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Abstract

The content of this thesis is the study of a class of impulsive fractional differential
equations and inclusions with Riemman-Liouville fractional derivative, Our starting point
will be the property:

a—1

lim (1) (%)

(12 o™ D) fI(t) = f(t) — I'(a) i-0

The value of lir%(l 1= £)(t) stands to be value initial and this value is zero if f is continu-
—

ous on the interval [0, b]. Hence the space of functions in which we consider the differential
equations will be a space where this limit exists and finite without necessarily being zero.
This idea of this thesis was recalled in the area of the impulsive differential equations on
a bounded interval and in the case of differential inclusions with or without pulses. In
another hand we have been led to study these equations where the interval is unbounded,
we had a lack of compactness which we remedied by calling for a suitable choice of a
measure of non-compactness.

Key words and phrases: Fractional differential equations, fractional differential
inclusions, fixed points theorems, Riemann-Liouville fractional derivative, measure of non-
compactness, unbounded domain, solution sets, topological structure.



Résumé

Le contenu de cette these est I'étude d’une classe d’equations et d’inclusions differ-
entielles fractionnaires au sens de Riemman-Liouville. Notre point de départ sera la
propriété suivante

a—1

lim (1) (%)

(12 o™ D) fI(t) = f(#) - I'(a) i-0

La valeur de %in%(] 12 £)(t) tient lieu de valeur initiale et cette valeur est nulle si f est
—

continue sur un intervalle [0,b]. De la l'espace des fonctions dans lequel nous allons
considérer ces équations différentielles sera un espace ou cette limite existe et finie sans
etre forcément nulle. Cette idée de travail nous ’avons évoqué dans le cadre des equations
différentielle impulsives sur un intervalle borné ensuite dans des inclusions différentielles
avec ou sans impulsions. d’autre part nous avons été amené a étudié ces équations ou
I'intevalle est non borné, nous avons eu un défaut de compacité auquel on a remedié en
faisant appel a un choix propice d’'une mesure de non compacité.

Mots clés: Equations différentielles fractionnaires, inclusions différentielles fraction-
naires, théoremes de points fixes, dérivée de Riemann-Liouville, mesure de non-compacité,
intervalle non borné, ensemble de solutions, structure topologique.



Introduction

Fractional differential equations and inclusions has recently received much attention
due to its important applications in modeling phenomena of science and engineering. The
employment of differential equations and inclusions with fractional order allows to deal
with many problems in numerous areas including fluid flow, rheology, electrical networks,
viscoelasticity, electrochemistry, etc. For complete references, we refer to some significant
works, e.g., see the famous works [34], Agur [4] Wagner [60] and E. Krug research’s in
[46, 47], Metzler [49], Klein [33], Delbosco [24] see also. In the past few years, there has
been a great contribution in fractional differential inclusions, let us refer to some relevant
works in [63, 64].

There are two measures which are the most important ones. the Kuratowski measure
of noncompactness «(B) of a bounded set B in a metric space is defined as infimum
of numbers r > 0 such that B can be covered with a finite number of sets of diamiter
smaller than r, the Hausdorf measure of noncompactness x(B) defined as infimum of
numbers r suth that B can be covered with a finite number of balls of radius smaller than
r. Several authors have studied the measures of noncompactness in Banach spaces. See,
for example, the books such as [5, 10] and the articles [1, 14, 16, 17], and references therein.

Impulsive ordinary differential inclusions and functional differential inclusions with dif-
ferent conditions have been intensely studied by many mathematicians. At present the
foundations of the general theory are already laid, and many of them are investigated in
detail see[28, 22, 38].

Topological structure of the solution set for ordinary differential equations and inclu-
sions is developed recently, see for example [6, 7, 18, 20, 32, 30, 58], and the monograph
[28]. In 1923, Kneser’s was the first to extend Peano’s result concerning the existence of
solutions to study the topological properties. He prove that the solution sets is compact
and connected. After, in 1942, Aronszajn extend Kneser’s theorem by showing that the
set of all solutions is even an Rs-set, the monograph [29], Chapter 4 is an excellent refer-
ence to study Aronszajn-type results.

We have organized this thesis as follows:

Chapter 1, groups together the definitions of the concepts used throughout this
manuscript, we introduce some important notions for fractional calculus, set-valued maps,



noncompactness measure and fixed point theory.

In Chapter 2, we discuss and establish the existence of solutions and the structure of
the solution set for initial value problems for impulsive differential equation with fractional
order of the form

FEDy(t) = f(ty(t), t€J=(0,T], t#1,
A*yly, = Ie(y(t ;Z))
lim t'"y(t) = co

t—0+

where k = 1,...,m, 0 < a < 1, B2D* is the standard Riemann-Liouville fractional
derivative, f : J x R — R is a given function , ¢y € R, Iy : R — R are continuous
functions , 0 =t < t; < ... < tyy < tme1 = T and A*yl, = y*(t)) — y(t; ), where
y*(ty) = lim, . (t — )"~ y(t) and y(t;) = lim,_,,- y(t). We first start by showing the
existence of the solutions using the Leray-Schauder alternative and then we show that the
set of solutions is a Rs-set by the theorem of Lasota York [28, 35].

In Chapter 3, we are concerned by the study of initial value problem for a impulsive
fractional differential inclusions defined by

RLDey(t) € F(t,y(t)), ae. teJ=(0,T], t+#t,
lim ' %y(t) = c,

t—0t
A%yl = Le(y(ty)),
where k = 1,...,m, 0 < a < 1, BED* is the standard Riemann-Liouville fractional

derivative, F' : J x R — P(R) is a given multivalued function (P(R) is the fam-
ily of all nonempty subsets of R) and ¢ € R. [, : R — R are continuous func-
tions, 0 = ty < t; < < tm < tmy1 = T and A*yl, = y*(t}) — y(t,), where
y*(t;) = hm  (t = ) 7y(t) and y(t;) = lim y(t).

. -~

k t—)t,c
We prove the existence of solutions, by using Covid Nadler Theorem fixed point for con-

traction multivalued maps [22]. We finish by showing that the solution set is compact
and contractible.

In Chapter 4, we discuss and establish the existence of solutions and the structure
of the solution set for fractional order differential inclusions of the form

{RLDO‘y(t) € F(t,y(t)), ae.te J=(0,T], 0<a<l,
lim t7y(t) = ¢,

t—0t y( )

where #X'D? is the standard Riemann-Liouville fractional derivative, F': J x R — P(R)
is a given multivalued function (P(R) is the family of all nonempty subsets of R) and
c € R. In section 4.3, we prove the existence and compactness of the solution sets, in the
case where the set-valued maps is upper semi-continuous, by using a nonlinear alternative
for multivalued maps combined with a compactness argument. In section 4.4, we prove



the existence of the solution sets, in the case where the set-valued maps is Lipschitz. Our
consideration is based on Covid Nadler Theorem with tools of fractional analysis.

In Chapter 5, we discuss and establish the existence of solutions for fractional differ-
ential equations on the half-line in a Banach space of the form

REDS y(t) = f(ty(t)), teJ=(0,+00),
[g-:ay(0+) Yo,
RLDe "y (00)

Yoo,

where #' D® denote the Riemann-Liouville fractional derivative, 1 < a < 2. The state y(-)
takes value in a Banach space E, f : (0,00) x E — E will be specified in later sections
and (v, Ys) € E2. We prove the existence of solutions, by using Ménch’s fixed point
theorem combined with the technique of measure of noncompactness.

In Chapter 6, we are concerned by the study of initial value problem for a fractional
differential equation with a special derivative

RED Y (t) = f(ty(1),y' (), teJ=(0,T]
Iy7°y'(0) = q,
y(0) =0,

where 0 < a < 1 and RLD& denote the Riemann-Liouville fractional derivative. The op-
erator Ig; “ denotes the Riemann-Liouville fractional integral, E is a Banach space with
the norme ||.||, and f : (0,7] x E'x E — E a function satisfying some specified conditions
(see, section 6.3).

We prove the existence of solutions, by using a combination of Ménch’s fixed point theo-
rem and a suitable Measure of non-compactness.



Chapter 1

Preliminaries

We introduce in this chapter notations, definitions, fixed point theorems and prelim-
inary facts from multivalued analysis which are used throughout this thesis.

1.1 Notations and definitions

Let J = [a,b], a,b > 0 and (F, ||.||) be a real Banach space. C(J, E) the space of E-valued
continuous functions on J with the norm

[Ylloo = sup [[y(t)]]-
te]

L*(J,R) the space of Lebesgue integrable functions on J with the norm

b
1l = / (e

LY(J, E) the space of E-valued Bochner integrable functions on J with the norm

b
[Ralv2: =/ £ (t)]|dt.

We denote by AC(J, E') the space of E-valued absolutely continuous functions in J. For
n € N*, we denote by AC"(J, E) the Banach space of functions from the interval J into
E which is defined as:
AC'(J,E)={y:J — E:ye C"'(J,E) with D" 'y € AC(J, E)}.
Consider the following spaces
PC(J,E)= {y:J — E,y. € C(Jx, E), there exist y(t,),y(t})
with y(tx) = y(t; )},

where y; is the restriction of y to Jy = (tx, tgs1], £ =0,...,m.
PC(J, E) is a Banach space with the norm

goon



Definition 1.1 A function f:J x E — E is said to be an L*-Carathéodory function if
it satisfies:

(i) for each t € J the function f(t,.): E — E is continuous,
(ii) for each y € E the function f(.,y): J — E is measurable,
(iii) for every positive integer k there exists hy € L*(J;R™") such that

If(Et, )| < he(t), for all ||y|| <k, and almost each t € J.
Definition 1.2 [/3] Let E be a Banach space. A sequence (v,)neny C LY(J, E) is said to
be semi-compact if

(a) it is integrably bounded, i.c. there exists ¢ € L'(J,RT) such that

lon(®)|le < q(t), for a.e. t € J and everyn € N,

(b) the image sequence (v, (t))nen is relatively compact in E, for a.e. t € J.

The following important result follows from the Dunford-Pettis theorem (see [43,
Proposition 4.2.1]).

Lemma 1.3 Let E be a Banach space. Then, every semi-compact sequence s weakly
compact in L'(J, E).

Lemma 1.4 [?] Let v : [0,0] — [0,400) be a real function and w(.) is a nonnegative,
locally integrable function on [0,b]. Assume that there are constants a >0 and 0 < 3 < 1
such that

then there ezists a constant K = K(3) such that

v(t) Sw(t)+Ka/O (w( °)

st for every t € [0,b].

1.2 Fractional integrals and derivatives

We begin with some definitions and lemmas of the theory of fractional calculus. Let
J =[a,b], a,b> 0 and (£, |.||) be a real Banach space.

Definition 1.5 [//] Let h € L*(J, E). The Riemann-Liouville fractional integral of order
a > 0 of the function h is defined almost everywhere in [a,b] by

1

(0 = gy [ (=9 (),

where I’ is the gamma function. When a = 0, we write I*h(t) = [h * @,|(t), where
walt) = (a) fort > 0 and ¢,(t) = 0 for t < 0. The equality holds everywhere if
h e C([a,b], E).

10



Definition 1.6 [//] Let h € L'(J,E), a > 0 and n be the smallest integer greater than
or equal to o and h : [a,b] — E be a function such that I"~*h € AC"([a,b], E). Then,
the Riemann-Liouville fractional derivative of order o of the function h is defined almost
every where in [a,b] by

RLDO () = ﬁ% ( / . s)”alh(s)ds> |

Lemma 1.7 [62] Let a > 0, then the differential equation
BLD2 h(t) = 0,

has solutions h(t) = c1(t —a)* ' + co(t —a)* 2 + ... + c,(t —a)*™™,
for some c; R, i=1...n, where n=[a]+ 1.

Lemma 1.8 [62] Let a > 0, then
I“FEDOR(t) = h(t) + e1(t —a)* P+ et —a)* 2+ ..+ ep(t —a)*™,
for some ¢; € R, i=0,...,n, where n= o]+ 1.

Remark 1.9 [/4] For a > 0, k> —1, we have

['(k+1) I'(k+1)

gt = —————t*"F gnd FEDG tF = ———2 tF ¢ >0

" “Tla+k+1 " " T Tk—at1) ’

ging in particular RLD(‘):JSD‘*m =0, m=1,...,n, wheren is the smallest integer greater

than or equal to .
Remark 1.10 If h is suitabe function (see for instance [44, 55] ), we have

BLpe Ie h(t) = h(t), a >0 and "LDG IE h(t) = I§*h(t), k>a >0, t > 0.

1.3 Some properties of set-valued maps

Let X be a metric space. Define P(X) ={Y C X : Y # 0}, Puy(X) = {Y € P(X) :
Y closed}, Pp(X) ={Y € P(X) : Y bounded}, P, (X) ={Y € P(X) : Y compact} and
Pepe(X) ={Y € P(X) : Y compact and convex}. Consider the Hausdorff pseudo-metric
distance

Hy:P(X) — Rt U {0},

defined by

a€cA beB

Hy(A, B) = max {sup d(a, B),supd(A, b)} ,

where d(a, B) = infycp d(a,b) and d(A,b) = inf,c 4 d(a,b). From this definitions, it’s clear
that (Pup(X), Hq) is a metric space and (Py(X), Hy) is a generalized metric space see
[45].

Let X and Y be metric spaces. A multivalued map F of X into Y is a correspondence

11



which associates to every x € X a nonempty subset F'(z) C Y, called the value of z. We
write this correspondence as F' : X — P(Y). If D C X, then the set FI(D) = UepF ()
is called the image of D under F. The set gt(F) C X x Y, defined by gt(F) = {(z,y) €
X XY, x € F(y)}, is the graph of F.

Definition 1.11 A multivalued map F : X — P(X) is called
(a) y-Lipschitz if there exists v > 0 such that

Hy(F(x), F(y)) < ~d(z,y), Vo, y € X,
(b) a contraction if it is ~y-Lipschitz with v < 1.
Notice that if N is y-Lipschitz and X is a Banach space, then for every 7/ > ~ :
F(x) C F(y) ++d(z,y)B(0,1), Vx, y € X,
where B(0, 1) refers to the unit ball in X.

Definition 1.12 Let F': X — P(Y) be a multivalued map and D be a subset of Y. The
complete preimage F~Y(D) of a set D is the set

F'D)={zeX:F(z)[ D #0}.
Definition 1.13 A multivalued map F : X — P(Y') is said to be

(i) closed if its graph ge(F) is closed subset of the space X XY,

(i) upper semicontinuous (shortly, u.s.c.) if the set F~Y(D) is closed for every closed
set D CY.

Definition 1.14 A multivalued map F : X — P(Y) is

(i) compact if its range F(X) is relatively compact in'Y | i.e., F(X) is compact in'Y,

(11) locally compact if every point x € X has a neighborhood V () such that the restriction
of F to V(z) is compact,

(111) quasicompact if F(B) is relatively compact for each compact set B of X.
It is clear that (i) == (i) == (i¢). The following facts will be used.

Lemma 1.15 [43] Let X and Y be metric spaces and F : X — Py(Y') an u.s.c. multi-
valued map. Then F' is closed.

The inverse relation between u.s.c. maps and closed ones is expressed in the following
lemma.

Lemma 1.16 [43] Let X and Y be metric spaces and F : X — P, (Y) a closed quasi-
compact multivalued map. Then F' is u.s.c.

Let us consider some properties of closed and u.s.c. multivalued map.

12



Lemma 1.17 [43] Let X and Y be metric spaces and F : X — Py(Y) be a closed
multivalued map. If B C X is a compact set then its image F(B) is a closed subset of Y.

Lemma 1.18 [43] Let X and Y be metric spaces and F : X — Py(Y) be an u.s.c.
multivalued map. If B C X is a compact set then its image F(B) is a compact subset of
Y.

When the nonlinearity takes convex values, Mazur’s Lemma may be useful:

Lemma 1.19 [52] Let X be a normed space and (x)reny C X a sequence weakly converg-

k=n
ing to a limit x € X. Then there exists a sequence of convex combinations y,, = E ke Ll
k=m

k=n
with cpp > 0 for k=m,...,n and Z Qi = 1 which converges strongly to x.

k=m

Finally, the following results are easily deduced from the theoretical limit set properties.

Lemma 1.20 [9] Let (K,)nen C K C X be a sequence of subsets where K is a compact
subset of a separable Banach space X. Then

co( lim sup K,,) = ﬂ co( U K,),
el N>0  n>N

where €0A refers to the closure of the convexr hull of A.

Lemma 1.21 [9] Let X, Y be two metric spaces. If F': X — P (Y) is u.s.c., then for
each xg € X,
lim sup F(x) = F(xo).

T—>XQ

We end these ingredients of multivalued analysis with some definitions and a result
regarding the measurability of multivalued maps. Let J = [0,b], b > 0 and F': [0,b] x X —
P.(Y) be a multivalued map. For each z € X, define the set of selections of F' by

Sp.={ve L"JY):v(t) € F(t,z(t)) ae. t € J}.

Lemma 1.22 /[36] Let (X, .A) be a measurable space, (Y,d) a separable, complete metric
space (Polish space) and F : X — P(Y) a multivalued map with nonempty closed values.
If F' is measurable, then it has a measurable selection.

Definition 1.23 A multivalued map G : J x R — P(R) is said to be L'-Carathéodory if
(a) t — G(t,u) is measurable for each u € R,
(b) t = G(t,u) is upper semi-continuous for almost all t € J,

(c) for each q > 0, there exists ¢, € L'(J,R") such that
|G(t,u)|| = sup{|v| : v € G(t,u)} < p,(t), for all |u| < gq, a.e. t e

The following definitions can be found in [8, 36]

13



Definition 1.24 A single-valued map f : [0,b] x X — Y is said to be measurable locally
Lipschitz (mLL) if f(.,x) is measurable for every x € X and for every x € X, there exists
a neighborhood V, of x € X and an integrable function

L, :[0,b] = [0,00)
such that
d'(f(t,z1), f(t,22)) < Ly(t)d(xq, x3) for a.e. t € [0,b] and xq, x5 € V.

Definition 1.25 A mapping F : [0,0] x X — P(Y) is mLL-selectionable provided there
exists a measurable, locally-Lipchitzian map

f:00,0] x X =Y and f(t,y(t))) € F(t,y(t)) for a.e. t €[0,0].

For further reading and details on multivalued analysis, we refer the reader to the
books of Andres and Gérniewicz [6], Aubin and Cellina [8], Aubin and Frankowska [9],
Deimling [23], Gérniewicz [36], Kamenskii et al [43], Hu and Papageorgiou [41, 42].

1.4 Measure of noncompactness

We recall here some definitions and properties of measure of noncompactness. For more
details, we refer the reader to Deimling [23] and Kamenskii [43].

Definition 1.26 Let Y be the positive cone of an ordered Banach space (Y, <). A func-
tion m defined on the set of all bounded subsets of the Banach space X with values in' Y™
is called a measure of noncompactness (MNC) on X, if m(cof) = m(QQ), for all bounded
subsets ) C X.

Definition 1.27 A measure of noncompactness m is called:

(1) monotone if A, B € Py(X), A C B implies m(A) < m(B),

(11) nonsingular if m({a} U A) = m(A) for every a € X, A € Py(X),
(111) reqular if m(A) = 0 is equivalent to the relative compactness of 2.

One of the most important examples of MNC is Hausdorff MNC y defined on each
bounded subset 2 of X by

X(2) = inf{e > 0 : Q has a finite ¢ — net}.
Without confusion, Kuratowski MNC « is defined on each bounded subset {2 of X by
a(2) = inf{e > 0 :  admits a finite cover by sets of diameter < e}.

It is well known that Hausdorff MNC y and Kuratowski MNC « enjoy the above properties
(1) — (i7i) and other properties.

(iv) m(A+ B) <m(A) +m(B),

14



(v) m(c.B) < |cJm(B), c € R,
(vi) m(coB) = m(B),
(vii) the function m : Py(X) — R* is continuous with respect to the metric H; on Py(E).
where m : Pp(X) — RT be either a or .
Remark 1.28 For every A € Py(X), we have x(A) < a(A) < 2x(A).

In the following, several examples of useful measures of noncompactness in spaces of
continuous functions are presented.

Example 1.29 We consider the general example of MNC in the space of continuous
functions C([a,b], X) defined for all Q C C([a,b], X) by

m(Q) = sup x((1)),

te[a,b]

where x is Hausdorff MNC in X and Q(t) = {y(t) : y € Q}.

Example 1.30 Consider another useful MNC' in the space C([a,b], X) defined for all
bounded subset Q2 C C([a,b], X) by

v(Q) = max(sup a(2(t)), modc(Q)),

here, the modulus of equicontinuity of the set of functions Q C C([a, b, X) has the follow-
g form:

modeo(2) = (lg% ilelg |t2I£1tEﬁ(§6 |z (ta) — x(t1)]. (1.1)

Example 1.31 We consider one more MNC in the space C([a,b], X) defined for all
bounded subset Q C C([a,b], X) by

v(Q) = Qrenfécl)(sup e Mo (Q(t)), moda(D)),

where A(Q2) is the collection of all denumerable subsets of 2, L is a constant, and modc(S2)
is given in formula (1.1).

Lemma 1.32 [59] Let J = [0,00). If H C C(I,X) is bounded and equicontinuous, then
a(H(.)) is continuous on I, and

ac(H) = maxa(H() . a ( / w(t)dt,z € H> < /I a(H())dt,

tel I

where H(t) = {x(t),x € H}, t € I, I is a compact interval of J and « is the Kuratowski
non-compactness measure on the space X .
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1.5 Some fixed point theorems

The following theorem is due to Monch’s.

Theorem 1.33 [3] Let D be a bounded, closed and convex subset of a Banach space E
such that 0 € D , and let N be a continuous mapping of D into itself. If the implication

V =conoN(V) or V =N(V)U{0} = (V) =0,

holds for every subset V' of D, then N has a fixed point, where v is the Kuratowski non-
compactness measure on the space E.

The following fixed point theorem for multivalued maps is due to Covitz and Nadler.

Lemma 1.34 [22] Let (X,d) be a complete metric space. If N : X — Py(X) is a
contraction, then FizN # ().

The following fixed point theorem it is nonlinear alternative of Leray-Schauder for multi-
valued maps.

Lemma 1.35 [37] Let X be a normed space and N : X — Py (X) be a completely
continuous, u.s.c. multivalued map. Then one of the following conditions holds:

1. N has at least one fixed point in X,
2. the set M ={z € X,z € AN(x),\ € (0,1)} is unbounded.

1.6 Topological structure

In the study of the topological structure of the solution sets for differential equations
and inclusions, an important aspect is the Rs-property. Recall that a subset D of a
metric space is an Rs-set if there exists a decreasing sequence {D,,}>° | of compact and
contractible sets such that D = (-, D,, (see Definition 1.37 below). This means that
an Rs-set is acyclic (in particular, nonempty, compact, and connected) and may not be a
singleton but, from the point of view of algebraic topology, it is equivalent to a point, in
the sense that it has the same homology groups as one point space.

Definition 1.36 Let X be a metric space and A € P(X). The set A is called a con-
tractible space provided there ezists a continuous homotopy H : A x [0,1] — A and
ro € A such that

(a) H(z,0) =z, for every x € A,
(b) H(x,1) = xq, for everyxz € A,

namely if the identity map is homotopic to a constant map, A is homotopically equivalent
to a point.

Note that if A € P, .(X), then A is contractible, but the class of contractible sets is much
larger than the class of compact, convex sets.
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Definition 1.37 A compact nonempty space D of a metric space is called an Rs— set pro-

vided there exists a decreasing sequence of compact nonempty contractible spaces { Dy }nen
such that D = (., Dy,.

Let us recall the well-known Lasota-Yorke approximation lemma, [28, 35].

Lemma 1.38 Let E be a normed space, X a metric space and F' : X — E be a con-
tinuous map. Then for each € > 0 there is a locally Lipschitz map F. : X — E such
that

|F(z) — F.(z)|| < e, foreveryx e X.

Next, we present a result about the topological structure of the solution set of some

nonlinear functional equations due to N. Aronszajn and developed by Browder and Gupta
6, 18].

Theorem 1.39 Let (X,d) be a metric space, (E, ||.||) a Banach space and F : X — E
a proper map, i.e., F is continuous and for every compact K C E, the set F7Y(K) is
compact. Assume further that for each ¢ > 0, a proper map F. : X — FE is given, and
the following two conditions are satisfied

(a) ||F.(z) — F(z)|| < e, for every x € X,

(b) for every e > 0 and u € E in a neighborhood of the origin such that ||ul| < e, the
equation F.(x) = u has exactly one solution x.,

then the set S = F~1(0) is an Rs — set.

Lemma 1.40 Let E be a Banach space, C' C E be a nonempty closed bounded subset of
E and F : C — E is an completely continuous map, then G = Id — F is a proper.
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Chapter 2

Structure of solution sets for
impulsive fractional differential
equations

2.1 Introduction

In this chapter, we are concerned by the structure of solutions set for impulsive frac-
tional differential equations, we consider the following initial value problems for impulsive
differential equation with fractional order

BLDoy(t) = f(t,y(t)) ae t€J=(0,T], t#t, (2.1)

Ayley, = Tn(y(ty)), (2.2)

lim t'7y(t) = 2.3

im0y (t) = co, (2.3)

where k = 1,...,m, 0 < a < 1, 2D is the standard Riemann-Liouville fractional

derivative, f : J x R — R is a given function, ¢y € R, I} : R — R are continuous
functions, 0 = tg < t; < ... < by < bty = T and A%yly, = y* (&) — y(t;,), where
yH(ty) = hmt—n; (t —tr)'y(t) and y(t;) = hmt—w; y(t).

2.2  Main results

In this section, we give our main result for problem (2.1)-(2.3), before starting and proving
this result, we give following notations. We consider the following space

PC.([0,T],R) = {y [0, T] = Ry € Cltg, try1], k=0,...,m and
there exist y*(t3),y(t; ), y*(t), k= 1,...,m, with y(t;) = y(t;)},

PC.([0,7],R) is a Banach space with the norm

gooe
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where y;, is the restriction of y to Jy = (tx, tg41], £ =0,...,m and

lyelle = sup  [(t —te) " “yi(t)], for every k=1...m.

tE[tk,tk+ﬂ

For A a subset of the space PC.([0,T],R), define A, by

Aa = {ya, y € A},

where

(t — tk)l_ay(t>, if te (tk,tk+1]
Yo/ frotien] () = 0 lim (¢ — )"y (t), if ¢ = ty.

t—tg

Theorem 2.1 Let A be a bounded set in PC.([0,T],R). Assume that A, is equicontinu-
ous on PC([0,T],R), then A is relatively compact in PC.([0,T],R).

Proof. Let {y,}02y C A, then {(ya)n}rey C PC([0,T],R), from a version of Arzela-
Ascoli theorem, the set

Ko = {(Ya)n : n € N*},

is relatively compact in PC([0,7],R), thus there exists a subsequence of (ya),cy, still
denoted by (ya),cy, Which converges to y € (PC([0,T1,R), |.|lpc)-
Hence
Ny — 2lls = sup  (t — t) " yn(t) — (t — i) ty(t)] — 0 as n — +oo,
te[tk,tk+ﬂ
where z(t) = (t — t)* 'y(t) on (tg, tx11]. Therefore
{yn}rey —> z on PC.([0,T],R).
O

Let us define what we mean by a solution of problem (2.1)-(2.3).
Let

J = JI\{t1,. .. tm}
Definition 2.2 A function y € PC.([0,T],R) is said to be a solution of problem (2.1) —

(2.3) if y satisfies the equation BLDy(t) = f(t,y(t)) on J' and conditions (2.2)-(2.3)
hold.

Lemma 2.3 Let 0 < o < 1 and let h be a continuous function. Then, y satisfies the
following equation
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t* g + ﬁ fot(t —5)*1h(s)ds if t € (0,t],
(t— 1) 15 og + B [0 (8 — 5)°Mh(s)ds

BT L (7)) + iy St — 9)*h(s)ds it e (t,ts),
(t —tp)*! szlf(tz —tii1)* e

O (= )™ h(s)ds

y(t) = q + Z r[Z(tk_jH — )t /tt (t; — s)a_lh(s)ds] (2.4)

(t—tg)> !

+ T(a) [Ik(y(tlz))

+ i I:I(tkfjﬂ - tkj>a1[i(y(tz‘))]

i=1 j=1

ey Jup (t = 9)* 7 (s)ds, if t € (te tis]
\ =2,...,m,
if and only if y satisfies the following problem
BLD>y(t) = h(t), teJ, (2.5)
Atyly, = In(y(ty)), k=1...m, (2.6)
lim ¢!~y (t) = co.
t—0

Proof. Assume y satisfies (2.5)-(2.7). If t € (0,#,], then #*D*y(t) = h(t). Lemma 1.8
implies

y(t) =t*"tep + ﬁ /0 (t—5)* 'h(s)ds.

Hence ¢; = ¢g. Thus

1 t
y(t) =t*"te +—/ t —s5)* 'h(s)ds.
() 0 F(Oz) 0( ) ()
If t € (t1,t], then Lemma 1.8 implies
1 t
y(t) = (t —t) Yy* (] +—/ t —s5)* th(s)ds
()= =)y ) + s [ (=9 ks

= (t— ) (L) + () + / (t — 5)° Mh(s)ds

b

I'(a) Ji
_ o a—1 a—lc (t B tl)a_l h — s a—1 s)ds
= (=) g [ =t

1 ! a—1 a—1 -
+m/(t—s) h(s)ds + (t — )" L (y(ty)).

t1
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If t € (to,t3], then Lemma 1.8 implies

y(t) = (t — 1) Yy () + ﬁ / (t — )2 h(s)ds

to

y(t) = (t — t2)*[yty) + Lay(t3))] + ﬁ / (t — 5 h(s)ds
(1) ((t2 )l % /O (- s)a_lh(s)ds)
(t —ty)!

—_ ’ a-l 1 t —5)* 1 h(s)ds
o) /tl (ta — s)* h(t)ds + o) /t2 (t )*"h(s)d
+(t— 1) [(ta — ) L (y(t7)) + La(va2(t3))] -

If t € (tg, tgs1], then again from Lemma 1.8, we get (2.4).

Conversely, assume that y satisfies the impulsive equation (2.4). If ¢ € (0,¢;] then
lim t7%y(t) = co and Applying #FD* to both side of (2.4), we have

—

RLDoy(t) = h(t), for each t € (0,t].

If t € (th,tes1], K =1,...,m and applying ZD® to both side of (2.4), we get
BL Dy (t) = h(t),for each t € (ty, tpy1].

Also, we can easily show that

AYlymy, = Li(y(t,)), k=1,...,m.

We assume the following hypotheses:
(Hy) F:J xR — R is a continuous function.

(Hs) There exist p,q € C([0,7],Ry) such that

|f(t,w)| < p(t)|ul +q(t), forallteJ andue€R.

(H3) There exist constants ag, by, € R, such that

[I(u)| < aglu| 4+ b, for all u € R.

2.2.1 Existence of solutions

Our result is based on the nonlinear alternative of Leray-Schauder type.

Theorem 2.4 Under assumptions (Hy) — (Hs), then, the problem (2.1)-(2.3) has at least
one solution.
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Proof. Transform the problem (2.1)-(2.3) into a fixed point problem. Consider the
operator N : PC.([0,T],R) — PC.([0,T],R) defined by

Ny @) ==t T =t e

(t—tp)! . a1
= [ e e

+ (=t Z ( H (t; —tj—1)*" /t (ti = 5)* 7' f(s,y(s))ds)

() 0<tir1<t t;<t;<t

+—(t_rf§);_l (fk<y<tk>>+ > (11 <tjtj1>alf,-<y<ti>>>)

0<tit1<t t;<t;<t
1

+ m /tk (t—s)*" f(s,y(s))ds.

Clearly, from Lemma 2.3, the fixed points of N are solutions to (2.1)-(2.3). We shall show
that IV satisfies the assumptions of the nonlinear alternative of Leray-Schauder type [37].
The proof will be given in several steps.

Step 1. N is continuous.
Let {y,} be a sequence such that, y, — y in PC.([0,T],R), then

(= )N () () — (¢t — )" N()(0)
1 t a—1
< 5w /t“ak Y f (5, a(s)) — £(s,y(s))lds

tie 5 CIT =t [ = 1) = Fs(s)s

F(Oé) 0<tiy1<t t;<t;<t

N ﬁm@n(t;)) — Li(y(t)|

L ST OCTT 5 — -0 Hilyalt) — L))

F(OZ) 0<t;p1<t t;<t;<t

(t —tp)t— [ a1
H / (= )7 (5,9 (5)) — £(s.y(5))lds,

1 b o1
< o / 97 s)) — 5 )l
dm<a D

3 (ti = ) f(s,yn(s)) — f(s,y(s))|ds
0<tipi<t”ti—1
1 dm(afl)

+ mluyn(tm ~ LN+ T

Y () = Ly(E)]

0<tiz1<t
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11—«

_|_

[y /. (=9 me) = Tyl

Thus, from (H;), (H3) and the continuity of I, we get

IN(yn) — N(y)|lpc. — 0 as n — 400.

Step 2. N maps bounded sets into bounded sets in PC. ([0, 7], R).
Indeed, it is enough to show that there exists a positive constant [ such that, for each
y € B, ={y € PC.([0,T],R) : |lyllpc, < n}, we have | N(y)||pc, < I. Let y € B,, then
from (H3) and (Hj), we have

(=) " Ny®l < [] t—tia)* e

to<t; <t

1 b o1
+ / (e — )™ F (s, y(s))ds

tk—1

opal <tj—tj_n“‘l/t,ifti—s>a—1|f<s,y<s>>|ds

( ) 0<t; <t t;<t;<t i—

+% L (y(t;)] + Z ( H (t; —ti—)* Ly (t)])

F( ) 0<t;<t t;<t;<t

(t — tk)lfa ! a—1
P / (£ — )/ (s, y(s))Ids

ty

< a4 ﬁ / " (e — 9 (5 5(s))|ds

dm(afl) ti L y dm(afl)
) ti— )| (s, S
o Ot s +
0<t; <t
1 l1—a

— — T ¢ a—1
x > Lyt ))|+m|]k(y(tk)|+—/<t_s) |/ (s,y(s))lds

0<t;<t ['(a) th

- e nlplls [ - -
< dm(a 1) ||Q||OO / t, — g) 1 — ) ld
~ CO+F(Q+1) + F(a) (k S) (S k 1) S

ti—1

lk—1
dm(afl) mTe oo t o o
+ & I e 3 [ (= s =t
(o) @ O<ti<tYli-1
n qm(e=1) Z (a'ndoﬁl —|—b) 4 L (a'ndail —I—b)
F(O() (2 (2 F(@) (2 (2
0<t; <t

T||Q||oo 77||P||<>0T1_a /t -1 -1
+ + t—s)” s —t.)* “ds.
Tla+ 1) O AR
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Thus,

(mdm(a—l)TZa—1+Ta+T2a—l) 7]||Q||oo

N < dm(afl)
IN)llpe. < Co + o) B(a, a)
T (md™*=V + 1) +TH It (md™@D 4 1)(d* e +57)
T(a+ 1) Ao () =

where a* = max;_1; a;, b* = max;_1,; b; and d = El}in (t; —t;—1) who should check d < 1.

Step 3. N maps bounded set into equicontinuous sets of PC.([0,T],R).

Let 7,7 € (0,7], 1 < 72 and B,, be a bounded set of PC,([0,T],R) as in step 2. Let
y € B,, we have

(72 — 1) N (y)(72) = (11 — t)' "N (y) (1)
< H (t: —ti1)* e

to<t;<T2—T1

1 o »
N m 0<t§':2 T1(t <t1<_£ T1(tj - tjil)a /ti—l <tl - S) |f(5’ y<$))|d8)
+|(T2—tk) (;( (11 — tx) a|/ )2 £ (s, y(s))|ds
Z;a (7= 9" = (= )T (s, y(s))lds
+( Z?a/fﬁ—f“uwm>ws

+§5 SOOI =60 EwE )

0<t;<mo—T1 t;<tj<T2—T1

< H (ti —ti1)* o

to<t;<m2—T1

lqlo a1 [ a1 nllpllo
+m Z ( H (t; — tj-1) /t“(ti—s) d8)+m

0<ti<me—m1 t;<tj<T2—T1

< Y CTIL =t [ = e

0<t;<mo—T1 t;<tj<T2—T1 i~

R R LR

[(a) th
(2 =11 = (= ) llplloe [ et e
. i L}a—@ (s — t,)°~ds

(=t lalle [ et ey,
e [l = = (s

173
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+ (7'1 — tk)liaanHOO /Tl[(Tl _ S)a—l _ (7_2 _ S)a—l](s _ tk)a_lds

F(Oé) tr
(72 — te)' " *[lallo /T2 -1
—35)¢ !
T S
Ty — 1)1 7% o [ a— a—
N (T2 /})(a)UHpH /T1 (2 — 8)° (s — #,)° " ds
a—1

AR
e @) S I =t

0<t;<m2—T1 t;<tj<T2—T1

- B(a, a)(|Ipllsen + T *llqll)
< H (ti —tim1)* oo +
to<t;<T2—T1 F(Oé)

x> (=t I =10

O<ti<ra—T1 ti<t;<ra—m1

B T ) e
4 T'*B(a, a)(||§|(|:>n +T"lqll) (71— £0)22) — (79 — £)2°7 ]
LI - tk)a;((aulﬂ’olo)n T lldlloo) pg ey

a*da—l b* )
+TZ)+ oI @G—tirh.

0<t;<mo—T1 t;<tj<T2—T1

As 7, — 71 the right-hand side of the above inequality tends to zero, then N(B,) is
equicontinuous. As a consequence of steps 1 to 3 together wit Theorem 2.1, we can
conclude that N : PC.([0,T],R) — PC.(]0,T],R) is completely continuous.

Step 4. A priori bounds on solutions.
Let y = AN(y) for some 0 < A < 1. This implies by (Hz) and (Hs), for t € (0,14], we
have

y(0)] < Jeolt* + ﬁ / (t = ) (Ipllsoy ()] + lalloc) ds,

and then

y(®)] < [eolt™™" + ﬁ/o (t =) (lpllocly(s)] + llallc) ds

< (ol + gt ) et 1 e ot utsi as

From Lemma 1.4, there exists Ky(«) such that

_ Ko(a) [* Lo
)| < Lot*! M/t—“”%d
|y( >|— 0 + F(O{) 0( S) S 0as,
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where

Tlglls
Lo = L lldllee
o =lol+ 1)

the [Pl K ()T (r)
_ LoT%||pllcc K (a)I'(cx
sup t17y(t)] < Lo +
te[0,t1] lv(®) 0 ['(2a)

We continue this process taking into account that ¢ € (t,,, 7], then

= Mo.

[y < |y (G — )" + ﬁ/t (t =)' f(s,y(s))|ds

< [ly(t)l + T (y(E)] (¢ = t0)* " + L/t (t =)' f (s, y(s))lds

[(a)
Tliqll

< da—l " 1Mm— bm _— oo . ma—l
_{ (am +1) 1+ +F(a+1)}(t tm)

+ lplls /t (t— )™ Hy(s)lds.
I'(a) Ji,,
From Lemma 1.4, there exists K,,(«) such that

(0] < Lt = )+ L) ey

N
where
Tllq o
Ly = d* Mam + 1) M1 + by, + —P(!qﬂ 1y
then
_ L/ T%]|pl|cc K ()T (@)
sup (t—twm) "?ly(t)| < L,, + =: M,,.
te(tmﬂ( )y ()] I (20)
Define M by
M = max M,
k=0,....,m
let

U= {y € PC*([OaT]7R> : ||y||77C* <M + 1}a

and consider the operator N : U — PC,([0,T],R). From the choice of U, there is no
y € OU such that y = AN(y) for some A € (0,1). As a consequence of the nonlinear
alternative of Leray-Schauder type, we deduce that N has a fixed point y in U which is
a solution of the problem (2.1) — (2.3). O

2.2.2 Structure of the solutions set

Theorem 2.5 Under assumptions (Hy)— (Hs), then, the solutions set of Problem (2.1) —
(2.3) is an Rs-set.
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Proof. First of all, we show that the set
S(f,co) ={y € PC.([0,T],R) : y is a solution of (2.1) — (2.3)} is compact.

Let (Yn)nen be a sequence in S(f,cp). We put B = {y, : n € N} C PC.([0,T],R).
Then from earlier parts of the proof of this theorem, we conclude that B is bounded and
equicontinuous. Then, from Theorem 2.1, we can conclude that B is relatively compact.
Consider the equation

BLDYy(t) = f(t,y(t)), ae te€J=(0,t], (2.8)
thnol+ () = . (2.9)

Recall that Jy = (0,¢1] and Jy = (tg, tesa], k=1,...,m,
Cr«([tr, trra], R) = {y € C(Ji, R), with y*(¢]) exists}.

Hence,

Yn/J, has a subsequence (yy, )n, cn converges to y with

(Y Jnmen C S1={y € Co.([0,t1],R) : y is a solution of (2.8) — (2.9)}.
Let

a—1 1 ! a—1
20(t) =t g + m/o (t— )" f(s,y(s))ds,

and

|memﬁ%wwwmm>mmw

As ny, — +00, Yy, (t) = 20(t), and then

ym=w4%+ﬁala—@WV@mmw.

Consider now
BLDoy(t) = f(t,y(t)), ae t e J = (t,ts], (2.10)
y (ty) = ylty) + In(ty), (2.11)
Yn/ s, has a subsequence relabeled as (y,,,) C Sz converging to y in Cy .([t1, 2], R) where
Sy = {y € C1.([t1,12), R) : y is a solution of (2.8) — (2.9)}.
Let
(t —t)*"

W/o (t1 — s)* "h(s)ds

1 ¢ a—1 a—1 -
+m/tl (t—9)""f(s,y(s))ds+ (t —t1)* " Li(y(ty)),

2(t) = (t— 1) ¢ ey +
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and

o (1) — (1) < % / (11— )M (5 () — £ (5, y(5))ds

n / (= )25, g (5)) — F(s, 9(s))|ds

N
(o) Jy,
+ (t = t)* D (Y, (87) — y(80))].

As 1y, — 400, Yy, (t) = 21(t), and then

(t —t)> !

o /0 (1 — )° h(s)ds

y(t) = (t —t1)* ¢ oo +

1 t a—1 i a—1 =
+ (o) /lt1 (t = 5)*"h(s)ds + (t — 1) Li(y(ty)).

We continue this process, we conclude that {y, | n € N} has subsequence converging
to

y(t) = (t—tn)* " [ i —tic)* o

to<t;<t

. % /:” — )" (s, y(s)ds
S GE X I 66 )
. ﬁ / (t = )" f (5, y(s))ds.

Hence S(f, cy) is compact.

Next, define
oo ), Jun)] < AT,
f(ty(t)) —{ Ft 55D, y(t)] > M,

where M > M. Since f is continuous, the function ]?is continuous and it is bounded by
(H,), there exists M, > 0 such that

|f(t,y)| < M., for a.e.tandall ye€R. (2.12)

We consider the following modified problem,
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Doy(t) = f(ty(t), teJ=(0,T], t#t,, 0<a<l,
Ayl = L(y(t,)), k=1,....m
lim ' %y(t) = co.

t—0t

We can easily prove that S(f,co) = S(f,c) = FizN, where
N : PC.([0,T],R) — PC.([0,T],R)
is defined by

N(y)(t) = (t — )" H (ti —ti1)* o

to<t; <t

t—t,) ! -1 h a—1¢
+ % Z H (tj — tj_l)a /tz 1(ti - S) f(S,y(S))dS

t1<tip1<t \t;i<t;<t i—

t_tkail al _
+% TN | U YA )

t1<tj41<t t;<t;<t

1 t 1
+ m/ (t— )" f(s,y(s))ds.

tr
We have

M*dm(a—l)
[(a)

i M (dm(afl) + 1)
a1 *
* / (ti = 8)"ds + I'«)

ti—1

n M, T
MNa+1)

M* T (dm(afl) + 1) N M*(dm(afl) + 1)
I'a+1) ()

(t = 1) N () ()] < d™ D ]eg| +

=: M,..

Nyl pe. < d™Vleg| +

Finally, we have

INW)llpe. < M.,

then N is uniformly bounded, as in steps 1 to 2, we can prove that
N : PC.([0,T],R) — PC.([0,T],R),

is compact which allows us to define the compact perturbation of the identity é(y) =
y — N(y) which is a proper map. From the Lasota-Yorke approximation theorem, we can
easily prove that all conditions of Theorem 1.39 are satisfied. Therefore the solution set

S(f,co) = G7(0) is an Rs-set so S(f,co) is an Rg-set.
(I
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2.3 Example

In this section, we consider the following fractional impulsive differential equation

REDy() = f(ty(t)), t € J = (0,1], t # % 0<a,B<l, (2.13)
tli_r)notl_"‘y(t) =0, (2.14)
1, 1°
Ayl—y = 3ly(5 I+ 1, (2.15)
where o . ) I () .
T I1l-a) T(B-a) ’
_ F(ﬁ) kaﬁ
f(t,u) = N a)(t+a)“u+ i+ a) for (t,u) e J xR
and

1
Ii(u) = §\u! + 1, for all u € R.

We have t; = % and ¢y = 0, it clear that f is a continuous function and so condition

(Hs) is satisfied.

Let
B IN{e! _ I(a)
PO oo =" G e
ka
Q(t) = kap, gl ==,

we can easily prove that condition (Hs) yields.

Let also a; = %, by = 1 and so condition (Hj) is satisfied. Therefore, the solutions set
of the problem (2.13) — (2.15) is not empty and it is interesting to study the topological
properties of the solutions set in this case. Therefore, the solution set of (2.13) — (2.15)
is an Rgs-set.
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Chapter 3

Solution set for impulsive fractional
differential inclusions

3.1 Introduction

We consider the following initial value problem

RLDey(t) € F(t,y(t)), ae. te€ J=(0,T], t#ty,

lim ' y(t) =
Jim 17 (1) = (31)
A*yly, = I(y(ty)),

where £k = 1,...,m, 0 < o < 1, 2D is the standard Riemann-Liouville fractional

derivative, F' : J x R — P(R) is a given multivalued function (P(R) is the family of
all nonempty subsets of R) and ¢ € R. I, : R — R are continuous functions, 0 = ¢y <
t1 < ... <ty <ty = T and A%yl = y*(t)) — y(t,), where y*(¢f) = lim (¢ —

+
t—t}

ty)' " y(t) and y(t;) = lim y(t).

t—t,

3.2 Main results

Let PC.([0,T],R) the Banach space defined as the second chapter. Consider the Banach
space
Q= PC*([07 T]7 R) N (UZL=1~AC([tk7 tk+1]7 R))7

with the norm

goue

where yy is the restriction of y to Jy = (tx, tg41], £ =0,...,m, and

lyelle = sup  [(t —te) " “yu(t)], for every k=1...m.

tE[tk,tk+ﬂ

Let J' = J\{t1, ... tn}.
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Definition 3.1 A function y € Q is said to be a solution of problem (3.1) if there exists
v € LY J,R) such that v(t) € F(t,y(t)), a.e. on J', tlimotl_ay(t) =c, Ay, = Ii(t;)
—

and BEDy(t) = v(t), a.e. t € J'.

The aim of our work is to present an overall existence result for the problem (3.1) by
using a fixed point theorem for multivalued maps due to Covitz and Nadler and prove the
compactness and contractibly of the solution set for the problem (3.1).

Theorem 3.2 Let F': J x R = P, (R) be a multivalued map that is mLL-selectionable.
Assume that:

(H,) there exist constants @ and b € R* such that

|F(t,z)||p < alz| +0b, for a.e. t € J and each x € R,
(Hz) there exist a function p € C([0,T],R") such that
Hy(F(t,z1), F(t,20)) < p(t)|z1 — 22|, for all z1, 20 € R, and
d(0, F(t,0)) < p(t), t € J,
(Hs) there exist constant L > 0 such that

|Tx(2z1) — Ik(22)| < Llzy — 22|, for all z1, z € R.

If

T plloL (@)1 + mTg™) | mIg—'L
'(2a) (o)
where Ty = min, g5 (tip1 — ;) < 1, then the problem (3.1) has at least one solution. If

7

further F: J xR — P.,(R) is a Carathéodory multivalued map, then the solution set is
a compact and contractible.

Proof.
Existence of solutions: Consider the operator P : Q — P(Q2) defined for y € by

<1,

i=k

P(y)= {heQ:h(t)=(t—t)* " ]t —ti)* e

i=1

(t —t )ail e a—1
e é) [ /t“(tk — 5)* " h(s)ds



where v € Sp, = {v € L'(J,R) : v(t) € F(t,y(t)), a.e. t € J}.

Clearly, from Lemma 2.3 the fixed points of P are solutions to (3.1). Now we show that
the operator P satisfies the assumptions of Lemma 1.34. To show that P(y) € P.(£), for
each y € Q, let {uy,}n>0 € P(y) be such that u,, — w as n — oo in Q. Then u € Q and
there exists v, € Sg, such that, for each ¢ € (0,7].

Uy (t) = (t—tp)*" " ﬁ(ti — )t

(t . tk)a—l ty o1
T ) l/ (s = o) “enle)de

tgp—1
k—1 k—i t;
DY | (TR _1/ (ti — 5) lvn(s)dsl
=1 j=1

(t " )ai k—1 k—i
— Uk Oé
+ T Tl ]k Yn(ty)) + ZH (tk—jp1 — tre ] ' (yn (t; ))]

i=1 j=1

1 ¢ o1
+ m/(t—s) vn(s)ds.

tk

As F has compact values and from (H;), we pass onto a subsequence (if necessary) to
obtain that v, converges to v in L*([0,T],R). Thus v € Sg, and for each ¢ € (0,T], we
have

Un(t) — u(t) = (t—tk)a_lﬁ(ti — ;1) e

(t —tp)*" t a—1

t ) l/“ o
k—1 k—1 t;

+ H th—jr1 — ti—j _l/t‘ (ti—s)a_lv(s)dsl
(t B k—1 k—i o

+ ( ) Ik tk + ZH te—jt1 — T J Li(y ( i)

1 ¢ ol
+ m/tk (t —s)*  v(s)ds.

Hence, u € P(y).
Next, we show that there exists § < 1 such that

Hy(P(z), P(y)) < 6]l = ylla, for each z, y € €.

Let z,y € Q and h; € P(x). Then, there exists v((t) € F(t,z(t)) such that, for each
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i=k

h(t) = (t—t)* ]t —ti)* e

i=1

(t— )" " —5)* oy (s)ds

k—1 k—i ti
+ ZH thjr1 — ti—j _I/t, (ti—s)o‘_lvl(s)dsl

(t— 1) k-1 k—i - B
+ o) [Z(x(t;;)) + ZH“’“‘W = te—y) " Li(2(t7))
I a1
+ m /tk (t — s)* vy(s)ds.

By (H,), we have
Hy(F(t, x(t)), F(t,y(t))) < p(t)]x(t) —y(t)].
So, there exists w € F'(t,y(t)) such that
[01(2) — w| < p(t)]z(t) = y(¥)], t € (0,T].
Define U : (0, 7] — P(R) by
U(t) = {w(t) € R: | (t) —w| < p(t)]z(t) —y(t)].

Since the multivalued operator U(t) N F(t,y(t)) is measurable [[21], Proposition II1.4],
there exists a function ve(.) which is a measurable selection for U(.) N F(.,y(.)). So,
ve(t) € F(t,y(t)) and for each ¢ € (0,7, we have

i (t) = v2(t)| < p(t)|(t) — y(?)]-
For each t € (0,77, let us define

hi(t) = (t—tp)*! ilj(ti —ti1)* e
LU _ng)al [ /t:k1<t’“ — )0 uy(s)ds
+ kzlik 1 (thjor — thy) /‘tl(ti —S)O‘_lvg(s)dS]
+ L i) + <t T <1>>]



Thus,

[(t—te) "M (t) — (t—tk)l_ahz()l

(= )" Joa(s) — vi(s)lds

IA
E
w&
&l—l
\

+ Y | (tk 1 — ty)” _1[i (ti — )% Hva(s) — v )|d5]
+ g a6 = Do)
D) | (TR L(az(t;m]
+ % /t (t — ) va(s) — v1()|ds.
Hence,
s — holla < {T“lelmF(Foz()Q(;Jr mTe ) N mg(g:)L T

Analogously, interchanging the roles of z and y, we obtain

Hy(P(x), P(y)) < dllx —ylla,

o a—1 a—1
where § = 22 H°°F§O(‘;S)+mT° ) 4 m?"(a) L. So, P is a contraction. Hence it follows by

Lemma 1.34, P has a fixed point y which is a solution of (3.1).

Structure of the solutions set: Let

Sp(c) ={y € Q: y is solution of (3.1) }.

First of all, we prove that Sr(c) is compact in Q. Let {y, }nen € Sr(c), then, there exists
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vy, € Spy, such that, for a.e. ¢ € J, we have

i=k
yn(t) = (t — tk)ail H<t1 — ti,l)aflc
(t — tk)a_l tk o1
+ T T [/tkl(tk —5)% u,(s)ds
+ ZH(tk—Hl —t—3)*" /t (ti S)O‘_lvn(S)ds]
(t _ tk)a—l - k—1 k—1i - )
Ty D)+ 3 L[t = 1) >>]
1 ¢ o1
+ (o) /tk (t — 8)* Tvu(s)ds.

From (H,) and (H3), we can easily prove that there exists an M; > 0 such that ||y, |||o <
M, for every n > 1 and the set {y,, : n > 1} is equicontinuous in €. Thus, by using Theo-
rem 2.1, we can conclude that, there exists a subsequence (denoted again by {y,} of {y,})
such that y,, converges to y in 2. We shall show that there exist v(t) € F(t,y(t)), a.e.t € J
such that

y0) = (=TI -t e
Sl N
i N [/tk_1<t ) (s)d
k=1 k—i .
+ H(tk—J—H tk—])a_l /t (t; S)O‘_lv(s)dgl
(t _ tk)oz—l - k—1 k—1 - )
alie v el LOVCRIR BN | (CERRE s AT
+ ﬁ/t(t—S)a_lv(s)ds.

Since F(.,.) is upper semi-continuous, then for every € > 0, there exist ny > 0 such that,
for every n > ng, we have

va(t) € F(t,yn(t)) C F(t,y(t)) +eB(0,1), a.et € J.
Using the compactness of F\(.,.), we get the subsequence vy,,(.) such that
Unm(.) — v(.) and v(t) € F(t,y(t)), a.e. t € J.
From (H;), we have

Vpm (1) < @(t — 3)* "My + b, ae. t € (tg, tps].
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By Lebesgue’s dominated convergence theorem, we conclude that v € L!'(J,R), which
implies that v € Sg,. Thus, since I are continuous functions, for a.e. ¢t € J, we have

y(t) = (t—t,)*"! H(ti —t;.1)% e
e [
(. mﬂw*/ﬁazswlmw@]
# L () + 3 [Ttk — ) B0 »]

+

Then, Sr(c) is compact.
Next, let f € F' be measurable and locally Lipschitz. Consider the single-valued problem

BLDO (1) = f(t,u(t)), ae.t €= (0.T), t 1t
lim t'"y(t) = c, (3.2)

By the Banach fixed point theorem, we can prove that the problem (3.2) has exactly one
solution Z. We define the homotopy h : Sp(c) x [0,1] — Sr(c) by

h(y, N)(t) = { y(t), for 0 <t < AT,

z(t), for \[ <t<T.
Where T is exactly one solution of the problem (3.2). Note that

y, for A=1andy € Sr(c),
hiy, A) = { z, for A=0.

Now, we prove that h is a continuous homotopy. Let (y,, A,) € Sr(c) x [0, 1] such that
(Yn, An) — (y, A). We shall show that h(y,, A\n) — h(y, A). We have

W(t),  for t € (0,1,
h(yn, An)(t) = { %(,E)? for (An}, 1. |

(a) If lim A, =0, then h(y,0)(t) = Z(t), for t € (0,77], hence

n—3 00
||h(yn7 /\n) - h(yu )‘>||Q —0asn— +00,

the case when lim A\, =1 is treated similarly.
n—-oo
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(b) If A\, #0 and 0 < lim,, o A, = A < 1,

then, we may distinguish between two sub-cases:

(i) Since y, € Sp(c), there exist v, € Sp,, such that, for t € (0, A\, 7]

ya(t) = (t—tp)* " ﬁ(tz —ti1)* e
Gy [
T T [ /tk_l(t’“ )" vn(s)d
k=1 k—i .
+ A H bojr1 — L) /t (t; — s)a_lvn(s)dsl

k—1 k—1i
t— )t a- -
( k) [k yn(ty)) + E | | thejt1 — thej) llz‘(yn(ti ))]

t
F(O{) =1 j=1

+ m/tk (t —8)* v, (s)ds.

Since y,, converges to y, there exists M; > 0 such that ||y,|q < M.

Since F'(.,.) is upper semi-continuous, then for every € > 0, there exist ng > 0
such that for every n > ng, we have

vn(t) € F(t,yn(t)) C F(t,y(t)) +eB(0,1), aet € J.

Using the compactness of F'(.,.), we get the subsequence vy,,(.) such that
Unm(.) —> v(.), and v(t) € F(t,y(t)), a.e. t € J.

From (H;), we have
V(1) < @t — )" "My + b, ae. t € (g, tpg].

From the Lebesgue § dominated convergence theorem, we have v € L'(J,R), so
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v € Sf, and since [j, are continuous functions, for ¢ € J, we have

y(t) = (t—tp)*" ﬁ(ti —t;i_1)" e
(t_tkz> * a—1
+ o) [/tk_l(tk —5)* v(s)ds
k—1 k—1 t;
T H (tr—jr1 — th—j _l/t (t; —S)Q_IU(S)dS]
k—1 k—i
n %[Ik ) + Htkm—tkﬂv(m)]
1 ! o1 o
+ ) tk(t—s) v(s)ds.

(ii) t € (AT, T], then
h(yn, An)(t) = h(y, \)(t) = T.

Thus,
1A (Yns An) — B(y, A)||g — 0 as n — 0.

Therefore h is a continuous function, proving that Sr(c) is contractible to the point Z.
O

3.3 An Example

As an application of the main results, we consider the impulsive fractional differential

inclusion
), aeted =01 t£1,
) (3.3)

where T'=1,m = 1t1:%,

1
F(t,z) = [0, §smm—|—t‘j_’9—l—§]
And .
Ii(u) = §| sin(u)| + 1, for u € R.
Clearly
(ol v e F(t.a)} < flsinal + 20 40
sup{|v| : v T —|sinz| + —— + =
P =g [+9 9
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Hy(F(t,2), F(t,y)) < [1 +

and 1 1
L1 (u)] < §\Sin(U)| + 1, [Li(u) = Li(v)] < §\u—v|-

T%||p|| oo T () (1+mTg mI§ 'L
Let p(t) = 3 + 5. Then [[p[[loc = 2 and Zll=@)0nds ) 4 2L ~ 73965 < 1.
Hence from Theorem 3.2, the problem (3.3) has at least one solution. It is clear that
F is a mLL-selectionable multivalued map ( the fonction f(¢,u) = §sinu + t‘-|—L|9 + 5 is
measurable, locally-Lipchitzian) with compact convex values. Then the solution set is a

compact and contractible.
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Chapter 4

Solutions set for fractional
differential inclusions

4.1 Introduction

We consider the following initial value problem for fractional order differential inclu-
sion

BLDoy(t) € F(t,y(t)), ae. t € J=(0,T], 0<a<l, (4.1

lim t'"y(t) = c, (4.2

t—0t

)
)
where 'L D® is the standard Riemann-Liouville fractional derivative, F': J xR — P(R)
is a Carathéodory multivalued function (P(R) is the family of all nonempty subsets of R)
and c € R.

4.2 The upper semi-continuous case

In this section, we present a global existence result and prove the compactness of the
solution set for problem (4.1) — (4.2) by using a nonlinear alternative for multivalued
maps combined with a compactness argument. Consider the Banach space

Co([0, T,R) ={y € C((0, T],R) : tlimotl_‘"y(t) exists }.
—
Endowed with the norm
[yllo = sup{t'~*|y(t)] : t € (0,771},
C, is a Banach space. For A a subset of the space C,([0,T],R), define A, by Ay = {ya :
y € A}, where

lim '~ y(t),

t—0

wo-{ iy 1£0T

Lemma 4.1 Let A be a bounded set in C,([0,T],R). Assume that A, is equicontinuous
on C([0,T],R). Then A is relatively compact in C,(]0,T],R).
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Proof. Let {y,}7°,; C A, then {(ya)n}rey C€ C(]0,7],R). From Arzela-Ascoli theorem,
the set Ko = {(ya)n : n € N*} is relatively compact in C(]0,7],R), thus there exists
a subsequence of {(Ya)n}nen, still denoted by {(ya)n}52,, which converges to y, where
y € (C([0,T],R), [|-[loc)-

Hence
1(ya)n — 2l = sup{|t" "y (t) — t"=t* "y (t)],t € (0,T]} — 0.

Therefore
{yn}zozl — zon Ca([oa TLR)

Let us define what we mean by a solution of problem (4.1) — (4.2).

Definition 4.2 A function y € C, is said to be a solution of problem (4.1) — (4.2) if there
exists v € L*(J,R) such that v(t) € F(t,y(t)) a.e. t € J satisfies "2 Dy(t) = v(t) on J
and condition lim; o t'=%y(t) = ¢, is satisfied.

As a consequence of Lemma 1.7 and Lemma 1.8, we have the following result which is
useful in what follows.

Lemma 4.3 Let 0 < a < 1 and let p € L'(J,R). Then, y satisfies the following equation

1 t
y(t :to‘_lc+—/ t—5)*1p(s)ds, a.e. t € J,
(v w9 ee)

if and only if y satisfies the following problem
BLDy(t) = p(t), for eacht € J,
: 11—« o
th_r)not y(t) = c.
We assume that the multi-valued map F'is a compact and convex valued which satisfies
following hypotheses:
(Hy) F:JxR— Ps(R) is a Carathéodory multi-valued map,

(Hy) there exist nonnegative constants a, b € RT such that

|E(t z)||p < at'*|z| + b, for a.e. t € J and each z € R.

Theorem 4.4 Under Assumptions (Hy) — (Hs), the initial-value problem (4.1) — (4.2)
has at least one solution. Moreover, the solution set Sg(c) is compact.

Proof.
Existence results: Consider the operator N : C, — P(C,) defined for y € C, by

N(y) ={h €Cy: h(t) =t""tc+ ﬁ/@ (t —s)* tu(s)ds, ae. t € J},

where v € Sp, = {v € L'(J,R) : v(t) € F(t,y(t)) a.e. t € J}. Note that from [60,
Theorem 5.10], the set Sp, is nonempty if and only if the mapping ¢t — inf{||v(¢)] :
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v(t) € F(t,y(t))} belongs to L*(J). It is further bounded if and only if the mapping
t = ||Et,yt)lp = sup{|jv(t)|| : v(t) € F(t,y(t))} belongs to L*(J), this particularly
holds true when F' satisfies (Hy).

Clearly, from Lemma 4.3, the fixed points of N are solutions to (4.1) — (4.2). We shall
prove that N satisfies the assumptions of the nonlinear alternative of Leray-Schauder type.
The proof is given in several steps.

Step 1. N(y) is convex for each y € C,.

Indeed, if hy, ho belong to N(y), then there exist vy,vy € Sp,, such that for each
t € J, we have

hit) = 27+ w Jo(t—s)*ui(s)ds, i=1,2.
Let 0 < d < 1. Then, for each t € J, we have
(dhy + (1 —d)he)(t) = t* ¢
+ w7 Jo(t = 8)2 " dui(s) + (1 = d)vs(s)]ds.
Since Sp,, is convex (because F' has convex values), we have
dhy 4+ (1 —d)hs € N(y).
Step 2. N maps bounded sets into bounded sets in Co(J,R).
Indeed, it is enough to show that there exists a positive constant [ such that for each

y € B, ={y € Co(J,R) : ||y|la < 7}, we have [|[N(y)||o <. Let y € B,. Then for each
h € N(y), there exists v € Sg, such that

h(t) :to‘_lc+ﬁ /O (t — 5)°(s)ds.

By (Hz), we have

RO < el + 52— ) ols)ds
11—«
< el + B [~ 9 (ast=ly(s)] + b)ds
atl—> rt a— —a - rt a—
< |+ IE((Q)H;)[O (t =)o s ™ y(s)|ds + F5 Jo (8 — s)*bds
< el + Fagay =

Step 3. N maps bounded sets into equicontinuous sets of Co([0,T], R).
Let 71,7 € (0,T], 71 < 72 and B, be a bounded set of C,([0,7],R) as Step 2, let y € B,
and h € N(y), then

7, () — T h(n)] < % Jo' (m = s)* Hlv(s)lds
T R R R e O
+ iy [ = s (s
< T =)+ B - ) - )
+ T s — ).
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As 75 — 7, the right-hand side of the above inequality tends to zero. Then N(B,) is
equicontinuous.

As a consequence of Steps 1 to 3 together with Lemma 4.1, we can conclude that
N :C, — P(C,) is completely continuous.

Step 4. N s u.s.c.

To this end, it is sufficient to show that N has a closed graph. Let h,, € N(y,) be such
that h,, — h and y,, — y as n — +00.

Then there exists M > 0 such that ||y,||lo < M. We shall prove that h € N(y).
h, € N(y,) means that there exists v,, € Sp,, such that, for a.e. ¢t € J, we have

ho(t) = t* e+ ﬁ/o (t — 8)* tu,(s)ds,

(H) implies that v,(t) € aM +bB(0,1). Then (v, ),en is integrably bounded in L'(J, R).
It follows that (v,)nen is weakly compact . There exists a subsequence still denoted
(vn)nen, which converges weakly to some limit v € L'(J,R). Furthermore, for a.e. t € J,
the mapping I'; : L'(J,R) — R defined by

is a continuous linear operator. Then it remains continuous if these spaces are endowed
with their weak topologies. Moreover, for a.e. t € J, we have

h(t) =t*"tc+ ﬁ /0 (t —5)* tu(s)ds.

It remains to prove that v(t) € F(t,y(t)), a.e. t € J. Mazur’s Lemma 1.19 yields the
existence of o > 0, ¢ = 1,...,k(n) such that ngi) af = 1 and the sequence of convex
combinations g, (.) = ng{) al'v;(.) converges strongly to v in L. Using Lemma 1.20, we
obtain that

Nas1 tgn(@)} ae t € J

ys1 co{on(t), n > N} (4.3)
ﬂNZl co {UnZN F(t, ?JN(t))}

co {limsup F(t,y,(t)))} .

However, the fact that the multivalued x — F(.,x) is u.s.c. and has compact values,
together Lemma 1.21 implies that lim,, . sup F'(¢,y,(t)) = F(t,y(t)), a.e. t € J, com-
bining with (4.3) yields that v(t) € coF(t,y(t)), from the convexity and closedness of F'
it follows that v(t) € F(t,y(t)), a.e. t € J. Thus h € N(y), proving that N has a closed
graph. Finally, with Lemma 1.16 and the compactness of N, we conclude that N is u.s.c.

v(t)

I N Nm

Step 5 : A priori bounds on solutions.
Let y € Co(J,R) be such that y € AN(y) for some A € (0,1). Then there exists
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v € LY(J,R) with v € Sk, such that, for each ¢t € J.

1 t
y(t :cto‘1+—/ t—s)* tu(s)ds.
(1) o | =
From (H,), we have

oy ()] < el + by fo (6= 9)° 7 u(s) ds
| + 5 tl_a fot t —s)* L(as'=?|y(s)| + b)ds

a o a— a
ol + & 1+a) + - T fo (t — s)* sty (s)|ds.

IAINA A

From Lemma 1.4, there exists k() > 0 such that

1-a ak(a)T' = [ )21 ds
pooyn) < L+ S [0 L

where L = [c| + ¢ ) Therefore

ak(a)T  —~
< T M.
ol < 1+ oL g
Let —
U:={y €Cu(l0, T],R) - [ly()[l. <M +1},

and consider the operator N : U — Py »(C). From the choice of U, there is no y € oU
such that y € AN(y) for some A € (0,1). As a consequence of the nonlinear alternative of
Leray-Schauder type [37], we deduce that N has a fixed point y in U which is a solution
of the problem (4.1)-(4.2).

Compactness of the solutions set:
Let

Sr(c) ={y € Co(J,R) : y is a solution of problem (4.1)-(4.2) }.

From the previous consideration, there exists M such that for every y € Sg(c), ||y|lo < M.
Since N is completely continuous, N(Sr(c)) is relatively compact in C,. Let y € Sg(c),
then y € N(y) and hence Sp(c) C N(Sp(c)). It remains to prove that Sp(c) is a closed
subset in C,. Let {y,, : n € N} C Sp(c) be such that the sequence (y,)nen converges to y.
For every n € N, there exists v, such that v,(t) € F(t,y,(t)), a.e. t € J and

Yn(t) =t”‘1c+ﬁ /0 (t — 5)* Lo, (s)ds.

Arguing as in Step 4, we can prove that there exists v such that v(t) € F(t,y(t)) and

y(t) :ta_lc+ﬁ /0 (t = 5)* To(s)ds.

Therefore y € Sp(c) which yields that Sr(c) is closed, and hence compact in C,.
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4.3 Covitz Nadler approach

4.3.1 Existence results

We present now a result for the problem (4.1)-(4.2) with a non-convex valued right hand
side. Our considerations are based on the fixed point theorem for contraction multivalued
maps given by Covitz and Nadler.

Theorem 4.5 Assume that the following hypothesis holds:

(H3) F:J xR — P.,(R) has the property that F(-,u) : J — P(R) is measurable for
each v € R,

(Hy) there exist a function p € C([0,T],R*") such that
Hy(F(t,z1), F(t,z2)) < p(t)]|z1 — 22|, for all z1, z € R,

and
40, F(,0)) < p(t), t € J.
If
T||pllocI" ()
['(2c)
then the problem (4.1)-(4.2) has at least one solution.

<1, (4.4)

Remark 4.6 For eachy € C, the set Sg,, is nonempty since by (Hs), F' has a measurable
selection (see [21], Theorem III.6).

Proof. We shall show that N satisfies the assumptions of Lemma 1.34. The proof will
be given in two steps.

Step 1: N(y) € Pu(Co(J,R)) for each y € Co(J,R).

Indeed, let (yn)n>0 € N(y) such that y, — ¢ in Co(J,R). Then, § € C,(J,R) and
there exists v, € Sg,y such that, for each t € J,

yn(t) = 127 Le + 5 fo (= 9)° Mo (s)ds,

Using the fact that F' has compact values and from (Hy), we may pass to a subsequence
if necessary to get that v, converges to v in L'(J,R). Moreover, for a.e. t € J, we have

yn(t) — §(t) = 1° Lo+ 5 fo (= 9) Mo(s)ds.

So, § € N(y).
Step 2: There exists v < 1 such that

Hy(N(y),N®)) < ylly = Glla for each, y,7 € C,.

Let y, ¥ € C, and hy € N(y). Then there exists vq(t) € F(t,y(t)) such that for each t € J
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From (H,) it follows that
Hy(F(t,y(1), F(£,5(t))) < p(t)]y(t) —H(1)].
Hence, there exists w € F'(¢,7(t)) such that
01 (t) — w| <p(t)[y(t) =), t € J.
Consider U : J — P(R) given by
U(t) ={w e R: o (t) —w| < p(t)]y(t) - y(1)[}.

Since the multivalued operator V(t) = U(t) N F(t,y(t)) is measurable (see Proposition
II1.4 in [21]), there exists a function wve(t) which is a measurable selection for V. So,
vo(t) € F(t,7(t)), and for each t € J,

01(2) — va(8)| < p(2) |y (t) — ()]

Let us define for each t € J

Then for t € J

— -« I« oa—
[t17ha () — 17 ha(t)] < tpl(—a) Jo(t = )2 fua(s) = vr(s)lds
“Slplleo [t a— _
< S ot =) y(s) — 9s)lds
% plle [t a—1 a— I
< bl (e —5)2 7t Iy — 7llads.
Thus,
T|lplloeT(e)
hi — holla < ———|ly — Y]]
|7 2fla < T'(2q) ly =¥l
By an analogous relation, obtained by interchanging the roles of y and 7, it follows that
vy o Tpllecl(e)
Hy(N(y), N < —— 2y —7lla.
a(N(y), N(@)) < T(20) ly — 7

So, by (4.4), N is a contraction and thus, by Lemma 1.34, N has a fixed point y which is
solution to (4.1)-(4.2).
O

4.3.2 Structure of the solutions set

Theorem 4.7 Let F': J xR — P, (R) be a Carathéodory and mLL-selectionable multi-
valued which satisfies conditions (Hy). Then for every ¢ € R, the solution set Sp(c) is
compact and contractible.
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Proof. Let f € F' be measurable and locally Lipschitz selection. Consider the single-
valued problem

BLDy(t) = f(t,y(t)), ae. t € J=(0,T], 0 <a <1, (4.5)
tlin(}+ ty(t) = c. (4.6)

Arguing as in Theorem 4.5, we can prove that the (4.5)-(4.6) has exactly one local solution
T for every ¢ € R. Theorem 4.4 implies that Sr(c) is nonempty and compact. We define
the homotopy H : Sp(c) x [0,1] — Sp(c) by

t), 0<t<AT,
H(?J,)\)(t):{gitg )\T<<t§T,

where T is the unique solution of problem (4.5) — (4.6). In particular

|y, for A=1,
H(y’A)_{f, for A = 0.

We prove that H is a continuous homotopy. Let (y,, A,) € Sr(c) x [0,1] be such that
(Ynys An) — (Y, A), as n — +00.
We shall prove that H(y,, \,) — H(y, \), we have

W(t), fort e (0,\,T],
H (yn, An)(t) = { %(i),) for ¢ € gm’, ]]-

We consider several cases,

(a) if lim A, =0,

n—400

H(y,0)(t) =%(t), t € (0, 7).

Hence
1H (Y An) — H(y, A)||o tends to 0 as n — +o0.

(b) If A, #0 and 0 < lim A, < 1, two cases must be treated,

Nn—r oo

If ¢ € (0, A\, T, then H(yn, A\n)(t) — H(y, A)(t) = ya(t) — y(1),
since y, € Sr(c), there exist v, € Sp,, such that

o t o
Yn(t) = t* e+ ﬁ Jo(t = 5)*tun(s)ds, t € (0,\,T].
We must show that there exists v € Sp,, such that, for each t € J,
o t o
y(t) =t let i Jo (t = 8)* to(s)ds, t € (0,AT].

Since F'(t,-) is upper semi-continuous, then for every € > 0, there exist ng(e) > 0 such
that for every n > ng, we have

va(t) € F(t,yn(t)) C F(t,y(t)) +eB(0,1), ae. t € J.

48



Since F'(-,-) has compact values, then there exists a subsequence v, () such that
Up,, () = v(+) as m — oo

and
v(t) € F(t,y(t)), ae. t e J

Since y,, converges to y, there exists M > 0 such that ||y,|. < M.
Hence, from (Hs), we have

v, ()] < @M + b, a.e. t € J,
which implies B
v, (t) € aM + bB(0,1).
From the Lebesgue dominated convergence theorem, yields
1 1 ' 1
y(t) =t* c+—/ t—3s)* " w(s)ds, t € (0, \T].
() g [ (=9 (s, t e (0.0
If t € (\,T,T], then
H (yn, An)(t) = H(y, A)(t).

Thus
| H (Y, An) — Hy, A)||la — 0 as n — 0.

(c) If A =1, we have

HYn, \n) = Hy,\) = v.
Therefore H is a continuous function, proving that Sg(c) is contractible to the point .

O
4.4 Examples
Consider the problem
1 1
RLD2y(t) € Fi(t,y(t)), ae. t € J=(0,1], a = 3 (4.7)
lim ¢2y(t) = 4. 4.
Jim #2y() (4.8)
Let Fy : (0,1] x R — P(R) be a multivalued map given by
Fi(t,x) = —2+t3 ] + 2 +t2 42 (4.9)
H 32 +1 |z + 2 ' ‘

It is clear that Fj is a Carathéodory multivalued map with compact, convex values and
for f € Fy, we have

T
|f()] < x|+ u;% +#24+2| <4+t T €R.
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Thus,
IFi(t, 2)|lp = sup{lyl : y € F(t,2)} < at'"*|z[+b, z €R,

with @ = 1 and b = 4. Hence, by Theorem 4.4, the problem (4.7)-(4.8) with F' given by
(4.9) has at least one solution and the solution set Sp, (4) is compact.

Consider the multivalued map F3 : (0,1] x R — P(R) given by

oz 1
Ey(t,z) = 1|0 - 4.10
i) = o, S8l 5] (4.10)
and the fractional differential inclusion defined by
1
RLD3y(t) € Fy(t,y(t)), ae. t € J = (0,1], a = 5 (4.11)
1
lim t2y(t) = 4. 4.12
im £2y(t) (4.12)
Clearly
[1E5(t, )| = sup{[v] : v € Fo(t, 2)}
t1= x| N 1
—t+9 9
< tl“"| I+ 1
x f—
— 9 97
and 1
Hy(Fy(t,x), Fy(t < ——|x —
d( 2(71‘)7 2(7y>)—t+9|m y|7
where p(t) = 5. Then [plll = § and % ~ 0.1969 < 1. Hence by Theorem

4.7, the problem (4.11)-(4.12) with F5 given by (4.10) has at least one solution. It is clear
that Fy is a Carathéodory multivalued and mLL-selectionable map with compact, convex
values and satisfies the growth condition (Hj). Then the solution set Sg,(4) is a compact
and contractible set.
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Chapter 5

Boundary value problems for
fractional differential equation in
Banach space

5.1 Introduction

We consider the following boundary- value problem

BEDgy(t) = f(t,y(t), teJ=(0,+00), (5.1)
I57y(0%) = wo, (5.2)
DG Y(00) = Yoo (5.3)

RLDeg, denote Riemann-Liouville fractional derivative, 1 < a < 2. The operator I *
denotes the left-sided Riemann-Liouville fractional integral, the state y(-) takes value in a
Banach space E, f : (0,00)x E — E will be specified in later sections and (yo, ¥so) € EXE.

5.2 Main result

We consider the space of functions

Co([0,00),E) ={y € C(J,E) : lim t*~*y(t) exists and finite}.

t—0t

For y € C,((0,00), E), we define y, by

_ [ ey, t € (0,00),
Yall) = { lim; o t>7%y(t), t=0.

It is clear that y, € C([0,00), E).
We consider the following Banach space

X, (]0,00), E) = {y € Ca([0,0), E) : lim £ y(t)

t—oo 1 4 t&

exists and finite}.

51



A norm in this space is given by

aaon

o = su
L

Let
B ={y € Xa([0,00), E) : |lylla < R}.
We will need to introduce the following hypotheses which are assumed here after.
(H,) There exists a nonnegative functions a,b € C(J,R") such that
£t u)]| < a(t) +t27b()|ul|, forallt € Jand u € E,

where

/ T )bt < T(a), / T a(ydt < oo,

(Hy) For all (0,c] C J, there exists a constant A > 0 such that

2—a

Vi€ (0. Vay € B f(ta) — fty)ll < e~y

1+ te

(H3) There exists nonnegative function ¢ € L'(J,RT) such that, for each nonempty,
bounded set 2 C X,([0,00), E)

Y(f(t, Q1)) <272ty (Q(t)), forall t € J,

where

/ T+ )t < D).

(Ha)

_ ol + (0= Dol + [~ )t
D(a) — [;7(1+t)b(t)dt

Definition 5.1 A functiony € X, ([0, +00), E) is said to be solution of the problem (5.1)-
(5.3) if y satisfies the equation "L Dy, y(t) = f(t,y(t)) and the conditions (5.2) — (5.3).

R

Lemma 5.2 Let 1 < a < 2 and let h : J — FE be continuous. Then, y satisfies the
following equation

1 o0 3 yO i 1 t .
yt:—yoo—/ h(t)dtjt*™ + ————t~ —l——/ t—s)* "h(s)ds 5.4
()= gl = | hO#et s gty s [ s (5
iof and only iof y satisfies the following problem
RLDS. y(t) = h(t), te€J = (0,+0) (5.5)
Iglay((ﬁ) = Yo,
AL DITy(50) = . (5.7
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Proof. Assume that y satisfies the problem (5.5)-(5.7). We may apply Lemma 1.8 to
reduce equation (5.5) to an equivalent integral equation

y(t) = et 4 cot* 2+ I h(2), (5.8)
for some ¢, ¢ € R. Applying Igja to both side of (5.8), we have
Lroy(t) = 57t + eI2r 2 + I IS h(t).
From Remark 1.9, we then get

al'(a)

I3oy(t) = N0

f 4 eoT(a—1) + ﬁ/o (t — 5)h(s)ds.

As t — 0, we obtain
Yo

Ia—1)
Applying #EDST! to both side of (5.8), we have

Cy =

RLDSYIly(t) —_ C{{LDng—lta—l + CgLDng—lta—Q +RL D84+—1 61+h(t)

From Remark 1.9 and Remark 1.10, we then get

REDOTy(t) = eT(a) + ﬁ/o h(s)ds.

Hence

Thus, we have

y(t) = ﬁ[yoo - /OOO h(t)dt]t* " + ﬁt“* + ﬁ/o (t — 5)> " h(s)ds.

Conversely. The proof is simple. O
Consider the operator N : X,(]0,00), E) — X, ([0, 00), E') defined by

Ny)(t) = m=pot oy o2 L) / [t — (£ — 5)* "V (s,y(s))ds

() Fa—1) N
1 = a—1
- m/t t* 7 f(s,y(s))ds.

The following several Lemmas present some properties of the operator N, which are
necessary for the proof of our main result.

Lemma 5.3 Suppose that conditions (Hy) and (Hz) are valid. Then the operator N is
bounded and continuous.
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Proof. Fory € X,([0,00), E), from (H,), it is easy to deduce that N(y) € X,([0,00), E).
Furthermore, (H;) guarantees that

NN _ Nysell ol L[~
I7t0 S T() Ta-1) " F(a)/o (s yls))lds
vl ol Dl

Tt 1,
~ I'(«a) + (o —1) + F(O‘)/O (1 +t*)b(t)dt + F(O‘)/o (t)dt.

Hence, N : X,(]0,00), E) = X,([0,00), E) is bounded. Next, we prove that N is contin-
uous. Let {y,}5; C X,(]0,00), E) and y € X,(]0,00), E) such that y, — y as n — o0
Then, {y,}32, is a bounded set of X, ([0,00), E), i.e. there exists M > 0 such that

|Ynlla < M, for n > 1. We also have by taking limit that ||y||, < M. In view of condition
(H,), for any € > 0, there exists L > 0 such that

t 14+ t")b(t)dt < ———-
[ ot < He [T epinar < 2
and from (H,), there exists N € N such that, for all n > N and ¢ € (0, L], we have

1£ (s, yn(s) — F(s,y(s)| < %)g.

Therefore, for all t € J and n > N , we obtain
E N N < L[ d
T 7o VW) () = Ny) (@)l < m/o 1£(5,yn(s)) — f(s,y(s))|lds
1 (o]
| I = fsae) s

+

IftgLandn>]v,Wehave

t2—a

L ING) (@) - Nl < ﬁ / 1 (5, 9n(5)) — £(5.9(s)) ds
1 o0
o / 1 (5,9 (5)) — F(s, 9(s)) ds

<i / 1 (59 (5)) — F(s,(s)) s

( [/ 1 (5 9a(5)) — F(s,9(s))ds + /LOOHf(s,yn(S))—f(ay(S))lldS
< 5 /Hfsyn (s, u(s) s
2

2 o
s )b(s)ds—l—m ’ a(s)ds

T
i
5= ¢
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The case when ¢t > L and n > N is treated similarly. Thus, we conclude that
lyn — ylla — 0 as n — oo,

namely, N is continuous. a

Lemma 5.4 Let condition (Hy) be satisfied and B be a bounded subset of X,([0,00), F).

Then
(i) % is equicontinuous on any compact interval of J.
(i1) For given e > 0, there exists a constant Ny > 0 such that Ht?iaﬁ%)(tl) - tgiaﬁ(t?(m) | <
g, for any t1,to > Ny and y(.) € B.
Proof. We have
yo — Jo fty@®))dt Yo ez
N(y)(t) = te e
1 /t .
+= [ (E=5)" f(s,y(s))ds.
I'(@) Jo
In view of condition (H;) and the boundedness of B, there exists M > 0 such that
| s gtele < M for any y € B. 59)
0

In order to prove (i), let the constant r be such that ||y||, < r, for any y € B, and without

loss of generality, let [a,b] C J be a compact interval and t;,t5 € [a, b] with t; < t5. Then

||t%_aN(y)(t1) B tg_aN(y)(t2) || < ||yoo|| + M| tl . t2 |
149 1+t "= T(a) 1+t 1+13
Ll |1
Tla—1) |1+t 1+
t1 to
b / (ty — )% (s, y(s))ds — / (s — )™ f (s, y(s))ds
F(a) 0 0
= T(a) 14 1443 Tla—1) |1+ 1+

1 2 a—1 a—1
T / (t2 = )27 = (8 — )| £(s,9(s))|1ds

1 2 a—1
i / (t2 = )" £ (s, y(5)) | ds

t1
_ lyll + M ol | 11
['a—1)

) 1+19 1+

t1 to
| a_ a|+
1+t 1+15

L ! b (¢ — 8)* Ha(s)ds
+m/0 (t— )71 — (1 — ) a(s)d
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‘tl . t2| ||y0H 1 - 1
=" T(a) 1+ 1+t T(a—1) |1+t 1+

a* + b*r (/tl 1 1 > a* + b*r /t2 .
+ ty — 8)*” t, —8)* 'ds to — 8)* "ds
D) \fy 27 (0 e

INC
+% (/;2(152—8)@—13%5—/;1@ _ gt ads)

T(a) 1+ 148 Tla—1|1+re 1+tg
a* +b'r a* + br
— (15 =t = (ty — t1)° —(ty — 11)°
+F(1—|—Oé)(2 1 (2 1))+F<1+CY)(2 1)
20'rBla,a + 1) , 5
1o — 5
F(O{) (2 1 )7

where a* = maxycp ) a(t) and b* = maxicp) b(t). As t; — 1, the right-hand side of the
above inequality tends to zero. Then 'goﬁw is equicontinuous on [a, b].

Next, we verify assertion (i7). Let € > 0, we heve

”t?‘“N(y)(tl) 1N (y) (¢ )” ||yoo|| + M ta
1+t 1+t - 1+ta 1+t
ol 1 1
+ —_
I(a—1) |1+t 1415
1 et — s)o ! b2 2=ty — )21
+ = s,sds—/ 2 s,y(s))ds|| .
| e retnas = [ B s ()

It is sufficient to prove that

t1 42—« o a—1 to 42—« _ a—1
[ rsatonas - [ g

1113
Relation (5.9) yields that there exits Ny > 0 such that

<e.

/OO 1f(ty()l|dt < 5, for any y € B. (5.10)
No

Wl M

. . t27o¢ t— N, a—1
On the other hand, since lim;_, %

any t1,to > Ny and s € [0, Ny, we have

= 0, there exists N; > N, such that, for

5t —s)*" Tt =) € (5.11)
14§ 14 t¢ 3M° '
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Now taking ¢q,ty > Ny, from (5.10), (5.11), we can arrive at

T (R L t2 2-a(y, _ g)a-l
‘/0 1+t f(s’y(s))ds_/o T f(s,y(s))ds

N- 2—a -1 2—« -1
HGT (e - 8)” (i —5)”
< — d
<[P T | I (s)) s
boget, — g)ot f2 g2ty — )t
d 2 d
A e e (VO
B oo oo
<gup | NGwlds 2 [ s us)lds <=
3M J, N
Therefore, the proof of lemma 5.4 is completed. O

We denote by vy, the Kuratowski measure of non-compactness defined on any bounded
subset of X,([0,00), F)

Lemma 5.5 [57] Suppose that condition (Hy) holds and B is a bounded subset of X ([0, 00), E).
2—a
Then yx, (N(B)) = sup,ey (200

Theorem 5.6 Suppose that conditions (Hy), (Hs) (Hs) and (Hy) are valid. Then the
problem (5.1)-(5.3) has at least one solution.

Proof.
First, we transform the problem (5.1)-(5.3) into a fixed point problem. Consider the
operator N : X,([0,00), E) = X,([0,00), E) defined by

N(y)(t) = %t + ﬁt - ﬁ / 177 — (£ — )7 f (s, y(s))ds
1 > a—1
— m/t 7 f(s,y(s))ds.

From Lemma 5.2, the fixed points of N are solutions to (5.1)-(5.3). We shall show that
N satisfies the assumptions of Monch fixed point theorem.
Then, we can derive that N : B — B. Indeed, for any y € B, by condition (H;), we get

I e el s [ e v
(1

< e (sl @ = Dl + [ atoe+ & " eprar) <

Hence, from (H,), we have ||[Ny||, < R, so, we conclude that N : B — B. Clearly B is a
bounded, convex and closed subset of X, ([0,00), E'), together with Lemma 5.3, we know
that N : B — B is continuous. Finally, we need to prove the following implication

V ceonv{N(V)U{0}} = vx,(V) =0, for any V C B.
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Let V' C B such that V C cono{N(V)U{0}} and ¢t € J, we choose £ > 0 and n > 0 such
that £ <t < n. For each y € V', we consider

Nenl0)(0) = ™™+ gyt gy L B (€ S e

1

+ W /tn(t —5)* 1 f(s,y(s))ds.

Then from (H;), we obtain that

1 ¢ 1 o
[ Nen(y)(t) — N(y) (@) < W/o Hf(t,y(t))Hde/n [£(t, y(t))l|dt

< ﬁ (/:a(t)dtJr R/:u +19))b(t)dt + /:o a(t)dt + R/:O(l +t°‘))b(t)dt> ,

this shows that Hy <t2_a]¥iz£\/)(t)7 tzfo;]ig)(t» —0asé —0andn — oo, t € J, where Hy

denotes the Hausdorff metric in space E. By the prorerty of noncompactness mearure,
we get
2 Ne , (V)(2) 2N (V)(t)
li . = — . 5.12
§—>0,Hfr£l—>oo’y ( 1+1to 7 14+ te ( )

2—
From lemma 1.16, the set { ]fi:a } C X,([0,00), E) is equicontinuous on any com-

pact of J. By (H;). Using Lemma 1.32, Lemma 1.18 and (H3), we arrive at

() < g [ e () @

SFL/ (14 )0 (%)ﬁ
SFL / (L4 £9)0(E) e, (N (V).

From (5.12), we know that
> ON(V)(t)
T\ e

1 > (0%
Y, (N(V)) < W/o (1 +t*)(t)yx., (N(V))dt.

Consequently, by condition (Hs). We get vx, (N(V)) = 0; that is vx, (V) = 0. From the
theorem 1.33, we conclude that N has a fixed point y € B which is a solution of problem
(5.1)-(5.3). O

1

()

IN

/0 T (1 ) (), (N (V).

Thus,
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5.3 Example

We consider the following problem.

RL 3 o \/Y_fyn(t) 2t h _
D2y(t) = <(1 +t%)610t + a +t2)2> , teJ=(0,400), (5.13)

n=1
I3 y(t) = o, (5.14)
P Diy(00) = . (5.15)

Let
E={(,-- - Yn,-..) :sup|yn| < oo},

with the norm ||y|| = sup,, |yn|, then E is a Banach space and Problem (5.13)-(5.15) can
be regarded as a problem of the form (5.1)-(5.3), with

a =2 and f(ty() = 0. s St gl ),

2
where V(0
by (1 ot
tyn(t)) = ,n €N
f(&,yn(t)) (1 —|—tg)elot (1+ t2)? n
We shall verify the conditions (H;) — (H3). Evidently, f is continuous in J x E and
Vit 2t
ty)|| < ——|ly()| + ————.
69O < s WO+

With the aid of simple computation, we find that

> 1 3 o 2t
dt = — < T'(=) and / ———dt=1 :
/0 e 5 < (2)an  Oree < 0

Finally, we verify condition (Hj3). For any bounded set B C E, we have

Y 2t
Then
(L B®) < —Y (B,

(14 ¢3)ed

Since [~ e " dt = 0.1 < T'(2), we conclude that condition (Hs) is satisfied. Therefore,
Theorem 5.6 ensures that problem (5.13)-(5.15) has a solution.
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Chapter 6

Existence result for a fractional
differential equation involving a
sequential derivative

6.1 Introduction

We consider the following initial value problem of fractional-ordinary differential equation:
FEDG ' (8) = f(ty(t),y/ (1), t€(0,T],
(P) § Li"y'(0) =a,
y(0) = b,
where 0 < o < 1 and ¥ Dg. denote the left-sided Riemann-Liouville fractional derivative.
The operator I&I * denotes the left-sided Riemann-Liouville fractional integral, F is a

Banach space with the norm ||.||, a,b € F and f : (0,7] x E x E — E a function
satisfying some specified conditions (see, section 6.3).

6.2 Background and basic results

We introduce in this section some notation and technical results which are used throughout
this chapter. For all 0 < a < 1, let C1_,([0,T], E') be the Banach spaces of functions
from the interval [0, 7] into F which is defined as:

C1_o([0,T],E) = {y € C((0,T],E) : lim t'~*y(t) exists and finite}.

t—0t

A norm in this space is given by

[Ylla = sup t[ly(t)],
te[0,7)

and

CL[0,T],E) ={y: [0,T] = E :y € C([0,T],E) and 3/ € C1_,([0,T], E)}
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with the norm

lyllox = sup [ly(@)[| + sup "=y’ (t)]
te[0,T] te[0,T)]

For any subset N of C1_,([0,7T], E)), we put Ny =: {¥a, y € N}, where

A = (), if t € (0,7
Yalt) = limt' = y(t), ift=0.

t—0

Clearly the function y, belongs to C([0, 7], E), and hence N, C C([0,T], E).

Lemma 6.1 ([31]) Let \,v,w > 0. Then
t
/ (t—s) 1 e ds < M"Y, >0,
0

where

w

. (mm + AL+ A)/@) (21,1},

Lemma 6.2 [31] Let « > 0 and 0 < v < 1. If v < «, then I, is bounded from
C’Y ([OaT]vE) into C([O7T]7E)

Lemma 6.3 [31] Let 0 < a < 1, 0 < v < 1. Ify € C,([0,T,E) and I;;%y €

C1([0,T],E) then

Iy “y(0)
I(a)

Lemma 6.4 Let h a function of C([0,T], E) and y be a function in CL([0,T], E). Then,
y satisfies the following equation

G Dgry(t) = y(t) — t*=1) for allt € (0,T].

at® 1 tors
t)="= — 1) h(r)drds. 1
WO = b+ i+ e | = s (6)
If and only if y satisfies the following problem

RLD3+y/(t) = h(t)v S (O,T],
(P*) I *y'(0) = a,
y(0) =,

Proof.
Let y € CL([0,T], E) be a solution of (6.1), we have y(0) = b. Next, by applying £ to
both sides of (6.1), we get

y () = ‘ITZ) 4 ﬁ /0 (t — ) h(s)ds. (6.2)
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Applying I&j “ to both sides of the equation (6.2) and utilizing Remak 1.9, we get
Eoy(t) = a+ Ih(?)
Taking t — 0, we get
Iy (0%) = a.

Conversely, let y € CL ([0,T], E) be a solution of problem (P*). We want to prove that
y is a solution of (6.1). By the definition of C! ([0,T], E), Lemma 6.2 and Definition of

d
1,7, we have I);7%y € C ([0,T], E) and p (L7 (1) = ™Dgy'(t) € Ci_a ([0,T), E).

Thus, we have
Iy € CL([0,T), E).

Now, applying Lemma 6.3 to obtain
1Y (0)

R ° h(t).

o+ Doy (1) = o/ (t)

Which implies

y'(t) = % + ﬁ/o (t — 5)* 'h(s)ds,
then
y(t) = y(0)+ F“(t:) + ﬁ/g /Os(s — 1) h(7)drds
at® 1 bors o1
= b+m+ m/o /0 (s — 7)* "h(7)drds.
Thus, y is a solution of (6.1). O

6.3 Existence of the solutions

Let
B={yeCL0,T],E): |lyllcy <R}

We assume the following hypotheses:

(Hy) The function f: (0,7] x £ x E — E is continuous and for all x,y,u,v € E and t €
(0, 77:
£t 2,y) = ftu, )]l < Allz —ull + £ Blly — ]|,

where A, B € R*.
(Hz) For t € (0,7] and u,v € E,
1£(t w0 < alt)[ull + e b(®)||]l,

where 0 > 0,\ > 1 — a and a(.), b(.) : [0,00) — R* are continuous functions,
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(H3) There exist two functions ¢,y € C([0,7],R") such that for each bounded nonempty
subset Q C CL([0,T), E),

Y(F(EQ), (1)) < L)Y (Q)) + () Q(t)), forall t € (0,71,
and
TF'(T)+ F(T) <1,
where Q(t) = {y(t) :y € Q}, V(t) ={y/'(t) : y € 2} and

/ / 0(1) + y(7))drds, for all t € (0,T],

(Hy) a(l + a)b*C + (1 +a)[a*T + 0*CT) + a* T < T'(2 + ),
where a* = supjy 7 a(t) and b* = supjy 7 b(t).

(Hs)
[DIT(2 + ) + (1 + o) [|a]| T + a(1 + a)|lall

B> T a) - (0 + b C £ (0 + )@ T + bCTo] + o Te]

Define the operator N : C1([0,T], E) — CL([0,T], E) by

_ a 1
F(l—i—a // s—7) (7, y(r),y (7))drds,
and the operator N’ : C1_,([0,T7, E) — C1-4([0,T], E) by

Ny(t)=b+

at®! 1

Ny(t) = (Ny)'(t) = T W/o (t—5)"""f(s,y(s),y/(5))ds.

We will give some useful lemmas to prove our main result.
Lemma 6.5 Suppose that (Hy) and (Hz) hold. Then
(1) N is continuous and bounded.

(2) NB is equicontinuous for all bounded subset B of CL([0,T], F).

Proof. Let us prove (1), we start to prove that N is bounded. Let y € CL([0,T1], E),
from (Hy) it is easy to deduce that Ny € C([0,T], E). Using (Hz) and Lemma 1.15, for
ally € B, ={y € CL([0,T],E) : |lyllcx <k} and t e (0,T] we get

Ny < 18] + }"L”ta / / (s — 7 F (roy(), o (7))l drds

TO(
<ol + \iall HyHoo// e drds

b*lly’lla// et
L s— 1) et e drds.
() Jo Jo (
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So,
||al| T a*kTHe N b*'CT*
'l+a) T2+a) T'l+a)

INyle < [1l] + M. (6.3)

And, we have alos

vy < e+ £ [ st ) s
< el W as
W i,
So,
vt < el T T, (6.4
where

C = max{1, 2"\ + a)[1 + (A + @)(A + a + 1)/a]o~ ),
From (6.3) and (6.4), we get
[(Ny)|lcx <M = M, + M.

Now we will prove that N is continuous. Let {y, tneny — v in C1([0,T], ). The hypothesis
(H) confirm the existence of an integer m € N such that, for all n > m and t € (0,7,

I'(l+a) [ 1+« ]

198, 9(8)) = £t (0, O] < = | (65)

Thus, Vt € (0,71,
[Nya(t) — ( )+ (V) (1) = (Ny) ()]

< e /”/ (s = ) £ (r (7, W(7)) — f(7 (7)o ()| drdis

+@/O (t = 5)* S (5. yn(5), w(5) = f(s,y(s), ¢/ (s)) | ds.

From (6.5), we conclude that for all n > m:
[Ny — Nyllcy <

To prove (2), it suffices to show that N B, and (N B,)" are equicontinuous respectively in
C([0,T),E) and in C,_,([0,T], E). Let y € B, and t1,ty € (0,T] with ¢; < t5. First of
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all, we have

IV 6s) - Nl < ST

+-—1Al/s—fawury<><ﬂwmw
< éiiif LT

b*
5_7_ a 1 )\Jra 1 7O'Td7_ds
t1

a+b*/-€C’ a*K
t —t a+1 ta—l—l
~ I'(a +1)( 1>+r( +2)( )

By taking ¢, tends to t;, the right-hand side of the last inequality approaches to O.
Therefore N B, is equicontinuous in C([0,T7], E).
And, we also have

1—

N ) () — N )] < P
N[t st a0 = [ = 0 0006
< i [t = = = ), ) s
[ ) a6, ) s
f [ s 6las
< S [ = = (o
br"ga /0 "l — 997 — (ty — 5)° o ds
am(t;;a; ty ) /0“ (1 — 5)1ds
b*/{(@;‘(‘a—) ty ) /0“ (ty — s)* a1
“m?&jﬁﬂﬁﬁ—@+m—nw
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a* KTV + b*k T
['(a+1)

a*ffTa _|_ b*fiT)\+2Oé_1
['(a+1)

(™" =ty %) + (t2 — 1)

By taking ¢, tends to t;, the right-hand side of the last inequality approaches to 0, and
hence (N By)" is equicontinuous in C;_,([0, 7], E). O
To present our main result, we recall here some definitions and notations. We denote
by 7. the Kuratowski measure of non-compactness defined on any bounded subset of
CL([0,T], E). We can easily show the following inequality

Ya(D) < sup y(D(t)) + sup (D, (1)) < 27a(D), (6.6)
te[0,T) t€(0,7)
where D(t) = {y(t) : y € D}, D/ (t) = {y,(t) : y € D} and D is a bounded, equicontinu-
ous subset of CL([0,T], E).

Theorem 6.6 Suppose that conditions (Hy) — (Hs) are valid. Then Problem (P) has at
least one solution.

Proof. Using Lemma 6.4, it is clear that the fixed points of the operator N, defined
previously, are solutions of Problem (P). We will verify that N satisfies the assumptions
of Ménch fixed point theorem (Theorem 1.33).

First, we show that N is well-defined from B to B, indeed: let y € B. By using the
condition (Hs) and after some calculations, we get

1-a lall T lall
[Ny + 1t (Ny) (O] < [|ofl + NCERENE)
ala+ D0*C + (a+ 1)[a*T + b*CT*] + a* T

I'a+2) i

From (Hy4) and the inequality (Hs), we obtain
Vy € B:||Nyl|lc: < R.

Note that B is bounded, convex and closed subset of C([0,T], E) and N is continuous
on B. Next we need to prove the following implication

V c conv{N(V)U{0}} = 7.(V) =0, for any V C B.
Let V' C B such that V' C cono{ N(V)U{0}}. From Lemmas 1.32, 6.5, (Hj), the inequality
(6.6) and the previous steps, we arrive at
YNV () + v (NV)( / / ) (7)Y (NV (1))drds

* ) / [ = e r)ards

T a—1 i ! — ) (s ' (s))ds
* / (1= 9 NNV (9)ds + / E—5)" ()Y ((NVYi(s))d

0
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Thus,
Ya(NV) < [F(T) + TF(T)] 7a(NV).

By condition (Hg). We get 7, (N(V)) = 0, that is 7,(V') = 0. From the theorem 1.33, N
has a fixed point y € B which is a solution of Problem (P). O

6.4 Example

We shall now consider the following fractional-ordinary differential equation

D) = (gm0 + 3o f;)emy;(w) el @)

1
12.4/(0%) = (1,0,...,0,...),

y(0) = (1,0,...,0,...).
Let
E={(y1,Y2,-- -, Yn,--.) s sup |y,| < oo},

with the norm ||y|| = sup,, |ya|, then (E,||.||) consists a Banach space, by comparing with
the equations of Problem (P), we notice that

a=A= % and f(tuy(t)vy/(t)) = (f(tuyl(t)vyi(t))v s ’f(tuyn(t)ayiz(t»? e ')7

where
sin(t) Vit

Ftyn(t), y, (1) = myn(t) + 2001 HQ)gmty;(t),n € N,

Clear that f: (0,1] x E x F — F is continuous and

Vit

/ 1 /
15505 O < 57 WO+ 5o IV 01

Hence (Hy) and (Hy) are satisfied. Next, For any bounded set B C C([0, 1], E), we have

Pt B0 B 0) = 5o Ble) + 5 B
Then e .
AP BB (0) £ 002 (BO) + g5 (VB

ot

since F(1) + F'(1) <z + 1“(11.5) ~ 0.3760 < 1. So, (Hs) holds. We have C' = 1, thus

a(l+a)b*C + (14 a)[a*T + b*CT*] + a* T = 0.475 < (2 + o) = 1.3293.
So, (H4) holds. Therefore, Theorem 6.6 ensures that problem (6.7)-(6.9) has a solution.
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