is very dangerous for the predator population.
In the real world, there are many predators dies for the reason of prey herd and the best example that
we can consider is the buffalos, where it defends for each other brutally. Also to mention that this
behavior has also other negative points such as the big feasibility, where in Africa, the predators can
see the predators from miles away mostly for the prey that immigrates with a very large numbers such
as gnus and buffaloes. Also in the prey herd peregrination the predator follows its prey, which makes
a confusion what if the social behavior of the prey is the best strategy for the prey surviving. On the
other hand, the prey with the solitary behavior has the advantage of hiding it self from a predator, and
it is capable to move without being seen by predator. In general, these type of prey has a big capacity of
adaptation, where the solitary behavior (small number or the big space between two solitary prey) can
help in obtaining the resources very quickly at the opposite with the grouped prey (the inside prey may
suffers for getting enough food mostly in the drey season). But getting enough resources is not always
an issue, avoiding predation and safety is also very important for these kind of animals. This remarks

make a confusion for detecting the best strategy is better for the prey population can considers.

Based on this remarks we built a model considers the intermingling of two types of preys and one
predator and for the purpose of selecting the best behavior that the prey can considers. Indeed, after
our mathematical analysis it is shown that the surviving of the grouped prey only without the solitary
prey and the predator is not possible (which means that E; is always unstable). The same remark can
be obtained from the extinction of the three species. This result mean that the grouped prey cannot be
extinct which gives an advantage of the grouped prey on the solitary prey. Further, it has been proved
that the solitary-prey-free equilibrium can be stable. This result has a huge ecological implication, for
the right conditions (the condition of the stability of the solitary-prey-free equilibrium Es) the grouping
behavior is much more appropriate for the prey surviving, which confirms partially with the known idea
of the advantage of using herd behavior on the solitary behavior. Furthermore, it is also proved that there
exists two interior equilibriums, the first is unstable (EY), and the other is stable where ever exists. For
subject of conserving all the species it better to provide the right condition for avoiding any extinction

(the existence condition of the interior equilibrium EJ). Also, to mention that we considered the time
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spent without any food for the grouped prey (time delay) where we proved that neglecting this parameter
can leads to unbalance between the mathematical predicting and the results on the real world, where
we proved that the time delay can destabilize a stable equilibrium. By putting all together we offered
a model that allows us to compar between two contradictory behaviors for the prey population where a
very good anticipating results provided which agrees with the real world situation. To close, the prey
social behavior is very important for the surviving of the species of it gender, in fact the most numerous
population in earth are the one that exhibits this behavior we mention as example buffalos, gnu, giant
honeybees, ants for the terrestrial prey animals, and sardine and tuna for the aquatic animals which

shows its importance for the ecological diversity of our planet.
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Chapter 2

Shape effects on herd behavior in
predator-prey model with Gompertz

growth function

In this chapter, we are interested in the analysis of a predator-prey model with herd behavior and
the Gompertz growth function for the prey population. In this model we introduce a new functional
response 14| which generalizes the interaction between the prey and the predator in the differents herd
shapes formed by the prey (in 2D and 3D herd shapes). The aim of this chapter is to see the critical

impact on the densities of two species when the shape of herd behavior changes.

The present chapter is organized as follows: Section 2.1 is devoted to the formulation of the math-
ematical model. In Section 2.2, we perform some basic analysis for the model (2.2.2), including the
boundedness of the solution, the local stability analysis of constant steady states. Moreover, we analyze
the behaviors of the model system near the origin. Section 2.3, the effect of the rate of herd shape
on the interior equilibrium has been investigated. In Section 2.4, we obtain the global asymptotical
stability of the boundary equilibrium and the interior equilibrium. The existance of Hopf bifurcation
will be shown in Section 2.5. To illustrate the effectiveness of our theoretical results, some numerical
simulations are provided in Section 2.6. In next Section we return to the original model to project the
results obtained on the simplified model and give some remarks. Finally, conclusions and comments are

given in the last Section to close this chapter.
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2.1 Presentation of the model

Recently, in [11] Venturino et al. introduce a new functional response which generalizes the interaction
between the prey and the predator in both cases 2D and 3D herd shapes with a new parameter o which
represents the exponent of the prey population in the interaction term with the predators. The model

introduced by [14] can be written as the following forme

22— rx(r) (1- 57 ) —ax )y o)

(2.1.1)

W) — Y (1) +naX (7)Y (7).

We denote by X and Y the densities of the prey and the predator, respectively. The variable 7
represents time, r is the intrinsic growth rate. k is the environment carrying capacity for the prey.
m represents the natural mortality rate for the predators. a stands for the predation rate of the prey
population. 7 is the conversion rate of the prey density to a predator density.

The new parameter 0 < o < 1 represents the rate of the herd shape formed by the prey, we can
easily remark that the model is widely general enough to accommodate even the case in which the prey
can gather in shapes possessing a fractal geometry. For the particular case a =1, we don’t have a
herd behavior and the predator can be interact with any individual of the prey population (the classical
model of Lotka and Volterra). In 2D space with herd behavior we obtain o = 1/2 where the authors [2]
have obtained significant results by using the Poincaré-Bendixson theorem and a technical based on the
decomposition of the phase plan into regions. Moreover, for the case of 3D herd shape [14], when the
prey makes a regular shape such as a cube, the quantity of the captured prey by one predator will be
proportional to X2/3, which gives a better explaining the value of o. We can conclude that the model
(2.1.1) generalizes any form of interaction between the predator and the population of prey grouped in
herds in 2D and 3D.

Moreover, the mathematician Benjamin Gompertz established for the first time the function of
Gompertz in 1850, this function can be translated into Gompertz differential equation % =ryln(k/y))
[36, 92], as an alternative approach, it has been proven to be a simple example to produce asymmetrical

types of S-shaped curves [94], instead of the logistic function y = (corresponding to Logistic

T—ea—Ta>
differential equation % =ry(l-— %) Subsequently, several models have been established for biological
growth by using Gompertz function. The Gompertz model is widely used to describe the evolution of
a species with very rapid growth in a very short time interval as the growth of the number of bacteria
[13, 51, |, the growth of birds and animals, especially poultry [69].

Motivated by works cited above, we consider a predator—prey model (2.1.1) with Gompertz growth
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as following

aX(r) _ rX(T)ln( k ) —aX (7)Y (1),

dr X(7)
(2.1.2)
‘“;57) =-—-mY (1) +naX (7)Y (7).
2.2 Mathematical analysis and some preliminary results
Put
. 1 . a .
Then, we obtain
% = f(uvv)a
(2.2.2)
9 =9(u,v),
where
1 .
uln () —u®v, if w#0,
u
flu,v) =
0 if wu=0
and
9(u,v) = —6v+ fuv,
with
k/,Oé
g=al §=" (2.2.3)
T T

2.2.1 Boundedness of the solution

In the following theorem we show that solutions of system (2.2.2) are bounded.

Theorem 6. All solutions of the system (2.2.2) that start in Ri are bounded.
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Proof. Let (u(t),v(t)) be any solution of the system (2.2.2), we put w(t) = Su(t) +v(t), then

%’szﬁu (m (i) +6> = 1(u). (2.2.4)

The function v (u) reaches the maximum value Se! =% >0 at u = e!~9, so we leads to

%Jréwzﬁu <ln(i> +5) =1p(u) < Be' 0. (2.2.5)

Applying the theory of differential inequality [9], we obtain

pel 0 —6t —6t pel—°
0<w(t) < 3 (I—e ") Fw(0)e " < T+w(0), Vit > 0. (2.2.6)
This completes the proof of Theorem 6. O

2.2.2 Equilibrium points and their stability

In this subsection, we find the possible equilibia of (2.2.2). We see that this system has three nonnegative

equilibria:
(i) the trivial equilibrium point Fy := (0,0),
(ii) the boundary equilibrium point Fj := (1,0),

(ii) the interior equilibrium point E* := (u*,v*), exists if and only if u* <1 (i.e. 8> §), where

u* = (g) &’ v* = (u*) 7 %In <ul*) . (2.2.7)

Now, we study the local stability analysis of the system (2.2.2). The variational matrix for (2.2.2) is

1
In () —1l-—au* 1y —u®
u

J(u,v) = . (2.2.8)
Bau® Ty Bu—t—4§
The eigenvalues of the variational matrix evaluated at the boundary equilibrium point E; are Ay = —1

and Ag = — 9. Hence, E; is locally asymptotically stable if § < § and unstable if 5 > 4.
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Condition Eq E* Bifurcation

0<p<d Asymptotically stable Infeasible
Bea/l=x <5< 3 unstable Asymptotically stable
6 =0 =PBe /1= unstable Hopf

TABLE 2.1: Dynamical behavior of the system (2.2.2) around E; and E*.

Next, we investigate the coexistence equilibrium E*. The Jacobian evaluated at E* is given by

oap(@)-st] o

J(E*) = . (2.2.9)

Ba(u*)a—lv* 0

and

D = det(J(E*)) = Ba(u*)21v* = Ba(u*)*In (1> >0,

u

As D > 0, the real parts of the eigenvalues have the same sign and therfore the local stability of E*
depends only on the sign of T'=tr(J(E*)). That is, E* is locally asymptotically stable for T'< 0 and
unstable for T > 0. Put C = e~ /1= then, the interior equilibrium E* is locally asymptotically stable
for u* > Cy i.e fe~*/17% < § < B, and unstable when Se~%/1=® > §. By the Poincare-Andronov-Hopf
bifurcation theorem [43], we know that (2.2.2) undergoes Hopf bifurcation at E* for u* = Cy. Then

u* =Cp ie § =0y = Be~ /1= is the Hopf bifurcation critical value.

2.2.3 Stability analysis of Ej

Here, we investigate the linear stability of Ey. Due to the singularity of matrix J(u,v), the stability of
Eq cannot be determined by simply evaluating (2.2.8) at u =0 and v = 0, since u!~%v is indeterminate.
Basically, system (2.2.2) is not linearizable at Fy because of the terms of the a power of prey, where
a € (0,1). In [2] for the particular case a = 1/2 with logistic growth for prey, the authors remove the

singularity by rescaling the variable \/u = x, the eigenvalues of such transformed system being 1/2 and
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—0, we may conclude that, the trivial equilibrium Fy has an unstable manifold. After analyzing the local
stability near the origin of our proposed model, the system behavior shows a mixed stability of the steady

state at the origin given by the following novel theorem

Theorem 7. Suppose that 0 < a < 1, let ug = u(0) >0 and vog = v(0) > 0 be the initial conditions for

the system (2.2.2) and let E be the part of the system’s phase plane in the interior of the positive quadrant
of the (u,v) plane defined by

DO:{(U’U):U>€717U>5(U)}7 where

(2.2.10)
— mul—a.
1—«a

Then, for any (ug,vo) € Dq there exists some suitable time t* for which the prey population goes to

extinction. Thus the system’s trajectory reaches the axis v at a finite time.

Proof. From the first equation of system (2.2.2). Since v and v are non-negative, we have

dv

prie —ov+ fu*v > —dv. (2.2.11)
Applying the comparison principle for ordinary differential equations [40], and let ¥ be the solution
of the following initial value problem

dv -

9 = —00,
(2.2.12)

’5(0) =0-.

Then, we obtain

v(t) > 0(t) =vpe %,  forall t>0. (2.2.13)

Consider the second equation, from u >e~1 and (2.2.13) , we get

d 1

d—? = uln (u) u®—w (2:2.14)
< u—uv (2.2.15)
< u—uCvge 0 (2.2.16)



Similary, by the comparison principle [40], if @ is the solution of the initial value problem

‘é—? =@ — a%vge %,
(2.2.17)
It follows that
u(t) <af(t), forall t>0. (2.2.18)
In order to solve (2.2.17), we define a new variable w(t) as follows
a=w(t)e!,  with w(0)=a(0)=up. (2.2.19)
Substituting (2.2.19) into (2.2.17). We lead to the following equation for w:
d « — At
aw(t) = —w(t)%vge ", (2.2.20)
where A=0+1—q.
Solving the above equations, we obtain,
1—
w(t) e :w(O)l_o‘fM(lfe_M). (2.2.21)

Obviously, the right-hand side of Eq.(2.2.21) monotonously decreases as function of ¢. In addition,
we know that w(0) > 0, this implies that for some #, w(#) =0 if and only if

vo(1— )
T
Now, we come back to the relation (2.2.19) between w and 1, It is obvious to see that w(f) = 0 which

w(0)!7 < (2.2.22)

implies that @(f) = 0. Note that w(0) = up and from (2.2.22) we lead to w() =0 for any ug and vy

satisfying the following condition

§+1-—
0T i (2.2.23)

11—«
v > —U
l—a ©

From (2.2.21), we obtain the explicit expression of £ as follows

l—«

1 (5+1—O[ 1—
— In|1-— “l. 2.2.24
Srl—a Ug(l—oz)uo ( )

Finally, we know from (2.2.18) that @ is an upper bound for u(t) then, if @(#) = 0 we obtain 0 < u(#) <0,

f:

which means that u(t) becomes zero for some t* <. Inequality (2.2.23) gives a sufficient condition for

the prey species extinction. This completes the proof of Theorem 7. O
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FIGURE 2.1: The phase plane of (2.2.2) with parameters « =2/3, S =0.5, ¢ =0.6. The thick red curve is

1/3

the separatrix v = 2.8u"/, it shows the boundary of the extinction domain Dg. Please see (2.2.10). For any

initial conditions above this curve, the trajectories (shown in black color with vy > 2.8u[1)/ 3) hit the vertical axis,
which means species extinction. For initial conditions below the curve, the trajectories (shown in blue color with
vy < 2.811%/ 3) approach an attractor in the interior of the phase plane (either the stable coexistence steady state

or the stable limit cycle, depending on equation parameters).

Note that inequality (2.2.23) gives only a sufficient condition of prey extinction but not a necessary
one. Therefore, the actual extinction domain in the (u,v) phase plane is somewhat larger than the
domain Dg defined by (2.2.10); the extinction may happen as well for some vy < #(up). Now we define
the separatrix curve separating the two different trajectories as fllows :

_0t+l-a S

(T): V=T , (2.2.25)

From (2.2.25) and Fig.2.1, the singular dynamics of model (2.2.2) near the origin is given in the

following lemma

Lemma 3.

d+1-—
(i) For any initial value (ug,vg) such that, vo = uu})_a the orbit of model (2.2.2) goes into the

11—«
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6+1—
origin equilibrium along the parabola v = uul*a, see Fig.2.1.

1l—«

d+1-—
%ué_a the orbit of model (2.2.2) terminates at
-«

u =0 and some positive value of v, after which v decreases to zero, see Fig.2.1.

(it) For any initial value (ug,vo) such that, vo >

+1—«
—_—

5
(i@i) For any initial value (ug,vo) such that, vy < . o7 the orbit of model (2.2.2) gives saddle

behavior, see Fig.2.1.

Lemma 3, together with Theorem 7 lead to the following theorem for the stability of the trivial

equilibrium Fjy,

Theorem 8. The equilibrium point Eq is globally asymptotically stable in the domain Dy and unstable
below the separatriz T' (please see Fig.2.1).

Lemma 4. Below the separatriz T', Eg has the same behavior as a saddle point (please see Fig.2.1).

2.3 The impact of the prey herd shape

The form of the herd for the prey plays an effective role in maintaining the cohesion and toughness of the
herd against predators. In this section, we will study the impact of prey herd shape on the equilibrium
densities of both the prey and the predator populations. Let’s start with the prey population, the

differentiation of the density equilibrium of the prey population with respect to a gives

du* 1 B\ "o o
= —In(=)e @ \% >0
dao a2 <a>

Obviously, the prey equilibrium density is monotonously increases as « increases because > d (The
feasibility condition of E*), means that prey herd shape has a positive effect on the prey equilibrium
density Fig.2.2. This result give the importance of the social behavior for the prey population, see
Fig.2.2.

Now focusing on studying the impact of the defense mechanism on the predator density equilibrium

state. Noticing that

v*(a) = (u*)' " %In <u1) with  u* = <5> @, (2.3.1)



FIGURE 2.2: The effect of the prey herd shape on the prey density equilibrium state for the values 5 =1.1,0 =1
where o € [0.01,0.99].

After differentiating the equilibrium state of the predatory density (2.3.1) with respect to a, we obtain

%:%m (§> (?)0‘ [—1—}—;111 (?)] (2.3.2)

Lemma 5. Assume that 3> §, then we have

(i) If 0 < 6 < Be™ !, the predator equilibrium density is monotonously increases for o € (0,1) (see
Fig.2.3).
(ii) If § > Be™!, the predator equilibrium density is monotonously increases for o € ]O,ln <?) [ and

monotonously decreases for a € } In (?) ,1 { (see Fig.2.3).

*

d
Proof. Tt is not dffcult to verify Lemme 5. From (2.3.2) , we know that Y —0fora=In <ﬂ> where,
o

1)
?) Then, if we take 0 < § < Be~! we deduce that the

* d*
i <Ofora>ln(§> and dvoz >Of0ra<ln<

predator equilibrium density is monotonously increases over the interval (0,1) which completes the

rst part of the proof. On the other hand if § > Be~! means that the function v* is monotonously

increases for a € ] 0,1n <ﬂ) { and monotonously decreases for o € } In <ﬁ> ,1 { The proof is completed.

4] 0
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F1GURE 2.3: The effect of the prey herd shape on the predator density equilibrium state. Left: the values
B=3,6=1, then § < Be~! =1.1036. Right: the values f=1.3,6 =1, then § > fe ! =0.4782. Here a € [0.1;0.99)].

clearly the prey herd shape has a remarkable influence on the predator equilibrium density, this
importance can be seen when the shape of the herd changes. Obviously the predator prefers the form
where there exists more prey on the border. From Lemme 5 we also see that the predator mortality rate
plays an important role in the predator density, if it is less than Be~! the prey herd shape has a positive
impact on the predator density equilibrium for any forms of herds (a € (0,1)). But if § > Be™!, the

herd shape has a positive impact on the predator density equilibrium for o € |0,1n 3 and a negative

impact for o € } In (?) 1 {

2.4 Global asymptotic stability

From Section 2.2, we know that system (2.2.2) always has the equilibria Ey and E; for all parameter

values. Further (2.2.2) has a unique coexistence equilibrium E* = (u*,v*) if 8 > 0, where

1

= (g)“, v = () I (J) .

Now, we study the global asymptotic stability of the equilibrium points £ and E*.

Theorem 9. Assume that 8 < 6, then the predator-extinction equilibrium point E1 of system (2.2.2)
is globally asymptotically stable.
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Proof. From Sec.2.2, we khow that the boundary equilibrium Fj is locally asymptotically stable if 5 < 4.
The eigenvalues of the jacobian matrix evaluated at this equilibrium are A\ = —1 and Ao = 8 —94.
1
Since v/ < uln () <u(l—wu), we have lim supu(x) <1.
u t—+o00

So, for any € > 0 there exist T, > 0 such that
u(t) <1+e, for ¢t > T¢.
From the second equation of (2.2.2), we have

v =v(=8+ Bu®).
1
And by choosing 0 < € < (%) @ — 1, we can obtain
v <v(=6+B8(1+€)%), t>T..

Applying a comparaison theorem on differential inequalities, we obtain

v(t) < v(0)el AN (2.4.1)

with

—0+8(14+¢€)* <0, for t>T. (2.4.2)

Now, from (2.4.1) and (2.4.2), for t — +oo we get v(t) — 0 and for a sufficiently large time the first

1
v <wuln () ,
u

T oun—t — 1 for t — +00. This completes the proof of Theorem 9 O
—e

equation of system (2.2.2) becomes

thus, we get u(t) <

In the following, we try to show the global stability of the interior equilibrium E*. But before
announcing the theorem we must claim that system (2.2.2) has no nontrivial periodic orbits in R?H
clearly when u* > 1, we can affirm that model (2.2.2) has no nontrivial periodic orbits due to the fact
that when u* > 1 model (2.2.2) has no positive equilibrium. Therfore, we must assume Cy < u* <1 in

the rest of this section. So, we have the following theorem

Theorem 10. The system (2.2.2) has no nontrivial periodic orbits in Ri when Cy < u* < 1.
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Proof. Suppose that Cy < u* <1 and there exists A(t) = (u(t),v(t)) called the nontrivial periodic orbits
of (2.2.2) with period 7 >0 in R?.. Then, we have

! n l —u® Ly = TU/(t) =1In(u —1In(u =
/0 (1 (u) >dt—/0 () dt =In(u(T)) —In(u(0)) =0, (2.4.3)
T N _ T’Ul(t) _n _n B
/0 (=6+Bu )dt—/o ) dt =1n(v(T)) —In(v(0)) =0, (2.4.4)

and

tr(Jy) = In (i) —1—ou® o4 purt -4
- %/—F%/—I—F(l—oz) ((m (i) J;)
_ a%/—&-%/—i-tr(JE*)—&—(l—a) (m (i) “In (:)) .
/OTtr(JA)dt — tr(Jp )T+ (1—a) /OT (m (i) “In (:)) dt. (2.4.5)

(2)-+(2)

Then, we obtain

Setting

Y1 (u) =

o)

It is easy to prove that 1’1 (u) > 0 for u # u*. Defining the functional

(== @) o (i (1) ~m ). (2.4.8)

, (2.4.6)

then, we have

with

Yh(u) = ?u* ! (In(u) —In (u*)), (2.4.9)

which implies that 12(u) > min e (u) = (u*) =0 for u # u*. Then, we lead to the conclusion ¢’ (u) > 0.
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It follows from the Green’s theorem and

(1 (3) - () = @) = upe) =~ S (2.4.10)

u*

that

T 1 1 R 1 W'y (u)
/0 (ln (u) —1In (u*)) dt = 5/ %1/)1 (u) = 3 /Q ” dudv <0, over Q, (2.4.11)

where () is the bounded region enclosed by A. From the condition Cy < u* <1 we know that T =
tr(J(E:)) <0 and using (2.4.5) and (2.4.11), lead to

T
/ tr(Jp) dt < 0, (2.4.12)
0

The divergency criterion [40] affirms that all the periodic solutions are orbitally stable, which is
contradictory with the stability of E*. Therefore, we conclude that (2.2.2) has no nontrivial periodic

orbits in R%— for Cg < u* < 1. Which completes the proof. O

Since E* is the only equilibrium locally asymptotically stable for Cy < u* < 1 then, the system (2.2.2)
has no closed orbits in R%— .Hence, the interior equilibrium point E* must be globally asymptotically
stable.

In summary we have the following theorem

Theorem 11. Below the separatriz T, the interior equilibrium point E* of the model system (2.2.2)
is globally asymptotically stable when Cyg < u* < 1. see Fig.2.5.

2.5 Hopf bifurcation

In this section, we show the critical case of tr(J(E*)) =0 in which the system (2.2.2) undergoes a Hopf
bifurcation at the equilibrium E*. The coexistence equilibrium state E* is globally asymptotically stable
if Be=@/1=% < § < 3, while, the coexistence equilibrium state E* is unstable if Be‘o‘/l_a > 0. Hopf
bifurcation is characterised by the stability change of an equilibrium point with small amplitude limit
cycle behaviour around the equilibrium point, as some parameter p (called bifurcation parameter) of the
system passes through a critical value pu*. By choosing the parameter ¢ as the bifurcation parameter, we

have the following result

Theorem 12. The system (2.2.2) undergoes Hopf bifurcation with respect to the parameter 6 around

the coezxistence equilibrium point E* = (u*,v*) if 0 =dg = Be— /1o,
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Proof. We know that, if T =t¢r(J(E*)) =0, then both the eigenvalues will be purely imaginary provided
D = det(J(E*)) > 0. Therefore, from the implicit function theorem a Hopf bifurcation occurs where
a periodic orbit is created as the stability of the equilibrium point E* changes. Using the above two
conditions it is found that the critical value of the Hopf bifurcation parameter is 67 = Se~ /1=, The
critical g value depends on the parameter o where 0 < o < 1.

It is clear that the given conditions [6]
(i) T = tr(J(E)) =0,
(ii) D =det(J(E*)) >0 and
(i) gtr(J(E*)) £0at §= 6 = Be—o/1-0
implie the occurrence of Hopf bifurcation for system (2.2.2) around E*.

d . -«
Where %tT(J(E ))|6:6H = 7W

< 0 is the transversality condition, the proof is complete. [J

2.6 Numerical results

In this section, some numerical simulations are provided to illustrate the theoretical findings which are
established in the previous section of this work. In the following, we take the parameters of system (2.2.2)

as given in Tab. 2.2.

Case o 6] o Figure

1 2/3 0.7 2 Fig. 2.4
2 2/3 0.23 0.1 Fig. 2.5
3 2/9 0.127  0.05 Fig. 2.6

TABLE 2.2: Parameter values used in the simulations of system (2.2.2).

Case 1 in Tab. 2.2. For this set of parameter values, « =2/3 S =0.7 § =2 where the interior
equilibrium is infeasable (v = —2.6618 < 0). It follows from Theorem 9 that the boundary equilibrium
E1 =(1,0) of the system is globally asymptotically stable. The simulation results can be seen in Fig.2.4
with different initial values.

Case 2 in Tab. 2.2. For this set of parameter values, « =2/3 $=0.23 ¢ =0.1, we have u =
0.2838 > C'y = 0.0498. So, from Theorem 10, we khow that system (2.2.2) has no limit cycle. Therfore,
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Prey Density

FIGURE 2.4: Global asymptotic stability of the predator-extinction equilibrium point E; for different initial values

with parameter values given as Case 1 in Tab. 2.2.

by Theorem 11 the interior equilibrium E* = (0.2838,0.4703) is globally asymptotically stable. The
corresponding phase plane plots of the system are depicted in Fig.2.5 with different initial values. Clearly
it is a stable spiral converging to the equilibrium.

Case 3 in Table 2.2. We choose the parameters of the system (2.2.2) asa=2/9 [£=0.127 §=0.05
with the initial condition (u(0),v(0)) = (0.1,0.1) then the interior equilibrium E* = (0.2470,0.4725) and
Cyg = 0.2765 > u = 0.2470, by Theorem 12 there exists a limit cycle near the interior equilibrium
E* =(0.2470,0.4725). Fig.2.6 shows the graphical presentation of the prey—predator system with the

specified values of the parameters.

2.7 Discussion for the original model (2.1.2)

After doing the qualitative study of the model (2.2.2), it is necessary to project the results obtained on
(2.1.2) to have a more general idea of the asymptotic behavior on our proposed model.

From previous Sections, we know that the boundary equilibrium states E; of (2.2.2) is globally
asymptotically stable if and only if § < § where the interior equilibium E* doest not exixst. For the
original model (2.1.2), this result remains valid when the boundary equilibrium becomes P; = (K,0), is
globaly asymptotically stable for m > anK*(using (2.2.3). Clearly, this result is logically obvious, when

the mortality rate m is greater than a certain value anK“ we have predator extinction.
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FIGURE 2.5: Global asymptotic stability of the interior equilibrium point E* with parameter values given as Case

2 in Tab. 2.2 and (ug,v0) = (0.2,0.02).

Predator Density

ol L L L L
o 0.2 0.4 0.6 0.8 1

Prey Density

FIGURE 2.6: Phase plane of the system (2.2.2) for « =2/9 [ =0.127 and § = 0.1 the positive interior equilib-
rium point E* of system (2.2.2) looses its stability and a Hopf-bifurcation occurs. Here the initial condition is

(u(0),0(0)) = (0.1,0.1).

From Theorem 11 we know that the interior equilibrium E* is globally asymptotically stable for

Cy <u* <1 where Cy = e~ /1= and for the original model (2.1.2) we have the following theorem
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Theorem 13. Assume that anK“e= /=% <m < anK®, then the interior equilibrium P* = (X*,Y*)

is globally asymptotically stable where,

1

* m a * K272a *\1—a 1
(anKa) v = e e )

From Section 2.4, the system (2.2.2) undergoes Hopf befurcation at the coexistence equilibrium
for u* = C'y, then for the original system (2.1.2), the occurrence of Hopf befurcation arising when the
parameter m crosses the critical value ae K“ please see Fig.2.7.

Now, we put

m=anK® = fi(a), m=anK% /1= = fy(a).

Then, we have the qualitative behavior of the model (2.1.2) in the m — « parameter plane for a =
0.5,7=0.4,K =10 and r = 0.1. It is observed from Fig.2.7 that the predator will extinct when the
mortality rate m is greater than the curve with the equation fi(a). When the parameter m becomes
between the two curves fi(«) and fa(a), the boundary equilibrium FEj loses their stability when the
interior becomes globally asymptotically stable. In the region where the parameter m is less than the
curve fo(a)(the green region), we known that the two equilibria points become unstable and the system

transits to an oscillatory regime.

2.8 Conclusions and comments

The prey-predator systems have been studied extensively in theoretical ecology. However, only a little
attention has been paid on one of the most realistic phenomenon that many species of preys exhibits a herd
behavior against unexpected attacks of predator. In this paper, a new approximation of herd behavior
with Gompertz growth function have been investigated. Depending on the physiological characteristics
of the prey and the environmental characteristics, the herd shape changes from one species to another,
whereas this change has a direct influence on the interaction between the two species. Clearly, more prey
on the herd boundary implies a good solidarity of the group, therefore the prey population keeps as many
individuals as possible over time which means that the herd shape have a positively influences on the prey
population if the parameter « increases, this is easily seen in Fig.2.2. For predator from the study in the
Section 2.3, it can be seen that the predator mortality rate along with the prey herd shape both affect
the predator level for the interior equilibrium Fig.2.3. It is obvious that whatever the physiology of a
species of predator they prefer a form of prey where there is more chance for hunting, this is incarnated

when the border of the herd possesses the large amount of prey among the density total. In the real world,
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mortality m

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
parameter a

FIGURE 2.7: Qualitative behaviour of the model (2.1.2) in the m — a phase plane is presented. Results are
presented for parameter « € [0,0.9] and mortality rate m with a =0.5,7 = 0.4, K = 10 and r = 0.1. It shows
that parameter space is divided into three regions (oscillatory coexistence region, stable coexistence region and

predator extinction region).

several prey population reproduces in a quick way in a small time interval in the nature, a very good
example on that, the zebra and buffalo in the savana, the evolution of the prey population is influenced
by the initial density all of this explains the reason for injecting Gompetz’s growth into the model from
a modeling point of view. From the analysis of the model (2.2.2) in the Section 2.2, we can ensure
that. The model we have considered is biologically well behaved, as it is bounded and remains infeasible
range forever. From Theorem 10 and boundedness of the solutions, we khow that the system (2.2.2),
for w* > 1 has no positive equilibrium point and the boundary equilibrium point F; is a local attractor;
for Cyg < u* <1 the unique positive equilibrium point is a local attractor and boundary equilibrium
point is unstable. Finally for C'y > u* the limit cycle is a local attractor and the positive equilibrium
and boundary equilibrium are unstable. Fanally for C'y > «* the limit cycle is a local attractor and the
positive equilibrium and boundary equilibrium are unstable. In Section 2.2, from Theorem 7, we khow
that the inequality (2.2.23) gives the condition for the prey species extinction which prove the existence

of the extinction domain Dg. See Fig.2.1. Thus we conclude that the positive invariant set of model
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(2.2.2) is divided into two parts by a separatrix in which can be defined as «= Hlii;“ulfa near the origin
equilibrium, with one part as the extinction domain in which orbits terminate at positive vertical axis
and then decrease to zero along the vertical axis, and the other part as the attraction domain of the
corresponding attractor (boundary equilibrium point, positive equilibrium point or limit cycle) in which
orbits converge to the attractor. Based on these result we obtained the global dynamics of the model
(2.2.2) as well as the original model (2.1.2). It is necessary to make clear that model (2.2.2) represents
a transition to the qualitative study of model (2.1.2) (a kind of auxiliary model). One can see that the
dynamics of the predator prey model with prey herd shape is more plentiful than the traditional models
and makes much more sense ecologically. The standard models usually predict the origin equilibrium
point is a saddle point, i.e. the prey species will recover no matter how small it is relative to the predator
species. In contrast, for model (2.2.2) as well the origin model (2.1.2) solution behavior near the origin
equilibrium is singular. If the prey population is suitably smaller than the predator population in wild,
then the prey species first goes extinct, causing the predator species to follow suit (see Fig.2.1). This
makes perfect ecological sense. The result in the present chapter may help us to better understanding

the interaction of predator with prey in a real ecosystem, and could help ecologists find the right factors

to insure the continuation of living for species in nature.
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Chapter 3

Spatiotemporal patterns in a
diffusive predator-prey model with
protection zone and predator

harvesting

This chapter is taken from publication [32].

We always stay in the same topic as the two previous chapters, namely a predator-prey model, with
protection zone (herd behavior) for the prey population and in the presence of predator harvesting.
Except that in this chapter we take into account the spatial distribution of two species to represent the
diffusion in nature subject to the zero flux boundary conditions. The main objective of this chapter is to
study the impact of predator harvesting on the two densities of populations.

We organize this chapter in the following form : in Section 3.1 we propose a diffusive predator-prey
model with protection zone and quadratic predator harvesting. Section 3.2, the existence of a
positive solution and some priori estimates for the system are proved. Section 3.3, is devoted to study
the existence of the equilibrium states for the system (3.1.3). Section 3.4, the global stability of the semi
trivial equilibrium state (1,0) has been successfully established under a suitable condition on the model
parameters. Section 3.5, the spatiotemporal dynamics of the system (3.1.3) near the unique non trivial

equilibrium state (u*,v*) is investigated, where the existence of Hopf bifurcation is discussed. On
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the other hand, the presence of Turing driven instability, Turing-Hopf bifurcation have been also
discussed. For the stability of the homogeneous and nonhomogeneous periodic solutions generated
by the presence of Hopf bifurcation are studied using the normal form on the center of manifold.

The obtained results were checked using numerical simulations. A discussion Section ends this chapter.

3.1 The mathematical model

The herd behavior for the prey population can affect the availability of the prey to the predator, and
using the fact that the most part of the predator population put their focus on hunting the weakest
one (the weakest prey located in inside of the pack) which can make perturbation on the predator
population, where will push the predator to fight with each other for a small quantity of resources, this
behavior is known by harvesting. Also, it can be seen on the competition between the predators for the
hunting zones of for reproduction. The most famous predator that can exhibit this behavior is the lions,
where the solitary males enter into hunting zone of other lions and fight their leader for the exclusivity
of reproduction. The harvest has a strong influence on the dynamic evolution of a population, this
phenomenon is common in the fields of forestry, fishing and wildlife management. It is well know that
these predators in a huge decreasing due to the human intervention and disappearance of many zones of
living for these living being. The interest of this paper is to study the effect of the herd behavior and the
predator harvesting in the existence of the considered species. During the few last years, several forms of
harvest have been proposed and studied, mainly consisting of constant harvest [57, , ], proportional
harvesting [52] and nonlinear harvesting [39, 105]. Here, we deals with a model with quadratic harvesting
which can be modeled by (,5’7‘/2). This case of predator has been widely investigated, we cite for instance
the papers [1, 3, 4, 5, 96, 97]. Based on the best knowledge there is no results on its effect on the interaction
predator-prey in the presence of herd behavior where in this case the predator has two difficulties, the
hunting from the herd, which is dangerous and protecting the zone of hunting from a predator of it gender.
Further, in [79], it has been given a comparative analysis between the linear mortality and quadratic one,
where two models have been investigated, but in the real world, the predator can exhibits the two types
of mortality, where the previous example (lions example) is the simplest one that can hold the types of
mortality. The harvesting can hold for the smaller lions and the bigger males, and the natural mortality
can insured for the females, where it has been noticed that in the savanna, the males never attacks their

females (also in [100] it has been considered that the predator exhibits quadratic mortality only). Based
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on the above discussion we formulate the following system

S =rU1-%)-aVlV,
(3.1.1)
Y = BV (—im+aVU —+V),

where, U,V denote the prey and predator population, respectively, at any time ¢. a is the search
effeciency of predator for the prey, r represents the intrinsic growth rate of the prey populations, K is
the carrying capacity of the prey in the absence of predator. the term S is the natual death rate of the

predator and the new parameter B’y which represents the harvesting rate for the predator population.

Besides, the predator and the prey are in different spatial locations, there exist many reasons for
moving such as search for resources, currents and turbulent diffusion. The movement of the prey and
predator can be modeled by the presence of spatial diffusion on the system (3.1.1). The ecological
reaction diffusion systems becomes the one of the most dominant themes in mathematical biology we
give as example the papers [74, , 75, 76, 77,79, 98]. We assume that the two considered populations
are always in movement thus each one of those populations will follow a trajectory (patch). The length
of this path we denoted by z. This point of view is a strong simplification of the general case, where
it has been used widely we cite for instance the papers [78, 84, 85]. Besides, we will assume that the
two populations are in isolated patches, which can be elaborated using the zero flux boundary condition.

Naturally, the presence of spatial diffusion leads to the following predator-prey model

W=rU(1-Y%)—aVUV+d1AU, 2€Q, 7>0,

% =BV (=m+aVU —yV)+do AV, z€Q, 7>0,
(3.1.2)

QI
SIS
QI
31‘<

:07 :L‘E@Q,T>0,

U(z,0) =Up(x) 20, V(z,0)=Vo(z) 20, z€Q,

where €2 is a bounded domain in R™ n > 1 with a smooth boundary, d; and ds are the diffusion rates for
the prey and the predator. The vector 7 represents the unit outward unit normal vector of the boundary
0f). The homogeneous zero flux boundary conditions describes isolated patches of the two populations.

For reducing the number of parameters we set the following change of variables

, U= V7 t:TT, ﬁ: , C=79—, N=

g a afVk r m
k r\/E T fya a\/E.
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FIGURE 3.1: The manner in which the population of prey diffuse from a point (A) to another point (B).

Then the system (3.1.2) becomes

9 = u(1—u) — uv +di A, e, t>0,
% = pu(—n+Ju—cv)+doAv, z€Q, t>0,

(3.1.3)
r e, t>0,

u(z,0) =up(z) >0, w(z,0)=wvo(z)>0, x €,

The most interesting about the presence of predator harvesting and the spatial diffusion on predator
prey model with herd behavior is its effect on the existence of species (more precisely the harvesting).
For the reason of the novelty of the prey herd behavior it is interesting to study the effect of the variable
¢ on the spatiotemporal behavior of solution of the system (3.1.3). In wild world, the predator harvesting
affect hugely on the existence of species, where for the small competition between the predators (which

means that the predator are compatible) this can affect negatively the prey population and positively the

predator, and the opposite for the bigger competitions.
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3.2 Existence of a positive solution, a priori bound of solution

and some estimations of solution

In this section, we study the existence and uniqueness of positive solution of the system (3.1.3). Further,

a priori bound of solution is given. The following theorem summarizes the obtained results

Theorem 14. ([52]) Assume that ug(x) >0, vo(z) >0 and Q € R™ with a smooth boundary bounded
domain in R™, then
(i) The system (3.1.3) has a unique solution (u(x,t),v(x,t)) satisfying
0 <u(z,t) <u*(t), 0<v(x,t)<v*(t) fort>0, ze€Q.

where (u*(t),v*(t)) is the unique solution of the ordinary differential equation

up = u(l—u),
v = fo(—n+/u—cv), (3.2.1)

u(0) =ul = sgguo(z) , v(0)=vf= Stelgvo(:r).
x x

1
(i) Moreover, we have lim supu(z,t) <1, lim sup/ v(z,t)de < +Bn 9.
t—4-o00 [9) n

t——+o00
Proof. (i) We put h(u,v) = u(l—u) — uv, k(u,v) = Bv(—n++/u — cv), then, we have h,, = —/u <
0, kuy=—pBv>0for (u,v) € R? and from [70] we can conclude that the functionals i and k are a mixed
quasi monotone functionals in R. Now we let,

(u1,v1) = (0,0) satisfying

%—dlAul—h(ul,vl) =0<0

o - (3.2.2)
I —doAvy — k(ul,vl) =0<0,
and (ug,v2) = (u*(t),v*(t)) satisfying the system
942 _ ) Aug — h(ug,va) =0 >0
at 1 2 ( 27 2) - ) (323)

% —daAvy — k(ug,v9) =02>0,

where 0 < ug(z) <uf, 0<wv(z) <v§ . (ui(z,t),vi(x,t)) and (ua(x,t),v2(z,t)) called the lower and
the upper solution of the system (3.1.3), according to the Theorem 8.3.1 in [70], the system (3.1.3) has
a unique global solution (u(z,t),v(x,t)) satisfying the condition

0 <wu(z,t) <u*(t), 0<wv(zx,t)<v*(t)for t>0and z €.

The strong maximum principle implies that w(z,t) >0 , v(x,t) >0 for ¢ > 0 and z € Q.
(ii) Now, lets prove the second part of the Theorem 14, we know that u(z,t) <w*(t) and v(x,t) < v*(¢)
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for all ¢ > 0 where u*(¢) is the unique solution of the equation

d
d;‘ u(l—u),  u(0)=uf>0.
It is easy to verify that u*(t) — 1 as t — +o00. So, for any € > 0 there exist §p > 0 such that
u(z,t) <1l4e, for t > &g, v € Q, which leads to lim supu(z,t) < 1.
t—+o00
Now let
o(t) = / u(z,t)de, 0(t) = / v(x,t)de, (3.2.4)
Q Q
and
w(t) = Bo(t)+6(t). (3.2.5)

Then we have

Z—j:/dlAudx—l—/[u(l—u)—\/ﬂv]dx
lez:fdgAvdx+/l[ﬁv(—77+ﬁ—cv)]dx-
Q Q

Now, making use of the boundary conditions

dw do d0
w = Pata

zﬂ/ (1—u)dz— Bnl(t —cﬁ/vdx

(3.2.6)

= ﬁ/ u(l—u)dx—ﬂn(ﬁa(t)+9(t))+77620(t)—cﬁ/ v?de
Q Q
< —Bnw+p(mp+1)o.

From lim supu(z,t) <1 we have lim supo(t) < |Q|. Thus, for sufficiently small € > 0, there exists
t—+o00 t—+o00
To > 0 such that

dw
= SnBwt BB+ +e) |0, 1> T, (3.2.7)
we consider the equation
dw
Ez—nﬁw+ﬁ(n5+1)(1+€)\ﬂl7 (3.2.8)

By a straightforward calculation, we obtain
+¢)|9]. (3.2.9)

Using the comparison principle and (3.2.7) we can obtain for 77 > Ty

/ v(z,t)de =0(t) <w(t) < 7757:‘ (1+2)|Q|+-, t>1Ty, (3.2.10)
Q
which leads to
1
lim sup/ v(z,t)de < +on |2 (3.2.11)
This completes the proof of Theorem 14. O
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3.3 Existence and uniqueness of positive equilibrium state for

system (3.1.3)

In this section, we shall prove the existence and uniqueness of the positive equilibrium state for system
(3.1.3).
Obviously the investigated system has two boundary equilibria state Ey = (0,0), F1 = (1,0). Now we

focus on proving the existence of positive equilibrium state E*. Then we have the following result.

Theorem 15. ([52]) Assume that 0 <n < 1. The system (3.1.3) has a unique positive equilibrium
state E* = (u*,v*) with 0 < u* < 1. Further when n > 1 the positive homogeneous steady state does not

exists.

Proof. Tt is easy to verify that the positive equilibrium state E* is the solution of the following system

u(l—u) —uZv=0,

! (3.3.1)
—n+uz —cv =0,
from the first equation of the system (3.3.1) we have
v=u?(l—u) (3.3.2)

in the first quadrant of the u — v-phase plane. since v* > 0, we have 0 < u* < 1. By replacing (3.3.2) in

(3.3.1) the positive equilibrium state is the solution of the equation of the variable u
®(u) =0, (3.3.3)

where @ (u) =-—n+(1 fc)u% teud forue (0,1).

Now, we put = = u%, thus, (3.3.3) becomes
O(z)=—-n+(1—c)x+cx®=0, (3.3.4)

and we have

Clearly, if 0 <17 < 1 and for any value of the parameter ¢ the equation (3.3.4) has always a unique change
of sign, then it is clear from Descarte’s rule of sign that the above equation possesses a unique positive
root u* € (0,1) then, we conclude that the system (3.1.3) has a unique positive equilibrium states. Which
completes the proof. O
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In the next of this paper, we confine system (3.1.3) to the spatial domain Q = (0, L7) with L € R™.
This assumption has been put due to biological meaning. If we assume that the prey and the predator
are in movement, then each one of the considered populations will follow a trajectory, the length of this
trajectory will be considered as our variable x, and Lx can be considered as the maximal distance can
be attained by a prey or predator, Au becomes the one dimensional Laplace operator Au = uyy,.

Defining the real-valued Sobolev space subject to the homogeneous Neumann boundary condition as

follows
X = {U = (u,0)T € H2(0,Lr) x H2(0,L7) : (tg,v2)|o—0.Lr = 0} . (3.3.5)
For Uy = (ul,vl)T, Uy = (uz,vg)T € X, defining the usual inner product

Lr
<U,Up >= /(U1UQ +U1’02)dx.
0

Then the complexification of X is
Xe=X@iX = {U1 +1iUs : Up,Us EX},

with the complex-valued inner product defined by

L
<U17U2>=/(1T1u2-|—ﬁ112)d33, Ui = (us,v) € Xe, i=1,2,
0

3.4 Global stability of the semi trivial equilibrium state F

In this section, we analyze the global stability of the semi trivial equilibrium state E; = (1,0) where the

positive equilibrium state does not exists (means that 7 > 1), We have the following theorem

Theorem 16. ([52]) For n > 1,the semi-trivial equilibrium state E1 = (1,0) of the system (3.1.3) is
globally asymptotically stable.

Proof. Letting
fu,v) =u(l—u) —uv, g(u,v) = Bv(—m+/u—cv). (3.4.1)

Defining the Jacobian matrix of the system (3.1.3) in the absence of diffusion as follows

I uw) = 7 (3.4.2)
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FIGURE 3.2: Graph of null-cline curves associated with model (3.1.3) shows the existence of the interior equilib-

rium (u*,v"). Here,we set the parameter values as n = 0.2,c=2,.

with the domain Dy = X¢, where

%, B(u,v) = —/u, C(u,v):ﬂ%, D(u,v) = B(—n+Vu—2cv). (3.4.3)

The linearized operator of the steady state system of (3.1.3) evaluated at the semi trivial equilibrium

Alu,v)=1-2u—

state E1 = (1,0) is given by

where D = diag(dy,d2),and
—1 -1
J‘ 1,0 = . (345)
COT 0 Bem

It is well know that the eigenvalue problem
—¢"=Xp, x€(0,Lm); ¢'(0)=¢'(L7)=0, (3.4.6)

2
has eigenvalue A\, = (%) (n=0,1,2,...), with the corresponding eigenfunction ¢, (z) = cos (%x) in the

Sobolev space X. In terms of the boundary condition

g (0,8) = ug (L7, t) = v5(0,t) = vy (L, t) = 0. (3.4.7)
Setting
+
U= f | cos (Ex> etnt (3.4.8)
=\ b L ’
n=0 n
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and then substituting it into (3.4.4). Then from a straightforward calculates , the eigenvalue of the matrix
2
— (%) D+ J|(1,0) are:

=1 (%)le <0, do=f(—n+1)— (%)ng, (3.4.9)

for n > 1 Ao <0 for any n > 0 which means that the equilibrium states Ej is locally asymptotically stable.
Now, it is remain to prove the global attraction of the boundary equilibrium when m > 1, we use the
result of Theorem 2.1, page 188 in [70]. From Theorem 14 we proved that (u*(¢),v*(¢)) and (0,0) are
the upper and the lower solution of the system (2.1.2), respectively, we know that t_l)igloo supu(z,t) <1

and u*(¢t) — 1, so for an & > 0 there exist T, > 0 such that
wit)<l4e,  t>T.. (3.4.10)

and there exist M > 0 for which v(z,t) < M (using the estimations in Theorem 2.1 in [70], then for ¢
sufficiently small there exists T > T such that u(z,t) > e. Further we define the constant upper and the

lower solution of the system (3.1.3) as
(ulavl):(1+5vM)a (U27’U2):(€,O), (3411)
such that

1 4y Auy — h(ug,v1) = e(1+¢)+v/I+eM >0,
%_dQA’ln_k(Ul”Ul) =-—MB(—n+I1+e—cM)>—-MpB(—n++/e—cM) >0,

% —d1Aug — h(ug,v2) = —e(1—¢) <0,
802 — dyAvy — k(uz,v2) =0 <0,

where € and M are positive constants and ¢ is sufficiently small. We define also the monotone sequences

for coupled parabolic equation defined in [70] by @® 5" and (uF),0®) for k=1,2,... as follows

a®) —g=1 1 L pg-1) -1y

¢ (3.4.12)
k) = gk—=1) ¢ fG(ﬂ(k—l),g(k—l))’
C2

and
Q(k) = H(k_l) 4 i].?‘(g(k—l)7f(k—1))7
T (3.4.13)
Q(k) — y(k_l) + 7G(H(k—l)7y(k—1)),
C2

where 7(0) =1 +¢, 6(0)) =M and v\ =¢, v =0.
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Using lemma 2.1 (page 199) of [70] we have

ak) — u, g(k) —u
(3.4.14)
o™ o, oW o,
verifying
e<u® <yl <y <u <ttt <) <146,
(3.4.15)

0 <o <o+ <y <p <gH+D <5k < M,

<

which means that (a(*),5(¥)) is increasing and (u(®),v(¥)) is decreasing. From (3.4.12), (3.4.13) and [70]

w,v and u,v verify

) =0, Fluv) =0, (3.4.16)
G(w,v) =0, G(u,v)=0,
with
F(u,v) =u(1 —u) — v =0, F(u,v) = u(1l—u) —/uv =0, (3.4.17)
G(w,v) = fo(—m+vVui—-c0) =0,  G(u,v)=Bo(—m+/u—cv) =0,

Since, v(® =0 then u*¥) =0, k=0,1,..., leads to v(¥) =0, therefore we have v =0 and from F(u,v)=0
we obtain 7 =1 and it follows that 7 =0 and u =1, then from Theorem 2.2 (page 189) of Pao [70] and

the arbitrary largeness of M we have
(u,v) = (1,0) ast— +oo

which leads to the global attraction of the semi trivial equilibrium state F;. Combining this result
with the local stability of (1,0), we can deduce that the semi trivial equilibrium state E; is globally
asymptotically stable. Which completes the proof. O

3.5 Bifurcation analysis, Turing instability

In this context, we shall analyze the dynamics of the system (3.1.3) near the non trivial equilibrium
state E*, the existence of Hopf bifurcation, and Turing instability at the non trivial equilibrium state
E*. Throughout the rest part of this paper, we assume that 0 <7 < 1 and we choose 3 as a bifurcation
parameter. Obviously u* is independent on the parameter 3, then system (3.1.3) can be rewritten in the

following forme

%—lt] =DAU+J(B)U+H(U), (3.5.1)
where
A B 0?2 02
J|(u*7v*) = CEZ; DEZ; s DA = dzag (dla{I;Z,dZ 8y2> , (352)
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[ MWV AGu-BER 553

Bu(=m+/u—cv) = C(B)u—D(B)v

and
i Y - _5 Y P
A(B) =1-2u Wk B(B)=—Vu*, C(B) 52\/17*7 D(B) = —pv™. (3.5.4)
Using Eq. (3.1.1), we obtain
A(B) = % - gu B(p) =—Vu*, C()= %B(l —u*), D(B)=—Bevur(1—u®). (3.5.5)
The linearized system of system (3.5.1) at E* is given by
ou

it is easy to prove that the solution of (3.5.6) is a nontrivial solution of a linear problem (3.5.6) if and

only if there is a n € N for which X satisfies

n

2
det <>\I— (Z) D—J(u*w*)) —0 (3.5.7)

where I is 2 x 2 identity matrix, and D = diag(dy,d1). From a straightforward computation, we obtain

the characteristic equation of (3.5.1) as follows

N =T (B)A+ Dn(B) =0, (3.5.8)
with
nA 2
Ta(B) = 5 (1-3u%) — Bev/ur(1—u*)  (di +d2) (7 ) (35.9)

Dn(8) = dids (%)4 + (%)2 {dlﬂcm(l - %dg(l —3u*)] + %ﬂ\/ﬁ(l —w)(1— e(1—3u")).
(3.5.10)

3.5.1 Hopf bifurcation:

In this subsection, we show the existence of time-periodic orbits with a careful Hopf bifurcation and give

the eventual Hopf bifurcation points. For having Hopf bifurcation it is necessary to put the condition
0

0 <wu* < (3)~L. From [13], it is known that T,,(8) =0, D,(3) >0 and %/\(5”6:5}1 # 0 are necessary

conditions for Hopf bifurcation to occur. First, we shall prove the non existence of Hopf bifurcation for

some value of the model parameters. The following theorem illustrate the obtained results.
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Lemma 6. ([52]) If 37! <u* < 1, the system (5.1.3) has no Hopf bifurcation and the non trivial

constant steady state E* is always stable for any value of B (with diffusion and without diffusion).

Proof. Tt is easy to check that for 37! < u* < 1 we have, T,,(8) < 0 for any value of 3 and consequently
there is no Hopf bifurcation. So, the non trivial constant steady state E* is always stable for any value

of B The proof is completed. 0
Now, discussing the positivity of Dg(8) then we resume the obtained results in the following lemma

Lemma 7. ([82]) Under the condition 0 <n <1 we have
1 1
(i): For 0 <u* < 3 (1— ) then Do(8) <0 with ¢ > 1.
c

1 1
(it): For 3 (1 - > <u* <1 then Do(f) > 0.
c
Proof. Recalling that from (3.5.10) we have
1
Do(B) = iﬂx/u*(l—u*)(l—c(l—3u*)). (3.5.11)

Obviously the positivity of Dy(8) depends only on 1—¢(1 —3u*). So the results obtained in Lemme 7
can be easily deduced. Which completes the proof. O

For the existence of the eventual Hopf bifurcation we draw the following lemma.

Lemma 8. ([82]) Putting

* (1—3U*)L2
N = [2(d1+d2) } (3.5.12)

where [.] stands for the integer part function. The system (3.1.3) undergo Hopf bifurcation at 8= B, (0 <

n < N*) where By, is decreasing sequence in n (n = 0,1,...,N*) and

nA 2
(1— 3u*) — 2(dy + do) (Z)
2cv/u* (1 —u*)

Proof. Noticing that Hopf bifurcation occurs if and only if T),(8) = 0, Solving this equation in 8 we obtain

Bn:

(1— 3u*) — 2(dy + do) (%)2

= 3.5.13
P 2evu*(1—u*) ( )
Next, we prove that 3, is a decreasing sequence. So, a straight forward calculation gives
—(d1+d2)(2n+1
B — B = AT B)ETD) (3.5.14)

cL2y/ur (1— u¥)
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Thus, S, is strictly decreasing sequence. For the ecological meaning of 3,,, we must choose some value

of the positive integer n such that 3, > 0 which means that
1 . ny\2
5(1=3u") > (dy+dy) (Z) , (3.5.15)

which leads to n < N* where N* is defined in (3.5.12) and the bifurcation points are S5y, f51,...,6n. O

Let A(B) = a(B) £iw(B) be the solution of the characteristic equation (3.5.8) satisfying
a(Bn) =0, w(Bn) = v/D(Bn),
then, we have the following transversality condition
o/ (Bn) = —cVur (1 —u*) <O0. (3.5.16)

Combining the transversality condition with Lemme 8 then, the bifurcation points and their order is

given by the following theorem

Theorem 17. If there exist N1 (1 < Ny < N*) a critical values denoted by jo,...,jn, such that
Jo=0<yj1 <..<jn; <N* and Dje(Bj§)) >0, § =0...N1 we have the following estimation:

ﬁj]\]l <. < ﬁjﬁ < ﬁj§71 <. < ﬁjl < BjO- (3.5.17)

Now discussing the dynamics introduced by the presence of Hopf bifurcation, which is given by the

following theorem.

Theorem 18. ([82]) Assume that 0 <n <1 then we have the following results

(i) If (3)~1 <wu* < 1 holds then the non trivial equilibrium state E* = (u*,v*) is always stable for any
value of 3.

1 1
(ii) If 3 (1— c) <u* < (3)7! holds then we have

1. for n =0 the non trivial equilibrium state E* = (u*,v*) is asymptotically stable for 5 > By and
unstable for B < Bp.

2. The system (3.1.3) undergoes Hopf bifurcation near the interior equilibrium E* = (u*,v*) when
B = Pn,(n < N1). A family of homogenous periodic solutions occurs for n =0, and a family of

nonhomogeneous periodic solution occurs for n=1,2,...,Ny.
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3.5.2 Turing driven instability:

In this subsection, the main objective is to discuss the existence/nonexistence of the diffusion-driven
instability and give a sufficient condition for Turing driven instability. Turing concluded that the reaction-
diffusion model may exhibit spatial patterns under the following two conditions:

(i) The equilibrium is linearly stable in the absence of diffusion (Do(8) > 0 and Tp(3) < 0);

(ii) The equilibrium state becomes linearly unstable in the presence of diffusion(D,,(8) < 0 for some
value of n).

Such as instability called by diffusion-driven instability. To discuss the Turing instability, we must
assume that Dg(8) > 0, and Tp(8) < 0 which is ensured if

1 1 * —1
3(1_c) <u* < (3)7", and 8> Bo.

Then, we rewrite the system (3.5.10) as the following form:

n\ 2 ny2\ 2 n\ 2 1 1
e _ e e * ok _ * - _x o _ *
D((l) ) d1d2<<l> ) +(l) [dlﬂcx/u (1—u") = Sda(1—=3u")| +5B(1—u")(1—c(1 —3u")).
(3.5.18)
Now discussing the non existence of diffusion driven instability, the following lemma illustrate the obtained

results

Lemma 9. ([82]) Assume that
do < —— (3.5.19)

then the system (3.1.3) has no diffusion driven instability

2
Tt is easy to see that under the condition (3.5.19) we have D ((7) ) > 0 then we can not have Turing

n 2
driven instability. Now assuming that ds > % then the minimum of the functional D <(l) ) occurs

Gy =) asm

1
N2 —dlﬁcvu*(l—u*)—i—§d2(1—3u*)
(7)07« B 2d,d> ’

when

where

(3.5.21)

2
Remark 2. When (v/3)™! <u* <1, we have (%) <0 for any value of B, but when 0 < u* < (/3)7!

cr
2

we obtain (ﬁ)

] >0 for B < B8* with

ﬂ* - d2(1—3u*)
B 2dy cv/u*(1 —u*).

(3.5.22)
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n\ 2

We know that the sufficient condition for Turing instability is that D(( ; ) ) <0, which is equivalent
cr

to

dlﬂcM(l—u*)>2\/d1d2\/;ﬂ(l—u*)(l—c(l—?)u*))—i—;dg(l—?)u*) for u* < (V3)7l. (3.5.23)

which is a sufficient condition for the occurrence of Turing driven instability.

3.5.3 Turing-Hopf bifurcation

In this subsection, our main focus is on studying the existence of Turing-Hopf bifurcation, and deduc-
ing the spatiotemporal dynamics near this point. This type of bifurcation can be obtained using two
bifurcation parameters and occurs if there exists two integers ngy # np such that the system undergoes
Hopf bifurcation for n = ny (means that T, (Brx,derr) =0 and Dy, (Bra,dere) > 0) and Turing

bifurcation n = nr (means that D, (Brm,dorr) =0 and T, (BrH,derH) #0). Now, we assume that
c—1

3c
choose ngy =0, then Ty(8) = 0 equivalent to

<u* < % (for having Tp(8,d2) =0 and Dy > 0) and taking 3,ds as bifurcation parameters. If we

B=Bnu(ds) = 5 miimumy = Prm, (3.5.24)
where, S g represents the line of Hopf bifurcation in do — 3 plan. On the other hand, we look for the

existence of a positive integer ng # 0 such that D,,,.(3,d2) = 0. Solving D,, =0 in  we obtain

() a-su)-di(3)"
1(3) eV (1—u®) + 3 Var (1—u*) (1—e(1-3u¥))

B =pr(dzn) =~ da, (3.5.25)

For simplicity we put
A= #(1 —3u*) >0,
Ay = dlcx/igl—u*) >0,
Az = 3Vur(1—u*)(1—c(1—3u*)) >0,

then (3.5.25) becomes

d
n2A1——}Ln4

Obviously, for having the intersection between Hopf bifurcation line defined by (3.5.24) and Turing
24,9 4
bifurcation defined by (3.5.26) in ds — 8 plan we must have % > 0. Defining the following
functional 4
IQAI——}l:Jc‘l
f@) = g4 forzelln’],

where n* = max{n € N—{0}/4; — %nQ > 0}. Now setting

- 73d1A3+\/9d§A§+8l4A1A2A3d1
T = \/ Sy Ay ) (3.5.27)
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then we have
>0, forxz<2a,

f'(@) =

<0, forz>z,

In order to chose the maximum positive value of the functional f, we put

Obviously, we proved that np verify

fnr) = max f(n).

Thus, the line of Hopf bifurcation Hy intersects Turing bifurcation curve 15, at the point

_ 1-3u* 1-3u*
(dor s, Brar) = (20\/17*(1—u*)f(nT)’2C\/1T*(1—u*)> ’
which called the Turing-Hopf bifurcation point. Now, we will focus on verifying the transversality con-
dition. Fixing do, and taking ( as parameter we denote by A\(3) the roots of the characteristic equation.

we have

dRe(\(B _ dRe(\(B _ * *
O(3) ) () . = eV (1—u*) <0,

then we have the following results

Theorem 19. ([52]) Assume that 0 <n <1 and & — 4 <u* < % then we have (i) The Hopf bifurcation
curve Hy intersects with Turing bifurcation curve T, at do —f plan and the Turing-Hopf bifurcation

occurs a the intersection point

_ 1-3u* 1—3u*
(darm, fri) = <2cm(1—u*)f(nT) ’ 20\/77“(1—u*)) :

(ii) for (d2,B) = (derm,BrH) the characteristic equation (3.5.8) has a pair of purely imaginary roots for

n =0 and a simple zero root for n =np.

3.6 Normal form on the center of manifold for Hopf bifurcation:

In this context, we shall study the direction and stability of Hopf bifurcation by using the normal form of
Hopf bifurcation on the center manifold. From Theorem 18, we know that the system (3.1.3) undergoes
Hopf bifurcation near the interior equilibrium state E* = (u*,v*) when the parameter § across the curve

dy = dopr(B,n). Thanks to the paper [43] we will compute the normal form on the center manifold
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associated to the Hopf bifurcation and we mainly focus on the existence of spatially homogeneous and
nonhomogeneous periodic solutions bifurcating from the Hopf bifurcation of the reaction-diffusion system
at the interior equilibrium state E* = (u*,v*). To continue our discussion into the frame work of the
Hopf bifurcation theorem, we translate (3.1.3) into the following system by the transition @ = u—u*
and ¥ =v—v* and p=wu"* and v* = v}, = /u(l —p). For convenience, we drop the tilde. Thus, the
reaction-diffusion system (3.1.3) becomes

G = (utu) (1= (utu”)) = Vutus(v+0") + di A,

(3.6.1)
% = Bv+v*)(—m+Vu+u* —c(v+v*)) +daAv,
for x € Q=(0,Im) and t € (0,00). We rewrite system (3.6.1) as
U(t)=LU+F(U,p), forany U= (u,v)’ €X, (3.6.2)
such that
9%
Lo DA+ (= | AW ThEe af(u) :
C(p) dag s +D(n)
and
Fl(U7M)
F U, - ’
_ (utu*)(1—u—u*) = Vut+u*(v+v*) — a1 (p)u —ar2(p)v
Bv+v*)(—m+vVu+u* —c(v+v*) —azr (p)u—aze(p)v
and
A(p) = %— gu, B(p)=—vh, C(n)= %6(1 =), D(p)=—Bey/p(l—p). (3.6.3)

Let < .,.> be the complex-valued L? inner product on Hilbert space X¢, defined by

im
<Up,U; >= /(HUQ +H’U2)dx, Uj = (Uj,vji)T e Xe, j=1,2.
0
Then, we define the adjoint operator of the operator L* as

Ap+di; O

L*=DA+J(u) = 2
B(p) do 2 + D (1)

)
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then L¥(u) = —n?D + J*(u) where J*(u1) is the adjoint matrix of J(u). After computation, we obtain

the eigenfunctions of L, (u) and L} (1) corresponding to the eigenvalue i and —i® on X¢ as follows

q= (Z:) cos(%x) and ¢* = (Zg) cos(%x)

satisfying < ¢*,¢ >=1 and < ¢*,§ >=0 and also L} (u)q* = —i®q*, where

A 1
b ) = iw—(A—dy(2)? Jn=0,1,..N7 and p=0.
n - c

And for p=0 we have

a:;_
bx )

(L BC 1 _—B(iwt+A) )T ifn=0
Ir BC+(io+A)2’ Ir BCH(iv+A)2 -

2 2
(i BCH(iot+A—d1 (3)2)2 " Ir BO+(io+A—dy (2)2)2

We decompose X = X€@ X with the center subspace XC := {zq+Z2q : z € C} and the stable subspace
X5 :={U € X :< ¢*,U >=0}. For any U = (u,v) € X, there exists z € C and W = (w1, w2) € X° such

that
u w1
o u = apzcos(nx)+ anzcos(nx) +wy
=2q+2q+ = _
v = bpzcos(nx) + bpz cos(nx) + wa
v w2
Now we will follow the work in [13] so we have
d
d—j — ikt < ¢, Fu(U) >,
dW
— =L(p)w+H(z,z,W),
dt
where

H(z,z,w)=F,(U)— <q¢*,F,(U) >q— < q",F,(U) > gq,
Fo(U) = 3Quu + tCuuu +o([U[Y).

(3.6.4)

(3.6.5)

(3.6.6)

where Quu and Cyyy represent the second and the third order of the studied system (3.1.3), where

C
Qqq = Dn COS?(%””),
Qqq = Wqq»
FE
Qqq = Fn cos®(fx),
n
G
Qqq = Hn cosz(%x),
n

(3.6.7)



and

Cy = Fluua% + 2F140p0nbn, + Flvvbgp

Dn = F2uua727, +2F2uvanbn +F2v'ub$u

E,, = Fryuanan + Fruy (aan + Elnbn) + Flvvbngna

(3.6.8)
Fn, = Foyyanan + F2uv(anbn + anbn) + F2’U’Ub7’1b’n7
Gp = Fluuua%an + Flyuw (a%l_)n + Qananbn) + Fluvv(anb% + 2anbn5n) + Flvvvb%l_)n;
H, = F2uuua727,an + Foyu (a%Bn + 2an&nbn) + Foypw (anb% + 2anbn6n) + F2PPPb727,Bn~
The normal form of system (3.1.3) restricted to the center manifold is given by
d
d—i =ibz+ < ¢, Fp(U) >=ivz+ Z g” T 20+ o(|2|*), (3.6.9)
2<7,+J<3 1yt
where
g20 =< q*aQqq >
=< q*,Qu5 >
11 =< 0" Qug (3.6.10)

go2 =< q*,Qgq >
g21 =2< q*aQW11q >+ < q*7QW20(Y >+ < q*acqqq >

For the spatially homogeneous Hopf bifurcation, that is, n =0, we have

g20 = Im(a Co + b5 Do),
g1 = Im(af Eo + b5 Fo),
go2 = Im(a}Co +bf Do),
21 =2 < ¢*, Quiiq >+ < 0%, Quagg > + < ¢*,Caqq >,

where
< q*,Quy, g >=Imag (Fluuwgll)ao + Fhw(wgl) bo —l—wgl)ao) + Flwwﬁ) bo)
—H_)S (Fguuwgll) ao + Foyy (wgll) bo + wgl) ag) + Fgwwgl) bo)].
< q*7 Q’wzolj >= lﬂ-[a/s (Fluuw%)&o + Fluv (wéé)l_jo +’LU§0)CLO) + FlUUwg%)BO)
JrBS (Fguu’wé%)) ag + Fouy (wéo) bo + wéo) ao) + ngvwgo) l_)g)
< q*acqqti >= lﬂ'(dégo + baho),
and

g®
Hyy

(1)
w C
—1 11
o ==ttt = (060 = (e )
- BC
a2+ 1) B

(1) S20 %t oo0
BN _ Wy (2tw—A)2iw0—BC
wao = [2iddiag(1,1) — Lo(u)) " Hao = (w(2)> = ( HO o+ B®) (2i0- A))

(2zw A)sz BC
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where

)

Hiy = Qqz— <", Qqg > 01— < 7", Qq7 > 1= (1)),
_ 11
_ Ey— lﬂao(ééEo + bEFo) - lﬂ&o(aéEo + bEk)Fo)

N (FO — o (@l Eo + b Fo) — Imbo (af Eo + bl o) ) ’

B B 258y
Hoo = Qqq_ < q*aQqq >q—< q*quq >q= (H%g))a
_ 20
i (CO - ’/T(lo(a,SC() +b8D0) 771’5,0((1600 +b8D0)>
Dg —mbo(a§Co + b3 Do) — mbo(agCo + b Do) )

After some straightforward calculation and manipulation we obtain
< q*aQq(j >=< q*;Qqq >=< ‘j*aQqq >=< q*vQ(j‘j >= 07

then we obtain
920 = g11 = go2 = 0,
921 =2 < q",Quy1q > + < @5, Quogg > + < ¢, Cqqq >,

where
1 -1 2n En
win = =5 (L ()]~ Heos e+ 1]( "),
n
= W11n COS 27"33 +Wi1n,
and
wao = —§[2ikdiag(1,1) — Ly (1))~ *cos 2o+ 1] (gn>
n
= WaQy COS QT”x + wa0n,
with
3lm _,
< q*v Q’wllq >= T[an (Fluuwill)nan + Fluv (wgll)nbn +w§§)an) + Flvagi)nbN)
5 P+ P, -+ 00)+ P,
and
3lm _, e b a b
< q", Quggg >= 4 [aO(Fluuwé%))naO + Fluy (wé}))nb() —|—u)§(2))a0) + F1m;’w§(2))nb0)
b5 (Fauutwin @0 + Fauw (wh,bo +wSg) o) + Fayuwls),bo),
" 3lm _x 7%
< 4" Caaq >= =g~ (@Go + b5 Ho).
where

o (G (wh,
Wo0n = 5[2zwdza9(1,1) *Ln(,u')] ! <Dn) = (w(Q) >7
o ( C (200 + da(2)?) + Dy B )20”
2Dni \ Dy, (210 — A+dy (1)?) + E,C)’
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such that

Dno = det(2iddiag(1,1) — Ly (1))
_ (QZ'L:;+dz(%)2)(2i®*A+dl(ﬁ

l
o = -l (3)

(wﬁl)

wﬁ%

_ . ]. < —E d2 l + )
fn(A dl(%))

where Dy, is defined in (3.5.10). Using the results in [13] the direction and stability of Hopf bifurcation

)2) 7BC7

and

can be determined by the following values

with

i _ _
— (920911 — 2911911 — %902902) 492 (3.6.11)

20 2’

which can be completely determined by the parameters of system (3.1.3) evaluated at the bifurcation

C1 (0) -

point. The direction of Hopf bifurcation is determined by us where the Hopf bifurcation is supercritical
(resp subcritical) if g > 0 (resp pa < 0). Further, the bifurcating periodic solutions exists for > 0 (resp
1 < 0) and the stability of the periodic solutions determined byva, where the bifurcating periodic solution
are asymptotically stable (resp unstable) if v < 0 (resp ve > 0).

3.7 Discussion and conclusion

In this paper, the dynamical behavior of a diffusive predator-prey model (3.1.3) with protection zone
and quadratic predator harvesting subject to the zero flux boundary conditions has been investigated.
First, we showed the existence of a positive solution and it bounders. Then, we discussed the existence
of the equilibrium states and the effects of the predator harvesting on the prey density equilibrium, by
figure 3.3 where it has been noticed that the predator harvesting affect positively the density equilibrium
of the prey (means the value of u* increases when c increases). In the next section we proved the global
stability of the semi trivial equilibrium state (1,0) in the case > 1 it has been justified using a numerical
simulation figure Fig.3.7 where it has been noticed that for multi value of the initial conditions we have

(u(t,z),v(z,t)) = (1,0) as t = 4o0.

78



By choosing 8 as bifurcation parameter, we studied the existence of Hopf bifurcation by analyzing

I we cannot have Hopf bifurcation,

the characteristic equation, where we obtained that for u* > (3)~
its means that the interior equilibrium state is locally stable. This result has been carried out using
numerical simulation figure Fig.3.8 (A)-(D) where for figures (A)-(B) we used ¢ =1 which means that
u* =0.36 > (3)~! (see figure 3.3), and ¢ = 1.5 which means that u* = 0.52 > % (see figure Fig.3.3 for
figures (C)-(D). Besides, for (E)-(F) in figure Fig.3.8 we took ¢ = 0.5, means that u* = 0.13 < (3)~! and
the critical value of Hopf bifurcation By = 1.9449 leads to deduce that the interior equilibrium state is
always unstable. In this figure we used § = 0.56 < By using Theorem 18 we have the existence of a
homogeneous periodic solutions. On the other hand, we have 5; = 0.4782, and for § < 1 we have the
existence of a non homogeneous periodic solutions, and we took a multi value of the parameter § for
justify this result. In figure Fig.3.9 we used 8 = 0.33 for (A)-(B), and 8 =0.31 for (C)-(D), 8 =0.28 for
(E)-(F), and 8 =0.24 for (E)-(F).

On the other hand, we give also a sufficient condition for having Turing driven instability and justified
using a numerical simulation (Fig.3.4). For the existence of Turing-Hopf bifurcation a two parameters
£ and do has been used for proving the possibility of having the intersection between Hopf bifurcation
curve Hy defined by 8 = Sy at the do — § plan and Turing bifurcation curve defined by 8 = Br(dz2,nr).
The most interesting about calculation the Turing-Hopf bifurcation point is to determine the regions
of stability an instability of the interior equilibrium state, where the regions D3, D4 are the instability
regions, and D; is the stable region, Dy is Turing driven instability region.

For the biological meaning of the obtained results, the harvesting affect positively the prey population
and negatively the predator population, where in the real world the increased harvesting (competition)
will give the opportunity for the prey to escape which means it will survive and reproduce. Also the
predator harvesting plays an important component in the evolution of species in the presence of herd
behavior where it can be seen clearly in Fig.3.5 and figure Fig.3.7 where a small change in the value
of predator harvesting rate can lead to huge change in population patterns. In other word, the presence
of the predator harvesting is a very important component in model construction and give an important

behavior on a mathematical point of view.
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FI1GURE 3.3: The effect of the harvesting rate ¢ on the prey constant steady state for n = 0.2 and different values

of the variable c.

FIGURE 3.4: the existence of Turing-Hopf bifurcation for the values n =0.2 < 1; dy =0.1; (v*,v*) = (0.13,0.3137);

c=0.5and np =1.
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FIGURE 3.5: The sensitivity of the system (3.1.3) with respect to c in the absence of spatial diffusion for a fixed
value n = 0.2; 8= 0.5 and different value of the predator harvesting ¢, and the same initial conditions u(0) = 0.2,

v(0) =0.2.
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FIGURE 3.6: Asymptotic stability of E* in the absence of spatial diffusion for a fixed value n = 0.2, ¢ =2 and

different value of the parameter 3.
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FIGURE 3.7: The global stability of the semi trivial equilibrium state of the system (3.1.3) for a fixed value
n=12>1; =0.5; ¢c=0.5; d; =0.1; d2 = 0.2 and different initial conditions.
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Chapter 4

Mathematical analysis of a diffusive
predator-prey model with herd

behavior and prey escaping

This chapter is taken from publication [31].

In this chapter, we deals with a new approach of a predator-prey model with social behavior prey
escaping. For any species of prey, it is almost impossible to preserve the regrouping of the herd during
the attacks by the predators, that obliges some prey to escape from the herd due to the panic. Here, we

propose and study a new system which describing the escape of the prey from their herd.

The rest of the paper is organized as follows. In Section 4.2, we focus on studying the effect of
the escaping rate on the positive equilibrium state (u*,v*). In the next section the existence of a priori
bound of the solution, the global stability of the semi trivial equilibrium (k,0), and the occurrence of
Hopf bifurcation for the system (4.1.1) have been proved. In Section 4.4 the analysis of the diffusive
system has been successfully studied where the local stability and the occurrence of Hopf bifurcation
have been shown. Furthermore, the stability of the homogeneous and nonhomogeneous periodic
solutions have been established using the normal form on the center of manifold. An extend numerical

simulations have been carried out to insure the theoretical results. A discussion Section ends the chapter.
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4.1 Mathematical modelling of the model

In the real world, during the predator hunting of the prey, it is almost impossible for the prey population
to keep the pack all together, due to the panic of some of them. The attack of the predator will push the
prey pack to split into two groups. The first will stay in the group, and the second will leave the pack and
go in any direction. In the present paper, we will consider that there is a constant proportional density
of the prey population denoted by 0 < P < 1 which will abandon the prey pack during the hunting for
the reason of panic, which can be called also by escaping rate, and the other 1 — P stays in the pack. For
modeling this behavior, there are two ways for the predator to consume the prey. The first, is to hunt on
the boundary of the prey pack which means /(1 — P)u (is the density of the prey on the outer bound of
the pack) or hunt the escaping prey which means Pu. According to the above discussion, we propose
the following model

% =ru(l— %) —a1/(1 = P)uv —az Puv,

% = —mv+ea Mv + eag Puv,

where u,v represent the social prey and predator population, respectively, at any time. a; and as stands

(4.1.1)

for the maximum values at which per capita reduction rate of the prey population in pack and solitary prey
can attained, respectively. For a; = as represents the non selective hunting of the prey by a predator,
and for a; # as shows the predator preference of one prey on another (if a; > ag shows the predator

preference of the solitary prey on the prey in the pack).

Remark 3. It is easy to see that for P =0 (there is no escaping), the system (4.1.1) becomes the
system (0.0.2). Besides, if P =1 (all the prey escape, which means that there is no herd behavior)
then the system (4.1.1) becomes the classical model of Lotka and wvolterra which has mentioned in the
introduction. Furthermore, we proved the existence of a new functional response which describes the
interaction predator-prey in the presence of herd behavior and prey escaping from the herd. The

proposed functional response is h(u,v) = a1+/(1 — P)uv+ ag Puv.

As mentioned in chapter.3, the prey and the predator are always in movement, which can be modeled
by the presence of self-dispersal. The spatial diffusion has been widely studied in literature, see
[54, 77, 78, 84, 85, , , , , ]. In the considered chapter, the study of the system (4.1.1)
and the effect of the spatial diffusion on the system (4.1.1) has been investigated. The system (4.1.1)
becomes in the presence of spatial diffusion:

up — duge = ru(l— %) —a1/(1 = P)uv — az Puwv,

Vg — c?vm = —mv—+eay \/WU + eas Puw,
Uz (0,8) = ug(Im,t) = vy(0,t) = vz (Im,t) =0 vt >0,
u(z,0) = ¢(x) >0 v(x,0)=9Y(x) >0 e (0,lr),

(4.1.2)
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FIGURE 4.1: The manner in which the individual escaping from the herd when the pack of the prey moving from

point (A) to point (B).

where z is the location of the prey or the predator at the time t, and [7 is the domain size, d,d are
the diffusion rates for the prey and the predator, respectively. The homogeneous Neumann boundary
conditions represents that the prey and the predator move with a distance between 0 and [w. For more

examples see [26, 27, 58, 73].

It is easy to check that the homogeneous steady states of the system (4.1.2) are (0,0), (k,0) and (u*,v*)
where

2
. eaj (17P)+\/(ea1\/ﬁ)2+4mea2P
u =
zeazl? exists if and only if k > u™. (4.1.3)
£ _ rVa® _ut
v a1y/(1—P)+as PVu* (1 k ) > 0.

4.2 Sensitivity analysis

In this section, we will study the impact of the prey escaping on the equilibrium densities of both the

prey and the predator populations. First, we differentiate the density equilibrium of the prey population
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FIGURE 4.2: The negative effect of the prey escaping on the prey density equilibrium state for the values a; = 1;
a2 =2.1; e=0.44; m =1.01; r = 0.2, kK = 8000.
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FIGURE 4.3: The effect of the prey escaping on the predator density equilibrium state for the values
(i) (Left hand figure) the values a3 = 1.9; ag = 0.1; e = 0.0044; m = 2.01; r = 0.2, k = 10000 < % =91364.

(ii) (Right hand figure) the values a; = 1; ag = 2.1; e = 0.44; m = 1.01; r = 0.2, k¥ = 8000 > % =2.1861.

with respect to P we obtain

2
du* eay (1*P)+\/(e“1v (1=P)) +4mea P ( a1(P—2) dmag P+ea?(1—P)tea?

P 2eaz P azP2y/1-P Veas P2 \/ea%+P(4ma2—ea%)

> <0. (4.2.1)

Obviously, the prey equilibrium density is decreasing with respect to the escaping rate, means that

the prey escaping has a negative effect on the prey equilibrium density. Which shows the importance
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FIGURE 4.4: The impact of both the prey escaping and the carrying capacity of the space for the values a1 = 1;
a2 =2.1; e=0.44; m=1.01; r=0.2.

of the social behavior for the prey population. Fig.4.2 shows the effect of the variable P on the prey

density equilibrium state.

Now focusing on studying the impact of the escaping rate P on the predator density equilibrium state.
The predator density equilibrium can be written as follows

¥ = (] U, (4.2.2)

m

By a differentiation of the predator density equilibrium state (4.2.2) with respect to the escaping rate

P we obtain

dv* _ er du* (1_2u*)
dP — m dP k

(4.2.3)

du* [k
:iimrdqfv(i_“*)

In order to study the positivity of % —u* we draw the following lemma

Lemma 10. (/51])

(i) IkaZT"; thengfu*<0f0rcmy0<P<1.

(i) if k> ga—"; then there exists 0 < P <1 such that %—u* <0 for0< P < P, and %,u* >0 for
P.,.<P<1.
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FIGURE 4.5: Phase portraits of the system (4.1.1) when (u™,v*) does not exists and (k,0) is globally asymptotically
stable for k =2 < u* = 3.5871.

Proof. (i) It is not difficult to verify that limp_,o+ u*(P) = +o0 and limp_,; u*(P) = I and using the
fact that Cfiip* < 0 then for % < zay = minyepo 1ju*(P) we deduce that %—u* < 0 which completes the
first part of the proof.

(ii) for g > o =minye)p 1) u*(P) then the curve of the functional u*(P), 0 < P <1 intersect the line
% at 0 < P.. <1 then we have g—u* <0 for 0 < P < P, and %—u* >0 for P.. < P < 1. The proof is
completed. O

Using Lemme 10 together with the fact that %LP* < 0, we draw the following results
OIf k < ZT"; then ‘ff—; > 0 and based on the ecological meaning we deduce that the prey escaping has
a positive impact on the predator density equilibrium.

(i)If k& > ZT"; then there exists 0 < P, <1 such that

dv* ) >0 for 0<P <Py,
ap <0 for P, <P<1,

which means that the prey escaping has a positive impact on the predator density equilibrium for

P < P, and a negative impact for P., < P <1 (see Fig.4.3).

4.3 Stability, bifurcation analysis of the non spatial system

This section is devoted to study the solution behavior for the model (4.1.1) where a priori bound of
solution, global stability of the boundary equilibrium (k,0) has been investigated. Further, the existence

of Hopf bifurcation has been shown.
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In order to show the existence of the bounds of the system (4.1.1) we set the following theorem
Theorem 20. (/51]) Let (u(t),v(t)) be the solution of the system (4.1.1) then

limsupu(t) <k,
t—-+oo n

r
limsupuv(t) < UL ipy
t— oo m

Proof. Obviously, for the system (4.1.1) the positive invariant set is the first quadrant Rﬁ_, since u = 0,

v =0 are its solutions. From the first equation of the system (4.1.1) we have

/ u(t)
uw'(t) <ru(t)(l-— T)

Let @(t) be the solution of the following initial value problem

da(t) . u(t)
=ra(t)(1— ——
o~ =57, (4.3.1)
(0) = u(0),
using the standard comparison principle, we have u(t) < @(t) for all ¢ € [0,400). Thus
limsupu(t) < limsupa(t) = k.
t—+o00 t—+o00
Now we put
w(t) = eu(t) +v(t).
then
w(t) =eu(t)+0(t),
= —mu(t) +ru(t)(1 - 42,
= —m(eu(t) +v(t)) +emu(t) +ru(t)(1 - “2),
leads to
dw(t
% < —muw(t) +eu(t)(m+r).
From limsupu(t) < k we can deduce that there exists T' > 0 such that for ¢ > T, u(t) < k. Then for ¢ > T
t—-+o0
we have
dw(t
% < —mw(t) + ek(m+r), (4.3.2)
by a similar argument we have
limsupw(t) < m Tek,
t——+o0
which completes the proof. O
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FIGURE 4.6: Trajectory and phase portraits of the system (4.1.1) when (u*,v™) = (1.55,0.89) is locally asymp-
totically stable and k =2 < k* = 17.0855 for the values P =0.5; a1 = 0.2; ag = 1.1; e = 0.5; m = 0.5; r = 1.2.
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FIGURE 4.7: Trajectory and phase portraits of the system (4.1.1) when (u*,v*) = (1.51,1.65) is unstable and
k=18 > k* = 17.0855 for the values P =0.5; a1 =0.2; ao =1.1; e =0.5; m = 0.5; r = 1.2.
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Now, focusing on proving the global stability of the semi trivial equilibrium state (k,0). The following

theorem summarize the obtained results

Theorem 21. (/81]) Assume that k < u* then the semi trivial equilibrium is globally asymptotically
stable.

Proof. The eigenvalues of Jacobian matrix of the system(4.1.1) on (k,0) are Ay = —r < 0, A2 = —m +

ebiVk+ebok < 0(for k < u*) which means that (k,0) is locally asymptotically stable, it remain to prove

that (k,0) is globally attractive. From Theorem (4.1.1) we have limsupu(t) < k. We know that from the
t——+00

second equation that
vy =v(—m+ear/ (1 — P)u+eaz Pu).

It is well known that there exists T' > 0 such that for ¢ > T, there exists ¢ > 0 such that u(t) < k+e.
Choosing 0 < ¢ < u* — k. Thus, we can obtain

v <v(—m+eary/(1—P)(k+¢e)+easP(k+¢)),

where
—m-+eaiy/(1—P)(k+¢e)+eaP(k+¢e) <0,
which leads to
v(t) <v(0)exp[(—m+ebiVEk+e+eaaP(k+e))t].

Putting ¢t — 400 we obtain that v(t) — 0 for ¢ — +o0. By replacing this result in the first equation we
obtain u(t) — k for t — 4+00. The proof is completed. O

Now, let us prove the existence of Hopf bifurcation. Firstly, we consider the carrying capacity k as
bifurcation parameter. we calculate the Jacobian matrix of the system (4.1.1) at the positive equilibrium
(u*,v*) and it is given by

J(u*,v*) = ar1(k) a2 ,
agl(k) 0

where

2 * *
ar1 (k) =r(1— %) - 2\7}@(@1\/1 — P+ 200 PVur),

raj/1—P ru (20,1@—}-0,213\/77‘)
b

= 2(a1v/ 17P+a2P\/1L7*) o T 2&1\/17P+a2P\/’LL7*)

VI—P
as1 (k) = ev* (6‘12\/17 +agP), (4.3.3)
=re(q agPvur 1— w

2 T al\/(lfp)+a2P\/’lF ( k ) > 0,

a12 = — (a1vV1—PVu* +agPu*) = -2 < 0.
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The characteristic equation is given by

N —Ty(k)A+ Do =0, (4.3.4)
where
T (k’)— rai;v/1—P _ru*( 2a1\/1—P+a2P\/u7 )
T T 2ayT-PraaPVer)  E \2aVT-PaxPVur)) (4.3.5)

_rm ag Pv/u* _u
Do(k) =5 (1+ al\/(l—P)+a2P¢u7> (1 3 ) > 0.

Obviously, Do(k) > 0 which means that the system (4.1.1) undergoes a Hopf bifurcation if Ty(k) =0 and

it is equivalent to

* /1 — [o1%
f— e = WGVl PtaPyur) (4.3.6)
alvl—P

Remark 4. It is easy to verify that k* > u* which means that this bifurcation point exists.

Letting A(k) = (k) £w(k) be the roots of the characteristic equation (4.3.4) satisfying S(k*) =

0,w(k*) =+/Do(k*). Then we have

B (k*) = lTé(k*) - 1% ( 201v1 - Ptar PV ) >0,
2 2 k*2 \ 2(a1v/1— P+ as P\/u*)

which together with the fact that the characteristic equation (4.3.4) has a pair of purely imaginary roots
+iv/Do(k*) at k*, implies that the system (4.1.1) undergoes Hopf bifurcation at k = k*.
Thus, we deduce that the interior equilibrium (u*,v*) is locally asymptotically stable for k& < k* and

instable for k > k* and the system (4.1.1) undergoes Hopf bifurcation at k = k*.

4.4 Stability, Hopf bifurcation for the diffusive system

In this section, the stability of the positive equilibrium (u*,v*) has been studied. Further, the existence
of the Hopf bifurcation for the system (4.1.2), non existence of diffusion driven instability has been
successfully proved. Throughout the rest part of the paper, the condition k£ > u* has been assumed to be

verified.

4.4.1 Characteristic equation

Consider the following problem
" =k z€(0,ln),

(4.4.1)
¥(0) = '7(0) =0
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2
the eigenvalue of the problem (4.4.1) are k,, = (?) ,n=0,1,2,..., and the corresponding eigenfunction

are

1 n=o,

Yn(x) = 2 ™
\/;cos 7T, n=123,..,
and {t,,(2)}5° describes the orthogonal basis of L?(0,lr). Now letting
X = {U = (u,v)T e W22(0,in) /up =v, =0 at & = 0,l7r} . (4.4.2)

The space y is Banach space, and Q = L2?(0,i7) x L?(0,Ix) is Hilbert space with the inner product

I

(U1,U3) = /(ulug +v1v9)dx, where Uy = (u1,v1)T and Us = (ug,v2)”. Defining the following mapping
0
F:(0,00) x x = Q by

FkU) = dugz +ru(l— %) — a1/ (1 — P)uv —ag Puv
, dvgz —my + ear (1 - P)uv+eaz Puv

where U = (u,v)T. Then for any (u,v)T € y,
U = (u,v)T is solution of (4.1.2) < F(k,U)=0.

At the homogeneous steady state (u*,v*) the Frechet derivative of F(k,U) for U is given as follows

L(k) = diag(dA,dA)+J(u*,v*), (4.4.3)
dAu+ ra;/1-P _@( 2a1v/1—=P+as PVu* ) m
_ 2AarvVI=PtazPVu®)  f \2(a1v1=Ptas PVu¥) e (4.4.4)
re (14— ealVu (1-2) dA
a1y/(1—P)+as PvVu* k

Letting u =" gantn and v =1 " 1 bpt),. Then the characteristic equation becomes
> - a
Z (diag(—dkn, —dkn) + J(E™)) bn ¥, = 0. (4.4.5)

n=0 n

Letting |diag(—dkn,—dry) + J(E*)| =0, n=0,1,2,..., we obtain

N —T,(k)A\+D, (k) =0, (4.4.6)
with
_ raiy/1—P _@ 2a1\/17P+a2P\/u7* _ 7 ﬁ 2
Tn(k) = 2(a1v1—P+asPvu*) k (Q(alx/l—P+a2Pgu7)> (d+d)(1) ’
_ a7 ﬁ 4 3 E 2 rajy/1—P _ﬂ 2a1v1—P+as PVu*
Duk) = dd( )" =d()” | s Pra v ~ & (2<a1m+agpm>)] (44.7)

rm agP\/F _ﬁ
3 <1+ al\/(1P)+a2P\/7T*> (1 k )
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4.4.2 The existence of Hopf bifurcation

Recall that a Hopf bifurcation occurs if and only if T;,(k) = 0 and D, (k) > 0. Obviously Do(k) > 0
and grf Dy, (k) = +o0. The critical value of the bifurcation parameter k£ must be the solution of the
n o0

following equation of the variable k

raiV1—P U 90y ST PtagPVar ) (N2
2(a1vVI—P+asPVu*) (2(a1\/ﬁ+a2pﬁ)) (d+d)( I )" =0, (4.48)
which is equivalent to
k= k(n),
where
ru*(2a1v1 — P+ as Pvu*)

k(n) =

by —2(d+&)(%)2<a1\ﬁ1—P+a2P\/zT*)'

(4.4.9)

Then we have the following results:

Lemma 11. (/81]) Putting
Ny =max{n €N/ ra;v1 —P—2(d+d)(%)2(a1\/1 — P+ayPVu*) > 0}. (4.4.10)

Hopf bifurcation occurs for the system (4.1.2) at k = k(n) and for n < Ny (where k(n) is defined in
(4.4.9)) and k(n) verifies the following estimation

u* <k(0)<k(l)<.<k(n) <kn+1)<..<Ek(Ny). (4.4.11)

Proof. Hopf bifurcation occurs if and only if T,,(k) = 0, which equivalent to

To(k) = (d+d)(2)2, (4.4.12)

and it is easy to see that klim To(k) =—r <0, and
—u*

2a1vI— P+ as Pv/i*
T(;(k):7’2< a1 +a v >>0, (4.4.13)
262 \ a1 v/1_P + axPVar
and
JI_P
lim Tp(k) = T > 0. (4.4.14)

k—+o00 2(a1v1— P+ as Pvu*)

From (4.4.12) and (4.4.13), Ty(k) is strictly increasing with respect to the carrying capacity & and the
solution of the equation Tp(k) =0 is
k=k*>u*, (4.4.15)
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FIGURE 4.8: The existence and the order of Hopf bifurcation points the solution of the equation (4.4.12) where
a=3.5; P=0.7;1=5;e=0.5, m=0.5; r=2.2; d=0.02; d = 0.1 which means u* = 1.3005; N1 =6.

where k* is defined by (4.3.6). The equation (4.4.12) possesses a solution if and only if the constant

integer n verifies

~ N raiv1i—P
(d+®(ﬂ2<2@u¢TfF+aﬂ%ﬂFf (4.4.16)

which equivalent to n < Nj.
The function (d+d)( ?)

in (4.4.11) (see Fig.4.8). The proof is completed. O

2 is strictly increasing with respect to n, which leads to the estimation obtained

Now we put A(k) = (k) L iw(k) as the solution of the characteristic equation with 5(k(n)) =0 and

w(k(n)) = /D(k(n)), then

(4.4.17)

B(k()) = op (2“1m+“ﬂp*/“7 ) o

" 2k2(n) \ 2(a1vI - P+ as PVa*)

Under the result (4.4.17) the bifurcation points and their order is given by the following theorem

Theorem 22. ([81]) If there exists N* < N1 a critical value such that ig =0 < i1 < ... <iy+ < Np
and D;¢(k(i€)) > 0, £ =0...N* we have the following estimation:

Wt < k(0) < k(1) < .. < k(n) < k(n+1) < ... < k(in=). (4.4.18)
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In order to the above analysis we have the following theorem

Theorem 23. ([81]) Assume that k > u* holds, then we have the following results
(i) If n =0 the equilibrium (u*,v*) is asymptotically stable for 0 < k < k* :=k(0) and unstable for k > k*

(i) The system (4.1.2) has a Hopf bifurcation near (u*,v*) for k = k(n) where a spatially homogenous

periodic solution appears for n=0, and spatially nonhomogeneous periodic solution for n=1,2,...;inx.

Remark 5. For Theorem 22 we have T, =0 for k=ky,,n=0,1,...;ix* and it is well known that
Do >0 for k> u*. Thus there exist an integer denoted by N* such that D, >0 for n=0,1,....,N*.
Taking in+ = min{ N1, N*}. Thus we have:

(i) T, <0 forn=0,1,...;in*.

(i) Dy, >0 forn=0,1,...;iNx.

(iii) The transversality condition (4.4.17).

Thus the system undergoes Hopf bifurcation at k =k(n) forn=0,1,...;in*.

4.4.3 Non existence of Turing instability:

In this subsection, our main focus is on proving that the system (4.1.2) can not undergo diffusion driven
instability. Note that Turing driven instability occurs when the equilibrium point is linearly stable in the
absence of spatial diffusion and in the presence of this last becomes unstable, which means that we will

assume that u* <k < k™.
Lemma 12. ([81]) The system (4.1.2) has no Turing instability at (u*,v*).

Proof. Obviously Dg(k) > 0, then for having the existence of Turing instability we must prove D, (k) <0

which can be rewritten as follows

_ Moy 55,M\2y2 5.7\ rajV/i—P _@ 2a;v/1—P+ag PVu*
D"(k)_D(<l) )_dd((l) ) d(l) [2(a1m+azP¢u7) k (2(a1m+azP¢u7))] + Do(k).
(4.4.19)
Thus, using the fact that v* < k < k*, we obtain that
ray /1P _@( 2a; VT P+ayPvu* ) <0
2(a1vV1—P+azPvVu*) k 2(a1vV1—P+azPvu*) ’

which means D,,(k) > 0 for any integer n the we deduce the non existence of Turing driven instability.

The proof is completed. O
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4.4.4 Direction and stability of Hopf bifurcation

In this section our aim is to study the stability of the homogeneous and the non homogeneous periodic

solution using the normal form on the center manifold at the Hopf bifurcation points. Before that we will

. rvu* (1
# a1Vv1—P+asPvu*

*

I;—i— ) and p =k —k(n) where p =0 is equivalent to and k = k(n), n=1,2,...,in+ and dropping tilde for
i

make a change of variable by putting @ =u—u* and ¥ = v —v* where v* =v

convenience, the system (4.1.2) becomes:

e = dutgy = r(u-tu) (1= 7550 — a1/ (= P)(u+ u o azPlu+u) (0+0%),

v — dvgy = —my +eay/(1— P)(u+u*)(v+v*) +eag P(u+u*)(v+v*),

z€[0,ln];t >0

(4.4.20)
and it is equivalent to
Ut)= LU+ F(U,p), (4.4.21)
where
2
+d-25
az1 () d5z
and
(U,
PRy = T
FQ(lej‘)
ru+u*)(1— (utu’) )—a1\/(1=P)(u+u*)v—asPlu+u*)(v+0v*)—a1(p)u—ajov

k(n)+p
—my+ear/(1—P)(u+u*)(v+v*)+eaz(u+u*)(v+v*) —a(u)u
where a11(p),a12 and ag1(p) are defined in (4.3.3). Now we define the following complex space of x

by the decomposition:
Xc = X DX,

and the inner product
™
(- _ _ T 7 _ T
<Uy,Uy >= /uluz—i—vlvgd;ﬁ where Uy = (u1,v1)" ,Us = (ug,v2)" € xc-
0

The adjoint operator L* is given by

2
an(p)+d2;  an(p)

..,82

L* = DA+ J*(u) =
a12 dgzz
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Then L (p) = —n2D+ J* (i) where J*(u) is the adjoint matrix of J(iz). Now we define the eigenfunction

of the L, (u) and L} (u) corresponding the eigenvalue iw and —iw by

Gy, n «  [an n
q= (bn> cos(Tx) and ¢" = (bjl)cos(lx),

such that < ¢*,¢ >=1 and < ¢*,g>=0 and also L% (u)¢* = —iwg*. Where

a 1 .
(bn) N (iw(alld(7)2>n - 0717"21\]* and H= 0.
n _

a1
And for p=0 we have
1 aziain 1 —ap(iwtail) T e, _
(a; _ (lﬂ az1a12+(iw+a11)?’ I azjaia+(iwtarn)? ) ifn=0,
b* o 2 a21a12 2 —ag1a12 .
" (7 azraia+(iwtarn—d(F)?)?’ In a21a12+(iw+a11*d(%)2)2> itn 70,

and use the decomposition of our space

x=xtex’,

where x© :={2¢+2¢/2z € C} and x*:={U € x/ < ¢*,U >=0} for any U = (R, P)” € x there exists z € C

(u € xX© means there exist z € C such that u = zq+ 2¢) and w = (w1, w2)T € x* such that

o R =apzcos(nx)+
U=2z2q+z¢+w=
P =bpzcos(nx) +

Now, we will follow the steps given in [43] so we have

d
d—z =iwz+ < ¢*, F,(U) >,
= = L{pyw+H(z,7w),
where
H(z,z,w)=F,(U)— <q*, Fo(U)>q— < q*,Fp,(U) > q,
F,(U) = %QUU+%CUUU+O(|U|4)a

where Quu and Cyyy are the second and the third order of the system (4.4.7) then we have

c
Qqq = dn COSQ(%m)v
n
Qtﬁ:Qqu
e
Qqq = f" cos® (),
n
g
Qqq = hn cos® (),
n

(4.4.22)

(4.4.23)

(4.4.24)

(4.4.25)



where the partial derivative evaluated at origin

cn = Firra? + 2F 1 rpanby, + Fippb2,
dn = Foppa? +2Fppanby, + Fappb?,
en =Firranan+Firp (anl;n +anbn) + FlPanan

- I (4.4.26)
fn = FyRrRranan + FQRP(anb +anbn) + FZPanbnv
gn = FiRRRAZGn + FIRRP(a2bn +2ananbp) + FLrpp(anb2 +2anbpbn) + FLpppb2bn
hn = ForrROZ 0 + Faprp(a2by + 2ananbn) + Farpp(anb2 + 2anbnby) + Fapppbiby
Then, the reaction-diffusion system restricted to the center of manifold is given by
dz gu j
o =iwz+ < ¢, F,(U) >=iwz+ Z oy 20 +o(|2)h), (4.4.27)
2<z+g<3 !
where
g20 =< q*quq >
=<q",Qqg >
g11 =<4"CQqq (4.4.28)

go2 =< q*,Qgq >
921 = 2< q*va11q >+ < q*7Q’LU20(j >+ < q*chqq >
Then we have two cases:

(i) If n =0 (for the spatially homogenous Hopf bifurcation)

= Im(agco + bjdo),
g11 = Im(ageo + b5 fo),
goz = lm(@fco + b do),
921 =2 < q",Quyiq > + <" Quygeg >+ < ¢, Cqqq > -

where
<q*,Quyq >=I7[a (FlRngl)ao+F1RP(w§1)bO+w§1)a0)+FlPPw§1)b0)
+66(F23Rw§1)a0+F2Rp(w§1)b0+w§1)ao)+F2ppw§1) )]
* _ I 2 (1) F Wy (2) F (2 )b
< 4%, Quogg >= IT[as(F1RRWyg G0 + F1rp(Wwsg bo +wsq Go) + F1 ppway bo)
+58(F23Rwéo)a0—&-Fng(wéO)bo+w§0)a0)+F2ppwé0)b0).
< q*,quq >= lﬂ(&égo +53h0).
And

(2)
(1) _Hy

_ _1 . wqq . az
w1 = [LO(’U)] Hi= (w(Q)) - (_ —Hﬁ)aQH—H(l)au)

11
a21a12
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ey (2_11’53)21@;;115?@2

. . _ 20 w—ail wWwW—a21012

woq = [2iwdiag(1,1) — L L Hoo = = .
20 = 9(L.1) o] 20 (U}%)) (Héé)amH;ﬁ)(zm—au))
(21‘&)7(111)21’0.}7(121(112

where o
. _ H
Hip = Qqq— < 0", Qqz > ¢~ < T, Qq7 > 7= (,,(»)
_ 11
_ (e() — lﬂao(&geo + beO) — lﬂ(lo(aaeo —+ bgfo))
fo — lﬂ'bo(&é@o + bz;f()) — lﬂbo(aaeo + béf())
* —x — Hé(l))
Hog = Qqq_ <q aQqq >q—<gq 7Qqq >q= (H(2))a
20

(o —mao(agco + bido) — wao(afco + bdo)
a (do — o (@ co + b do) — mbo(agco + bSdo)) '
(ii) If n=1,2,...,iny= (for the spatially inhomogeneous Hopf bifurcation)
Not that

I
/cos3 %xdaj =0.
0

By straight forward calculation we have

< q*aQqq >=< q*7Qqq >=< q*,Qqq >=< Cj*7Qqq >=0.

Then we have

920 =g11 = go2 =0, (4.4.29)
921 =2 < q",Quy1q > + <G5, Quggg > + < q",Cqqq > -
where
w1 = =41En0] eos o 1),
= W11n COS 2T"x—|—w11n.
and
wao = —%[2iwdiag(1,1) — Ly, (1)~ [cos 22z +1] <ZZ>
= Wa(n COS 2T"x+w20n.
I i
Note that /cos QTn.T cos? %xdm = g and /0082 ?mdw = g then we have
0 0

3lm
< Quig >= - [, (Firrw(})an + Firp(wiy), b +wiYan) + Fippwl})b,)

(2)

h ) @ @) (4.4.30)
+05, (F2rRW) 1,0 + Farp (W 1,bn + w1 7),00) + Fappwy T, bn)l,

3lm _, _ = _ =
< ¢ Quooq >= [ (F1LRrrwS Y, 0 + Firp (whi)bo +wsg do) + F1p pwlg,bo)

()

] ! i (4.4.31)
+03 (Farrwsgn o + Farp (wg,bo +wly) do) + Fappwsg), bo),
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31 _
<q"Cqqq >= %(&890 +b5ho), (4.4.32)

where
e\ (i
waon = 3 [2iwdiag(1,1) — Ly, ()]~ (d ) = ( (2) )v
. n Waon,
1 cn(2iw+d(%)?) +dnaiz
o QEnw dn(2’L’(JJ*a11 +d(%)2)+ena21 '
Such that
Dy, = det(2iwdiag(1,1) — Ly (1)),
= (2iw —|—J( )?)(2iw — a11 +d(%)?) — a1zaz1,
and

1 _1(€n wgll)n
s

i 11n

( _en + fna12 )
(a11 —d(%)?) —enaz1)’

where D,, is defined in (4.4.7). Using the results in Hassard [43] the direction and stability of Hopf

bifurcation can be determined by the following values

_ Re(c1(0))
H2 = — 7 )
B'(0)
v2 = 2Re(c1(0)),
with
i — 1 - g21
c1(0) = %% (920911 — 2911911 — 3 902902) + > (4.4.33)

The direction of Hopf bifurcation is determined by ps where the Hopf bifurcation is supercritical (resp.
subcritical) if gy > 0 (resp. pg < 0). Further, the bifurcating periodic solutions exists for p > 0 (resp.
1 < 0) and the stability of the periodic solutions determined by va, where the bifurcating periodic solution
are asymptotically stable (resp. unstable) if vo < 0 (resp. ve > 0)

4.5 Numerical simulation

In this section we shall discuss the relationship between the theoretical results and the graphical repre-
sentation, which is given in the following form
Fig.4.2: Represents the negative effect of the prey escaping rate P on the prey density equilibrium,
which has been shown in (4.2.1). This result shows that the escaping never serves the prey population.
Fig.4.3: represents the impact of the prey escaping rate P on the predator density equilibrium

obtained in Section 4.2 where it varies between a positive and negative impact which depends only on
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FIGURE 4.9: Numerical simulation of the system (4.1.2) when the equilibrium (u*,v*) = (5.1494,1.6639) is locally
asymptotically stable for £ =32 and d = 0.02; d= 0.01; a1 =0.5; a2 =0.7; P=0.5;l=1e=0.5;, m=0.5; r=1.2
with the initial condition u(0,x) = u* 4 0.06cosz and v(0,z) = v* + 0.06cosz.

two critical values k., := 577’; and P... This results shows that the prey escaping can serve (or not) the
predator population.

Fig.4.4: Shows the impact of both the prey escaping rate and the carrying capacity of the environment
for the prey population on the predator density equilibrium, which generalizes the obtained figure in
Fig.4.3. This results can be seen easily from Section 4.2. Means that both the carrying capacity of
the environment for the prey population and the prey escaping from the pack affect hugely the predator
population density equilibrium.

Fig.4.5: Shows the global stability of the semi trivial equilibrium (k,0) for u* > 2 for multi values
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FIGURE 4.10: Numerical simulation of the system (4.1.2) when the equilibrium (u*,v*) = (5.1494,1.6827) is

unstable and the existence of a homogeneous periodic solution for the values k = 34 and d = 0.02; d= 0.01;

a1 =0.5; a2 =0.7; P=0.5; I =1 e=0.5; m = 0.5; r = 1.2 with the initial condition u(0,z) = u* — 0.1+ 0.03cosx
and v(0,x) = v* —0.06 4 0.35cosz.

of the initial conditions. This result has been used to illustrate the results of Theorem 21, also shows
that the predator population extinct for the smaller capacities of the environment for the prey.

Fig.4.6: Represents the local stability of the interior equilibrium (u*,v*) for k < k* determined by
studying quality of solution of the characteristic equation (4.3.4).

Fig.4.7: represents that the interior equilibrium is unstable for £ > k* and the existence of a stable

periodic orbit. This result has been obtained due to the qualitative analysis of the characteristic equation
(4.3.4).
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FIGURE 4.11: Numerical simulation of the system (4.1.2) when the equilibrium state (u*,v*) = (5.1494,1.6912)

is unstable and the existence of a non homogeneous periodic solution for the values k =44 and d = 0.02; d= 0.01;

a1 =0.5;a2=0.7;P=0.5; =1 e=0.5; m = 0.5; r = 1.2 with the initial data u(0,z) = «* —0.015 + 0.06cosx and
v(0,z) = v* — 0.2+ 0.06c0s0.04z.

Fig.4.8: Shows the existence and the order of Hopf bifurcation points which insures the obtained
results in Theorem 22. Further, shows the maximal value of the integer n in which the system undergoes

Hopf bifurcation (in this case we have N7 =6). Also, means that we have seven Hopf bifurcation points.

Now lets investigate with the graphical representation of solutions of the system (4.1.2), the following
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FIGURE 4.12: Numerical simulation of the effect of the prey escaping rate P on the Hopf bifurcation value shown
in (4.3.6), the values e =0.44; m = 1.01; » = 0.2; k = 8000 are used, where for (A) we take a; = 1; ag = 2.1; and
for (B) we take a; =2.5 and ag = 2.1.

numerical schema is used

uftt =l — Atﬁ@u? —ul —ul )+ f(uP o), i=1,2,..,M,;n=1,2,...,N,

ot =l = At (207 — o =0l ) +g(uit o), i =12, Mn=1,2,... N, (45.1)

n n n __ n n __ n n _— ,n —
ul' = uf, vl = vy, uly, =ul; vy =vy_1,n=12,...,N,

0 _ 0 _ N
ui _¢iavi —'(/11;77,— 1727"'aM7

where Az = 0.005 and At =0.05 and ¢; = ¢(i x Ax), 1, = (i x Az), M = %, N = % and

n
ful, o)y =rul(l1— %) —a1y/ (1= P)ullv’ —asPujv],
g(ui',vi') = —mui +eary/ (1 — P)ullv] + eas Puj ;.

Fig.4.9: Represents the local stability of the interior equilibrium state (u*,v*) for k =32 < k(0) =
33.4344 this result has been obtained in Theorem 23, where (C) and (D) represents the projection of
the surfaces (A) and (B) on the plan t-x, respectively.

Fig.4.10: Represents the existence of a homogeneous periodic orbits for k = 34 > k(0) = 33.4344
(means that n=0) shown in Theorem 23, where (C) and (D) represents the projection of the surfaces

(A) and (B) on the plan t-x, respectively.
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Fig.4.11: Represents the existence of a non homogeneous periodic orbits for k > k(1) = 43.3963
(means that n=1) shown in Theorem 23, where (C) and (D) represents the projection of the surfaces
(A) and (B) on the plan t-x, respectively.

Now shall we discuss the direction of Hopf bifurcation using a numerical simulation. Taking the
following values d = 0.02; d= 0.01; a1 =0.5; a2 =0.7;, P=0.5; l=1; e=0.5; m=0.5; r = 1.5. Thus we
have:

(i) The set of all bifurcation points is A = {k(0),k(1),k(2)} where k(0) = 22.1027, k(1) = 25.4397,
k(2) = 46.5027.

(ii) For k = k(1) we have a1 = 0.0324, ag; =0.1280, aj2 = —1 and w =0.3576, a; =1, by = —0.0012+
2.7939:, a] = —0.1677 —0.00517, b7 = 0.1677 +0.00517. Thus by a straight forward calculation, and by
replacing those results in (4.4.29) (see also (4.4.30), (4.4.31), (4.4.32)) we obtained that Re{c1(0)} ~
—0.8205 < 0. Then the the periodic solutions are stables at k = k(1).

4.6 Discussion

In this paper, a study of a new approach of escaping prey from a pack with a predator-prey interaction
in the presence of spatial diffusion and subject to the homogeneous Neumann boundary conditions. The
impact of the prey escaping on the positive equilibrium state (u*,v*) has been successfully studied in the
second section, where the negative effect on the prey density equilibrium has been obtained (see Fig.4.2).
This results shows that this specific behavior of the prey population has always a negative impact on the
evolution of the prey density. On the other hand, the effect of the variable P on the predator density
equilibrium has been divided between a positive and negative effect, where it depends on two parameters
the carrying capacity of the space of the prey k and a critical value of the prey escaping rate denoted by
P.,. Also those results were justified using numerical simulations (Fig.4.3). Because of the dependence of
the predator density equilibrium (see Lemme 10) on two parameters P and k we presented the Fig.4.4
which shows the effect of those two parameters on the density equilibrium of the predator. Besides,
in Fig.4.12 the impact of the variable P on the value of the Hopf bifurcation shown in (4.3.6 which
prove the huge sensitivity of the Hopf bifurcation value to the escaping prey rate. Mathematically, this
sensitivity can lead to a huge variation in the solution behavioral of the considered systems (4.1.1) and
(4.1.2).

In section 3, our main focus has been on the study of the non spatial system (4.1.1). Firstly, the
existence of the upper bound of solution has been successfully established. This upper bound has been
used to prove the global stability of the semi trivial equilibrium state (k,0) in the absence of the interior

equilibrium state (u*,v*) (which means if k& < u*) the result has been also justified by a numerical
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simulation (Fig.4.5). Besides, the local stability of the positive equilibrium state (u*,v*) has been also
determined, where a critical value of the carrying capacity of the space for the prey denoted by &* such
that for £ < k* the interior equilibrium is locally stable and unstable for k > k*. Further, we obtained
that the system (4.1.1) undergoes a Hopf bifurcation at k = k*. This result has been checked out using
numerical simulations (Fig.4.6 and Fig.4.7).

In the next section, the analysis of the diffusive system has been investigated. The characteristic
equation has been calculated for the interior equilibrium state (u*,v*). By analyzing the characteristic
equation, it has been proved that the diffusive system undergoes a Hopf bifurcation at multi value
k = k(n) (where n < Np) and the sequence k(n) is increasing in n (see Fig.4.8). Note that for n =0 a
homogeneous periodic solution appears (see Fig.4.10) and non homogeneous periodic solution appears for
n=1,2,....jn~ (see Fig.4.11) (which appears when the interior equilibrium state (u*,v*) is unstable).For
determining the stability of the periodic solution the normal form on the center manifold theory has been
used (see [18]). An important quantity denoted by ve shows the stability of the homogeneous and non
homogeneous periodic solutions has been determined, where for v9 < 0 the periodic solutions are unstable
and stable for vo > 0.

Based on the biological meaning of those results, the main remark is the escaping rate never serves
the prey population. In the real world, the objective of the attack of the predator on the prey pack is to
divide this herd, where the main focus will be on hunting the escaping prey. This behavior can be seen
widely in the real world, where the most hunted prey are the youngest ones. In other word, the prey
must stay organized, and the pack is the easiest and effective way for prey to survive in the wild. Besides,
the global stability of the semi trivial equilibrium (k,0) for k& < v* means that for the smaller species
the predator cannot satisfies it need (the prey is no more available to the predator), which leads to the
extinction of the predator population. On the other hand, after the analysis of the system there exists a
critical value of the carrying capacity of the space for the prey population such that for the small spaces
(means that the carrying capacity is lower then this critical value) we can conserve the two populations
at a constant density in the long term, and for large spaces (means that the carrying capacity is bigger

then this critical value) we conserve the two population but with a periodic patterns.
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Chapter 5
Appendix

VV e present in this appendix some necessary notions as well as the mathematical tools that we used
for the good understanding of previous chapters.

All of the following concepts are adapted from [6, 33, 42, 43, 70, 91]

Theorem 24. (Existence and uniqueness of solution [/2]) let I be an open interval of R and let

x: I —R: t—x(t) (5.0.1)

be a real-valued differentiable function of a real variable t. We will use the notation & to denote the

derivative dx/dt, and refer to t as time or independent variable. Also let
ffR—R: z— f(x) (5.0.2)

be a given real-valued, where © is an unknow function of t and f is a given function of x. Eq. (5.0.2) is
called a scalar autonomous differential equation because the function f does not depend on t.

We say that a function x is a solution of Eq. (5.0.2) on the interval I if ©(t) = f(x(t)) for allt € I.
We will often be interested in a specific solution of Eq. (5.0.2) which at some initiale time to € I has the

value xg. Thus we will study x satisfying
= f(z), x(to) = xo. (5.0.3)

(i) If f € CO(R,R), then, for any xo € R, there is an interval(possible infinite) Iy, = (ctzy,Bx,) cON-
taining to =0 and a solution ¢(t,xqg) of the initial-value problem (5.0.3), defined for all t € I,

satisfying the initial condition ¢(0,z0) = xo. Also if ag, is finite, then

t_lggglﬁ— o(t,z0) = +o0, (5.0.4)
0
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or, if Bz, is finite, then

lim ¢(t,xzq) = +o0, (5.0.5)
t%ﬁz,
0
(i) If, in addition, f € CY(R,R), then ¢(t,xq) is unique in I, and ¢(t,z0) is continuous in (t,xo

toghere with its first partial derivatives that is ¢(t,xo) is a C* function.

A planar autonomous system

let I be an open interval of the real line R and

zi: I —R; t— x;(t) fori=1,2 (5.0.6)

be two C! functions of a real variable ¢.Also, let
fz' 2R2—>R; ($1,$2)—>f7;($1,££2) i:1,2 (507)

be two given real-valued functions in two variables. We obtain a pair of simultaneous differential equations
of the form
:.Ul - fl(xlal'Q),

5.0.8
Ty = fo(x1,22). ( )

Before announcing the definitions, wi will be convenient to use boldface letters to denote vectors
quantities. For instance, if we let X = (x1,22), X = (&1,42), and f = (f1, f2), then Eq. (5.0.8) can be

written as

X = f(X). (5.0.9)

Definition 1. (Stability of an equilibrium [|2]) An equilibrium point X of a planar autonomous
system X = f(X) is said to be stable if, for any given € >0, there is a 6 >0 (depending only in €)
such that, for every X° for which HXO —X'H < 3, the solution ¢(t,X°) of X = f(X) through X° att=0
satisfies the enequality qu(t,XO) —)_(H <€ for allt >0. The equilibrium X is said to be unstable if it is
not stable, that is, there is an 1 > 0 such that, for any § > 0, there is an X with HXO —XH <d and
txo >0 such that ||¢(tx0, X°) — X || =n.

Definition 2. (Asymptotic stability [/2]) An equilibrium point X is said to be symptotically
stable if it is stable in addition, there is an r > 0 such that Hqﬁ(t,Xo) —XH — 0 ast — 400 for all X°
satisfying HXO — XH <r
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Now, let

0f1 df1
EEICY) EE;CY)
Df(X) = (5.0.10)
0f2 df2
EEICY) EE;CY)

be the Jacobian matrix of f at the point X.
Definition 3. If X is an equilibrium point ofX = f(X), then the linear differential equation
X =Df(X)X
is called the linear variationel equation or the linearization of the vector field f at the equilirium point X .

Theorem 25. ([/2]) Let f be a C* function. If all the eigenvalues of the Jacobian matriz D f(X) have
negative real parts, then the equilibrium point X of the differential equation X = f (X) is symptotically
stable.

Theorem 26. (Poincaré-Bendixson [01]) Let M be a positively invariant region for the vector
field containing a finite number of fized points. Let p € M, and consider w(p). Then one of the following

possibilities holds.
(i) w(p) is a fixved point;
(ii) w(p) is a closed orbit;
(iii) w(p) consists of a finite number of fized points p1,...,pn and orbits v with w(y) = p;.

(Note: w(7) is the w-limit set of every point on v.) defined as

w(p) = UtZO{ml(Svp)’xQ(sap)’s 2 t}

Theorem 27. (Poincaré-Andronov-Hopf Bifurcation [91]) We consider the normal form asso-
ciated with the differential system (5.0.8)
re = dur + ar®
LA (5.0.11)
0; = w+ cp+br?
whre, a,b,c,d,w are constant parameters. For u sufficiently small we have the following cases

case 1: d > 0,a > 0. In this case the origin is an unstable fized point for p >0 and an asymptotically

stable fized point for p < 0, with an unstable periodic orbit for 1 <0 (note: the reader should realize that
if the origin is stable for u <0, then the periodic orbit should be unstable).
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case 2: d>0,a<0. In this case the origin is an asymptotically stable fized point for p <0 and an

unstable fixed point for > 0, with an asymptotically stable periodic orbit for p > 0.
case 3: d < 0,a>0. In this case the origin is an unstable fixed point for p <0 and an asymptotically

stable fived point for > 0, with an unstable periodic orbit for > 0.
case 4: d <0,a<0. In this case the origin is an asymptotically stable fized point for p <0 and an

unstable fixed point for > 0, with an asymptotically stable periodic orbit for pu < 0.

d
With, d =
ith, pi

— (ReX())|u=0, and p is the critical value of bifurcation.
1

An n-dimensional autonomous system

Now, we will consider dynamics systems in dimension greater than two. The general form of an n-

dimensional system is as follows:
jci:fi(;vl,xg,...,xn), (5.0.12)

with, ¢ € [1,n]. If (zF,25,...x}) is an equilibrium point for (5.0.12), then, we have
fi(zt,25,..27) =0, for ie€][l,n].

the linear system associated with (5.0.12) near the equilibrium point is written in the following form
n
b= azj, (5.0.13)
j=1

where, i € [1,n] and A = [aij]1<i<n,1<j<n 1S & square matrix of dimension n with constant coefficients.
We assume that detA # 0, which implies that the origin is the only equilibrium for system (5.0.13). The
matrix A has n eigenvalues which are solutions of the characteristic equation det(A —AI) =0, which is a

polynomial of degree n that we write in the following form:
Pa(N) = X" +ar N hap "2+ tap_1Ata, =0 (5.0.14)

Theorem 28. (Routh-Hurwitz stability criterion [0]) Let the characteristic equation defined in
(5.0.14) and the linear system (5.0.13). We consider the following n determinants:

Hy=a
aip as
HQ = )
1 a2
a1 a3 as
Hy3=| 1 as a4 |,

0 a1 as
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ay a3 as
1 a2 aq
0 a as . . .
Hk _ 1 3 7
0 1 a . . .
0 0 . N

such as, k € [1,n]. In the case of n dimension, all a; with j > n are taken equal to zeros. We have the

following result:

The equilibrium point (x3,x%,...x}) is asymptotically stable <= Vk € [1,n], Hy, > 0.

The spatial diffusion system

We consider the following system:
u;, — Au; = fi(U),

Qu—0 (t>0, z€dQ), i=12, (5.0.15)
u;(0,2) = n;(0,z),

with f; :R? = R; (i=1,2) and U = (u1,u2)’.
Definition 4. (quasi-monotone [70]) Let f;(i =1,2) be two Lipschitzian functions.

| fi(U) = (U] < ki(Ju— /| + [o=2']), i=1,2,

where, U = (u,v)T,U" = (u',v")T and let x C R? such that fi, <0 and fa, >0 in X, so fi are a mized

quasi-monotone functional in x.

Theorem 29. ([70]) Let é = (¢1,62)T,é = (¢1,62)T be two constant vectors in R? such that & < é1,
and ¢a < &g which satisfies the condition f;(¢) <0, fi(¢) >0 then, the system (5.0.15) has a unique global
solution U(t,x), satisfyings ¢ <U(t,x) < ¢, Vt >0, € x for any é <n;(t,xz) <é, i=1,2.

Definition 5. (Lower and upper solution [70]) We say that U is a lower solution (resp U is a
upper solution) of problem (5.0.15) if
Vo€ x, Uy—dAU < f(U) (resp U, —dAU > f(U)).

Lemma 13. ([70]) Let {6(n)},{Q(")} be two sequences satisfies

a(n) :E(n_l) + %fi(a(n—l)vg(nfl))’ i = 1’2’ n € N* (5016)
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and

™ :@"*1)+%fi(g<”*”,@("_l)), i=1,2, neN (5.0.17)
with 6(0) = C’,Q(O) =C. So, the sequences satisfies the following monotone property.
Ci<aM <o <G <™ <6, =12 neN

Theorem 30. ([70]) Assume that the condition of Theorem 2.2 [70] is hold and let C,C are a limits
0f(5.0.16) and (5.0.17), so, for any initial function 1;(0,z) € (C;,C;), the solution U(t,z) satisfy C; <
wi(t,z) <C; ,i=1,2,

If we have C* =C =C then, C* is the unique solution of the system (5.0.15) in (Cy,C;) and
lim U(t,z)=C".

t—4o0

Now, we write the system (5.0.15) in the following form

%U =dAU+L(U)+ f(U) t>0, (5.0.18)

with Dom(A) C x, L(C,x))i.e. L:C — x is a bounded linear operator and f : R? — R? is a C*(k > 2)
function such that, f(0) =0 and D(f(0)) =0 and under the following assumptions

(H1): dA generate a Cg semi group {T'(t)}+>0 in x with |T'(¢)| < Me** (for some M > 1,w € R);

(H2): The eigenfunctions {p,}52; of dA corresponding to the eigenvalues {f,}>2; form an or-
thonormal basis in x, and for all z € Dom(A), there exists a unique expression = = 220:1 T, with

Az =327 | pnay where z, = Pz and Py, : X — xn = {afn, o € C} is a projection operator;
0

(H3): L:C — x defined by Ly = /dn(s)ds, p € C, for a function 7 : [—a,0] — B(x,x) of bounded

—a

variation, and L satisfies L(P,p) € xn, for all n > 1 and ¢ € C, where P,p € C is given by (P,¢)(s) =
Ppo(s) for all s € [—a,0]. Moreover, L (307 Pop) =3 0" L(Ppy) if Y07 Pap € C.

Definition 6. (forme normale [73]) The system

_ 1
¢=Bz+ ) —9;(%9),
i>2J

1 (5.0.19)
- —_ 2 P —
y=Ay+ > —9;(z9),
j>2J:
with g; = (g+,92)7.5 > 2 and

g} = J}(2,y) — [DUL(z)Bz — BU}(2)],
g2 = J2(2,y) — [DU2(2)Bz — A U2(2),
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is called a normal form, on the center of the manifold associated to A ifg},gjz are defined by g; = fj —M;U;

and 5.0.19 is equivalent to the following normal form

. 1
z:BZ—FZﬁg}(Z,O), (5.0.20)

i.e. (5.0.20) is also a A normal form, on the center of the manifold associated to A with

A:={Ae€o(A);ReA=0} #0

Theorem 31. ([33]) Assume that (Hy)-(Hs) are hold and A :={\ € o(A);
ReX =0} # 0, then, there is a normal form of variables (z,y) = (,7) +o(|Z|?) as the normal form is given

by the ordinary differential equation

_ 1
zsz+Zﬁg}(z,0).

Definition 7. (Turing instability) Consider the system

=d + s V)
w=ditee Hf(w0) g (5.0.21)
Ut = d2vxx +g(U,U),

with the initial conditions and the associated Neumann boundary conditions

9 ov

g

o Vit >0, x €09,
u(z,0)

=0,
uo(x),v(x,0) =vo(z), =z €.

B

We assume that the sytem (5.0.21) has a steady state denoted by E* = (u*,v*) ie. f(u*,v*)=0 and

g(u*,v*) =0 with the associated characteristic equation
N =Ty +D, =0, neN.

We talk about Turing instability when the steady state E* is locally asymptotically stable in the absence
of diffusion i.e. (n=0, Do >0 and Ty <0), but, in the presence of diffusion and for some values of dq
and dga, there is a frequency (n #0) for which E* loses its stability (in other words, diffusion does not

always have a stabilizing effect for the system (5.0.21).

Theorem 32. (Turing-Hopf bifurcation) The Turing-Hopf bifurcation is a particular case of
Hopf bifurcation, is a Hopf bifurcation with two parameters. We consider the characteristic equation

around the equilibrium state E*

A =T (B)A+ Dy (B) =0
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where, (3 is the critical parameter of the bifurcation. We know that the Hopf bifurcation occurs if Tp,(8) =0
et D, (8) >0 and the Turing instability occurs when Dy (8) <0 for some n where, Dy(B) > 0. Then, if
there are two positive reals k*,d} such that T, (8*,d}) =0 and Dy (8*,d}) =0 for some values of n then,
(8*,d3) is called the critical point of Turing-Hopf bifurcation.

Definition 8. (Invariant Manifold [91]) An invariant set S € R™ is said to be a C" (r > 1) invariant
manifold if S has the structure of a C" differentiable manifold. Similarly, a positively (resp., negatively)
invariant set S CR"™ is said to be a C"(r > 1) positively (resp., negatively) invariant manifold if S has

the structure of a C" differentiable manifold.

Definition 9. (Homogeneous periodic solutions (resp mon-homogeneous) [/3]) We say that
the system (5.0.15) has a periodic homogeneous solution U(x,t) (resp non-homogeneous), if it satisfies the

following conditions: 3 T >0, such that U(x,t+T)=U(z,t) and 8—(m,t) =0, respectivement U(x,t+
x

T)=U(x,t) and g—g(x,t) #0).
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Prospect and Future Directions

For the past century, the ecosystem models becomes one of the most important tools to understand
the interaction between living beings in nature. The predator-prey model is one of the most used model
in ecosystems. It has been considered as the dominant theme in mathematical ecology for a long time.
The big part of the recent works in mathematic ecology are devoted to study the interaction between the
predator and the prey to ensure the conservation of the species and keep the environment equilibrium.
Among the factors which affect on the living beings of an ecosystem is the way in which animals live, in
addition, their behavior and their systematic defense approach to defend themselves against predators.
Through this thesis, we highlighted one of the most important behaviors among prey in the wild, ”the
herd behavior”. We have analyzed a new mathematical models describing the interaction between
prey and predator, the main hypothesis is that the prey has a social behavior which gather together
in herd. The main objective is to analyze the asymptotic behavior, theoretically and numerically of
some differential systems (EDO and EDP) with herd behavior. To our knowledge, such as models have
never been studied in the literature. For our models, we have more particularly interested in studying
the existence, the local stability and the global stability of the equilibrium points. In addition, we have
analyzed the occurrence of certain types of bifurcations such as Hopf bifurcation, Turing-Hopf bifurcation
and Turing driven instability.

The study carried out during this thesis on ordinary differential equation systems (with delay and
without delay) and reaction-diffusion systems allowed us to establish the bases for future developments.
Much remains to be discovered, we are convinced that the study of these models will open up new
interesting perspectives from both a mathematical and an application point of view.

In the real world, birth and death rates, carrying capacity, predation coefficients and other parameters
involved in the systems exhibit a large random fluctuation. For the deterministic models this is negligible,
so, it is interesting to consider the influence of environmental noise for these models by introducing
stochastic noise to reveal the impact of environmental variability on the population dynamics in ecology.

In this context we address the following question: do the results obtained in this thesis remain true
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when we introduce the environmental noise on the two species? We intend to bring back some answers
for these kinds of questions.

This manuscript presents the work carried out in the biomathematics research laboratory, Faculty of
Exact Sciences, Department of Mathematics, University of Djillali Liabes, Sidi Bel Abbes.

Finally, we hope that this thesis can help to further educate students about the interest of this theme.
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Abstract

This thesis is devoted to the mathematical study of certain ecological
phenomena from the great savanna (in Africa). It focuses on the
mathematical modeling of various prey-predator models where the prey
exhibits a social behavior. Our main topic in this thesis is to investigate the
impact of the social behavior on the relationships between species in nature.
Key words: Herd behavior: Ecological models: Ordinary differential
equations with delay and without delay: periodic solutions; Diffusion of
species;: Hopf bifurcation: Turing driven instability: Turing-Hopf bifurcation.

Résumeé

Cette thése est consacrée a I'étude mathématique de certains phénoménes
écologiques issue de la grande savanna (en Afrique). Elle se porte sur la
modélisation mathématique de divers modéles proie-prédateur ou la
population de proie présente un comportement social. Notre objectif
principal dans cette thése est d'étudier |'impact du comportement social sur
les relations entre les espéces dans la nature.

Mots clés: Comportement du troupeau; Modeéles écologiques: Equations
différentielles ordinaires a retard et sans retard: solutions périodiques: La
diffusion des espéces: La bifurcation de Hopf: L'instabilité du Turing: La
bifurcation de Turing-Hopf.
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