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Introduction

Stochastic Integration and Stochastic Differential Equations with im-
pulses have become an active area of investigation due to their applications
in the fields such as mechanics, electrical engineering, medicine biology, ecol-
ogy etc. It is highly considered that the evolution of many physical systems
is described by an ordinary differential equation with impulses .In the case of
differential equations, there is no ambiguity since the derivative (z/(.),4/(.))
of a solution (x(.),y(.)) to the differential equation

et

y(t) = f2(tx(t),y(t)),

20 = oo (0.0.1)
v(0) = %

A great impetus to study differential inclusions came from the developent of
control theory, i.e. of dynamical systems.

2(t) = f(t,z(t),u(t)), =(0)=z (0.0.2)

”controlled” by parameters u(t) (the ”controls”) and z = (z,v),f = (f*, f?).
Indeed, If we introduce the set valued map

F(t,z) ={/f(t,z,u) }uev,

then solution to differential equations (0.0.2) are solutions to the differential
inclusion

Z(t) € F(t,2(t)), 2(0) = z, (0.0.3)

in which the controls do not appear explicitly.
Differential inclusions provide a mathematical tool for studying differen-
tial equations

Z(t) = f(t,2(1)),

8



CONTENTS

with discontinuous right-hand side, by embedding f(t,z) into a set valued
map F'(t,z) which, as a set valued map, enjoys enough regularities of the
original differential equation.

However, in certain circumstances, physical systems are disturbed by ran-
dom noise. One way to handle these disturbances is to alter equation (0.0.1)
disturbing terms of the form ¢'(t)dBj (), for each i = 1,2 where ¢’ charac-
terizes the noise power. This leads to an evolution equation of the form:

de(t) = f(t,x(t), y(t)dt + g'(t, 2(t), y(t))dBS (t)

WO = P00+ OB, g
z(0) = xo,

y(0) = o

On the other hand, the Brownian motion is not differentiable, equation
(0.0.4) should be discerned from the classical differential calculus. So, a
meaning to dBf; (t) should be given in order to define (z(t),y(t)) as the so-
lution of the equation:

'x®::%+lﬁ@u$mmw

+ / g'(t,x(s),y(s))dB" (s) P.a.s, teJ
(0.0.5)
y®:=m+/fsx (5))ds

+ / x(s),y(s))dB"(s) P.a.s, tc.J.

\ 0

An equation of the form (0.0.5) is called stochastic differential equation.
Differential equations with impulses were considered for the first time
by Milman and Myshkis [110] and then followed by a period of active re-
search which culminated with the monograph by Halanay and Wexler [76].
Many phenomena and evolution processes in physics, chemical technology,
population dynamics, and natural sciences may change state abruptly or be
subject to short-term perturbations. These perturbations may be seen as
impulses. Impulsive problems arise also in various applications in communi-
cations, mechanics (jump discontinuities in velocity), electrical engineering,
medicine and biology. A comprehensive introduction to the basic theory is
well developed in the monographs by Benchohra et al [24], Graef et al [71],

9
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Laskshmikantham et al. [17], Samoilenko and Perestyuk [139].

Random differential and integral equations play an important role in char-
acterizing many social, physical, biological and engineering problems; see for
instance the monographs by Da Prato and Zabczyk [52], Gard [65], Gikhman
and Skorokhod [67], Sobzyk [143] and Tsokos and Padgett [152]. For example,
a stochastic model for drug distribution in a biological system was described
by Tsokos and Padgett [152] to a closed system with a simplified heat, one
organ or capillary bed, and re-circulation of a blood with a constant rate
of flow, where the heart is considered as a mixing chamber of constant vol-
ume. For the basic theory concerning stochastic differential equations see
the monographs by Bharucha-Reid [26], Mao [112], Oksendal, [165], Tsokos
and Padgett [152], Sobczyk [143] and Da Prato and Zabczyk [52].

The study of impulsive stochastic differential equations is a new research
area. The existence and stability of stochastic of impulsive of differential
equations were recently investigated, for example in [43,71,103-105,123,137,
157,164].

Recently, stochastic differential and partial differential inclusions have
been extensively studied. For instance, in [5,21] the authors investigated
the existence of solutions of nonlinear stochastic differential inclusions by
means of a Banach fixed point theorem and a semigroup approach. Bal-
asubramaniam [19] obtained existence of solutions of functional stochastic
differential inclusions by Kakutani’s fixed point theorem, Balasubramaniam
et al. [21] initiated the study of existence of solutions of semilinear stochastic
delay evolution inclusions in a Hilbert space by using the nonlinear alterna-
tive of Leray-Schauder type [59], some existence results for impulsive neutral
stochastic evolution inclusions in Hilbert Space, where a class of first-order
evolution inclusions with a convex and nonconvex cases are considered, is
studied in [116] by using a fixed point theorem due to Dhage and Covitz, as
well as Nadler’s theorem for contraction multivalued maps.

In this thesis, we shall be concerned by semilinear stochastic differential
equations and inclusions with impulsive , some existence results, among oth-
ers things, are derived, Our results are based upon very recently fixed point
theorems and using semigroups theory. We have arranged this thesis as fol-
lows:

In chapter 1 we give some basic concepts about stochastic processes, martin-

10
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gale theory and Brownian motion, in the last section we show some recent
applications of the Malliavin Calculus to develop a stochastic calculus with
respect to the fractional Brownian motion

In chapter 2 we collect some preliminary materials on phase spaces used
throughout this thesis, the next section is devoted to set-valued maps some
notions,in section 3 we give some fixed point theorems , in the last section
we present some propriety of semigroups.

In Chapter 3 we prove the existence of solutions for a first-order impulsive ,
an application of Schaefer and and Perov fixed point theorems in generalized

Banach spaces ,driven by standard Brownian motion H = %

Zfztx Y)W (E) + g (&, (1), y(£))dt, t € Jt # b,

y(t) Zfltxt,yt))dWl(t) Gt x(t),y(t))dt, t € Jt#t

z(t) —x(tk) = L(a(ty), t=tx k=1,2,....,m
y(th)  —y(tr) = Ii(y(ty)),

z(0) = o,

y(0) = o,

(0.0.6)
where 0 =ty <t; < ... <ty <tmu =T, J:=[0,T]. f1,ff: I xR* >R
are Carathéodory functions, g',¢* : J x R*> — R, and W' is an infinite
sequence of independent standard Brownian motions, [ = 1,2,...and Iy, I €
CR,R)(k=1,...,m), and Ax|my, = z(t])—2(t}, ), Ayli=s, = y(t5) —y(t;).
The notations y(t;) = lim y(tx + h) and y(t;) = lim y(tx — h) stand for

h—0t h—0t
the right and the left limits of the function y at ¢ = t, respectively. Set

fithz,y) = (fi(, x,y), fa(,z,y),. l)’ 0o
Gyl = (S0P ey) 0.

where i = 1,2, fi(.,z,y) € [? for all z € R.

In chapter 4 our main objective is to establish sufficient conditions for the lo-
cal and global existence exponential stability of mild solutions of semi linear
systems of stochastic differential equations with infinite fractional Brownian
motions and impulses with the Hurst index H > 1/2.

11
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=1
ALL’(t) :]k(l’(tk)), t—tk k= 1,2, ,m
Ay(t) = ]k(y(tk)); t= tk k= 1, 2, ,m
z(0) =z,
\ y(t) = Yo,
where X is a real separable Hilbert space with inner product (-,-) induced
by norm | - ||, A : D(A) C X — X is the infinitesimal generator of a

strongly continuous semigroup of bounded linear operators (S(t)):>o in X and
5200, T)x X x X — X are given functions, Bf? is an infinite sequence of
independent fractional Brownian motions, [ = 1,2, ..., with Hurst parameter
H, I, I, € C(X,X) (k=1,2,....,m), 0},0} : JxXxX — LY(Y,X). Here,
L%(Y, X)) denotes the space of all @Q-Hilbert-Schmidt operators from Y into
X, which will be also defined in the next section. Moreover, the fixed times
ty satisfies 0 <t <ty < ... <t, <T,y(t;) and y(t;]) denotes the left and
right limits of y(t) at t = t.

{ U(',l’,y) = (01(',13,3/),(72(',1‘,3/), - '>>

00 0.0.9
oz )2 = 2, loul 2. )y < o0 (0:09)

where o(-,z) € [? for all z € X, and [? is given as
P={o=(d)iz1: 0,TIxXxX = Ly(Y,X) :[lo( apl® =D Il . )ll7p < oo}
=1

It is obvious that system (5.0.1) can be seen as a fixed point problem:

do(t) = Az(t) + f(t, 2(8))dt + ial(t, NABH (), t € It £ by,
As(t) = L(s(t)), t=tr k=12, .m
2(0) = 2z,

(0.0.10)

12



CONTENTS

where
vl R PR RS Wit SR
and z = i‘; } .

In Chapter 5 we prove some existence results based on a nonlinear alter-
native of Leray-Schauder type theorem in generalized Banach spaces in the
convex case, we establish a multivalued version type of Perov’s fixed point
theorem [121] and prove another result on the existence of solution in a non-
convex

(da(t) € (Az(t) + £ (2, (1), y(1))dt
+ Zal (t,z(t)),y(t))dBI (), t € [0,b],t # t,
dy(t) € ( ()+F2(t,x(t)7 (t)))dt
+ Zal (t,z(t),y(t))dB (t), t € [0,b],t # t, (0.0.11)

Ax(t) = {k( z(ty)), t=tx k=1,2,....m
Ayt) = Ie(y(te)),
z(0) = =(b),
L y(0) = y(b),
where J := [0,b], X is a real separable Hilbert space with inner product

(-,-) induced by norm ||-||, A : D(A) C X — X is the infinitesimal generator
of a strongly continuous semigroup of bounded linear operators (S(t)):>o in
X and F',F? : [0,0] x X x X — P(X) are given set-valued functions,
where P(X) denotes the family of nonempty subsets of X, I, € C(X,X)
(k=1,2,...,m), 0/,07 : J x X x X = L(Y, X). Here, L)(Y, X) denotes
the space of all @-Hilbert-Schmidt operators from Y into X, which will be
also defined in the next section. Moreover, the fixed times ¢, satisfies 0 <
t <ty <...<tyn<T,y(t;) and y(t}) denotes the left and right limits of
y(t) at t = t;.

o(.,x) = (o1(., :U) oo(.yx),...),
o (o) = an 7)|12 < o0 (0.0.12)

13
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with o(.,z) € ¢? for all z € X, where
C={p=(d)iz1: X x X = LoV, X) :lo(@)|® = au(@)lZy < oo}
=1

Finally, in Chapter 6,The aim of this chapter is to study the existence, unique-
ness and exponential stability of solutions of stochastic difference equations
with delays

( 2(i+1)=F(i,z(i —h),...,2(i),y(i —h),...,y(7))
FGY i, x(i—h), .. (i — ), y(i — h), ... y(i)&, i€ N(0,b+1),

y(i +1) = F*(,z(i — h),...,x(0),y(i — h),...,y(i))
+G2(i,z(i —h),...,x(i —h),y(i —h),...,y(i)&, i € NO,b+ 1),

x(i) = ¢1(i), i € Zy,

\ y(z) = 902(i)> L € Zo,

(0.0.13)
where i € Zo UN(0,b+ 1), Zg = {—h,...,0}, N(0,b+1) = {0,...,b+ 1},
N(=h,b+1) = Zy UN(0,b + 1), h is a given nonnegative integer number,
FUI.GY N(0,b + 1) x R x R — R are continuous functions for each
l=1,2and ¢; : Zy — R, i = 1,2. Let {2, F, P} be a basic probability space,
Fi; C F, be a family of o-algebras, [E denote the mathematical expectation,
£o,&1, ... be a sequence of real valued and mutually independent random
variables, with & being F;;i-adapted and independent of F;, E(&;) = 0,
E(&)?=1,ieN(0,b+1).

Motivation

The following examples give a more concrete notion of processes that can be
described by impulsive differential equations stochastic.

Example 0.0.1. Black-Scholes model [120]
Consider a market consisting of one stock (risky asset) and one bond (risk

14
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less asset). The price process of the risky asset is assumed to be of the form
St = Soth s t e [O,T], with

t o2 t
H, = / (s — ?)ds +/ osdWs, (0.0.14)
0 0

where W = {Wy,t € [0,T]} is a Brownian motion defined in a complete
probability space (Q, F,P). We will denote by F,t € [0, T the filtration gen-
erated by the Brownian motion and completed by the P-null sets. The mean
rate of return p; and the volatility process o, are supposed to be measurable
and adapted processes satisfying the following integrability conditions.

By Ito is formula we obtain that S; satisfies a stochastic differential equations
with impulses equation:

dSt = Stﬂtdt + StO-tth, t 7é tk»
St = S(ty) = I(x(tr), t =t (0.0.15)

where Sy the price action at time t and I(x(ty) change the price action
at time ty. The price of the bond Byt € [0,T], evolves according to the
differential equation

dB; = rBydt, By =1,

where the interest rate process is a nonnegative measurable and adapted pro-
cess satisfying the integrability condition

T
/ rudt < 00
0
T
B; = exp (/ rtdt>.
0

Imagine an investor who starts with some initial endowment x > 0 and
invests in the assets described above. Let oy be the number of non-risky
assets and (; the number of stocks owned by the investor at time t. The
couple ¢y = (au, By), t € [0,T], is called a portfolio or trading strategy, and
we assume that oy and By are measurable and adapted processes such that

T T T
/ |6t/1’t|dt < 00, / ﬁtQO'tdt, / ‘Oét|7’t < 00, (0016)
0 0 0

almost surely. That s,

15
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almost surely. Then x = ap + oS, and the investors wealth at time t (also
called the value of the portfolio) is

Vi(@) = av By + 3¢ S;.

The gain G(¢) made by the investor via the portfolio ¢ up to time t is given
by

T T
G() = [ aan+ [ pas.
0 0
Notice that both integrals are well defined thanks to condition (0.0.17).

We say that the portfolio ¢ is self-financing if there is no fresh investment
and there s no consumption. This means that the value equals to the intial
investment plus the gain:

Vt(¢)=x+/o Oésst‘f‘/O B.dS,. (0.0.17)

From now on we will consider only self-financing portfolios.
Completeness and hedging.

A derivative is a contract on the risky asset that produces a payoff H at
maturity time T'. The payoff is, in general, an FT -measurable nonnegative
random variable H.

FEuropean Call-Option with maturity T and exercise price K > 0: The buyer
of this contract has the option to buy, at time T, one share of the stock at the
specified price K. If St < K the contract is worthless to him and he does not
exercise his option. If St > K, the seller is forced to sell one share of the
stock at the price K, and thus the buyer can make a profit St — K by selling
then the share at its market price. As a consequence, this contract effectively
obligates the seller to a payment of H = (St — K)" at time T.
Black-Scholes formula. Suppose that the parameters o, = o, py = p and
ry = r are constant. In that case we obtain that the dynamics of the stock
price is described by a geometric Brownian motion:

2

5= o ((u- T)e o)

T

Moreover,0; = 0 = =, and

Zi=exp (— 0w - 24).

16
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So, E(Zr) = 1, and W, = W, + 0 is a Brownian motion under Q, with

% = 7, , on the time interval [0,T].

This model is complete in the sense that any payoff H > 0 satisfying Eq(H?) <
oo is replicable. In this case, we simply apply the integral representation the-
orem to the random variable e™ H, L*(Q, Fr, Q) with respect to the Wiener

process W. In this way we obtain
T —~
e "TH =Eg(e ™ H) +/ usdWs,
0

and the self-financing replicating portfolio is given by
615 = Iu_i,
O'St
and B
ay = My — ;5%
where

T —_
M; =Eg(e ™ H|F,) =Eq(e ™™ H) + / usdWs.
0

Consider the particular case of an European option, that is, H = ®(St),
where ® is a measurable function with linear growth. The value of this deriva-
tive at time t will be

Vi(¢) = Eqle"70(Sr)|F)
_ e—r(T—t)EQ((I)(Ste—r(T—t)eo(WT*Wt)*ﬁ)|JT.'t>‘

Hence,
Vi =F(t,S), (0.0.18)

where
— — 02
F(t,z) = e "TOEG(®(ze T e W= W -ai=s)), (0.0.19)

Under general hypotheses on ® (for instance, if ® has linear growth, is con-
tinuous and piece-wise differentiable) which include the cases

O(x) = (z — K)7,

and
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Formula (0.0.19) can be written as

— — -2
F(t, l’) _ —r(T—t)EQ<q)( —T(T—t)eg(WT—Wt)_m)>

- gy

ST

where T =T —t is the time to maturity.
In the particular case of an European call-option with ezercise price K and
maturity T, ®(z) = (x — K)* , and we get

F(t,x) = e V' 20(ze” GOy _ Ke ") *dy

.
= 2®(dy) — Ke"T9®(d_),

where
log ¥ + (r—|—02/2>7
d pr—
+ O'\/F )
and
log ¥ + (r—02/2>7
d_ =

oNT

Example 0.0.2. Stochastic Navier-Stokes equations [1/7]

Fluids obey the general laws of continuum mechanics: conservation of mass,
energy, and linear momentum. They can be written as mathematical equa-
tions once a representation for the state of a fluid is chosen. In the context
of mathematics, there are two classical representations. One is the so-called
Lagrangian representation, where the state of a fluid particle at a given time
18 described with reference to its initial position. The other representation is
the so-called Fulerian representation, where at each time t and position x in
space the state - in particular, the velocity u(z,t)— of the fluid particle at
that position and time is given. In the Eulerian representation of the flow,
we also represent the density p(x,t) as a function of the position x and time
t. The conservation of mass is expressed by the continuity equation

dp
a%—dw( pu) = 0. (0.0.20)
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The conservation of momentum is expressed in terms of the acceleration ~y
and the Cauchy stress tensor o:

Py = 8—" +f,  i=1,23. (0.0.21)
J

Here v = (m1,72,73) and 0 = 0, j=123 , componentwise in the 3-dimensional
case. Moreover, f = (fi, f2, f3) represents volume forces applied to the fluid.
The acceleration vector v = ~(x,t) of the fluid at position x and time t
can be expressed, using purely kinematic arguments, by the so-called material
derivative

Du  Ou
= — = — .0.22
Y= = S (, Vu, 0.022)
or, componentwise,
ou 2 ou,;
i:_ ‘—17 .:1,2,3.
Ll D DU e

Inserting this expression into the left-hand side (LHS) of equation (0.0.21)
yields the term p(u.V)u, which is the only nonlinear term in the Navier.Stokes
equations; this term is also called the inertial term. The Navier.Stokes equa-
tions are among the very few equations of mathematical physics for which the
nonlinearity arises not from the physical attributes of the system but rather
from the mathematical (kinematical) aspects of the problem.

Further transformations of the conservation of momentum equation necessi-
tate additional physical arguments and assumptions. Rheology theory relates
the stress tensor to the velocity field for different materials through the so-
called stress.strain law and other constitutive equations. Assuming the fluid
is Newtonian, which is the case of interest to us, amounts to assuming that
the stress.strain law is linear. More precisely, for Newtonian fluids the stress
tensor is expressed in terms of the velocity field by the formula

Oij = u<§§j + gzz> + ()\ divu —p)5ij, (0.0.23)

where p = p(x,t) is the pressure. Here, 0;; is the Kronecker symbol and f,
A are constants. The constant p is called the shear viscosity coefficient, and
3\ + 2u is the dilation viscosity coefficient. For thermodynamical reasons,
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p > 0 and 3\ + 2 > 0. Inserting the stress.strain law (0.0.23) into the
momentum equation (0.0.21), we obtain

0
p<8_1: + (uV)u) =ulAu+ (A + p)Vdivu — Vp+ f. (0.0.24)
If we also assume that the fluid is incompressible and homogeneous, then
the density is constant in space and time: p(x,t) = po. In this case, the
continuity equation is reduced to the divergence free condition:

divu = 0. (0.0.25)

Because the density is constant, we may divide the momentum equation
(0.0.24) by p and consider the so-called kinematic viscosity v = u/poy, we
may then replace the pressure p and the volume force f by the kinetic pres-
sure p/po and the mass density of body forces f/po, respectively. In doing so,
and taking into consideration the divergence-free condition (0.0.25), we ob-
tain the Navier-Stokes equations for a viscous, incompressible, homogeneous

flow:
(2—1: —vAu+ (u.V)u+ Vp = f, (0.0.26)

V=0, (0.0.27)

where, for notational simplicity, we represent the divergence of u by V.u.
For all pratical purposes, the density has actually been normalized to unity;
even so, we may sometimes replace (0.0.26) by (0.0.28), remembering then
that V.u =0 and p is constant.

For a random variable £, we therefore consider the stochastic Navier-Stokes
equations with stochasticity introduced in the body force by a Brownian motion

f= O’%t(t) with o = o(x) , or
ou
Frin vAu + (u.V)u + Vp = £. (0.0.28)

The noise & = &(x, t) will be white (delta-correlated) in time, with some degree
of correlation in space. In the usual language of applied sciences,

(Ealx,t), &0y, 1)) = (t N 8)Qap(x,y) a,f=1,...d,

where Q(x,y) is the matriz-valued space-covariance of the noise. Assume

Qr,y) = Q(x —y).
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A rigorous mathematical model of £ is given by a probability space (2, F,P),
a sequence of independent Brownian motions Wi(t) on (Q,F,P), k=1,...,
a sequence of divergence free vector fields such that

Qas(a.y) =) ouob.
k=0

Assumptions of summability and reqularity of o* are required, depending on
the result. With these data, the time-distribution

)= Y ot T,
k=0

is a white noise in time, with covariance Q(x,y) in space. Transport type noise

du + (u.Vu+ Vp — vAu)dt = Z o*(2)dW (t),
k=0

(interpreted weakly: integrated in time and against smooth test functions).

Example 0.0.3. Analysis of a predatorprey model with stochastic
perturbation [72]. One of the first mathematical models which incorporate
interaction between two species (Holling-Tanner predator-prey). The relation-
ship between predator and prey has been and will long be the one of the most
important hot topics in mathematical biology. First introduced a famous preda-
torprey system

4G = x(t)(ar — bz (t)) — p(x)y(t),
(0.0.29)
% —y(t) (2 — 545,

where x(t), y(t) are the density of prey and predator at time t, respectively.p(x)
is the functional response of predator to prey.Here the predator still grows lo-
gistically with intrinsic growth rate ay and carrying capacity x(t)/by. And
the prey wvariable appears in the demominator,when p(x) = ax/(b + x) is
Holling-II functional response, the population dynamics of the type (0.0.29)
1s Holling Tanner predator-prey system:

Cfl_f — x(t) (a1 - blx(t)) - al;f—f-ts)c?(Jg)’

(0.0.30)
@ =y <a2 - 52%)
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where a,b > 0 denote capturing rate and half capturing saturation constant,
respectively.In addition, in the natural world, the birth rate, the death rate
and carrying capacity of the species and other parameters will not remain
constant, but exhibit more-or-less periodicity, as a result of seasonal change,
life cycle and man-made factors. There have been many studies in literatures
that investigate the population dynamics of the type (0.0.31) models. How-
ever, in the study of the dynamic relationship between spices, the effect of
some impulsive factors, which exists widely in the real world, has been ig-
nored. For example, the birth of many spices is an annual birth pulse or
harvesting. Moreover, the human beings have been harvesting or stocking
spices at some time, then the spices is affected by another impulsive type.
Also impulsive reduction of the population density of a given spices is possi-
ble after its partial destruction by catching or poisoning with chemicals used
at some transitory slots in fishing or agriculture. Such factors have a great
impact on the population growth. If we incorporate this impulsive factors
into the model of population interaction, the model must be governed by an
impulsive differential system.

For example, if at the moment t = t;. the population density of the predator
15 changed, then we can assume that

o(tf) —alty) = ouat), y(t)) —u(ty) = Buy(t),  k=1.2....

where (z(t;),y(ty)) = (x(tr), z(tx)) and (z(t]),y(t))) are the population
densities of prey and predator before and after perturbation. The correspond-
ing periodic system with impulses is as follows:

(L — 3(t)(ar(t) — bi(t)z(t)) — %’

@ o) (ag(t) — by(£) 22
s y(t)( (t) <t)x<t>) (0.0.31)

y(th) —y(ty) = By(tr), k=1,2,...

Simulated by the work above, we assume the intrinsic growth rates a,(t) and
as(t) of the prey and the predator are disturbed with

ar(t) = a1 (t) + o1 (t)dBi (1), as(t) — as(t) + oa(t)dBs(t)
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where B;(t),i = 1,2 are independent Brownian motions. oi,03 denote the

intensity of the white noises. That is, we consider the following stochastic
non-autonomous predator-prey system with impulsive effects:

(% = 2(t)(an(t) — bi()a(t) — o2+ 2(t)or (H)dBi (1),

% — y(t) (a(t) — ba(t)45) + y(t)oa(H)ABa(1),
(0.0.32)

e(t5) —x(ty) = ap(ty), k=1,2,...

L () —y(ty) = Bry(te), k=1,2,...

where a;(t), b;(t), o1(t)(i = 1,2), a(t), b(t) are positive and continuous T — periodic
functions. And 0 <ty <ty < ...<tp < ...andlimy_,, ot = +00.

For biology purposes, we are only concerned with the positive solution of
the equation. Therefore, it is a natural constraint that

1+ ap >0, 1+ 6, > 0. k=1,2...

For example, if ag, Br > 0, the impulsive effects denote the planting of the
species, while oy, B, < 0 denote harvesting.

In mathematical ecology the system (0.0.32) denotes a model of the dynamics
of a stochastic predator-prey system, which is subject to impulsive effects at
certain moments of time. By means of such models, it is possible to take into
account the possible environmental changes or other exterior effects due to
which population density of the predator is changed momentary.

Example 0.0.4. On pulse vaccine strategy in a stochastic SIR epi-
demic model:( [156])

Vaccination strategies are designed and applied to control or eradicate infec-
tious diseases, among which there are constant vaccination and pulse vacci-
nation. Pulse vaccination strategy (PVS) consists of periodic repetitions of
impulsive vaccinations in a population

Suppose an epidemic model with constant vaccination is given. We study a
population that is composed of three classes of individuals: susceptibles (S),
infectives (1), and recovereds (R), the SIRS model is described by the follow-
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ing ordinary differential equation:

(

B0 = p—dS(t) — g(S(1), I(t)) +7R(L),

WO — g(S(1), 1) = (d+ p+ ) I(1), (0.033)

\ dt

where b is the recruitment rate of the population, d the natural death rate
of the population, p the natural recovery rate of the infective individuals,y
the rate at which recovered individuals lose immunity and return to the sus-
ceptible class, § the disease inducing death rate, and g(S(t),1(t)) the trans-
massion of the infection or called as incidence rate. The transmission function
g(S(t),1(t)) plays a key role in determining disease dynamics. There are many
different approaches to deriving a stochastic version from the deterministic
SIRS model with the ratio-dependent transmission function g(S(t), 1(t)). Thus,
stochastic perturbation in our model 1s a white noise type that is directly pro-
portional to S(t), 1(t),R(t) and is influenced on the %gt)}%g);%y) , respec-
tively. Following this approach, we obtain the following SDE epidemic model
(0.0.35) that is analog to its deterministic version (0.0.33) by introducing
stochastic perturbation terms into the growth equations of susceptible, infec-
tive, recovered individuals to incorporate the effect of randomly fluctuating

environments:

( dS(t)

S0 — b — dS(t) — g(S(t), I(t) + YR(t) + 01 S(t)dBy(t),
O — g(S(t), I(t)) — (d+ p + 8)I(t) + oI (£)dBs(t), (0.0.34)
| O = (1) — (d+)R(E) + 03 R(£)dBy(1),

where o1(i = 1,2,3) are real constants and known as the intensity of
environmental fluctuations, B;(t)(i = 1,2, 3) independent standard Brownian
motions,and the total population N =S + I + R.
Assume the pulse scheme proposes to vaccinate a fraction p, (0 < p < 1), of
the entire susceptible population in a single pulse, applied every year. When
pulse vaccination is incorporated into the SIR model (0.0.35), the system can
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be rewritten as

(

U — b — dS(t) — g(S(t), I(t)) + Y R(t) + o1S()dBi(t),

g(S(t),I(t)) — (d+ p+06)I(t) + o2l (t)dBy(t),

%ﬁ’f) =ul(t) — (d+v)R(t) + o3R(t)dBs(t),
) (0.0.35)

S(ET) = (1 =p)S(k),

I(k*) =I(k), t=k

R(k*) = R(k) + pS(k), k=0,1,2,...

\

Here f(kT) = lim f(t), f(k) = lim f(¢).

t—kt t—k—
Key words and phrases: Mild solutions, fractional Brownian motion, im-
pulsive differential equations, matrix convergent to zero, generalized Banach
space, fixed point,set-valued analysis, differential inclusions.
Classification AMS: 34A37,60H15,60H20,34A37,60H99,47H10,60H99,47H10.
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Chapter 1

Some Elements of Stochastic
Analysis

1.1 Some selected topics from probability the-
ory

The purpose of this section is to remember some familiar tunes and get
warmed up. We just want to refresh our memory, recall some standard
notions and facts, and introduce the notation to be used in the future. In
Section 2 and 3, introduce all the background material used in herein such as
stochastic calculus and some properties of generalized the Brownain motion
and an application we are interested by definition of the stochastic integral
corresponding to f Bm with values in a Hilbert space.Finally , we show some
recent applications of the Malliavin Calculus to develop a stochastic calculus
with respect to the fractional Brownian motion.

Definition 1.1.1. Let €2 be a set and F a collection of its subsets. We say
that F is a o- field(oro- algebra) if

(i) Qe F
(ii) for every Ay,..., A,,...such that A, € F ,we have U, A, € F
(iii) if A € F, then A°:=Q\ Ae F.

In the case when F is a o— field the couple (€2, F) is called a measurable
space ,and elements of F are called events.
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1.1 Some selected topics from probability theory

Example 1.1.1. Let Q be a set and F := {Q,0} is a o— field which is called
the trivial o— field.

Definition 1.1.2. (E,O) is a topological space, where O is the set of open
sets in E. Then o(O) is called the Borel o-algebra of the topological space.
If A C B, then A is called a subalgebra of B. A set B in B is also called a
Borel set.

The last property is called o-additivity.

Definition 1.1.3. A map X from a measure space (2, F) to an other mea-
sure space (A, B) is called measurable, if X~ '(B) € A for all B € B. The
set X Y1(B) consists of all points x € Q for which X (x) € B. This pull back
set X Y(B) is defined even if X is non-invertible.

Definition 1.1.4. We say that P(.) is probability measure on (£2, F) or on
Fif
(i) P(A) >0 and P(Q) =1

(ii) for every sequence of pairwise disjoint A;, ..., A,,... € F,we have
P(JAn) =) P(A)

If on a measurable space (€2, F) there is defined a probability measure P
,the triple (Q, F,P) is called a probability space.

Example 1.1.2. The triple,consisting of [0,1](= Q),the o— field B(]0,1])
of Borel subsets of [0,1] (taken as F) and Lebesgue measure { as (P) is a
probability space.

Definition 1.1.5. The algebra of all random variables is denoted by L. It is
a vector space over the field R of the real numbers in which one can multiply.
A elementary function or step function is an element of L which is of the

form
X = Z (O7 1Ai
i=1

with a; € R and where A; € F are disjoint sets. Denote by S the algebra of
step functions. For X € § we can define the integral
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Some Elements of Stochastic Analysis

Definition 1.1.6. Define L' C L as the set of random variables X, for

which
sup / Y dP
YES,Y<X

is finite. For X € L', we can define the integral or expectation

E(X) = /XdIP’: sup /YdIP’— sup /YdIP’,

YeSY<X+ YeSY<X~—

where XT = X V0 = max(X,0) and X~ = =X V0 = max(—X,0). The
vector space L' is called the space of integrable random variables. Similarly,
forp > 1 write LP for the set of random variables X for which E(]X|") < oc.

Definition 1.1.7. For X,Y € £? define the covariance
Cou(X,Y) =E[(X —E(X))(Y —E(®Y))] =E(XY) - E(X)E(Y).
Two random variables in £? are called uncorrected if Cov(X,Y’) = 0.
Definition 1.1.8. For X € £? we can define the variance
Var(X) = Cov(z,r) = E((X — E(X))?).

Definition 1.1.9. Write J C I if J is a finite subset of I. A family {F;}icr of
o-sub-algebras of F is called independent, if for every J C I and every choice
A; € Fj PlNjes 4] = e  P(A4)). A family {X;}je; of random variables
is called independent, if {o(X;)}jes are independent o-algebras. A family of
sets {Aj}jer is called independent, if the o-algebras F; = {0, A;, A5, Q} are
independent.

Probability distribution function
The probability distribution function F, : R — [0, 1] of a random variable
X was defined as

Fx(z) = P(X <),

where P(X < z) is a short hand notation for P({w € Q | X (w) < z}).
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1.1 Some selected topics from probability theory

1.1.1 Some inequalities

[91] Let X and Y are random variables on £P(Q, F,P)

e Chebychev inequality: for all A >0
1
P(X| > A) < E(XP).

e Shwartz inequality:
E(XY) < VE(X?2)E(Y?).

e Holder inequality:

1

E(XY) < [EIXP]P[E|Y]*)7
where p, g > 1 and%—i—é: 1.
e Jensen inequality: For any convex function h : R — R, we have

h(E(X)) < E(hB(X)).

e Kolmogorov inequality:Let Xi,---, X, areindependent random vari-
ables with E(X;) = 0 and var(X;) < co. If S;, = X; + -+ X,, then

1
P( max ‘Sk’ > t) < t—2Va7"Sk,Vt > 0.

1<k<n

1.1.2 Processes and filtrations

Definition 1.1.10. . A collection of sub o-algebras {F;t > 0} of the o-
algebra F is called a filtration if s <t implies that Fs C JF;.

For a given stochastic process X, write F;* for the filtration o{X,;0 <
s < t}. Call {F~;t > 0} is called the natural filtration associated to the
process X.

Definition 1.1.11. A stochastic process is a parametrized collection of ran-
dom variables {X;}iecpo ) defined on a probability space (2, F,P) and assum-
ing values in R™.
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Some Elements of Stochastic Analysis

The parameter space T' is usually the halfline [0, 00), but it may also be
an interval [a, b], the non-negative integers and even subsets of R" for n > 1.
Note that for each t € T fixed we have a random variable

w— X(w); we
On the other hand, fixing w € €2 we can consider the function
t— Xy(w); teT
which is called a path of X;.

Definition 1.1.12. The stochastic process X is adapted to the filtration {F;}
if, for each t > 0, X, is an F;- measurable random variable.

Definition 1.1.13. The parameter space T is usually the halfine [0, c0), but
it may also be an interval [a, b], the non-negative integers and even subsets
of R™ for n > 1. Note that for each t € T fixed we have a random variable

w— Xi(w); we Q.

On the other hand, fixing w € 2 we can consider the function
t— Xi(w); teT,

which is called a path of X;.

Definition 1.1.14. The stochastic process X is adapted to the filtration
{Fi} for each t > 0, X; is an {F;}- measurable random variable.

Definition 1.1.15. A filtration J; is said to satisfy the usual conditions if
it is right-continuous and F; contains all the P— negligible event in F.

1.1.3 Stopping times

Definition 1.1.16. A random variable T : Q@ — [a,b] is called a stopping
time with respect to a filtration {Fy;a <t < b} if {w;T(w) <t} € F; for all
t € la,b].

Properties

e If the filtration is right continuous then 7 is a stopping time if and only
if, for all ¢, {T <t} € F.
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1.1 Some selected topics from probability theory

e Let 71 and 7 be two stopping times. Then 71 + 7o, 71 A 7o, 71 V T» are
stopping times.

Definition 1.1.17. The o-algebra F. for a stopping time T is given by
F.={Aec F:An{r <t} € F forall t}.
The following holds:
1. 7 1s measurable with respect to F, .

2. If T(w) =t for almost all w then F, = F;.

1.1.4 Continuous time martingales

In this section we shall consider exclusively real -valued processes X =
{X;0 <t < oo} on a probability space (2, F,P), adapted to a given fil-
tration {F;} and such that E|X;| < oo holds for every ¢t > 0

Definition 1.1.18. (i) A stochastic process X = (X;);>0 is called a mar-
tingale (with respect to P and F) if

1. X is adapted;
2. E(X}) < oo forall t >0
3. For 0 < s <t < oo,

E(X, | Fs) = X, p.s
(17) X is called a submartingale

E<Xt ‘ -Fs) > Xs p-s
(771) X is called a supermartingale
E(X; | Fs) < X p.s

Definition 1.1.19. The stochastic process X is adapted to F if, for each
t > 0, X; is F;-measurable.
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Definition 1.1.20. A random variable T : Q@ — R* U {oo} is called a
stopping time with respect to F if

{T<t}eF  forallteR".

Definition 1.1.21. The process X is continuous if all its paths ¢ ~» X;(w)
are continuous. The process X is cadlag if all its paths are right-continuous
with left-hand limits. If X is cadlag, we define the left-continuous process

X;- as
L X(), t - 0
Xt_ T { thTt XS7 t > 0

and the jumps as
AXt = Xt —th, tz 0.

For T' > 0 we define the system of sets
Gr={Ax{0}: AeFlU{Ax(s,t]: 0<s<t<T AeF}

and the predictable o-algebra Pr = o(Gr). An F-valued process X =
(Xt)tejo,r] is called predictable if it is Py -measurable.

Definition 1.1.22. A modification Y of the stochastic process X is a stochas-
tic process on the same probability space, with the same parameter set R
such that

PX;=Y;) =1 forall  teR,.

Definition 1.1.23. For a stochastic process X = (X;):>o and a stopping
time T, the stopped process X7 := (X])i>¢ is defined by

X, if t<T,

T._ _
X '—XT“—{XT, if t>T.

Definition 1.1.24. An adapted, right-continuous stochastic process X =
(X¢)e>0 is called a local martingale, if there exists a sequence of stopping
times (7,,) with T;, — oo P.a.s, such that the stopped process

XT”[Tn>0 = (Xr,atlr,>0)t>0

is a (uniformly integrable) martingale with respect to (F;).

The following two estimates are known as Doobs LP-inequalities.
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Theorem 1.1.1. Let M = (My);>o be an F-valued martingale. Then, the
following statements are valid:

e Forallp>1 and A > 0 we have

1
P(sup |[ M [|>A) < ZE || Mz ||
t€[0,7] AP

e For every p > 1 we have

p p
E(sup || M) < (1) B Il M P

te[0,7

Let us fix a number 7' > 0 and denote by MZ(E) the space of all E- valued
continuous, square integrable martingales M. We will need the following.

Definition 1.1.25. (Square integrable martingales). A martingale (M) is
called square integrable if it satisfies E(M?) < oo, that is, M; € L?, for all
t>0.

Notation 1.1.2. M? = the collection of all cadlag martingales (M) with

E(sup [[M(#)]*) < oo;
te[0,T

M?={M € M*: M is continuous int}
Properties 1.1.3. The space M%(E) equipped with the norm

1M |2, = E( sup [|M(£)]*)? (L1.1)
te[0,7

1s a Banach space.

Proof. Since ||M(t)|| is a submartingale, by Theorem 1.1.4 defines a norm.
To prove completeness assume that M, is a Cauchy sequence, i.e.

E( sup |[|[M,(t) — M,,(1)]|*) = 0 as n,m — oo.
te[0,7

It follows that one can find a subsequence M,, such that

E( sup [|M,(t) — M ()] > 27%) < 27",
te[0,7
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The Borel-Cantelli lemma implies that M,, converges P.a.s. to a process
M(t),te[0,T], uniformly on [0,7]. So M is a continuous process. It is clear
that, for arbitrary t e [0, 7], the sequence M,, converges to M (t) in the mean
square. if 0 < s <t<Tand k=1,2,..., then

E(M,, (t)/Fs) = M,,(s) P.a.s (1.1.2)
and one can let k tend to infinity in 1.1.2 to get
E(M(t)/Fs) = M(s) P.a.s.
So M € MZ(E) and obviously M,, - M € M4(E). O

Definition 1.1.26. Let M, N € M? be continuous local martingales. Then
the product M N is not in general a local martingale. However, using the
polarization identity

MN =:= i((M+N)2— (M — N)?), (1.1.3)
we see that the process
(M,N) = S({M + N) — (M~ N)),

is called a cross variation (or quadratic covariation) of M and N.Note that
(M, M) = (M) is the quadratic variation process of M. Set

QA<M7 N) = Z(Mtj - Mtj—l)(th - th_1)7

=1

for each ¢t > 0 and each partition A = {0 =t; < ... < t,, =t} of the interval
[0,¢]. The polarization identity 1.1.3 yields

1
Qa(M,N) = Z(QA(M + N) —Qa(M — N)).
It now follows that
Qa(M,N) — (M, N),,in probability,as A — 0.

Here the limit is taken over all partitions A of the interval [0, ¢].
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1.2 Brownian motion and the Wiener process

Lemma 1.1.4. Let M; be a square integrable martingale. Then

E((M,; — Ms)Z/fa) = I['E((]\@2 — Mf)/]—"a), 0<a<s<t. (1.1.4)
Proof. Let 0 < a < s <t.Then

]E(Ms<Mt - Ms)/Fs) = MSE((Mt - Ms)/fs> =0,

and
E(Ms(Mt - Ms)/Fa) = 0

Observing that
M? — M? — (M, — M,)* = My(M; — M,).

By (1.1.4), follows by taking the conditional expectation. O

1.2 Brownian motion and the Wiener process

In 1828 Robert Brown, observed that pollent grains suspended in water per-
form an unending chaotic motion .L.Bachelier (1900) derived the law govern-
ing the position W, at time t of single grain performing a one -dimensional
Brownain motion starting at a € R* at time ¢ = 0,

P AW, € dz} = p(t,a,x)dx, (1.2.1)

where
6—(az—a)2/2t

1
p<t7a7x>: \/%

is the fundamental solution of the heat equation

ou  10%u

ot 20a?
Bachelier (1900) also pointed out the Markovian nature of the Brownain path
and used it to establish the of maximum displacement

2
v 27t
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Some Elements of Stochastic Analysis

Einstein (1905) also derived (1.2.1) from statistical machanis considerations
and applied it to the determination of molecular diameters .Bachelier was
unable to obtain a clear picture of the Brownain motion ,and has ideas
were unappreciated at the time .This is not surprising ,because the precise
mathematical definition of the Brownain motion involves a measure on the
path space ,and even after the ideas of Borel, Lebesgue,and Daniell appeared
,N.Winer (1923) only constructed a Daniell integral on the path space which
later was revealed to be the Lebesgue integral against a measure the so -
called Wiener measure.

The simplest model describing movement of a particle subject to hists by
much smaller particles is the following .Let ng,k = 1,2, ... be independent
identically distributed random variables which En, = 0 and En} = 1.Fix

an integer n, and at times 1/n,2/n,... let our particle experience instant
displacements by nln_Tl , nln_Tl, ... at moment zero let our particle be at zero
If

Sgk=m+m+...+n0,

then at moment k/n our particle will be at the point Si//n and will stay
there during the time interval [k/n, (k + 1)/n) .Since real Brownain motion
has continues paths ,we replace our piecewise constant trajectory by continu-
ous piecewise linear one preserving its positions at times k/n .Thus we come
to the process,

& = S/ Vi + (0t = [nt)) sy /1 (1.22)
This process gives a very rough caricature of Brownain motion .Clearly ,to
get a better model we have to let n — 00.By the way , precisely this necessity
dictates the intervals of time between collisions to be 1/n and the displace-
ments due to collisions to be 1 /v/n,since then & is asymptotically normal
with parameters (0,1)

Definition 1.2.1. The standard Brownian motion is a stochastic process
(Wi)ier+ such that

(i) Wy = 0 almost surely.
(ii) The sample trajectories t — W, are continuous, with probability 1.
(iii) For any finite sequence of times ¢y < t; < ... < t,, the increments
Wy, = Wiy, Wy =Wy oo o Wy, = W

are independent.
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1.2 Brownian motion and the Wiener process

(iv) For any given times 0 < s < ¢, W, — W; has the Gaussian distribution
N(0,¢ — s) with mean zero and variance ¢ — s.

Theorem 1.2.1. (Bachelier). For every t € (0,1] we have maxs<; Wy ~
|Wi|, which is to say that for every x > 0

2 T
Pmax W, < x) = eV /2y,
(max W < z) th/o y

Proof. Take independent identically distributed random variables 7 so that
P(ny =1) =P(ny = —1) = 1/2, and define £ by 1.2.2. First we want to find
the distribution of »

i i

Observe that, for each n, the sequence (51, ..., S,) takes its every particular
value with the same probability 27". In addition, for each integer i > 0, the
number of sequences favorable for the events

{rggx Sk > 1,5, <i} and {rggx Sk >, Sy > i}, (1.2.3)

is the same. One proves this by using the reflection principle; that is, one
takes each sequence favorable for the first event, keeps it until the moment
when it reaches the level i and then reflects its remaining part about this level.
This implies equality of the probabilities of the events in 1.2.3. Furthermore,
due to the fact that 7 is an integer, we have

{¢" > z'n_Tl,ﬂ‘ < m_Tl} = {r]glgz(Sk >14,S, <i}

and
{¢"> in%,f? > m%l} = {rlrc1<axSk > 0,Sy > i}
<n

Hence,
P{¢" > in? & <in?}) = P({max Sy, > i, S, < i}).
Moreover, obviously,
P{C" > in7 & > in? }) = P{¢] > in"'/?},
P{¢" > in? } = P{(" > in? & > in> })

37



Some Elements of Stochastic Analysis

HP{Er > in V2 < in T b+ P{ET =inT ).
It follows that
P({¢" > in® } =P({& > in? }) + P({&} =in? }), (1.2.4)

for every integer ¢ > (. The last equality also obviously holds for i« = 0. We
see that for numbers a of type in~'/2, where i is a nonnegative integer, we
have

P{C" = a} = PH& > a}) + P{&Y = a}). (1.2.5)
Certainly, the last probability goes to zero as n — oo since £} is asymp-

totically normal with parameters (0,1). Also, keeping in mind Donskerfor
theorem, it is natural to think that

P({max£l > a}) — P({max W, > a}),

2P({&1 = a}) — P({W1 = a}).

Therefore, 1.2.5 naturally leads to the conclusion that
P({max W, > a}) = 2P({W) > a}) = P({{ Wi > a}) Va >0,
and this is our statement for ¢t = 1.
P{C" =in7} =P{¢" > in?} —P({C" > (i+ 1)n?} =

=P({el = (i + 1)n T} + P& = ()n= } P& = (i + 1)n7 }
PH{&r = (i+)n2 }+P({&f =in= }, i>0.

Now for every bounded continuous function f(z) which vanishes for x < 0
,we get

B(f(¢") = fin T PUC" =in T} = Ef (& —n %) + EF(&]).

By Donskerfs theorem and by the continuity of the function z — maxp 1) z;
we have

Ef (max W) = 2B (W) = Ef(|W3])

We have proved our statement for ¢ = 1saying that cW,,. is a Wiener
process for s € [0,1] if ¢ > 1. The theorem is proved. O
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1.2 Brownian motion and the Wiener process

The continuity question of Brownian motion can be answered by using
another famous theorem of Kolmogorov:

Theorem 1.2.2. Suppose that the process &' satisfies the following condition:
For all T > 0 there exist positive constants o, 3, N such that

Elg — &1 < N|t — s/ Vst €[0,1].
Then there ezists a continuous version of &'.

Proof. For simplicity we assume that my = E(n;)* < oo,referring the reader
to [Bi] for the proof in the general situation,it suffices to prove that

El&r — ¢ < N|t — s> Vs, t € [0,1], (1.2.6)

where N is independent of n,t,s. Without loss of generality, assume that
s < t. Denote a,, = E(S,)*. By virtue of the independence of the 7, and the
conditionsE(n;) = 0 and E(n;)? = 1, we have

any1 = E(Mrr1+S0)" = an+4E(S2n,41)+6E(Sin2 1) +E(Sund, ) +my = a,+6n+my
Hence (for instance, by induction),
an = 3n(n — 1) + nmy < 3n? + nmy
Furthermore, if s and ¢ belong to the same interval [, %],then
& — & =Vl — s,

El& — &1* = nPmalt — s|* < mylt — s, (1.2.7)

Now, consider the following picture, where s and t belong to different intervals
of type [k/n,(k + 1)/n) and by crosses we denote points of type k/n and
s< 8 <t <t.

Clearly

s1—s<t—s, t—t,<t—s t;—s5<t—s (t,—s)/n<(t,—s)%

Put, s; = (([ns] +1)/n, t1=([nt])/n, [nt] = ([ns]+1) =n(t; — s1).
Hence and from (1.2.7) and the inequality (a + b+ c)* < 81(a* + b* + ¢?) we
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conclude that

Elg - &1t < 81(Blg — gl + Elg: - &al* + il — 1)
< 162(t — s)2m4 + 81E|S[nt]/\/ﬁ — S[nt}+1/\/ﬁ|
= 162(t — s)2m4 + 81n_2a[nﬂ,([ns]+1)
< 162(t — 8)*my + 243(t — 5)* + 81(t; — s1)ma/n
< 243(my + )|t — s|*.

Thus for all positions of s and ¢ we have (1.2.6) with N = 243(my4 + 1).

The lemma is proved. O

1.2.1 Functions of Bounded Variation

Definition 1.2.2. The variation of a function f :[0,T] — R is defined to
be

n—1
lim sup Z |f(tiz1) — f(t)],
At—0 i—0

where t = (to, t1,...,t,) is a partition of [0,T], i.e. 0 =ty <t; <...<t,=
T,and where
At = max ’ti—l—l — tz|,
i=0,1,...,n—1

is bounded variation of f on [0,T] is defined to be V(f,[0,T7]).

Example 1.2.1. If f is constant on [0,T] then f is of bounded variation on
[0, 7].

Consider the constant function f(x) = c on [0,T]. Notice that

n—1
lim sup Z |f(tiz1) — f(t)],

At—=0 T,
is zero for every partition of [0,T]. Thus V(f;[0,T]) is zero.

Another example of a function of bounded variation is a monotone func-
tion on [0, 7.
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1.2 Brownian motion and the Wiener process

Theorem 1.2.3. If f is increasing on [0,T], then f is of bounded variation

Proof. Let {t;: 0 <i <n — 1} be a partition of [0,7]. Consider

Z |f(tiy1) — Z tiv1) (t:)

=0

H

Because of the telescoping nature of this sum, it is the same for every partition
of [0,T]. Thus we see that V(f,[0,T]) = f(T) — f(0) < co. Thus f is of
bounded variation on [0, T7. O

Similarly, if f is decreasing on [0, T then V'(f,[0,T]) = f(0) — f(T'). For
the next example we first recall a theorem involving rational and irrational
numbers.

Theorem 1.2.4. Let [ : [a,b] — R be a function and let ¢ € (a,b). If f is of
bounded variation on [a,c| and [c,b], then f is of bounded variation on |a, b

and V(f, la,b]) = V(f,la,c]) + V(f,[c,b])
A proof of Theorem 1.2.4 is provided in Gordon’s text [136].
Theorem 1.2.5. The variation of the paths of W (t) is infinite a.s.

Proof. Consider the sequence of partitions " = (¢f,t7,...t7) of [0,77] into a
n equal parts .Then
n—1

01 (Wi, = We Z(thﬂ — W),
=0

i=

n—1
> (Wi, — W2 <
=0

where

Since the paths of W (t) are a.s. continuous on [0, 77,

lim max |th — Win| =0a.s,
n—00 1=0,. v

there is a subsequence

" = (ty*, 11", ..., tnk) of partitions such that
nk—l
. 2
kh—glo ZO |Wt?+1 - Wtf| =T a.s.
1=
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This is because every sequence of random variables convergent in L? has a
subsequence convergent .a.s.follows that

ne—1

lim Z (Wer, = Win| =0 as,

k—o0 —

while
T
lim At"™ = lim — =0,
k—o0 k—o00 N
which proves the theorem. O

Lemma 1.2.6. Let s < t.
Cov(Wg, Wy) =t A s.
Proof.

Cov(W,, Wy) = E[W,W;] — E[W.] E[W)]
=E[WW,] -0
— E[W.(W; — W,)] + E[W?] = E[W.JE[(W; — W,)] +E[W?
=0+s

]

Lemma 1.2.7. Let W Winer process is a d-dimensional and two constants
A>0andr > 0.

1. (self-similar) the process X; = %W,\t 18 @ Winer process.
2. the process Yy = Wiy s — Wy is a Winer process.

Proof. the process X; and Y; p.s are continuous, zero at 0, Gaussian, centers.
we have

B(X]XE) = YR, W)
1
= X ik Il’llIl()\t, )\S)

= 0, min(t, s),
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1.2 Brownian motion and the Wiener process

E(Y/YY) = (WL Wi+ WIWE = WIWE 4+ WL W)
= 0i(r + min(t,s) +r—r—r)
= d;, min(t, s).
[

Lemma 1.2.8. For every 0 < t1 < ty < t3... < t, < 1 the vectors
(&5, &8 - &) are asymptotically normal with parameters (0,t; At;).

Proof. We only consider the case k = 2 Other k are treated similarly. We
have

MEL + A = (M 4+ A2) St/ V1 + Ao (Spnta] — Sty +1)/V/1

g1 (0t — [nt1])JA/vV/n + Ao /v/n}
FNntg+1] (nta — [nta]) Ao /v/n.

On the right, we have a sum of independent terms. In addition, the coeffi-
cients of Mps1)41 and N1 go to zero and

E exp(iannpi+1) = Eexp(iapm) — 1 asa, — 0.

Finally, by the central limit theorem, for ¢(\) = Eexp(iAn;)

A >
li n( ) _ A /2'
" lH})OQO _\/ﬁ (&

Hence,

lim B(e M) = T (/v 4 Ao/ V)" (A /)l

o = exp{=((h + Mot + (02 — 1)/2)
= exp{ ( (tl N tQ) + 2)\1)\2@1 A tg) + )\%(tl N tg)}

The lemma is proved. [

Theorem 1.2.9. (Quadratic Variation) Let 0 = to, < t1, < ... <tg,, =1 be
a sequence of partitions of [0, 1] such that max;(ti 1, —tin) — 0 a.s n — 00
Also let 0 < s <t < 1. Then, in probability as n — oo

Z (Wti+1,n - VVtim)2 —1— 5. (128)

5<tin<tit1,n<t
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Proof. Let
gn = Z (V[/ti+l,n - V[/ti,n)27

5<tin<tiy1,n<t

and observe that &, is a sum of independent random variables. Also use
that if n ~ N(0,0?), then n = o(, where ( ~ N(0,1), and Var(n?) =
o"Var(¢). Then N := Var({), we obtain

Var(6) = Y VarWi,,, - Wi, )’ =N D> (tigin—tin)’

§<tin<tit1,n<t §<tin<tit1,n<t
< Nm?X(ti—i—l,n —tin) Z (tit1n —tin) = Nm?X(tiH,n —tin) = 0.
5<tin<tit1,n <t
In particular,&, — E&, — 0 in probability. In addition,
E& = Y (tisin —tin) >t —s.
§<tin<tit+1,n<t
Hence &, — (t — s) = &, — E&, + E, — (t — s) — 0 in probability, and the

theorem is proved. O

Definition 1.2.3. (Riemann-Stieltjes Integrals) Let V,f : Rt — R and
0=ty <ty <ty <...<t,=T isa partition of [0,T).

1. A sum of the form

Z fs) V() = V(E-1))-

15 called a Riemann-Stieltjes sum of f with respect to V.

2. A function f is Riemann-Stieltjes Integrable with respect to V' on [a, b]
such that

/0 F(5)dV = lim S fDV(E) = V().

n—+00 4
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1.2 Brownian motion and the Wiener process

1.2.2 Ito Stochastic Integrals

Assume W (t) is an infinite sequence of independent standard Brownian mo-
tions, defined on (Q, F,P) that is, W(t) = (W(t), W2(t),...)". An R-valued
random variable is an F-measurable function z(t) : © — R and the collection
of random variables

S={z(t,w): Q= R|te J}
is called a stochastic process. Generally, we just write z(t) instead of z(t,w).

Definition 1.2.4. An F-adapted process X on [0,T] x S is elementary pro-
cesses if for a partition ¢ = {t = 0 < t; < ... < t, = T} and (F,)-
measurable random variables (Xy,)i<n, X; satisfies

n—1

Xi(w) =) Xi(@)Xtn)(t), for 0<t<T, weQ

1=0

The Ito integral of the simple process X is defined as

/0 X(s)dW'(s) = X_:Xl(ti)(Wl(tiH) — W), (1.2.9)

whenever Xy, € L*(F;,) for all i < n.

The following result is one of the elementary properties of square-integrable
stochastic processes [112,165].

Lemma 1.2.10. (1té6 Isometry for Elementary Processes) Let (X;)ien be a
sequences of elementary processes. Assume that

T
/ E|X (s)[*ds < oo,
0

where | X| = (Z X7). Then

Z/ Xi(s)dW( Z/ X2(s ds (1.2.10)

45



Some Elements of Stochastic Analysis

Proof. Set AW} =

For ¢ < j, since t; < t; and (W,

Wl
that if £ = 1 we have

E( /0 " Xs)aw(s)’

— thz Let M* =

S 1f0 X;(s)dW'(s), observe

tit1

E< Z X\(t AW1>
ZE<X2
+ZZ]E<X1

1<j

W)

(t) (W,

tir1

—WHWL, =),

— W,,) is independent from

Xi(t:) X;(t5)(Weyp, — Way).
Hence
E(Xi(t)Xa(t) (W, = WDWL, =) = E(Xi()Xi(t) (Wi, —w})
xE(WQH Wé))
= 0.
This implies that
E( /0 Xi(s)aw(s)” - njE(Xlz(ti)(thm—thi)z)
_ nZlE(Xf(ti))E(WgH Wt{_))2
= "_1 E<X12(tz)> (tiv1 —ti)
= E /OTXf(s)ds>
Therefore .
/ Xl(s)dwl(s) - <]E 0 Xf(s)ds) (1.2.11)



1.2 Brownian motion and the Wiener process

When k = 1 the result is true, For k& = 2 we use the estimate (1.2.11), to get

M2 = E(i/OTXZ(s)dWZ(s)

— (ZZX, AWI)

=1 =0

_ (ZXI AWl) +]E< Xg(ti)AVny

+ 2E<ZX1 AW1> (ZXQ(tZ-)AWf)

1=0

= ZE(XQ ) H_l—t)-i-ZlE(Xg(ti))(tHl_ti)

= /X2 ds+E/ X2(s
_ E(IZ;/O Xf(s)>ds.

Suppose that

?
= ~.

Z/ X,(s)dW'(s Z]E/X2 ds

is true for fixed k € N. We show that

k+1

k+1
/ Xi(s)dW'(s Z / (X2 (s

Since (X;);*! is a set of elementary stochastic process, then

MFHL = M/ X,(s)dW!(s _E(ZZX )
l l
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<Z XkJrl Wk+1)
n—1 k+1 n—1

(E X () AW SN X (1 AWZ>.

=0 =1 =0

Using the fact that (W!)}1} is a set of independent standard Brownian mo-
tions, we have

k+1

E Z/ X (s)dW'(s —EZ/ X2(s ds+E/ X2, (s)
_E Z/ X2(s ds

Hence the formula is true for k£ + 1. This implies that for every £ € N we
have

Z/Xl )AW' (s _EZ/Xl ds
From Lemma 2.1, proved in [75], M* is a convergent in L*(F;), then
. k7 l 2
lim M* = lim E Z/ Xi(s)dW'( —IE Z/X ds
Hence

Z/Xl AW ( Z/Xl ds

Theorem 1.2.11. [97] Let X, Y € S , a, b€ R. Then :

e (linearity) for all tat once with probability one
t t t
E/ (aX(s)+bY(s)dW(s)> :aE/ X(s)dW(s)+bE/ Y (s)dW (s).
0 0 0

48



1.2 Brownian motion and the Wiener process

o E([5 X(s)dW(s)) = 0;

the process fo (s)dW (s) is a martingale relative to F; ;

Doobs inequality holds:

]Es.lip(/otX(s)dT/V(s))2 <A4E sutlp(/ot X?(s)ds;

if Ae F, T €]0,00], and X;(w) =Yy (w) for allw € A and t € [0,T),
then

t t
Iy / X (s)dW (s) = I / Y (s)di (s)
0 0
for allt € [0,T] at once with probability one.

Theorem 1.2.12. if f € S and f is continous ,then, for any sequence I1; of
0=1tho <tn1 <tna<...<tn,=7T is a partition of [0,T] with |IL;| — 0,

mp—1

IP(/O FAW () = T S K1) (W (fyper) = W(t0)) = 1, (12.12)

Proof. introduce the step function g,

gn(t) = f(tnk)-

For ¢, (t) — f(t) uniformaly in ¢ € [0,7T) as n — oc.
Hence

/ |gn (%) (t)[2dt — 0 a.s.

By (see Theoreme 2.7 [63]) we then have
T T
P( lim / (B (£) = / £V (2)

| a0avie) = X X0 sen) - W0 1)

k=0
the assertion (1.2.12) follows. O

Since
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Remark 1.2.1. For an square integrable stochastic process X on [0,T], its
Ito integral is defined by

/X JAW (s) = lim X()dW(s),

n—oo

taking the limit in L?, with X, is defined in definition 6.1.5. Then the Ito
1sometry holds for all Ito-integrable X.

The next result is known as the Burholder-Davis-Gundy inequalities. It
was first proved for discrete martingales and p > 0 by Burkholder [40]. In
1968, Millar [109] extended the result to continuous martingales. In 1970,
Davis [53] extended the result for discrete martingales to p = 1. The exten-
sion to p > 0 was obtained independently by Burkholder and Gundy [41] in
1970 and Novikov [118] in 1971.

Theorem 1.2.13. [133] For each p > 0 there exist constants c,,C,, € (0, 00),
such that for any progressive process x with the property that for some t €
[0, oo),fot X2ds < oo ,P.a.s we have

t p P
cpIE(/ X?Zds)* <E( sup / X2dW (s))" < CE( / XZds)®. (1.2.13)
0

s€[0,t]

Example 1.2.2. Mean and mean square of a stochastic integral Let I(f) =
fol W (s)dW (s). Then, by the theorem 1.2.12 of It 6 integrals,

1
1
E(I(f)) =0 and E(I(f)]?) = / E|W (s)[*ds = 3
0
Lemma 1.2.14. (Stochastic Product Rule) Let X,Y € S. Then
t t
XYy = XoYo +/ Yd X +/ X(8)dYs+ < XY >, (1.2.14)
0 0

for allt > 0.

Proof. Let A = 0=ty <t; <...<t,=1t be any partition of the interval
[0, t]Sum the equalities

th}/tj o thfl}/tjfl = (th - th—l)(th o th&) + thﬂ(Y;fj o Y;fjﬂ)'
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1.2 Brownian motion and the Wiener process

}/;jfl(th - thﬂ)'
By theorem 1.2.12 and j = 1,2,...,n , we obtain

t t
0 0

The lemma is proved. O

1.2.3 (Gaussian processes in Hilbert spaces

Let X be a Gaussian process in a Hilbert space H. Let

m(t) = E(X(1), Q1) =E(X(t) = m() @ (X(t) = m(1))) = 0.

Bt, s) = E(((X(1) = m(t) @ (X(s) = m(s))), 5 >0.

Properties 1.2.15. ( [132],Prop. 2.1.4) Consider a U—valued Gaussian
random variable X with mean m € U and covariance operator Q@ € L(U),
where Q) 1is self-adjoint, positive semidefinite and with finite trace, that is

PloX =N(m,Q).

Then, for allu € U, (X,u)y is a real-valued Gaussian random variable with

1. E((X,uw)y) = (m,u)y for allu e U.
2. E((X —m,u)y(X — m,v)U)) = (Qu,v)y for all u,v € Q.

3. E|(X —m)|lf = Tr(Q).

Definition 1.2.5. The process X s said to be stationary if

n n

E(exp(i Y (X (te +7), ) = E(exp(i ) _(X(t). hn))),

k=1 k=1
foralln e N, ty,...,t, € [0,00[, hy,...,h, € H, and r € [0,00).
Properties 1.2.16. [52/ A Gaussian process X, is stationary if and only if:
1. m(t+r)=m(t), t,r>0.

2. B(t+r,s+r)=p(ts), tsr>D0.

o1



Some Elements of Stochastic Analysis

1.3 The stochastic integral in Hilbert spaces

Let H and U be two separable Hilbert spaces. This section is devoted to a
construction of the stochastic Ito integral.

/t B(s)dW(s), te 0,7,

where W(.) is a Wiener process on U and @ is a process with values that are
linear but not necessarily bounded operators from U into H. We will start
by collecting basic facts on Hilbert space valued Wiener processes including
cylindrical ones. Then we define the stochastic integral in steps starting from
elementary processes and ending up with the most general. We also establish
basic properties of the stochastic integral, including the It6 formula.

1.3.1 Hilbert space valued Wiener processe

We consider two Hilbert spaces H and U, and a symmetric non- negative
operator Q € L(U). We will consider first the case when TrQ < +oc.
Then there exists a complete orthonormal system {e;} in U, and a bounded
sequence of nonnegative real numbers \; such that

Qer = \ep, ke N,
U-valued stochastic process W (t),t > 0, is called a )-Wiener process if
1. W(0) =0,
2. W has continuous trajectories,
3. W has independent increments,
4. LW (t) —W(s)) =N(0,t — $)Q),t > s > 0.

If a process W (t),t € [0, T satisfies (1)-(2) and (4) for t,s € [0,7] , then we
say that W(t) is a @Q-Wiener process on [0, 7.

Properties 1.3.1. Assume that W is a Q- Wiener process, with Tr@) < +oc.
Then the following statements hold.

e (i) W is a Gaussian process on U and

E(W(t) =0, Cov(W(t)) =tQ, t >0, (1.3.1)
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e (ii) For arbitrary t, W has the expansion

W(t) = Z VAiBies, (1.3.2)

where
1

VA
are real valued Brownian motions mutually independent on (2, F,P)

and the series in (1.5.4)is convergent in L*(), F,P).

Proof. Let 0 < t; <,...,< t, , let uy,,...,u, € U. Let us consider the
random variable Z.

Bit) = ——(W(t),e;),, j=1,2,..., (1.3.3)

n

Z = Z(W(tj),uj) = <W(t1),2uk>

+ (Wta) = W(t), Y w)+, ...,

+ (W (tn) = Witno), Y up).

Since W has independent increments, Z is Gaussian for any choice of
Uy, ..., u, and (i) follows.
We now prove (ii). Let t > s > 0; by (1.3.3) it follows that.

E(8(1)5;(s)) = J;i_%E(«W(t),ez->><<w<t>,ej>>)
_ ﬁE(((W(t) — W (s), e)((W(s).e5)))
+ B (V6 e ).0:)
- ﬁs@ei, ) = s
Therefore the independence of 5;, 7 = 1,2, ..., follows. To prove representa-

tion (1.3.4) it is enough to notice that, for m > n > 1,
EI Y VABellP =t> VA, (1.3.4)
j=n j=n
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Some Elements of Stochastic Analysis

Recall that

3V < oo
j=n

1.3.2 Definition of the stochastic integral

We are given here a Q-Wiener process in (2, F,P) having values in U. By
Proposition 1.3.1, W (t) is given by (1.3.4). For the sake of simplicity of
notation, we require that A\, > 0 for all £k = 1,2,..., We are also given a
normal filtration {F;};>0 in F and we assume that.

e (i)W (t) is F; -measurable,
e (ii) W(t+ h) — W (t) is independent of F; , VYh,t > 0.

If a @-Wiener process W satisfies (i) and (ii) we say that W is a Q-Wiener
process with respect to {F;}i>0. However to shorten the formulation we
usually avoid stressing the dependence on the filtration.

Definition 1.3.1. Let us fit T < oco. An L = L(U, H)-valued process
O(t),t € [0,T) taking only a finite number of values is said to be elemen-
tary if there exists a sequence 0 =ty < ty; <,...,< tx =T and a sequence
Do, Py, ...,,Pr_1 of L-valued random wvariables taking only a finite number
of values such that ®,, are F;, measurable and

O(t) = Oy, for t € (tm,tmir],m=0,1,...,k—1.

For elementary processes ® one defines the stochastic integral by the formula

¢ k1
/ D(s)dW (s) Z(I) Witpiint) = Wikt (1.3.5)
0

m=0
and denote it by ®.W (t), t € [0,T].

It is useful, at this moment, to introduce the subspace Uy = QY%(U) of
U which, endowed with the inner product

iiuek (v, ex)
k:)\

o4



1.3 The stochastic integral in Hilbert spaces

= (Q"*u, Q"?v), (1.3.6)

is a Hilbert space.

In the construction of the stochastic integral for more general processes
an important role will be played by the space of all Hilbert

Definition 1.3.2. (Hilbert-Schmidit operator) Let e;, f;,j € N be an or-
thonormal bases of Uy.An operator W € LY is called Schmidt operators LY =
Ly(Uy, H) from Uy into H. The space LY is also a separable Hilbert space,
equipped with the norm

1912 = S (g, )2 = 3 Ml (er, fi) P

k=1 k=1

= [ CQ"2|? = Tr(vQV*),
where {g;}, with g; = /\jej, 7 = 1,2,..., e; and f; are complete
orthonormal bases in Uy, U and H respectively. Clearly, L C LS, but not all

operators from LY can be regarded as restrictions of operators from L. The
space LY contains genuinely unbounded operators on U.

Let ®(¢),t € [0,T], be a measurable L3-valued process; we define the

norms . L
@l = {E | l0liyds}
0

— {E/tTr(CDQl/Q)(CI)QW)*ds};, t €[0,7). (1.3.7)

0

t
Properties 1.3.2. If a process ® is elementary and IE/ H(I)H%g < 00 then
0

t

the process / O(s)dW (s) is a continuous, square integrable H-valued mar-
0

tingale on [0,T] and

E(/th>(s)dW(s)>2 :E/Ot |®]12gds, ¢ [0,7]. (1.3.8)
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Some Elements of Stochastic Analysis

Proof. The proof is straightforward. We will check for instance that (1.3.8)
holds for t = t,,, < T. Define Aj = W(t;.1) =Wy, j=1,...,m —1. Then

E(]/()@() (5))) _E|Z<I> YA
= ZE|<I> VA, |2
+2 Z (@(t;)A;, B(t:)As).

i<j=
We will show first that:

m—1

Z]Elq’ DA =Y (81 — ) B D(t) 17 (1.3.9)

j=

To this purpose note that the random variable ®*(¢;) is /3, measurable,
and A; is a random variable independent of F .

E[®(t;) A" = ZE t)A;, fi)l?)
:Z ({4, ©*(t;) f1))| ;)

(tj41 — ZE (QO*(t;).fi, @*(t;) 11))
= (41 — j)EH‘D( ti)lzg-
This shows (1.3.9). Similarly one has,
E(®(t:)A;, ®(t;)A;) =0 i # 7,
and the conclusion follows. O

Remark 1.3.1. Note that the stochastic integral is an isometric transfor-

mation from the space of all elementary processes equipped with the norm
|.[|rinto the space MA(H) of H-valued martingales.
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1.3 The stochastic integral in Hilbert spaces

Remark 1.3.2. the mapping h — W (h) is linear. Indeed, for any A\, uR €,
andh, g € H, we have

E(W (M + pg) — AW (h) — ug(h))? =[| A+ pg [l +X || 7 [[7
X g IF —2X(Ah+ pg, h)
—2u(Ah + g, g) + 2Au(h, g) = 0.

We are able now to extend the definition of the stochastic integral to
all LY predictable processes |®||7. Note that they form a Hilbert space de-
noted by N2 (0,T; LY), more simply N3 (0,T) or N, and, by the previous
proposition, elementary processes form a dense set in A, . By Proposi-
tion 1.3.2 the stochastic integral fot O (s)dW (s) is an isometric transformation
from that dense set into M2 (H), therefore the definition of the integral can
be immediately extended to all elements of N3,. Moreover (1.3.8) holds and
fot d(s)dW (s) is a continuous square integrable martingale. As a final step
we extend the definition of the stochastic integral to L3-predictable processes
satisfying the even weaker condition.

t
IP’(/ [@[2ds, 1€ [0.77) =1 (1.3.10)
0

All such processes are called stochastically integrable on [0,T]. They form
a linear space denoted by N3 (0,T; LY), more simply N3 (0,T) or even N3,
The extension can be accomplished by the so-called localization procedure.
To do so we need the following.

Lemma 1.3.3. Assume that ® € N2 (0,T) and 7 is an F;-stopping time
such that P(t < T) =1. Then P.a.s.

Proof. Assume that ® is elementary and that 7 is a simple stopping time.if
® is elementary and 7 general, then there exists a sequence of simple stopping
times {7,,} such that 7,, | 7 and P.a.s. [ Ijo.,®(s)dW (s) — [} Lo ®(s)dW (s).
On the other hand

t
1 Tj0,7® — Tjo,r) |17 = E/O I,

and therefore, for a subsequence, still denoted by {7,,},
t t
/ Lo, P(5)dW (s) — / Io A ®(s)dW (s), P.a.s. and uniformly in [0, 7.
0 0
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Some Elements of Stochastic Analysis

If @ is general and || & —®,,, ||r for a sequence of elementary processes, we have
t

t
/ D, (s)dW (s) — / ®(s)dW (s) and, for an appropriate subsequence,
0 0

t t
/ I[Dﬁn}@mk(s)dW(S) — / I[OyT]CD(S)dW(S).
0 0

Lemma 1.3.4. Assume that condition (1.3.10) holds and define
t
1, =inf{t € [0,7] / HCIDHf-Jgds > n},
0

with the convention that the infimum of an empty set is T'. Then {7,} is a
sequence such that

t
E(/ | 10.r1®|[2gdls, < co. (1.3.11)
0

t
Proof. Consequently stochastic integrals / I, ®(5)dW (), are well de-

fined for all n = 1,2, ..., Moreover if n < mothen P.a.s.
t t
/ [[O,Tn](I)(S)dW(S) = / ([[O,Tn][[oﬁm])(D(S)dW(S)
0 0

tATh
= / (I[O,Tm]][O,Tm])CI)(S)dW(S) te [O, T] (1.3.12)
0

Therefore one can assume that (1.3.11) holds for all w € Q, n < m ,t € [0,T].
For arbitrary ¢ € [0, 7] define

/o(b(S)dW(S):/o I, P (5)dW (), (1.3.13)

where n is an arbitrary natural number such that 7, > t. Note that if also
Tm >t and m > n then

t

t tATh
/ ][O’Tm]q)(s)dW<S) = / ][07Tm]q)($)dW(S) = ][077-”]/ (I)(S)dW(S),
0 0 0

and therefore the definition 1.3.13 is consistent. By analogous reasoning if
7. — T is another sequence satisfying (1.3.11) then the definition 1.3.13
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1.3 The stochastic integral in Hilbert spaces

leads to a stochastic process identical P.a.s. for all ¢ € [0,7]. Note that for
arbitrary n =1,2,...,w € Q, t € [0,T].

t k-1
/ I @()AW (5) = >~ Wi nttriant) = Weanmnn) = Ma(Ta AL),
0 m=0

where M, is a square integrable continuous H-valued martingale. This prop-
erty will be referred to as the local martingale property of the stochastic
integral. [

1.3.3 Stochastic integral for cylindrical Wiener pro-
cesses

The construction of the stochastic integral required the assumption that @)
was a nuclear operator; only then the ()-Wiener process had values in U.
We can, however, extend the definition of the integral to the case of general
bounded, self-adjoint, nonnegative operators ) on U. To avoid trivial com-
plications we will assume that Q is strictly positive: Qx # 0 for x # 0. Let
Up = |QY2U with the induced norm |jul||p = |[|Q~'/?u||, and let U; be an
arbitrary Hilbert space such that U is embedded continuously into U; and
the embedding of Uy into U; is Hilbert - Schmidt. Let {g;} be an orthonor-
mal and complete basis in Uy and {f;} a family of independent real valued
standard Wiener processes.

Proposition 1.3.5. The formula
W(t) =Y g;Bi(t), t>0, (1.3.14)
j=1

defines aQ)1-Wiener process on Uy with Tr@Q, < oo. For arbitrary a € U, the

process
00

(@, W () = (. g;)85(t),

J=1

15 a real valued Wiener process and
E({a, W (t)){b, W(s))) = (t A 5){Qa,b).
Moreover we have ]in/Q =Uy and

[ullo = Q" ully. (1.3.15)
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Proof. The series defining W (t) is convergent in L*(Q2, F, P, U;) because

E(ID 0i801F) = Y llgsllf m =0 > 1.
Jj=n j=n

and the embedding J : Uy — U, is Hilbert-Schmidt which means 3, || Jg; ||} <
00. One can also construct U;. The series defining (a, W (t)) does converge
in L?(Q, F,P,U;) and therefore P.a.s. since

o0

> lagdl < 1l lgl?
< CIIJIIQIIGIIQZ 951> < o0.
In addition if t > s> 0
E({a, W(t))(b, W (s))) = E((a, W(s)){b, W(s)))

= Sz<aagj><bv gj>

= 53 (aQY2, Q20 (Q, Q7 )

=

8“

s Y (aQ, g;)0(QD, g;)o

Jj=1

s(a@
(0@

) Qb>0
b,

sS\a

To prove the latter part of the proposition note that, by the very definition,
<a’Q1a b>1 = E((CL, W(1)><b7 W(1)>1)

> {a,g)1(b, g1

1

<.
Il

NE

<(Z, Jgj>1<b7 Jgj>1

1

<.
Il
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1.3 The stochastic integral in Hilbert spaces

Z (aJ*, g;)o(J*b, g;)0

J:

= (J*a, J*b)o = (J*Ja,b);.
Consequently Q1 = JJ*. In particular
1QY2I12 = (J*Ja,a)1 = ||J*al2  a € UL, (1.3.16)

Thus ImQ}/2 = ImJ = U, and the operator G = Q~'/2.J is bounded from U,
onto U;. It follows from (1.3.16) that G* = J*Q~'/? is an isometry, therefore
G itself is an isometry. So

—1/2 —1/2
QT ull, = 1Qy 2 Tull, = Jull,.

This provide completed . [

Proposition 1.3.6. [52] For ® € N3, (0,T,H) and A € L(H, Hy), where
H, denotes a further Hilbert space (Hy, (., )m,, || - ||) it holds that Ao ® €
NZ(0,T,H) and

A/;@(s)dW(s):/OtAQD(s)dW(s) Pa.s.

1.3.4 Stochastic Integration With Respect to Contin-
uous Semimartingales

Definition 1.3.3. A stochastic process X is called a continuous semi mar-
tingale if there exist processes My is a local martingale and A; denotes the
family of all continuous and adapted processes with paths of finite variation
which vanish at t = 0.

Xi=Xo+ M, + Ay forall t>0.

Using the fact that there are no non-trivial continuous local martingales of
finite variation one can show that that for a continuous semi martingale the
decomposition X = Xog+ M + A into the initial value, a continuous local
martingale and a continuous adapted process of finite variation is unique.
This decomposition is called the semi martingale decomposition of X.
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Definition 1.3.4. (Quadratic variation and covariation.) If X, Y are con-
tinuous semi martingales, we define the covariation process (X,Y) as

<X7Y> = <M7N>7

where M and N are the local martingale parts of X, Y respectively. In
particular, if A is a continuous bounded variation process, then A is a con-
tinuous semi martingale with constant martingale part. It follows easily that
(X,A) =0, for each continuous semi martingale X.The following justifies
our definition of (X,Y):

Proposition 1.3.7. Let X, Y be continuous semi martingales, A a contin-
uous bounded variation process and t > 0. Then

o (a) Qa(X,A) — 0, P.a.s ||A|| — 0,
o (b) Qa(X,Y) = (X, Y),, P.a.s ||A|| — 0.
Here the limits are taken over all partitions A of the interval [0, ].

Proof. (a) Let w € € be such that the path s — Ag(w) is of bounded varia-
tion and the path s — X (w) is continuous and hence uniformly continuous
on the interval [0,¢]. This is the case for P. a.s. w € Q. Let |Al;(w) < oo
denote the total variation of the path s — A(w) on the interval [0, ¢] and
set, for any partition A = {0 =ty < t; < ... <t, =t} of the interval [0,¢],

Ca(w) = sup | Xy (w) — Xy, (w) |.

1<j<n
The uniform continuity of the path s — X (w) on the interval [0, ¢] implies
that EH%) Ca(w) = 0. Thus
ﬁ

|QA(X7 A)(w)| S Z | th (w> - thfl(w) || Atj (w) - Atjfl(w) |

< Ca(w) 3 | Ay (w) = Ay (w) < Calw)] Alu(w) = 0,

as || A ||— 0. This shows (a).

(b) Let X = M+ A. and Y = N + B be the semi martingale decompositions
of X, Y .Fixt>0andlet A={0=1% <t <...<t,=t} be a partition
of the interval [0,t]. By elementary algebra

Qa(X,Y)(w) = 3 ((My, (w) = My,_, (w) + (A, (w) = Ay, ()
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1.3 The stochastic integral in Hilbert spaces

% (Vi (w) = Ny, () + (B, (w) = By, (w)))

= Qa(Y, A)(w) + Qa(M, N)(w) + Qa(M, B)(w).

Now let || A [|— 0. Then we have QA (Y, A)(w) — 0, Qa(M, B)(w) — 0
according to (a). Qa(M, N)(w) — (M, N);. It follows that Qa(X,Y)(w) —
(M,N); = (X,Y), in probability. O

Lemma 1.3.8. (Kunita- Watanabe Inequality) Let M, N be continuous local
martingales, U, V be B x F-measurable processes. Then

[ paoe < ([ o.piaon. )

x(/ot |V, |2 d<M>S)5, P.a.s. (1.3.17)

Proof. Let w € §) be such that lemma 1.3.8 holds for all nonnegative Borel
measurable functions f, g : [0,f] = R and let f(s) = Us(w) and g(s) = Vy(w).
Recalling that |u,|(ds) =| d(M)s |, 0o, = d(M), and v,, = d(N), lemma
1.3.8 shows that (1.3.17) holds at the point w. O
1.3.5 It6 Formula

Definition 1.3.5. Let W; be 1-dimensional Brownian motion on (§2, F,P)
(i.e.1-dimensional) Ité process (or stochastic integral) is a stochastic process
X on (2, F,P) of the form

t t
X, = X0+/ u(s,w)ds+/ v(s,w)dW (s), (1.3.18)
0 0
where u(t,w),v(t,w) is Fy-adapted.
t
]P’(/ v?(s,w)ds < oo forall t> O) =1,
0

and

¢
IP’(/ u(s,w)ds < oo for all tZO)zl.
0

If X, is an It6 process of the form (1.3.18) is sometimes written in the shorter
differential form
dX; = udt + vdW (t).
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1.3.6 The Multi-dimensional Ito Formula

It6 formula Let X = (X! X2 ..., X%) be an R-valued process with con-
tinuously differentiable paths and consider the process Y; = f(X;), where
f € C?(RY). Let us write

of 0 f

D.f— 20 D f— .
i =5ax, ™4 Dul =550k,

The process Y has continuously differentiable paths with

—th ZDth X (w).

Fixing w € € and integrating yields

Fw) = F(Xalw)) = 3 [ DX ) 6 ),

where this integral is to be interpreted pathwise. Written as

F(Xo(w) = F(Xo / Dif(Xo(w)dXi(w).  (1.319)

This equation remains true if X is a continuous, bounded variation process.
The situation becomes more complicated if the process X is a continuous semi
martingale and hence no longer has paths which are of bounded variation on
finite intervals in general. Then a new term appears on the right hand side of
(1.3.19) (Ito’s formula). We will give a very explicit derivation which shows
clearly where the new term comes from.

Theorem 1.3.9. Let G C R? be an open set, X = (X', X?%,..., X% a
continuous semi martingale with values in G and f € C*(G). Then

F(Xo(w)) - Z / D, £(X,(w))dXi (w)

3 Z/Dwf )d(X(w), X (w))  P.as, (1.3.20)

i,j=1
for each t > 0.
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Proof. We may assume that the path ¢ — X;(w) is continuous, for every
w € ). Assume first that F', K are compact sets such that F C K° C K C G
and the range of X is contained in F'. Fix ¢t > 0, let (A,) be a sequence of
partitions of the interval [0,¢] such that ||A,|| = 0 asn — oo. Forn > 1
write A, = {0 =t§ <t} ...t} =t}.Set € = dist(F, K°) >0 and

Qn={we [|[Xg—-Xp |[<e Vn>m,1<k< kb

If w € Q, then the path s € [0,¢] — X (w) is uniformly continuous and so
w € Q,,, for some m > 1. Thus Q,, T 2, as m 1 oco. It will thus suffice to
show that (1.3.22) holds P-as. on the set Q,,, for each m > 1.

Fixm>1 IfweQ, Xpm(w) € B (X »-1) and hence the line segment from
Xip_ (w) to Xin(w) is contained in the ball Be(Xt;;— 1) C K for all n > mand
all 1 <k <k,. Let n > m and write

kn

F(Xe = F(Xo) = D> (f(Xep) = F(Xep ) (1.3.21)

k=1

Consider k = {1,2,...,k,} and w € . A second degree Taylor expansion for
f(z) centered at v = Xy (w) yields

f(Xip) = f(Xep f(Xip

IIFﬂp~

J _ vJ
1 1 th Xt"kll )

1< . . . .
+5 D Digf () (X — Xy )(Xh — X ),
ij=1
where the point &, », = &, 1(w) is on the line segment from X (w) to Xgn (w).
Note that this line segment is contained in K and that D, ;f is uniformly
continuous on K. Entering the above expansion into (1.3.21) and commuting
the order of summation, we can write

f(Xy) = (X ) ZAn+ ZB
3,7=1
where

kn
A7 = 3D (X (X~ Xy )

—1
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and

kn,
= Z ngf(fnkxXZg - thgil)(XtZ" thn )

k=1
at all points w € Q.by theorem 1.2.12.we have A} — f(f D; f(Xs(w))dXI(w)
in probability, as n 1 co. Since limits in probablhty are uniquely determined
PP—as,it will now suffice to show that By, — fo D i f(Xs(w))d{(X* (w), X7 (w))s
in probability on the set €2, as n 1 co. To see this we WIH compare B}, to
the similar term

—1

k:'"/
=S D f (X ) (X — Xb V(X — XE, ),
which is known to converge to [ Dy ; f(X,(w))d(X(w), X’ (w)), in probabil-
ity.
It will thus suffice to show that | B}, — B}’;| — 0 in probability on the set €,
as n T 0o. Indeed, using the Cauchy Schwartz inequality,

|BYj = Byl =| Y (Digf(éns) = Dig f(Xep DXty = X )X = X} ) |
k=1

kn
<O | Xpw = X || Xf — Xy |< G BBy
k=1
where
kn
=D 1 X=X P Z‘ Xip , I
k=1
and

Ciy = sup | Dy;f(&np) — Dijf(Xep_ ) |-

1<k<ky,
From the uniform continuity of D;;f on K it follows that C7'; — 0, P-a.s.
and hence in probability on the set §2,,,n 1 oo Moreover B* — /(X%); < o0
and B — /(XJ); < oo in probability.It follows that |B}; — §73| — 0 in
probability on €2, as ,n 1 oo as desired. Let us now deal with the general case.

Choose a sequence (K,,) of compact sets such that K, C K and G = U,,, K,
and set T, = {t >0 : X, € K,,}.By path continuity of X, (7,,) is a
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sequence of optional times such that T}, 7 0 on all of Il as m 1 oco. Since X
is constant we can choose mg such that X, € Kgm and hence X/™ € K,, , for
all m > mg and ¢t > 0. Consider such m. The form of equation (1.3.22) to the
process X7 and observing that g(X™m) = g(X)Tm (YIm ZTm) = (Y, Z)Tm
we have

FOXT (w)) — F(Xo(w / D (X (w))dX 5T (1)

+3 Z/Dmf DX ), X))

l_]l

Let m 1 oo to obtain
P w)) - Z / D, F(X.(w))dX3(w)

+= Z/ D f(Xo(w)d(X (w), X! (w)), P.a.s

1]1

for each t > 0. O

Theorem 1.3.10. Let G C R? be an open set, X = (X', X% ..., X% a
continuous semi martingale with values in G and f € CY*([0,T] x G). Then

£t X))~ (0, Xo(w)) = / Ot X)) +Z / D, f(s, X (w))d X3 (w)

D) Z/ Dij f(s, Xs(w)d(X (w), X](w)), P.a.s (1.3.22)

2,7=1
for each t > 0.

Proof. The notation f € C42([0,7] x G) is to be interpreted as follows:the
partial derivative 0f/0s exists on (0,7") x G and has a continuous extension
to [0,7] x G. Continuous partial derivatives D;f, D;;f with respect to the
remaining variables are assumed to exist on [0,7] x G.This ensures that all
partial derivatives are uniformly continuous on [0, 7] x K, for each compact
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subset K C G. Consider a partition A, = {0 =t <7 ...#} =t} of [0,1]
and write

o

n

FtX0) = F6Xo) = 30 (8 Xg) = FtE1 Xy ).

k=1

=
3

= 3 (6 X — £ X ) + PO X)) — S (B, X))
k=1

and of
ftr, Xig) — f(th_1, Xap_ ) = E(%k,th)(tZ — 1)
for some 1, & = Mo p(w) € (17, 17_;) ). The summands f (7, Xen)—f (171, Xin )

are dealt with exactly as in the proof of theorem1.3.13 (second degree Taylor
expansion of g(x) = f(t;_;,r) around the point x = X;n ). O

Let us write down the special case where X € Hgp is a scalar semi
martingale (d = 1):
Theorem 1.3.11. Let G C R be an open set, X = (X') (ied = 1) a

continuous semi martingale with values in G and f € C*(G). Then

FOf(Xs(w))
0X,

+% /0 %X}(WMXS(W); Xs(w)),P.a.s

F(Xu(w)) — F(Xo(w)) = / 0. (w)

for each t > 0.

Proof. same evidence are dealt with exactly as in the proof of theorem 1.3.13
for j=d=1 m

Theorem 1.3.12. Let G C R be an open set, X a continuous semi martin-
gale with values in G and f € C**([0,T] x G). Then

e xw) - 0. Xow)) = [ gy [T g )

L [T f(Xs(w))
= /O e ). X, (w) P

for each t > 0.
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1.3 The stochastic integral in Hilbert spaces

Proof. same evidence are dealt with exactly as in the proof of theorem 1.3.13
for j=d=1. ]

As a first consequence of Itd’s formula we show that the family S of
continuous semi martingales is not only a real algebra but is in fact closed
under the application of twice continuously differentiable functions:

Theorem 1.3.13. Let G be an open subset of RY, X € S¢. Let S denote the
family of all Re-valued with values in G, f € C*(G). For eachi =1,...,d
let Xt = M*'+ A" be the semi martingale decomposition of X*, especially
A® = uxi .Then Z = f(X) is again a continuous semi martingale and its
local martingale part My and compensator uz(t) are given by,

M = Zy + Z /Ot D, f(X,(w))dME (w).
and

uz =3 [ Do) + 3 Y [ Dus(uw)dxi). Xiw)

Proof. Writing f(X) to denote the process f(X;) and using the formula:

7100 =20+ [ D ixt .

D3 / D, f(s, Xo(w))dX ' (w)
2+ 3 [ Dyfs X fw)ddiw)
D3 / D, f(s, X.(w))dA' (w)

oy / D f(X(w))d{ X (w), X (w)) = M + A,

i,j=1

where

d . .
M:ZO+Z/O D; f(s, Xs(w))dM;(w).
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Some Elements of Stochastic Analysis

and
Z/ Dy i f (X (w))d(X (w), X7 (w +Z/ D, f(s, Xy(w))dAl (w).

Here M is a continuous local martingale, since so are the M? and A is a
continuous bounded variation process vanishing at zero. This shows that Z
is a continuous semi martingale with semi martingale decomposition Z =
M + A, as desired. n

We can save this result with the table below.

| [d..d] [ ds | dWi(s) | dW(s) |

ds 0 0 0
dWi(s) | O ds 0
dWi(s) | 0 0 ds

1.4 Fractional Brownian motion

The fractional Brownian motion was first introduced within a Hilbert space
framework by Kolmogorov in 1940 in [120], where it was called Wiener Helix.
It was further studied by Yaglom in [160]. The name fractional Brownian
motion is due to Mandelbrot and Van Ness, who in 1968 provided in [61]
a stochastic integral representation of this process in terms of a standard
Brownian motion.

Definition 1.4.1. Given H € (0,1), a continuous centered Gaussian process
B with the covariance function Rg(t,s) = E[B(t)) B (s)]
1
Ruy (t,8) = S + [P = [t = s )au .5 € [0, 7],

where
P 1 =k
10, £k
is called a two-sided one-dimensional fractional Brownian motion (fBm),

and H s the Hurst parameter.

For H = 1/2, the fBm is then a standard Brownian motion. By Definition
1.4.2 we obtain that a standard fBm B¥) has the following properties:
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1.4 Fractional Brownian motion

1. BH)(0) =0 and E(B")(t)) = 0 for all t > 0.

2. B has homogeneous increments, i.e., B (t + s) — B (s) has the
same law of BH)(t) for s,t > 0.

3. BH) is a Gaussian process and E(BU(t)2) = 2 ¢ > 0, for all H €
(0,1).

4. BW) has continuous trajectories.

1.4.1 Correlation between two increments

For H = 1/2, B is a standard Brownian motion; hence, in this case the
increments of the process are independent. On the contrary, for H # 1/2 the
increments are not independent. More precisely, by Definition 1.4.2 we know
that the covariance between BH) (t +h) — B (¢) and BH) (s + h) — BUH)(s)
with s+ h <tandt—s=nh,

pr(n) = %th((n 12 4 (n— 1) — 22,

In particular, we obtain that two increments of the form BH)(t4h)—BW) ()
and B (t 4+ 2h) — BH)(t 4 h) are positively correlated for H > 1/2, while
they are negatively correlated for H < 1/2. In the first case the process
presents an aggregation behavior and this property can be used in order
to describe cluster phenomena (systems with memory and persistence). In
the second case it can be used to model sequences with intermittency and
antipersistence.

1.4.2 Long-range dependence

Definition 1.4.2. A stationary sequence (X, )nen exhibits long-range depen-
dence if the autocovariance functions p(n) := Cov(Xg, Xkin) satisfy:

lim p(n)

n—oo CN~ %

=1,

for some constant ¢ and o € (0,1). In this case, the dependence between Xy
and Xy decays slowly as n tends to infinity and

> pn) = oo.
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Some Elements of Stochastic Analysis

Hence, we obtain immediately that the increments X, := BUD (k) — B (k —
1) of BH) and Xy == B (k +n) — BH(k+n — 1) of BH) have the
long-range dependence property for H > 1/2 since

1
pu(n) = §h2H((n + 1D 4 (n—1)2H — 20?7 ~ H(2H — 1)n?H 2

as n goes to infinity. In particular,

lim p(n)

=1.
n—oo H(2H — 1)n2H—2

Summarizing, we obtain
1. For H>1/2,%"> pr(n) = .
2. For H<1/2%" | pu(n) |< occ.

Definition 1.4.3. We say that an R¥*-valued random process X = (X;)i>0 18
self-similar or satisfies the property of self-similarity if for every a > 0 there
exists b > 0 such that

Law(Xu,t > 0) = Law(bXy, t > 0). (1.4.1)
Note that (1.4.1) means that the two processes Xy and bX; have the same
finite-dimensional distribution functions, i.e., for every choice tg,...,t, in
R

)

P(Xato S o, .. - 7Xatn S xn> = P(bXto S Loy -y bth S xn)
for every xq, ..., x, in R.

Definition 1.4.4. If b = o in Definition 1.4.3, then we say that X =
(X1)i>0 s a self-similar process with Hurst index H or that it satisfies the
property of (statistical) self-similarity with Hurst index H. The quantity
D = 1/His called the statistical fractal dimension of X.

1.4.3 Holder continuite

We recall that according to the Kolmogorov criterion (see [228]), a process
X = (Xi)wer admits a continuous modification if there exist constants 0 <
a <1, and k > 0 such that

E<|X(t)—X(S)|>§k‘|t—s|°‘, for all s,t €R.
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1.4 Fractional Brownian motion

Theorem 1.4.1. Let H € (0,1). The fBm BY) admits a version whose
sample paths are almost surely Holder continuous of order strictly less than

H.

Proof. We recall that a function f : R — R is Holder continuous of order
0 < a <1, and write f € C*(R), if there exists M > 0 such that

[f(@) = f(s)| < M [t —s]7

for every s,t € R. For any a > 0 we have
E(|BU(t) — B (5)|") = B(B (D))t — s,

Hence, by the Kolmogorov criterion we get that the sample paths of B#) are
almost everywhere Holder continuous of order strictly less than H. Moreover,
by [14] we have ,

B¢
lim sup | ( )|

e l— ¢/ ,
t—o+  thy/loglogt—1! "

with probability one, where ¢y is a suitable constant . Hence B™) cannot
have sample paths with Holder continuitys order greater than H.
O

1.4.4 Path differentiability

By [27] we also obtain that the process B#) is not mean square differentiable
and it does not have differentiable sample paths.

Properties 1.4.2. Let H € (0,1). The fBm sample path B (.) is not dif-
ferentiable.

In fact, for every ty € [0, 00)

B ¢y — BUH) (¢
lim sup | (*) (o)

‘: 00,
t—to t_ tO

with probability one.
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Some Elements of Stochastic Analysis

Proof. Note that we assume BY)(0) = 0. The result is proved by exploiting
the self-similarity of B). Consider the random variable,

B (t) — BU(1,)

Rit, =
bo t—to

Y

that represents the incremental ratio of B). Since B is self-similar, we
have that the law of R, is the same of (t —to)? =1 B#)(1). If one considers
the event,

B"(s)
At,w) == {osgligt | — |> d}.

For any sequence ¢t — 0 we have,

A(tn,w) D A(tyi1, w).
Thus,

P(lim A(t,)) = lim P(A(t,)),

n—oo n—o0

and

B (tn)
(tn)

which tends to one as n — oo. Note that the proof goes through under the
assumption of self-similarity. O

P(A(t,)) > IP’( ) - IP’(BH(l) > t};Hd),

1.4.5 The fBm is not a semi martingale for H # 1/2

The definition of the Ito integral is a direct consequence of the martingale
property of Brownian motion. But fBm does not exhibit this property, in
fact, fBm is not even a semi-martingale. There are many different proofs
revealing this fact (a rather nice one is given in [61]). We state the theorem
and present a simple proof here. But first, we need to find the p-variation of
BH(t). In order to verify that B! is not a semimartingale for H # 1/2, it
is sufficient to compute the p-variation of B%),

Definition 1.4.5. Let (X(t))icjo,r) be a stochastic process and consider a
partition m ={0 =ty <t; <...<t,=T}.Put
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1.4 Fractional Brownian motion

n

Sp(X,m) == [X(t) — X (te) .

k=1

The p-variation of X over the interval [0, T] is defined as,
%<X7 [Oa T]) = sup Sp(Xa 7T),
p

where 7 is a finite partition of [0,T]. The index of p-variation of a process
is defined as,

I(X,[0,T]) = inf{p > 0; V,(X, [0,T]) < co}.

Lemma 1.4.3. [27] Let I(BH(t), [O,T]) =1
Moreover,

V},(BH(t), [O,T]) =0 when  pH >1
and

V,(BY(0.0.7)) =00 when  pH <1.

Theorem 1.4.4. Let {BH(t) : t > 0}, for H # 1/2, is not semi martingale.

Proof. A process {X(t), F,t > 0} is called a semi martingale if it admits
the Doob-Meyer decomposition X (t) = X(0) + M (t) + A(t), where M(t) is
an JF; local martingale with M (0) = 0, A(t) is a cadlag adapted process of
locally bounded variation and X (0) is Fp-measurable. Moreover, any semi
martingale has locally bounded quadratic variation [133].Now, let X (t) =
B(t)

For p > 0 set.

np—anIZ| = B-1)/al".

By the self-similar property of me, the sequence {Y},,,n > 1} has the same
distribution as {Y,,,,n > 1}, where

n
Ymp = nil Z ‘B] — Bj,llp.
j=1

75



Some Elements of Stochastic Analysis

The stationary sequence {B; — B;_1j > 1} is mixing. Hence, by the Ergodic
Theorem Y}, ,, converges almost surely and in L'(Q) to E(|B;|?) as n tends to

infinity. As a consequence, Y,, , converges in probability as n tends to infinity
to E(|B1|P). Therefore,

Vo(X,[0,T)) = sup Y |Bjm — Bi-ayml”,
p

Jj=1

1. If H < 1/2, we can choose p > 2 such that pH < 1, and we obtain that
the p-variation of fBm (defined as the limit in probability lim,, o V}, )
is infinite. Hence, the quadratic variation (p = 2) is also infinite.

2. If H > 1/2 2, we can choose p such that % < p < 2. Then the p
variation is zero, and, as a consequence, the quadratic variation is also
zero. On the other hand, if we choose p such that 1 < p < % we deduce
that the total variation is infinite.

Therefore, we have proved that for H # 1/2 the fractional Brownian motion
cannot be a semi martingale. O

In [92] Cheridito has introduced the notion of weak semimartingale as a
stochastic process {X;,t > 0} such that for each 7' > 0, the set of random
variables

{ij(xtj—xtj,l),nz LOo=to<ti<...<t,=T,|f;|<1f efg,{l}
j=1

is bounded. Here F¥ represents the natural filtration associated to the pro-
cess X. Moreover, in [92] it is shown that if B(t) is a standard Brownian
motion independent of B, then the process:

M ()" = B (t) + B(t).

Then
{M(t)",t >0}

is not a weak semi martingale if H € (0,1/2) U (1/2,3/4],and it is a semi
martingale, equivalent in law to Brownian motion on any finite time interval

[0, 7], if H € (3/4,1).
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1.4 Fractional Brownian motion

1.4.6 Fractional integrals and derivatives

We recall the basic definitions and properties of the fractional calculus. For
a detailed presentation of these notions we refer to [138].

Let a,b € R, a < b. Let f € L'(a,b) and a > 0. The left and right-sided
fractional integrals of f of order « are defined for almost all x € (a,b) by

1% f(x) = ﬁ / (& — )" fy)dy (1.42)
and
12 f(z) = ﬁ / (v — )" (y)dy (143)

respectively. Let I (LP) (resp. I (LP)) the image of LP(a,b) by the
operator I, (resp. I{").

If feI%(LP) (resp. f € I;*(L?)) and 0 < o < 1 then the left and
right-sided fractional derivatives are defined by

Dy f(x) = F(ll—a) ((xf_(xi)a + Oé/: %C@)? (1.4.4)

and

DEI@) = ((:cf—(xi)a ro [ e dy)’ (149)

for almost all x € (a,b) (the convergence of the integrals at the singularity
= x holds point-wise for almost all € (a,b) if p = 1 and moreover in
LP-sense if 1 < p < 00).
Recall the following properties of these operators:

T P_ then
—op

o [fa< 11) and ¢ =
S (LP) = L (LP) € L(a,b).

o If o > %.Then
1

o (LP) U I (L) € C° ¥ (a,b).
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Some Elements of Stochastic Analysis

where C’a_%(a, b) denotes the space of (a — ﬁ)—Hélder continuous func-

tions of order o — 2 in the interval [a, b].
The following inversion formulas hold:

c?* (D3+ ) = f7
for all f € I (L?), and

argef) =1
for all f € L'(a,b). Similar inversion formulas hold for the operators I

and D;* .
The following integration by parts formula holds:

/ (D2, f)(s)g(s)ds = / £(5)(D2g)(s)ds, (1.4.6)

for any f € I (LP), g € Iy (LP) % + % = 1. We start our tour through
the different definitions of stochastic integration for fBm of Hurst index
H € (0,1) with the Wiener integrals since they deal with the simplest case
of deterministic integrands. We show how they can be expressed in terms
of an integral with respect to the standard Brownian motion, extend their
definition also to the case of stochastic integrands, and then proceed to define
the stochastic integral by using the divergence operator. In both cases we
need to distinguish between H > 1/2 and H < 1/2.

1.4.7 Integrals for fractional Brownian motion

Fix an interval [0,7] and let BUY)(t), ¢ € [0,7], be a fBm of Hurst index
H € (0,1) on the probability space (Q,F(H),]-}(H),IP’H) endowed with the
natural filtration 7™ and the law P of BH) (for a construction of the

measure P we refer to section (1))

Definition 1.4.6. An F-adapted process ¢ on [0,T] x ) is elementary pro-
cesses if for a partition ¢ = {t = 0 < t, < ... < t, = T} and (F})-
measurable random variables (¢g,)i<n, ¢+ satisfies

Si(w) =) (W)X (t), for 0<t<T, weQ
=1
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1.4 Fractional Brownian motion

The Ito integral of the simple process ¢ is defined as

l/¢ldB Zﬁ" — Bt 1)), (1.4.7)

whenever ¢, € L*(F[') for all i <n.

IfH >4
It is easy to see that the covariance of fBm can be written as

u(t,s —aH// lr — ul* 2 dudr, (1.4.8)

where ay = H(2H — 1). Formula (1.4.8) implies that

T T
O%WH—aH/ /|r—mw2%wmmm (1.4.9)
0 0

for any pair of step functions ¢ and v in €.
We can write

|r_u‘2H72 _ (TU

L)
X / o (=) (w— )" 2 dy,  (1.4.10)
0

where 5 denotes the Beta function. Let us show Equation (1.4.10). Suppose

r > u. By means of the change of variables z = === = = | we obtain
Uu—v uz

/vl_zH(r—U)H_g(u—v)H_gdv = (r—u)QH_2/ (zu—r)l_QHzH—%dZ
0 ks
1 1 3
= (TU)Q_H(T—u)QH‘2/ (1—2)' 215y
0

— B(2—2H H - %)(m)%—H(r )2,

Consider the square integrable kernel
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¢
Ky(t,s) = cHsé_H/ (u — S)H_%uH_%du, (1.4.11)

H(@H-1) }1/2 and ¢t > s.

B(2—2H,H-1)
Taking into account formulas (1.4.8) and (1.4.10) we deduce that this
kernel verifies

where cg = [

tAs tAs t . )
/ KH(t,U)KH<S,U)du = 012[1/ </ (y-u)HﬁE:gH*idy)
0 0 Y
x(/ (z_u>H—%ZH—%dz>u1—2Hdu

1 t s
= e -2mH -3 [ [ ly- P ey
0o Jo
= Rpyl(t,s). (1.4.12)
and the latter sum coincides with the usual Rieman-Stieltjes sum. A
question arises: in which sense can we consider formula 1.4.7 as the extension

of the sum 1.4.7 Note, that for a step function. It is known that B (t) with
H > % admits the following Volterra representation

B (t) = /Ot Ky (t,s)dB(s) (1.4.13)

where B is a standard Brownian motion and the Volterra kernel K (t,s) is

given by
t u\ "3
Ky(t,s) = cH/ (u— s)~ <—> du, t>s,
s s

where cy = 1/% and f(.,.) denotes the Beta function. We put
’ 2
K(t,s)=0if t <s.

oK £\ 12 ;
8—tH(t,s):cH (-) (t—s)" 2.

(NI

S

We denote by € the set of step functions on [0,7]. Let H be the Hilbert
space defined as the closure of £ with respect to the scalar product
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1.4 Fractional Brownian motion

<X[O,t]7 X[O,s]>’H = Ry(t,s).
Consider the linear operator K}, from & to L?([0,T]) defined by,

(K36)(t) = / o251 1 ).

Notice that,
(KExp0.4)(s) = Knu(t, s)xp0.(s)-

The operator K} is an isometry between £ and L?([0,7]) that can be ex-
tended to the Hilbert space H. In fact, for any s,t € [0, 7.
Then

<KI*{X[0,t]7 KEX[O,t]>L2([O7T]) = <X[0,t], X[o,s]>H = RH(t, 5)-
In addition, for any ¢ € H,

/OT ¢i(s)dB/ (s) = /OT(KE@)(S)dBZ(s),

if and only if Kj¢; € L*([0,T]). Next we are interested in considering an
fBm with values in a Hilbert space .
Consider the process B; = {B(t),t € [0,T]} defined by

Bi(t) = B/'((Kx) ™ xi0.0)

Indeed, for any s,t € [0, 7] we have

E(Bi(t) Bus)) = E( B (K) ™ X0 B (K37 xo.) )

- <<K;I)_1X[O,t]>7 (K;I)_1X[O,s]>>7-[
= <X[0,t], X[o,s}>L2[0,T]
=sAt.

Let (X, {-,),]|x), (Y,{-,-),| - |y) be separable Hilbert spaces. Let L(Y, X)
denote the space of all linear bounded operators from Y into X. Let e,,,n =
1,2,... be a complete orthonormal basis in Y and @) € L(Y, X) be an oper-
ator defined by Qe,, = \,e,, with finite trace trQ) = Zzozl An < 00 where \,,,
n = 1,2,..., are non-negative real numbers. Let (37),cn be a sequence of

n
two-sided one-dimensional standard fractional Brownian motions mutually
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independent on (2, F,P). If we define the infinite dimensional fBm on Y
with covariance () as

=> VB (t)en, (1.4.14)

then it is well defined as an Y-valued )-cylindrical fractional Brownian
motion (see [165]). In order to define Wiener integrals with respect to a
Q — fBm, we introduce the space L, := L (Y, X) of all Q—Hilbert-Schmidt
operators ¢ : Y — X. We recall that ¢ € L(Y, X) is called a Q—Hilbert-
Schmidt operator, if

lellZe = Q" 2Ils = tr(vQyp") < oo
the following useful result holds
Lemma 1.4.5. [165] There ezists a positive constant c;(H) such that for

any ¢ € LMH([0,T)) it holds

H2H —1) / / DGy — 2P dydz < er(H)|6121/m .
(1.4.15)

Definition 1.4.7. Let ¢(s),s € [0,T1, be a function with values in Ly (Y, X).
The Wiener integral of ¢ with respect to fBm given by (1.4.14) is defined by

/(;5 )dB™ (s Z/\/_¢ JendBH

:i VK (6e,)(8)dBn. (1.4.16)

n=1"0
Notice that if .
> 16Q el 1w 0.1y x) < 0. (1.4.17)
n=1
the next result ensures the convergence of the series in the previous definition.

It can be proved by similar arguments to those used to prove Lemma 2 in
Caraballo et al. [44] and Lemma 2.1 in Blouhi et al [75].
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1.4 Fractional Brownian motion

Lemma 1.4.6. For any ¢ : [0,T] — L{(Y, X) such that (1.4.17) holds, and
for any o, B € [0,T] wzthoz>ﬁ

/¢ )dB (s

where C' = co(H)H(2H — 1)( — B)*H=1 and co(H) is a constant depending
on H. If, in addition,

/ |6(5)Q" €, ds. (1.4.18)

Z 10Q %e,|x is uniformly convergent for t € [0,T],

n=1
then,
/ o(s)dB (s)| < o/ lo(s)I2 d. (1.4.19)
Corollary 1.4.7. Let (F;)i>o0 be a mght-contmuous complete o-algebras fil-
tration generated by a sequence of fBm Bl 1=1,2,..., mutually independent,

and consider another sequence of (F;)-adapted processes ¢,. Denote

Z/qs, )dBi(y), k € N,

and assume that

oo T T
S 1y o)y ly = =27y < .
=1 70 0

for all t > 0. Then, M* is a convergent in L*(Q), F;,P; X)

Proof. Let M*(t Z/ d1(y)dB ( for any t € [0,7]. By Lemma
1.4.6, we have that
ElMA ) - Mm@ = E[Y / ou(y)dBI( / on(y)dBH (y
X
n\/m
—E / Si(y)dB (y
l=nAm+1 X
nVvm
< UHHEH - )T Y / léu(w) 2 dy — 0
l=nAm+1
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as n,m — oo where c3(H) > 0. Consequently M"(-) is a Cauchy sequence

with respect to the norm sup FE|- % and the limit is M. Then we can
0<t<T

conclude
lim sup E|M"(t) — M(t)|% =0, (1.4.20)

n—oo 0<t<T

and observe that

0 T rT
S [ 10l loelagly - 2P 2dydz < oo,
=1 Y0 0

Then M in L*(Q, F;, P; X). ]

The following result is one of the elementary properties of square-integrable
stochastic processes.

Lemma 1.4.8. (Ité Isometry for Elementary Processes) Let (¢p)ien be a
sequence of elementary processes. If

00 T T
S [ 1l hone gy — =Py < .
=1 0 0

then

i = [T [ 2H—2
— 0 0 — - d d .
XSH(2H 1) ;1/0 /0 ()l o, lle(2) o, ly—2] ydz
(1.4.21)

y)dB/ (y)

k T
Proof. Let M* = Z / #1(y)dB} (y). We will first prove by induction that
— Jo

2

y)dB/ (y)

k
<t =03 [ [ Il 0Ol - g
=1

holds for all k¥ € N.
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1.4 Fractional Brownian motion

Observe that if £ =1 we have

E|MY, = E /Ochl(y)dBlH(y)i

= Ei /Ochl(y)Qéendﬁfn(y)i

Y / L1 @Eead Bl (), / 6 (5)Qtendsl, )

= B ([ (K6Qe) (615, [ (K (6QEe) (615, (5).
Then

2
E
X

/0 o1 (y)dBi' (y)

T T
<rer=1) [ [ ool ly - P die2s)

Therefore the result holds for &k = 1.

Suppose now that (?7?) holds for a fixed integer number £ > 1, and let

us prove it for k 4+ 1. Indeed, since (gbl)fjll is a set of elementary stochastic
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process, and on account of the induction hypothesis we have

k+1 T
E|\M L =E)) " [ auly)dBl(y)
I=1 X
- 2 T 2
=K Z &i(y)dB; (y)| +E Gr+1(y)dBiy1 (y)
=170 X 0 X

k
HEH-1) [ [ o)l llon()llug ly — = -2dydz
<3 / / @)z, 91211
+HEH - 1) / / 1 (9l |81 () 1, |y — =127 ~2dyd
k T T
+28(32 [ B! W), [ oua )8 w)
k T (T
SaeH=1) [ [ 16l kel - =2y

=1

T T
+HEH =1 [ [ o0l bl ly - o dyd:
0 0

k n n
+ 2E< DD on(B )" — Bl (), Y ou( Bl (5 B,ggl@_l))>_

=1 k=1

Thanks to (??) and the fact that (Bf)F*]! is a set of independent standard
fractional Brownian motions, it follows

k1 2

Z/ ai(y)d B/ (

k+1

<ZH2H—1 / / 161) L, 02 1, |y — =22z,

and hence the formula is true for k41 as we wished. From Corollary 1.4.7, we
know that M* is convergent in L?(€), F;,P; X), and thanks to the continuity
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1.4 Fractional Brownian motion

of the norm,

2
2

lim M*

k—o0

E = lim F

X k—o00

X

> /0 oi(y)dB{" (y)

T T
< Saea-1 [ [ 10wl kel - 2y

=1

and, consequently,

o T 2 oo T T
B [ adBlw)| <> HCH-1 [ [ 100 o) oy ly—=P" 2dyd
=170 x =1 0 J0
0
For H < 1/2, the kernel
t\ H-1/2 B
Kults)=bu((5) (=)
t
—(H — 1/2)81/2H/ (u—s)Hﬁl/zuH*?’ﬂdu) (1.4.24)

with

. 2H
T\ (1=2H)B(1 —2H,H + 1/2)

and t > s, satisfies

tAs
Ry(t, s) :/ Ky(t,u)Kg(s,u)du.
0

Consider the linear operator K7j, from the space & of step functions on
[0, 7] to L*([0,T]) defined by

(Kg¢)(s) := K(T,5)¢(s)

+ [ (ot = o) . (14.25)

Then (1.4.25) evaluated for ¢ = xjo4 gives,
(KFxp.)(s) = Knu(t, 5)xp(s),
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Some Elements of Stochastic Analysis

and for H < 1/2 | we have
H = (K) (L*([0,T)) = I*7(L2([0,17)).

This representation of H guarantees in addition that the inner product
space H is complete when endowed with the inner product,

(f.9) =/0 K3 f(s)Kg(s)ds.

For H = 1/2, we have Ky 5(t,s) = Xjo,q(5).
Lemma 1.4.9. Let

127 fu) = ey / (- W) (e,

where cy = /H(2H —1)['(3/2 — H)/T(H — 1/2)I'(2 — 2H),and T' denotes
the gamma function. Then I'"*™ is an isometry from L0, T],(,)) =H =
LI(R) € L3(R) to L*(R).

Proof. By a limiting argument, we may assume that f and g are continuous
with compact support. By definition,

(L), I (9)) ey

This,we have
= (17 12 ) ey
:c2 OOS—UH*‘?/Q s)ds Oos—uH*?’/Q U
W {0 [ =0t e

=c% /]R2 f(s)g(t){ /_i:t(s —u)A=32 (¢ — u)H_3/2du}dsdt
= HEH 1) [ J(6)a) 5=t

where we have used the identity,

SAL
c%{/ (s —u)H’3/2(t—u)H’3/2du =HQ2H—-1)|s—t \2H*2 }

—00
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Chapter 2

Some Elements of Functional
Analysis

In this chapter, we introduce notations, definitions, lemmas and fixed point
theorems which are used throughout this thesis

Let J := [a,b] be an interval of R. Let (E,|-|) be a real Banach space.
C(J, E) is the Banach space of all continuous functions from J into £ with
the norm

19lloe = sup |y(t)]
teJ

L'([a,b], F) denotes the Banach space of measurable functions y : [a, b] —
E is Bochner integrable normed by

b
Il = / y(0)|dt

if and only if |y| is Lebesgue integrable. (For properties of the Bochner
integral, see for instance, Yosida [62]).
We need the following definitions in the sequel.

Definition 2.0.8. A map f: J x E — E is said to be LP-Carathéodory if

(i) t— f(t,v) is measurable for each v € E;
(il) v — f(t,v) is continuous for almost all t € J;
(iii) for each q > 0, there exists a, € LP(J,RT) such that

| f (@t 0)||P < ay(t), for all ||v|l% < q and for a.e. t € J.
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Some Elements of Functional Analysis

Definition 2.0.9. A map [ is said compact if the image is relatively com-
pact. f is said completely continuous if is continuous and the image of every
bounded is relatively compact.

Lemma 2.0.10. [30] Let u, g: J — R be positive real continuous functions.
Assume there exist ¢ > 0 and a continuous nondecreasing function h: R —
(0,4+00) such that

u(t) < c+/ g(s)h(u(s))ds, VteJ.

Then .
u(t) < H? (/ g(s)ds) , Yteld
provided
400 d b
Y
—_— > g(s)ds.
[ o
Here H™! refers to the inverse of the function H(u) = Cu % for u>c.

2.1 Generalized metric and Banach spaces

In this section we define vector metric spaces and generalized Banach spaces
and prove some properties. If, x,y € R", z = (z1,...,2,), y= (Y1,---,Yn),

by x <y we mean x; < y; for all i = 1,...,n. Also |z| = (||, ..., |z,|) and
max(z,y) = max(max(x1,y1), ..., max(T,, yn)). If ¢ € R, then x < ¢ means
r;<cforeachi=1,...,n. Forx e R", (z); =z, i=1,...,n.

Definition 2.1.1. Let X be a nonempty set. By a vector-valued metric on
X we mean a map d : X x X — R™ with he following properties:

(i) d(u,v) >0 for all u,v € X; if d(u,v) =0 then u =v
(11) d(u,v) = d(v,u) for all u,v € X
(111) d(u,v) < d(u,w) + d(w,v) for all u,v,w € X.
Note that for any i € {1,...,n} (d(u,v)); = di(u,v) is a metric space in X.
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2.1 Generalized metric and Banach spaces

We call the pair (X, d) generalized metric space .For r = (ry,r9,...,1,) €
R” ,we will denote by

B(zg,r) ={z € X : d(xg,z) <71}
the open ball centrad in xy with radius r and
B(zg,r) ={z € X : d(xg,x) <1}

the closed ball centered in xy with radius ». We mention that for gener-
alized metric space, the notation of open subset, closed set, convergence,
Cauchy sequence and completeness are similar to those in usual metric spaces.
If, z,y € R", * = (x1,...,2,), ¥y = (Y1,---,Yn), by < y we mean

x; < y; foralli = 1,....n. Also |z| = (|x1],...,|zs]) and max(z,y) =
max(max(zy,41),. .., max(z,, y,)). If ¢ € R, then z < ¢ means x; < ¢ for
eacht=1,... n.

Definition 2.1.2. A generalized metric space (X, d), where

dl (l‘, y)
d('r’ y) :: DY
dn(,y)
is complete if for every i =1,...,n, (X,d;) is complete metric space.

Theorem 2.1.1. Let (X,d) be a generalized metric space. For any compact
set A C X and for any closed set B C X that is disjoint from A, there exists a
continuous functions f : X — [0,1], g : X — [0,1] x[0,1]x...[0,1] := [0, 1]"
such that

i) f(x) =0 for all x € B,
it) f(x) =1 for all x € A.
i) g(z) = (1,...,1) for all x € B,
i) g(z) =(0,...,0) for allz € A.

Proof. Note that d;(x, B) = 0 for any z € B and d;(z, A) = 0 and d;(z, A) >
0 for any = € A. Thus we obtain ¢) and 7). Let f : X — [0, 1] be defined by

Zdi(x, B)
Zdi(;p, A) + Zdi(m, B)
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Some Elements of Functional Analysis

To prove that f is continuous, let (x,,)men be a sequence convergent to x € X.
Then

n

Z di(z.m, B) > di(z,B)

[f(@m) = f(@)] = |5 =

Z (T, A +Zd T, B Zdi(-’%A)ﬂLZdi(%B)
Zd (T, )Zdi(x,A)—Z (T, A Zd x, B)

(Z di(z, A) + Z d;(, B))(Z di(xm, A) + Zdi(%m B))
Zd (x,A) Z|d T, B) — d;i(z, B)|

< m n
O di(z, A) + Zdi(x, B))(Z di(zm, A) + Y di(xm, B
=1 i i=1
Zd z, B) Z|d Ty A) — di(z, A)]
Zd x, A) +Zd (x,B)) Zd Ty A )+idi(xm,B
i=1
Since for each i = 1,...,m we have

|di(zm, B) — di(z, B)| = 0, |di(zm,A) — di(x, A)] — 0 as m — oc.

Therefore

Z z, A) Z|d T, B) — di(z, B)|

=

O di(z, A) + Z di(x, B))(Z di(xm, A) + Z di(zm, B))

=1

—0asm—

92



2.1 Generalized metric and Banach spaces

and

n n

> di(, A |di(wm, A) — di(x, A))|

=1 =1 — 0 as m — 0.

O di(z, A) + Z di(z, B))(Z di(xm, A) + Zdi(:vm, B))

=1

Thus, we get
|f(zm) — f(x)] = 0 as m — oo.

We can easily prove that the following function g : X — [0, 1]" defined by

dn(w,./X)
dn (z,B)+dn(z,B)

is continuous function and satisfied iii) and iv). ]

Definition 2.1.3. Let E be a vector space on K =R or C. By a vector-valued
norm on E we mean a map || - || : E — R’ with the following properties:

(1) ||z|]| >0 for all z € E ; if |z|| =0 then x =0
(i1) || Az|| = |Al]|z]| for allz € E and A € K
(i) |z +yl < [zl + [lyll for all z,y € E.

The pair (£, | -]|) is called a generalized normed space . If the generalized
metric generated by || - || (i.e d(x,y) = ||z — y||) is complete then the space
(E, || -] is called a generalized Banach space, where

e =yl
le—yll=| ..
e =yl

Notice that || - || is a generalized Banach space on £ if and only if || - ||;, ¢ =
1,...,n are norms on F.

93



Some Elements of Functional Analysis

Definition 2.1.4. Let (E,|| - ||) be a generalized Banach space and U C E
open subset such that 0 € U. The function py : E — R defined by

pu(z) =inf{a >0: 2 € alU},
is called the Minkowski functional of U.

Lemma 2.1.2. Let (E,||-||) be a generalized Banach space and U C E open
subset such that 0 € U. Then

i) If X >0, then py(Azx) = A\py(x).

it) If U is convex we have

a)pu(z+y) < pu(z)+puly), for every x,y € U.
b{r e E:py(zx) <1} CcU C{zr € E:py(z) <1}

c) If U is symmetric; then py(x) = py(—2).
iii) py is continuous.

Proof. i) Let © € E be arbitrary and A > 0. We have

puv(Az) = inf{a>0: Az € aU}

= infla>0: ve X talU}
= inf{\6>0: x €U}
= Ainf{8>0: z €U}
= Apu(z).

i1) — a) Let ay > 0 and ay > 0 such that

x € aqU and y € ayU,
then

r+y a (6%

r+y€ealU+al= +
ap+ oy o]+ aq + Qo

Hence
r+y € (o + az)U. (2.1.1)
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For every € > 0 there exist o > 0, f. > 0 such that
a. <py(r)+e and B, < py(y) +¢€

From (2.1.1) we have et

pu(z+y) <pu(x)+pu(y) + 26 = pu(z +y) < pu(z) + pu(y) + 2e.
Letting € — 0 we obtain

pu(z+vy) < pu(z)+ pu(y) for every x,y € U.
b) Let x € E such that py(x) < 1, then there exists o € (0, 1) such that
pr(z) <a<l andzeal =zr=aa+ (1 —a)0eU.

Therefore
{reE:py(x) <1} CU.

For x € U we have
r=ar el a=1= py(z) < 1.

Then
{reE:py(z)<l}cUcC{reFE:py(r) <1}

iii) Since 0 € U then there exist r > 0 such that
BO,r)={x € E: |jz|| <r.} CU,

where

]l r

Given € > 0, then = + ¢B(0,r,) is a neighborhood of z. For every y €
x + €B(0,7,) we have

I_yGB(O,r*):MoU(x_y) <1

€ €

It is clear that

) = o) < ol = ) = e (“0) <

Hence py is continuous. O]
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Some Elements of Functional Analysis

Remark 2.1.1. In generalized metric space in the sense of Perov’s, the no-
tations of convergence sequence, Cauchy sequence, completeness, open subset
and closed subset are similar to those for usual metric spaces.

Definition 2.1.5. Let E be a real generalized normed(or normed) space. A
mapping N : E — E is called compact if T maps every bounded subset of E
to a relatively compact subset in E. N is said to be completely continuous if
N is continuous and compact.

Definition 2.1.6. A square matriz of real matriz of real numbers is said to
be convergent to zero if and only if its spectral radius p(M) is strictly less
than 1 ,In other words ,this means that all the eigenvalues of M are in the
open unit disc.

2.2 Compactness criteria

Let C([a,b], E),Cp([a,0), E) and E be a real Banach space , [a,b] be an
interval.

Definition 2.2.1. A family A in C([a,b], E) is equicontinuous at t in [a, b]
if for each € > 0 there exists §(e,t) > 0 such that, for each s € [a,b] with
|t — s| < (e, t), we have

1f () — ()l <
uniformly with respect to f € A.

The family A is equicontinuous on [a, b] if it is equicontinuous at each
point ¢ € [a,b] in the sense mentioned above.
The family A is uniformly equicontinuous on [a, b] if it is equicontinuous on
[a,b], and §(e,t) can be chosen independently of ¢ in [a, b].

Theorem 2.2.1. (ArzelaAscoli [163]) A bounded subset A in C([a,b], E) is
relatively compact if and only if

(i) A is equicontinuous on [a,b];
there exists a dense subset D in [a,b] such that, for each t € D,

A ={/t) | feA

15 relatively compact in E.
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The following compactness criterion for subsets of Cj, is a consequence of
the well-known ArzlaAscoli theorem (see Avramesu [15], Corduneanu [50],
Przeradzki [131], Staikos [145])

Theorem 2.2.2. Let B C C([a,b],R") a subset, assume conditions are sal-
isfied:
(i) for everyt € RT the set {x(t) |x € B} is relatively compact,

(ii) for every a > 0 the set B is equicontinuous on the interval [0, o],

(iii) for every e > 0 there exist T = T(e) and § = 6(€) such that x,y € B with
|x(T) —y(T)|| <9, then ||x(t) —y(t)|| <€ forallt € [T, 00). Then the set B
is compact in Cy([a, 00), R™).

As a consequence, we have

Corollary 2.2.3. Let M C Cy, be the space of functions which have limits
at positive infinity. Then M is relatively compact in C, if the following
conditions hold:

(a) M is uniformly bounded in Cj.

(b) The functions belonging to M are almost equicontinuous on R, i.e.,
equicontinuous on every compact interval of RY.

(¢) The functions from M are equiconvergent at co, that is, given € > 0, there
corresponds T' = T'(€) > 0 such that ||x(t) — z(c0)|| < € for any t > T'(¢) and
xe M.

Lemma 2.2.4. [135] Let M be a square matriz of nonnegative numbers. The
following assertions are equivalent:

(i) M is convergent towards zero;
(i1) the matriz I — M is non-singular and

I-M)'=T+M+M+.. .+ M+ .

(111) ||A|| < 1 for every A € C with det(M — X) =0

(iv) (I — M) is non-singular and (I — M)~' has nonnegative elements;
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Definition 2.2.2. We say that a non-singular matriv A = (aij)1<ij<n €
Mxn(R) has the absolute value property if

ATHAI < T,

where
|Al = (laij|)i<ij<n € Muxn(Ry).

Some examples of matrices convergent to zero are the following:

1) A= <g 2),Where a,b € Ry and max(a,b) < 1

2) Az(% b_c),wherea,b,c€R+anda+b<1, c<1

3) Az(% :Z),Wherea,b,c€R+and|a—b|<1, a>1,b>0.

2.3 Some Properties of Set-Valued Maps
Let (X, d) be a metric space and Y be a subset of X. We denote:
Pua(X) ={y € P(X) : y closed },

Py(X) ={y € P(X) : y bounded },
Pe(X) ={y € P(X) : y convex },
Pep(X) = {y € P(X) : y compact }.
Consider Hy : P(X) x P(X) — R} U {oo} defined by

Hy (A, B)

Let (X, d) be a generalized metric space with

dl(xay)

d(z,y) = .
dn(z,y)
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Notice that d is a generalized metric space on X if and only ifd;, 1 =1,...,n
are metrics on X, Hy(A, B) = max {sup d(a, B),supd(A,b) ¢,
acA beB

where d(A,b) = inf,c4d(a,b),d(a, B) = infyep d(a,b). Then, (Pya(X), Hy)
is a metric space and (Py(X), Hy) is a generalized metric space.

A multivalued map F : X — P(X) is convex (closed) valued if F(y)
is convex (closed) for all y € X, F' is bounded on bounded sets if F'(B) =
Uyes F(y) is bounded in X for all B € Py(X). F is called upper semi-
continuous (u.s.c. for short) on X if for each yo € X the set F(yp) is a
nonempty, subset of X, and for each open set U of X containing F'(yy), there
exists an open neighborhood V of yy such that F(V) € U. F is said to be
completely continuous if F'(B) is relatively compact for every B € Py(X). F
is quasicompact if, for each subset A C X ,F(A) is relatively compact .

If the multivalued map F' is completely continuous with nonempty com-
pact valued, then F'is u.s.c. if and only if F' has a closed graph, i.e., x,, — x,
Yn — Ys, Yn € F(xy,) imply y,. € F(x,).

A multi-valued map F' : J — P, .(X) is said to be measurable if for
each y € X, the mean-square distance between y and F'(t) is measurable.

Definition 2.3.1. The set-valued map Fy, Fy : J x X x X — P(X) is said
to be L?-Caratheodory if

(i) t— F(t,v) is measurable for each v € X x X;
(ii) v — F(t,v) is u.s.c. for almost allt € J;
(iii) for each q¢ > 0, there exists hy € L*(J,RT) such that

| F(t,v)]]* = . SpEl(It) )||f||2 < hy(t), for all ||v||* < q and for a.e. t € J.
S U

Remark 2.3.1. (a) For each x € C(J, X), the set Sp, is closed whenever
F' has closed values. It is convex if and only if F(t,z(t)) is convex for
a.e. teJ.

(b) From [155], Theorem 5.10 (see also [102] when X is finite dimensional),

we know that Sg.is nonempty if and only if the mapping t — inf{||v|| :
v e F(t,z(t))} belongs to L*(J).
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Lemma 2.3.1. [102] Let J be a compact interval and X be a Hilbert space.
Let F' be an L*-Carathéodory multi-valued map with Sp, # 0 . and let T' be
a linear continuous mapping from L*(J, X) to C(J, X). Then, the operator

LoSp:C(J,X) — Pupe(L?(J, X)), y+— (LoSk)(y)=T(Sk,y),

is a closed graph operator in C(J, X) x C(J,X), where Sg,, is known as the
selectors set from F' and given by

f€Sp,={fel*0,T),X): f(t) € F(t,y) for aete J}.
We denote the graph of G to be the set

gr(G) ={(z,y) € X xY, yeG(x)}

Lemma 2.3.2. [55] If G : X — Py(Y) isu.s.c., then gr(G) is a closed subset
of X xY. Conversely, if G is locally compact and has nonempty compact
values and a closed graph, then it is u.s.c.

Lemma 2.3.3. 57/ If G : X — P, (Y) is quasicompact and has a closed
graph, then G is u.s.c.

The following two results are easily deduced from the limit properties

Lemma 2.3.4. (See e.g. [12], Theorem 1.4.13) If G : X — P, (X) is uw.s.c.,
then for any x¢ € X,
limsup G(z) = G(zo)

T—T0

Lemma 2.3.5. (See e.g. [12], Lemma 1.1.9) If Let (K, )nen € K C X be
a sequence of subsets where K is compact in the separable Banach space X.
Then

co(limsup K,) = Ny>oco(Up>nIKy)
n—o0

where €0A refers to the closure of the convex hull of A.

The second one is due to Mazur, 1933:
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Lemma 2.3.6. (Mazur’s Lemma, ( [69] [Theorem 21.4])) Let X be a normed
space and {xgtren C X be a sequence weakly converging to a limit v € X.

m
Then there exists a sequence of convex combinations y,, = g Qp Ty With
k=1

Qi >0 fork=1,2,...,m and Z amr = 1, which converges strongly to x.
k=1

Definition 2.3.2. A sequence (v,)nenis said to be semi-compact if
(1) it is integrable bounded, i.e. there exists ¢ € L'(J,R) such that
o] x < q(t)
for a.e. t € J and everyn € N,
(2) the image sequence (U )nen is relatively compact in X for a.e. t € J.

Our next result describes a basic theorem of reflexive spaces:

Theorem 2.3.7. [39] E is reflexive if and only if Bp = {x € E;||z|| < 1}
1s compact in the weak topology.

This result is of particular importance if X is reflexive in which case (1)
implies (2) in Definition 2.3.2.

Lemma 2.3.8. Every semi-compact sequence L'(J, X) is weakly compact in

LM(J, X).
Definition 2.3.3. A multivalued operator N : X — Py (X) is called

a) v-Lipschitz if and only if there exists v > 0 such that
Hy(N(2), N(y)) <~d(z,y), for eachz, y€ X,

b) a contraction if and only if it is ~y-Lipschitz with v < 1.

Let A: E — E be a linear operator.
Definition 2.3.4. The resolvent set A(A) of A consists of all complex num-
bers X for which the linear operator \I — A is invertible, i.e. (A\[ —A)™! isa
bounded linear operator in E: The family R(\, A) = (A — A)~', X € A(A)

is called the resolvent of A. All complex numbers A not in A(A) form a set
called the spectrum of A.
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2.4 Fixed point results

The classical Banach contraction principle was extended for contractive maps
on spaces endowed with vector-valued metric space by Perov in 1964 [125],
Perov and Kibenko [129] and Precup [129]. For a version of Schauder fixed
point, see Cristescu [51]. The purpose of this section is to present the version
of Schaefer’s fixed point theorem and nonlinear alternative of Leary-Schauder
type in generalized Banach spaces.

Theorem 2.4.1. [125]/Let (X, d) be a complete generalized metric space with
d: X xX —R"andlet N : X — X be such that

d(N(x), N(y)) < Md(z,y)

for all x,y € X and some square matrix M of nonnegative numbers. If the
matriz M is convergent to zero, that is M* — 0 as k — oo, then N has a
unique fized point x, € X

d(N*(x0), ) < M*(I — M)~ d(N (w0), 7o)
for every xg € X and k > 1.

Theorem 2.4.2. [51] Let E be a generalized Banach space, C C E be a
nonempty closed convex subset of E and N : C — C' be a continuous operator
with relatively compact range. Then N has at least fized point in C.

As a consequence of Schauder fixed point theorem we present the version
of Schaefer’s fixed point theorem and nonlinear alternative Leary-Schauder
type theorem in generalized Banach space.

Theorem 2.4.3. Let (E, ||-||) be a generalized Banach space and N : E — E
15 a continuous compact mapping. Moreover assume that the set

A={zx € E:x=AN(z) forsomee(0,1)}
is bounded. Then N has a fized point.
Proof. Let K > 0 such that

Z |z|l; < nK for each z € A.

=1
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Set M, = (nK,...,nK) and we, define N, : B(0, M,) — B(0, M,) by

( n
N(z) it YN (@) < nK
N,(z) =
KnN(x) .
| sEwem 2 IN@) >

We show that that NN, is continuous.
Let = € B(0, M,) such that Z IN(x)|; < nK then N.(x) = N(z).

=1

If (Zy)men € B(0, M,) and Z |N(xm)||; < M., then the continuity of
N implies that ||N(z,,) — N(z )|| —> 0 as m — 00 = ||Ni(x,) — Nu(2)|| —
0 as m — oo.

Now let x € B(0, M,) such that Z |IN(z)||; > nK. Then N.(z) = %
=1

If (Tm)men € B(O M,) andz IN(zp)|l; > nkK, then N,(z,,) = KN (zm)

izt IN(@m)lli”
=1

By the continuity of N we have, forevery j=1,...,n

INu() = N(@)]; = || 2nNlem)  KnN(@)
ZHN(M)HZ- ZHN(;C)
KnN(xm)ZHN( )i = KnN(z Z”N )]

L IV )l 2 IN(@)

J

Kn||N(z ||JZ||N Tm) =
Kn||N(zm) = N(@)l;

()]l

_|_
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Some Elements of Functional Analysis

Since Z |N (z)||; > nM, thus lim,,_, Z |N(z)|l; > nk, hence

i=1 i=1

|N«(z,) — Ni(2)]] — 0 as m — oo.

Let x € B(0, M,) such that » || N(z)||; = nK then N, (z) = N(x).
i=1

If (zpm)men € B(0, M,) and Z IN(z,)]; < nK then the continuity of N
i=1

implies that

|N(xm) — N(x)|| = 0 as m — oo = || Nu(2y) — Nu(2)]] = 0 as m — oo.

If (Z)mer € B(O, M) and 3 [|N(2,0) i > M, then N, () = —ioilom)

= >IN ()]

hence
V() = M@l = || 2PV iy
> IV
ZNNWMH

IN ()]l

J
Kn—i\
n i=1

Kn||N(zm) = N(z)|;

S IV )l >IN G

It is clear that

lim ZHN T |li = ZHN )i = Kn
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2.4 Fixed point results

Therefore
| Nu(m) — Ni(x)]|; = 0 as m — oo.

Thus, we conclude that N, is continuous. Consider the following map

p: B(0, M,) — B(0, M,) defined by

/ n
T it ) el < nkK
=1
p(z) =
st i D el > ek
\ =1

It is evident that p is continuous and N, = p o N. The compactness of N
implies that N, is compact. By Theorem 2.4.2 there exists z € B(0, M,)

such that z = N,(x). Notice Z |N(x)||; < Kn for otherwise,

K
T=AN(@), A= ——— with0<A<1l=z€ A

> IN(x)
i=1
This implies that

n
> lalls < Kn,
=1

but
KnN(x
x = n :ZHxH = Kn.

ZHN i=1

This yields a contradiction with x € A. Hence we get that

x = N,(z) = N(z).

Next we state the nonlinear alternative of Leray-Schauder type.
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Lemma 2.4.4. Let X be a generalized Banach space, U C E be a bounded,
convex open neighborhood of zero and let G : U — E be a continuous compact
map. If G satisfies the boundary condition

x # MNG(x)

for allz € OU and 0 < X\ <1, then the set Fiz(G) ={z € U :2x=G(z)} is

nonempty.

Proof. Let p is the Minkowski function of U and since U is bounded, then
there exists M > 0 such that

Consider G, : B(0, M,) — B(0, M,) defined by
G(x) if r €U
L6GE)  ifreE\D.

1
p(z) ~\p

Clear that B(0, M,) is closed, convex, bounded subset of E and G, is contin-
uous compact operator. Then from Theorem 2.4.2 there exists x € B(0, M.)
such that G(z) = 2. If z € E\U then

) 1x>G(px )

p(x) p(x)  p*(

Since z € E\U, then

p(z) =1orp(z) >1=x€dl, L _eoU.

p(z)

This is a contradiction with
z# MG(z), for each, A € [0,1], z € 9U.

Consequently, there exist x, € U such that G(z,) = z.. O
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2.4 Fixed point results

Theorem 2.4.5. Let (E, || - ||) be a Banach space, C C E a closed convex
subset, U C C' a bounded set, open (with respect to the topology C') and such
that 0 € U. Let G : U — C be a compact continuous mapping. If the
following assumption is satisfied:

x # NG(x), for all x € OcU and all X € (0,1),
then f has a fized point in U.

Proof. Let C, = {z € U : x = AG(x) for some; A € [0,1]}. Since 0 € U then
C', is nonempty set and by the continuity of G we concluded that C\ is closed.
Clear that dcU N C, = (. From Theorem 2.1.1 there exists f : U — [0,1]

such that
0 if x € acU
f(x) =
1 ifx e C,.

Consider G, : C'— C defined by

fl2)G(x) ifxeU
Gi(x) =
0 if z € C\U.

Since G.(x) = 0,for each x € JcU, and G, is continuous on U, E\U, then
G, is continuous. Set © = co({0} U G(U)) is convex and compact. We can
easily prove that

G.(Q2) C .
Then from Theorem 2.4.2 there exists x € Q such that G.(z) = z. From the
definition of G, we have G(z) = x. O

From above theorem we obtain the following:

Theorem 2.4.6. Let C' C E be a closed convex subset and U C C' a bounded
open neighborhood of zero(with respect to topology of C). If G : U — E is
compact continuous then

i) either G has a fized point in U, or

it) there exists v € OU such that x = NG (zx) or some A € (0,1).
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Some Elements of Functional Analysis

By above lemma we can easily prove the following so-called nonlinear
alternatives of Leray and Schauder will be needed in the proofs of our results

7).

Lemma 2.4.7. Let (X,|| -||) be a generalized Banach space with C C X
a closed and convex subset of X. Assume U is an open subset of C, with
0€U, andlet G: U — C is a compact map. Then either,

(a) G has a fived point in U, or
(b) there is a point u € OU and X € (0,1), with u € AG(u).
The single-valued version may be stated as follows:

Lemma 2.4.8. [59] Let (X,| - ||) be a generalized Banach and G : X —
Peev(X) be an upper semi continuous and compact map. Then either,

(a) F has at least one fized point, or
(b) the set M ={x € X and X € (0,1), with = € AG(u)} is unbounded.

Theorem 2.4.9. [121] Let (X,d) be a generalized complete metric space,
and let F: X — Py(X) be a multivalued map. Assume that there exist
A, B,C € Myxn(Ry) such that

Hy(F(z), F(y)) < Ad(x,y) + Bd(y, F(x)) + Cd(x, F(x)) (2.4.1)

where A+ C' converge to zero. Then there exist © € X such that x € F(x).

2.5 Semi-groups

Let X be a Banach space and let £(X) be the set of all linear bounded
operators from X to X. Endowed with the operator norm ||.||z(x), defined
by

1Ullex) = sup [|Uz]|

]| <1

for each U € L(X), L(X) is a Banach space.

Definition 2.5.1. A semigroup is a one-parameter family {S(t) : t > 0} C
L(X) satisfying the conditions:
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(a) S(t)oS(s)=S(t+s), fort,s >0,

(b) S(0) = I where I denotes the identity operator in X.

Definition 2.5.2. A semigroup S(t) is uniformly continuous if

lim [|S(2) = I z(x)

t—0+

that is if
S(t)—S =0.
im 1500 = ()l
Definition 2.5.3. We say that the semigroup {S(t)}1>0 is strongly continu-
ous (or a Cy-semigroup) if the map t — S(t)(x) is strongly continuous, for
each z € F, i.e.

lim S(t)z = S(0)x for xz€kE.

t—0t+
Definition 2.5.4. Let S(t) be a Cy-semigroup defined on X. The infinitesi-
mal generator A in the linear operator of S(t) is the linear operator defined

by

Az = lim S(t)r = 500)

t—0+ t

x,for x € D(A),

where D(A) = {x € X lim;_,p+ S(t)ffx exists in - X}. and

1
Az = lgfgl g(S(t)x — ).

Equivalently, we say that A generates {S(t);t > 0}.

Remark 2.5.1. If A: D(A) C X — X is the infinitesimal generator of a
semigroup of linear operators then D(A) is a vector subspace of X and A is
a possibly unbounded linear operator.

Example 2.5.1. A first significant ezample of uniformly continuous semi-
group 1is given by t — et where ' is the exponential of the matriz tA.
Namely, let A € M,(R) and let S(t) = e for each t > 0, where

o0

eth = Z gA".

n=0
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We can easily see that {S(t);t > 0} is a uniformly continuous semigroup of
linear operators. More that this, straightforward computations show that that
t — S(t) is of class C* from [0,+00) to X, and satisfies the first-order
differential equation

C5(t) = AS(t) = S(1)A, (25.1)

for each t > 0.

The next example shows that there exist semigroups which are not uni-
formly continuous.

Example 2.5.2. Let X = Cy,(Ry) be the space of all bounded and uniformly
continuous functions from Ry to R, endowed with the sup-norm ||.||s, and
let {S(t);t >0} C L(X) be defined by

[S(8)f](s) = f(t +s)

for each f € Xand each t,s € R,. One may easily verify that {S(t);t >
0} satisfies (i) and (ii) in Definition 2.5.1, and therefore it is a semigroup
of linear operators. As in this specific case, the uniform continuity of the
semigroup s equivalent to the equicontinuity of the unit ball in X, property
which obviously is not satisfied, the semigroup is not uniformly continuous.

The generator of the semigroup is given by

D(A)={feX; Eltligri Jl 7)5 —/0) = f'3 strongly in X},

and
Af=f.
Proposition 2.5.1. If {S(t);t > 0} is a uniformly continuous semigroup of

linear operators then, for each t > 0, S(t) is invertible.

Proof. Inasmuch as
limS(t) — I =0,
£10
in the norm topology of £(X), there exists (6 > 0 such that
1S(t) = Illecx) <1

for each t € (0,6]. Thus, for each t € (0,0], S(t) is invertible. Let ¢ > 4.
Then there exist n € N* and n € [0,0) such that t = nd + n. Therefore
S(t) = S(0)"S(n), and so S(t) is invertible. The proof is complete, O
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2.5.1 Generators of uniformly continuous semigroups

Theorem 2.5.2. linear operator A : D(A) C X — X is the generator of a
uniformly continuous semigroup if and only if D(A) = X and A € L(X).

Proof. The "only if” part. Let {S(¢);t > 0} be uniformly continuous. Since

ltlfgl S(t)=1

in the norm topology of £(X), there exists p > 0 such that

1 P
H—/ S(t)dt—IH <1
P Jo L(X)

We notice that the integral here is the Riemann integral of the continuous
function S : [0, p] = L£(X), which is defined by a simple analogy with 1 its
scalar counterpart. Consequently, the operator % fop S(t)dt is invertible and

accordingly [ S(t)dt has the same property. Let k> 0. Let us remark that

s —n ["swa = [ serna - [ swa

The change of variable ¢t + h = s in the first integral on the right-hand side
yields

ps=n ["swa=1 [* seas - [ s

1 p+h 1 h
= E/h S(s)ds — E/o S(s)ds.

%(S(h) —1)= (% /pp+h5(3)ds - %/OhS(s)ds> (% /OpS(t)dt>1.

But, the right-hand side of the equality above converges for h tending to 0 by
positive values, and thus, the left-hand side enjoys the same property. As the
convergence in the uniform operator topology of £(X) implies the pointwise
convergence, letting h to tend to 0 by positive values, we deduce

A=(S(p) - [)(/OPS(t)dt) _1)
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Hence A € £(X), which proves the necessity.
The "if” part. Let A € £(X), t > 0 and let

X n
=D A"
mn:
n=0

where A" = A.A... A times and A° = I.
We can easily see that {S(¢);t > 0} is a semigroup of linear operators. In
order to prove that this semigroup is uniformly continuous let us remark that

o0 tn
5O -1],, = [ 254 -1
H ®) L(X) ;n! L(X)

<tz

[e.e] tn
ol DO

Since
tn 1

1A e < flAfe,

>

n=1

we conclude that

lim S(t) =

tl0

in the norm topology of £(X), and thus {S(¢);¢ > 0} is a uniformly con-
tinuous semigroup. To achieve the proof we have to show that A is the
infinitesimal generator of this semigroup. To this aim it suffices to verify
that

lim ||—

| A =
tlo Il ¢ L(X

But this follows from the obvious inequality

[rs0-n-a],, = £

there by completing the proof. O]

tn2

147 ) £ A%[|e 4,
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2.5 Semi-groups

2.5.2 (Cp-Semigroups. General Properties

In this section we introduce a class of semigroups of linear operators, strictly
larger than that of uniformly continuous semigroups, class which proves very
useful in the study of many partial differential equations of parabolic or
hyperbolic type. The following properties are classical (see [85,124]).

Definition 2.5.5. A semigroup of linear operators {S(t);t > 0} is called a
semigroup of class Cy, or Cy-semigroup if for each x € X we have

ltlfgl S(t)x = x.

Remark 2.5.2. Fach uniformly continuous semigroup is of class Cy but not
conversely as we can state from the example below.

Example 2.5.3. Let X = C,(R") be the space of all functions which are
uniformly continuous and bounded from RY to R endowed with the sup-norm

||loo, and let {S(t);t > 0} be defined by

[S()f1(s) = f(t+s)

foreach f € X and eacht,s € . We know from Example 2.5.1 that {S(t);t >
0} is a semigroup. In addition, this is of class Cy . On the other hand, as
we mentioned in Fxample 2.5.1, it is not uniformly continuous because the
unit ball in X is not equicontinuous.

Theorem 2.5.3. If {S(t);t > 0} is a Cy-semigroup, then there exist M > 1,
and w € R such that

1S()]|ex) < Me™,  fort >0 (2.5.2)
for each t > 0.
Proof. First, we will show that there exist n > 0 and M > 1 such that
1S |lexy <M, fort >0 (2.5.3)

for each t € [0,n]. To this aim, let us assume by contradiction that this is
not the case. Then there exists at least one Cy-semigroup {S(¢);¢ > 0} with
the property that, for each > 0 and each M > 1, there exists ¢, » € [0, 7],
such that

1S(®)llecx) > M. (2.5.4)
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Taking n = 1/n, M = n and denoting ¢, »; = t,, for n € N*, we deduce
1SEa)llex) >, (2.5.5)

where t, € [0,1/n] for each n € NT. Recalling that, for each x € X,
lim, o S(t,)x = z, it follows that the family {S(¢,);n € N} of linear
bounded operators is pointwise bounded, i.e., for each x € X, the set
{S(t,)x;n € N*} is bounded. By the uniform boundedness principle (see
Dunford and Schwartz [60], Corollary 21, p. 66), it follows that this family
is bounded in the uniform operator norm ||.||z(x) which contradicts (2.5.5).
This contradiction can be eliminated only if 2.5.4 holds. Next, let t > 0.
Then there exist n € N* and § € [0,7), such that t = nn + 0. We have

SOlecxy = 15" (m)SO)exy < NSz 19O exy < MM™.

But n = t%; < % and thus||S(t)| zx) < MM7n = Met where w = %ln]\/[.
The proof is complete. O

Remark 2.5.3. If {S(t);t > 0} is a uniformly continuous semigroup whose
generator is A, then (2.5.4) holds with M =1 and w = || Al z(x)-

Definition 2.5.6. A Cy-semigroup, {S(t);t > 0} is called of type (M, w)
with M > 1 and w € R, if for each t > 0, we have

1SE)]lex) < Me™,  for ¢ >0.

A Cy-semigroup {S(t);t > 0} is called a Cy-semigroup of contractions, or of
nonexpansive operatorsi.e., if for each t > 0, we have

1SO)lexy <1, for  t>0.
We shall use also the term of contraction semigroup.

Corollary 2.5.4. If {S(t);t > 0} is a Co-semigroup, then the mapping
(t,x) = S(t)x is jointly continuous from [0,4+00) x X to X.

Proof. Let x,y € X, t > 0 and h € R* with £ + h > 0. We distinguish
between two casesh > 0, or h < 0. If A > 0, we have

1S+ h)y =S| < St +h)y — S+ h)z|| +[|S(E + h)z — S(t)x]|
< 1S+ M)lleeolly ==l + 15 + h)z = S(E)«|
< My — | + ISl coo IS (h)a — ],
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which shows that

1i S(r)y = S(t)x.
gl (T)y = S(t)z

If h < 0, by Theorem 2.5.3, we deduce between two casesh > 0, or h < 0. If
h > 0, we have
[S(t + )y — Sz = IS + h)y — S(t + h)S(=h)z|

< S+ h)lleeolly = S(=h)z|

< Me(lly — || + [|S(=h)a — x),
which implies that

lim S(t)y = S(t)x.

i (T)y = S(t)

The proof is complete. O]
Some basic properties of Cy-semigroups are listed below.

Theorem 2.5.5. Let A: D(A) C X — X be the infinitesimal generator of
a Cy semigroup {S(t);t > 0}. Then

e (i) for each v € X and each t > 0, we have

lim — / T)xdr = S(7)z;

rl0 h

e (ii) for each € X and each t > 0, we have

/T S(t)drz € D(A)

and

A(/OT S(T)xdT> = S(1)x — x;

o (iii) for each x € D(A) and each t > 0, we have S(t)xr € D(A).
In addition, the mapping t — S(t)z is of class C* on [0,+00), and
satisfies

d
—(S(t)2) = AS(t)r = S(t)Aa
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e (i) for each x € D(A) and each 0 < s <t < 400, we have
t t
/ AS(T)zdr = / S(r)Azdr = S(t)x — S(s)z.

Proof. In order to prove (i), let us observe that

H% /TT+h S(r)x — S(t)xdTH < %/TTM HS(T)x — S(t)a:HdT.

The conclusion follows from Corollary 2.5.4.
Let x € X, t > 0 and h > 0. We remark that

%(S(h)—])/o S(T)dTI:%/O S(T+h)xd7—%/0 S(7)zdr.

The change of variable 7 + h = s in the first integral on the right-hand side
yields
h 1 t+h 1 t
B — 1) / S(r)drz = 1 / S(s)ads — © / S(s)wds
0 h Jh h Jo

1 rh 1 [th
_ﬁ/o S(s)xds—kﬁ/t S(s)xds.

From this equality and from (i), we deduce that there exists

lim — / T)xdr = S(1)z,

ri0 h

which proves (ii).
Next, let x € D(A), t > 0 and h > 0. We have

H%(S(t + e = S(te) - St Az < S H%(S(h):c — ) — A,

inequality which proves that S(t)x € D(A), t — S(t)z is differentiable from
the right, and that

C(S(t)z) = AS(t)x = S(t)Ax. (2.5.6)
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On the other hand, for each ¢t > 0 and h < 0 with ¢t + A > 0, we have
1 1
HE(S“ ) — S(t)r) — S(t)AxH < |18t +h)| Hg(x — S(—h)z) — S(—h)AacH
—1
< 1St +n) <HT(S(—h):v ) — Aa:H
+ |IS(=h)Az — Aal]).

This inequality shows that ¢ — S(t)zis differentiable from the left as well.
From (2.5.6) and the continuity of the function ¢ — S(t) Az on [0, +00), we
deduce that t — S(t)z is of class C! on [0, +00), which completes the proof
of (ii).

Since (iv) follows from (iii) by integrating from s to ¢ both sides in 2.5.6, the
proof is complete. ]

2.5.3 The infinitesimal generator

In this section we shall prove two basic properties of the generator of a Cy-
semigroup: the density of the domain and the closedness of the graph. First,
let us recall the following:

Definition 2.5.7. An operator A : D(A) C X — X 1is called closed, if its
graph is closed in X x X.

Theorem 2.5.6. LetA : D(A) C X — X be the infinitesimal generator of
a Co-semigroup {S(t);t > 0}. Then D(A) is dense in X, and A is a closed
operator.

Proof. Let x € X and € > 0. Then, we have and by virtue of (i) in Theorem
2.5.5,we have

1 €
—/ S(t)zdr € D(A)
€Jo

and | re
lim- [ S(r)xdr = x.
el0 € 0

Consequently D(A) is dense in X.
Next, let (z,)nen+ be a sequence in D(A) such that

limx, = xand lim Az, =y
n— n—
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From (iv) in Theorem 2.5.5, it follows that

h
S(h)x —z = /0 S(7)ydr.

By virtue of (i) in Theorem 2.5.5, it follows that there exists

1

1}5{)1 ) S(T)ydr = y.
From this relation, and the preceding one, we deduce that x € D(A) and
Ax = y. The proof is complete. n

2.5.4 Hille-Yosida Theorem.

This section begins with the presentation of the most fundamental result
within the theory of Cj-semigoups as: the Hille-Yosida generation theorem.
This gives a very precise delimitation of the class of linear operators A, acting
in a Banach space X, that generate Cy-semigroups containing only operators
whose norms do not exceed .

2.5.5 The Hille-Yosida Theorem.Necessity

The goal of the next two sections is to prove the most important result in the
theory of Cy-semigroups: the Hille-Yosida theorem. More precisely, we shall
present a necessary and sufficient condition in order that a linear operator
A generate a Cy-semigroup of contractions. We recall that, if A : D(A) C
X — X is a linear operator, the resolvent set p(A) is the set of all those
complex numbers A, called regular values, for which R(AI — A) is dense in
X and R(\; A) = (A — A)~! is continuous from R(A — A) to X.

Theorem 2.5.7. (Hille-Yosida) A linear operator A : D(A) C X — X s
the infinitesimal generator of a Cy-semigroup of contractions if and only if:

e (i) A is densely defined and closed and
e (ii) (0,+00) C p(A) and for each A > 0

1RO Allex) <

> =
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Proof. We begin with the necessity. Let A : D(A) € X — X be the
infinitesimal generator of a Cy-semigroup of contractions {S(t);t > 0}. In
view of Theorem 2.5.6, A is densely defined and closed. Thus (i) holds. In
order to prove (ii), let A > 0, x € X, and let us define

RQﬁleweA%%ﬁﬂw

We notice that the integral on the right-hand side of the equality above is
convergent. Indeed, for each a,b > 0, a < b, we have

| [ stwa < [ s et

b ~Xa _ ,—Ab
_ e —e
/f?WWWﬁZ-——;——%MW
a

Accordingly, we are in the hypotheses of the Catchy test, and thus the integral
is convergent. Clearly R(\) € £(X) and

and

OV / oS (1)

0

< / eSO | ccolle e
1

Slell

Hence 1
R —_
IR < 5

We prove next that R(\) coincides with R(\; A). To this aim we show that
R(\) is both the right and the left inverse of the operator A\ —A. Let z € X,
A >0 and h > 0. We have

%smy—nRum _ %AmeA@@+hMﬂﬁ—%AweA%@nﬁ

R Y Moo
= e "S(t)adt — — e " S(t)xdt
hJo hJo

As the right-hand side of the above equality converges to AR(A\)x — x, it
follows that R(\)x € D(A), and

AR()) = AR(\) —
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which proves that

(AL —A)R\) =1.
So, R(A) is the right inverse of I\ — A. Next, let © € D(A). Let us remark
that

ROVAz = / e MS(t) Awdt
0

< . d
= /0 e ’\a(S(t)x)dt

= lime MS(t)r —z + >\/ e MS(t)wdt
t—00 0
= AR(N)z —x.
This equality may be equivalently rewritten as

RO\ — A) =1,

which shows that R(\) is the left inverse of A\I — A, and this completes the
proof of the necessity. m

Remark 2.5.4. Using similar arguments, one may prove that, whenever A
generates a Co-semigroup of contractions, then {\ € C; Re(\) > 0} C p(A)
and for each X\ € C with Re(\) > 0, we have

R\ A < )
H ( ) )Hll(X) = Re()\)

2.5.6 The Hille-Yosida Theorem. Sufficiency

In order to prove the sufficiency, some preliminary lemmas are needed. First,
let us observe that, by (i) , it follows that, for each A > 0, R(\; A) € L(X).

Definition 2.5.8. Let A: D(A) C X — X be a linear operator satisfying
(i) and (ii) in Theorem 2.5.7, and let X > 0. The operator Ay : X — X,
defined by Ay = AAR()\, A), is called the Yosida approximation of A.

Lemma 2.5.8. Let A: D(A) C X — X be a linear operator which satisfies
(i) and (ii) in Theorem 2.5.7. Then:

lim AR(\; A)z =« (2.5.7)

A—00

120



2.5 Semi-groups

for each x € X,

Ay = NR(\; Az —x (2.5.8)
for each x € X, and
Alim Ayx = Ax (2.5.9)

for each x € D(A).
Proof. Let x € D(A) and A > 0. We have

1
IMR(A; A)z — || = [AR(A; A)a|| = [R(A; A)Az]| < Sl Az,

and consequently
lim AR(\; A)z =

A—00

for each x € D(A). Since D(A) is dense in X and |[|R(\; A)z|| < 1, from the
last relation, we deduce 2.5.7. To check (2.5.8), let us remark that we have
successively

MR A) — M = R\ A) — MM — A)R(X; A) = MAR(); A) = A,
Finally, if x € D(A), by (2.5.7), we have

lim Az = /\lim MR(N Az) = AR(\; A)Ax = Ax,
—00

A—00

which concludes the proof of Lemma 2.5.8. ]

Lemma 2.5.9. Let A: D(A) C X — X be a linear operator which satisfies
(i) and (ii) in Theorem 2.5.7. Then, for each A > 0, A is the infinitesimal
generator of a uniformly continuous semigroup {e'*;t > 0} satisfying

leM o) <1 (2.5.10)
for each t > O. In addition, for each v € X and each \,u > O, we have
e o — etz vy < tAre — Azl (2.5.11)

Proof. As Ay € L(X), by Theorem 2.5.2, it follows that it generates a uni-
formly continuous semigroup {e!* ;¢ > 0}. In order to check 2.5.10, let us
remark that, by virtue of 2.5.8 and (ii), we have

e [l o) = NN FODTAM 1y < e RO | 2 le ™| ox)
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Some Elements of Functional Analysis

2 .
e1‘//\ ”R(/\vA)HC(X) eft)\ S eft)\et)\ — 1

Since Ay, A, e and e commute each to another, we have

HetA)\x . etAHxHE(X) _ H /1 %(estm)e(l_s)t@xds
0
< /1 t ‘(esmk)e(ks)m“ (Ayz — A,x) Hds
< t’TA/\x - AuxHa
which completes the proof. O]

We proceed to the proof of the sufficiency of Theorem 2.5.7.

Proof. of Theorem 2.5.7 (continued). From (2.5.9) and (2.5.11), it follows
that, for each ¢ > 0, there exists a linear operator S(t) : D(A) C X — X
such that, for each z € D(A),

lim ez = S(t)x,
A—00

uniformly on compact subsets in RT. By (2.5.10) we deduce that
[S@)z]| < [,

for each t > 0 and € D(A). Since D(A) is dense in X, it follows that S(t)
can be extended by continuity to the whole space X. It is easy to see that
the family of linear bounded operators thus obtained is a semigroup, denoted
for simplicity again by {S(t);t > 0}. Clearly it satisfies

IS < 1.
In addition, for each t > 0 and =,y € X, we have

[S@)x — = ISt)x = Syl + 1Sty — eyl + [l y =yl + [ly — 2]

<
< ISty — eyl + le My — yll + 2]ly — =

Let T'>0and e > 0. Fixy = x. € D(A), with ||x—z|| < ¢, and a sufficiently
large A, such that

IS(t)ze — ea |l < e
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for each t € [0,T]. By this inequality, we deduce
1S(t)r — z|| < 3¢+ |[eMa — x| (2.5.12)

Inasmuch as {e!x;t > 0} is a uniformly continuous semigroup, for the
very same € > 0, there exists §(e) > 0, such that [e"** — Iz < € for each
t € (0,0(¢)). Consequently

le"™ = Il 2oyl

€|zl

HetA)‘xe - ZE€|| S
<

for each t € (0,0(¢)). Since{x,;e > 0} is bounded, this inequality, along with
(2.5.12), shows that {S(t);t > 0}is a semigroup of class Cy. To conclude the
proof, we have merely to show that the infinitesimal generator, B : D(B) C
X — X, of this semigroup coincides with A : D(A) C X — X. To this aim,
let z € D(A) and h > 0. We have

lim e Ay = S(t)Ax

A—00

uniformly on compact subsets in R, . Indeed,
e Az — S(t)Ax|| < || Aya — e Az + || Az — S(t) Ax||

<l ool Ave — Aa|| + e Az — S(t) Az

But this relation, along with (2.5.9) and with the partial conclusions above,
proves that

h h
S(h)r — x = lim (g — 2) = lim e Aydt = / S(t)Axdt.
A—r00 A—oo Jo 0
Dividing both sides this equality by h and letting h tend to 0 by positive
values, we deduce that © € D(B) and Bx = Axz. Finally, we show that
D(A) = D(B). Since B is the infinitesimal generator of a Cy-semigroup of
contractions, from the necessity it follows that 1 € p(B). Accordingly I — Bis
invertible and (I — B)™'X = D(B). As (I — B)D(A) = (I — A)D(A) and,
by (ii), ( — A)D(A) = X, it follows that (I — B)D(A) = X ,or equivalently
(I — B)™'X = D(A). Hence D(A) = D(B), which completes the proof of
Theorem 2.5.7. [
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Chapter 3

Stochastic Differential
Equations with Impulses

In this chapter, our main objective is to establish sufficient conditions
for the existence of solutions for system of stochastic impulsive functional
equation with infinite Brownian motions. Our approach based on Perov
fixed point theorem and a new version of Schaefer’s fixed point in generalized
Banach spaces.Consider the problem following

Zfltx AW () + g (¢, (), y(t))dt, t € J,t #ty

y(t) Zflt:ct,ytdWl(t) G2t x(t),y(t))dt, t € Jt#ty,

z(t) —x(tk) =L(z(ty), t=t k=12,....m
y(th)  —ylte) = Ti(y(tr)),
z(0) =z,

L y(0) =wo

(3.0.1)
where 0 =t) < t; < ... <ty <tmu1 =T, J:=[0,T]. fL,f7: IxR* =R
are Carathéodory functions, ¢g',¢? : J x R? — R, and W' is an infinite
sequence of independent standard Brownian motions, [ = 1,2, ... and I}, I, €
C(R7R> (k =1,... 7m)7 and A'Tlt:tk = x(t;r> _x(tl;% Ay|t:tk = y(t;) _y(tl;)'
The notations y(t}) = hli}r(lgl+ y(ty + h) and y(t;) = hlir(% y(ty — h) stand for
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3.1 Existence and Uniqueness Result

the right and the left limits of the function y at ¢t = t, respectively. Set

fi('?xay):(ff(’vxvy%fg('?x?y)?"l')ﬂ (302)
£ a )l = (X2 o) -

where i = 1,2, f;(.,z,y) € [? for all x € R.

This chapter is motivated by [75,157] and we generalize the existence
and uniqueness of the solution to impulsive stochastic differential equations
under non-Lipschitz condition and Lipschitz condition.

3.1 Existence and Uniqueness Result

Let Ji = (tg, tks1), K =1,2,...,m. In order to define a solutions for Problem
(5.0.1), consider the space of pice-wise continuous functions

PC = {z: OQxJ —R, z(w,.) € C(J,R), k=1,...,m such that
z(tf,.) and x(t;,.) exist with z(¢;,.) = z(tx,.)},

Endowed with the norm
|2][pc = supEl(t, )
teg
PC is a Banach space with norm || - || pc.

Definition 3.1.1. R— valued stochastic process u = (z,y) € PCx PC'is said
to be a solution of (5.0.1) with respect to the probability space (0, F,P),if:

1) u(t) is Fi-adapted for allt € J = (tg, ter1] k=1,2,....m

2) u(t) is right continuous and has limit on the left;

125



Stochastic Differential Equations with Impulses

3) u(t) satisfies that

(

o) = xo+z/ £ (5. 2(s), y(s))dW(s)
+/0 g'(s,2(s),y(s))ds + Z I(z(ty)), teJ

We are now in a position to state and prove our existence result for the
problem (5.0.1). First we will list the following hypotheses which will be
imposed in our main theorem.:

(Hy) There exist nonnegative numbers a; and b; for each ¢ € {1,2}

{ E(|[f1(t, 2, y) = F1(E7,9)])* < aaB(|lw — Z[)* + biE(|y — 7])*
E(lf2(t z,y) = f2(t,7,9))? < axB(jz —Z))* + bE(|ly — 7])°

for all x, y, 7,y € R.

(Hy) There exist positive constants «; and ; for each i = 1,2

{ E(lg'(t,z,y) — ¢'(t,7,9)])* < aiE(|z — 7[)* + 1 E(ly — 7))
E(lg*(t, z,y) — ¢*(t,7,7)])* < wE(|lz —7|)* + BE(ly — 7)?

forall z,y, z, y € Rand t € J.

(Hs) there exist constants d; > 0 and dy, > 0, k = 1,...,m such that

E(|(z) — I(@)])* < dyE(|z —)*

E(|1i(y) - Ix@)])* < dE(ly — 7))*
for all x, y, 7,y € R.

For our main consideration of Problem (5.0.1), a Preov fixed point is used to
investigate the existence and uniqueness of solutions for system of impulsive
stochastic differential equations.
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3.1 Existence and Uniqueness Result

Theorem 3.1.1. Assume that (Hy) — (Hj3) are satisfied and the matrix

M \/C2a1 +o T+ 1 \/Ogbl + 61T e mo_
= = =
V3 ( VCaaz + a;T JObhtATTG ) ; di;, Iy ; dr,

where Cy > 0 is defined in Lemma 1.2.13. If M converges to zero. Then the
problem (5.0.1) has unique solution.

Proof. Consider the operator N : PC' x PC' — PC x PC defined by
N(l‘,y) = (N1<£L',y),N2(l‘,y)), (I’,y) € PC x PC

where

MwwﬁZ/ﬁsx »MW)Afﬁﬂﬁwwwijmwm
and
x%ﬁwZ/ﬁ8$ )WW)A&@$M@W+ZTMW)

We shall use Theorem 2.4.1to prove that N has a fixed point. Indeed, let
(x,y), (T,y) € PC x PC. Then we ave for each t € [0, 7]

[N (2(1), (1)) = Ni(Z (1), Z/ Ji(s,2(5),y(s))dAW'(s)

+f0 ds—l—Z[k
—Z/ﬁsw (5))dW!(5)
—Aﬂ 7(s), 7())ds — 3 Lu(F(t))
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Then

Ni(a(t), y(0) - M@, 7)1 < 3 / (s, 2(5). 9(s))
—f?(s,tﬂs),y<s>>>dW’<s>|2
/0 (9" (s, 2(5), y(s) — g (5, 7(5). 7(s))ds

m
k_

2
+3

+3) [I(a(ty)) = L(@(te) .

By the g B-D-G inequality(lemma (1.2.13)),we get
E[Ni(2(t), y(t) — Ni(@(1). 5(0)* < 302/0 E[f'(s,2(s),y(s)) — f'(5,7(s),7(s))[Pds

3t / Elg'(s, 2(s), y(s)) — g' (s, 7(s), 5(s))Pds

+ 3 ElI(x(ty) — L(@(t))]

Thus
< €y [ Bl - T+ HE((s) ~ )]s
#3t [ B(als) ~ 7))+ BE(u(s) — 515) s
+3 kzm; A E(|z(ty) — T(te)])2
Therefore, 7

sup | N1 (2(t), y (1)) - M@1),71)1* < 3(Coar+ anT +h)llw = 7|3
te

+3(Coby + B11)ly — Hll P
Similarly we have

[Ne(z,y) — No(T,9)|[pc < 3(Caag + aoT)||x — || po
+(Caby + BT + 1o)||ly — Yl pe-
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3.1 Existence and Uniqueness Result

Hence
N - NeEDlke = () N e )

/3 <\/02a1 taT+h  VOb + BT ) (Hx - fllpc)
VCaag + aT VCsby + 52T + 1y ly =3llpc)

IN

Therefore

NG = M@l <31 ([ 7200 for al o,0), (7.9) € PO PC
- P

From Preov fixed point theorem, the mapping N has a unique fixed (z,y) €
PC x PC which is unique solution of problem (5.0.1). O

3.1.1 Existence Results

In this section we present the existence result under a nonlinearity f* and
i

g, 1 = 1,2 satisfying a Nagumo type growth conditions:

(H,) There exist a function p; € L'(J,R") and a continuous nondecreasing
function ¢; : [0,00) — (0, 0c0)for each ¢ = 1,2 such that

{ E(IIF1(t 2, )l)? < pr(t)en(E(|2]* + [y]*))
E(I1£2(t 2, »)l)* < p2(t)2(E(|2]* + [y]*))

with

[ mow< [ 5o

where my(t) = max{4Cap1(t), 4Tp2(t)} ;01 = 4E|xo* + 4 1", ¢k

(Hs) There exist a function p; € L'(J,R") and a continuous nondecreasing
function ¢; : [0,00) — (0,00) for each ¢ = 3,4 such that

{ E(|g'(t,z,y))* < ps(t)s(E(|z|* + [y/*))
E(|g*(t, z,y)])* < pa(t)a(E(|z]* + [y/*))

with

T > ds
| materas < e $2(5) 1 9a(s)

where ma(t) = max{4Caps(t),4Tpa(t)} ,v2 = 4E|yol* + > 1", Ck.
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(Hg) There exist positive constants ¢, ¢x, k = 1,1, m such that
E(|Ik<$k)|)2 <¢ forall zeR.
E([Te(yp)])* <G forall yeR.

Theorem 3.1.2. Assume that (Hy) — (Hg) hold. Then (5.0.1)has at least
one solution on J.

Proof. Clearly, the fixe point of N are solutions to (5.0.1), where N is defined
in Theorem 6.1.1. In order to apply Lemma 2.4.3, we first show that N is
completely continuous. The proof will be given in several steps.

e Step 1. N = (Ny, N,) is continuous.
Let (z,,y,) be a sequence such that (x,,y,) — (z,y) € PC x PC as
n — 0o. Then

INU(@n (), yn () — Ni(2(t),y(0)]F =

Z/O fl1<5>xn<5),yn<8>)dwl(3)

4 / 91(5, 2a(5), yu(5))ds

+ I (w0 ()

0<tp<t

—Z/ flH (s, 2(s), y(s))dW'(s)
=170

_/O g' (s, x(s),y(s))ds — Y Iu(x(te))] -

0<trp<t

Since f1, ¢" is an Carathéodory function and Iy, I}, are continuous func-
tions. By Lebesgue dominated convergence theorem, we get

supE|N1(xn(t), yn(t)) - Nl(x(t)7y(t))|2 < 302E||f1(7xn7yn) - fl('a €, y)H%Q

teJ
+3TE|g" (-, tn, yn) — 9" (2, 9) |72
+3> E[I(zn(tr))

k=1
—I(x(t))]* = 0 as n — oco.

130



3.1 Existence and Uniqueness Result

Similarly

302E||f2(7xnayn) - f2<'7 z, y)Hi2
+3TE||92(7Inayn> - 92('7x7y)||L2

33 BT (ya(t))

k=1
—Te(y(tr))]* — 0 as n — oo.

sup B[ No (2,(1), yn(£)) — Ni(x(t), y (1)) [

teJ

IA

Thus N is continuous.

e Step 2. N maps bounded sets into bounded sets in PC' x PC'. Indeed,
it is enough to show that for any ¢ > 0 there exists a positive constant
[ such that for each (z,y) € B, = {(z,y) € PC x PC : ||z|lpc <
g, |1yl < g}, we have

IN(z, y)llpo < 1= (1, 1).

Then for each t € J, we get

|MWMWF=MWZA#@WM@M%)
+/¢@WW@W+Z@MMW
0 k=1
34WHMZ/ﬁ@mmwm%W
=1 “0
%ﬂ/g%&ﬂ$w®nﬁﬁ+ﬂ§:h@ﬁwW-
0 k=1
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Using B-D-G inequality(1.2.13), so we get

E|Ny(z(0).y()? < 4E|rof? +4C, / Bl (s, 2(s). y(s)) | Pds
T / Elg (s, 2(5). y(s))2d(s)
HAEY Lz (t))?

AE|zo|* + 4Cs||p1 || 2 ¢1(2q)

+HAT ||psll212(2q)ds + 4> k.
k=1

IN

Therefore

IV (z,9) || e < 4B|zo|* + 4Cs |y ]| rebr (20) + 4lp2ll 1 (2g)ds + 4 e = 1.
k=1
Similarly, we have

IN2(, )| pe < 4Elao|* + 4Co||psll 1 ¥2(q) + 4llpallrtba(q)ds + 4 T == la.
k=1

e Step 3. N maps bounded sets into equicontinuous sets of PC' x PC.
Let B, be a bounded set in PC'x PC as in Step 2. Let r,72 € J, 171 < 19
and u € B,. Thus we have

[Ny ((r2), y(r2)) = Ni(z(r), y(r))* < 3|Z/m(le(sax(S),y(S))dWZ(SNQ

+3| [ g'(s,2(s),y(s))ds]”

+3 Y Tu(a(te)]”

71 <t <r2
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Hence

BIN: (2(r2).(r2) — Nilo )y ()P < 3Cs [ BT s als), (o) P
st | " Elg! (s, 2(s), y(s))Pds

T1

+3 > E|I(x(ty)

r1<tp<r2

3Cuinla) [ " pa(s)ds

T1

+T5(q) /7"2 po(s)ds + 3 Z Ch.

r1<tE<t2

IN

The right-hand term tends to zero as |ry — r1| — 0. As a consequence
of Steps 1 to 3 together with the Arzela-Ascoli, we conclude that N
maps B, into a precompact set in PC' x PC.

e Step 4. It remains to show that
A={(z,y) € PCx PC: (z,y) = AN(z,y),A € (0,1)}

is bounded.
Let (z,y) € A. Then z = AN;(z,y) and y = ANy(z,y) for some
0 < A < 1. Thus, for t € J, we have

Elz(t)* < 4E|xo!2+41E|Z/ Ji (s, u(s))dW! (s)|?

+4E|/ (s, 2(5), y())dsP? + 4] S (b))

k=1

VAN

AEJmo? + 4G, / E|lf (s, 2(s), y(s))|ds

T [ Blg! (509,906 Pds + B Y IRalt)

IA

Elaf? + 4 [ pu(s)r (Bla(s) + Ely(s)P)ds
0
T [ pa(s)(Bla(s) + Ely(s) ds+4zck
0
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Hence
t
Ble()f < 4Blnf +1Cs [ pi(s)un (Blals) + Ely(s)P)ds
0
t
T [ (o) a(Bla(o) + Ely(s ds+4zck
0
and
t
E()f < 4Bleol +4C: | pu(o)balBla(s)] + Ely())ds
0
t
T [ pi(s)n(Ela(s) + Blu(s) ds+42ck
0
Therefore

Elz(t)* +Ely(t)* < 7+/0p(S)sb(Ell’(S)F+E|y(8)|2)d8,

where
v =8Elzmo|* +4 Y (cr+75), p(t) = ma(t)+mf(t), and (1) sz
k=1

By Lemma 6.0.8, we have

T
Elz(t)? +Ely@®)]*? < I'? (/ p(s)ds) = K, for each t € J,
gl
where : g
u
I'(z) = —.
&=, o
Consequently

[z][pc < K and [[yllpc < K.

This shows that £ is bounded. As a consequence of Theorem 2.4.3
we deduce that N has a fixed point (z,y) which is a solution to the
problem (5.0.1).

]
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The goal of the second result of this section is to apply Schauder fixed
point. For the study of this problem we first introduce the following hypothe-
ses:

(H7) There exist nonnegative numbers @; and b;, c; for each i = 1,2

{ E(| f1(t,z, y)*)
E(| f2(t, 2, 9)[?)

< @E(|2])* + b E(Jyl)* + e
< @E(|2[)? + b:E(|y])? + c2.

(Hg) There exist positive constants @; and f3;, \; for each i = 1,2

< @mE(|2])® + B E(y)? + A
E(|lg2(t, =, 9)?) < @E(|2)* + BE(ly[)* + Ao.

(Hg) There exist constants d > 0,d > 0 and e; > 0 for each i € {1,2} and
k=1,...,m such that

D B[ Ik(2)]? < dE|z]* + ey
Yo ElL(2)]2 < dE|z|* + eo.

for all z,y, € R.
Theorem 3.1.3. Assume (H;) — (Hy) hold and

M., — Coay +aqT +d Q251 4_‘B1T B
@b Cotiy + @ T Caby + BT +d

converges to zero, then problem (5.0.1) has at least one solution.

Proof. Consider the operator N = (N7, Ny) : PC x xPC — PC x xPC
defined for x,y € PC by

Mwwa/ﬁsw »mﬂ>£¢@awwwﬁ§jmu

and

x%ﬁwZ/ﬁsx DV )+ [ s.as) st 3 Tuly(n)
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D ={(z,y) € PCx PC: |z|pc < Ry, [lyllrc < Ra},

Obviously, the set D is a bounded closed convex set in space PC x PC.
Using B-D-G inequality(1.2.13), we have

[N (z,y)? —|xo+zl°°1f5ff (s,2(s), y(s))dW'(s)
+f0 Y(s ))dS+ZO<tk<t I (v (tk))P
< 4|:co|2+4rzl:1 Jo F (s (s), y(s))dW(s)]?

4L fy 9 (s,2(s) y(8))ds* + 4 In(e(ta))
k=1
Using B-D-G inequality(1.2.13), so we get

EIN, (e, 9)]? < 4E|xo\2+4E\Z / S (5. 2(5), y(s)) AW (5)|?

+4E|/ (s, z( ))ds|2+4E|ZIk (te))?

IA

1Bz ? +4C, / Bl (s, 2(5), y(s)) ds

4T / Elg' (s,2(s), y(s))Pds +4E Y [Iu(e(ta)[*

k=1

IN

t
4Bl + 402/ (@E|2(s)? + 45, Ely(s)]? + c1)ds
0

4T / @ Ela ()] + By Ely(s)? + Ar)ds
0

+4dE|z|* + 4e,

IN

¢ ¢
4E|xo|* + 4Cya, / E|z(s)[2ds + 4b,C, / Ely(s)|*ds + 4c,T
0 0

t t
4T, / Ej(s)|2d(s) + 45, T / Ely(s)[2ds + 40T
0 0
+4dE|z|* + 4ey,
thus

sup EIN1(z,y)* < 4(Cotia + @ T + d)||z |3 + 4(Coby + By T) |lyllbe
ted
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+4E|xo|* + 4ey + 4T ¢y + 4T\, (3.1.1)
From (3.1.1) we obtain that

IV (@, )2 < @llzlbe + billylhe + @ (3.1.2)
where
4y = 4Cya,+4a, T+4d, by = 4Cyb,+453,T, ¢ = AE|z and [*+4e,+4Tc;+4T\;.
Similarly we have

IN2(z, ) e < |zl + ballyllbe + (3.1.3)
where
Gy = 4CyTs+4TT, by = 4Csby+48,T+4d, and & = 4E|yo|>+4es+4Tcy+4T Ny,

Now (3.1.2), (3.1.3) can be put together as

INE e = ([ i)

VG +a T +d \/ Caby + 5T <||x||p0>+( a)_

VCaas + T \/0252 + 5,7 +d lyllpe Ve

Therefore

IN@ e < My (”‘C“PC) ; <ff,) |

Yl pc Ca

Since M,p € Mpxn(R,) converges to zero. Next, we look for two positive
numbers Ry, Ry such that if ||z||%, < Ry, [|yl|5c < Re , then || Ny(z,y) |5 <
Ry, [|[No(z,y)||%c < Ry. To this end it is sufficient that

(m) = v (V) ()

whence

(L — May) (\/\/2:;)
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Stochastic Differential Equations with Impulses

that is
(G = 0w ()
Set

D ={(z,y) € PC x PC: ||z[[bc < Ry, lyllpe < Ra},

It clear that N(D) C D. Hence by Theorem (2.2.4),the operator N has at
least one fixe point which is solution of (5.0.1) O

3.1.2 Example

Now we an example of application for our main result. We consider the
following problem

((dx(t) =72 (a9 sink2z + ag cos y)dW(t)
+di (t+ z(t) +y(t))dt, t €[0,1],¢ # 5

dy(t) =377 (bay1sin k2x + by cos Py)dW(¢)
+do(t + z(t) + y(t))dt, t € [0,1],t # 3

x(t)

Ac(t) = CIW, % (3.1.4)
y(t 1
Ay(t) = Clm, t= 5
z(0) =z,
L y(O) = %Yo

where c1, ¢ € R, (a;)ien, (0)ien € 1%, f1, f2: [0,1] x R x R — R be defined
by

filt,z,y) = Z<a2k+1 sin k*z+agy, cos k*y), fa(t,x,y) Z bok+1 8in k2 24-boy cos k?y).
k=1

>
Il

1

We deduce

1Atz = ) (aoki sink?z + ag cos ky)°
b1

< 22(a3k+1+a3k)
k=1

D
< 42@% < 0.
k=1
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and
1Atz )P = ) (boksr sin k2 + by cos k7y)?
k=1
< 2Z(b§k+1+b§k)
k=1
< 426% < 00.
k=1
Hence
Elfi(t,z,y)* <4 ai + E(jzf* + |y[) for all 2,y € R,
k=1
and

Elfolt 2, y)* <4382 + E(|a2 + [y?) for all 2,y € R.
k=1

Also we have

x(t
[1(1’) = ClL [2(3/) = CQ%LU| = E|[1<l’>’2 < ci, E’[Q(I)|2 < ¢y,

and

git,z,y) =di(t + 2 +7y), ¢*(t,x,y) =do(t +2+y), 1,y €R, t €]0,1].
Hence
Elg'(t, z,y)* < 3di(1+E|z[*+Ely[*), Elg*(t, z,y)]* < 3d3(1+Elz[*+Ely[*).

Thus all the conditions of Theorem 5.1.3 hold, then Problem (6.0.1) has at
least one solution.

Remark 3.1.1. In the case where fo =0, ¢! = ¢> =0, and I, = I, = 0 in
our example we includes the equation for Brownian motion on the group of
diffeomorphism of the circle( see [8, 106]).
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Chapter 4

Semilinear Systems of
Impulsive Stochastic
Differential Equations

In this chapter, we investigate the following first order stochastic im-
pulsive equation , driven by fractional Brownian motion with the Hurst index
H>1/2:

\

(dr(t) = (Aelt) + (10, y(0))
3 okt a(6), y(O)ABE(E), £ € [0,T],t £ 1,
dy(t) = (Ay(t) + £2(t,2(0), (1))t
+ial2(t,x(t),y(t))d3ﬁ(t), teJt+t, (4.0.1)

where X is a real separable Hilbert space with inner product (-,-) and in-
duced norm || - ||, A : D(A) C X — X is the infinitesimal generator of a
strongly continuous semigroup of bounded linear operators (S(t));>o in X and
5200, T)x X x X — X are given functions, Bf? is an infinite sequence of
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mutually independent fractional Brownian motions, [ = 1,2, ..., with Hurst
parameter H, I, I, € C(X,X) (k = 1,2,...,m), of,0? : Jx X x X —
Ly (Y, X). Here, Lj)(Y, X) denotes the space of all Q-Hilbert-Schmidt opera-
tors from Y into X, which will be also defined in the next section. Moreover,
the fixed times t; satisfy 0 < t; <ty < ... < t, < T, and y(t;)) and y(t;)
denote the left and right limits of y(t) at ¢t = .

{ o(t,z,y) = (ou(t, 7, 9), 02 (t, 7,y), . . ), (4.0.2)

lo(t,2.)I12 = 352, oyt 2, y) 3, < o0

where o(-,-,+) € £, and (? is given by
£ = (0= (dy)s1 s LTIXXRX = LYV.X) ot )l = 3 5(t., )y, < oc).
=1

We denote a A b = min(a,b) and a V b = max(a, b). It is obvious that system
(5.0.1) can be seen as a fixed point problem for the model

dz(t) = Acz(t) + f(t, 2(t))dt + ial(t, NABE(t), t € [0,T),t # t,

=1
Az(t) =1 (z(ty), t=tx k=1,2,....m
2(0) = z,
(4.0.3)
where

=[50 4= 4] o= R | o= [y ]
wizo= ]
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Semilinear Systems of Impulsive Stochastic Differential Equations

4.1 Existence and uniqueness of mild solu-
tion

Let Jx = (tg, tks1], K =1,2,...,m. In order to define a solution for Problem
(5.0.1), consider the following space of pice-wise continuous functions

PC = {z: Ox[0,T] — X, z € C(J}, L*(Q, X)), k=1,...,m such that
z(tf,.) and x(t;,.) exist with z(t;,.) = z(t,.) and
sup Elz(t,.)||* < oo almost surely},
t€[0,T

endowed with the norm

1
|zl|pe = sup (Elx(s,.)|*)2.
s€[0,7

It is not difficult to check that PC' is a Banach space with norm || - || pc.
First, we will list the following hypotheses which will be imposed in our main
theorem. In this section, we assume that there exists M > 0 such that

I1S(t)|| < M, forevery tel0,T].
(Hy) There exist functions a;, b; € L'([0,T],RT) such that
[fi(t 2 y) = FETY)E < at)le =Tk + (@)l —7l%, i=1,2
forall z, y, 7,y € X.
(Hs) There exist functions «;, 8; € L'([0,T],R") such that

o' (t, z,y) — o' (£, 7, P |* < cu(t)w — T% + Bi(t)ly — Flx

and
The function o : J x X x X — L) (Y, X) satisfies

> [ loits.as) ) g ds < o a1y

forall z, y, 7,y € X and a.et € J.

Now, we first define the concept of mild solution to our problem.
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4.1 Existence and uniqueness of mild solution

Definition 4.1.1. An X — wvalued stochastic process u = (x,y) € PC X

PC' is said to be a solution of (5.0.1) with respect to the probability space
(Q, F,P),if:

1) u(t) is Fi-adapted for allt € J, = (tg, ter1] k=1,2,....m
)

N

(
u(t) is right continuous and has limit on the left almost surely;
3) w(0) = (xo, o)
(

4) u(t) satisfies for allt € [0, T] and almost surely that

¢

x(t) = S(t)xg—l—/o S(t —s)f (s, x(s),y(s))ds
+ 3 [ 8t =9t tats) B o)

+ Y St—t)l(z(t), P—as, teJ
0<tp<t

(4.1.2)
y(t) = S(t)yo—i-/o S(t —s)f*(s,x(s),y(s))ds

[e.9]

+ 2_:/ (t — s)of(t,x(s),y(s))dB/ (s)

+ Y SEt—t)h(y(ty), P—as, te.

O<tp<t

\

Notice that, thanks to (4.1.1) and the fact that H € (1/2,1), (1.4.17)
holds, which implies that the stochastic integrals in (4.1.2) are well-defined
since S(+) is a strongly continuous semigroup, for every ¢ € [0, 7], and that
this concept of solution can be considered as more general than the classical

concept of solution to equation (5.0.1). A continuous solution of (4.1.2) is
called a mild solution of (5.0.1).

Definition 4.1.2. The map f: J x X — X is said to be L*>-Caratheodory if
i) t — f(t,u) is measurable for each u € X;
ii) uws f(t,u) is continuous for almost allt € J;

i) for each q > 0, there exists a, € L*(J,R") such that
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Semilinear Systems of Impulsive Stochastic Differential Equations

E|f(t,u)|% < ay ,for allu € X such that Elul% < q and for ae. te€J.

Let us now prove the existence and uniqueness of mild solution for (5.0.1)
by using Perov’s fixed point theorem.

Theorem 4.1.1. Assume that (Hy) and (Hs) hold. Then, problem (5.0.1)
possesses a unique mild solution on [0,T].

Proof. The proof will be split into several steps.

Step 1. Consider the problem

([ da(t) = (Al’(t)Jrfl(t x(t), y(t))dt
—l—Zal (t,x(t)),y(t)dBH (), t € [0, 4],
dy(t) Z(Ay(t)+f2(t (1), y(t)))dt (4.1.3)
+Zal (t,2(t), y(t)dBf (t), t € [0, ],
x(0) —xo,
L y(0) =

Let

={z: Ox[0,t;] — X, 2 € O(J;,L*(Q,X)) :  sup Elz(t, )| < oo},

te[0,t1]
Consider the operator
P°: Dy, x Dy, — Dy, x Dy,
defined by

P0<$C,y> = (PP(x,y),Pg(x,y)), (x7y) € Dto X Dto
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4.1 Existence and uniqueness of mild solution

where

(

P(z,y) = S(t)%+/0S(t—s)fl(s,x(s),y(s))ds
+Z/ S(t— s)ol(t, z(s),y(s))dBH (s), te€0,t].
1=1 0

PY(ry) = S(tyo+ / S(t — 5)f2(s, 2(s), y(s))ds

#32 [ ete . vaB ), 1 .t

(4.1.4)

The operators in (4.1.4) are well-defined. In other words, given (x,y) €
Dy, x Dy,, we see that P%(z,y) € Dy, x Dy, as well. We will use Theorem
2.4.1 to prove that PY possesses a fixed point. Let (z,y), (T,7) € Dy, X Dy,
then for each ¢ € [0,¢;] ,by Lemma 1.4.8 and assumptions (H;), (Hs) imply

BIPR(x(2), u(0) ~ PO, 50
<20 [ a(9)Bla(s) ) + (o) Blu(s) (5 eds

t t
2cyH(2H — 1)t%H_1/ M2d8/ a1 (s)E|x(s) — T(s)|3ds
0 0

\

vacgrar vt [ | ' 81(5) Ely(s) — 7(s) s
0 0

/ e ) sup Ela(s) — 7(s)xds
SE[O,tl}
/a(s)eTa(s)e_Ta(s) sup Ely(s) —y(s)[xds
s€[0,t1] .
g/ e ds||x — T2 + /Oé(S)eTa(s)dSHZU—@Hz
0
1 ! ’Tas
<1 ( )dsnx_xuu-/( Y dslly — 712
< €70z =72 + Zem Oy — 72
Therefore

eTOE|Ly(a(t), (1) — L@@, TR < Lo - 72+ Ly - 71
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Semilinear Systems of Impulsive Stochastic Differential Equations

where || - ||« is the Bielecki-type norm on D,, defined by

lz[|? = sup Bla(t, ) e ™"
tel0,61]

where

a(t) :/0 a(s)ds, tel0,t],

and
afs) = max{2M?tya,(s) + 2cx H(2H — 1)t27 M?a (s5), 2M?t1b,(5)

+2cy H(2H — 1) M?6,(s)}.

Hence
1P (z,y) = PP(z,9)|2 < e -2+ Ly -7l

Using the fact that for all a,b > 0 we have va+b < /a+ Vb, we conclude
that
IPY@,y) — P@ ) < Llle -3l + Ly - 7.

Similar computations for N yield

1PS(a,y) - PN@ DI, < Slo—7l. + L]y 7.

Thus

- P((z,y) — P)(z,7)|
PO x, — PO x, = (H 1 ) 1 _’_ *
|P(z.y) — Pz )| 1P, y) — PO, 7).

1 (1 1\ (|lz -7z

< L - *

= T (1 1) (Ily—yH*

Hence

. L Hl’—fll)
PO x, _PO z, *< «a ( U ’ )
| P"(x,y) @, 9]« < = B ly — 7|,

for all (z,y),(Z,y) € Dy, x Dy,, where



4.1 Existence and uniqueness of mild solution

If we choose a suitable /7 > 2 such that the matrix

[ Mas]l
—’ﬁ < 17
N
Mas - : Mo sl - .
then —=£ is nonnegative, I — ”TM is non singular and

Mo\ ! M, M
7 Map 74 Mo, MaB
NG VT T

. M,
From Lemma 2.2.4, we obtain that \/T;B converges to zero. As a consequence

of Perov’s fixed point theorem, P° has a unique fixed (z,y) € Dy, x Dy,
which is the unique solution of problem (4.1.3). Let us denote this solution

by (21,91)-
Step 2. Now consider the problem

(du(t) = (Aa(t) + f(t.2(t). y()dt
+3 ol (h (1), y(0)dBE (1), t € (1, 1),
dy(t) = (Ay(t) + £ (t.2(t). y(1)) )t (4.1.5)
) u(t)

2(t) = xi(ty) + Lz (t)),
L y(t)) =unt) + L))
Let
Dy, = {x € O((t1,ts], L*(Q, X)) such that x(¢f,.) and z(¢],.)
exist with x(t],.) = x(t1,.)and sup Elx(t,.)|5 < oo},
tG(tl,tQ]
Set
Cl == Dto N Dt1

Consider the operator P : C x C7 — C} x C] defined by
Pl(Q},y) = (Pll(x,y),P;(x,y)), <x7y) € Cl X Cl
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where

;

Pi(z,y) = S(t—tl)[xl(tl)+11($1(tf))]+/ St —s)f'(s,2(s), y(s))ds

ty

+lz_: /t1 S(t — s)oi (t,x(s),y(s))dB{ (s), t € [t1,ts).

Py(x,y) = S(t—tl)[yl(tl)+Il(y1(tf))]+/ S(t = 5)f*(s,2(s), y(s))ds

t1

#3° [ 0= ettt a0 uepaBi o), te it

\

As in Step 1, we can show that P! is well defined and the integral equation
possesses a unique fixed point (x,y) which is a solution to problem (4.1.5).
Denote this solution by (z2,ys).

Step 3 We continue this process taking into account that (z,,, ym) = (2 |1
2y |it.,17) is @ solution of the problem

((da(t) = (Az(t) + f1(t 2(t), y(t))dt
#3701 (. 2(0)). y()aB (1) £ € (1T,
=1
dy(t) = (Ayle) + 720 (), (o)) )
+ ) oi(ta(t).y()dB{ (), t € (tm, 1],
2(15) = nltz) + In(em(tn))
L y(tn) = Ym(tn) + In(ym(t1))
Let
Dy, = {z€C((tm,T], L*(Q, X))such that z(¢},.) and z(t,,,.) exist with
x(t,,.) = x(tm,.)and te?}lpT} E|z(t,.)|5% < oo almost surely},
Set
Cm = Mo Dy

Then, there exists a fixed point (z,,(t), ym(t)) of P™ = (P™, Py*) : Cy, X
Cp — Cp x Cp. The unique solution (x,y) of problem (5.0.1) is then
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4.1 Existence and uniqueness of mild solution

defined by

Pl (z,y) = S(t—tm)[l‘m(tm)—l—[m(gjl(tm))]_|_/t S(t — 8) f'(s, 2(s), y(s))ds
#3 [ Sttt oo DaB 0, 1€ 7]

Pp(a,y) = s<t—tm>[ym<tm>+fm<y1<t;>>1+ / S(t — ) (s 2(s), y(s))ds

+Z St—sa,(t 2(s),y(s))dBHE(s), t € [tm,T).

(xl(t)ayl(t))v 1f> le [O,tl],
(:L“(t),y(t)) — (x2(t)7y2(t)>a 1f7 le (t17t2]7 (417)

(:L‘m+1(t)7ym+1(t>)a 1f7 te (tma T]
and the proof is finished. ]

The second result in this section dealing with the existence of solutions
to our problem will be obtained by applying the Leary-Schauder fixed point
theorem. To this end we first need to introduce the following hypotheses:

(Hs3) There exist functions @;, b;, c; € L*([0,T],R*) such that each
1w y)x < @@l +bi@lylx +a), i =1,2
for all z,y € X, and a.e. t € J.

(Hy) There exist functions a; € LY([0,T],R*) and B,,¢ € L'([0,7T],R")
such that

lo*(t, 2, 9)||* < @t)|zx + B:(Dlylx +a(t), i=1,2
for all z,y € X, and a.e. t € J.
(Hs) The semigroup {S(t)}+o is compact in X
(Hg) there exist constants dy, Ay > 0 and dg, Ay, > 0, k = 1,...,m such that
|Ie(2) % < dilolx + M
1) < dilylkx + M
for all x, y € X.
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(H7) f',g' are L?-Carathéodory maps.
We now prove our second goal of this section.

Theorem 4.1.2. Assume conditions (Hs)—(Hz) hold. Then, problem (5.0.1)
has at least one solution.

Proof. We transform problem (4.1.3) into a fixed point problem (4.1.3). Con-
sider the operator N : PC' x PC' — PC' x PC' defined by

N(xvy> = (N1<Ji,y),N2(ZE,y)>, (ZL’,y) € PC x PC

where

Ni(a.y) = S(t)o+ / S(t—5) (s, 2(s), y(s))ds+3 / S(t—s)a} (t,2(s), y(s))dBY (s)

+ Y S(t—t)Iu(x(t)), te[0,T].

Na(x,y)zs(t)yw/ S(t—S)fZ(S,x(S),y(S))d8+Z/ S(t—s)ai (t,x(s),y(s))dB/ (s)
0 —1 /0

+ Y S(t—t)T(y(t), te0,7].

0<trp<t

Clearly, the fixed points of N are solutions to (5.0.1). In order to apply
Theorem 2.4.3, we first show that N is completely continuous. The proof
will be carried out in several steps.

Step 1. N is continuous.
Let (z,,y,) be a sequence such that (x,,y,) — (z,y) € PCx PC asn — 0,
and observe that thanks to (Hs) — (Hg) and (H7), Iy, I, k =1,2,..,m, are
continuous.
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4.1 Existence and uniqueness of mild solution

Then

N (2 (8), () — Na((8), (D)
33 / S(t — $)(01 (5, 2a(5), yu())t (5, 2(5). y()))dBH (5)

2

X
2

+3 /0 S(t = s)(f1(s,2a(3), yn(5)) — £1(5,2(5),y(s)))ds

X
2

ZSt—tklkwntk ZSt—tkfk te))

0<trp<t 0<tp<t

X

Thus, we deduce

BN (20(8), 4 (£)) — Ma(a(t), y(0)) %
< SMey(H)H(2H — )72 / Ello" (5, 2a(5), 4u(s)) — 0" (5, 2(s), y(5)) |*ds
132 / B (5, 2(5), () — £ (5,2(5), y(s)) Peds

+3M2 Z B2, (tr) — Te(z(t))%.

0<trp<t

By the Lebesgue dominated convergence theorem, we have

sup BNy (2(1), ya () — Ni(2(t), (1)) [%

teJ
<n / El0 (5, 2(5), ya(s)) — 0 (s, 2(5), y(s)||ds
1302 / E1f' (5, 2n(5), 4u(5)) — F1(5, 2(5), y(s)) Peds

+3M? Z E|Li(zn(te)) — Ie(z(t) 5% — 0 as n — oo,
k=1

where

ey = 3M?cy(H)H(2H — 1)T*7 1,
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Similarly

sup B Na(2(8), ya(t)) — N2 (t), y(1) %

teJ

< e / El|0*(s, 2a(5), yu(s)) — 0%(s. 2(s), y(s)) [ Pds

202 / B f2(5, 20(5), yuls)) — F2(5,2(5), y(s)) Peds

0
+3M*> " E|Ti(ya(tr)) — Te(y(t))x — 0 as n — oo

k=1

Therefore, N is continuous.

Step 2. N maps bounded sets into bounded sets in PC' x PC'. Indeed, it is
enough to show that for any ¢ > 0, there exists a positive constant s such
that for each (z,y) € B, = {(z,y) € PC x PC : ||z||pc < q, ||ly|| < ¢}, we
have

IN(z,y)llpc < k= (K1, K2).
Then, for each t € J and thanks to Lemma 1.4.6,

E|Ni(z(t),y(t) 3% < 4M?E|xg|% + 4M?||cy||pr + 4Mcoy(H)H(2H — 1)T*H 71 ||Ey || 1
HAMP(Y T (dpElzlk + M)

0<tp<t

A /0 (o HVH(2H — 1) T, (5) + @ (5)) E|a(s) 2 ds

LA / (colH)H(2H — 1)T* 15, (s) + Bu(s)) Ely(s) s

IN

AMP?E|xo|3% + 4M?||c1||p1 + 4M?co(H)H (2H — 1)T*7|Ey || 11
HMZ Y N

O<tp<t

+4M? /0 t(CQ(H)H(QH — DT?H'a,(s) + @i (s))qds

+4M> /0 t(CQ(H)H(QH — D)T*71B,(s) + bi(s))qds

—|—4M2 Z qu = K1.

0<tp<t
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4.1 Existence and uniqueness of mild solution

Similarly, we have

E|Ny(z,y)|x < AMPEly|x +4M?|cal|pr + 4AMPer(H)H(2H — 1)T*7 76| 10
+4M? Z by

O<tp<t

+4M? /0 t(cz(H)H(ZH — D)T*H7'a,(s) 4+ ay(s))q ds

+4M? /O (co(HYH(2H — 1)T*713,(s) 4 by(s))qds

+4M> Z drq = ko.

O<tp<t

Step 3 N maps bounded sets into equicontinuous sets of PC' x PC.
Let B, be a bounded set in PC' x PC as in Step 2. Let 7,7 € J,11 < 7o
and v € B,. Then, for i=1,2, we obtain

E|N;(12, x(72), y(12)) — Ni(m1, 2(71), (1)) [%
< 70(S(r2) = S(m)) |2 Elzol%

+TE /0 (S — 8) — S(r1 — ) fi(s, 2(5), y(s))ds

2

X
2

+7E /T2 S(TQ — S)fi(s, x(s),y(S))dS

T1

X

1B |3 [ (St = 8) = St = )i, a(s) w0

X
2

+7E|Y / " S(7 = 8)0i(s,2(s), y(s))dBI (s)

X
2

HTE| Y (S(r =) — S(72 — te) I ()

0<tp<mo

X
2

HTE| Y (S(r2 — te) In(x(t)

T1<tp<T2

X
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From Lemma 1.4.6 we deduce

E|N;(12, (1), y(12)) — Ni(m1, 2(71), (1)) %
<TN(S(re —71) — Id))||* Elzol%

#7219 = S = B (5209, y(s) s

#7(rs=m) [ IS = IPELF s, 2(0), vl s

T HEH = 05" [T 18(m = 5) = S(r = 9Pl s, 2(s) (5D s
sl H)YHH = Dl = 7~ [ (St = )P Bll (s, 2(5), vl

+7 > IS(r2 = 71) = L) P Bl L (t) 5

0<tr<m2

+7 ) IS0 — ) IPE| L (x(t) -

T1<tp<T2

From (Hj3) — (H,) and (Hg) we have

E‘Ni(727x(7—2)7y<7-2>> - Ni(7—17$(7—1)>y(7'1))‘§(
< 7||S(m2 — 1) — Id||*E|zo|%

+77; / 1807 — 5) = S — 8)IP (@ls) Bl (s) e + Buls) Bly(s) e + ex(s) ) ds

+T(n=m) [ 50 = )1 (@) Bla(s)k + bils) Ely(s) [ + ci(s) ) ds
+Tco(H)H(2H — 1)737 71 %

/ ||s 2 =) = S(r1 = 5)|[*(@ils) El(s)[ + Bils) Ely(s) x +uls) ) ds
+Teo(HYH(2H — 1)(72 — 7)1 x
IS = P (A Ela(e) e + Bl Bl + () ) s

7 30 IS0 =) = L) (de Elo(ti) i + )

0<ti<m2

+7 3 HS(TQ—tk)HQ(dkE]a:(tk)B(Jr)\k).

T1<tp<T2
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4.1 Existence and uniqueness of mild solution

Now, it is straightforward to see that the right-hand side tends to zero as
Ty — 11 — 0 since the compactness of S(¢) for ¢ > 0 implies the continuity in
the uniform operator topology (see [124]). This proves the equicontinuity.

Step 4 (N(B,)(t) is precompact in X x X.
As a consequence of Steps 2 to 3, and at light of the Arzela-Ascoli theorem,
it is sufficient to show that N maps B, into a precompact set in X x X.
Let 0 <t < b be fixed and let € be a real number satisfying 0 < € < ¢t. For
(x,y) € B, we define

Ni(e,y) = S(t)s+ / St - 8)fi(s, w(s), y(s))ds

+30 [ st = saiitats) )bl ()
£ S L)

= S(e)S(t—e)Zé—FS(e)/O_ES(t—S—e)fi(s,x(s),y(s))ds

1560y / St — s — it a(s), y(s))dB (5)
1=1 70
+ ) St =t (B)-

0<tp<t—e

Since S(t) is a compact operator, the set

He = {N“(z,y)(t) = (N{(z,y)(t), N5(2,9)(t)) (2,y) € By}

is precompact in X x X for every e such that 0 < ¢ < t Moreover, for every
(x,y) € By, and i = 1,2 we have

BNz, = Vi)l < 3 [ (@s)a+Bs)a-+ cl)ds

+3M?cy(H)H(2H — 1)T?H 1 /t (@i(s)qg + B;(s)qg +¢i(s))ds

+3M% Y (drg + M)

t—e<tp<t
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Therefore, there are precompact sets arbitrarily close to the set H. = {N(x, y)(t) =
(Vi (, ) (t), N3 (2, y)(t)), (,y) € By}

Hence, the set H = {N(z,y)(t) = (N,(z,y)(t), Ny(z,y)(t)), (z,y) € B,} is
precompact in X x X and the right-hand side tends to 0 uniformly in t as

¢ — 0%. Hence we can conclude the relative compactness of N(B,)(t) for

t > 0. By the Arzela-Ascoli theorem, we conclude that N : PC x PC —

PC x PC is a completely continuous operator.

Step 5 A priori bounds on solutions.
The set

U={(x,y) € PCxPC: z=ANi(z,y) andy = ANy(z,y) for some 0 < A < 1}

is bounded.
Let (xz,y) € PC x PC be a solution of the abstract nonlinear equation
x = ANi(z,y) and y = ANy(x,y) for some 0 < A < 1. Thus, for ¢ € [0, ],

Bl < 30 Blanfy+ 30 [ (@Bl + B Bl +a () ds

t
Mo H)H(2H = DA [ (@) Blas) + F(s)Elus)y +ea(s))ds
0
SM?E|xo|? + 3M?||cy || + 3MPey(HYH(2H — )27 |Ey || o

+3M? /Ut (CQ(H)H(QH — 1238 71a, (s) + 61(S)>E|x(s)|§(ds

waur [ (cal IVHH — 18715, (5) + 52(5) ) Ely(s) i ds

t t
Ble@f < A+ [ BusBkds + [ Bl ds
0 0
and similarly
t t
B0 < A+ [ BaoERGRds+ [ CEME,
0 0

where for each j = 1,2
Aj = 3MPE|5 + 3M?|¢j |11 + 3MPe2(H)H (2H — 1) |
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4.1 Existence and uniqueness of mild solution

B;(s) = 3M? (CQ(H)H@H _ 1) g, (s) +ai(s))) s €0, t]
and
C5(s) = 3M2(ca(H)H(2H = 128775 (s) + ().
and 2§ = zp and 22 = yo.

From these previous expressions we easily deduce

t
sup (Bl + Ble)fy) < K+ [ Kalo) sup (Elatli + Elyn)fy ) ds
relf0,] 0 n€[0,s]
where
K1 = Al + AQ, KQ(S) = maX{Bl(s) + Bg(S), Cl(S) + Cg(S)}
Using now the Gronwall inequality
t1 .
sup (BB + EleR) < Kre ([ Katohas) =T
rel0,t] 0

whence

sup Elz(t)[k < Mo, and sup Ely(t)|x < M,
t€[0,t1] t€[0,t1]

where M, depends only on t;. For t € (t1,,], we have

o(t) = S(t—tl)[w(tl)+11(:U1(t1_))]+/ S(t = 5)f'(s,x(s), y(s))ds

t1
0 t
+) / S(t — s)or(t,z(s),y(s))dBH (s).
1=1 7t
Then, by a similar argument we obtain

Elz(t)]x = EIS(t—tl)[ﬂﬁ(tl)+11($1(t1))]+/t S(t—s)f (s, 2(s),y(s))ds

N Z / S(t — s)ap (t, 2(s), y(s))dB (s)|%

IN

15(t = )P (Elar () + Bl (1 () )

+B| [ 8t = 9)f (520, y(s) sl
By / S(t — s)ob (¢, 2(s), y(s))dBY (5)|%
=1 vt
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Consequently,
Elz(t)[% < 4M*(M’ +diEla(t[% + \)

+ 4M? /tlt (61(5)E|$(8)|§( +b1(s)Ely(s)|5 + cl(s)>ds

+4M?co(H)H(2H — 1)t§H‘1/ (al(s)EIw(S)|§<

t1

B () Ely(s) s +7a(s) ) ds

< A3+/ Bg(S)E|Jf(S)|_2XdS+/t Cs(s)E|y(s)|xds.

t1

Then we deduce

Elyk < Ait / By(s) El(s) eds + / Ca(s) Ely(s) P

t1 t1

where

Ay = AM2(ML + \) + 4M2||e || o1 + 4M2eo(H)H (2H — D221 11,
and

Ay = AMP(D + X) + AM?|ca|| 1 + AMco(HYH(2H — 1)125 |6y 1,
and

By(s) = 4AM2d, + AM? (CQ(H)H(2H —1)22H 1, (s) + al(s))

Bu(s) = 4M? + (CQ(H)H@H )220, (s) + az(s)), s € (t, b,
and
Cy(s) = AM> (@(H)H(ZH ~1)22H-1F (s) + l_)l(s)>, s € (1, ts],
Cy(s) = 4M?dy + 4> <02(H)H(2H— 122015 (5) +52(s>), s € (i, b,

Combining E|z(t)|% and Ely(t)[%,

sup (Ely(r)fy + Ele(r)y) < Ka+ /;m(s) sup (Ela(n)f + Ely(n)fi )ds

T'G[tl,t] ne[tl,s]

158



4.1 Existence and uniqueness of mild solution

where
K3 = Ag + A4, K4(S) = maX{Bg(S) + B4(S), C3<S) + C4(S)}

Using once more the Gronwall inequality,

op (EOR + Ble(0R) < Koow / Ki(s)ds ) =T,

te(tr,t2]

Consequently, there exists a constant M; which only depends on t;,t, such
that

sup Elz(t)|3 < My, and sup Ely(t)[% < M.
te(t1,t2] te(t,ta]

If we iterate this procedure in every interval (¢;,t;11] we can prove that there
exists a positive constant M;, which only depends on ¢;,¢;,1, such that

sup Elz(t)]% < M; and sup Elyt)|[x <M; i=0,1,2,...,m—1.

te(tstiv1] te(titig]

Set
U={(z,y) e PCx PC: |z|lpc <M, |yllpc <M}

where L
M* =sup{M;: i=0,1,2,...,m—1}.

Then, U is an open subset of PC' x PC and it is straightforward to see that
there is no (z,y) € OU such that x = AN;(z,y) and y = ANs(z,y) for some
0 < A < 1. By Theorem 2.4.3, N possesses at least one fixed point (z,y). O

Remark 4.1.1. We can replace conditions (Hs) and (Hs) by the following
hypotheses

(H) there exist integrable functions n : [0,T] — RT and ¢ : [0,00) —
(0,00) which are continuous and nondecreasing such that, for all t € [0,T]
and x,y € X,

E|f't, 2 y)lI* < n@e(El|P+ENyl*), Ello(t,z,)I* < n(y(Elz*+Ely),

where .
ol(t,x,y) = Zaf(t,x,y), i=1,2.
=1
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Semilinear Systems of Impulsive Stochastic Differential Equations

4.1.1 Weak solutions

In this section we prove that mild solutions to system (5.0.1) are also weak
solutions. First, we recall the definition of weak solution according to Da
Prato and Zabczyk [52]. To shorten the notation, we will use (.,.) instead of
(.,.) below since no confusion is possible.

Definition 4.1.3. An X - valued stochastic process u(t) = (x(t),y(t)),t €
[0,T7] is called a weak solution of (5.0.1) if for each ¢ € D(A*)

(x(t), ) = (xo,90)+/0 <I(S),A*¢>d7+/0 (A, 2(7), y(7)), p)dr

+IZ/O <Jll(7—7x(7_)7y('r)),@)dBlH(T)—|— Z <[k(x<tk)),gp>, te ]

O<trp<t

and

W(t), 0) = (vo. ) + / (y(s), A* ) + / (P2 (ra(r), y(r), o)dr

+IZ_:/O (of (1, 2(7),y(7), ) dB (1) + Y (Tly(te)), 0), teJ.

0<trp<t

Theorem 4.1.3. Assume conditions (Hs) — (Hg) hold. The mild solution of
(5.0.1) is also a weak solution.

Proof. Let (x(t),y(t)) be amild solution to (5.0.1). Then, for each ¢ € D(A*)
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4.1 Existence and uniqueness of mild solution

and t € [0, ], we obtain

/;(x(S),A*@ds — /Ot<5(3)$o,z4*go>ds

= [ [sts =00t 4" hirds
- é/ot /OS<S(s — 7)ol (r,2(7), y(1)), A*VdB} (7)ds
<[
- 2/08<5(s — D)o (1, (1), y(7)), A*)d B (7)ds

_ /OfE_
- li:/osé‘(s — Yot (1, x(7), y(7))dB (r)ds)ds, A*)

=0.
Thus,

[t aas = [t i [ [ 5t 4

+z// (s = 7)o} (r.0(7). (7)), A"@)d B (7)ds

=1

E

(2(s), A* ) — (S (t)r0, A ) — / (S(s — 1) £\ (r, 2(r), y (7)), A

ds

(e(s) — S(s)z0 — / S(s — 1) (ra (). y(r))dr

ds

sl

Similarly,

/Ot(y(s),A*@ds :/0 t)yo, A ds+// (s — 7)f2(7, 2(7),y(1)), A*p)drds

+Z/O /0 (S(s — 7)o2(r, 2(r), y(7)), A* ) dBH (7)ds

Il
Mfz

<.
Il
—
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Now for ¢ € D(A*) and ¢ € [0,#1] we use the fact that £S*(t)p = S*(t) A%y,
which yields

P = /0 t<5(s)xo,A*¢>ds = /0 t(a:o,S*(s)A*@ds

= /0<$0,d%5*(3)90>d3

= <S(t)$0 — Zo, 90>7
and analogously,

A= [ (S A0) = (50— w91
In addition, using Fubini’s Theorem for ¢ € [0, ],
P = /t/ S(s — 1) f (7, z(7),y(1)), A*p)drds
_ // (Lo fH(r 2(7), y(r)), S (s — 7) A" drds
- / (S(t = 1)1 (r.2(7).y(7) — (. 2(7).y(7), )
-/ (S0t — )£, () y(r) y(), b — / U () ()

and

B - // (s — 1) (ry (1), y(r)), Ap)drds

- / (S(t — 1) 2 (r, (7, y(1)), y(7)), ) dr — / (7 2(r), y(r)), @)dr.

As for the estimates of the third terms we have for ¢ € [0, 1]

B, - fj [ 4506 =i ), (e, A 1B s
_ Z/O/ Lot (7, 2(r), y(1)), S°(s — 7) A*Q)dB} (r)ds
_ ZZI/O (S(t = Yo (r,2(7), y(7)), VB (7 Z/ ol (7,2 (r
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4.1 Existence and uniqueness of mild solution

and

DY / / (S(s — 1Yo (. 2(r). y(r)), A QVdBH (7)ds

- Z/O (S(t — 7)o (7, x(7), y(7)), ©)d B ( Z/ oi (r,2(7), y(7)), p)dB{" (1).

Now, taking into account all the previous estimates we can write

/0 (2(s), A*g)ds = / (Aa(s), )ds = (S(B)zo — 20, 0)

Finally,

(w(t) o) = {z0,0)+ / (x(s), A*)dr + / (7 2(r), y(r), ghdr
+Z/amx ). VB (7).

and similar computations for y for ¢ € [0,¢;] imply

WD) o) = (o) + / (y(s), A"g)dr + / (2 2(r),y(r)), @) dr
+Z/a,m 7)), YdBH (7).
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Therefore the mild solution is also a weak solution in the interval [0, ¢1].
We repeat this scheme in every subinterval (¢,,_1,t,]) until we reach the

points t € (t,,,T]. As the arguments are the same as in the previous case,

we prefer to omit the details. n

4.1.2 Exponential stability

As in this section we are interested in the exponential decay to zero in mean
square of the mild solutions to (5.0.1), we will assume that solutions are de-
fined globally in time.

PC = {z: Ox[0,T] — X, z € C(J, L*(Q, X)), k=1,...,m such that
z(t),.) and z(t;,.) exist with z(t;,.) = z(t,.) and
sup Elz(t,.)||* < oo almost surely},
te(0,7)

endowed with the norm

1
|zllpe = sup (Elx(s,.)|*)2.
s€[0,T

It is not difficult to check that PC' is a Banach space with norm || - || pc.
Consider the Banach space
PCy = {y € PC.(R" x Q, X) : y is bounded almost surely},

where

PC.(RT x Q,X) ={y: [0,00) x Q@ = X, yp € O((tg,trs1), L*(, X)), k=0,1,2...,
y(t;) and y(t,j) exist and satisfy y(tx) =y(t,) for k=1,...}

and Y = Y|(t,.1,,,)- Endowed with the norm
Ilyll§ = sup{Ely(t)[% : t € [0,00)},

PC}y is a Banach space.
For the study of this problem we first introduce the following hypotheses:
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4.1 Existence and uniqueness of mild solution

(H7) There exist M > 0 and v > 0 such that
IS@I < Me™
for all t > 0.

(Hs) There exist nonnegative numbers a; and b; for each ¢ € {1,2}, and for
all 0 <6 <~ it holds

[ B s a(6). )= 5.3 T s < [ Blas)=(s) s

0

and -
/ e’ f'(s,0,0)]3ds < oo.
0
for all z, y, &, y € PC.
(Hg) There exist functions «;, 5; € C(RT,RT), i = 1,2 such that, for all
0<0<~, z,y,T,y € PCy and t € RT, we have

/Oe‘ssEI!Ui(S?JJ(SLy(S))—Ui(Sj(S),@(S))HQdS < Oéz(t)/ ¢ Bla(s) — 7(s) [k ds

A1) / 5 Ely(s) — 5(s) [%ds

and

/ e E|lo(s,0,0)|*ds < oo, sup t*F7a,(t) < 0o sup t*71Bi(t) < 0.
0 teR+ teR*

(Hyo) there exist constants d > 0 and diy >0, k=1,..., such that
B|ly(z) — (@)% < drElr - 7[5

Elli(y) — I,@)|%x < dvEly — 3l

and . .
> ™ EBIL(0)[% < 0o, AM*) “dy < 1,
k=1 k=1
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and
ZemEu )% < oo, 4M22dk <1

k=1
for all x, y, =, y € PC,.

Theorem 4.1.4. Assume (H;) — (Hyo) hold and that v > Ay > 0 where

4M2CQ(H)H<2H — 1)(52 +El) 4’771M2(62 + Cl)

A2: ax{ ~ ) ~ }a
k k
¢; = max{a;, b}, & = max{sup t*1a;(t), sup t*715;(t)},
teRL teR4
and
1 1
k, =4M?*Y dy, k., =4M*Y d;, = =

> Zk’k max (7= 77 )

k=1

Then, there exists a unique mild solution (z,y) to problem (5.0.1) which
converges to zero in mean square, i.e.

s (Enor) = ()

Proof. 1t is clear that each mild solution to Problem (5.0.1) is a fixed point
of the operator N defined in Theorem 6.1.1. By using (H7) — (Hip), we
can easily prove that N(PC,) C PCj, and from Perov’s fixed there exists a
unique (z,y) € PC, x PCj, which is a fixed point of N. Now, we show that

Jim EING@ i = m (BN (), BN, 9)[)
- . 2 2
= tEeroo(E’m(t”X’E‘y(t)‘X)
— (0,0).

First, observe that we have

2

Bl < AB|S()ofi +48) / S(t — ) (s,2(s), y(s))ds

> [ 1= sy 0t

+4E) Z S(t—tk)[k(x(tk))i

0<tp<t

X

+4E

X
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4.1 Existence and uniqueness of mild solution

and

2

Ely®)kx < 4E|Stwlx +4E /OtS(t—S)fl(Sw(S),y(S))dS

X
2

+4FE Z/o S(t — s)oj (s, x(s),y(s))dB{ (s)

2

X

+4F Z St — te)In(y(te))

0<trp<t

X

Therefore, by Lemma 1.4.19 and (Hr),

t
Elz@t)% < 4M26_2”tE|560|§<+47_1M2/ e B 1 (s, 2(s),y(s) xds
0
00 ot
+4M?coy(H)H (2H — 1)752H_1Z/ e o) (s, 2(s), y(s))||*ds
1=1 70

HAM? Y e B L (x(t) X

O<tr<t

and, consequently,

t
Bl < AM?Elaoly + 4y M2 / OB (5, 2(s), y(s)) eds
0
00 g
M2 ey (HYH(2H — 1)1y / %ot (s, 2(s), y(s))|Pds
1=1 Y0

HAM? Y B L(x(t) k-

O<tp<t

Thanks to the fact that As —~+ < 0 we can choose § > 0 such that n =
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Ay — v+ 6 <0, and for these constants we have

t
OBtk < 4M2e_9tE‘x0’§<+4€_9t7_1M2/ e E|f'(s,x(s), y(s))[xds
0

0o ¢
+AM?cy(H)H(2H — 1)t2H169tZ/ elloy (s, 2(s), y(s))||*ds
=1 70

M2 S B[ ()

0<tp<t

IN

t
AM2e™ E|zo|% +47‘1M2/ OB f (s, 2(5), y(s)) kds
0

t
+4AM?cy H(2H — 1)1 / eV E|ot (s, 2(5), y(s))|Pds
0

+4M2e 0 Z " Bl Ly (x(ty)) |5

0<trp<t

Similarly,

t
OB < AM2e " Blyolk + 4y M2 / 00| (s, 2(5), y(s)) ds
0

t
+4M?cy(H)H(2H — 1)1 / VB0 (s, 2(s), y(s))||*ds
0

+4M2e Z " BTy (y(te)) %

0<trp<t

168



4.1 Existence and uniqueness of mild solution

Now it is easy to see, for any ¢ > 0, that

Po= [ B ), (s s

0

< / 0O (s, 2(s), y(s)) — £1(5,0,0) + F1(s,0,0) s

0

< / e B f1(5, 2(s), y(s)) — fM(s,0,0)eds + / =0 B| f1(s,0,0) eds

0 0
¢ t t
< a1/ 6(”0)8E|$(8)!§<d5+51/ e(ve)sEly(S)@der/ OBl f(s,0,0) % ds,
0 0 0

and similarly,

t
Po = [ 0Bl (sa(s),y(s) s
0
t t
< ag/ e(Va)SE\x(s)]?de—i-bQ/ V=5 By (s )|de—|—/ =05 5| £2(s,0,0)|% ds.
0 0

By condition (Hg) we deduce the existence of positive constants K, K, such
that

t
47_1M2/ =B 1(5,0,0)|%ds < K,
0

and
4 ‘1M2/ =03 B £2(s,0,0)|%ds < K,
0

As for the term P; we have
t
Py — / =0 Bl (s, 2(s), y(s)) | ds
0
t
< / 00 Blo (s, 2(s), y(s)) — (5, 0,0) + o (s, 0,0) | ds
0

t t
< [ B sx(s),y(s) - o 0,0 ds + [ 0B s.0,0)ds
0 0
t

t
< ) / OBl (s)Peds + B (t) / 00 Ely(s) eds
0 0

t
4 / 05 B0 (s,0,0)|ds,
0
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and similarly,
t

Po = [ 0 0B]o*(s.a(9) ol ds
0

t t
< ) [ Bl Rds+ A [ Bl s
0 0

t
+ /e(V_G)SEHUl(S,O,O)||2ds.
0
From (Hy) we deduce the existence of positive constants Ky, K, such that

t
AM?cy(H)H(2H — 1)1 / e B0t (s,0,0)|?ds < K,
0
and
t
DL(HHEH - 1)E0 [ 0o (s.0,0)ds < K
0

And for the last terms

Py o= e Y @™ E|L(x(ty)%

0<trp<t
< N OB (a(ty) — L(0) + L(0)%
0<trp<t
< Y IREIL((t) — LO) e S MBI
0<tr<t 0<tp<t
< e Z " dp Bty + e Z e Bl (0)[%
0<tp<t 0<trp<t
< 0N TG Bla(t) i + e Y @ B|L(0)[,
0<tp<t 0<tp<t

and analogously

Py = " Y OET(y()lk

0<trp<t
< 0N OO Bla(t)|k e Y BT (0)
O<tp<t 0<t<t
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4.1 Existence and uniqueness of mild solution

Now, thanks to (Hj) we have the existence of positive constants K3, K5 such
that, for all ¢t > 0,

e N MELO0)X <Ks and e Y @"E[(0)% < K,

0<trp<t 0<tp<t

which further imply
3 t
VO Elx(t)% < AMPe " E|xo|% + Z K; + 4y ' M?a, / =05 Bz (s)|3ds
i=1 0

t
4, / 005 By (s) % ds
0
t
+AMey(H)H (2H — 1)1 a, / 005 Bla(s) 2 ds
0

t
MRy (H)H(2H — 1)27-16, / 0D Bly(s) % ds
0

HAMZOO N " 0 Bl (ty) %,

0<tp<t
and similarly

3 t
O] < A Ell + 3 K+ 4y M [ 0 Ela(s) R
0

i=1

t
+47‘1M262/ T Ely(s)|kds
0
t
FAMEey(HYVH(2H — 1) 1a / (=05 E|o(s) % ds

+4M?cy(H)H (2H — 1)t*7713, / 5 B|y(s)|%ds

+4M26(779)t Z e’ (tr— tdkE’y(tkHX

0<tp<t
Consider functions pu, z defined on [0, +00) by
p(t) =sup{Elz(s)|x :0<s <t} 7(t) =sup{Ely(s)|x : 0 < s <t}
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Together with (Hy), it follows that, for each ¢ > 0, the constant k.(t) =
aM? Y U Idy <k, < 1. Then

0<tp<t

—1M2b t
+ 471——]€1 / e(v_e)sﬁ(s)ds
* 0

4M> LK 4y M2 [
0= (1) < —e_etE|x°|§(+;1_k*+ gl al/ =9 4(5)ds

AM?co(HYH(2H — 1)¢2H-1 t
¢ Dl HCE - D0l [ oy
]_ - k/'* 0
4M?cy(HYH(2H — 1)t2H-15,(t)

t
+ - /0 e =057 (s)ds.

Analogously, the constant k. (t) = 4M? Z =g < k. <1 and we have
0<trp<t

o AM? UK, 4y M2ay, [t
R < e Bl + 3 o e [ e (s
* i=1 * * 0

—1M2b t
+ 4%/ e 0%71(5)ds
—k

AM?co(HYH(2H — 1)t2H-1 t
AM )R DO 0s [ 10,
0

1—k,
2 2H—-1 t
AM2cy(H)H (2H — 1)12H-13, / e
0

+ —
11—k,
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4.1 Existence and uniqueness of mild solution

Therefore,

4M>? M? ot K ~ K,
— e By, ! —

Ay 02 t !
b T (o [ e uts)ds by [0 0on(s)as)

AM2co(HYH(2H — 1 !
n C2< : )_ k( ) <t2H—1a1(t)/0 e(’y—O)slu(S)dS

t
+ t2H—151(t)/ 6(7 0)s— ()ds)
0
Ay M2 ! !
b T ([ e uts)ds by [0 0on(s)as)
— k. 0 0
AM2co(HYH(2H — 1 !
n C2<1) k( ><t2H_1042(t)/ e(’y—O)slu(S)dS
— Pk 0
t
P50 [ (s)ds),
0

the maximum being taken componentwise for each ¢ = 1,2, and

1 1 1
¢; = max{a;, b}, ¢ = max{t*" oy (t), 271 (1)}, T max{l — k01— k*}

O (u(t) + T(t) < e " Elxo|% +

) B 4M? > K+ K,
M) +e) < e (Blali + Blwly) + 3=
=1

4y~ 1 )2 t
L DM / 0% ((s) + (s) ) ds
k 0

N 4M202(H)%(2H — 1) /Ot o(1=0)s (M(S) + ﬁ(s))ds

Ay M2, [*
4 %/ o(1=0)s ,u(s)+ﬁ(s)>ds
0

L AMPo(H) k(zH— 1)e 2/0 0 (u(s) + 7(s) ) s

where

2 . — — —1 2
4 - max{4M 02(H)H(2§ 1)@ + cl), 4y M%(CQ + 01)}
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and _
4M?* Ki+ K;

3
A= ¢ <E’$0|§< + E|y0]§(> + Z T
=1

t
OO () + 7)) < At Ay / 0 (p(s) + ils) ) ds,
0
where A; is a suitable positive constant. Gronwall’s Lemma conduces us to
e (p(t) + () < Are,

and, consequently,

p(t) + () < Ayl = Ay,

Then
lim [p(t) + a(t)] = 0 = lim E|z(t)[3% =0, lim E|y(t)|% = 0.
t—o0 t—o0 t—o00
The proof is therefore complete. O

4.1.3 An example

In this section we present an example to illustrate the usefulness and appli-
cability of our results. We consider with finite or infinite fractional Browian
motion.

Example 4.1.1. Consider the following couple stochastic partial differential
equation with impulsive effects

du(t,§) = Zzult, Q{Jr F(t, u(t, §),v(t,€))
ﬂﬂ)%,t>0 LAt 0<E<m,
do(t,€) = Zult, €L+ G(t,u(t, €),v(t,€))
o) DL, >0, t£4, 0<E<T,
u(ty &) — u(ty,§) = apu(ty,§), k=1,---,m, (4.1.8)
U(tﬂﬁ) - (tkvg) :C_ka(t];,£>, k= 17"' , M,
W(t0) = u(tom) =0,¢> 0,
v(t,0) = wv(t,m)=0,t>0,
w(0,§) = we(§), 0<E<m,
\ U(O,f) = UU(’S)? 0§£§7T7
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4.1 Existence and uniqueness of mild solution

where oy > 0, Bg denotes a fractional Brownian motion, G, F : [0,7] x R X

R — R are continuous functions.
Let

) ) ) 56
v(0,€) , £€l0,7],

Take K = H = L*([0,7]). We deﬁne the operator A by Au = u", with
domain D(A) = {u € H,u',u" € H and u(0)=u(mr)=0}.

Then, it 1s well known that

g
[e)
—~
I
~
I
<
=
mm
~—
/—\
I
~—
I

oo

Az = — Ze‘”%(z,en>en, z € H,

n=1

and A is the infinitesimal generator of an analytic semigroup {S(t)}i>0 on
‘H, which is given by

Ze U enen, u € H, and en(u) = (2/7)Y2sin(nu),n =

1,2,---, 1s the orthogonal set of eigenvectors of A. The analytic semigroup
{S(t)}i>0, t € J, is compact, and there exists a constant M > 1 such that
IS < M.

In order to define the operator QQ : K — K, we choose a sequence
{on}n>1 CRY, set Qe,, = 0,6y, and assume that

= Z 7, < 00.
n=1
Define the process B§ (s) by
Bf = Z VayH (t)e,,
n=1

where H € (1/2,1), and {7y },.cn is a sequence of two-sided one-dimensional
mutually independent fractional Brownian motions. Assume now that
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(i) There exist some positive number dy, dy, k € {1,--- ,m} such that

IO < di, k()] < di
for any £ € R.
(i) The functions f,g : [0, T|xH — H defined by f(t,u)(.) = F(t,u(.)),g(t,u)(.) =

G(t,u(.)) are continuous and we impose suitable conditions on F and
G to verify assumption (H2) .

(iii) Assume that there exists an integrable function n : [0,T] — RT such
that

[E(t, 2, y)]” < n)v(l=® + [y, Gtz y)P < n)e(lzf® + |y*)
for any t € [0,T] and z,y € R, where ¥ : [0,00) — (0,00) is continu-
ous, nondecreasing and concave with

> ds
1 Y(s)

(iv) The function o : [0,T] — Lg(KC, M) is bounded, that is, there exists a
positive constant L such that

= +00.

T
| los)i3zds <L v =0
0

Thus, problem (6.1.4) can be written in the abstract form

( da(t) = [Ax(t) + f(t,z,y)]dt + o(t)dBj (t), te J:=][0,T],
dy(t) = [Ay(t) + g(t, z,y)|dt + o(t)dB5(t), te J:=[0,T],
() — x(ty) = L(x(ty)), k=1,...,m; (4.1.9)
y(tﬁ) - y(tk) = Ik(y(tk:))v k= 17 » 115 o
z(0) = o,

\ y<0> =%

Thanks to these assumptions, it is straightforward to check that (Hy) — (Hg)
hold true and, then, assumptions in Theorem 5.1.3 are fulfilled, and we can
conclude that system (6.1.4) possesses a mild solution on [0,T].

In the case that we consider the problem fort € [0,00), we observe that
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4.1 Existence and uniqueness of mild solution

@) IS@)] < e,

(ii') The functions f, g : [0,00) x H — H are continuous and under suitable
conditions on F, assumption (H2) holds in [0, +00).

(ii') The function o : [0, +00) — L (K, H) is bounded, that is, there exists

a positive constant L such that

| erllote)yas < 2
0 Q

(iv') There exist some positive number dy, k € {1,--- ,m,---} such that

k=1 k=1

for any € € R.

Thus the problem (6.1.4) can be written in the abstract form

(du(t) = [Ax(t) + f(t,z,y)]dt + o(t)dB5(t), te J:=[0,00) ;
dy(t) = [Ay(t) + g(t, z,y)ldt + o(t)dBS (t), te J:=[0,00) ;
l‘(tz_) — J](tk) = ]k<l’(tk)), k? = 172,3. .
y(tﬁ) - y(tk) = Ik(y(tk))v k=1,2,3...

x(0) = xo,

\ y<0) = %Yo

(4.1.10)

Corollary 4.1.5. Let 0,05 : [0,7] x L2([0,7]) x L*([0,7]) — L*([0,7]) be
defined by

t:cy Zaktxy ta:y Zaktxy
where
or(t,z,y)v(s) = agkﬂ/o [sin k%(t)]f(s)ds—i—agk/o [cos K*y(1)] f(s)ds, v € L*([0, )
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Semilinear Systems of Impulsive Stochastic Differential Equations

and
otz y)v(s) = kaH/O [sin ka(s)]f(s)ds—i—b%/o [cos k*y(s)] f(s)ds, v € L*([0, 7]).

If > a2 < 0o, D b2 < 00, then for each k € N we have
oy, oy € Lo(L*([0,x], L*([0, 7]))
and

Sl w2y < o0, i=1,2

Proof. Clearly, for every k € N, o}, o2 are linear continuous operators. Let
(€i)ien be an orthonormal basis of L*([0, 7])

lo(t 2,91,

= Z/ <‘@@2k+1/0 [sin &%z (s)]en(s )d3+\/0_na2k/ [cos k2y(s)]en(s)ds

2
>dt

t
0
< 21 (agp41 + asp) ZUn-

n=1

Therefore

low(t, 2zl < my/2(a3, + a3,) Y /o, < 0.

n=1

||0';i(t,l’,y)||%0Q < L*(agk—o—l +a§k)7 L, = 277-22\/0-71'
We deduce
1 2 1
lo' k2, )I? = D llot g,
k=1
< L. Z(agkﬂ + a3)
k=1

o
< L, Zai < 0.
k=1
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4.1 Existence and uniqueness of mild solution

and
HO—Q(t?‘way”P = ZHO—ZQH%%
k=1
< L*Zbi < 00.
Hence

Ellov(t,a,9)|* < Lo Y ai + E(|z]Z2 + [lyl72) for all 2,y € L*([0,]),
k=1

and

Elloa(t, 2. y)|* < L.y b + E(l|z]72 + [lyll72) for all 2,y € L*([0, 7).
k=1

]

Corollary 4.1.6. Let K : [0, 7] x [0, 7] x RXR — R be a continuous function
such that there exist a,b > 0 such that

|K(t,s,x,y) — K(t,s,%,9)| <alr—z|+bly—y|, foralxzyyecR.

bThen K.« [0,7] x L2([0,7]) x L2([0,7]) — LY(L2([0, 7)), L2([0,7])) defined
)

Keltra)f0) = [ Klts,o(0)u()fG)is, S € 1207,
1s a Hilbert-Schmidt operator and there exist ar, f > 0 such that

||K*(t7 7x7y)_K(t7 87j7g)||LOQ < OéH‘r_i.HL2+5Hy_gHL2 fOT’ each 33'@;3/7@ S L2([O77T])

Proof. 1t is clear that K,(t,z,y) is a bounded linear operator. Let (e;);en be
an orthonormal basis of L*([0, 7])
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Semilinear Systems of Impulsive Stochastic Differential Equations

5.ty
_ fj [ (\\/a— [ty s)s ) i
< f; I <an ( | alats) + s lenolas+ [ |K<t,s,o,o>||en<s>rds)2) it

< 47ra220n||:)3||%2 ~|—47rb220n||y||%2 + 272 - [soulj*; . ]|K(t,s,0,0)| Zan.
,8)€|0,m| X |07 n=1

n=1 n=1

Thus
Kt 2, y) g, < aallzll 2 + Ballylle + 7 < oo,

where

(t,s)€[0,m] x[0,m]

o2 = 4ma’ Z On, B = 47h? ZU”’ vi = 27 sup |K(t,s,0,0)] Z Tn-
n=1 n=1 n=1

We can easily prove
K. (t,, 2, y)=K(t,s,7,9) |7, < alle—2|7+8ly—=yl7. for eachz,z,y,5 € L*([0,7]),
where a = o2, 3 = /2. O

Corollary 4.1.7. Let {K,}ner : [0, 7] X [0, 7] X RX R — R be a summability
kernel on [0, ] i.e it holds

S Ktz y)e < oo,
n=1

and K is a continuous function such that there exists a,,b, > 0 such that
Kt s,2,y) — K(t, 5,2, 9)] < anlz — 2|+ baly —yl,  forallz,2,y,5 €R.

If

o0

Z(ai +b2) < oo.

n=1
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4.1 Existence and uniqueness of mild solution

bThen Ko ¢ [0,7)x L2([0, 7)) x L2([0, 7)) — LS(L2((0, 7)), L2([0, 7)) be defined
)

Rult,z,9)f /K (t,5,2(s),y(s) f(s)ds, f € L*([0, 7)),

15 a Hilbert-Schmidt operator and there exists o, 5 > 0 such that

ZHK (t,2,9)~Kolt.5, 2.9 < olle—22+8ly—al3s for cach,z,y.5 € L*([0, 7).

Proof. To prove the result we use the same method in the proof of Corollary
4.1.6. [

Lemma 4.1.8. Assume that o satisfies conditions of Corollary 6.1.5 or
(Corollary 6.1.5 or 4.1.6), and (iii) or F,G are Lipschitz functions and
Iy, Iy, satisfy (i) or (iv'). Then, problem 4.1.9 has at least one solution and
problem (4.1.10) has exponentially stable mild solutions.

Proof. 1f we use that F, G are Lipchitz functions and assumptions in Corol-
lary 4.1.6 or 4.1.7 hold, then by Theorem 6.1.1, problem 4.1.9 possesses a
unique mild solution. By the same method we can prove that all the condi-
tions of Theorem 5.1.3 or 4.1.4 are satisfied. [
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Chapter 5

Systems of impulsive stochastic
semilinear differential
inclusions

In this chapter we prove the existence of mild solutions for a first-order
impulsive semilinear stochastic functional differential inclusions driven by a
fractional Brownian motion. We consider the cases in which the right hand
side is convex or nonconvex-valued. The results are obtained by using two
different fixed point theorems for multivalued mappings. We are interested
in the existence problem of the following stochastic differential inclusions:

( da(t) € (Az(t) + F(t, (1), y(¢))dt
+ Zal (t,z(t),y())dB (), t € J:=[0,b],t # ty,

dy(t) € ( ()+F2(t,l’(t>, (t)))dt
+ Zal (t,z(t),y()dBl (t), t € [0,b],t # t, (5.0.1)

Ax(t) = {k( x(ty)), t=tx k=1,2,....m
Ay(t) = Ii(y(te)),
z(0) = x(b),
L y(0) = y(b),
where J := [0,0], X is a real separable Hilbert space with inner product

(-,+) induced by norm ||-||, A : D(A) C X — X is the infinitesimal generator
of a strongly continuous semigroup of bounded linear operators (S(t)):>o in
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5.1 Existence results

X and F' F? : [0,0] x X x X — P(X) are given set-valued functions,
where P(X) denotes the family of nonempty subsets of X, I, € C(X,X)
(k=1,2,...,m), 0/,07 : J x X x X = L(Y, X). Here, L)(Y, X) denotes
the space of all @-Hilbert-Schmidt operators from Y into X, which will be
also defined in the next section. Moreover, the fixed times t; satisfies 0 <
t <ty <...<ty<T, y(ty) and y(t}) denotes the left and right limits of
y(t) at t = ty.
o(.,x) = (o1(., x) oo x),...),

5.0.2
lo( )| = an 7)|l2 < o0 (502)

with o(.,z) € £2 for all z € X, where

={0= (01 : X x X = Lo(Y, X) o) = Z l60() 75, < o0}

5.1 Existence results

In this section we prove the existence of mild solution of the problem (5.0.1).
Our approach is based on multivalued versions of Schaefer’s fixed point the-
orem.

5.1.1 The convex case

In this section, we will show same results concerning the existence results
of mild solutions for convex case of system (5.0.1)in the convex case. Let
Je = (tk, ter1], K = 1,2,...,m. In order to define a solution for Problem
(5.0.1), consider the following space of pice-wise continuous functions

{z: Qx[0,0] — X, v € C(Jg, X)), k=1,...,m such that
x(tf,.) and x(t;,.) exist with z(¢;,.) = z(t,.) and

sup E|z(t,.)|% < oo almost surely}.

t€[0,b]

Endowed with the norm

[zl pc = (Sup E\x(&-)&) :
s€[0,0]
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Systems of impulsive stochastic semilinear differential inclusions

it is not difficult to check that PC' is a Banach space with norm || - || pc.
AC"*(J, X) is the space of functions y : J — X i— differentiable in whose ith
derivative, y¥, is absolutely continuous.

Let A be the infinitesimal generator of a Cy-semigroup {S(t)}:>¢ such
that 1 € A(S(b)) and let f: J — X be a continuous function.

Lemma 5.1.1. Ifx,y € PC is a mild solution of the problem

;

dx(t) = (fY(t) + Ax(t dt—l—Zal toa(t),y(t))dBI(t), t € Jt 4ty

y(ty) —y(te) = In(y(te)),

| 2(0) = z(b),
(5.1.1)
then it 1s given by
m b
of6) = S = SO) (3250 - el + [ 5= 317 (5)ds

k=1

+;Aﬂwﬂﬂm@ﬂww%ﬂféw—wwm

+IZ/OtS(t—s)al1(t,x( s),y(s))dBf( Z S(t—ti)Ix(x(ty)), for te€J
=1

0<tp<t

and

+12/0t5(t—3)072(t,x() s))dBf (s Z S(t—t)T(y(ts)), for teJ
=1

0<trp<t
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Proof. Let (z,y) be a solution of Problem (6.0.1) and Li(s) = S(t — s)x(s)
and Lo(s) = S(t — s)y(s) for fixed t € J. We have

Ly(s) = =5'(t—s)x(s)+ S(t —s)z'(s)
= —AS(t — s)x(s) + S(t — s)z'(s)
= S(t—s)(x'(s) — ( )

= S(t—ys) fl(s)ds—i—ZUl (t,z(s),y(s))dB{ (s)
Let 0 < t < t;. Integrating the previous equation, we deduce for k =1

Ll(t)—Ll(O):/St—s ds—l—Z/ (t — s)a} (t, z(s),y(s))dBf (s)

0

Hence
x(t) = S(t)x(O)—F/O S(t—s)fl(s)ds+2/0 S(t—s)o}(t,z(s),y(s))dB} (s).

More generally, for ¢, <t < x4

/Ot1 L/1(3>+/t:1 L'l(s)+....+/t:L'1(s):/Otg(t_s)fl(s)ds

+; / S(t — s)op (t,x(s), y(s))dBH (s)

=Li(t7) — L1(0) 4+ Ly(t5) — Li(t7) + ... + Li(t) — L1 (&)

= /0 St —s)f(s)ds + Z/o S(t — s)a (t,x(s),y(s))dB (s).

Therefore

x(t) = S(t)z(0) + Z (Ly () — Li(ty)) +/0 St —s)f(s)ds



Systems of impulsive stochastic semilinear differential inclusions

Since z(0) = z(b) and 1 € p(S(T)) , then (I — S(b)) is invertible. Hence we
obtain after substitution

m

r(t) = SO~ 50)" (3050~ )Ll + /S(b—s)fl(s)ds

k=1

+Z/Sb—salsx() y(s) dBl /St—s

+Z/St—sal (s,2(s), y(s))dB{" (s)

+ Y S(t—t)Iu(x(ty)), for te .

0<trp<t

and,we can proceed similarly with the y-component.

m

y(®) = SO =50 ( IS0 -t) (tk))+/0 S(b— ) f3(s)ds

k=1

00 b t
+Z/ S(b— )0 (s, 2(s), y(s))dBf!(5)) +/0 S(t — 5)f(s)ds

0

o0

+§_:/ S(t — s)o7 (s, x(s),y(s)dB (s) + > S(t — te)Tu(y(ty)), for t € J.

0 0<tp<t

]

This lemma leads to the definition of a mild solution.

Definition 5.1.1. A X —walued stochastic process u = (x,y) € PC x PC
is said to be a mild solution of (5.0.1) with respect to the probability space
(Q7 F? IED)) Zf‘:

1) u(t) is Fi-adapted for allt € J, = (tg,tir1] k=1,2,...,m

2) u(t) is right continuous and has limit on the left, and there exists se-
lections f*, i = 1,2, such that fi(t) € F'(t,u(t)) a.e. t € J.
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5.1 Existence results

3) u(t) satisfies

“ b
x(t) = St)I <Z b—ty)) i (x(tr)) + /S(b—s)f (s)ds
+ Z/ S0 - s)od12(6) w8 ) + [ St )1 )as

S / S(t — 8)oi (t, 2(s)., y(s))dB (3)
=1 /0
+ Z S(t — tk)]k<x(tk:>>’ t e J,

O<trp<t

y(t) = S-S

[y

NE

(S(b—tk tk /Sb—8f2 ds

>
Il

1

+ 3 [ 5= satteato)uast s >)+ [ s -5

0

> / S(t — s)o?(t,x(s),y(s))dB (s)

+ _Z St —tu)Ik(y(tr), teJ

\ 0<trp<t

In this section, we assume again that 1 € A(S(b))).We are now in a
position to state and prove our existence result for the problem (5.0.1). First
we will list the following hypotheses which will be imposed in our main
theorem.

Consider the following assumptions: In all this part, we assume that S(t) is
compact for ¢t > 0 and that there exists M > 0 such that

IS(t)]] < M, for every t € [0,b].

(Hy) The function o : Jx X xX — L¢)(Y, X). There exist positive constants
«; and f;and ¢; for each ¢ = 1,2 such that

lo*(t, 2. y)I* < anlzlx+Bilylxt+er,  No*(t 2 y)I* < cofalk+Blyli+eo

and .
> [ ottt iyt < oc
1=1 70

forall x, ye X and t € J.
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(Hy) F':[0,0] x X X X — Py p(X) is an integrably bounded multi-valued
map,i.e. there exists p; € L*(J, X),i = 1,2 such that

|Fi(t, 2z, y)|% = - sup IFf O <pit), Vteld, ¥Y(r,y)eX xX.
fieFi(t,z,y)

(Hs) There exist constants di,d;, > 0 and ey, e, > 0 for each k = 1,...,m
such that

1Le(@) 5% < dilzlx +ew, 1e(@)%x < dilylx + @, for all z,y € X.

Consider the following operator N (z,y) = (N1(z,y), No(z,9)), (z,y) € PCX
PC' defined by B

N(z,y) = {(h,h) € PC x PC}
given by

m

A(t) = S(1)( (Zjb—m (2(t))

=1

/St—s ds+Z/ObSt—sal (t, 2(s), (s))dBlH(s))
+/ S(t—s)f ds+Z/St—sal (t, 2(s), y(s))dBH (s)

0

+ ) S(t—ti)Ii(z(t)), if te[0,b]

0<tp<t

R(t) = SO = 50) 7 380 - o) T(y(t))

k=1
—I—/ObS(t—s 28d8+2_:/b5t—301 (t,z(s), (3))dBlH(3)>

0

/ St —s)f2(s) ds+2/5t—saltx() y(s))dB (s)

0
+ Y S(t—t)T(y(t), if te,

0<trp<t

where

fre€Spin={f €L*(JX): fi(t) € F'(t,x,y) forae teJ}.
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Lemma 5.1.2. Assume that F* : Jx X X X — Py p(X) is a Carathéodory
map satisfying (Hy) — (Hs3) hold. Then the operator is completely continuous
and u.s.c.

Proof. Firstly we show that N = (Ny, N2) completely continuous

Step 1. N maps bounded sets into bounded sets in PC' x PC.
Indeed, it is enough to show that for any ¢ > 0 there exists a positive
constant | = (ly,[2) such that for each (x,y) € B, = {(z,y) € PC x
PC : E|z|% <q, Elyl% < q} one has

A% < b, 1B < Lo

Let (h,h) € (N1, Ny) there exists fi(t) € F'(t,z,y) for each t € J, we
get

Ms

BB = Bls® - S®)(3(S(b— ) Iu(x(te))

" /bS(t—s)fl(s)ds

. Z / $)at(t,2(s), y(s))dBI!(5))
; / S(t — )/ (s)ds

. i / S(t = 5)od (6 (5), (5B (5
+ Y S(t—tk)fk<x<tk))i

0<trp<t
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Also

BIbOF < 4E]SO)T - S0) (350~ 1) (a(r0)

k=1

+ /bS(t—S)f (s)ds
+ Z/ t—sal (t,z(s),y(s ))dBH(S)>‘j(

2

+ 4E/05(t—s)f()ds

X
2

X

+ 4B Y /0 S(t—s)a}(t,m(s),y(s))dBf{(s)‘

+ 4F Z S(t_tk)jk(x(tk))i

O<trp<t

Using (H;)-(H3) and (1.4.19) we have

Elh(t)|%

2 m
20| = s®) | (m > suwp BIL()E + Ipills

1 z€B(0,q)

ey H(2H — D)0 (a1 Elx(t)[% + B Ely(t) % + c1)> +AM||p1 || s
AM (e H(2H = D)0 (en Bl ()% + BEly(D)[X + 1))

M?m Z(qu + ex)
k=1

2 m
4M4H(I . S(b))‘lu (Z(qu +ex) + [|p1 ]l
k=1
e H2H — D)0 (avg + fig + c1)> ANy
4M? (cgH(2H — D)b*" (g + Big + 1))

4M2m Z(qu + ek) = ll.
k=1
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Similarly, we have

B0 < - so) (S +a0 + lpal

+ epH(2H — )0 (ag + Bag + C2)> +AM?[|pe]| 1
+ AM* (e H(2H — 1)0* (agq + Baq + ¢3))

+ 4M2m Z(c_lkq + ék)) = l2.
k=1

Therefore

Step 2 N maps bounded sets into equicontinuous sets of PC' x PC.
Let B, be a bounded set in PC' x PC' as in Stepl. Let 11,2 € J, 11 < 7o
and (z,y) € By,there exists f'(t) € F'(t,z,y), i = 1,2, such that

E|h(m) - h(ﬁ)fx

2 m
(m sup ZE|Ik(Z)|§(+||p1||L1

2€B(0,9) .

e HRH = D0  Bla () + B Ely@) + )

< 1202 2”(1 — S(b))!

(S(m2) — S(m1)

2

12 / S(rs — ) — S(r1 — )| pr(s)ds
0
TS 2

—|—12/ S(19 — s)|| p1(s)ds

S(ry— 8) — S(m — s)H2<a1E|x(t)|§(

T2
+12cy H(2H — 1)(72)2H—1/
0

BBl + er)ds)

S(m — s)

2
+12cy H(2H — 1)(ty — tl)QH_l/ (a1E|x(t)|§(

T1
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+HEly(O) + er)ds)

+12m 3 stg—tk)—sm—tk)

2
sup E]Ik(z)&

0<trp<m1 zEB(O,q)
2
+12m > [S(—t0)| sw Bl
T <tp<T2 z€B(0,9)

The right-hand term tends to zero as |72 — 71| — 0 since S(t) is strongly
continuous operator and the compactness of S(t) for ¢ > 0 implies
the continuity in the uniform operator topology [74]. This proves the
equicontinuity.

Step 3 (N(B,)(t) is precompact in X x X. As a consequence of Steps a to
b, together with the Arzeld-Ascoli theorem, it suffices to show that N
maps B, into a precompact set in X x X. Let 0 <t < b be fixed and
let € be a real number satisfying 0 < € < t. For (z,y) € B, we define

h(t) = S(OS(t—e)(I (iSb—tk Ve (2(t) /Sb—s

—%Z/ﬂwwﬂw><W& s [ s

[e.e]

4 ZS / S(t — s)a} (s, x(s),y(s))dBf (s)
+ S(e) D S(t—e—ti)Ii(a(ty)).

O<tp<t—e

Since S(t) is a compact operator, the set

(s)ds
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2 2

IN

E[n(t) — (1) 3E /1t j S(t — 8)f(s)ds)

X X

2

X

+ 3E Z/t_ S(t — s)oi (s, 2(s),y(s))dB{ (s)

b 3B YD St t (e

t—e<tp <t

VAN

t
3M? / p1(s)ds
t—e

t
+ 3M2(CHH(2H—1)€2H_1/ (a1q + Biq + ¢1))ds
t—e

+ 3M*(m Z sup FE|Ix(z) i)

t—e<ty <t 2€B(0:9)

Similarly,

IN

t
3M? / pa(s)ds
t—e

t
+ 3M*(cyH(2H — 1>€2H1/ (oq + Poq + ¢2))ds
t—e

+ 3M?*(m Z sup E|14(%)

‘2
zeB(0,9)

X)'

t—e<tp <t

The right-hand side tends to 0, as € — 0. Therefore, there are pre-
compact sets arbitrarily close to the set H = {h(t) = (h(t) h(t)) : h €
N(z,y) (z,y) € B,}. This set is then precompact in X x X.

Step 2. N = (N1, N2) has a closed graph. Let u, = (T, yn) — 2 =
(24, Y4)s(Pny h) € N(un) and (hp, hy) — (hy, hy) as n — oo, we shall
prove that h, € Ni(u,). The fact that h, € Ni(u,) and h, € Ny(u,) means
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that there exists f! € Spi,, for each i = 1,2 such that

) = SO =56 (3 SO i)+ [ 5095

O<trp<t

+ lZ/O S(b— 8)(711(8,:1:“(8),yn(s))dBlH(s)> _|_/0 S(t— S)fi(s)ds

D3 / S(t — )07 (5, 2u(5), yal(s)ABE(5) + 3 St — 1) Lu(wa(te)).

0<tp<t

First, notice that, as n — oo

ho = SO = SO (D S0~ te)Iulwa(ts)
k=1

3 / S(b— )01 (5, 2a(5), yn(3))dB{!(5) )

—Z/O S(t = 5)0i (s,@a(s), yn($)dB{" (s) = > S(t = ti)Ix(wa(tr))

NE

— he+ SO = S0) (S0~ )z (1)

e
Il

1

_Z/ t—salsx ) ())dBH<)
+ Z [ IR RAIE e

+ Z t—tk Ik ))HPC—>O’ n — 0.

0<trp <k

Now, consider the continuous linear operator ' : L*(J, X) — PC defined
for each 1 = 1,2, by

D()(t) = /Sb—s ds+/St—s
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From the definition of I' we know that

(hn(t) — S( <i5 b—tk ]k l’n tk))
k=1

+;Aﬂwmewme&@)
— Z/O S(t — 5)a} (s, 2,(8), yn(s))dBi (s) — Z S(t— tk)Ik(mn(tk))> e I'(Spiu,),

O<tr<t

and

(hu(t) = ST = S®) (2 S0 — 1) Tulyn ()
+Z/ammewmeW@)

—Z/ (t = )35, 2(5), n(NABL(5) = 30 St~ t)Tu(waltr))) € T(Spe,).

0<trp<t

Since u, = (Tp, Yn) — 2+ = (24, y,) and T' o Spi is a closed graph operator
by Lemma (2.3.1), then there exists f! € Spi,, for each i = 1,2 such that

n(t) = SO0 =S (3050 - . () + /0 S(b— s)fL(s)ds

£ 3 [ 80 90 a6 DB ) + [ (-9 s
= 3 [ 80 -0t (s) DB + 3 S~ (o)
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Similarly,

m

_ b
i) = SO -50) (L Se-whe) + [ 697

k=1

; S(b - 5)02(5, 2.(5), yo(s)dBE()) + [ St — 8)f2(s)ds
Z/ ’ )+ [

" Z/ S(t = )0t (s,.(5), yo()ABF (5) + 37 S(t =) Tely. (t).

O<tp<t

Hence (hi,hy) € (N1(us), No(uy)), proving our claim. Lemma 2.3.3 yields
that N is upper semicontinuous. O

Now, we present the fist our existence and compactness of solution set of
the Problem (5.0.1).

Theorem 5.1.3. Assume that F* : [0,b] x X x X — Pup(X) is a
Caratheodory map satisfying (Hy)-(Hg) hold. Then the (5.0.1) has at least
one mild solution on J. If further X is a reflexive space, then the solution set
15 compact in PC x PC.

Proof. Part 1. Existence of solutions.

We transform the problem (5.0.1) into a fixed point problem. Consider the
multi- valued operator N : PC' x PC — P(PC x PC) defined in lemma
5.1.2. It is clear that all solutions of Problem (5.0.1) are fixed points of the
multi-valued operator defined by We shall show that N satisfies assumptions
of Lemma 2.4.8. Since for each (z,y) € PC x PC, the nonlinearity F* takes
convex values, the selection set Spi, is convex, and therefore N has convex
values. From lemma 5.1.2, N is completely continuous and u.s.c.

Step 3 A priori bounds on solutions. Let (z,y) € PC x PC be a solution of
the abstract nonlinear equation z € Ny(z,y) and y € Ny(x,y). Then
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there exists f' € Sp: for t € [0, 8] for each i = {1,2}, namely

w(t) = St NS0 - ) Ikl (t)

=1

+/0bS(b—3 ds+Z/ (b—s)o} (s, z(s), ())de()>

+/05t—s ds+Z/ (t — s)a} (s, z(s), y(s))dB/ (s)
+ Z S(t —te) In(x(tr)),

0<trp<t

y(®) = SO = S6) (DS —t)Tly(t)
+/0 S(b— s)f*(s)ds + Z/o S(b— s)ai(s,z(s), y(s))dBﬁ(s))

—l—/o S(t—s)f*(s)ds + Z/o S(t — s)oi(s,x(s),y(s))dB (s)
+ > St —t)Te(y(t))-

0<tp<t

We first give an estimation for the third part,

m

Ble(t) < 1201 = SO)7| (m Yo (@El (@) + ) + Il

k=1
e H2H — DF (e Bla(t) i + BEly(0) + 1)) +AM2 |y 1
+AM2 ey H(2H — 1) (0 Bla(t) + B Ely()l + 1)

HAMPm Y (R Ela(t) X + ex)-
k=1
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Similarly,
2 m
By < 1201 = 50) || (m Yo @eBly) i +2) + Ipellss
k=1

terH(2H — D)0 (e Bla(t) X + B2 Bly(t)[x + C2)> +4M? ||y |
HAM? e H(2H — D)0 (0o Bz (t)[% + BoBly(t)[% + c2)
+HAMPm Y (AR Ely(t) % + ).
k=1
Consider the function pu, 7w defined on J by
p(t) =sup{Elz(s)[x : 0 < s <t}
and
fi(t) = sup{Ely(s)|x : 0 < s <t}
This implies, for each t € J |

plt) < 12M°)\(I - S(b))

2 m
[ (Y ) + ) + U1
k=1

e H2H — 10 (o1 a(t) + Bifi(t) + 1) ) + 4M2 | |
+4AM* (e H(2H — 1)0*H (g pu(t) + Buf(t) + ¢1)

+4M?m Z(dk,u(t) + ex)
k=1

= 12M4H([ — S(b))—1H2<m§:ek + lpillpr + e H(2H — 1)62Hcl>
tt) (120m (1 = 506" de+CHH(2H—1)b2H )

FAM2 (e H(2H — 1)y + 4M?m Z dk>
k=1

(1) (12M4 (1 = SO) | entr2n - 1528,

FAM e H(2H — 1)52%1)
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There exists a constant K;, K; for each j=1,2,3 defined as follows

9 m
Ky = 1204|(1 - S(b))‘l‘ (mZek llpullo + cn H(2H — 1)b2Hcl),
and
2 m
Ky = 4AM*|(1 = SO) 7| (m> dy+ ey H2H — 1)p* o)
k=1

+HAM? (cy H(2H — 1) oy + 4MPm)Y dy,,
k=1

and
2
Ky = 12mM4H(1—S(b))-1H e H(2H 1) 3+ AM? (e H(2H 10?1 3.

Similarly,

at) < 120|(r - s)

2 S 2H
(mzék + lIp2llzr + cnH(2H — 1)b 02)
k=1

+ ﬂ(t)<12M4H(I — S(b))‘luz(miak +enH(2H = 1)5 5y)

+ AM(cq H2H — DB 6, +4M> Y Ek>

) (anr (1 - S(b))_lHQCHH(QH )00y + AM ey H(2H — 110, )
_ R+ Raplt) + Fai(h),

where

74 2 2H

Ky = 12mM*|(I—S(®))™ ( > e tllpello +enH(2H —1)b cz)
O<tp<t

and

— 2
Ko = 12M4H(1—S(b))—1H cr H(2H — 102 gt AM ey H(2H —1)0*H oy
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and

Ky = <12M4H(I —S(b))!

Q(mZm:Ek Yoy H(2H — 1)52H52)>
k=1

AM? <cHH(2H — )b By 4+ AM?m zm: Ek) .

k=1

On the other hand,

Thus, we have

the maximum being taken componentwise, and IN(Q is a suitable value
lower than 1

[?1 :?14—[(1 [?szaX{KQ —|—F2,K3 —|—F3}< 1

Elz()[x + Elyt)x < M.
Consequently
|2l[pe < M and [lyl[pe < M.

Let
U=A{(z,y) € PCx PC ||x||?gc <M-+1 and ||y||§gc <M +1},

and consider the operator N : U — Pev.cp(PC x PC) From the choice of
U, thereisno (z,y) € OU such that x € ANy (z,y) and y € ANy(z,y) for
some A € (0,1) As a consequence of the Leray and Schauder nonlinear
alternative (Lemma 2.4.8), we deduce that N has a fixed point (x,y)
in U, solution of Problem (5.0.1).

Part 2 Compactness of the solution set. Let

Sp=A{(z,y) € PCx PC: (z,y) is a solution of Problem(5.0.1)}.
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From Part 1, Sp # () and there exists M such that for every (x,y) €
Sellz)|%c < M and ||y||%- < M. Since N is completely continuous,
then N(Sr) = (N1(Sp1), No(Spz2)) is relatively compact in PC' x PC.
Let (z,y) € Sp then (z,y) € N(z,y) and Sp C N(Sr). It remains
to prove that S is a closed set in PC' x PC. Let (x,,y,) € Sr
such that (z,,y,) converge to (x,y). For every n € N, there exists
vl (t) € Fi(t, zn,y,) a.e. t € J for each i € {1,2} such that

ra(t) = S D7 (DS — ) In(wata)

k=1

/Sb—s ds—l—Z/Sb—s)al(txn()yn( )dBL(s))

+ [ st - s ds+2/5t—s>al<s £a(5). 4 ())Bf(s)
+ Z S(t —tp) Ik (n(tr)),

and
balt) = SO =S0) (XS0 — ) Telun(t)

+/ S(—s)vi(s)ds—FZ/ S(b—s)a?(t,xn(s),yn(s))dBlH(s)>
+ [ st - s ds+z/5t—s>al<s £(5). 4 ())ABf(s)
+ St =t Telyn(th)-

0<trp<t

(H3) implies that for a.e. t € J ! € p;(t)B(0,1), i = 1,2 hence
(v )nen is integrably bounded. Note that this still remains true holds
for S is a bounded set. Since X is reflexive, by Theorem 2.3.7, there
exists a subsequence still denoted by (v?),cn, which converges weakly
to some limit v* € L*(J, X). Moreover, the mapping " : L*(J, X) —

PC' defined by
t
:/ S(t—s)g'(s)ds
0
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is a continuous linear operator. Then it remains continuous if these
spaces are endowed with their weak topologies [39]. Therefore for a.e.
t € J, the sequence (x,(t), y,(t)) converges to (z(t),y(t)) and by the
continuity of (I, I) it follows that

x(t)

SO = SO (Y (S = t)Ielw ()

0<trp<t

+ /Ob St — s)v'(s)ds + i /Ob St —s)o] (t,x(s), y(s))dBlH(S)>

+/0 S(t — s)v'(s)ds + Z/o S(t — s)o} (s, 2(s),y(s))dB (s)
+ ) St — ) e (t),

O<trp<t

SO = SO (D (SO —1)Te(y(t)

0<trp<t

b o0 b
+ [t =+ Y [ S = o e 9()aBl )

+/0 S(t — s)v*(s)ds + Z/o S(t — s)oi(s,x(s),y(s))dB (s)
+ ) St —te) Tu(y(te).

O<tp<t

Now we need to prove that v'(t) € Fi(t,z(t),y(t)), for a.e. t € J.
Lemma 2.3.6 yields the existence of constants o >0, j =1,2...,k(n)

k(n)
and 7 = 1,2 such that Za? = 1 and the sequence of convex com-
j=1
k(n)
binations ¢ (. Za] U] converges strongly to some limit v! €

L*(J, X). Since F* takes convex values, using Lemma 2.3.5, we obtain
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that

vty € ({git):k>n}, ae telJ

c Neoli). k>n)
C ool Fitt, zelt), ye()}
C co{limsup F'(t, zx(t), ye(t))} (5.1.2)

k—o00

Since F' is u.s.c. and has compact values, then by Lemma 2.3.4, we
have

limsup F'(t, 7, (1), ya(t)) C F'(t, 2(t),y(t)) forae teJ.
n—o0
This and (5.1.2) imply that v'(¢t) € co(F(t,z(t),y(t))). Since, for each
i = 1,2, F(.,.) has closed, convex values, we deduce that vi(t) €
F'(t,z(t),y(t)) for a.e. t € J, for each i = 1,2 as claimed. Hence
(z,y) € Spi which proves that Sgi, for each i = 1,2, is closed, hence
compact in PC x PC.

O

5.1.2 The nonconvex case

Now we present a second result for the problem (5.0.1) with a non convex
valued right-hand side. Our considerations are based on a multivalued version
of Perov’s fixed point theorem given by by Petre and Petrusel [126](see also

Ouahab [121]).
Let us introduce the following hypotheses:

(H4) F': IJx X x X — P,(X); (t,y) — F'(t,z,y) is measurable for each
(x,y) € X x X.

(H5) There exist functions a;, b; € L*([0,T],R") such that

{ chll(Fl(taxay%Fl(t?fay)) < al(t)’x _T|§( + bl(t)‘y _y‘?}(
T

) < ax(t)|z =T[5 + ba(t)ly — V%
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with

for all x, y, 7,y € X for each 7 =1,2

(H6) There exist functions oy, 3; € L'([0,T],RT) for each i = 1,2 such that

{ ot (¢, 2,y) — ol

) 02(25 )? < on(t)lle = ZI° + Bi(t)lly — 71?
o°(t,z,y) —o-(t

LY
T, %)H2 < ag(t)[lz = 7|1 + Ba(t) ly — 7II?
forall z,y, 7,y € X and t € J.
(H7) there exist constants d; > 0 and dj, > 0, k = 1,...,m such that
Ik(2) = In(@)[% < dilo —T[%,

and
Ii(y) — Le@)* < dily — Yl

forall z, y, 7,y € X.

Theorem 5.1.4. Assume that hypotheses (H4)-(H7) are fulfilled. If the ma-

trix
(A Ay
= (8 8)

converges to zero, then problem (5.0.1) has at least one mild solution.

Proof. In order to transform the problem (5.0.1) into a fixed point problem,
let the multi-valued operator N : PC' x PC' — P(PC x PC) be as defined in
lemma 5.1.2. We shall show that NV satisfies the assumptions of theorem ?77.
Note that (H4) implies that F* for each i = 1,2 has at most linear growth,
ie.

BIF'(t,z,y)[x < ai(t)Elz|x +bi()Elyl%,

for a.e. t € Jand all x,y € X

(a) N(z,y) € Pq(PC x PC) for each (z,y) € PC x PC . The proof is
similar to that in Theorem 5.1.3, Part 1, Step 2 and is omitted.

(b) There exists M, € Mayo(R;) convergent matric to zero, such that
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Hd(N<:U7y)7 N(fa y)) < Ma,ﬁ <||||:; : g”]}:g) ’ for all x,Y,T,Y € PC.

Let z,y,7,y € PC and h; € Ny(z,y), i = 1,2. Then there exists f'(-) €
Spi »y such that for each ¢ € J, we have

hi(t) = S(t)([—S(b))”(Z(S(b—tk))ﬁ(?(tk))

+/O S(b—s)f(s)ds + Z/o S(b—s)ai(t, z(s), y(s))dBﬁ(s))

+/0 St —s)f'(s)ds + Z/o S(t — s)oj(t,x(s),y(s))dB{ (s)
+ ) S(t — t) TIe(2 (1)),

O<trp<t

where

(2 (ts) = Lu(z(ty)), and T,(22(t)) = Te(y(ty)), k=1,....m.
From (Hb5), tells us that

EHgl(F(t, r,y), F(t,7,7) < ai(t)Elz — T|% + 0bi(D)Ely —y|%, a.et e J,
EHG,(F(t,z,y), F(t,7,7)) < ao(t) Elr —T[% + bao() Ely — 9%, aet € J.

Hence there is (w,w) € F'(t,z(t),y(t)) x F(t,z(t),y(t)) such that
Elf'(t) —wx Sai(t)Ele 7[5 + bW Ely -7k, te

and
E|f*(t) - w* < ax(t) Elx = T|x + b2(t) Ely —Jl%, t€J
Consider the multi-valued maps U; : J — P(X), i = 1,2 defined by

Ui(t) = {w € F'(t,7(t), (1)) : EIf'(t) —wl* < axs() Bl — 7%

+01(t)Ely — glx a.et € J},

and
Us(t) = {w € F(t,7(t),7(t) : E|f*(t) — w0 < as(t)Elz —T|%
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Systems of impulsive stochastic semilinear differential inclusions

+bo(t)Ely — Y%, a.et € [0,0]},

that is Uy = B(f'(t), a1 (t)E|lz—7|%+b1 (1) Ely—7|%) and Uy = B(f%(t), ax(t) E|v—
T|%+b2(t) E|ly—1|%). Since f*, a;, b;, x,y, T,y are measurable for each i = 1,2,
Theorem [I1.4.1 in [47], tells us that the closed ball U; is measurable.
In addition (H4) and (H5) imply that for each (z,y) € PC x PCand
Fi(t,z(t),y(t)) is measurable .Finally the set V;(.) = U;(.) N F*(.,Z(.),y(.)) is
nonempty. Therefore the intersection multi-valued operator V; is measurable

with nonempty, closed values (see [69]), there exists a function f (¢) which is
a measurable selection for V;(.). Thus

T'(t) € Fi(t,z(t),5(t)) for act e J.
Hence
Elf' ()= T (OB < ai(t)Ele — 7% + i (W Ely — g%, foraet e J.
and

BIf2(t) = (0% < ax(t)Ble — 7 + ba(t) Ely — g%, for acet € J.

So

RO = SO - sO) (50~ )R Ew) /5“8
+Zﬂsmﬁ@mmm»ww0 A(%@ﬁ)
+i/05t—solt$()§( NdB ( Z S(t — tn) (2 ().

0<trp<t
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5.1 Existence results

From (1.4.19) and (H5) — (H8),

Elh(t) = ()% < 12M*m|(I = SO) 1P Y deBla(ty) —w(ty)%
k=1

w2t - so) ([ wls)Blets) - 7R
+h1(5) Ely(s) = 5(s) )
+12M|(1 = S(0)) M |Per H(2H — 1)p* 1
< [ antomiate) 761
+B1() Ely(s) = 7(s)[3ds )

([ "a1(s)Bla(s) — 7(5)fx + () Ely(s) — 553 ds)

t
+4M? e H(2H — 1)62H_1/ a1 (s)E|z(s) — z(s)|%
0
+B1(8)E|y(s) — 5(s)|5ds + 4mM?> Z diE|z(ty) — Z(ty) |5 -
k=1
Taking the supremum, we have

sup B|hy (t) — ha(t)[% < 4M* (3MH(I = S0)7MP Y di+3MI(I = S(0) 7 Pllaall e

teJ k=1
+ 3MP(|(1 = S(0)H[Pen H(2H — DB lau | 1
+ ||CL1HL1 + CHH(QH — 1>b2H_1||Oél||Ll

+ mde> sup Elz(t) — z(t) %

teJ

M2 ([l + 3V (1 = S(0) " |Pe H(2H = 1By

+|bllzr + e H(2H — 1)62H_1||61||L1) SuyE!y(t) — (1) [%-
te
Hence
[y — hallpe < Aillz — T pe + Aslly — Tl pe-
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Systems of impulsive stochastic semilinear differential inclusions

where

3ml|(I = S0)7M D di +3M>(|[(T = SB) [l aal|
k=1
A =2M | +3M2(I — (b)) V|Per H(2H — 1) o[ 1

Hlarllpr + cx H2H — DR Yoy || +m Y~ dy

\

and

[ballzr +3MZ|[(1 = S(0)"Y[Pen H(2H — 1B By| o

Ay =2M
’ Hibillzr + e H(2H — 10| By o

and similarly

sup Elhs(t) — ha(t)[x < 4M? (3m||(f = SO)7MP Y i+ 30 = S(0) 7 P llaz| 1
k=1

teJ
+ M1 = S®)Pen H(2H — 1 oo
+ asllp + enH2H — )P |as|| 1

+omYd) s Ely(t) - 70O
1 teJ
+AM2 ([t + 321 = S(8) e H(2H — 1) Byl
sl o2 + e H2H = 181114 sup El(t) — F(0)[3-
c
Therefore

|he = hallpc < Billz — Z| pc + Bally — 7llpc-

where

3ml|(I = SO) 7D di +3M>|(1 = S() || az| 2
k=1
Bi=2M | +3M2||(I — S(b)) | Pen H(2H — 1)bH|as]| 11

Hlasllpr + cnH2H — DT as|lpr +m Y dy

\
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5.1 Existence results

and

10a]| 2 + 3MZ (1 = S(0)~"|[Pen H (2H — 1)0* =] o 2

By =2M
2 b2l + ca H(2H — )07 By || 1

By an analogous relation, obtained by interchanging the roles of x, y and 7, 7,
we finally arrive at

o r—7T
Hy(N(z,y), N(7,7)) < Map <||‘|?/ _ y||||§g) ’

where
(A A
v (B )

Since M, 3 converges to zero. Thanks to theorem 2.4.9, we can ensure
that N has a fixed point (z,y), which is a mild solution to (5.0.1).
O

5.1.3 An example

In this section we us the abstract result proved in the above section to study

the existence of mild solution for impulsive Stokes differential inclusions.
Let D C R? be a bounded open domain with the smooth boundary 9D

and and let n(z) be the outward normal to D at the point z € dD. Let

X ={ue (C3D))*: Vu=0inQ and n.u =0 on dD}

(72 3
and E =Y be the closure of Y in (L?(D))3. Clear that, endowed with
the standard inner product of the space (L?(D))3, defined by

3
(u,v) = Z<uza Uz’>L2(D)7

i=1

E is a Hilbert space. Let P : (L?(D))?> — X denote the orthogonal projection
of (L*(D))3 in X.
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Systems of impulsive stochastic semilinear differential inclusions

Consider the following system of impulsive stochastic Stokes type partial
differential inclusions:

( P(Au) € F(t,u(t,z),v(t,x)) + 0'1(75)%, a.e. €[0,0], z€ D,
P(Av) € G(tult,z),v(t,z)) +0s() 2L, aet e (0,0, z €D,
u(ty ) (tkv r) = Ie(ulty, v)),
o(th, x) —v(ty, ) = Ir(v(tg, x)), k=1,....m
Vu= Vv =0, (t,x) € [0,b] x 0D
u=v=0, (t,x) € [0,b] x 0D
L u(0,2) = u(b, ), v(0,z) = v(b, x) r €D,
(5.1.3)

where P(A) is the Stokes operator. Let A: D(A) C X — X defined by

{D(A) = (H*D)NH}D))*NnX
Au = —P(Au), u € D(A).

Lemma 5.1.5. (Fujita-Kato)(Theorem 7.3.4, [154]) The operator A, defined
as above, is the generator of a compact and analytic Cy-semigroup of con-
tractions in X.

Let us assume that
(K1) Let fi,9::[0,0) x D x R xR — R, ¢ =1,2 are functions such that
filt,z,u,v) < folt,z,u,v), g1tz u,v) < go(t, @, u,v)
for all (¢,z,u,v) €0, x D xR x R.
(KCy) there exist ¢;,; € L*([0,0], Ry) N L>¥([0,b], Ry ) such that
|fi(t, @, u,v)| < ¢4(t) and |gi(t, z, u,v)| < i(t), i =1,2
for each (¢,z,u,v) € [0,b] x D x R x R.
(K3) fi,q1 are L.s.c and fs, g are u.s.c.
(K4) The function o, 0y : [0,0] — L3 (K, H) is bounded, that is, there exists
a positive constant L such that

b
/ ||O'Z(S)||%2 ds < Li, 1= 1,2
0 Q
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5.1 Existence results

Lemma 5.1.6. [{8] Let f;,9; : [0,b] x D xR xR — R, i = 1,2 are functions
satisfying (Ko) — (K3). Let F': G : [0,b] x L*(D) x L*(D) — P(L*(D)) be
multivalued map defined by

F(t,u,v) = {f € L*(D) : f(x) € [fi(t,z,u,v), fot, z,u,v]}

and

G(t,u,v) = {g € L*(D) : g(x) € [g1(t, z,u,v), g2 (t, 2, u,v)])}.

Then F' and G are nonempty, u.s.c. with weakly compact and convex values.

Moreover F(.,.,.),G(.,.,.) € Pape(L*(D)).

Let
z(t)(§) =u(t,§) ted, (€D,

Ik(x(tk))ZKk%, cEeD, k=1,---,m,
L(y(ty) = Re—2lerS) 0 F_1..
k(y(tr)) T o £eqQ, k=1,---,m,

2(0)(§) = u(0,€) = u(b, &) = x(b)(£), y(0)(€) =v(0,£) =v(b,€) =y(b)(§) £ € D,

where Kj, K, € R, k = 1,...,m. Assume that (K1) — (K4) are satisfied.
Thus the problem (5.1.3) can be written in the abstract form

(2t — A(t) € Fi(tat),yt) +or() 2L, te0,b)
dBH
y'(t) = Agy(t) € F(t,x(t),y(t) + oa(t)—>, t €0,
2(t) = a(ty) € Iux(t)), (5.1.4)
\ :L‘<O = Ty, y(O) = %Yo
where A; = Ay = A. Since for each k = 1,...,m we have
s — _ _
I :‘K—‘ <|Kil |I :‘K—‘ <Ky, forallz e X,
[ x(2)] T el o SRl k(@) T el L |Ky|, forallwe

Then from Theorem 5.1.3 the problem (5.1.3) has at least on solution.
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Chapter 6

Coupled stochastic difference
equations with delay

Hereditary systems (or systems with delays, or aftereffect) are those whose
future development depends not only on their present state but also on their
previous history. Such systems are widely used to model processes in physics,
mechanics, automatic regulation, economy, biology, ecology, etc.

It is worth mentioning that difference equations usually appear in the inves-
tigation of systems with discrete time or in the numerical approximation of
solutions for systems with continuous time [94].

Some good literature for difference delay and or neutral equations are the
books [?,4,11,28] and the references therein. In particular, some stabil-
ity results for systems of difference equations with delay were proved by
Krasovskii [95,96] and this topic is being widely studied currently (see,
e.g. [2,98]).

This chapter is concerned with the existence of solutions, as well as their
asymptotic behavior, for a perturbed stochastic difference equation of the
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following type:

+GY(i,x(i —h), ..., x(i —h),y(i —h),...,y(i)&, i € N(O,b+ 1),
y(i+1)=F?(i,z(i—h),...,z(0),y(i —h),...,y())
+G%*(i,x(i—h),...,z(i —h),y(i —h),...,y(i)&, i € N(,b+ 1),

(i) = ¢1(2), i € Z,

L y(@) = wa(i), i € Zo,

(6.0.1)
where i € Zo UN(0,0+ 1), Zy = {—h,...,0}, N(0,b+ 1) = {0,...,b+ 1},
N(—=h,b+ 1) = Zy UN(0,b + 1), h is a given nonnegative integer number,
F'.GY : N(0,b + 1) x R x R"1 — R are continuous functions for each
| =1,2and ¢; : Zy — R, for i € N(0,b+ 1) and b € N. Let {Q, F,P}
be a basic probability space, F; € F, be a family of o-algebras, E denote
the mathematical expectation, &y, &;,... be a sequence of real valued and
mutually independent random variables, with &; being F;,i-adapted and in-
dependent of F;, E(&) =0, E(§)? = 1,4 € N(0,b+1). An R-valued random
variable is an F-measurable function z; : 2 — R and the collection of random
variables
S ={z(i,w): Q2 —>R|ieN(=hb+1)}

is called a stochastic process. Generally, we just write z; instead of z;(w).

6.0.4 Discrete calculus

This section is essentially introductory in nature .its main aim is to introduce
certain well known basic concepts in difference calculus and to present some
important results.In this we develop the theory of difference inequalities and
prove a variety of theorem Arzela-Ascoli that play a prominent role in the
development of this chapiter.

Definition 6.0.2. Lety : N(0,b+1) — R. Then A is the difference operator,
defined by

Ay(k) = y(k +1) —y(k)
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Coupled stochastic difference equations with delay

N(0,b+1) ={0,1,....b+1}

The following result is known as Gronwall-Bihari’s Theorem. We have
the following well-known properties that have been proved in [101].

Theorem 6.0.7. (Discrete Bihari inequality [122](pp 142) Theorem 2.5.7 )
Suppose that u(n) and b(n) be nonnegative functions defined for n € Ng where
No ={0,1,..} and ¢ be a nonnegative constant .Let g(u) be a nondecreasing
continuous functions defined on R with g(u) > 0 for u > 0. If

u(n) < GG + 3 b(s)),
where r g
G(r) = / Iz), r >0,

where 1o > 0 is arbitrary , G is the inverse of G and n; € Ny be chosen so
that

—l—Zb ) € Dom(G™)
for all n € Ny such that 0 < n < n;.

Lemma 6.0.8. [101] Let p,q, f,u : N(a) — R are nonnegative functions
such that

u(k) < :Z f(Ou(l), for allk € N(a).
Then I=k—1 —k—1
u(k) < p(k) +q(k) Y fOp(O) ] @ +am)f(r).

We now state a theorem needed later on in our analysis.
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6.1 Existence and uniqueness of solutions

Theorem 6.0.9. [2/(Arzela-Ascoli) Let T be a closed subset of C(N(0,b +
1),R). If T is uniformly bounded and the set

(k) ={y(k):y T}

is relatively compact for each k € N(0,b+ 1), then ' is compact.

6.1 Existence and uniqueness of solutions

Recall that N(0,b+ 1) = {0,1,...,b+ 1}. In order to define a solutions for
Problem (6.0.1), let us first consider the space

C={z: N(=hb+1)xQ—R: z(-,w) € C(N(=h,b+1),R), for almost all w € Q

and sup  Elz(i,-)|* < oo}
iEN(—h,b+1)

Endowed with the norm

2 2
= m E .
l=I” = max = ElG, )l
C' is a Banach space with norm || - ||. Now, we define the concept of solution

to our problem.

Definition 6.1.1. An R— walued stochastic process u = (x,y) € C x C is
said to be a solution of (6.0.1) with respect to the probability space (2, F,P)

if:

1) u(i) is Fi-adapted for all i € N(—h,b+ 1), where F; = Fy for i =
—h,—(h—=1),...,—1.

2) u(i) satisfies that

(z(i+1) = F'(i,z(i —h),...,z(0),y(i — h),...,y(7))
+ GYWk,z(i—h),...,z(i—h),yli —h),...,y(0))&, ieN(O,b+1)
x(7) = ;1 € 2y,
9
y(i+1) = F*(i,z(i—h),...,z(0),y(i —h),...,y(7))
+ G,Q(k,x(i—h),...,ac(i—h),y(i—h),...,y(i))fi7 i € N(0,b+1),
[ y(2) = ¢, 1 € Zy.

215



Coupled stochastic difference equations with delay

We are now in a position to state and prove our existence result for the
problem (6.0.1). First, we will list the following hypotheses which will be
imposed in our main theorem.

(H;) There exist nonnegative numbers a;(i),@;(i) and b;(i),b;(i) for each
i € N(0,b+1)

1<i,$0,...,xh,y0,...,yh> —F1<i fo,.. Eh,go,...,yhﬂ

a; (1 |xj_xj|+zb W)y; —

M:

]=0

and

‘F2<z’,x0,...,:L’h,yo,...,yh> —F2<i,§0,...,fh,go,...,yh)‘
h h
< ()| — 7+ Y b))y — 7]
§=0 5=0
for each z;,y;,7;,y; € R, 7=0,...,h. where

h

a(i):. a;(i),a(i) = a;(i), i€N(0,b+1)

and

(Hs) There exist positive constants o;(i),a@;(i) and 3;(i), 3;(i) for each i €
N(0,b+1)

’G1<i,l’0,...,mh,yo,...,yh) —G1<i,fo,...,fh,y0,...,yh)‘

h
o (i)|z; — 7| + Z Bi(0)]y; — 7,
=0

<

E

J

Il
=)

and

‘G2<i,x0,...,xh,yo,...,yh> —Gz(i To, . . - Eh,yo,...,yhﬂ

(0)]z; — 5] + Z i)ly; —

7=0

>

<

<
Il
o

'M?
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6.1 Existence and uniqueness of solutions

for each x;,y;,7;,y; € R, 7=0,...,h. where
h h
a(i) = > ag(i),a(i) =Y @), ieN©0,b+1)
Jj=0 j=0

and

h h
B =D 85, BG) = D_B,(0), i €NOb+1).

=0

For our main consideration of Problem (6.0.1), a Perov fixed point theorem is
used to investigate the existence and uniqueness of solutions for our system
of stochastic difference equations.

Theorem 6.1.1. Assume that hypotheses (Hy) — (Hz) are satisfied and the
matriz

Vi Vi
Vi i

converges to zero, where

[ = <2 Z aj(i)a(i) + 2 Z a;(i)a(i) + 42 al(i) + 42 a§(¢)>

and

p2 = (22 bi(D)b(i) +2  B(0)B(1) + 4> (i) + 425?(%))
and

Lig = <2 Zaj (i) +2> a(i)al) +4> a(i)+4 Zaf@))
and

Then, the problem (6.0.1) possesses a unique solution.
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Coupled stochastic difference equations with delay

Proof. Consider the operator N : C' x C' = C' x C defined by
N(z,y) = (Ni(z,y), Na(z,y)), (z,y) € C x C

where
F'(i,x(i—h),....x60),y(i —h),...,y())

Ni(z,y) =< +G (k,z(i —h),...,x( —h),y(i —h),...,y(0))&, i€ N(,b+ 1)
e1(i), i€ Z,

and
F2(i,x(i—h),...,z(0),y(i —h),...,y())

No(z,y) = +G?(k,x(i —h),...,z(i —h),yli — h),...,y(0)&, i€ N(0,b+1),
©2(1), i€ Z,.

We shall use Theorem 2.4.1 to prove that N has a fixed point. Indeed, let
(x,v), (T,y) € C x C. Then, from (6.0.1), conditions (H;) and (H) and the
Holder inequality, we have for each i € Zy UN(0,b + 1),

E|Ny(2(i), y(i)) — Ni((i), (@) [F < 2 g a; (i) gaxi)EW =)=z =)
+2§bj<z'> g b; (i) Ely(i — j) — 5(i — )
+2 g a; (i) g a; (i) Elz(i — j) —z(i — j)|
+2 g B;(4) J; Bi()Ely(i - j) =g — )|



6.1 Existence and uniqueness of solutions

+4Z DBl —j) —T(i — 5)

+4Zb2 VEly(i — j) — (i — j)?

+43 " a2(@)Ela(i — §) — 2(i — j)?

jzo

+4ZB (D Ely(i —5) —y(i — )

= ulElx(l —§) = 2(i — ) + pEly(i — j) — y(i — 5)|?

where
h h h h
[y = (2 D ai(D)a(@) +2) ag(i)ali) +4) ad(i)+4) ag(i)>
j=0 j=0 j=0 j=0
and
h h h h
= (22 bi(D)b(i) + 2 Bi(1)B(1) +4 ) b3(i) + 425;4‘(@')) .
j=0 j=0 j=0 j=0
Therefore
~osup E[Ny(2(i),y(1) — Ni(z(0),5@)* < i sup Bl —j) - 7@ — j)?
1€EN(—h,b+1) 1€N(—h,b+1)
+ pe sup Ely(i—j) =y — )%
1€EN(—h,b+1)

Similarly, we have
INo(z,y) = No(@ P < ps sup  Ela(i —j) —7(i — j)|*
iEN(—h,b+1)

+ s osup Ely(i—j) —y(i—5)
iEN(=h,b+1)



Coupled stochastic difference equations with delay

It is clear that

R (i

VIV a3
N ( )

IA

Therefore

NG - Nl < (225 forall e @ € Cx

From Perov’s fixed point theorem, the mapping N has a unique fixed point
(x,y) € C x C which is the unique solution of problem (6.0.1). O

Now we present an existence result under nonlinearities F* and G, i = 1,2
satisfying a Nagumo type growth condition:

(H,) There exist a function pg,p, : Zo — R, and nondecreasing function
Y :[0,00) — [0,00) for each k = 1,2 such that

h
E(|F*(i, 20, 2n,y0, - un))> < pu() (Bl * + Ely; )
7=0

and
h
E(’Gk(iaxm"'7xh7y07"'7yh Z E’CC]’Q—FE‘Z/]‘ )
j=0
for any random variables z;,y; € S, j =0,...h.
Now, we present our result on the existence of solutions.

Theorem 6.1.2. Assume that condition (Hy) holds. Then problem (6.0.1)
has at least one solution.
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6.1 Existence and uniqueness of solutions

Proof. Clearly, the fixed points of N are solutions to (6.0.1), where N is
defined in Theorem 6.1.1. In order to apply Theorem 2.4.2, we first show
that N is completely continuous. The proof will be given in several steps.

e Step 1. N = (Ny, N;) is continuous.
Let (x,,y,) be a sequence in C' x C such that (x,,y,) = (z,y) € CxC
as n — 0o. Then

E|N1(25(2), yn (1)) — Ni(2(2), y(0))[”
gQMF%@%@—h%”w%@%%u—m,”wgm

—F'i, 2 —h), ..., x(),yGi —h),...,y()) 2
+2E‘ (Gl(z', (i — R, @), yni — B, yn(d)

G ali— b, xli) (i~ b)) & :

Since F*, G* are continuous functions for each k = 1,2, we obtain

ieN(szp})ﬂ) E|N1(2,(1), yn (1)) — Ni(2(i), y(4))|?

< 2E‘F1(i,xn(z’ R an (@) (i — By (D)
—FYi,z(i—h),...,20),y(i —h),...,y@i))
+2E(G1<i,xn(¢ — B (i), g — B, ya(i))

2

G ai— D), (@) yli— R, y(@)] = 0 as n— oo

Similarly

L BN (), n0) — Na(e ).y

< ZE‘FQ(i,xn(i R, (@) yn(i = B, yn(@)
—F?(i,2(i—h),...,x(),y(i —h),...,y())

+2E(G2<i,xn(z' R (@) (i — B, (D)

2

—G2,aG— ), (@) yli— R,y = 0 as n - oo
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Coupled stochastic difference equations with delay

Thus N is continuous.

Step 2. N maps bounded sets into bounded sets in C' x C. Indeed, it
is enough to show that for any ¢ > 0 there exists a positive constant [
such that for each (z,y) € B, ={(z,y) € C x C : ||z|]| < q, ||y] < ¢},

we have

IN(z, 9)|| < 1= (I, ).

Then for each ¢ € N(0,b + 1), we deduce

[N (x(i), y(i)) [

Thanks to (Hy),

[N (x(i), y (1))

Therefore

IA

IA

B[ F (i, 2(i — ). a(0)y(i — h)....y(0))|

+2E‘G1(i,x(z’ —h),..,z(@),y(i — h), ..., y0))

2

B[ (i, 2(i — h), ... a(0) y(i — ). ... ,y(@'))f

+2E‘Gl(z’, 2(i — h), ... 2(i),yli —h),...,y(0)| E&)?

9 Zpl(j) (w(E|x(z’ — NP+ E|y(i — j)lz))

9 Zpl(j) (w(E|x(i — P+ Eyi — j)|2)>

23" ()00 +2 3 B)0Ca)

INi(, )17 <2 pi(i)(2a) +2)  5i(i)e(2q) = by,

and, similarly,

j=0 j=0

h

INa(, )P <2 pa(i)v(20) +2 ) Do) ¥ (24) = bo.

j=0 7=0
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6.1 Existence and uniqueness of solutions

For each i € N(—h,b+ 1) we can easily prove that the set N(B,)(7)
defined by

N(By)(i) = {N(z(i),y(i)) : 7,y € By}
is relatively compact in R x R. By the Arzela-Ascoli Theorem 6.0.9,

we conclude that N(B,) is relatively compact in C' x C'. Hence N :
C x C — C x Cis a completely continuous operator.

e Step 4. It remains to show that
A={(z,y) €CxC: (2,9) = AN(z,9), A € (0,1)}

is bounded.
Let (z,y) € A. Then z = ANy(x,y) and y = ANy(z,y) for some
0 < A < 1. Thus, for i € N(0,b+ 1), we have

Bla(i + D < 2B|F'(i —h),.. 7)o~ h),.y(0) i

+2Ekﬁ@xi-—h%.”,x@%y@-—h%.”,yunrﬁx&f

IA

22p1 )(V(El2( - )+ ElyG - ))

; szl ) (LG~ P + Ely(i — 5)P))

and
2

Elyi+1)* < %#ﬂ@x@—hxuwﬂﬂy@—h%”wmm

VRE| G20, ai — h), 2l (i~ B, ,y(i))‘z]E(ﬁi)Q

h

< 23 o) (W(Blai = )P + Ely(i - )I)
23 2) (V(Ble(i — )+ Ely(i = )P))

Therefore

Elz(i+ 1" + Ely(i + DI* < p(s)d(Ela(i = j)I” + Ely(i — j)I),
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Coupled stochastic difference equations with delay

where
2 h 2 h m
=2(D Y p) + X B)), and 6(t) = > u(i).
i=1 j=0 i=1 j=0 i=1
We consider the function p; and uo defined by
pi(i) = sup{E|z(k)]*: keN(=h,i+1)}, i+1eN(0,b+1)
and
p2(i) = sup{Ely(k)>: keN(=h,i+1)}, i+1eN(0,b+1)

Let * € N(—h,i+1) be such that u; (i) = E|z(:*)|?. If i* € N(0,b+1),
by the previous inequality we have

(i) < Elgn (i) + 22p1 (L0 () + (k))) + 23 52 (5) (v () + palh)))
and
(i) < Blpa)? +2 37 pol3) (i (k) + (k) ) + 2 3 5l) (0 (k) + iz (R))).

J=0 J=0

Therefore

() + pa(i) < Elpy(d)]? + Ela(d)* 4+ p(k)i(pa (k) + pa(k)),

If i* € N(—h,0), then p(i) = E|p1(7)|? and po(i) = E|p2(i)]* and the
previous inequality holds. Let us take the right-hand side of the above
inequality as v(7). Then we have

v(0) = Elp1(0)* + Elia (0) [

and
po= 1 (1) + pa(i) < (i)

where

v(i) = Bl (i) + Elga(i)]* + p(k)1 (pa (k) + pz(k))
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6.1 Existence and uniqueness of solutions

Using the nondecreasing character of ¢ we get

p(i) < vy +pF)e(p@), @ €NOb+1)

where
v = Elpi(0)]* + Elw2(0)*.
By Theorem6.0.7, we have

Elz(i)| + Ely(i)] < G '(p(k)):= K, for each i € N(—h,b+ 1),

Consequently
ol < K and y[| < K.

This shows that A is bounded. As a consequence of Theorem 2.4.2 we
deduce that N has a fixed point (x,y) which is a solution to problem
(6.0.1)

]

6.1.1 Exponentially stability

As in this section we are interested in the exponential decay to zero in mean
square of the solutions to (6.0.1), we will assume that solutions are defined
globally in time.

Consider the Banach space

Co={r: Qx ZyUZ — R, 2(,w) € C(ZyUZ,R) as. and sup El|z(i,.)]* < oo},

1€Z0UZ

where Zy = {—h,...,0} and Z = {0,1,2,...}, h is a given nonnegative
integer number.
Next, we will introduce some basic definitions.

Definition 6.1.2. The zero solution of probleme (6.0.1) is said to be mean
square stable if for any € > 0 there exists a § > 0 such that E|z(i)|> < €,i € Z,
when the initial condition @ = (p_p,..,00)" satisfies ||| = sup E|p;| < 0.

1€2Z0
If, besides, lim E|x(i)|* =0, i € Z, for all initial condition ¢ then the zero
1—00

solution of Fq. (6.0.1) is called mean square asymptotically stable.
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Coupled stochastic difference equations with delay

Definition 6.1.3. The zero solution of Eq. (6.0.1) is said to be mean square
exponential stable if there are positive constants A and M such that for any

initial condition o, ¢,
Elz(i)|? < M||g.|?e™, ie€Z (6.1.1)

and
Ely(i)|* < Mllpz]*e” i€Z (6.1.2)
Here X s called the exponential convergence rate.
h

Theorem 6.1.3. [146] Suppose c;(i) € RT, i e Z, j € N(0,h) and sup{z ci(i

zGZJO

p1 < 1. Let {u(i)} be a sequence of real numbers satisfying the following dif-
ference inequality:

u(i+1) u(i — 7).

M:

Then

/

u(i) <de ™ i>i i€ Z,
where d € RT and \ satisfies

In —.
h+1nu

To establish the main results on stability for system (6.0.1), we will im-
poaw the following assumptions.

0< A<

(Hs) For any i € Z,j € Zy, there exist positive constants a;(i),a;(i) and
b; (i), b;(i) such that

‘Fl(iwr(h‘"7xh7y07"'7yh‘ Z |$J|2+Zb |y]

and
h

h
S SUGITEES SIS
j=0

)FQ(?:,I(), -5 Thy Yo, - - - 7yh>)
7=0

for each zj,y; € R, j=0,...,h.
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6.1 Existence and uniqueness of solutions

(Hg) For any i € Z,j € Zy, there exist positive constants a;(i),@;(i) and
Bi(i), B;(4)
) h h
’Gl((za Loy oy Thy Yo, - - - )yh)‘ < Z Oéj(l)|l'j|2 + Zﬁj(2)|y]|2
=0 =0
and
‘2

<Dl + 3B (Dl

’G2(i,$0, -5 Th; Yo, - - - 7yh)

for each zj,y; € R, j=0,...,h.

(H7) There exists constant A > 0 such that

0< A< . —11- 7 ln/%
where
silelg{ki(i), ky(i)} =p<1
with
h
k() = (a;(0) + a;(0) + @;(0) + @;(i)) < o0
and
h
k3 (i) = Z(bj(i) + 8;(0) + b; (i) + B;(i)) < o0

for each 1 € Z.
Theorem 6.1.4. Assume that conditions (Hs) — (H7) hold, then the zero
solution of probleme (6.0.1) is mean square exponentially stable and the ex-
ponential convergence rate is equal to \.

Proof. By virtue of the Holder inequality and the mean value inequality, we
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Coupled stochastic difference equations with delay

obtain
Elz(i +1)* = ]E‘Fl(i,x(i —h),..., x(i),y(i —h), ..., y(1))
G (i — B, 3 — B), i — By
< QZa] JE|x(i — 5 |2+22b NE|y(i — 7))
h
+2Z a;()E|z(i — j)° + 226; E[y(i — 7).
which implies
h h
Elz(i+ 1)) = 2(Zaj(i)+Zaj<i))]E|x(i_j>|2
" h jih
F2(3 000+ BB (6.13)
and, in a similar way,
Blyi+ D < 23 a,)+ Y a,()Blati — )
¥2(3°0(0) + BB - P (614

Now, combining (6.1.3) and (6.1.4) we can rewrite them as

Elz(i+ )" +Ely(i+ 1) < QZ(%(Z'H%(Z'H%(H%( i))Ela(i — 5)|*

+2 Z(bj(i) + B;(i) + b;(0) + B;(0))Ely (i «G5)

where



6.1 Existence and uniqueness of solutions

and

M;

i) + B;(i) + b;(2) + B;(i))-

J=0

From condition (H~), we obtain

sup{k: (i), k3 (i)} = p < 1 (6.1.6)

i€z
For the initial condition z(i) = (i) and y(i) = @2(i) , i € Zy, we have
Elz(d)]* + Ely@)* < (el + lloal*)e™, (6.1.7)

where @12 = sup E|p1(4)]* < § and |¢2||? = sup E|pa(i)[* < §. Then, all
€2 SV

the conditions of Theorem 6.1.3 are fulfilled by (6.1.5) and (6.1.7). Consider
the functions u, @ defined on 7 € Z by

u(i) = sup{E|z(i)]* : i € Z}

and

fi(i) = sup{E[y(i)|* : i € Z},
consequently

(@) +7(0) < (loa ]l + [lal*)e™. (6.1.8)

Then

u(®) < (lenll® + [leal?)e ™,
and

) < (leall® + llal*)e™
This implies that the conclusion of Theorem 6.1.3 holds. ]

As a straightforward consequence we can establish the following result.

Corollary 6.1.5. Assume that conditions (Hs) — (Hy) hold, then the zero
solution of Fq. (6.0.1) is mean square asymptotically stable.
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Coupled stochastic difference equations with delay

6.1.2 An example

Consider the following system of stochastic difference equation with delays:
((2(i+1) = 5(x(@) +y(0)sin(z(i) + y(i) — gz — 1) +y(i — 1))
+3(2(i) + y(i)&,
y(i+1) = 5(x(i) +y(i)(cos(z (i) +y(i)) — 1) — (i — 1) +y(i — 1))
( +3(2(i) + y(i)&,

where h =1,

(6.1.9)

. 1, N 1
Fl(Z,l’o, - Thy Yo, - - 7yh) = g(l’(l} + y(’l)) Sln(aji + yl) - g(xi—l + yi—l)

and

) 1 ) . 1
F2(27 Xoy---3Th Yo, - - - 7yh) = E(I(Z) —f-y(l))(COS({L‘i +%) - 1) - g(xi—l +yi—1)
and .
Gl(i,xg, e TR YOy e Yp) = g(a:Z +y), [ =1,2.
Then

) 4 1
|FZ(Z,$07 <3 Thy Yo, - - - ,yh)| —5(|le2 + Iyzl ) §(|x¢_1l2 + Iyi_1|2)

and

|Gl(i’x07 <oy Thy Yo, - - - 7yh)|2 S 2_5(|:L‘l|2 + |y2| )

So, the parameters of conditions (Hs) — (H7) for each [ = 1,2 are as follows:

) 4 ) 1 , 4 . 1
ao(i) = 5 i) =5 bo(i) =5, b)) =5
) 4 )
040(1):%; 50@):% 51()—041() 0
For their values [ = 2
B 4 12 _i — _1
W(0) = semli) =5 h() =5 hl)=g



6.1 Existence and uniqueness of solutions

(i) = o, Bali)=or @) =Fili) =0

It is easy to compute that

1

k(i) =) (a;(6) + o (i) + @, (i) + @, (i) = 0.862

J=0

and
1

> (i) + B;(i) + b; (i) + B;(i)) = 0.862

=0

k3 (1)
From condition (H7), we obtain

sup{k:(3), k3(i)} = p = 0.862 < 1 (6.1.10)

i€z
we can choose A = 0, 16 such that

11
0<A< In= = =1In1.16.
Shy1 g 2™

Then condition (H7) is satisfied and thanks to Theorem 6.1.3 we deduce that
the zero solution of problem (6.1.9) is mean square exponentially stable.
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Conclusion and Perspectives

In this thesis, we have presented some results to the theory of existence
and exponential stability of mild solutions of semilinear systems of stochastic
differential equations with infinite fractional Brownian motions and impulses
and inclusions driven by infinite fractional Brownian motions with the Hurst
index H > % . In most of these works suffcient conditions were considered
to get the existence of solution by reducing the research to the search of
the existence of fixed points by applying different fixed points . Existence
results give for some classes by Perov’s and Schaefer’s fixed point theorems
in generalized Banach spaces.

We plan to extend for the existence of solutions for singular¢ -Laplacian
impulsive differential equations stochastic and ¢-Laplacian impulsive differ-
ential equations stochastic with parameter.We will study global existence
and energy decay for a weak viscoelastic wave equations stochastic with a dy-
namic boundary and nonlinear delay term.Using several methods (the Faedo—
Galerkin approximations combined with a contraction mapping theorem,Lax-
Milgram).We will study the system stochastic semilinear functional differen-
tial equations and inclusions .Some sufficient conditions are obtained by using
the notion of measure of noncompactness and the LeraySchauder type fixed
theorem.

232



Bibliography

1]

2]

R. A.Adams Sobolev spaces , Academic Press, Boston San Diego New
York London Sidney Tokyo Toronto, 1978.

R.P. Agarwal and D. O’Regan, Infinite interval problems for differential,
difference and integral equations. Kluwer Academic, Dordrecht, 2001.

R.P. Agarwal, D. O’'Regan and P.J.Y. Wong, Positive solutions of differ-
ential, difference and integral equations. Kluwer Academic, Dordrecht,
1999.

R.P. Agarwal, S.R .Grace and D. O’Regan, Oscillation theory for differ-
ence and functional differential equations, Kluwer Academic, Dordrecht;
2000.

N. U. Ahmed, Nonlinear stochastic differential inclusions on Bananch
space, Stochastic Anal. Appl. 12 (1994), 1-10.

N. U. Ahmed, Existence of solutions of nonlinear stochastic differential
inclusions on Banach space , in: V. Lakshmikantham (Ed.), Proceedings
of the First World Congress of Nonlinear Analysis, Tampa, FL, August
(1992) 19-26, de Gruyter, Berlin, (1996), pp. 1699-1712.

G. Ahmadi, On the mean square stability of linear difference equations,
Appl. Math. Comput. 5 (1979) 233-241.

H. Airault and J. Ren, Modulus of continuity of the canonic Brownian
motion "on the group of diffeomorphisms of the circle J. Funct. Anal.
196 (2002), 95-426.

E. Alos, O. Mazet and D. Nualart, Stochastic calculus with respect to
Gaussian processes.

233



BIBLIOGRAPHY

[10]

[11]

[12]

[13]

[14]

[15]

[20]

[21]

E. Alos and D. Nualart, An extension of It6’s formula for anticipating
processes. J. Theoret. Probab. 11 (1998) 493-514. Ann Probab, 29 (1999),
766-801.

E. Andreyeva and V.B. Kolmanovskii, Shaikhet LE Control of hereditary
systems, Nauka, Moscow, (1992),(in Russian).

J.P. Aubin, H. Frankowska, Set-Valued Analysis, Birkhauser, Boston,
1990.

A. Arara, M. Benchohra, L. Gérniewicz and A. Ouahab, Controllability
results for semilinear functional differential inclusions with unbounded
delay, Math. Bulletin, 3 (2006), 157-183.

M.A.Arcones, On the law of the iterated logarithm for gaussian pro-
cesses. Journal of Theoretical Probability, 8 (4), 877-904, 1995

C. Avramescu, Sur lexistence des solutions convergentes des systmes
dquations diffrentielles non linaire, Ann. Mat. Pura. Appl., 81 (1969),
147 168.

C. Avramescu, Some remarks on a fixed point theorem of Krasnoselskii,
FElectron. J. Qual. Theory Differ. Equ. 5 (2003), 1-15.

D.D. Bainov, V. Lakshmikantham, P.S. Simeonov, Theory of Impulsive
Differential Equations, World Scientific, Singapore, 1989.

D.D. Bainov and P.S. Simeonov, Systems with Impulsive Effect, Hor-
wood, Chichester, 1989.

P. Balasubramaniam, Existence of solutions of functional stochastic dif-
ferential inclusions, Tamkang J. Math. 33 (2002), no. 1, 35-43.

P. Balasubramaniam, Existence of solutions of functional stochastic dif-
ferential inclusions, Tamkang J. Math. 33 (2002), 35-43.

P. Balasubramaniam, S. K. Ntouyas and D. Vinayagam, Existence of
solutions of semilinear stochastic delay evolution inclusions in a Hilbert

space. J. Math. Anal. Appl. 305 (2005), 438-451.

234



BIBLIOGRAPHY

22]

23]

[24]

[26]

[27]

28]

[29]

[30]

[31]

32]

P. Balasubramaniam and D. Vinayagam, FExistence of solutions of
nonlinear neutral stochastic differential inclusions in a Hilbert Space.
Stochastic Analysis and Applications, 23 (2005), 137-151.

M.Benchohra, S. K.Ntouyas , A.Ouahab . On nondensely defined semi-
linear stochastic functional differential equations with nonlocal condi-
tions. J Appl Math Stoch Anal, 2006, Art ID 69584

M. Benchohra, J. Henderson and S. K. Ntouyas, Impulsive differential
equations and inclusions, 2, Hindawi Publishing Corporation, New York,
2006.

M. Benchohra and S. K. Ntouyas, Existence of mild solutions for certain

delay semilinear evolution inclusion with nonlocal conditions, Dynam.
systems Appl. 9 (3) (2000), 405-412.

A. T. Bharucha-Reid, Random Integral Equations, Academic Press, New
York, 1972.

F.Biagini,et al. Stochastic Calculus for Fractional Brownian Motion and
Applications, Springer, (2008). Print.

Y. Biran and B. Innis, Optimal control of bilinear systems: time-varying
effects of cancer drugs, Automatica 15, (1979).

A. Bielecki, Une remarque sur la mtode de Banach-Cacciopoli-Tikhonov
dans la thorie des quations diffrentielles ordinaires, Bull. Acad. Polon.
Sci. 4 (1956), 261-264.

I. Bihari, A generalisation of a lemma of Bellman and its application

to uniqueness problems of differential equations, Acta Math. Acad. Sci.
Hungar.,7 (1956), 81-94.

T. Bjork and H. Hult, A note on Wick products and the fractional
Black-Scholes model. Finance and Stochastics, 9 (2005) 197-209.

T. Blouhi, T. Caraballo, A. Ouahab, Existence and stability results for
semilinear systems of impulsive stochastic differential equations with
fractional Brownian motion, Stoch. Anal. Appl. (2016), to appear.

235



BIBLIOGRAPHY

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[42]

[43]

[44]

O. Bolojan-Nica, G. Infante and R. Precup, Existence results for systems
with coupled nonlocal initial conditions, Nonlinear Anal. 94 (2014), 231
242.

A. Boudaoui, T. Caraballo and A. Ouahab, Impulsive neutral functional
differential equations driven by a fractional Brownian motion with un-
bounded delay. Applicable Analysis (2015).

A. Boudaoui, T. Caraballo and A. Ouahab, Impulsive stochastic func-
tional differential inclusions driven by a fractional Brownian motion with
infinite delay. Mathematical methods in the Applied Sciences (2015).

A. Boudaoui, T. Caraballo and A. Ouahab, Existence of mild solutions
to stochastic delay evolution equations with a fractional Brownian mo-
tion and impulses. Stoch. Anal. Appl. (2015), 244-258.

B. Boufoussi and S. Hajji, Neutral stochastic functional differential equa-

tions driven by a fractional Brownian motion in a Hilbert space. Statist
Probab Lett, 82 (2012), 1549-1558.

A. Bressan and G. Colombo, Extensions and selections of maps with
decomposable values, Studia Math. 90 (1988), 69-86.

H. Brezis, Analyse Fonctionnelle, Theorie et Applications, Masson,
Paris, 1983.

D. L. Burkholder, Martingale transforms, Ann. Math. Statist. 37 (1966)
1494-1504.

D. L. Burkholder and R. F. Gundy, Extrapolation and interpolation of
quasi-linear operators on martingales, Acta Math., 124 (1970), 249-304.

T. A. Burton and C. Kirk, A fixed point theorem of Krasnoselskii type,
Math. Nachrichten, 189 (1998), 23-31.

J. Cao, Q. Yang, Z. Huang and Q. Liu, Asymptotically almost peri-
odic solutions of stochastic functional differential equations, Appl. Math.
Comput. 218 (2011), 1499-1511.

T. Caraballo, M. Garrido-Atienza, T. Taniguchi, The existence and ex-
ponential behavior of solutions to stochastic delay evolution equations

236



BIBLIOGRAPHY

[49]

[50]

[51]

[52]

with a fractional Brownian motion, Nonlinear Anal. 74 (2011), 3671
3684.

T.Caraballo , Mamadou A. Diop, Neutral stochastic delay partial func-
tional integro-differential equations driven by a fractional Brownian mo-
tion Front. Math. China. 2013;8:745760.

P. Cheridito: Mixed fractional Brownian motion. Bernoulli 7 (2001) 913
934.

C. Castaing, M. Valadier, Conver Analysis and Measurable Multifunc-
tions, in: Lecture Notes in Mathematics, vol. 580.

O. Carja, M. Necula and 1. I.Vrabie, Viability, Invariance and Applica-
tions. North-Holland Mathematics Studies, 207. Elsevier Science B.V.,
Amsterdam, 2007.

P.Cheridito, Mixed fractional Brownian motion. Bernoulli 7, 913-934,
2001.

C.Corduneanu, Integral Equations and Stability of Feedback Systems,
Academic Press, New York, 1973.

R. Cristescu, Order Structures in Normed Vector Spaces, Editura Stiin
tifica si Enciclopedica, Bucuregti, 1983 (in Romanian).

G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimen-
stons, Cambridge University Press, Cambridge, 1992.

B. Davis, On the integrability of the martingale square function, Israel
J. Math. 8 (1970) 187-190.

L. Decreusefond and A. S. Ustiinel, Stochastic analysis of the fractional
Brownian motion. Potential Analysis 10 (1998) 177214.

K. Deimling, Multi-valued Differential Equations, De Gruyter, Berlin,
New York, 1992.

B.C. Dhage and V. Lakshmikantham, On global existence and attractiv-
ity results for nonlinear functional integral equations, Nonlinear Anal.,
72 (2010) 2219-2227

237



BIBLIOGRAPHY

[57]

[58]

[59]

[60]

[63]

[64]

[67]

[68]

S. Djebali, L. Gorniewicz, and A. Ouahab, First order periodic impul-
sive semilinear differential inclusions: existence and structure of solution
sets, Math. and Comput. Mod., 52 (2010), 683-714.

S. Djebali, L. Gorniewicz and A. Ouahab, Solutions Sets for Differential
Equations and Inclusions, De Gruyter Series in Nonlinear Analysis and
Applications 18. Berlin: de Gruyter, 2013.

J. Dugundji and A. Granas, Fized Point Theory, Springer-Verlag, New
York, 2003.

N.Dunford, J. T.Schwartz, Linear operators part I: general theory, Inter-
science Publishers, Inc. New York, Interscience Publishers Ltd. London,
1958.

P.Embrechts , Maejima, Makoto, Selfsimilar Processes. Princeton, NJ:
Princeton University Press, 2002.

L. Erbe, H. I. Freedman, X. Z. Liu and J. H. Wu, Comparison principales
for impulsive parabolic equations with applications to models of singles
species growth, J. Austral. Math. Soc. Ser. B 32 (1991), 382-400.

A ferldman, Stochastic Differential Equations and applications , Prob-
ablity and mathmatical statistics series., 90 11698-11702 (1993).

M. Frigon and A. Granas, Théoremes d’existence pour des inclusions
différentielles sans convexit, C. R. Acad. Sci. Paris, Ser. 1 310 (1990),
819-822.

T.C. Gard, Introduction to Stochastic Differential Equations, Marcel
Dekker, New York, 1988.

R. K. George, D. N. Chalishajar and A. K. Nandakumaran, Controllabil-
ity of second order semi-linear neutral functional differential inclusions
in Banach spaces, Mediterr. J. Math., 1 (2004), 463-477.

I.I. Gikhman and A. Skorokhod, Stochastic Differential FEquations,
Springer-Velag, 1972.

J. A. Goldstein, Semigroups of Linear Operators and Applications, Ox-
ford Univ. Press, New York, 1985.

238



BIBLIOGRAPHY

[69]

[70]

[71]

[75]

[76]

[77]

[78]

[79]

[80]

L. Gérniewicz, Topological Fized Point Theory of Multivalued Mappings,
Mathematics and its Applications, 495, Kluwer Academic Publishers,
Dordrecht, 1999.

J.R. Graef, A. Ouahab, Structure of solutions sets and a continuous ver-
sion of Filippov’s Theorem for first order impulsive differential inclusions
with periodic conditions, Electronic J. Qual . 24 (2009), 1-23.

J. R. Graef, J. Henderson and A. Ouahab, Impulsive differential inclu-
sions. A fized point approach. De Gruyter Series in Nonlinear Analysis
and Applications 20. Berlin: de Gruyter, 2013.

H. Guo, X. Song, An impulsive predatorprey system with modified
LeslieGower and Holling type II schemes, Chaos Solitons Fractals. 36
(2008) 13201331.

P. Guasoni, No arbitrage under transaction costs, with fractional Brow-
nian motion and beyond. Math. Finance 16 (2006) no. 3, 569-582.

P. Guasoni, M. Rasonyi, W. Schachermayer, The fundamental theorem
of asset pricing for continuous processes under small transaction costs.
Ann. Finance. 6 (2010), no. 2, 157-191.

C. Guilan and H. Kai, On a type of stochastic differential equations
driven by countably many Brownian motions, J. Funct. Anal. 203,
(2003), 262-285.

A. Halanay , D. Wexler, Teoria calitativa a systeme cu impulduri, Edi-
tura Republicii Socialiste Romania, Bucharest, 1968.

J. K. Hale, Theory of Functional Differential Equations, Springer-Verlag,
New York, 1977.

J.K. Hale and J. Kato, Phase space for retarded equations with infinite
delay, Funkcial. Ekvac., 21 (1978), 11-41.

J. K. Hale and S. M. Verduyn Lunel, Introduction to Functional Dif-
ferential Equation, Applied Mathematical Sciences 99, Springer-Verlag,
New York, 1993.

J. K. Hale and K. R. Meyer, A class of functional equations of neutral
type, Mem. Amer. Math. Soc. 76 (1967), 1-65.

239



BIBLIOGRAPHY

[81]

[82]

[85]

[30]

[87]

3]

[39]

[90]

[91]

[92]

S. Heikkila, V. Lakshmikantham, Monotone Iterative Techniques for
Discontinuous Nonlinear Differential Equations, Marcel Dekker, Inc.,
New York, 1994.

E. Hernandez, Existence results for partial neutral functional integrod-
ifferential equations with unbounded delay, J. Math. Anal. Appl. 292
(2004), 194-210.

E. Hernandez, D. O’Regan, On a new class of abstract impulsive differen-
tial equations, Proc. Amer. Math. Soc. S 00029939 (2012) 11613-11612.

E. Hernandez, A. Prokopczyk and L. Ladeira, A note on partial func-
tional differential equations with state-dependent delay, Nonlin. Anal.
7 (2006), 510-519.

R. Hille, R.S. Philips, Functional Analysis and Semi-Groups, Amer.
Math. Soc. Provid, RI,1957.

Y. Hino, S. Murakami and T. Naito, Functional Differential Equa-
tions with Infinite Delay, in: Lecture Notes in Mathematics, vol. 1473,
Springer-Verlag, Berlin, 1991.

Sh. Hu and N. Papageorgiou, Handbook of Multivalued Analysis, Volume
I: Theory, Kluwer Academic Publishers, Dordrecht, 1997.

B.S. Jensen, The Dynamic Systems of Basic Economic Growth Models,
Kluwer, Dordrecht, 1994.

F. Jiang and Y. Shen, A note on the existence and uniqueness of mild
solutions to neutral stochastic partial functional differential equations
with non-Lipschitz coefficients. Comput Math Appl, 61 (2011), 1590-
1594.

M. Kisielewicz, Differential Inclusions and Optimal Control, Kluwer,
Dordrecht, The Netherlands, 1991.

O. Knill, Probability and Stochastic Processes with Applications, Over-
seas Press, 2009.

A.N.Kolmogorov, Wienersche Spiralen und einige andere interessante
Kurven im Hilbertschen Raum. C.R.(Doklady) Acad. URSS (N.S) 26,
115118, 1940.

240



BIBLIOGRAPHY

[93] V. Kolmanovskii, and A. Myshkis, Introduction to the Theory and Ap-
plication of Functional-Differential Equations, Kluwer Academic Pub-
lishers, Dordrecht, 1999.

[94] V.B. Kolmanovskii and L.E. Shaikhet, Control of systems with afteref-
fect, in: Translations of Mathematical Monographs, vol. 157, American
Mathematical Society, Providence, RI, 1996.

[95] N.N. Krasovskii, On the asymptotic stability of systems with aftereffect.
Prikl MatMeh 20(3):513-518 (in Russian). Translated in J. Appl. Math.
Mekh. 20 (1956).

[96] N.N. Krasovskii, Some problems of dynamic stability theory. Fizmatgiz,
Moscow ,(1959) (in Russian)

[97] N.V. Krylov, Introduction to the Theory of Random Processes, the
American Mathematical Society. USA., 90 (1993) 11698-11702.

[98] N. Kuchkina and L. Shaikhet, Optimal control of Volterra type stochas-
tic difference equations, Comput. and Math. Appl. 36 (1998), 251-259.

[99] V.Lakshmikantham, D.D. Bainov and P.S. Simeonov, Theory of Impul-
siwe Differential Fquations. World Scientific, Singapore 1989.

[100] V. Lakshmikantham, L. Wen and B. Zhang, Theory of Differential
Equations with Unbounded Delay, Kluwer Acad. Publ., Dordrecht, 1994.

[101] V. Lakshmikantham and D. Trigiante, Theory of Difference Equa-
tions, Numerical Methods and Applications, Mathematics in Science and
Engineering,181 ,Academic Press,Inc.,Boston,MA, 1988.

[102] A. Lasota , Z. Opial, An application of the Kakutani-Ky Fan theorem
in the theory of ordinary differential equations, Bull. Acad. Pol. Sci.
Ser. Sci. Math.Astronom. Phys. 13 (1965), 781-786.

[103] C. Li, J. Shi and J. Sun, Stability of impulsive stochastic differential de-
lay systems and its application to impulsive stochastic neural networks,
Nonlinear Anal. 74, (2011), 3099-3111.

[104] J. Liu, X. Liu and W.-C. Xie, Existence and uniqueness results for
impulsive hybrid stochastic delay systems, Commun. Appl. Nonlinear
Anal. 17 (2010) 37-54.

241



BIBLIOGRAPHY

[105] M. Liu and K. Wang, On a stochastic logistic equation with impulsive
perturbations, Comput. Math. Appl. 63 (2012), 871-886.

[106] P. Malliavin, The canonic diffusion above the diffeomorphism group of
the circle. C. R. Acad. Sci. Paris Sér. I Math. 329 (1999), 325-329.

[107] B. B. Mandelbrot and J.W. Van Ness, Fractional Brownian motions,
fractional noises and applications. STAM Rev. 10, 422-437, 1968

[108] J. Memin, Y. Mishura, and E. Valkeila, Inequalities for the moments of
Wiener integrals with respecto to fractional Brownian motions. Statist.
Prob. Letters 55 (2001) 421-430.

[109] P. Millar, Warwick Martingale integrals, Trans. Amer. Math. Soc. 133
(1968) 145-166.

[110] V.D. Milman and A.A. Myshkis, On the stability of motion in the
presence of impulses, Sib. Math. J. (in Russian) 1 (1960) 233-237.

[111] V. D. Milman and A. A. Myshkis, Randorn impulses in linear dynam-
ical systems, in ” Approximante Methods for Solving Differential Equa-
tions,” Publishing house of the Academy of Sciences of Ukainian SSR,
Kiev, in Russian, (1963) 64-81.

[112] X. Mao, Stochastic Differential Equations and Applications, Horwood,
Chichester, (1997).

[113] Y. Mishura, Stochastic Calculus for Fractional Brownian Motion
and Related Topics. Lecture Notes in Mathematics, Vol 1929. Berlin:
Springer-Verlag, 2008.

[114] J.D. Murray, Mathematical Biology, Springer, Berlin, 1989.

[115] J. Musielak, Introduction to Functional Analysis, PWN, Warszawa,
1976 (in Polish).

[116] H. W. Ning and B. Liu, Existence results for impulsive neutral stochas-
tic evolution inclusions in Hilbert Space, Acta Mathematica Sinica, 27

(2011), 1405-1418.

242



BIBLIOGRAPHY

[117] 1. Norros, E. Valkeila, and J. Virtamo, An elementary approach to
a Girsanov formula and other analytical resuls on fractional Brownian
motion. Bernoulli 5 (1999) 571587.

[118] A. A. Novikov, The moment inequalities for stochastic integrals. (Rus-
sian) Teor. Verojatnost. i Primenen., 16 (1971) 548-551.

[119] D. Nualart, Stochastic integration with respect to fractional Brownian
motion and applications. Stochastic Models (Mexico City, 2002), Con-
temp. Math. 336 Amer. Math. Soc. Providence, RI, 3-39, 2003.

[120] D. Nualart, The Malliavin Calculus and Related Topics. 2nd ed. Berlin:
Springer- Verlag, 2006 .

[121] A. Ouahab, Some Pervo’s and Krasnosel’skii type fixed point results
and application, Comm. Appl. Nonlinear Anal., 19 (2015), 623-642.

[122] B.G.Pachpatte, Inequalities for finite difference equations. CRC Press
(2001).

[123] L. Pan and J. Cao, Exponential stability of impulsive stochastic func-
tional differential equations, J. Math. Anal. Appl. 382 (2011), 672-685.

[124] A. Pazy, Semigroups of Linear Operators and Applications to Partial
Differential Equations, Springer-Verlag, New York, 1983.

[125] A.I. Perov, On the Cauchy problem for a system of ordinary differential
equations, Puviblizhen. Met. Reshen. Differ. Uvavn., 2, (1964), 115-134.
(in Russian).

[126] I.R. Petre and A. Petrusel, Krasnoselskii’s theorem in generalized Ba-
nach spaces and applications, Electron. J. Qual. Theory Differ. Equ.
(2012), 85, 20 pp.

[127] V. Pipiras and M. S. Taqqu, Integration questions related to fractional
Brownian motion. Probab. Theory Rel. Fields 118 (2000) 121-291.

[128] V. Pipiras and M. S. Taqqu, Are classes of deterministic integrands for
fractional Brownian motion on a interval complete Bernoulli 7 (2001)
873897

243



BIBLIOGRAPHY

[129] R. Precup, Methods in Nonlinear Integral Equations, Kluwer, Dor-
drecht, 2000.

[130] P. Protter, Stochastic Integration and Differential Equations, Springer
Verlag, 1990.

[131] B. Przeradzki, On a two-point boundary value problem for differential
equations on the half-line, Ann. Polon. Math., 50 (1989), 5361.

[132] C. Prvt, M. Rckner, A Concise Course on Stochastic Partial Differ-
ential Equations. Lecture Notes in Mathematics, vol. 1905 (Springer,
Berlin, 2007)

[133] D. Revuz and M. Yor, Continuous Martingales and Brownian Motion,
Springer. Third edition 1999.

[134] P. Revathi, R. Sakthivel, D. Y. Song, Y. Ren and P. Zhang, Existence
and stability results for second-order stochastic equations driven by frac-
tional Brownian motion, Transport Theory Statist. Phys. 42 (2013), 299
317.

[135] I.A. Rus, The theory of a metrical fixed point theorem: theoretical and
applicative relevances, Fized Point Theory 9 (2008), 541-5509.

[136] A.Russell ,Gordon, Real Analysis: A First Course 2nd edition. Boston,
Pearson Education Inc. 2002.

[137] R. Sakthivel and J. Luo, Asymptotic stability of nonlinear impulsive
stochastic differential equations, Statist. Probab. Lett. 79 (2009) 1219-
1223.

[138] S. G. Samko, A. A. Kilbas O. L. and Marichev: Fractional Integrals
and Derivatives. Theory and Applications, Gordon and Breach, 1993.

[139] A.M. Samoilenko and N.A. Perestyuk, Impulsive Differential Equa-
tions, World Scientific, Singapore, 1995.

[140] G. Samorodnitsky, and M. S. Taqqu, Stable non-Gaussian random pro-
cesses. Stochastic models with infinite variance. Stochastic Modeling.
Chapman and Hall, New York, 1994.

244



BIBLIOGRAPHY

[141] M.L. Sinacer,J.J. Nieto and A. Ouahab, Random fixed point theorem
in generalized Banach space and applications, Ran. Ope. Sto. Fq., to
appear.

[142] G. V. Smirnov, Introduction to the theory of differential inclusions,
Graduate studies in mathematics, vol. 41, American Mathematical So-
ciety, Providence, 2002.

[143] H. Sobczyk, Stochastic Differential Equations with Applications to
Physics and Engineering, Kluwer Academic Publishers, London, 1991.

[144] T. Sottinen, E. Valkeila, On arbitrage and replication in the fractional
Black-Scholes pricing model. Statistics € Decisions, 21 (2003), 93-107.

[145] V. A. Staikos, Differential equations with deviating arquments-
Oscillation theory.

[146] T. Taniguchi, Stability theorems of stochastic difference equations, .J.
Math. Anal. Appl. 147 (1) (1990); 8196.

[147] R.Temam, Navier-Stokes Equations, Theory and Numerical Analysis,
North-Holland, Amsterdam (1984).

[148] S. Tindel, C. Tudor and F. Viens, Stochastic evolution equations with
fractional Brownian motion. Probab Theory Related Fields, 127 (2003),
186-204.

[149] A. Tolstonogov, Differential Inclusions in a Banach Space, Kluwer Aca-
demic Publishers, Dordrecht, (2000).

[150] C. C. Travis and G. F. Webb, Existence and stability for partial func-
tional differential equations, Trans. Amer. Math. Soc., 200 (1974), 395-
418.

[151] C. C. Travis and G.F. Webb, Second order differential equations in
Banach spaces, in: Nonlinear Equations in Abstract Spaces, Proc. In-
ternat. Sympos. (Univ. Texzas, Arlington, TX, 1977), Academic Press,

New-York, 1978, 331-361.

[152] C. P. Tsokos and W.J. Padgett, Random Integral Equations with Ap-
plications to Life Sciences and Engineering, Academic Press, New York,
1974.

245



BIBLIOGRAPHY

[153] A. Viorel, Contributions to the study of nonlinear evolution equa-
tions, Ph.D. thesis, Babeg-Bolyai University Cluj-Napoca Department
of Mathematics, 2011.

[154] 1. I. Vrabie, Cy-Semigroups and Applications, Elsevier, 2003.

[155] D. Wagner, Survey of measurable selection theorems, SIAM J. Control
Optim. 15 (1977), 859-903.

[156] F.Wang, X.Wang,S. Zhang , C Ding. On pulse vaccine strategy in a
periodic stochastic SIR epidemic model. Chaos, Solitons Fractals. 66,
127-135,(2014).

[157] S.J. Wu, X.L. Guo and S. Q. Lin, Existence and uniqueness of solutions
to random impulsive differential systems, Acta Mathematicae Applicatae
Sinica, 22 (2006), 595-600.

[158] J. Wu, Theory and Application of Partial Functional Differential Equa-
tions, Springer-Verlag, New York, 1996.

[159] D.Y. Xu, Z. Ma and Q. Guo, Difference inequality and attraction do-
main of discrete-time systems, Ann. of Math. 20 (A(1)) (1999), 21-26
(in Chinese).

[160] A.M. Yaglom, Correlation theory of processes with random stationary
nth increments. AMS Transl. 2, 8, (1958), 87-141.

[161] Z. Yan and F. Lu, Existence results for a new class of fractional impul-
sive partial interro-differential equation with infinity delay. J. Applied
Analysis and Computation. 5, 3, (2015), 329-346.

[162] Z. Yang and D. Xu, Mean square exponential stability of impulsive
difference equations, Appl. Math. Lett., 20 (2007), 938-945.

[163] T. Yoshizawa, Stability Theorey by Liapunovs Second Method, The
Mathematical Society of Japan, Tokyo, 1966.

[164] Q. Zhu and B. Song, Exponential stability for impulsive nonlinear
stochastic differential equations with mixed delays, Nonlinear Anal.
RWA 12 (2011), 2851-2860.

246



BIBLIOGRAPHY

[165] B. Oksendal, Stochastic Differential Equations:An Introduction with
Applications (Fourth Edition) Springer-Verlag, Berlin, 1995.

247



Index of Symbols

The most frequently used notations, symbols, and abbreviations are listed
below.

||A]| norm of the mapping to A,
A’ derived set of A,
A=Y inverse function of the mapping A,
VA square root of the mapping A,
(x,y) inner product of x and v,
R reel number
C([a, b]) continuous functions on [a, b] R™ space of n-tuples of reel numbers,
f(A) image of set A under function J,
d(x,y) distance (metric) from x to y,
d(x, A) distance from the point x to the set A,
d(A,C) distance between set B and set C,
B(zg,r) the closed ball centered in xy with radius r,
B(xg, ) be the open ball centrad in xg with radius 7 ,
0B,, boundary of B,, unit sphere in R"”
a, 3,7, members of the underlying scalar field,
LOQ(Y, X) be the space of all Q-Hilbert-Schmidt operators from Y into X,
y(t;) and y(¢;) be the left and right limits of y(¢) at t = ¢,
[ square-summable sequences,
AC*(J; X) be the space of functions y : J — X ,i— differentiable in whose
i—th derivative, y*, is absolutely continuous
Fx(x) be the probability distribution function R to [0, 1] of a random variable
X
AT, A~ functions associated with A
A > 0 mapping A greater than or equal to 0,
O open sets of a topological space,
F be the collection of its subsets
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PP is probability measure on (2, F)

E be the expectation mathematica on (€2, F)

(Q, F, F;,IP) be a complete probability space

W (t) be a scalar Brownian motion defined on the probability space

B} be an infinite sequence of mutually independent fractional Brownian
motions, [ = 1,2, ... with Hurst parameter H,

Qa(M, M) be the quadratic variation process of M

N(0,t) be the Gaussian distribution with mean zero and variance ¢

pu () be the Minkowski functional of U,

P.(X) be the a multivalued map is convex

Z integers,

7" positive integers,

Cou(X,Y) covariance between X and Y

Var(X) variance of random variable X

s At the minimum of s and ¢ (= min(s, t))

sV t the maximum of s and ¢ (= max(s;t))

Foo the -algebra generated by U;~oF;

I, the n x n identity matrix

B Fractional Brownian motion

pu(x) the Minkowski functional of U.

P (X) multivalued map a closed

Pp(X) multivalued map a bounded

P.(X) multivalued map a convex

Pep(X) multivalued map a compact

:= equal to by definition

I% f(x) The left fractional integrals of f of order « are defined for almost all
z € (a,b)

I f(x) The right-sided fractional integrals of f of order a are defined for
almost all x € (a,b)

CK(U) the functions in C*(U) with compact support in U

L(X) be the set of all linear bounded operator from X

C(J, E) be the Banach space of all continuous functions from J into E
L'(J, E) be the Banach space of all continuous functions from J into £
L ® B product-measurable

Sr(y) selection set of the multi-valued map F

co(A) = conv(A) closure of the convex hull of the set A

dimX dimension of the space X

clA = A closure of the set A.
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Co-Semigroup, 109
Q-Wiener process, 52
~-Lipschitz, 101

o- field, 26
o-algebra, 27

Mean square stable discrete , 225

Caratheodory, 99
Chebychev inequality, 29
Completely continuous, 99
Cross variation, 34

Discrete Bihari inequality, 214
Equicontinuous, 96

Filtration, 29

Fractional Brownian motion, 70

Fractional integrals and derivatives,
7

Functions of Bounded Variation, 40

Generalized Banach spaces, 90
Generalized metric space, 91

Holder inequality, 29

Hilbert space valued Wiener processe
, 02

Hilbert-Schmidit operator, 55

Integrals for fractional Brownian mo-
tion, 78

[to formula, 64
Ito Isometry, 84

Jensen inequality, 29

Lemma of Bihari , 90

lemma of Grnwall discrete , 214
Lemma of Mazur , 101
Long-range dependence, 71

Martingale, 31

Mean square asymptotically, 225

Measurable space, 26

Mild solution, 143

multivalued map, 99

multivalued map bounded, 99

multivalued map convex, 99

Multivalued map relatively compact,
99

Operator difference , 213

p-variation of B (t)., 74
Path differentiability, 73
Probability measure, 27

Quadratic variation and covariation,

62
Riemann-Stieltjes Integrals, 44

Self-similar, 72
Semi martingale, 61
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INDEX

Semigroup strongly, 109

Shwartz inequality, 29

Square integrable martingales, 33
standard Brownian motion, 36
Stochastic Product Rule, 50
Stopping time, 32
Submartingale, 31
Supermartingale, 31

The Minkowski functional, 94

Theorem Hille-Yosida , 118

Theorem of Arzela-Ascoli discrete |,
215

Theorem of ArzelaAscoli, 96

Theorem of Bachelier, 37

Theorem of Burholder-Davis-Gundy
inequalities, 50

Theorem of Covitz and Nadler, 108

Theorem of Kolmogorov, 39

Theorem of Perov fixed point, 102

Theorem of Schauder fixed point, 102

u.s.c, 99
Uniformly equicontinuous, 96
Upper semi-continuous, 99

Weak solutions, 160
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