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Abstract

Title : Stabilization of some linear evolution problems with spectral analysis.

This thesis is devoted to the study of the stabilisation of some linear evolution problems,
In particular, the the Lamé system under some dissipations of fractional derivative type. First,
we consider a Lamé system damped by a fractional boundary feedback of Neumann type, we
prove stabilization by using multipliers method and Rellich type relation combined with the
frequency domain method. Next, we consider a Lamé system with internal fractional delay
and a dissipative damping, we prove that the frictional damping is strong enough to uniformly
stabilize the system even in the presence of time delay. Lastly, our interest is to analyse the
asymptotic behaviour of a Lamé system with an internal fractional delay and a boundary
damping of Neumann type, we introduce a Lyapunov functional that gives the exponential
decay.

Keywords:
Lamé system, Fractional feedback, Polynomial stability, Semigroup theory, Fractional delay
term, Uniform stability, Optimal decay rate, Bessel functions.
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Résumeé

Titre : Etude de Stabilité de certains problemes d’évolution linéaires par analyse
spectrale.

Cette these est consacrée a l'étude de la stabilisation de certains problemes d’évolution
linéaires, en particulier le systeme Lamé en présence de termes dissipatifs de type fraction-
naires. Nous considérons, d’abord, un systeme de Lamé avec un controle au frontiere de type
fractionnaire au sens de Caputo, nous établissons un taux de décroissance polynomiale de
I’énergie du systeme. Ensuite, nous nous intéressons a 1’étude de la stabilisation du systeme
de Lamé avec un retard interne de type fractionnaire et un terme dissipatif, nous concentrons
notre étude sur le comportement asymptotique des solutions ot le terme dissipatif est suffisam-
ment fort pour stabiliser le systeme, méme en présence d’un retard. Enfin, notre intérét est
d’analyser le comportement asymptotique du systeme de Lamé avec un retard fractionnaire
interne et un terme dissipatif au frontiere, nous introduisons une fonction de Lyapunov qui
donne la décroissance exponentielle.

Mots Clés:

Systeme de Lamé, Controle aux limites du type fractionnaire, Stabilité forte, Stabilité polyno-
miale, théorie des semi-groupes, Taux de décroissance optimale, Fonctions de Bessel.
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Introduction

Many physical phenomena in nature can be described by partial differential equations and the
control of such equations is a quite recent and very active field of investigation. The aim of this
dissertation is to survey several issues related to the study of the Lamé system under fractional
controls.

The problem of well-posedness and stability for elasticity systems in general, and the Lamé
system in particular, has attracted considerable attention in recent years, where diverse types
of dissipative mechanisms have been introduced and several stability and boundedness results
have been obtained. The main problem concerning the stability of solutions is to determine
and estimate the best decay rate for solutions.

Real progress has been realized during the last three decades, Let us recall here some known
results addressing problems of existence, uniqueness and asymptotic behavior of solutions.

In particular, in the works of Guesmia [23], [24], considering the problem of observabil-
ity, exact controllability and stability of general elasticity systems with variable coeffcients
depending on both time and space variables in bounded domains, the results hold under lin-
ear or nonlinear, global or local feedbacks, and they generalize and improve, in some cases,
the decay rate obtained by Alabau and Komornik [4]. In [28], Lagnese proved some uniform
stability results of elasticity systems with linear feedback under some technical assumptions
on the elasticity tensor. In particular, these results do not hold in the linear homogeneous
isotropic case for which the elasticity tensor depends on two parameters called Lamé constants.
In [30], Lagnese obtained uniform stability estimates for linear homogeneous isotropic and
bidimensional elasticity systems under a linear boundary feedback. Martinez [36] generalized
the results of Komornik [30] to the case of elasticity systems of cubic crystals under a non-
linear boundary feedback. For these systems, the elasticity tensor depends on three parameters.

Let Q be a bounded domain in IR" with smooth boundary 09 of class C%2. We assume
that I' = Ty U T}, where I'y and T'; are closed subsets of I' with I' = T’y NI’y = 0. v is the
unit outward normal to ' and u = (uy, us, ..., u,)T. u, A are Lamé constants which satisfy the

conditions: g > 0, and g+ A > 0.. u = (uy, U, ..., Up) " .

This thesis focuses on fractional calculus which has been applied successfully in various
areas to modify many existing models of physical processes such as heat conduction, diffusion,
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viscoelasticity, wave propagation, electronics etc. Caputo and Mainardi [10] have established
the relation between fractional derivative and theory of viscoelasticity. The feedback under
consideration here is of fractional type and is described by the following fractional derivative:

1 -

P (t) = Ti—a) /Ot(t — 5)7%e s (s)ds, n > 0. (1)

The order of the derivative is between 0 and 1. In addition to being nonlocal, fractional
derivative involves singular and non-integrable kernels (¢%,0 < o < 1). It has been shown (see
[12]) that, as Oy, the fractional derivative 0f forces the system to become dissipative and the
solution to approach the equilibrium state.

Furthermore, This thesis intended also to state the well-posedness result for the Lamé sys-
tem using the theory of semigroups. Linear semigroup theory received considerable attention in
the 1930s as a new approach in the study of linear partial differential equations. Note that the
linear semigroup theory has been later developed as an independent theory, with applications
in some other fields, such as ergodic theory, the theory of Markov processes, etc.

Outline: This dissertation is split into four chapters.

CHAPTER 1: PRELIMINARIES

In this chapter, we present some well known results, definitions, properties and theorems
that are used throughout the dissertation. Firstly, we recall some basic knowledge on linear
operators and semigroups without proofs, including some theorems on strong, exponential and
polynomial stability of Cy-semigroups. Next, we display a brief historical introduction to frac-
tional derivatives and we define the fractional derivative operator in the sense of Caputo. After
that, we introduce some preliminary facts on the Bessel functions and lastly, we define two
different types of geometric conditions.

CHAPTER 2: ASYMPTOTIC STABILITY FOR THE LAME SYSTEM WITH
FRACTIONAL BOUNDARY DAMPING

This Chapter is devoted to the study of following the Lamé system damped by a fractional
boundary feedback of Neumann type:

U — pAu — (p+ A)V(div u) =0  in Q x (0, 400)
u=20 in 'y x

P1
(P1) ugz + (p+AN)(div vy = —v0""u  in Ty x

u(z,0) = ug(x), w(z,0)=wu(x), in®Q



CONTENTS 11

where 7 is a positive constant.

We start by stating the well-posedness result for problem (P1) using the theory of semigroups.
Next, we show the lack of exponential stability by spectral analysis. Moreover, we prove that
the stability of our system holds with fractional damping, indeed, regarding the strong asymp-
totic stability of solutions, we use a recent result of Borichev and Tomilov which relate resolvent
bounds and decay rates. Lastly, we obtain an almost optimal polynomial energy decay rate
depending on parameter o using multipliers method and Rellich type relation combined with
the frequency domain method.

CHAPTER 3: STABILITY RESULT OF THE LAME SYSTEM WITH A DELAY
TERM IN THE INTERNAL FRACTIONAL FEEDBACK:

In this Chapter, we consider the initial boundary value problem for the Lamé system with
a delay term in the internal fractional feedback. The system is given by:

g — pAu — (p+ NV (div u) + @10 u(z, t — 7) + aguy(x,t) =0 in Q x (0, +00),

u=0 in I" x (0, 4+00),
(P2) w(z,0) = ug(x), w(x,0)=u(z) in €,
w(x, t —71) = folz,t — 1) in Q x (0,7),

where a; > 0, ay > 0 and the constant 7 > 0 is the time delay.

We state a well-posedness result for problem (P2) by means of the semigroup theory under a
certain condition between the weight of the delay term in the fractional feedback and the weight
of the term without delay, then, we prove the strong asymptotic stability of solutions. Further-
more, we obtain the exponential stability using the classical theorem of Gearhart, Huang and
Pruss.

CHAPTER 4: EXPONENTIAL DECAY FOR THE LAME SYSTEM WITH FRAC-
TIONAL TIME DELAY AND BOUNDARY FEEDBACK:

This chapter focuses on the study of well-posedness and boundary stabilization of the fol-
lowing Lamé system :
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g — pAu — (p+ NV (div u) + a10)""u(z,t —7) =0 in Q x (0, +00),
u=0 in Ty x (0, 400),
(P3) ,ugz + (p+ N)(div u)v = —aguy(x, t) in T'; x (0, 400),
w(z,0) = up(x), w(x,0)=u(z) in €,
w(z,t — 1) = folx,t —7) in Q2 x (0,7).

where a; > 0, as > 0 and the constant 7 > 0 is the time delay.

The idea here is to prove that a damping with time delay does not destroy the stability
if there is another boundary dissipative damping in which contrasts appropriately with the
previous one. (i.e., by giving the control in the feedback form —aqu(z,t,) = € I'y, t > 0). We
will show that system (P3) is exponentially stable for a; sufficiently small.

First, we deal with the well-posedness result of the problem (P3) using the semigroup the-
ory. Moreover, we obtain exponential stability results by constructing an appropriate Lyapunov
functional as in [5].



Chapter 1
PRELIMINARIES

1.1 Linear operators

Definition 1.1.1 Let X andY be two Banach spaces. A linear mapping: A: D(A)(C X) - Y
is called a linear operator. The D(A) C X is called the domain of A and R(A) CY is called
the range of A:

R(A)={Az |z € D(A)}.

A is said to be invertible (or injective) if Az =0 if and only if x = 0; A is said to be onto (or
surjective) if R(A) =Y ; A is said to be densely defined if D(A) = X .

Definition 1.1.2 A linear operator A is said to be closed if for any x, € D(A), n>1,
T, = x, Ar, =y, as n — oo,

it must have x € D(A) and Az = y. A is said to be bounded if D(A) = X and A maps
a bounded set of X into a bounded set of Y. A linear operator is bounded if and only if it is
continuous, that is,
Ty — 20 € X = Az, - Arg €Y

for any x, C X.

Obviously, any operator which has bounded inverse must be closed. All the bounded opera-
tors from X to Y are denoted by £(X,Y"). In particular, when X =Y, £(X,Y) is abbreviated
as L(X).

Theorem 1.1.1 Let X and Y be Banach spaces. Then L(X,Y) is a Banach space with the
norm
IA]] = sup {[[Az[| | = € X, |lz]| =1}

13



14 PRELIMINARIES

Definition 1.1.3 Let X be a Banach space. If Y = 1R orY =C, then the operator in L(X,Y)
is called a linear functional on X. A bounded functional is also denoted by f.

By Theorem 1.1.1, all linear bounded functionals on X consist of a Banach space which is
called the dual of the space X, denoted by X*.

A bounded operator is called compact operator if A maps any bounded set into a relatively
compact set which is a compact set but not necessarily closed. For a closed operator A, we can
define the graph space [D(A)] where the norm is defined by

ey = llzll + | Az][,  Vz e D(A). (1.1)

Theorem 1.1.2 [Open mapping theorem]
Let X and Y be Banach spaces and let A be a bounded operator from X toY. If R(A) =Y,
then A maps an open set of X into an open set of Y.

Theorem 1.1.3 [Closed graph theorem)]
Suppose that A is a closed operator in a Banach space X. Then A must be bounded provided
D(A)=X.

Theorem 1.1.4 [Lax Milgram theorem]
Let a(x,y) be a bilinear form, that is, it is linear in x and conjugate linear in y, and satisfies

e there is an M > 0 such that |a(z,y)| < M||z||||y|| for all x,y € H;
e there is a § > 0 such that for any x € H, |a(x,z)| > &||z|*
Then there ezists a unique A € L(H) which is bounded invertible and satisfies
a(z,y) = (x, Ay), Vz,y € H.
Definition 1.1.4 A linear operator in a Hilbert space is said to be symmetric if
A" = A on D(A) and D(A*) 2 D(A)
A symmetric operator is said to be self-adjoint, if A* = A.

For bounded operators, the symmetric and self-adjoint are the same. But for unbounded
operators, they are different.

Definition 1.1.5 A linear operator B in a Hilbert space H 1is said to be A-bounded if
e D(B) D D(A), and
e there are a,b > 0 such that

1Bz]| < all Az + bfjz]|, Yz € D(A).
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Definition 1.1.6 Let A € L(H) be a self-adjoint operator in a Hilbert space H. A is said to
be positive if

(Ax,x) >0, Vx € H. (1.2)

A positive operator is denoted by A > 0; A is said to be positive definite if the equality in
1.2 holds true only if x = 0, which is denoted by A > 0; A positive operator A is said to be
strictly positive if there exists an m > 0 such that

(Az,z) > ml|z|]?, Vo € D(A). (1.3)

1.2 The spectrum of linear operators

Definition 1.2.1 Suppose that X is a Banach space and A : D(A)( C X) — X is a linear
operator. The resolvent set p(A) of A is an open set in the complex plane, which is defined by

pA) ={reC | (A-A)"eLX)}.
when A € p(A), the operator R(A\, A) = (A — A)~! is called the resolvent of A. If one

of resolvents is compact, then any of the resolvents must be compact. This comes from the
following resolvent formula:

A=A = (=A== NA=A) (= A7, VA € p(A).
The spectrum o(A) of A is the supplement set of the resolvent set in the complezx plane,
that is,

o(A) =C\ p(A).

Generally, the spectrum o(A) is decomposed into three parts:
o(A) =o0,(A)Uo.(A)Uo,.(A)

where

e the point spectrum

op(A) = {\ €C | there exists a 0 # x € X so that Ax = Az} ;
e the continuous spectrum

o.(A) = {/\ eC |(A—A) is invertible and R(\ — A) = X} ;
e the residual spectrum

o.-(A) = {)\ eC | (N—A) is invertible and R(A — A) # X};

When X\ € 0,(A), any nonzero vector x satisfying Ax = Az is said to be an eigenvector (it
is also called eigenfunction if the space is the function space) of A. For a matriz in C", the
spectrum is just the set of eigenvalues.
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1.3 Semigroups of linear operators

Definition 1.3.1 Semigroup theory is aiming to solve the following linear differential equation
in Banach space X :

{u(t) = Au(t), t >0, (1.4)

u(0) =z € X,
where A: D(A)( C X) — X is a linear operator.
Eq (1.4) is said to be well-posed (for bounded A) If:

o for any initial value v € D(A) = X, there exists a solution u(x,t) to (1.4) which is
differentiable for t > 0, continuous at t =0 and u(x,t) satisfies (1.4) fort >0,

e u(z,t) depends continuously on the initial condition x, that is:

x — 0 implies u(x,t) — 0 for each t > 0;

o u(x,t) is unique for each x € D(A) = X.

We can then define an operator T(t) by T(t)x = u(x,t) for each t > 0. From the existence
and uniqueness of the solution u(z,t), we know that T'(t),t > 0 is well defined on X.

Definition 1.3.2 Let X be a Banach space and T(t) : X — X be a family of linear bounded
operators, for t > 0, T(t) is called a semigroup of linear bounded operators, or simply a semi-
group, on X if

o T(0) =1,
o I'(t+s)=T{)T(s), ¥t >0, s>0
A semigroup T (t) is called uniformly continuous if
i [ T(6) — 1] =,
and is called strongly continuous, ( or Cy-semigroup for short), if

ImT(t)r —z=0, Ve € X

t—0

Definition 1.3.3 Let T(t) be a Cy-semigroup on a Banach space X. The operator A is defined
as

Ttz —
Az = tl'ino()fx, Vz € D(A),

t—0 t

D(A) = {a: € X | lim Tz exz'sts}

is called the infinitesimal generator of the Cy-semigroup T(t).
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Theorem 1.3.1 Let X be a Banach space. For any bounded linear operator A on X, T(t) =
et is a uniformly continuous semigroup and A is the infinitesimal generator of T(t) with
D(A) = X.

Theorem 1.3.2 Let T(t) be a Cy-semigroup on a Banach space X, then the following holds

o There exists constants M > 1 and w > 0 such that

1T ()| < Met, Wt >0

e Suppose that A is the generator of T'(t). Then
{NeC | Re(N) > w} C p(A).

o [n addition, if Re(\) > w, then

RN Az =AN—A)lz = /OO e MT(t)xdt, Yo € X.
0

o T'(t) is strongly continuous on X. i.e. for any x € X, the map t — T'(t)x is continuous.

Theorem 1.3.3 Let A be the generator of a Cy-semigroup T'(t) on a Banach space X. we
have the following

e D(A) is dense in X

o A is a closed operator.

e For anyn > 1, D(A") is dense in X. The set D = (| D(A") is also dense in X and
n=1

is invariant under T(t). i.e. for x € D, T(t)x € D fort > 0. Moreover, if we define
D* ={zx e X|t - T(t)r € C>}. then we have D = D>

Theorem 1.3.4 [Hille-Yosida]
Let X be a Banach space and let A be a linear (not necessirely bounded) operator in X. Then,
A is the infinitesimal generator of a Cy-semigroup of contractions T'(t) on X, if and only if

o A is closed and D(A) is dense in X

o There exist positive constants M and w verifying the property: for all A\ > w, A € p(A),

the following holds
M

IROVAY < 5=

n=12, ..
Definition 1.3.4 Let T'(t) be a Cy-semigroup on a Banach space X and let M > 1 and w > 0.
If w =0, then we have | T(t)|| < M fort >0 and T(t) is called uniformly bounded.

Moreover, if we have M =1, then T(t) is called a contraction.
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Corollary 1.3.1 Let X be a Banach space and let A be a linear (not necessirely bounded)
operator in X. Then, A is the infinitesimal generator of the Cy-semigroup of contractions T'(t)
on X, if and only if the following holds.

e A is closed and D(A) is dense in X

e Forany A >0, A € p(A) and
IR, A <

>l =

Definition 1.3.5 Let X be a Banach space and let F(x) be the duality set. A linear operator
A in X is said to be dissipative if for every x € D(A) there is an x* € F(x) such that

Re(Az,z*) <0

Definition 1.3.6 A linear operator A in a Banach space X is called m-dissipative if A is
dissipative and R(N — A) = X, for some A > 0.

Remark 1.3.1 In a Hilbert space H, the dissipativity of A simply means that
Re(Az,z) <0, Vo € D(A).

Theorem 1.3.5 [Limer-Phillips|
Let A be a linear operator in a Banach space X. Then A generates a Cy-semigroup of contrac-
tions on X if and only if

e D(A)=X.

o A is dissipative.

Remark 1.3.2 When X is reflezive, the condition D(A) = X can be removed in the Liimer-
Phillips theorem.

1.4 Stability of Cj-semigroups.
Definition 1.4.1 Let T(t) be a Cy-semigroup on a Banach space X.

e T'(t) is said to be exponentially stable, if there exist two positive constants M,w > 0 such
that
IT(t)|| < Me™*, vt > 0.

o T'(t) is said to be strongly or asymptotically stable, if

lim ||T(t)x|| =0 Vz € X.

t——4o00
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o T'(t) is said to be weakly stable, if

(T'(t)x,y) -0 as t 00, Vo€ X, ye X"

o T'(t) is said to be Polynomially stable if there exist two positive constants C' and o« such
that
IT@#)|| <Ot Vt >0, Vz € X.

Theorem 1.4.1 [Spectral mapping theorem)|
Let T'(t) be a Cy-semigroup on a Banach space X and A be its infinitesimal generator. Then

e'or A C g, (T(t)) C e u{o}.

More precisely, if X € g,(A). then e’ € a,(T(t)). and if e’ € o,(T(t)) then there exists an
integer k such that A\, = X\ + 2mik/t € 0,(A).

Theorem 1.4.2 Let T(t) be a Cy-semigroup on a Banach space with generator A. Then
e C o(T(1)).

Proposition 1.4.1 Let X = H be a Hilbert space. Suppose that T(t) is a weakly stable Cy-
semigroup on H. i.e. (T(t)x,y) — 0 ast — oo for all x,y € H. If its infinitesimal generator

A has compact resolvent, then T(t) is asymptotically stable. i.e. ||T(t)z|| — 0 ast — oo for
all z € H.

Theorem 1.4.3 Let T(t) be a uniformly bounded Cy-semigroup on a Banach space X and let
A be its generator. Then

o [fT(t) is asymptotically stable then o(A) NiIR C o.(A).
o [fo(A)NiIR C o.(A). and o.(A) is countable. then T(t) is asymptotically stable.

o If R(\, A) is compact, then T(t) is asymptotically stable if and only if ReX < 0 for all
Aeao(A).

Corollary 1.4.1 Let T(t) be a Cy-semigroup on a Banach space X and A be its generator.
Suppose that o(A) NiIR C 0.(A) and 0.(A) is countable. then T'(t) is weakly stable if and only
if T(t) is asymptotically stable.

Theorem 1.4.4 Let A be the infinitesimal generator of a Cy-semigroup T(t) on a Banach
space X. If for some p > 1

/ |T(t)z||Pdt < oo, for every z € X,
0

then T (t) is exponentially stable.
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Remark 1.4.1 We say that T'(t) is exponentially asymptotically stable if for every x € X,
there exist M,,w, > 0 depending on x such that

IT(t)z]| < Mye™!

Theorem 1.4.4 shows that a linear Cj-semigroup is exponentially asymptotically stable if
and only if it is exponentially stable.

Theorem 1.4.5 Let T'(t) be a Cy-semigroup with infinitesimal generator A. The following
statements are equivalent.

o T'(t) is exponentially stable, i.e. |T(t)x|| < Me . for M > 1. w > 0;
o lim [7(0)] =0

e there exists a ty > 0 such that
1T (to)|| < 1.

We assume, that X = H is a Hilbert space with the inner product (.,.) and the induced
norm ||.||. Recall that if A generates a Cy-semigroup 7'(t) on H with ||T(¢)|| < Me**, then for
all A with Re\ > w,

R\ Az = /OOO e MT () dt

Theorem 1.4.6 Let T(t) be a Cy-semigroup on a Hilbert space H with generator A. Then
T(t) is exponentially stable if and only if {\, |, ReA >0}, C o(A) and

RN A < M
for all X\ with ReX > 0 and some constant M > 0.

1.5 Bessel functions

The second order differential equation given as

2
:BQZ;é - sz + (2> =)y =0

is known as Bessel’s differential equation which is often encountered when solving boundary

value problems, especially when working in cylindrical or spherical coordinates. The constant

v, determines the order of the Bessel functions found in the solution to Bessel’s differential

equation and can take on any real numbered value. For cylindrical problems the order of the

Bessel function is an integer value (v = n) while for spherical problems the order is of half

integer value (v =n + 1/2).
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Since Bessel’s differential equation is a second-order equation, there must be two linearly
independent solutions. Typically the general solution is given as:

y = AJ,(z) + BY,(x)
where A and B are arbitrary constants and the special functions J,(x) and Y, (z) are:
e Bessel functions of the first kind, J,(z), which are finite at = = 0 for all real values of v

e Bessel functions of the second kind, Y, (z), (also known as Weber or Neumann functions)
which are singular at z = 0.

The Bessel function of the first kind of order v can be determined using an infinite power
series expansion as follows:

(1) (a/2)
hw) =2 RKT(v+Kk+1)

- e ) {2 (o2 -0 )

or by noting that I'(v + k + 1) = (v + k)!, we can write

0o (_1 K 2 v+2K
M@) =2 2!(512)!

k=0
Bessel Functions of the first kind of order 0, 1,2 are shown in Fig. 1.1.

1 ;
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- 0.4} \ o ]
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X

Figure 1.1: Plot of the Bessel Functions of the First Kind, Integer Order.
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The Bessel function of the second kind, Y, (z) is sometimes referred to as a Weber function

or a Neumann function (which can be denoted as N, (z)). It is related to the Bessel function
of the first kind as follows:

Y, (x) = Jy(x)cos(vm) — J_,(x)

sin(vm)

where we take the limit ¥ — n for integer values of v.

For integer order v, J,, J_, are not linearly independent:
Jou(x) = (=1)" ()

Y, (x)

<_1)VY1/('T)

in which case Y, is needed to provide the second linearly independent solution of Bessel’s
equation. In contrast, for non-integer orders, .J, and J_, are linearly independent and Y, is
redundant.

The Bessel function of the second kind of order v can be expressed in terms of the Bessel
function of the first kind as follows:

= k! 2

et 1 1 1 1
. 71Ti(—l) {<1+2+...+H>+(1+ i )]<

2 kK+v
= k(K + v)!

Y,(r) = in(x>(1n§ﬂ>_1'le(y_,ﬁ_1>!<w)2M+

T 2k+v
;)

Bessel Functions of the second kind of order 0, 1,2 are shown in Fig. 1.2.
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SE AT

Yn (x)
o
Ul

Figure 1.2: Plot of the Bessel Functions of the Second Kind, Integer Order.

Theorem 1.5.1 ([33]) Asymptotic representations for the Bessel Functions for large |z| of the

first and second kinds:

n

J(z) = <2>1/2 cos (z — ;1/7 — 7T) [Z (v, 2)(22) 7% + O(|Z’2n2)]

Tz =0

2 1/2 1 1 n

_ () sin (Z — —UTT — 7T> lz (v,2k +1)(22) 2k—1 +0O(|2]~ —2n— 3)] :
Tz 2 =

largz] < m—9§

Y, (z) = (2)1/2 cos (= - L 17r> lzﬂj 1), 26+ 1)(22) 2 + O(|z\2"3)]

2 4 =

2 1/2 1 n . Cono
+ (m) sin (z — VT = T ,;) (v, 26)(22) "+ O(]z| ") |,
largz] <m—9§

1.6 Caputo’s fractional derivative

There are various ways of defining the fractional derivative, but we will focus primarily on
the Caputo fractional derivative defined by Podlubny [40] (chapter 2.4) who gave few formal

definitions and theorems.
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The approach suggested by Caputo is very useful for the formulation and solution of applied
problems and their transparency. It allows the formulation of initial conditions for initial-value
problems for fractional-order differential equations in a form involving the limit values of integer-
order derivatives at the lower terminal (initial time) ¢ = a , such as y'(a), y" (a) etc.

The definition of the fractional derivative of the Reimann-Liouville type played an impor-
tant role in the development of the theory of fractional derivatives and integrals and for its
applications in pure mathematics (solution of integer-order differential equations, definitions of
new function classes, summation of series, etc.). We define it by

1 dr

DEF0) = For i /:(t s f(s)ds, (n—1<a<n)

or

DI = T (DT D), (-1 <a <)

Moreover, we see that fora =n>1andt > a

« _ dn 0 _ dnf(t) _
D7) = o (WDVF(1) = = = (1)

which means that for ¢ > a the Riemann-Liouville fractional derivative of order « = n > 1
coincides with the conventional derivative of order n.

However, there have appeared a number of works, especially in the theory of viscoelasticity
and in solid mechanics, where fractional derivatives are used for a better description of material
properties. Mathematical modeling naturally leads to differential equations of fractional order,
and to the necessity of the formulation of initial conditions to such equations. This means that
the Riemann-Liouville is not the best definition to take when solving some problems, their solu-
tions are practically useless because there is no known physical interpretation for such types of
initial conditions, it is better to use a different definition, such as the Caputo definition which
makes initial conditions for differential equations nicer.

Caputo’s definition can be written as

(n—1<a<n).

e pe— UL

I'(1—n) (t — s)oati-n’

Under natural conditions on the function f(¢), for & — n the Caputo derivative becomes a
conventional n'* derivative of the function f(¢). Indeed, let us assume that 0 <n—1<a <n
and that the function f(¢) has n + 1 continuous bounded derivatives in [a, t] for every ¢ > a,
then
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. i v (M)t —a)me 1 ! n—a p(n+1)
iﬂthf(t)_i%( Tn—atl) +F(n—a+1)/a(t_3) / +1(8)d8>

= fa) + [ F0(s) ds
— () n=1,2,..

The main advantage of Caputo’s approach is that the initial conditions for fractional differ-
ential equation with Caputo derivatives take on the same form as for integer-order differential
equations, i.e. contain the limit values of integer-order derivatives of unknown functions at the
lower terminal ¢ = a.

Definition 1.6.1 The fractional deriwvative of order o, 0 < o < 1, in sense of Caputo, is
defined by

Dof(t) = F(ll—a) /Ot(t - s)a;i(s)ds.

Definition 1.6.2 The fractional integral of order o, 0 < o < 1, in sense Riemann-Liouville,
is defined by

O e A (O

Remark 1.6.1 From the above definitions, clearly
D*f =I1*'Df, 0<a<1.

Now, we give the definitions of the generalized Caputo’s fractional derivative and the gen-
eralized fractional integral.

Definition 1.6.3 The generalized Caputo’s fractional derivative is given by

1 ' df
DOA,T] = 7/ — -« 777(t75) 1 > .
f(®) (1 —a) O(t s) “e ds(s)ds’ O<a<l, 1n>0

Definition 1.6.4 The generalized fractional integral in sense Riemann-Liouville, is given by

1t
I4f(t) = F(oz)/o (t—s)* te =) f(s)ds, 0 <a<1,n7>0.

Remark 1.6.2 We have

D f =D f 0 <a<1,n>0.
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1.7 Geometric control condition

Definition 1.7.1 We say that the geometric control condition GCC' holds if there exist xq €
IR"™ and a positive constant m > 0 such that:

m-v<0only and m-v >0 only,

with m(x) = x — xo.

Figure 1.3: This model satisfies the usual geometric control condition

Figure 1.4: This model satisfies the GCC without Ty N T'; = 0.
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Figure 1.5: This model does not satisfy the usual geometric control condition

27



28

PRELIMINARIES



Chapter 2

ASYMPTOTIC STABILITY FOR
THE LAME SYSTEM WITH
FRACTIONAL BOUNDARY
DAMPING

2.1 Introduction

We consider the initial boundary value problem for the Lamé system given by:

uy — pAu — (p+ A)V(div v) =0  in Q x (0,4+00)
u=>0 in 'y x (0, +00)
P1
(P1) ug:j + (p+ AN (div w)y = —y9""u  in Ty x (0, 4+00),

u(z,0) = ug(x), ui(x,0)=wui(z), inQ

where p, A are Lamé constants, 7 is a positive constant, u = (uy,us, ..., u,). Here Q is a
bounded domain in IR"™ with smooth boundary 9 of class C? and v is the unit outward
normal to I'.” We assume that I' = I'g U I'y, where I'y and I'; are closed subsets of I" with
I' =TyNT; = (. The notation 9;"" stands for the generalized Caputo’s fractional derivative of
order a (0 < a < 1) with respect to the time variable (see [12]). It is defined as follows

1 t dw
oy Mw(t) = F(l—oz)/o (t — 3)’ae’"(t’s)£(s) ds  n>0.

This problem has its origin in the mathematical description of memory-type elastic mate-
rials. It is well known that memory-type elastic materials exhibit nature damping, which is
due to the special property of these materials to retain memory of their past history. From the
mathematical point of view, these damping effects are modeled by integro-differential opera-
tors. Therefore, dynamics of memory-type elastic materials are very important and interesting
as they have wide applications in natural sciences. From the physical point of view, the problem
(P1) describes the position u(x,t) of the material particle z = (x1, s, ..., x,) at time ¢, which

29
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is clamped in the portion I'y of its boundary and its portion I'y is supported by elastic bearings
with fractional boundary responses, represented by the function 9;""u.

The problem of well-posedness and stability for the Lamé system has attracted a lot of
attention in recent years, where diverse types of damping mechanisms have been introduced
and many energy estimates have been obtained (polynomial, exponential or logarithmic decay).

Let us mention here some works concerning the stabilization of Lamé system of waves with
different types of dampings.

In [30], Lagnese obtained uniform stability estimates for linear homogeneous isotropic and
bidimensional elasticity systems under a linear boundary damping. Komornik [27] proved the
same estimates for the homogeneous isotropic system in 1-dimension and 2-dimension and un-
der a linear boundary damping. Martinez [36] generalized the results of Komornik [27] to the
case of elasticity systems of cubic crystals under a nonlinear boundary damping.

We should mention here that, to the best of our knowledge, there is no result concerning
the Lame system with the presence of a fractional damping. In addition to being nonlocal,
fractional derivatives involve singular and nonintegrable kernels (¢~*,0 < o < 1). This makes
the problem very delicate.

Noting that the case of the one-dimensional wave and plate equations with boundary frac-
tional damping has treated in [2] and [38] where it is proven the strong stability and the lack
of uniform stabilization.

Very recently, Benaissa and Rafa [11] (see also [3]) extended the result in [38] to higher-
space dimension and boundary control of diffusive type and established a less precise decay
estimate by adopting the multiplier method.

Our aim in this work is to prove that the stability of our system holds with fractional damp-
ing and to obtain an almost optimal polynomial decay.

This chapter is organized as follows. In Section 2, we take advantage of the complete mono-
tonicity of the power function integral kernel to represent it as a superposition of exponentials
and derive what we call the "augmented model”. In section 3, we state a well-posedness result
for problem (P1). In section 4, we show the lack of exponential stability by spectral analysis.
Section 5 is devoted to results regarding strong asymptotic stability of solutions, and in Section
6, we show an almost optimal polynomial energy decay rate depending on parameter . We
use a recent result of Borichev and Tomilov which relate resolvent bounds and decay rates.
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2.2 Preliminaries
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This section is concerned with the reformulation of the model (P1) into an augmented system.

For that, we need the following claims.
Theorem 2.2.1 (see [38]) Let u be the function:
w(€) = €] D2 _oo < € < 400, 0<a < 1.

Then the relationship between the “input’ U and the ‘output’ O of the system

¢(¢,0) =0,
+oo
O(t) = ()" sinam) [~ ul€)o(&.1) ds
15 given by
O =['""U = D*"U
where ) .
170 = gy ) (= e DS

Proof. From (2.2) and (2.3), we have

o0 = [ e @I ()ar

Hence, by using (2.4), we get

o(t) = (W)_lsm(aﬂ)e_"t /Ot {2 /(:OO |§|20‘_16_52(t_5)d§} e"U(T)dr

Thus,

Ot) = (m)Lsin(am)et /t (¢ - 5)°T(@)] U (r)dr

0
¢
= (ﬂ)*lsm(mr)/ {(t - s)_oT(oz)} e M =IU (1) dr
0
1
Which completes the proof. Indeed, we know that (7) 'sin(am) =

Lemma 2.2.1 (see [2]) If A € D, =C\] — oo, —n] then

oo :u2<€> _ ™ a—1
Loo A+n+ &2 dt = sina77<>\+77) '

Op(&.t) + (€ + (&, t) —Uu(€) =0, —oo <& < +4o00,n7>0,t>0,

o)1 —«)
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Proof. Let us set

2
oy ()
RO =11
We have
o
_#E) | ) Red+p+g2
N+ 2|~ ()
[TmA| +n + &2
Then the function f5 is integrable. Moreover
2
1 (€) 5
—=>— for all ReX > -
’ 1°(€) <) mAn+E or all ReA =10 > =1
) 2| =) e .
At+n+¢€ 75%—({)2 for all [ImA| > 7y > 0

From Theorem 1.16.1 in [47], the function
f5:D—C is holomorphic.

For a real number A > —n, we have
—1

+o0 2a—1 too  go
/OOW —/OO AE'?H@ =/0 mdm(with§2:x)

()“H])al/l yHy — 1) tdy (withy =2/(A+n)+1)

= (A +n)*" 1/01 21— 2)* " dz (with z = 1/y)

= A +n)*'Bl—a,a)=A+n)*"T(1 — a)(a) = (A +7)>"

7

sin o

Both holomorphic functions f5 and A = (A 4 7)* 1 a
sin T
hence on D, following the principe of isolated zeroes.

coincide on the half line | — 7, +o0],

We are now in a position to reformulate system (P1). Indeed, by using Theorem 2.2.1,
system (P1) may be recast into the augmented model:

g — pAu — (pp+ A)V(div u) =0 in © x (0, 400)
8t¢(xa€>t) + (5'2 + U)ﬁb(l‘af»t) - U(ZL’, t)/u(g) =0 in I'y x (_007 OO) X (07 +OO)
u(z,t) =0 on Iy x (0, 4+00)
/ +o0
P 08 et @y = ¢ [ W@o(. & ) de Ty x (~00,00) x (0, +00)
u(z,0) = ug(x), w(z,0)=u(x) on 2,
o(x,&,0) =0 on I'y x (—o0, 00),

where ¢ = v(7) " !sin(an).
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We define the energy of the solution by:

1n
B0 = 53 (sl + 1l Vusliog +¢ [ [ eyt 0 dear)

j=1 (2.9)
L m ; A)

Idiv ulZ2q)

Lemma 2.2.2 Let (u,d) be a reqular solution of the problem (P1). Then, the energy func-
tional defined by (2.9) satisfies

==X [ [ € oyt g o dgar <o (2.10)

Proof. Multiplying the first equation in (P1) by @;, integrating over € and using integration
by parts, we get

1d _ o ..
2dt“uth2 /ﬂ%/ﬂAujuﬁ dr — (p + )\)%/Q a—xj(dlv u)uj dx = 0.
Then
1dZ (u+>\)
5 g7 2 el Fago) + 1l Vusllzag) ) + = lldiv ulf2q0
= (2.11)

+oo
HRY /F Wy (e0) [ p(€)s(w & 1) dgdr =0
j=1"11 —oc0
Multiplying the second equation in (P'1) by (¢; and integrating over I'y X (—o0, +-00), to obtain:

MZH@HL S +<z// (62 +m)|os(w, &, 8)| de dr

. . (2.12)

~ary [ e t) [ w(©)3; (.6, ) dgar =0,

From (2.9), (2.11) and (2.12) we get
(1) = ‘Qi/n @+ oo g ) dar.

This completes the proof of the lemma.
2.3 Well-posedness
We rewrite the problem (P'1) as a first-order system for U = (u,v, ¢)T, where v = u;.
Then U satisfies AU L= 0

{00 = oo (249)
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where the operator A is defined by

A (v) = (MAU + (+ A)V(div u)) : (2.14)
¢ (& +n)¢ +v(@)u(é)
with domain
DA ={U e H/AU € H} (2.15)

where the energy space H is defined as:

n

= (1) (B0) (B0 % o 00)

equipped with the inner product
<UT>p=Y /Q (0,3, + 1V, Vity) da -+ (u+ N /Q (div u)(div @) dz
j=1
n +00 —=
Y [ el &), € dgar
j=17T1 /=0

The domain of A is then
(u,0,0)T in H:ue (HAQ) NHL(Q)" i€ (HE ()"
— (& + )¢+ v(x)u(§) € (LA(T' x (—o0, +00)))",

ou _ +o0
Ho + (i N (div wpy+¢ [ p(€)o(x.€)dg =0, on I
[€l¢ € (L*(T'y x (=00, +00)))"

D(A) = (2.16)

emark 2.3.1 The condition |{|¢(€) € (L*(I'y x IR))™ is imposed to insure the existence of
_>r +oo
—CZ/F / (€% +m)|d;(z,& )P dEdT and p(§)d(x,€) € (LT x IR))™.
=171 /=00

Our main result is giving by the following theorem.

| Theorem 2.3.1 The operator A defined by (2.14) and (2.16) generates a Cy-semigroup of
contractions e in the Hilbert space H.

Proof. To prove this result we shall use the Lumer-Phillips’ theorem.
For any U = (u,v,¢) € D(A), using (2.13), (2.10) and the fact that

B(t) = U1, (2.17)
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we have

REAU, Uy, =—<Z/ [ €@+ losta. € o de ar (2.18)
Then the operator A is dissipative.
Let A > 0, we prose that the operator (5\1 — A) is a surjection.

In other words, we shall demonstrate that given any triplet F' = (Fy, Fy, F3) € H, there is an
other triplet U = (u,v, ¢) € D(A) such that

(M — AU = F. (2.19)
Equation (2.19) is equivalent to
%u —v = Fi(x),
M — pAu — (p+ NV (div u) = Fy(), (2.20)
A¢+ (€2 + )¢ — v(@)u(S) = Fa(=,£),
Suppose u is found with the appropriate regularity. Then, (2.20); (2.20), yield
v=u-—F(z) € (HL ()" (2.21)
and "
E2+n+ A
By using (2.20) and (2.21) it can easily be shown that u satisfies
N — pAu — (p+ NV(div u) = Fy(z) + Ay (). (2.23)

Solving system (2.23) is equivalent to finding u € (H2(Q) N H%O(Q))n such that

/Q (qu]@j — uAquj) de — (p+ A) /Q 88

L

(div w)T;dz = /Q (F(x) + AFY(2))w;dz, (2.24)

For all w € (H%O(Q)>n. By using (2.24), the boundary condition (2.16)3 and (2.22) the function
u satisfying the following system

> / (Nouym; + pVu, Vo, de) di+ (o + A) / (div )(div @) dz + EZ /F vy dT

_Z/F] )+ AFi (2 w]dx—CZ/ ( Wg)m

o 24+ A
(2.25)
)
o 24+ A
Using again (2.21), we deduce that

v(z) = Mu(z) — Fi(x), Voely. (2.26)

WhereC ¢ / dg.
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Inserting (2.26) into (2.25), we get
Z/ (5\2%@]- + pVu,; Vw; dx) + (+A) / (div w)(div w) dz + A Z/ u,;w; dl’
J=1 I

XZ:/ FJ )"‘)\Fl w]dx_CZ/ ( M 5) dT

E2+n+ A
+<‘Z/ F{ (x)w; dT.
j=111

(2.27)

Problem (2.27) is of the form
B(u,w) = L(w), (2.28)

where B : {(H%O (Q))n X (H%O (Q))n] — € is the sesquilinear form defined by

B(u,w) = Z/ (Pu]@j + pVu,; Vi, d:p) +(p+ ) / (div w)(div ) dz 4+ A Z/ uw; dl’
Q Q o

J=1

and L : (H%O(Q))n — € is the antilinear form given by

Z/FJ )+ AFY () wjdx—CZ/ ( Wg)dr

E+n+A
+C Z/ x)w; dl.
Clearly £ is continuous form on (H%O(Q))n, while B is continuous and coercive form on
(H%O (Q))n Hence by Lax-Milgram Lemma, problem (2.28) has a unique solution u € (H%O (Q))n
In particular, setting w € (D(Q2))" in (2.28), we get
(%) Nu — pAu — (g + N V(dive) = Fy(z) + AFy(z) in (D(Q))".
As Fy(z) + AFy(x) € (L*(Q))", using (), we deduce that
(xx) N — pAu — (p+ NV (div u) = Fy(z) + AFy () in (L3(Q))™.
Due to the fact that u € (H%O(Q))n, we get Au € (L?(Q))" and we deduce that u € (H?(Q2))".

Multiplying the conjugate of equalities (x) by w € (H%O(Q))n, integrating by parts on 2, and
comparing with (2.28) we get

_, Ou; ) e -
—/Fl wj(ua—]j+(u+)\)(dlv u)uj)dF—i-C)\/ w;(x)w; dT

gy - MO (,6) | _
_C/FlFl(a:)w]dF—i—(/Fle< B 5) dr = 0
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Consequently, defining v;(z) = S\uj (z) — F(z),z € Ty and ¢; as in (2.22), we deduce that

ou

pot + (et (v + ¢ [ (o) dg =0 on T,

It follows that v € (H%O (Q))n Moreover from (2.22), we have

I P o I
! £2+77+)\ LQ(leIR) £2+77+)\ LQ(IR)
1 oo W2 o
< IR e ary + [0 - ] G4 ) 2ol
and €1F(x.6) Ju(©)
z, 1
el e, < ‘ ) | .
IRy E+n+AMpeexR) [182+1+ AR, '

1
< 5 1P Ol R, + el

Hence o, |¢]o € (LA(Ty x IR))". ~
Therefore, the operator (A — A) is surjective for any A > 0.

Consequently, using Hille-Yosida theorem, we have the following well-posedness result:

Theorem 2.3.2 (Existence and uniqueness)

(1) If Uy € D(A), then system (2.13) has a unique strong solution

U € C°(IRy, D(A)) N C (R4, H).

(2) If Uy € H, then system (2.13) has a unique weak solution

UecC'IR.,H).

2.4 Lack of uniform stabilisation

In this section we shall prove that the system is not uniformly stable in general, since it is
already the case for the unit disk B(0,1) of IR? and 'y = () as shown below. This result is due
to the fact that a subsequence of eigenvalues of A which is close to the imaginary axis.

Our main result is the following.
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I Theorem 2.4.1 The semigroup generated by the operator A is not exponentially stable.

Proof. We first compute the characteristic equation that gives the eigenvalues of A. Let A be
an eigenvalue of A with associated eigenvector U = (u,v, ).
To solve AU = AU is enough to solve

é\u—v:O, xr € B(0,1),
{ A — pAu — (p+AN)V(divu) =0 =z € B(0,1), (2.29)
AP+ (€ +n)¢ —v(x)u(§) =0, z€09B(0,1), € R,

Next, by eliminating v from the above system we get the following system:

{gzu—,uAu— (w+A)V(divu) =0 =xe€ B(0,1), (2.30)
Ad+ (& +m)d — Mu(z)u(§) =0, z€0B(0,1), £ € R. '
with the following boundary condition
8 +oo
ha + (4 A\)(div w)v = —C/ o(x, &, t) d. (2.31)
As a consequence of (2.30), (div u) verifies the scalar equation
M (div u) — (2 4+ A)A(div u) = 0 (2.32)
with the following boundary conditions (we use (2.29); and (2.31))
8 + (g + N (div w)r = =y XA + n)*Lu. (2.33)
Then 5
(342X + YA+ 7)) (div u) + (21 + ) (div u) = 0. (2.34)
From (2.32) and (2.34) we arrive at
NE — (2u+MNAE =0 in B(0,1)
- 2.35
(3 + 22+ AN +n)* ) E+ <2u+x)a‘9E: 0 indB(0,1), (2:35)
v
where E = (div u).
We decompose E (7“, ) in Fourier series with respect to 1, coskyp, sinkp, k € IN :
Z O (r ) with @5 =1, $op_1(p) = coskp, Pop(p) = sinkyp,
82
ke IN: 82(I)k—Tk<DkW1thTQ—O T2k — Tok— 1——/<I k € IN.
Then the equation for E is equivalent to the system
2 V) 07+ (s NEY() =0, 7 € DO 1) -
(21 + N7y, + <3u+2)\+7>\)\+na1)fzk =1,k € IN. '
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The theory of Bessel equations gives
k

O (7) 2 J, <z A r )
W= e
Z\/Q/H-)\ a

where J;, is the Bessel functions of the first kind of order k

Ju(s) — i F(k(;i)ﬂ) ()™

Therefore, using the second equation of (2.36), we find that if A € €* satisfies

1 X A 3+ 2 voos ok _ A
——i\Jj, | i + + AMA+)* Iy li—=—=] =0
NCITED) k( \/72,u+)\> <2M+/\ 20+ A (A+m) "V
Then ) is an eigenvalue of A. Our goal is to find large eigenvalues which are close to the
imaginary axis and to give their expansion.

Lemma 2.4.1 There exists N € IN such that

{/\m}mEZ*,|m|2N C O'(.A), (237)

where

k1 1
Am:—i\/2u+)\<m++>7r+ < + b —|—0(m(1_a)>,m2N,dEz’]R,ﬁ€IR,B<O.

2 4 m(l—a) m(l—a)

A = A if m < —N.

Moreover for all |m| > N, the eigenvalues Ay are simple.

Proof. For clarity, the proof is divided into three steps:

Step 1. We have

(8+ AR +n) ") I <2A> + i A <@A> — 0, (2.38)

V20 + A NTE A VTS
where 8 = (3u+2X\)/(2u+ A) and 0 = v/(2u + A). We know that
st (s) =vd,(s) — sd,y1(s). (2.39)

Then (2.38) is equivalent to

Y _ s A B
10 = (e 30 (1 ) i e ()

S
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We set
A UL WY = N

We will use the following classical asymptotic expansions of Bessels functions (see [33] p. 122,
(5.11.6)): for all 6 > 0, the following development holds when |arg z| < 7 — ¢:

To(2) = (fg)m cos (=02 = 7) (1 + 0(|Zl|2)> - (:Z)l/z sin (= =12 - 7) 0 (|21’2> |

(2.42)
Then 9\ 1/2 p—iz ~
fn=(=) FIo. (243)
where -
_ A T
"R a 271
A
RN Ty
and B NoTED:
A 1 :
=+ 1 o ().
where
fo() =€ — 1. (2.45)
AV = —W(em +1). (2.46)

Note that fo and f; remain bounded in the strip —ay < R(A) < 0.

Step 2. We look at the roots of fo. From (2.45), fo has one family of roots that we denote A2 .
foA) =0 e* —1=0

Hence -
A T 7
2%li—l ks ) =2 =/
z(z TED 5 4) mmmw, m ,
ie.,

ko1
0 = —iy/2 — 4= Z.
A i u+/\<m+2+4>7r, m €

Now with the help of Rouché’s Theorem, we will show that the roots of f are close to those
of fo. Let us start with the first family. Changing in (2.40) the unknown A\ by u = 2iz then

(2.40) becomes

fw)=("-1+0 (u(ll_a)) = folu) + 0 (u(ll_a))
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The roots of‘fo are Uy, = —i\/21 + A (m + % + %) m,m € Z, and setting:
U = Uy, +re’,t € [0,27], we can easily check that there exists a constant C' > 0 independent
of m such that |e* + 1| > Cr for r small enough. This allows to apply Rouché’s Theorem.

Consequently, there exists a subsequence of roots of f which tends to the roots w,, of fo.
Equivalently, it means that there exists NV € IN and a subsequence { A, }m>n of roots of f(\),

such that \,, = A2, + o(1) which tends to the roots —iy/2u + A (m +E4 i) 7 of fo.
Finally, for |m| > N, ), is simple since \? is.

Step 3. From Step 2, we can write

ko1
/\m:—i\/2u+)\<m+2+4>7r+5m. (2.47)

Using (2.47), we get

2
e2izm = e 20+

2
= 11— ——t, +0(2).

V20 + A

Substituting (2.48) into (2.44), using that ;Z()\k) =0, we get:

o 2T e Ly
FOw) = o~ Cm iy o) 4o (ml_a> —0 (2.49)

and hence

€k

(2.48)

o (2u+ Ao +0( 1 )
T (=V2pF Nimm) - mi-e

NG TN )\(a—l)(m;)l_a (cos(l — a)g —isin(1 — a)g) + 0(
a— . 1
—V2u + Y 1)7)1(1 (cos(l — a)g +isin(l — a)g) +o (m1a> for m < 0.

(—mm
) (2.50)
From (2.50) we have in that case |m['~*R\,, ~ (3, with

~ (a—1) ¥ T
B =—\2u+ A s cos(l—oz)g.

The operator A has a non exponential decaying branche of eigenvalues. Thus the proof is
complete.

) for m > 0,

ml—oz

2.5 Strong stability

One simple way to prove the strong stability of (2.13) is to use the following theorem due to
Arendt-Batty and Lyubich-Vu (see [6] and [34]).
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Theorem 2.5.1 ([6]-[34]) Let X be a reflevive Banach space and (T(t))i>0 be a
Co—semigroup generated by A on X. Assume that (T(t))i>o is bounded and that no eigen-
values of A lie on the imaginary axis. If 0(A) N iR is countable, then (T'(t))i>o is strongly

stable.

Our main result is the following theorem

Theorem 2.5.2 The Cy-semigroup e is strongly stable in H; i.e, for all Uy € H, the

solution of (2.13) satisfies
Jlim le"Toll» = 0.

For the proof of Theorem 2.5.2, we need the following two lemmas.
I Lemma 2.5.1 A does not have eigenvalues on iIR.

Proof. 3
Case 1. For \ # 0.

We will argue by contraction. Let us suppose that there A € IR, X\ # 0 and U # 0, such that

AU = i\U.
Then, we get

ig\v —pAu— (p+AN)V(divu) =0, z€Q
iAp + (€2 + o —v(z)u(§) =0, xeTy.
Next, a straightforward computation gives

{ij\uv(), r e

RAUU) = ¢S [ [ (€ + m)lonta, € ) de ar.
i=17+177>

Then, from (2.53) we have
¢=0 only X (—00,00).

From (2.52)3, we have
v(z) =0, only.

Hence, from (2.52); and (2.16)5 we obtain

u(z)=0 onI and ugu(x) + (u+ N)(div u)(z)r =0 on I'y.
v

Thus, by eliminating v, the system (2.52) implies that

Nu+ pAu+ (p+ A)V(divu) =0 in Q,
U = on I

— + (p+ A)(div u)r =0 on I'y.
v

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)
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Therefore, using Holmgren’s theorem, we deduce that © = 0 and consequently, U = 0.

Case 2. A = 0. The system (2.52) becomes

v=0, z€
{ pAu+ (p+ AN)V(divu) =0, z € (2.58)
(& +n)¢ —v(z)p() =0, zel,

Multiplying the second equation of (2.58) by u, integrating by parts over {2 and using the
boundary conditions u = 0 on I'y, we get

MZ/ £y u;dl’ — MZ/ [V, ? do+ (p+A) Z/ (div w)va; dl — (u+ ) / (div u)|*dz =0
Now, from (2.58); and (2.16)3 , we deduce that
_HZ/Q [Vu;|* do — (n+ ) /Q (div w)|? dz = 0.
j=1

Hence u is constant in the whole domain 2. Therefore as I'g is non empty, we have
u =20, on {2

It follows that U = 0.Consequently, A does not have purely imaginary eigenvalues.

The second condition of Theorem 2.5.1 will be satisfied if we show that o(A) N {/IR} is at
most a countable set. We have the following lemma.

Lemma 2.5.2 We have
iR C p(A) ifn #0,
iIR* C p(A) ifn=0

where IR* = IR — {0}.
Proof. We will prove that the operator (i\] — A) is surjective for A # 0.
For this purpose, let F = (F}, Fy, F3)T € H, we seek X = (u,v,$)” € D(A) solution of the

following equation .
(iAN[— A)X =F. (2.59)

Equivalently, we have

iz — pAu — (p+ NV (div u) = Fy(z), (2.60)
iAp + (€2 +n)d — v(z)pu(S) = Fs(,).

From (2.60); and (2.60)2, we have

{ZS\U —v = Fi(z),

N — pAu — (4 NV(div u) = (FQ(I) + z:\Fl(x)> (2.61)
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with wr, = 0. Solving system (2.61) is equivalent to finding u € (HZ(Q) N H%O(QD such that
Z/ (—5\2ujwj + uVuijj) dx + / (1 + ) (div uw)(div w) dz + 25\52/ ujw; dl

i=1 Fl

:i/ FJ +Z>\F]( ))wgdx_CZ/ ( M 5) Al

€2 4 n 4 i)
+<“Zl [ Fl@u;ar.
o1
(2.62)
For all w € (H%O(Q)) where ¢ = C/ 52_‘_(?_2/\
We can rewrite (2.62) as
—(Lsu, w)((HllO(Q))”,((HILO(Q))')”) + aegry o) (U, w) = l(w) (2.63)

with the bilinear form defined by

r

a(H1O(Q))(u, w)=py /Q Vu;Vw; dx + (p + A) /Q(div u)(div w) do + zXfZ/F ujw; dI’
i=1 j=1""1

and

(Lyw, ) =D /Q N da.
=1

Using the compactness embedding from L?(2) into H~'(Q) and from H} () into L*(Q) we
deduce that the operator Lj is compact from (L?(2))" into (L?(£2))". Consequently, by Fred-
holm alternative, proving the existence of u solution of (2.63) reduces to proving that there is
not a nontrivial solution for (2.63) for { = 0. Indeed if there exists u # 0, such that

1
(L W), @y @y = o oy (W, w),  Yw € Hy, (). (2.64)
This means that i) is an eigenvalue of A. Therefore from Lemma 2.5.1 we deduce that u = 0.

Now, if A = 0 and 7 # 0, the system (2.60) is reduced to the following system

(€% + o — v(@)u(§) = Fy(, ).
Solving system (2.65) is equivalent to finding u € (H2(Q) N Hy, (Q))n such that

{ v =—F(z)
pAu+ (u+ NV (div u) = —Fy(z), (2.65)

Z/Qwujijdx () /Q(div w)(div w)de = Z /Q Fjw,dz + 52/F Fjw; dD
j=1 j=1""1

_Cjé/n (/ uFJ(l‘ﬁ)df)

(2.66)
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For all w € (Hp ()"

Consequently, problem (2.66) is equivalent to the problem
B(u,w) = L(w), (2.67)

where B : KH%O (Q))n X (H%O(Q))n] — @, is the bilinear form defined by
Blu,w) =3 /Q iV Vws de + (14 ) /Q (div w)(div w) do (2.68)
i=1

and L : (H%O(Q))n — (C is the linear form defined by

Do) IETER o) IR T o) UL Y e S R

It is easy to verify that B is continuous and coercive, and L is continuous. So applying the
Lax-Milgram theorem, we deduce that for all w € (H%O(Q)) problem (2.67) admits a unique

solution u € (H%O(Q))n Applying the classical elliptic regularity, it follows from (2.66) that
u € (H*(Q))". Therefore, the operator A is surjective.

Residual spectrum of A

Lemma 2.5.3 Let A be defined by (2.14). Then

A (v) = (uAu - (,u:L MV( div u)) (2.69)
¢ —(& + )¢ — v(x)u()

with domain
(u,0,0)T in H :u e (H(Q) N HE (Q) v e (HL Q)
(62 +1)¢ —v(x)u(§) € (L2(F1 x (=00, +00)))",
8 + (p+ A)( div ) 1/+C/ w(&)o(&)dé =0, onl'y
€16 € (L*(I'y x (=00, +00)))"

D(A*) = (2.70)
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Proof. Let U = (u,v,¢)" and V = (@, 0, $)". We have: < AU,V >y=< U, A*V >4,.

< AU,V >y= Z/ (no;Au; + (14 X)0; V( div ) —i—/LVﬁjVuj)daH—(u—i-)\)/Q( div v)( div @)dz
+<Z/ [ 1€ + o+ v@ue)dde dr
:pé/rl ﬁjayd:p—u;/QVujV@jdx—k(,u+/\)jé/nv~j( div u)v dx
n aN n
—(M—l-)\)/g( div u)( div 6)dx+uj§:l/rlvazdf—,uj§:l/ﬂvjAﬂjdx
+(M+A)an/ v;( div a)de—(u+)\)zn:/ v V( div @) do

¢ [ [T mosdedr+ [ of /°° ()6 dg dr
If we set

+oo
“aV:—C/ S, ) dE — (1 + N)( div w)v,

we get
< AU,V >y= —,u;/QVujV@j de — (p+ ) /Q( div u)( div 0) dz — ,u;/gvjAﬂj dx
N [oVdivaydr ¢ [ [+ md+ o(a)p(©)] dear
j=179 r J—c

Theorem 2.5.3 0,.(A) = 0, where 0,(A) denotes the set of residual spectrum of A. It is
defined as

o.(A) = {A €T : ker(\] — A) =0 and Im(\ — A) is not dense in H}.

Proof. Since A € 0,(A), X € 0,(A*) the proof will be accomplished if we can show that
o.(A) = 0,(A*). This is because obviously the eigenvalues of A are symmetric on the real axis.

From (2.69), the eigenvalue problem A*Z = AZ for A € € and 0 # Z = (u,v,¢) € D(A*) we
have

Au+v =0,
M+ pAu A+ (g + A)V( div u) = 0, (2.71)
Ao+ (& +m)o + v(@)u(€) = 0.
From (2.71); and (2.71)s, we find
N — pAu — (g + NV( div u) = 0. (2.72)
As vp, = —5\u|p1, we deduce from (2.71)3 and (2.70)3 that

ou

Ham + (i A)( div ) C/\/OO p + i adu), Vel (2.73)
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with the following conditions
ur, = 0. (2.74)

Hence A* has the same eigenvalues with A, and this completes The proof.
I Remark 2.5.1 When n =0, then X\ =0 is in the continuous spectrum.

Indeed, let u;, € Hf () be an eigenfunction of the following problem

—pAup — (p+NV(divug) = wiug

uka = 0Oonly
Uu .

/La—yk + (p+ A)(div ug)v =0

such that
2 2
= \V4 dl.
Jucliy, = [ 17

Now, we define the vector F' = (uy,0,0) € H. we suppose that there exists U = (u, v, ¢) € D(A)
such that

—AU = F.

It follows that
(EV) v=—upin Q, €6+ p(€v=0onT,
and

—pAu — (p+AN)V(divu) = 0onf

U = 0Oonly

ou :
ha, + (1 + A)(div u)v = Oonly

From (EV), we deduce that ¢(z,€) = || w|r,. Clearly, for a € (0,1), ¢ & LR
2.6 Polynomial stability (for n # 0)

In order to establish the polynomial energy decay rate, let us consider the usual geometrical
control condition: there exists a point zy € IR" such that

m-v<0only, m-v>0o0nly, (2.75)

where m = x — x.

Moreover, we use a recent result by Borichev and Tomilov [13]. Accordingly, if we consider a
bounded Cy-semigroup S4(t) = e on a Hilbert space. If

1
iR C p(A) and sup —||
1=1 0

for some 0 > 0, then there exist ¢ such that

(BT = A) " lepy < M

C
le*Uoll* < 1Tl ay-
t3s
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Our main result is as follows.

Theorem 2.6.1 Ife > 0, then the semigroup SA(t)tzo 15 polynomially stable and

1
E(t) = 1SaVoll3; < —=— 0ol b

tA-a)+5

Proof. We will need to study the resolvent equation (’LS\ — A)U = F, for X € IR, namely

i+ (€ +m)¢ —v(z)p(§) = F,

where F' = (Fy, Iy, F3)T. Taking inner product in H with U and using (2.18) we get

z/:\u —v =I5,
i — puAu — (p+ ANV ( div u) = F, (2.76)

[RCAU, U)| < [[U [l E'll 34 (2.77)

This implies that
+oo
[ [ T@ +lgste & 0P dgdr < Ul Pl (2.78)

Moreover, from the boundary condition (P)s, we have

J,

2

ar

,ua;jj + (4 A)(div u)y;
o 2
<¢ [ | T u©oy.e) | ar (2.79)

< ([T @nmora) [ [T mloeoP dedr

< Ul [ F 3

From (2.76)3, we obtain
v(@)p(€) = (A + & +n)g(x,€) — Fy(,€), Ve el (2.80)

By multiplying (2.80) by (i\ 4 &2 + 77)_115\12;6, we get

A+ +m) " (@)|e] T ule) = €] 7 ¢ — A+ +n) Y e 7 Fy(x,6), weli. (281)

Hence, by taking absolute values of both sides of (2.81), integrating over the interval | — oo, +00|
with respect to the variable &, applying Cauchy-Schwartz inequality, we obtain

1
2

@ aloeori) v ([TIH@ore) e

1 +oo
0o

Z5Sluio) <u(/
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where

§= [N+ 4 e T () de =

|sin(*3= — )|
= ([ i)

V= ([ T0A+ €4l ae) - <;sm<:) (A1 +n) §_1>2

Thus, by using again the inequality 2PQ < P? + Q% P > 0,Q > 0, we get

SZ/FI o, ()2 dT < 442 /F /_;Oo(§2+n)!¢j]2d§dF+8V2/Fl /_:O|Fg(a:,g)|2d§dr.

We conclude that

[ oi(@) 2 < e\ E Ul Fle + el A F )

Let us introduce the following notation

2 = 32 (@) + ulVus@) ) + (o -+ Vldiv u(@)]?

7j=1
and
Lemma 2.6.1 We have that

Eu <c||F||H+c + (1 + ) (div w)y;

dF+c”Z/ (m - v)|v, |2 dT
j=1711

for positive constants ¢, ¢ and .

Proof. Multiplying (2.76), by @,integrating on €2 we obtain

—/ vj(iﬁuj)dswu/ |Vuj\2dx+(u+A)/Q(div u)guj dr — 1 u]au] dl
Q Q

.fL'j 8y

—(pu+ )\)/ vju;(div u) dl' = /QﬂFg dx.
I'1

From (2.76),, we have i\u; = v; + F{. Then

o0u Ou,
— |2 |2 ; J J
/Q|v]| de’—f—/L/Q|v1L]’ dx—i—(u—i—/\)/g(dlvu)a% dx — Fluja dr’

—(p+ A)/F vt (div u) dlI' = /QEJFQJ dx + /QUJ-FJ1 dx.
1

49

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)
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Hence

n n n au
_ 12d / 12d A / div ul? dz — /*-Jdr
j}:l/g|vj| x+MjZI Q|Vu]| x4 (u+ N) Q| iv ul|®dz ujzl Fluj 5

—(u+)\)2/ vz (div ) dT = Z/ 4, Fy dx+2/ o, da.
j=1"I1 j=1"% j=1"9

Multiplying (2.76) by (2m - Va), integrating on  we obtain

O(div u)
a{['j

—Z/QUj(m ~iAVu;) dr — Q,M/Q Au;(m - V) de — 2(p + )\)/Q (m - V) dz

= 2/ Fy(m - Vii;) du.
0
. (2.89)
From (2.76)2, we have iA\Vu — Vv = VF}, then

_ _ J(div u) _
—Q/QUj(m - Vv;) dx — 2,LL/Q Auj(m - V) dr — 2(p + )\)/Q o, (m - V) dzx

:2/ FQj(m-VEj)dw+2/vj(m-VF{)dx.
Q Q

(2.90)

For u € H?(2), we have the following Rellich’s identity

ou,;
Aui(m - Vi) dr = Vi) =2 dl — - $ V) d.
/Q uj(m - Vi) dz /F(m Vi) d /QV“J Vim - Vi) de (2.91)

[ v w) o i) do — [ m - V) iv u;ar - [ (div u)aa(m Vi) dr.

Oz, T,
Moreover, using the following identity
2RV, - V(m - Vaig) = 2|Vu,|*> + m - V(|Vuy|?)
and integration by parts, we get

2%/Qvuj-wm.wj)dx: (2—n>/Q\Vuj|2dx+/rm-uwuj\2dr

9

Y 2.92
2;%/9(&" “)8xj(m'v7jj)d$: (2_71)/9\div u]2dx+/rm~u|div ul*dr. (2.92)

From (2.90), (2.91) and (2.92), we get

nZ/ \vjy2dx+(2—n)uz/ |Vuj]2dx+(2—n)(u+)\)2/ div uf? de
j=1"¢ j=179 e

:QZg%/QFg(mV@)dzHZ%/ﬂw(m-VF{)dHZ/F (m - v)|v|* dT
= j:(;u j=170 (2.93)

= [ m-va) 2% ar — 0S5 [ (- 2
—I—QMRjz_:l/F(m V) 5 ar pjz_:l/r(m v)|Vu;|* dl

+2(pu + A)%ié(m - V) (div w)y; dT — (p+ N) /F(m - v)|div ul® dT.
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Ous
Noting that Vu; = %y on [y, it follows that
v

n P da+ (2 — . P de+ (2 — NS [ Idivud
nY [l e+ @2 =nn 3 [ IVuf dot 2=t )Y [ v af?da
_ i(m - Vi, Y (m-VE Y D)ol
_2;8‘%/9172(771 Vu])dx—l—ij::l%/Qv](m VFl)dx—i—jz::l/Fl(m v)|v;|*dl

‘|’2/L§RZ/ (m-Vu’j)ﬂdF—l—uZ/ (m - v)|Vu;[*dl
j=1 I'1 aV =1 To

+2(p + )\)%i /1“1(m - V) (div w)v; dU 4 (4 A) /F (m - v)|div u[*dr.

0
—,uZ/ (m - V)|V, > dl — (p + /\)/ (m - v)|div ul*dl
= Iy

Multiplying (2.87) by (n — 1) and summing the result relation with the above inequality, we
get

Z/ |Uj|2d$+,u2/ |Vuj|2dx+(u+)\)/ div u|2d:p:22§)‘k/ Fi(m- Vi) dz
j=17% =179 Q = e
+2Z§R/uj(m.vﬁ)dx+(n—1) Z/nggdx+Z/ij{dx
=1 79 Py e

+ 3 [ vloPdr+ (2 [ mev)ldivudl+p Y [ (ne)|Fuldr
j=1 1 0 j=1 0

ou

—|—2§R;/F1 (m - Vi) (,uayj + (e + A)(div u)uj> dl’ — M;/n(m - V)|V, |* dU

—(M+A)/F1(m~y)|div ul2dl + (n — 1)jil/rl i <u6;f+<u+A)(div u)yj> dT

Since I'; is compact and m, v are sufficiently regular,
There exists § > 0 such that m(z) - v(z) > § > 0, for all z € T';.
We deduce

Zl/g|vj|2dx+,uzl/ﬂ|Vuj]2dx+(u+>\)/§2|div u|2dx:2zlﬁ%/gng(m-Vdj)dx
= = =
+2Z§R/vj(m-vfi)dx+(n—1) Z/@ngda:+Z/ij{dx
Jj=1 Q j=1 Q j=1 Q

n - v)|v;]?dl A -v)|div ul? dT n : |2 dl’
*;fpfm D)ol d0 4 () [ (e v)ldiv o *“Zi/ro(m V)| Vuj|

. _ ou; . n
—i—%ﬁg/rl(m - Vi) (Malj + (p+ A)(div u)yj> dl — ué;/rl V| dT
= ou,;
_ 2 _ _( Ouy ‘ |
e 08 [ 5w =03 o (W52 e e )

(2.94)
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We can estimate

2 i (m - V) (u%u] + (4 A)(div U)Vj> dr

0 i : (2:95)
m
“/ Vs 2l + 222

a“J dr.

(p+ A)(div u)v;

Moreover,

(n—1) /F1 u; (u({z;:] + (4 A)(div u)uj> dl’

(n —1)? ’

£ Ou;
< — |2
< 2/1|uj| dl' + 5 ( " + (4 A)(div u)v ) dr’
3 (n—1)2 Ou; .
< — |2 J ]
< 2C’(P)/Q]Vuj| dr + 5 /Fl ra, + (p+ M) (div w)v;| dr,
(2.96)

where we have used trace inequality and Poincaré’s theorem.

Remark 2.6.1 [In the above inequality C(P) is the smallest positive constant such that

/Fl 92 dT < C(P) /Q VO] dz, V9 € HE(Q).

Indeed, we ca easily estimate

. 3 € 2 .
2R [ F(m-Viy)de < 2 [ (952 dw + |l 10 (2.97)
— € 2 -
2R [ vim- V) do < 2 [ fosf? de + Z|ml IV a0 (298)
. —1)2 .
-1 [Hrde < 5 [l " SR
9 20 2e (17 (2.99)
< SO [ 1V de+ S| g
—i € (n—1)2,
(n — 1)/QUF{ dr < §/vajmx+ 1 F |, (2.100)
Then
(1—¢) Z/ v |? dz + (,u—C’( )_,_,C( ) /Q|Vu]| d:v—k(,u—i—/\)/ﬂ|divu]2dx

Jj=

1
g - (n—1)?
< i S (1E ey + IV ag) + o

Jj=1 J

lm|l3,  (n—1) I
+<2 O * 2e /1“1

M:

(IF8 1320 + 1F7 1320

dF+Z/ (m - v)|v, 2 dT.
j=1711

[Nl

ua—yj + (4 A)(div w)y;




2.6. POLYNOMIAL STABILITY (FOR n #0)

Choosing € small enough, we conclude (2.85).
For X\ # 0, we obtain

Eu < AllF IR+ U Fllae + I 2Tl Fll + <A F I3

Since that
[ [T oraar <o [ [ @ oo dear
ry J—

for A # 0. If [A| > 1 we get 5
U3, < PO+ R,

The conclusion then follows by applying Theorem (2.6.1).
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Chapter 3

STABILITY RESULT OF THE LAME
SYSTEM WITH A DELAY TERM IN
THE INTERNAL FRACTIONAL
FEEDBACK

3.1 Introduction

In this chapter, we consider the initial boundary value problem for the Lamé system given by:

U — pAu — (p+ NV (div u) + a0, u(z, t — 1)
+asu(z,t) =0 in Q x (0,4+00),

(P2) u=0 in I" x (0, 4+00),
w(z,0) = ug(x), u(x,0)=u(z) in €,
w(x,t —7) = folz,t —7) in 2 x (0,7),

where p, A are Lamé constants, u = (uy, uy, ..., u,)*. Here Q is a bounded domain in IR" with
smooth boundary 0€2. Moreover, a; > 0, a > 0 and the constant 7 > 0 is the time delay. The
notation 9;" stands for the exponential fractional derivative operator of order a. It is defined
by

t

F(ll—oz)/o (t — s)ae"(ts)ddf(s) ds 0<a<l, n > 0.

Delay effects arise in many applications and pratical problems because, in most instances,
physical, chemical, biological, thermal, and economic phenomena naturally depend not only
on the present state but also on some past occurrences. In recent years, the control of PDEs
with time delay effects has become an active area of research, see for example [1], [46], and
references therein. In many cases it was shown that delay is a source of instability and even
an arbitrarily small delay may destabilize a system which is uniformly asymptotically stable in
the absence of delay unless additional conditions or control terms have been used.

e w(t) =

25
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The stability issue of systems with delay is, therefore, of theoretical and practical im-
portance. In particular, consider the wave equation with homogeneous Dirichlet boundary
condition

u'(x,t) — Agu(x,t) + ' (z,t) + pov’(z,t —7) =0 in 2 x (0, +00),

u(z,t) =0 on I' x (0, 400),
(FW) ul,0) = uo(x), o(2,0) = ur(x) in 0,

w(x, t —71) = folz,t —T) in Q x (0,7).

For instance in [39], the authors studied the problem (PW). They determined suitable re-
lations between 7 and 9, for which the stability or alternatively instability takes place. More
precisely, they showed that the energy is exponentially stable if o < py and they also found a
sequence of delays for which the corresponding solution of (P) will be instable if ps > 1. The
main approach used in [39] is an observability inequality obtained with a Carleman estimate.

Noting that the case of the wave equation with internal fractional feedback (without delay)
have treated in [25] where it is proven global existence and uniqueness results. As far as we
are concerned, this is the first work in the literature that takes into account the uniform decay
rates for Lamé system with delay term in the internal fractional feedback.

The remainder of this chapter falls into five sections. In Section 2, we show that the above
system can be replaced by an augmented one obtained by coupling an equation with a suitable
diffusion, and we study of energy functional associated to system. In section 3, we state a
well-posedness result for problem (P2). In section 4, we prove the strong asymptotic stability
of solutions. In section 5 we show the exponential stability using the Gearhart-Huang-Pruss
theorem.

3.2 Preliminaries

This section is concerned with the reformulation of the model (P2) into an augmented system.
For that, we need the following claims.

Theorem 3.2.1 (see [38]) Let u be the function:
u(€) = €] V2 —co < €< 400, 0<a< 1. (3.1)
Then the relationship between the “input’ U and the ’output’ O of the system

0p(&,t) + (& +me (&, 1) —Utu(§) =0, —co<f<+o0,n>0,t>0,  (32)

¢(£,0) =0, (3.3)
O(t) = () sinfarm) [ u€)ole 0 de (34)
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s given by

O = 'y = DYy,

where

[ f)(8) = 1“(104) /0 (£ — 7)1 () dr

Proof. From (3.2) and (3.3), we have

6(6.0) = [ u(©e I (yar,

0

Hence, by using (3.4), we get

O(t) = (7) tsin(ar)e™ /Ot [2 /0+OO |§|2°‘_16_§2(t_8)d§] e U (T)dr.

Thus, .
Ot) = (m)'sin(am)e™ /

= (m)sin(am) [ [t = 5)T(@)] e DU (r)dr

1

[(t = 5)™°T'(a)] " U(7)dr

which completes the proof. Indeed, we know that (7) 'sin(ar) =

Lemma 3.2.1 (see [10]) If A € D, =C\| — oo, —1)] then

oo /u2(€) _ m a—1
/—oo )\+77—|—§2d§—sinoz7r<)\+n) '

We make the following hypotheses on the damping and the delay functions:

-1
an“" < as.

I'(a)l(1—a)

57

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

We are now in a position to reformulate system (P2). As in [39], we introduce the new variable

2(z,p,t) = w(x,t—pr), x€Qpe(0,1),t>0.
Then the above variable z satisfies
Tz(x, 0,t) + 25(z,0,t) =0, 0€(0,1), t>0.

Consequently, by using Theorem 3.2.1, the system (P2) is equivalent to
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gy — pAu — (pu+ )\)V(dlv w)
+C/ o(z,&,t) dE + aouy(t) =0 in Q x (0, +00),
¢u(,8,t) + (£ +77)¢(96 1) —2(z, L,u(§) =0 in Q2 x (=00,00) x (0, +00)
) Tz(, p,t) + 2,(z, p,t) =0 in 2 x (0,1) x (0, 400),

(P12) u(z,t) =0 on I' x (0, 400),

2(x,0,t) = u(z, t), in Q x (0, +00),

u( ) - UO(x)v ut(xv 0) = ul(x) on €2,

o(x,£,0) =0 on 2 x (—o0,00),

z(z, p,0) = folx,—pT) in Q2 x (0,1),

where ¢ = (m) ! sin(am)a;.

We define the energy of the solution by:
1 n
B) = 53 (Nl + iV awy +¢ [ [ lostw.€ 0 deda)

J=1

2 ( ) , (3.10)
+2 Z / / 252, p, O dpda + 7 div ulffaq

where v is a positive constant verifying

¢ </_;°O g’ff; d{) <v<rt (2@2 ¢ (/_:O gff; dg)) . (3.11)

Remark 3.2.1 Using Lemma 3.2.1, the condition (3.11) means that

Tan®t <v < 1203 — an®t).

Lemma 3.2.2 Let (u,¢,z) be a regular solution of the problem (P'2). Then, the energy
functional defined by (3.10) satisfies

'(t) < —Czn:/ﬂ (uf +22(x,1,t)) dz. (3.12)

Proof. Multiplying the first equation in (P2) by %, integrating over € and using integration
by parts, we get

2dt||u‘7t”2 p%/ Aty de — (u+ A) §R/ o, (div w)u;, dx

+§/uﬁ/+°° (©)o; (., t)dgda:JraQ/Q §(t):0.
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Then
15 2 V. |2 (u A)
dt Z (HuthLQ(Q) ol ujHLQ(Q)) ™ | div u||L2(Q) + az E : HU]tHLQ
Jj=1 X
° +oo (313>
TR /Qﬂjt/ w(&)p(x, €, 1) d da = 0.
j=1 —00

N | —

Multiplying the second equation in (P'2) by Ca and integrating over {2 x (—oo, +00), we obtain:

thzn@nmx ool +cz// (€2 + )l (&, 1) de da

(3.14)
—C%Z/ w10 [ pe)g, w60y dedr =0,
Multiplying the third equation in (P'2) by vz, and integrating over Q x (0,1), we get:
1d & 1
3t 2 Il xom + 5 2 [, (B 10— i) dr =0 (3.15)

From (3.10), (3.13) and (3.15) we get
B =)l = ¢ [ [ 7€ +mioyte & 0P dea
—@RZ/ u]t/ (€); (. £, 1) dfderC?RZ/ 2(z,1,1) / " (), (2, €, 1) de d

—ln —1n

Z/uta:tdx—m— Z/ (x,1,t)d

(3.16)

Moreover, we have

[ e coa < ( m;f;d&);</:>O(€2+n)l¢j($,£,t)l2d§>2.

|=

Then

‘/ Z; x,l,t +Oo 1(&)o;(x, &, t)d{dx’

1

(/74 ”df)Quz](:c,LtHLz ([ ]+ miestocoparae).

o
/n / w(€)d;(x, €, ) dé da

< (7 5O i) e ([, [ €+ w07 do)
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Applying the Cauchy-Schwarz inequality we obtain

)Z/ xtdm+<<2l V7—2—1>zn:/z]2-(x,1,t)dx |

E(t) < (

()
o &+

where [ — / | €, which implics

) < C’Z/ xt—i—z(x,l,t))d

oo (405

Since v is chosen satisfying assumption (3.11), the constant C' is positive. This completes the
proof of the lemma.

with

3.3 Well-posedness

In this section, we give the existence and uniqueness result for system (P’2) using the semigroup
theory. Let us denote U = (u,v,¢,2)T, where v = u;. The system (P'2) can be rewrite as

follows:
= AU, t >0,

{ U(O) = (Uo, Uy, ¢07 fO)v
where A : D(A) C H — H is the linear operator defined by

(3.17)

pAu~+ (pn+ A V(div u) C/ (&)o(x, &) dE — azv
—(&+n)¢ + 2(z, 1) (5)

-T 1Zp<5(], p)

(3.18)

IS S

and H is the energy space given by

H = (H)(Q)" x (L))" x (L3(Q x (=00, +00)))" x (LA x (0,1)))"

For any U = (u,v, ¢, 2)" € H,U = (@, 0,6, 2)" € H, we equip H with the inner product defined
by

<UU >y= Z/Q (vﬁj + uVujVEj) dr + (p+ A) /Q(div u)(div @) dx
j=1

n oo — n 1 B
oyl N o2, 03, i 03 [ [ (o 1% i
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The domain of A is given by

(u,v,¢,2)T in H:ue (HX Q)N H Q)" ,ve (H(Q)",

),
e R U R
€]¢ € (L2(Q x (=00, +00)))" ,v = 2(.,0) in O

We show that the operator A generates a Cy semigroup in H. We prove that A is a maximal
dissipative operator. For this we need the following two Lemmas.

Lemma 3.3.1 The operator A is dissipative and satisfies for any U € D(A),

RAU, Uy < ~C'Y [ (2 + 2. 1)) o (3.20)

Proof. For any U = (u,v, ¢, 2) € D(A), using (3.17), (3.12) and the fact that
1
E(t) = 5015, (321)

estimate (3.20) easily follows.

| Lemma 3.3.2 The operator (A — A) is surjective for X > 0.

Proof. For any F = (Fy, Fy, Fy, Fy)T € H, where F; = (f}, f2,..., f")T, we show that there
exists U € D(A) satisfying )
(M — AU =F. (3.22)

Equation (3.22) is equivalent to
A —v = F(2),
~ +0o0
Ao = = (+ NV(div ) + ¢ [ p(©)o(w,€) d + axv = Fala),

] (3.23)
Ap+ (& +m)d — 2(z, 1)u(§) = F3(,¢),
)\Z(l’, p) + T_lzp(‘ru p) = F4(l’, p)
Suppose u is found with the appropriate regularity. Then, (3.23); (3.23)3 yield
v=Iu-—F(2) € (H(®Q)" (3.24)
and

E+n+A
We note that the last equation in (3.23) with z(z,0) = v(x) has a unique solution given by

2(z,p) = v(:p)e_;\”T + e /p Fy(z, a)e:\”da. (3.26)
0
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Inserting (3.24) in (3.26), we get

z2(x, p) = S\U(x)e_;\’” - Fl(x)e_;\’” + e T /Op Fy(z, O')@S\UTdO', ref, pe(0,1). (3.27)

In particular, )
2(x,1) = Mu(z)e ™ + 2(z), x € (3.28)

with zg € L?(Q) defined by

1 -
20(@) = —Fy(z)e ™ 4 7 / Fi(z,0)7do, € Q. (3.29)
0

Inserting (3.24) in (3.23),, we get

(% Ao — b — (e + NV (div ) +¢ [ pl€)ol,€) e

) (3.30)
= FQ(.T) + (/\ + GQ)Fl(ZE).
Solving system (3.30) is equivalent to finding u € (H?(2) N H}(R2))" such that
Z/ /\2 + Nag)u;W; — ,uAu]w]> dr — (p+ A) / (div w)w;dx
ax] (3.31)

+CZ/ wj/ (&)o;(x, &) dédx = Z/ (Fi(2) + (A + a2) F{ (2))w;da
for all w € (HL(R))". Inserting (3.25) in (3.31), the function u satisfies the following system
]2: / (V2 + Aaz)uym; + pVu; Vi, de) do + (i + \) /Q (div w)(div W) da
+QZ/ wjz(,1) d€ du = Z/ (Fi(x) + (A + ap) F{ (x))w; do (3.32)
—CZ/ ( M 5) dz,

E2+n+ A

where 0 = (/ 7®~ d¢. Inserting (3.28) into (3.32), we get
o €247+ A

zn:/ (A2 + Nag)u;w; + pVu, Vo, d:v) + (n+A) /Q(div w)(div W) dx
—l—)\QZ/ ujw e dr = Z/ () + (A + ag) F (= )) w; dx (3.33)
—CZ/ < §)F3($ f) ) dm_gi/ﬂwjzo(x) dx

E+n+ A
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Problem (3.33) is of the form
B(u,w) = L(w), (3.34)

where B : {(H&(Q))n X (Hé(Q))n} — @ is the sesquilinear form defined by
(2 + Xao)uyw; + pVu, V', dr) + (u+ ) /Q (div w)(div @) do
+A0 Z/ ujw e dv
j=1"¢

and £ : (H}(Q))" — € is the antilinear functional given by
n F] X
:Z/ﬂ(FJ + (N +a) F (x )wjdx—CZ/ ( M f) dx

j=1 E4+n+\
—QZ/EJ'ZO(I ) dz.
j=1"%

It is easy to verify that B is continuous and coercive, and £ is continuous. Consequently, by
the Lax-Milgram theorem, we deduce that for all w € (H}(2))", the system (3.34) has a unique
solution u € (H}(Q2))". By the regularity theory for the linear elliptic equations, it follows that
u € (H?(Q))". Therefore, the operator (A — A) is surjective for any A > 0.

Consequently, using Hille-Yosida theorem, we have the following well-posedness result:

Theorem 3.3.1 (Existence and uniqueness)

(1) If Uy € D(A), then system (3.17) has a unique strong solution

UeC' IRy, D(A) NCHIR,, H).

(2) If Uy € H, then system (3.17) has a unique weak solution

U e C'R,, H).

3.4 Strong stability

One simple way to prove the strong stability of (3.17) is to use the following theorem due to
Arendt-Batty and Lyubich-Vu (see [6] and [34]).
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Theorem 3.4.1 ([6]-[34]) Let X be a reflevive Banach space and (T(t))i>0 be a
Co—semigroup generated by A on X. Assume that (T(t))i>o is bounded and that no eigen-
values of A lie on the imaginary axis. If 0(A) N iR is countable, then (T'(t))i>o is strongly
stable.

Our main result is the following theorem

Theorem 3.4.2 The Cy-semigroup e is strongly stable in H; i.e, for all Uy € H, the
solution of (3.17) satisfies
Jim |4 Us|3 = 0.

For the proof of Theorem 3.4.2, we need the following two lemmas.
I Lemma 3.4.1 A does not have eigenvalues on ilR.

Proof. We will argue by contraction. Let us suppose that there A € IR, A # 0and U # 0, such

that 3
AU = i\U. (3.35)
Then, we get
I — v = 0,
~ +o0
o= pdu = (u+ NV (div ) + ¢ [ pu(€)ole,€) € +azo =0, 5.36)
iAo + (62 + )¢ — 2(x, (€) =0,
izz(z,p) + 7 2,(z, p) = 0.
Then, from (3.20) we have
v=0, z(z,1)=0. (3.37)
Hence, from (3.36)3 and (3.37) we obtain
u=0, ¢=0. (3.38)
Note that (3.36)4 gives us z = ve~ 7 = () as the unique solution of (3.36),. Hence U = 0.
Now if A = 0, inserting (3.36); into (3.36)2, we deduce that
—puAu — (u+ A)V(div u) = 0,
{u =0inT. (3.39)
Multiplying by @, integrating over ) we have

Hence v = 0. Then U = 0.
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Lemma 3.4.2 We have
ilR C p(A).

Proof. To prove this, we need the following generalization of the Lax-Milgram Lemma.

Lemma 3.4.3 (see [18])

Let V' and H be Hilbert spaces such that the embedding V- C H is compact and dense.
Suppose that ayy -V XV —C and ag : H x H — C are two bounded sesquilinear forms such
that ay is V-coercive and G : V — @ is a continuous conjugate linear form. The equation

apg(u,v) + ay(u,v) = G(v), YveV

has either a unique solution uw € V' for all G € V' or has a nontrivial solution for G = 0.

We will prove that the operator (ZS\I — A) is surjective for A # 0. For this purpose, let

F = (F\,F5, F5, F))T € H, we seek U = (u,v,6,2)7 € D(A) of solution of the following
equation

(iM — A)U = F. (3.41)

Equivalently, we have
I —v = F,
~ +o0
v — pdu = (u+ NV (Aiv ) + ¢ [ pu(€)o(x, ) dé + az =

A6+ (€ + )6 — 2(z, (&) = Fy,
iz(z, p) + T 12 (x, p) = Fl.

(3.42)

From (3.42); and (3.42), we have
—Nu — pAu — (4 NV (div u) + §/+OO w(E)P(x, &) dE + azu(t) = (Fy +i\Fy) (3.43)

with u;r = 0. Solving system (3.43) is equivalent to finding v € (H? N Hy(2))™ such that

Z/ — N2 4 idag)u;w; + pNVu; Vi, dm) + (pu+ )\)/Q(div u)(div w) dx
—H)\QZ/ u; W, e AT dx—Z/ Fi(z) 4 (X + ag) F{ (x )) w; dx (3.44)
M v 05" [ @ e0(2) da
_CZ/ ( 2+ n+i) )d 9]2/9 () d

for all w € (H}(Q2))". We can rewrite (3.44) as

—(L;\u, w)((LQ(Q))n’((L2(Q))/)n) + a(H&(Q))n (u, ’LU) = l(w) (345)
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with the sesquilinear form defined by

a(H&(Q))n (u, w) = U Z/ Vujij dx + 7;5\CL2 Z/ Uj wj dx + 25\9 Z/ uj@jef)” dx
= Jo = Jo = Ja
and .
(Lyw ) ey = O [ N, dr.
j=1

Using the compactness of the embedding from L?(2) into H () and from H{(f2) into L?(Q)
we deduce that the operator Ly is compact from (L*(2))™ into (L*(£2))". Consequently, by the
Fredholm alternative, proving the existence of a solution u of (3.45) reduces to proving that
there is not a nontrivial solution for (3.45) for [ = 0. Indeed if there exists u # 0, such that

(L)\U, w)((Hol(Q))TL7((H01(Q))/)TL) = a(Hé(Q))n(u, w) Yw € (H&(Q))n, (346)
then i) is an eigenvalue of A. Therefore from Lemma 3.4.1 we deduce that u = 0.

Now, if A = 0, the system (3.42) is reduced to the following system

v = _Fla
—pAu— (e + NV (div ) + C/_; pEo(x, ) d§ + azv = F, (3.47)

(€ +m)¢ = 2(w, Nu(€) = Fs,
T2,(x, p) = Fy.

Solving system (3.47) is equivalent to finding u € (H* N Hg(2))" such that
MZ/ Y,V dz + (1 + ) / (div w)(div @) dz = Z/ Fiw, dz
j=1"9 @ j=17%

( o0 2 n . 0o 2 n 1
+<g/_oou(€) d§+a2>]zl/QFfwjdx—7§/_oo”(f) dgjzl/g/o Fi(x,s) dsw; dz

£2+4n &+

o &) F ()
_C;/ij/_oo s dedr
(3.48)
for all w € (H}(Q))".

Consequently, problem (3.48) is equivalent to the problem
B(u,w) = L(w), (3.49)

where B : [(H}(Q))" x (H}(Q))"] — € is the sesquilinear form defined by

B(u, w) = zi: /Q Vu,;Vw;de + (p1+ A) /Q(div w)(div w) dx (3.50)
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and L : (H}(Q))™ — € is the antilinear form defined by
n 0o 442 n .
:Z/Fgwjdx+<gf g;(é) d§+a2>Z/Ffwjda:
7 :u F3 x 6)
Q/ 52+77 52//5’ msdsw]dx—QZ/ / 2 d€ dzx.

It is easy to verify that B is continuous and coercive, and L is continuous. So applying the
Lax-Milgram theorem, we deduce that for all w € (H}(€))" problem (3.49) admits a unique
solution u € (H}(Q))™. Applying the classical elliptic regularity, it follows from (3.48) that
u € (H?(Q))". Therefore, the operator A is surjective.

(3.51)

3.5 Exponential stability

The necessary and suficient conditions for the exponential stability of the Cy- semigroup of
contractions on a Hilbert space were obtained by Gearhart [21] and Huang [26] independently,
see also Pruss [43]. We will use the following result due to Gearhart.

Theorem 3.5.1 ([43]- [26]) Let S(t) = e* be a Cy-semigroup of contractions on Hilbert
space H. Then S(t) is exponentially stable if and only if

p(A) D {if: B e R} =ilR (3.52)

and
T 68T~ A)eon < oo (3.53)

Our main result is as follows.
| Theorem 3.5.2 The semigroup Sa(t),s, generated by A is exponentially stable.
Proof. We will need to study the resolvent equation (z:\ — A)U = F, for A € IR, namely

iIu—v = Fi,
~ +o0
ifo = plu = (54 N(div w) + ¢ [ pu(€)o(w,€) g + azo = B,

] (3.54)
N+ (& + )¢ — 2(w, p(§) = B,
Z)\Z([E, p) + T_lzl)(x? p) = Iy,
where I = (F, Fy, s, Fy)T. Taking inner product in H with U and using (3.20) we get
| Re{AU, U)| < U3 F'[|3- (3.55)

This implies that

n v3(x) du, . 2(z, 1) dw < C|\U||lxlFlln. (3.56)



68 EXPONENTIAL STABILITY FOR THE LAME SYSTEM

From (3.54)3, we obtain
2z, Dp(§) + Fy

O =——= ) 3.57
iN+E2 40 (3:57)
Then
() F3
ol 2 @x(—cotoo)) < | = [2(z, Dllr2e) + | =—5—
. A+ 52 +n L2(—00,400) A+ 52 +n L2(2x (—00,400))
< (20— )8+ 0") et Dl + =2 I
= sin o n ) L2(Q) m g 31| L2 (Qx (—oc0,+00)) -
(3.58)
Similarly, we have
§u(é) §F3
1€l 2 @x(—00toe)) S || l2(z, Dllrze) + | =%
) A+ €2 4+ 0|2 ootoo) A+ €2 4 1| 2 (oot oo))
T < 3 V2
< <2a —— (|| +77)°“_1) [2(z, Dlz20) + ——=—==IF5ll12(0x (~00,+00))-
sin am /|)\| +n
(3.59)
Let us introduce the following notation
T.(z) =) (|vj(ac)|2 + ,u|Vuj(x)|2> + (g4 N)|div u(z)?
j=1
and
£, :/Iu d
[ 1,(2)da
Lemma 3.5.1 We have that
Eu < || F13 + N F Ul (3.60)

for positive constants ¢ and .

Proof. Multiplying the equation (3.54)s by @, integrating on {2 we obtain
— [ o) do+ g [ [T dw+ e ) [ (div u)a“jdwg/ u_-(/+
o 70 o 7 Q Oz, o 7N

—i—aQ/ wjv; dr = / uFy dz.
Q Q

" (€)65(, €) dE) da

[e.9]

) | (3.61)
From (3.54);, we have iAu; = v; + FY. Then

O )
— [P et [ Vs e+ et ) [ (@iva) S de+ L[ p©)65(,€) d) da

J
+a2/Qu_jvj dl':/QIZ]sz d.T‘i‘/QU]Fjl dl’
(3.62)
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Hence
n n n +o0
=3 [P detud [ VP de+ (o) [ JdivePdo+CY [ a([ p@);(,€) de) da
+CLQZ/ djl)j dﬁIZ/ u_jFQJ dl’—i-Z/ U]Fi dzx.
j=1"¢ j=1"¢ j=1"¢
(3.63)
We can estimate

L ([ w@ostw € de) aaf
<tutin ([ B ae) ([ [ 7€+ mloy (e P )

—oo &2 41
+oo 4,2 1 +o0
<5 ([T EE )l + 5 [ [T € e miostoer deas
+oo 2(& 1 +00
< 5o@ ([T 5 ) 19l + 5 [, [ € 4 wloste e deas

] /Q ujvjdx] < ugllzze vz

IA

€ 1

OOV ey + -l B
3 . e 9 1 12

[ F ds| < SC@IVuslia + 5 1B,

Fd
‘/QUJ 1 ax

Choosing € small enough, we conclude (3.60). Moreover, the equation (3.54); has a unique
solution

€ -
< §||Uj||%2(sz) + Q;HFlj”%?(Q)'

—iTA —irdp [P —irA
z2(x,p) = e z(x,0) 4+ T p/ e T Fy(x,0)do
~ ~ pO LT
= e Ty(z) —1—7'6’”)‘9/ e ™ Fy(x,0) do.
0

Then

12(2, p)llL2@x0.1)) < [[0(@)[22(Q) + T Fal(z, p)l L2(0x(0,1))- (3.64)
Finally, (3.58), (3.60) and (3.64) imply that

Ul < C

for a positive constant C'. The conclusion then follows by applying Theorem 3.5.1.

Remark 3.5.1 We can extend the results of this chapter to more general measure density
instead of (3.1), that is p is an even nonnegative measurable function such that

/OO MO Je - (3.65)
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Chapter 4

EXPONENTIAL DECAY FOR THE
LAME SYSTEM WITH
FRACTIONAL TIME DELAY AND
BOUNDARY FEEDBACK

4.1 Introduction

This chapter is devoted to the study of well-posedness and boundary stabilization of the Lamé
system in an bounded domain € of IR with smooth boundary 9% of class C?. We assume that
' =TyUT, where I'y and I'; are closed subsets of I with 'y N I'; = 0.

The system is given by :

g — pAu — (p+ NV (div u) + @10 "u(z,t —7) =0  in Q x (0, +00),

u=0 in FQ X (0,+OO),
(P3) ,ugz + (e + AN)(div w)v = —ague(x, t) in I'y x (0, 400),

uw(z,0) = ug(x), w(z,0)=u(x) in €,

u(z,t — 1) = folx,t —7) in 2 x (0,7).

where ji, A are Lamé constants, u = (u1, U, ..., u,)’. Moreover, a; > 0, a > 0 and the constant
7 > 0 is the time delay. v stands for the unit normal vector of 0f) pointing towards the exterior

u
of © and — is the normal derivative. The notation 9;"" stands for the generalized Caputo’s

v
fractional derivative (see [12]) of order o with respect to the time variable and is defined by

1 ¢ dw
T (¢ t —a,—n(t—s) d 1 > 0.
A w()_if(l >/0( s) % ds(s), s 0<a<l, n>0

One very active area of mathematical control theory has been the investigation of the delay
effect in the stabilization of hyperbolic systems. It is well known that an arbitrarily small delay

71
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can have a destabilizing effect to systems that are asymptotically stable in the absence of delay
(see [5], [16], [17], [22], [41], [39]).

In particular, the following boundary stabilization problem for the N-dimensional wave
equation with interior delay was studied In [5],

u(z,t) — Au(x,t) —auy(x,t —7) =0 x€Q, t>0,
u=20 xely t>0,
0
(PA) e _ —kuy(z, 1) rely, t>0,
v
U([L’,O) = Uo(flf), Ut(l',O) = Ul(l') x € Q,

where the authors showed an exponential stability result under the usual Lions geometric con-
dition on the domain €2, providing that the delay coefficient a is sufficiently small. However, if
the damping factor is larger than the delay factor then one can show exponential stability for
the wave equation.

In the absence of the delay in system (PA), that is for 7 = 0, a large amount of literature
is available on this model, addressing problems of the existence, uniqueness and asymptotic
behavior in time when some damping effects are considered, such as: frictional damping, vis-
coelastic damping and thermal dissipation. Furthermore, in the case of absence of both of the
delay and danping, that is for a = 0 and k = 0, the asymptotic stability of (PA) has been
shown in [18] using the well-known Arendt-Batty- Lyubic-Vu Theorem. This is the best we
can obtain since it is possible to have eigenvalues arbitrarily close to the imaginary axis, see
for instance [19].

Moreover, the result in [5] was extended to the Timoshenko system in [44] (see also [20]),
where the authors studied a Timoshenko beam system given by two coupled hyperbolic equa-
tions, with delay terms in the first and second equation and two boundary controls, they proved
the exponential decay of the total energy.

To our best knowledge the Lamé system with internal fractional time delay terms is not
considered previously. Motivated by the above research, we will consider the Lamé with in-
ternal fractional time delays and boundary feedbacks (P). The main objectives of the present
work are to establish the global well-posedness and exponential stability of system (P).

The idea in this work is that a damping with time delay does not destroy the stability if
there is another boundary dissipative damping in which contrasts appropriately with the pre-
vious one. (i.e., by giving the control in the feedback form —asu;(x,t) = € 'y, t > 0). We will
show that system (P3) is exponentially stable for a; sufficiently small.

This chapter is organized as follows. In Section 2, we take advantage of the complete mono-
tonicity of the power function integral kernel to represent it as a superposition of exponentials
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and derive what we call the ”augmented model”, while in Section 3, we deal with the well-
posedness result of the problem using the semigroup theory. Lastly, in Section 4, we obtain
exponential stability results by constructing an appropriate Lyapunov functional as in [5].

4.2 Preliminaries

This section is concerned with the reformulation of the model (P3) into an augmented system.

For that, we need the following claims.
Theorem 4.2.1 (see [38]) Let u be the function:

p(€) = €202 _oo < € < 400, 0<a< L.

¢(£,0) =0,
+o00
O(t) = (m) " sin(am) [~ ul€)o(&. 1) ds
15 given by
O =I1'"*"U = D*"U,
where

1110 = oy [ (=1 ()

(o)

Proof. From (4.2) and (4.3), we have

o t) = /t,u(g)e(g?w)(tf)U(T)dT.

0

Hence, by using (4.4), we get

O(t) = (n) sin(am)e ™™ /Ot [2 /O+Oo |§|2°‘_16_52(t_5)d§] e""U(T)dr.

Thus,

t

o) = (W)_lsin(cwr)e_"t/ [(t— s)_af(a)} e"U(T)dr

0

= () sinfam)e | [t = 5)T(@)] e "0 (r)dr

which completes the proof. Indeed, we know that (7)™ ! sin(ar) = T

Then the relationship between the “input’ U and the ‘output’ O of the system

0p(&,t) + (& +me(€, 1) —Ut)u(§) =0, —o0o <& <+00,n>0,t>0,

-
(a)I(1

(4.6)

(4.7)
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Lemma 4.2.1 (see [2]) If A > 0 then

/+°° 17 () i = A+ 7)™

o A+ &2 sin o

We are now in a position to reformulate system (P3). Indeed, by using Theorem 4.2.1,
system (P3) may be recast into the augmented model:

uy — pAu — (u+ A)V( le+U
+C/ Sz, E,8)dE =0 in Q x (0, +00),
Ord(x, &, 1) + (€2 +m)d(z, &, t) — (957 L)u(€) =0 in € x (—00,00) x (0,+00),
T2(z, p,t) + 2,(z, p, 1) =0 in 2 x (0,1) x (0, 4+00),
(P'3) (8 t)=0 on Iy X (O +00),
+ (u+ M) (div w)v = —aguy(x, t) in 'y x (—o00,00) x (0, +00),
(x 0,t) = uy(x,t), in 2 x (0, 400),
u(z,0) = uo x),uy(x,0) = uy () on €,
¢(x,§,0) = on Q x (—o0,00),
z(z, p,0) = (m, —pT) in 2 x (0,1),

where ¢ = a;(7) ! sin(ar).
We define the energy of the solution by:
l§ 2 2 = e 2
= 3 2 (sl + Vsl +C [, [~ 1650060 )
1 A
PIS [ [t 0 dode + P v ulag,
25 Ja o 2

- v
where ( = oA d¢ and v is a strictly positive real number.
T

&+
In order to establish the exponential energy decay rate, let us consider the usual geometrical
control condition: there exists a point xg € IR" such that

m-v <0 on [y m-v >0 on I,
where m = x — xg

The main result of this chapter is the following.
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Theorem 4.2.2 For any as > 0 there exist positive constants ag, Cy,Co such that
E(t) < Cie™'E(0), (4.10)

for any regular solution of problem (P3) with 0 < a3 < ag. The constants ag, Cy,Cy are
independent of the initial data but they depend on as and on the geometry of €.

4.3 Well-posedness

In this section, we give the existence and uniqueness result for system (P’3) using the semigroup
theory. Let us denote U = (u,v,¢,2)T, where v = u;. The system (P'3) can be rewrite as
follows:

U = AU t>0
’ X 4.11
{U([)) = (u07u17¢07f0)7 ( )
where A : D(A) C H — H is the linear operator defined by
v .
v ] [ e NV @iy ) - ¢ [ ot ) de @12)

—(& +n) + z(x, 1)u(§)
—7 " 2,(2, p)

[ I SN

and H is the energy space given by
H = (H,(Q)" x (LAQ)" x (L2 x (—00,+00)))" x (LX(Q x (0,1)))".

where

HY(Q) = {ue H'(Q): ullg =0}
For any U = (u,v, ¢, 2)" € H,U = (i, 0, $,%)T € H, we equip H with the inner product defined
by
<UT>u=Y /Q (0;5; + VU, Vi) de + (i + A) /Q (div w)(div @) de
=1

3 [ [ o 0 wastr v [ [t ozt i
The domain of A is given by
(u,v,6,2)7 in H 1w € (H(Q) N HE ()", v e (HY(Q)",
_(62 + 77)¢ + Z(mv L, t):u(f) S (L2(Q X (_OO’ +OO))>n )
D(A) = Zaeu(ﬂ2 (2 H'(0,1)))", . (4.13)
hy, + (0 + A)(div w)v 4+ agv = 0 on I'y,
€|p € (L*(Q x (=00, +00)))" ,v = 2(.,0) in Q
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s h con ZZ n |§| (5) = (L (52 X I[)L))n iS iMpOSed to i’fLSU?@ the existence Of
n —+o00
7=1 Q o

We show that there exists a positive constant ¢ such that (A — cI) is dissipative.
Let U = (u,v,¢,2)T € D(A), then

(AU, U} =—@wapm CZ/%/ ()6, €) de d
_xn +00
+<Z;4%wJL[wu@ﬂ%%@d&h—égaé[m(ﬁ+n%%@£iwd&m
+izmmm—izwmm%@
2
—wzwwmﬂh (<+ )ZN%MQ
2
_G )mep

This shows that (A — cI) is dissipative.

_In the sequel, we claim that the operator A has the property R(;\I — A) = H for fixed
A > 0. Indeed, let F' = (Fi, Fy, F3, F)T € H, where F; = (f}, f2,..., )T, we must solve the
problem (A — A)U = F. for some U = (u, v, $,z)" € D(A). The equation becomes the system

M —v = Fy(x),
~ +00
No = il = (p+ WV(div ) +¢ [~ p(©)(a. ) d€ = Fa(a), 410
A+ (€ +n)d — 2(z, Du(€) = Fy(x,£),
/\Z(ZL‘, p) + T_lzp(x7 p) = F4(.T, p)
Suppose u is found with the appropriate regularity. Then, (4.14); and (4.14)3 yield
v=Ju—F(2) € (HL(Q)" (4.15)
and
5 Bl + pl©):(,1) "

E+n+A
We note that the last equation in (4.14) with z(z,0) = v(x) has a unique solution given by
X Sor [ X
2(z, p) =v(x)e ™" 4+ Te” ’”/ Fy(z,r)edr. (4.17)
0
Inserting (4.15) in (4.17), we get
- < . < p <
2(z, p) = Mu(z)e ™" — Fy(z)e™™" + Te_’\”T/ Fy(z,7)edr, reQ,pe(0,1). (4.18)

0
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In particular,

2(2,1) = Mu(x)e™ + z(z), z€Q (4.19)

where for x € Q .
20(x) = —Fy(z)e™ + Te_)‘T/ Fy(z,r)edr. (4.20)
0

In light of the above results, the function u satisfies the following equation
~ +o0 ~
Nu — pAu — (u+ M)V (div u) + C/ w(&)p(x, &) d§ = Fa(x) + AFy(x). (4.21)

Then for any w € (H},(2))", it follows from problem (4.21) that such that

/Q<5\2ujwj —uAujw]) —(+A) / 8 (div u) w]dx—i-CZ/ w]/ (&)p;(z, &) dedx

= / (Fj () + \F{(z))w;dz,
Q
(4.22)
By using integration by parts, the boundary condition (4.13), and (4.16), we infer that

Z/ (:\2%‘“};' + Nvujij) de + (n+ ) / (div u)(div w) dz 4+ A0 Z/ ujwje_;\T dr
7j=1

+5\a22n:/r ujwde:Z/Q(Fg(:c)—i—S\Fj( ))wjdx—i—agz:/ F} (z)w; dT

j=17T1 =1
R | HEOF(.) B |
C;/ﬂw( €2+77+)\ )daz sz::l/ﬂw]zo(x)dx
(4.23)
1(8)
where e_g/oo md@
Problem (4.23) is of the form

B(u,w) = L(w), (4.24)

where B : {(H&(Q))" X (H&(Q))"} — € is the sesquilinear form defined by
B(u,w) = Z/ﬂ (5\2ujwj + ,uVuijj) dr + (1 + A) /Q(div w)(div w) dx
=1
+ 20 Z/ ujwje’;\T dz + \ay Z/ u;jw; dl’
j=1"9 j=1"I1
and £ : (H}(Q))" — € is the antilinear functional given by

:i/ﬂ(ﬁg(z)—i—j\ﬂ]( )wjdx—gz:/ ( M 5) de

—QZ/wjzo x) dx—l—agZ/ F} (z)w; dT.
j=17% j=1"I
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It is easy to verify that B is continuous and coercive, and L is continuous. Consequently, by the
Lax-Milgram theorem, we conclude that for all w € (H}(Q2))", the system (4.24) has a unique
solution u € (Hy(Q))". By the regularity theory for the linear elliptic equations, it follows that
u € (H2(Q))". Therefore, the operator (AI — A) is surjective for any A > 0.

Consequently, using Hille-Yosida theorem, we have the following existence result:

Theorem 4.3.1 (Existence and uniqueness)

(1) If Uy € D(A), then system (4.11) has a unique strong solution

U e C°(IRy, D(A)) N CY (IR, H).

(2) If Uy € H, then system (4.11) has a unique weak solution

UeC'(IRy,H).

4.4 Proof of Theorem 4.2.2

The proof will be divided into the following several technique propositions.

Proposition 4.4.1 For any solution of problem (P3) the following estimate holds:

F0 < [ o TS

CI — 1/7'_1 "

(4.25)
Z// (€ + 0oy, €, 1) d€ do

Proof. Multiplying the first equation in (P3) by %, integrating over € and using integration
by parts, we get

1d o
iaﬂuﬁ]@ — /ﬁ%/ Aujujdr — (p+ )\)3?/9 %(dlv w)uj dx
+o0
[ [ w(©ai(w € 1) dedr =0,
Then

S (1+A)
S (oo + 1190 ) + L i oy + a2 3 sl
fisi = (4.26)

+(§Rz/uﬁ/ (€)6;(x, €, 1) dE dz = 0.

N | —
Q.‘Q‘
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Multiplying the second equation in (P'3) by (¢; and integrating over  x (—o0, +00), we obtain:

MZH@HW —sortoa)) +<z// (€ 4 n)|oy(2, €, 1) de da .

—éR 7 ,1,t ' ,,tdd =0.
cg/gzzx | w@)osw ety dé da

Multiplying the third equation in (P'3) by vZ; and integrating over Q x (0, 1), we get:

71n

Z/ 2(2,1,1) — uy(z, 1)) dz = 0. (4.28)

&‘g‘

n
Z ||ZJ||L2 Qx(0,1))

v
>
From (4.9), (4.26) and (4.28) we get
B0 = 0 Yl ~ 0 [ [ €+ wlose g P s

—@%Z/ uﬁ/ 1(€)d;(x, €, t)dgderCéRZ/ 2(2,1, 1) / (&) (x, €, 1) de da

-1 n —1n

m'2 Z/ a:tdx— Z/Qza:,l,tdx

(4.29)

Moreover, we have

[ womtscral= (1 £50) (170 sncor)

Then
‘/sz(x,l,t) /:O (&), €, t) dgdx’

o] 2 % 00 %
<(/ :ﬂ%) st 1Bl ([ [ (€ 4 mlgste )P dgar)

’/u]txt (&) oj(x, &, t) dé do

g(/_jgf%da) st oz ([, €+ o ) des)’

Applying the Cauchy-Schwarz inequality we obtain (4.25).
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Proposition 4.4.2 For any reqular solution of problem (P3) and for every € > 0, we have

ZZ: {/ 2m - Vu; + (n—l)uj]ujtdav}
s—é [ (1 + 2= SCPYIVw; ) do— (a4 ) [ [div uf? e
—ci [ 2 T+ (0= 1)) [ | we)ose € de] da

" (n— 1) ml%, (5u

—(u+ A)é/ \div u|? dT
I

where C(P) is a sort of Poincaré constant, which is a positive constant depending on Q and
independent of the solution u.

Proof. Differentiating and integrating over {2 we obtain

c;Zt {/ 2m - Vu; + (n — L)uy) ujy dg;} _ / [Qm Vg + (n — Vg uje do

+/ 2m - Vu; + (n — 1)u,] [uAu] (u—i—)\) d1v w) C/ (&)p;(z, &) dE| d

For u € H?*(2), we have the following Rellich’s identity

/QAuj(m -Vu;)dr = /F(m : Vuj)((jf;b‘j dl' — / Vu; - V(m - Vu;)dx.
/ Oldiv u)( -Vu,) de = /(m Vu;)(div )y, dl' — / (div u) 0 —(m - Vu,) dx (430
o Ox, A J J Oz, j) A
Hence
d
2m - Vu; + (n — Dujlujpdry = | [2m - Vuj + (n — Duj] uje do
i |- [ e
—C/Q[Qm'VUﬂL(”— 1)u;] UOO (&) ¢;(x, &) ds| dx
Zu/r(m : Vuj)?;jjj al’ — QM/QVUj -V (m - Vu;)dx
0
2+ N) /(m V) (div w)y; dT — 2(p + A) / (div ) (- Fig)

(n—l,u/|VuJ|2dx+(n—l,u/ uja]df

-1t [ 20

J

(div w) dz + (n — 1)( + N) /F w;(div w); dT
(4.31)
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Moreover, using the following identity
2Vu; - V(m - Vuy) = 2|Vu;|* + m - V(|Vy,|?)
and integration by parts, we get

2 2
.V (m - Vu, —(2— , Vs |2 dl
2/ Vuj - V(m-Vu;)dr = (2 n)/ |V, da:—i—/rm v|Vu;|“d

3 I 0 = 12 .2 (4.32)
22:1/9(dlv U)aTjj(m -Vu,)de = (2 —n) /Q |div u|® dz + /Fm - v|div ul*dr.

Substituting (4.32) into (4.31), we get

n

Zi{/ 2m - Vu; + (n — 1)u;] ujtdx} Z/ 2m - Vuje + (n — 1)uje) uje do
=3 [ m Vst =l [ uteroy 0 ¢

Ou,

. N1 dl — / . 124l
+2u]z::1/r m Vu])ay d u; | m v|Vu,|

dx

—(u+>\)/m-y|div u|2dF+2(u+)\)Z/(m-Vuj)(div w); dT
—,uZ/ (Vu;|? dr — (p+ ) /|d1vu|2dx+ n—luZ/ ujajdf

+(n—1)(u+ ) Z/u] (div u)v; dT°
— Jr
’ (4.33)

ﬂ1/ on I'y, it follows that
ov

ii{/ﬂ[?m.Vuj—i—( — 1)u,] ujtdx} Z/ |uje|? d:L'+Z/ (m - v)|u|* dT
—gﬁjl/g{zm-vuj+(n—1)uj] [

Noting that Vu; =

[ h(©)65(.€) de| do
—i—,uZ/ m~V|Vuj\2dF—|—(,u+)\)/F m - v|div u|* dT
I 2
—1—22/ m - Vu;) ua——i—(,u—l—)\)(dlv w)y; | dI' — F‘Z/ m - v|Vu,|*dl’
— -v|div u* dl — |? da — A) [ |div ul*d
(u+A) /1“1m v|div ul ujz:;/Q]Vu]] r— (pu+ /Q] iv ul|®dz

+(n—1) 2: /1“1 u; (uaazjj + (4 A)(div u)uj> dl’
(4.34)
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Since I'y is compact and m, v are sufficiently regular,
there exists § > 0 such that m(z) - v(z) > § > 0, for all x € I';. From (4.34) we deduce

z”: c;it {/ 2m - Vu; + (n — 1)uj] uje dx}

—Z/S)|ujt|2dx—uZ/Q|Vuj|2dx— (,u—I—)\)/Q|diV u|? dx
j=1 j=1
+0o0

~C3 [ lm -V (0= ) [ )0y (.

oo

dx

H“"”Wé/rl o2 AT — “5i/r V| dl — (u+)\)6/rl \div u[? dT
—l—Zi:l/Fl(m-Vuj)< %—i—(,u—ir)\)(dlvu) )dF
+(n—1) zn:/ uj (,uaa + (p+ ) (div w)v ) dl

=111
(4.35)
where we have used also m(z) - v(x) <0 on I'y. We can estimate
8u]- .
2 | (- Vug) | pg s+ (o4 A)(div w)v; | dT
1 5 5
”/ v J|2dr+2 + (4 N)(div wy,| dT
< on 5o
< [ va ” 2/ | JMF
(4.36)
Moreover,
(n—l)/ ; %—l—( + A)(div u)y; | dT'
r, Wou W !
£ (n— 1) Ou, , ?
< - |2 dl’ / - ; r
<5 i+ PO S )|
£ (n—1)? Ou, 2
< -O(P / |2 / ! r
< QCP) | V[P de+ === | Jup "+ (ut A)(div ujry) dl,
€ (n—1)?
< 5C(P)/Q|vujy2d:c+ —a} /F |2 T,
(4.37)

where we have used trace inequality and Poincaré’s theorem.

Remark 4.4.1 In the above inequality C(P) is the smallest positive constant such that

/n 9|2 dl < C(P) /Q Vo2 da, V9 € HE(Q).
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Then by using the Young inequality and the Sobolev-Poincaré inequality, we can easily get the
following corollary.

Corollary 4.4.1 For any regular solution of (P3)
Z {/ 2m - Vu; + (n — D)uj| uj dx}
g n
=3 [l e = (= S0P - i = 1t - 170@) 3 [ e
j=1 Q 2 2 =1 Q
—(/L—l—)\)/ﬂldz'v ul? dz + (HmHoo—l—QH i 2+ ( )Z/

j=1"T

‘thIQdF
3¢ T 2
5 [, L @l of e

—N;Z/F |Vuj|2df—(,u%—)\)é/F |div u|* dT
j=1/I )

Now, let us introduce the functional

n 1
= TPz, t)*dpd
JZI/Q/O e "|zi(x, p.t)|*d pdu
We can easily estimate
S'(t) = 2// "z, p,t)z(x, p,t)dp dx
= _7// szp Ly Py )Z(l‘,p7t)dpd$

= —*// *!Z x, p, t)|*dp da

= / _T]z(x,l,t)|2d;v—|— /]ut| dx—// TP\ z(x, p, t)|*d p da

/|ut|2 x——e /|z:13,1,t|2 r—e // |2(x, p, t)]*d pdz

Let us introduce the Lyapunov functlonal

IN

Et)=E({t)+m i /9[2771 - Vu; + (n — ujluj do 4+ 25(t).

where 7,72 are suitable positive small constants that will be precised later on. Note that £(t)
is equivalent to the energy F(t) if 41 is small enough. In particular, there exists a positive
constant (' and suitable positive constants o, ay such that

alE(t) < g(t) < CYQE(t), Y0 < Y1, M < Cl. (438)
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Proposition 4.4.3 For every ay > 0 there exist ag, ¢y, co such that for any solution of prob-
lem (P) with 0 < a; < ap we have

E(t) <cre @, t>0. (4.39)

The constants ag, cq,co are independent of the initial data but they depend on as and on the
geometry of §2.

Proof. Differentiating the Lyapunov functional £ and using the propositions above we deduce

I +vr! 2\ 2
e < (T —n+ 2) Y [ Juald
0 = (T 2 [l
n 1 n
e 7Y [ [ e p )Pdpde = Zem Y [z 1,0 da
=17270 =17a

T

T—wvr' 3\
(S X [ [T it g opasar (4.40)
o1 (= 500 = CmiEt = S~ 17C(@) 3 [ 9w
2 -1 2 n
+ <7l||m||oo +71a§ (2”7;/!00 + (n % ) ) - CLQ) jzl/rl |th|2 dl’

For a fixed ay > 0 we want to choose €,71,7, < C} and a; sufficiently small in order to obtain

E'(t) < —cE(t). (4.41)

Applying the second inequality of (4.38) estimate (4.39) easily follows. To show that (4.40)
implies (4.41) we simply need that

I+uvr!
oItvr L2
c 2 0 T
— VT
R
p— SCO(P) = Cllml%T — STn—1°C() >0,
Imli%, . (n—1)?
Y1l oo + Y103 <2 5. + —ay < 0.

For any a, > 0 this last condition is satisfied for 7, sufficiently small. It then remains to the
first and third conditions. For the first one, we need to assume that v > 7, /7 2, while for the
third equation we need to fix € small enough such that

- 30(13) > 0.

Then we now fix v1, 72 and € and fulfilling the above requirements and look at the first equation
to the third equation as conditions on a; and v.



Conclusion

The summary provided below considers some problems for future research works that arise
from this dissertation.

The second chapter of this thesis, was devoted to study of the stabilization of the Lamé
system with fractional damping. The fractional velocity feedbacks considered has provided a
weaker damping than the velocity feedbacks. Therefore, no exponential decay was expected.
As for an interesting open problem, is to prove that the results obtained in this chapter hold
for the Lamé beam system with two boundary control conditions of fractional derivative type.

The study done in the third and the forth chapters can be approached from a different
angle under suitable conditions on the delay terms. Indeed, as to hyperbolic equations, like
ordinary differential equations, can have solutions that do not exist globally, these lasts are said
to "blow-up” in finite time. Therefore, the interpretation of the blow-up of the solutions may
indicate a real phenomenon, or a failure of the physical model, this leads to physical problems
often posing more difficulties regarding the case of the instability of the system.

Although, the last chapter has dealt with the Lyapunov’s stability which is widely used
to control various systems and became nowadays, an indispensable tool for the study of all
systems. whether they are finite or infinite, linear or nonlinear, time-invariant or time varying,
continuous or discrete. Consequently, reproducing the result obtained in the forth chapter,
with a time-varying delay of fractional type would be very interesting.
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