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Introduction

The objective of this thesis is the study of the existence of solutions of some
problems to the boundary conditions associated with ordinary nonlinear differential
equations with delay of order two and three. The study of delay differential equa-
tions has expanded rapidly in recent years due to numerous applications which have
developed in engineering and the applied sciences. In this thesis existence and uni-
queness of solutions to certain second and third order boundary value problems for
delay differential equations is established by using some fixed point theorems, nota-
bly Leray-Schauder theorem, Krasnoselskii theorem, expansion and compression of
a cone, and fixed point index.

This thesis consists of five chapters

In first chapter, we introduce notations, definitions , lemmas, and fixed point
theorems that are used in the next chapters.

Chapter 2, we present some existence results of positive solutions for a class of

nonlinear second order delay boundary value problem following

u'(t) + a(t) f(t,u(t —7)) =0, 0<t<l1,
u(t) = au(n), —7<t<0,
u(l) =

(1) = Bu(n)

where «, 5,17 and 7 are positive constants such that n € (0,1),0 < 7 < % and \ is

a positive real parameter. By using the Leray-Schauder fixed point theorem, some



sufficient conditions for the existence of positive solutions are obtained of nonlinear
second order delay boundary value problem
In chapter 3, we investigate the existence of positive solutions for a system of

second order two delay differential equations with twin-parameters.

u’(t) + Aa(t) f(u(t — 1), v(t — 7)) =0, 0<t<1,
V() + pa®)h(u(t — 1), 0t — 7)) =0, 0<t<I1,
u(t) = au(n), -1 <t <0,
u(1) = Bu(n)

v(t) = aw(n), -1 <t <0,
(1) = Bu(n)

where 0 < n < 1,0 < a < % and 0 < 8 < 11__657’7 are constants, and A\, p are

positive real parameters. By using the fixed point theorem of Krasnoselskii’s obtained

sufficient conditions we obtain existence of positive solutions for a system of second
order two delay differential equations with twin-parameters.

In chapter 4, the fixed-point index theorem in cones was used to discuss the
third-order multi-point boundary value problem,

;

u"(t) + a(t) f(t,u(t —7)) =0, 0<t<I,
t) = au(n), —7 <t <0

1— By
— 2
positive real parameter. By using fixed-point index t%eorem in cones, we establish

1
where n € (0,1), 0 < 8 < —, 0 <ac< are constants, and \ is a
the existence results of positive solutions for the boundary value problem
The purpose of Chapter 5, is to study the boundary value problem for a class of

quadratic mixed type of delay differential equations with eigenvalue



w'(t) + () f(t,ult — 1), [) k(t, s)u(s)ds) =0, 0<t<1,
u(t) = au(n), —7 <t <0,
u(1) = Bu(n)

where «, 8, n and 7 are positive constants and A is a positive real parameter. By
using a fixed-point theorem in cones to study the boundary value problem for a class
of quadratic mixed type of delay differential equations with eigenvalue, the sufficient

condition of existence of their solutions is derived.



Chapitre 1
Preliminary

In this chapter, we introduce notations, definitions, and preliminary facts that

will be used in the sequel.

1.1 Some notations and definitions

We shall consider the Banach space X = C([a,b],R) be endowed with the
maximum norm,

= ta <t <b}.
Jullosy = max{Ju(t)] -0 < t < b}

We need the following definitions :

Definition 1.1.1. Let X be a real Banach space. A nonempty, closed, convex set

K C X is a cone if it satisfes the following two conditions :
1. ue K, >0 wmply \u € K,
2. ue K,—u e K imply u=0.

The cone K induces an ordering < on X by

u <wvif and only if v—u € K.

10



Definition 1.1.2. An operator T : X — X is completely continuous if it is conti-

nuous and T'(X) is relatively compact.

Definition 1.1.3. (Arzela-Ascoli Theorem). A subset A of C([a,b],R) is relatively

compact if and only if it s bounded and equicontinuous.

1.2 Fixed point results

Fixed point theory plays a major role in many of our existence principles,

therefore we shall state the fixed point theorems in Banach spaces.

Theorem 1.2.1. (Leray-Schauder). Let Q be a convexr subset of a Banach space
X,0eQ and T : Q — Q be a completely continuous operator. Then either

1. T has at least one fized point in ), or
2. the set {u € Q/u = pTu, 0 < p <1} is unbounded.

Theorem 1.2.2. (Krasnosel’skii). Let X be a Banach space and K C X be a
cone. Assume 0y, Qo are open subset of X with 0 € Q, O C Qy, and let T -
KN (Q\ Q) — K be a completely continuous operator such that either

L[ Tu||<]|u|l,u e KNIy, and || Tu ||Z]| v ||,u € KNy ; or

2. | Tu || 2] wll,u € KNOQ, and || Tu [|<]| u ||,u € K N ONy.
Then T has a fizet point in K N (Qy\ ).
Lemma 1.2.1. Let Q2 be a bounded open subset of X Banach space, with 0 € KN,
and KNQ # K. Assume that T : KNQ — K be a completely continuous mapping

such that uw # Tu for w € K NOQY . Then the fized point index i(T, K N, K) has
the following properties :

(1) If there exists v € K \ {0}, such that u — Tu # (v for every u € K N OQ and
every ¢ > 0, then i(T, K N Q, K) = 0.
If || Tu||>]| w || for we KNOKQ, then i(T, K NQ, K) = 0.

11



(12) If pTu # u for everyu € KNOQ and 0 < p < 1, then (T, K NQ, K) = 1.
For example (ii) holds if | Tu ||<|| w || for u € K NoS.

(i3i) Let Q' be open in X such that KNY C KNQ. If i(T,KNQ,K) =1 and
i(T, KN, K) =0, then T has a fized point in K NQ\K NQ'. The same holds
fi(T,KNQ,K)=0and i(T,KNQ, K)=1.

Lemma 1.2.2. Let ) be a bounded open subset of X Banach space, with 6 € €,
and let T : KNQ — K be a completely continuous mapping. If uTu # u for every
wue KN and 0 < p <1, theni(T, K NQ, K) = 1.

Lemma 1.2.3. Let Q be a bounded open subset of X Banach space, and let T :
KNQ — K be a completely continuous mapping. If there exists an v € K \ {6},
such that uw — Tu # Cv for every u € KN OQ and ¢ >0, then (T, K NQ, K) =0.

Lemma 1.2.4. Ifi(T,Q, X) # 0, then T has at least one fized point in Q.

The literature [8] studied the existence of positive solutions of boundary value
problems (1.1)-(1.2) by using Krasnosels’kii fixed point theorem, they obtained the

following results :

Theorem 1.2.3. /8]
Let (Hy)-(Hs3) hold and fo > 0, f> < oo, then there exists at least one positive
solution to (2.1) for

) 1 1—an—B(1-n)
fosup,e y(Bmin{n,1-n} [§ G(t,s)a(s)ds+6 fbcj: G(t,s)a(s)ds)’ (1—a(l—n)—Bn)fo(B f5 G(s,s)a(s)ds—&—f: G(s,s)a(s)ds)

Theorem 1.2.4. /8]
Let (Hy)-(Hs) hold and fs > 0, fo <0, then there exists at least one positive solu-
tion to (2.1) for

= 1 1—an—pB(1-n)
foo supye (B min{n,1—n} f(;— G(t,s)a(s)ds+0 fbcr: G(t,s)a(s)ds)’ (1—a(1—n)—PBn)f=(B fOT G(s,s)a(s)ds+f7_1 G(s,8)a(s)ds)

12



Chapitre 2

Positive solutions for a second order
multi-point boundary value problem

with delay

In this chapter, we study the existence of positive solutions, by using the
Leray-Schauder fixed point, to the following nonlinear multi-point boundary value

problem with delay

u'(t) + Aa(t) f(tult — 7)) =0, te€[0,1],
ut) = pu(n), —7<t<0, (2.0.1)
u(l) = au(n)

where «, 3,7, and 7 are positive constants such that n € (0,1), and X is a positive
real parameter.
We assume the following hypothesis :
(Hy) f:1]0,1] x [0,00) — [0, 00) is continuous
(Hs) a:1]0,1] — [0,00) is continuous and does not vanish identically on any subin-

terval.

13



(H;) 0<a<1ando<5<11—°j7’7,0<r<1

2.1 Preliminaries

In this section we give some preliminary results.

Definition 2.1.1.

u(t) is called a positive solution of (2.0.1) if u € C[—7,1] N C*(0,1), u(t) > 0 for

t € (0,1) and satisfies (2.0.1).

Lemma 2.1.1.
Let B # =9 Then for y € C([0,1], R), the boundary value problem

1-n

W) +y(t) =0, teo,1],
u(0) = pu(n), u(l) = au(n)

has a unique solution

where B By
+ (o —
G -
and
(t.5) s(1—1t), 0<s<t<1,
T w2, 0<t<s<i
Proof.

From (2.1.1), we have

u(t) = u(0) + u'(0)t — /0 (t—s)y(s)ds = A+ Bt — /0 (t —s)y(s)ds

with
u(0) = A,

u(n) = A+ By — ['(n— s)y(s)ds.

14



and
u(l)=A+ B — /0 (1 —s)y(s)ds.
From u(0) = fu(n), we have

(1—B)A— Bfin=—0 /0 "0 — s)y(s)ds.

From u(1) = au(n), we have

(1-—a)A+ B(l—an) = /0 (1 —s)y(s)ds — a/on(n — s)y(s)ds.
Therefore,

= Hn 1 — s)y(s)ds — b ! — s)y(s)ds
A= Ty O Gy, 0 e

and

1-p ! a—pf n
e | s = s [ st

From which it follows that

Bn ! (s ds— I& n el
(1—a77)—/3(1—n)/o(1 (e)d (1—an)—5(1_n)/0(’7 Jy(s)d

Y oM (e L LN LN
oAy (O ) e [t

= — t —s)y(s)ds (B-a)t—p ! —s)y(s)ds (1= B)t+fn 1 —s)y(s)ds
= o B [ et s [ ke

B+ (a—p)t 1
(1—an)—p(1—mn) /0 g(n, s)y(s)ds.

B =

u(t) =

= /1 g(t,s)y(s)ds +

’ (2.1.5)

Then, u(t) = fol G(t, s)y(s)ds. The function u presented above is the unique solution
to the problem (2.1.1), (2.1.2).

15



Lemma 2.1.2.

Let 0 < a < % and 0 < < 1110:777. If y € C(]0,1], [0,00)), then the unique solution

u of the problem (2.1.1), (2.1.2) satisfies

u(t) >0, te]o,1].

Proof.
We know that if v”(t) = —y(t) < 0, for t € (0,1), u(0) > 0 and u(1l) > 0, then
u(t) >0, for t € [0, 1]. We have

= _5 ! — S S S ﬁn 1 — S S S
“(O)‘u—an)—ﬁ(l—n)/o(” )y()d+(1—an)—5(1—n)/o(1 Jyls)d

8 ! '
— B0 [—/O (n — s)y(s)ds + 77/0 (1= s)y(s)ds]

(1—an) -
Bn !
M=an-p-mn /n (1= s)y(s)ds

— 5 778 B s 577 1 (el
~ e g, e s T, - 20

__I_SSS B—a)—5 n_s s)ds
u(t) = = [ =spytptse ==t [ sy

A-B+py [
+(1—om)—[3’(1—77)/o<1 Jy(s)d

= Aoy = B0 =1) [77/0 (1—S)y(s)ds—|—/0 (n—s)y(s)ds]
= T—an) -

S (Ermer ey RGUCLED
Then, u(t) >0 Vt € 0,1].

B(1—n) [77/0 (1—5)?/(5)d8+/0 (n—s)y(s)ds|

16



Lemma 2.1.3. The function g has the following properties
() 0< gt s) < s(1—s) = g(s,5) Vb5 €[0,1],

(i1) Let 0 € [0,3]. Then, fort € [0,1— 6] and s € [0, 1], we have
g(t,s) > min{t,1 —t}g(s,s) > 0g(s, s).
Proof. For 0 < s <t <1, we have
0< g(t,5) = 5(1 - £) < 5(1 - 5) = g(5,5).
And for 0 <t < s <1, we have
g(t,s) =t(l —s) <s(l—s)=g(s,s).

Thus (7) holds.
If s =0 or s =1, we show that (:7) holds.
For 0 < s <t<1ands# 1 we have

glts) _tL=s) Loy yepon]

g(s,s)  s(l—ys)

For 0 <t <s<1and s #0 we have

gt,s) s(—t) (-1 > (1—t) Vtelo,1].

g(s,5)  s(l—s) (1—s)

Then
g(t,s) > min{t,1 —t}g(s,s).

Thus, there exist 6 €]0, 1] such that

>0, Vteld1—0
Thus (i7) holds.

17



Lemma 2.1.4. The function G has the following properties
() Glt.s) >0 Vi.se0,1],

- max{a, 8}
G(t,s) < kigls,s) Vi.se€[0,1] and ky =1+ ,
(17) G(t,s) 19(s, 8) s €[0,1] and k; A —an) — 801

(i) min G(t,s) = kog(s,s) Vt,s € [0,1] where 8 € (0,%) and

o<t<1—0 "2
B B+ min{(a — B)d, (o — B)(1 —0)}
=01 (1—an) —B(1—n)

Proof.

(i) From (2.1.4) and () of Lemma 2.1.3, we get
G(t,s) >0, Vt,s € [0, 1].

(i1) By (2.1.4) and (i) of Lemma 2.1.3, we have

ot s B+ (a—B)t .
G@ﬁ%—ﬂﬂ)+(r_mﬂ_ﬁﬂ_nﬁm7)

max(c, 3) B
(0 —an) — B =755 = hgls.s)

< (s s)+
(#7) From (i7) of Lemma 2.1.3, for ¢t € [#,1 — 0] we have

5+ (a—B)t
—an) 51—’
5+ min{(a — B9, (@ — B)(1 - 6))

G(t,s) = g(t,s)—i-(

> Bgls.s)+ (1—an) — (1 —n) 9(8:)
g min(o - Hf.(a—HO-0)]
> o (1—am) = B(1 =) 50 = fagloss)

Lemma 2.1.5. If y € C([0,1]) and y > 0, then the unique solution u of the
boundary value problem (2.1.1),(2.1.2) satisfies 9<rg1<iln eu(t) > v||ul|y where |Jul|; =
kz Itx

sup{|u(t)]; 0 <t <1} andy:= T
1

18



Proof. For any t € [0, 1], by Lemma 2.1.4 we have

u(t) :/0 G(t,s)y(s)ds < k:l/o g(s,s)y(s)ds,

thus ||u||; < Kk fol g(s, s)y(s)ds. Moreover, from (ii7) of Lemma 2.1.4 for t € [0,1—6)],

we have . )
)= [ Gltowss > ks [ gl o)ds > Elul
0 0 1

1 >
Therefore Krglniou(t) > v||ulf1-

By Lemma 2.1.1, we can show that the BVP (2.1.1), (2.1.2) has a solution u(t) if

and only if u(t) is a solution of the operator equation u(t) = Tu(t), where

Bu(n), —T<t<0,
Tu(t) = 1
)\/ G(t,s)a(s)f(s,u(s —7))ds, 0<t<1.
0
Let define,
t t
f° = lim sup max 1 ,u), f°° = lim sup max ftw)
u—0  t€[0,1] u u—oo t€[0,1] (4
And

M, = B/OT g(s,s)a(s)ds + /Tl g(s,s)a(s)ds, and My := /Olg(s, s)a(s)ds.

The proof of our main results is based upon an application of the following

Leray-Schauder fixed point theorem.

Theorem 2.1.1. ([10])
Let Q) be a convex subset of a Banach space X, 0 € Q and T : Q — Q be a completely

continuous operator. Then either
1. T has at least one fized point in €2, or
2. the set {u € Q/u = puTu, 0 < p <1} is unbounded.

19



2.2  Main results

Let X = {u € C[—7,1] : u(t) = Bu(n) when ¢ € [—7,0],u(1) = au(n)}. With
the norm || . || given by ||lu|| = sup |u(t)]. Then (X, ] . ||) is a Banach space.
<t<1

Theorem 2.2.1. [16]
Assume (Hy) and (Hy) hold. If f° < oo, then the boundary value problem (2.0.1)

has at least one positive solution.

Proof.

Choose € > 0 such that (f°+ €)\k; M; < 1. By the definition of f° < co, we know
that there exists constant B > 0, such that f(s,u) < (f°+ ¢)u for 0 < u < B.

Let

= > < i > .
Q={u/u€X,uz0lul <B, min u(t)=r7]u}

Then € is a convex subset of X.
For u € €, by Lemmas 2.1.2 and 2.1.5, we know that Tu(t) > 0 and 9<Itn<i{1 G(Tu)(t) >
N Tull

Moreover,
T < [ ol o) (s uls — 1)
<A+ Ol [ gl alsuts ~ s
=3¢+ b ([t vt + [ ol satsiuts - 1as)

<[+ o)k (B/OTg(s,s)a(s)ds—I—/Tlg(s,s)a(s)ds) |
< ull < B.

Thus, ||Tu|| < B. Hence, TQ C Q.

20



We shall show that 7" is completely continuous.
Suppose u,, — u (n — o0) and u,, € Q Vn € N, then there exists M > 0 such that
Since f is continuous on [0, 1] x [0, M], it is uniformly continuous.
Therefore, Ve > 0 there exists 6 > 0 such that |x —y| < ¢ implies |f(s,z) — f(s,y)| <
€ Vs €[0,1], z,y € [0, M] and there exists N such that ||u, —u| < for n > N, so
|f(s,un(s — 7)) = f(s,u(s —7))| <e, forn> N and s € [0, 1].
This implies

|Tu, (t) — Tu(t)] < /\k1/0 g(s,8)a(s)|f(s,un(s — 7)) — f(s,u(s —7)|ds

1
< Aekl/ g(s, s)a(s)ds.
0

Therefore T' is continuous.

Let D be any bounded subset of €2, then there exists v > 0 such that |Ju|| < v
for all uw € D.
Since f is continuous on [0,1] x [0,7] there exists L > 0 such that |f(t,v)| <
LV(t,v) €0,1] x [0,7].
Consequently, for all w € D and ¢ € [0.1] we have

|Tu(t)] < ‘)\kl/o g(s,s)a(s)f(s,u(s —7))ds

1
< /\krlL/ g(s,s)a(s)ds.
0

Which implies the boundedness of T'D.
Since G is continuous on [0, 1] x [0, 1], it is uniformly continuous.
Then Ve > 0 there exists § > 0 such that |t; — o] < J implies that |G(t1,s) —

1
Glts,s)| < ¢ ¥s € [0,1]. So, if u € D, |[Tu(t) — Tu(ts)| < )\/ G(t1,8) —
0

G(ta, s)|a(s)f(s,up(s —7))ds < )\La/o a(s)ds.

21



From the arbitrariness of €, we get the equicontinuity of T'D.

The operator T' is completely continuous by the mean of the Ascoli-Arzela theorem.
For u € Q and u = pTu, 0 < p < 1, we have u(t) = pTu(t) < Tu(t) < B, which
implies ||u|| < B. So, {u € Q/u = pTu, 0 < pu < 1} is bounded. By theorem 2.1.1,
we deduce that operator T has at least one fixed point in 2. Thus the boundary

value problem (2.0.1) has at least one positive solution.

Remarque 2.2.1. The conditions of Theorem 2.2.1 are weaker than those of Theo-
rem 1.2.3.

Theorem 2.2.2. [16/
Assume (Hy) — (Hz) hold. If f> < oo is satisfied, then the boundary value problem

(2.0.1) has at least one positive solution.

1
Proof. Choose € > 0 such that (f> + e) k1 My < 3 By the definition of f* < oo,
we know that there exists constant N > 0, such that f(s,u) < (f*+¢)u for u > N.
Let B > 0 such that

B> N + 142\ M, Inax f(s,u).
ogﬂsgv
Let

= > < 1 > .
Q= {ufue X, u0ul < B, min u(t) =]}

Then € is a convex subset of X.
For u € €, by Lemmas 2.1.2 and 2.1.5, we know that T'u(t) > 0 and 9<I}1<i{1 H(Tu)(t) >
T ull

Moreover, for u € €2, we have

Tu(t) = )\/0 G(t,s)a(s)f(s,u(s—T7))ds < )\kl/o g(s,s)a(s) f(s,u(s—7))ds

=Am(/ gl 9)a(s) (s, s = 7)ds + [ ma@m@ﬂaws—ﬂmﬁ
J1={s€[0,1]/u>N} Jo={s€[0,1]/u<N}
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< Ay /0 g(s,8)a(s)(f* + e)u(s — 7)ds + /0 g(s,s)a(s) max f(s,u(s—7))ds

0<s<1
O<u<N
< Mk | (f% +€) [5/ g(s, s)a(s )ds+ } [l +/ 9(s,s)a(s) max. f(s,u(s —7))ds
" 0 0<usN
< Ny (f2+€) My B+Mky M <B.B_p
< Nk (f°°+€) My B4k M, nax f(s,u(s—71)) < Sty =B

0<u<N
Thus, ||Tu|| < B. Hence, TQ2 C Q.
We can show that 7" : 2 — () is completely continuous.
For u € Q and u = pTu, 0 < p < 1, we have u(t) = pTu(t) < Tu(t) < B, which
implies ||u|| < B. So, {u € Q/u = pTu, 0 < px < 1} is bounded. By theorem 2.1.1,
we show that the operator T" has at least one fixed point in 2. Thus the boundary

value problem (2.0.1) has at least one positive solution.

Remarque 2.2.2. The conditions of Theorem 2.2.2 are weaker than those of Theo-
rem 1.2.4.

23



Chapitre 3

Positive solutions for a system of
second order multi-point boundary

value problem with delay

In this chapter, we study the existence of positive solutions, by using the

Krasnosel’skii fixed-point, to the following second-order delay differential system,

2'(t) + Xa(t)f(z(t —m),y(t —m2)) =0, 0<t<]l,

y'(t) + pb@h(x(t —m),y(t — 1)) =0, 0<t <L

z(t) = ax(n), -1 <t <0, (3.0.1)
y(t) = ay(n) —my <t <0,

z(1) = Bz(n)

y(1) = By(n)

\

where 0 <n<1,0<a< % and 0 < 8 < 11—_0;77 are constants, and A, y are positive

real parameters.

This system is a generalisation of the following boundary value problem
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u'(t) + Xa(t)f(u(t —7)) =0 0<t<l, 7>0,
(t) = au(n) —7 <t <0, (3.0.2)
(1) = Bu(n)

where 0 <n < 1,0 < a< % and 0 < 8 < 11__—"77" are constants, and A\ positive real

U
U
parameter.

3.1 Preliminaries

In this section we give the definition of positive solution of (3.0.1), and we will

state some important preliminary lemmas.

Definition 3.1.1.

(x(t),y(t)) is called a positive solution of (3.0.1) if it satisfies the following :
1. (z,y) € (C[-71,1] N C?%*0,1)) x (C[—7,1] N C?(0,1));
2. x(t) >0, y(t) >0 for allt € (0,1) and satisfy (3.0.1).

Lemma 3.1.1.
Let 5 # 11_—_0‘77’2 Then fory € C([0,1], R), the boundary value problem

u"(t) +y(t) =0, telo,1], (3.1.1)
w(0) = Bu(n), u(l) = au(n) (3.1.2)
has a unique solution X
u(t) = /0 G(t, s)y(s)ds (3.1.3)
where
R L
G(t,s) = g(t,s) + 0—an — B0 n)g(n, ) (3.1.4)
and



Proof.
From (3.1.1), we have

u(t) = u(0) + u'(0)t — /0 (t — s)y(s)ds

= A+ Bt — /Ot(t — s)y(s)ds

with

and

u(l)=A+ B — /0 (1 —s)y(s)ds.
From u(0) = fu(n), we have
(1= Bon =5 [ "= (e)ds.

From u(1) = au(n), we have

(1-—a)A+ B(l—an) = /0 (1 —s)y(s)ds — oz/on(r] — s)y(s)ds.
Therefore,

Bn B

A= T -sa-n /0 (= 9)yls)ds = Ty —Ba =) /0 (n = s)y(s)ds

and

1-p ! a—f "
(1_0”])—5(1—77)/0 (1 —s)y(s)ds — (1—0”7)—5(1—77)/0 (n — s)y(s)ds.

From which it follows that

= 67} 1 —S S)as— ﬁ ! —S S)as
ul) = (1—007)—6(1—77)/0 (1=s)uls)d (1—007)—6(1—77)/0 (r=s)u(s)d

B—
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(1-p) ' (a =)t L ‘
T ATy Mgyt J, (e [t

= — t —s)y(s)ds (B-a)t—p ! —s)y(s)ds (1= B)t+fn 1 —s)y(s)ds
=~ [ = >d+(1—0m)—5(1—77)/o<n o )d+(1—0m)—ﬁ(1—77)/o<1 J(s)d

B+ (a—pP)t 1
(1—an) — B0 —1n) /0 g(n, 8)y(s)ds

= /0 G(t, s)y(s)ds. (3.1.5)

The function u presented above is the unique solution to the problem (3.1.1), (3.1.2).

- / o(t, s)y(s)ds +

Lemma 3.1.2. Let 0 < a < % and 0 < B < 11__—‘:7” If y € C(]0,1], [0,00)), then the
unique solution u of the problem (3.1.1), (3.1.2) satisfies

u(t) >0, telo,1].

Proof. We know that if v”(t) = —y(t) <0, for t € (0,1), u(0) > 0 and u(1) > 0,
then u(t) > 0, for t € [0,1]. We have

= _5 ! —S s)as BTI 1 —8 s)ds
“0) = e B Jy O o g |, e
= p —n—sss n—sss b 1—888
_(1—an)—6(1—n)[ /0(77 )y( )d+n/0(1 )yl )dH(l—an)—ﬁ(l—n)/n(l Yy(s)d
_ p T 1Vl s)ds pn 1 Vuls\ds
= L, e s s [ 2 0
and
M aiages B =B Q=B [T
ut) = = [ =seas P (st s [ syt

T (I—an) -B(1-7n) [77/0 (1—8)y(s)ds+/0 (n—s)y(s)ds]
= (1—an)—B(1—n) [77/0 (l—s)y(s)d3+/0 (n—s)y(s)ds]

S (errer ey RCCLED
Then, u(t) >0 Vt € [0,1].
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Lemma 3.1.3. The function g has the following properties
() 0< gt s) < s(1—s) = g(s,5) Vb5 €[0,1],

(i1) Let 0 € [0,3]. Then, fort € [0,1— 6] and s € [0, 1], we have
g(t,s) > min{t,1 —t}g(s,s) > 0g(s, s).
Proof. For 0 < s <t <1, we have
0< g(t,5) = 5(1 - £) < 5(1 - 5) = g(5,5).
And for 0 <t < s <1, we have
g(t,s) =t(l —s) <s(l—s)=g(s,s).

Thus (7) holds.
If s =0 or s =1, we show that (:7) holds.
For 0 < s <t<1ands#1, we have

glts) _tL=s) Loy yepon]

g(s,s)  s(l—ys)

For 0 <t <s<1and s #0 we have

gt,s) s(—t) (-1 > (1—t) Vtelo,1].

g(s,5)  s(l—s) (1—s)

Then
g(t,s) > min{t,1 —t}g(s,s).

Thus, there exist 6 €]0, 1[ such that

>0, Vteld1—0
Thus (i7) holds.
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Lemma 3.1.4. The function G has the following properties
() Glt.s) >0 Vi.se0,1],

- max{a, 8}
G(t,s) < kigls,s) Vi.se€[0,1] and ky =1+ ,
(17) G(t,s) 19(s, 8) s €[0,1] and k; A —an) — 801

(i) min G(t,s) = kog(s,s) Vt,s € [0,1] where 8 € (0,%) and

o<t<1—0 "2
B B+ min{(a — B)d, (o — B)(1 —0)}
=01 (1—an) —B(1—n)

Proof.

(i) From (3.1.4) and () of Lemma 3.1.3, we get
G(t,s) >0, Vt,s € ]0,1]

(i7) By (3.1.4) and (7) of Lemma 3.1.3, we have

ot s B+ (a—B)t .
G@ﬁ%—ﬂﬂ)+(r_mﬂ_ﬁﬂ_nﬁm7)

max(c, 3) B
(0 —an) — B =755 = hgls.s)

< (s s)+
(#7) From (i7) of Lemma 3.1.3, for ¢t € [#,1 — 0] we have

5+ (a—B)t
—an) 51—’
5+ min{(a — B9, (@ — B)(1 - 6))

G(t,s) = g(t,s)—i-(

> Bgls.s)+ (1—an) — (1 —n) 9(8:)
g min(o - Hf.(a—HO-0)]
> o (1—am) = B(1 =) 50 = fagloss)

Lemma 3.1.5. If y € C([0,1]) and y > 0, then the unique solution u of the
boundary value problem (3.1.1),(3.1.2) satisfies 9<rg1<iln eu(t) > v||ullo where ||ullo :=
kz Itx

sup{|u(t)]; 0 <t <1} andy:= T
1
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Proof. For any t € [0, 1], by Lemma 3.1.4 we have

u(t) :/0 G(t,s)y(s)ds < kl/o g(s, s)y(s)ds,

thus ||ulo < Ky fol g(s, s)y(s)ds. Moreover, from (iii) of Lemma 3.1.4 for t € [#,1—6)],

we have . . L
zwz/Gmm@@>@/meww>ﬁmm
0 0

1 >
Therefore i u(t) = v|ulo-

<1-6
Lemma 3.1.6. If u is a positive solution of (3.1.1),(3.1.2), then u(n) > min{n, 1 —

nHullo-

Proof. By lemma (3.1.3) we have

min{n, 1 —n}g(s,s) < g(n,s) < g(s,s), n,s €[0,1].

then, we have

fulo <0 [ (s, )i + s [ gt (sl

Multiplying both sides of the last inequality by min{n, 1 — n}, we get

1
winfn, 1= o} ullo <3 [ min{n, 1~ n)gls, y(s)ds
0

Aamin{n, 1 —n}
(1—an) =B —n

< A/O 9(n, s)y(s)ds

MB+ (a—PB)n) [P -
A=) —Bi—n) /0 9(n,5)y(s)ds = u(n).

) /0 9(n,8)y(s)ds

The proof of existence of positive solutions is based on application of the following

theorem.
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Theorem 3.1.1. [19/

Let X be a Banach space and K C X be a cone. Assume 1, Qg are open subsets of
X with0 € Qy, Q) C Qq, and let T : KN(Q\ Q) — K be a completely continuous

operator such that either
L[ Tu |<]|u||,u e KNIy, and || Tu ||Z|| v ||,u € KNIy ; or
2. | Tu || =] w|l,u e KNOQ, and || Tu [|<]| u ||, v € K N ONy.
Then T has a fizet point in K N (Qy\ Q1).

Let 7y = max{7, o}, 7, = min{m, 2}, and assume the following conditions
are satisfied,

1
H1) 0<7'M<§;

H2) a,b:(0,1) — [0,00) and f,h : [0,00) x [0,00) — [0, 00) are continuous;

1 1 1—-0+4+1m
H3) / g(s,s)(a(s) +b(s))ds < 00, 8 € [T, 5) such that / a(s)ds > 0 and
01—0+Tm O
/ b(s)ds > 0.
O+7n

Let X; = {u € C[—7;,1] 1 u(t) = 0,Vt € [—7;, 1];u(t) = au(n),Vt € [—7;,0]; u(l) =
Bu(n)}, (i =1,2) with norme given by || u ||;= sup{| u(t) |: =, <t < 1} (1 =1,2).
Then (X, | . ]:) (:=1,2) is a Banach space.

Define £ = X; x X3 normed by || (.,.) || where || (u,v) [|=|w || + || v [|2-
Then E is a Banach space.

Suppose that (z(t),y(t)) is a solution of (3.0.1), then it can be expressed as follows

(x(t),y(t)) = (A, y)(t), Bz, y)(1)), (3.1.6)
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where

([ ax(n), —m <t <0,
Al y)lt) = A/l Gt s)a(s)f(els — (s —m)ds 0<t<1. LD
and S
[ ay(n). —m<t<,
Ble.y)t) = u/ol Gt s)h(s)h(a(s — m)y(s —m)ds 0<i<1  C1P
Let

p — i - >a s 4]y 1 2 ) .:7
K, ={ue X;:u(t) >0Vt €0,1] egrglgl{l—eu(t) vl uli} (i=1,2)

and K = K| x Ky. Then K is a cone in F.
Define the operator T by
T(x,y)(t) = (A(z,y)(t), B(z,y)(1)) (3.1.9)

for each (z,y) € K. Obviously the solution of the boundary value problem (3.0.1) is
the fixed point of operator T.

Lemma 3.1.7. The fized point of T is a solution of (3.0.1) and T : K — K is

completely continuous.

Proof. One can find that T : K — K. In fact, for each (z,y) € K, we have
A(z,y)(t) > 0 and B(x,y)(t) > 0. It is obvious that ||A(z,v)||o = ||A(z,v)||1, and

Az, y)(t) < kl)\/o G(s,s)a(s)f(z(s —71),y(s — 12))ds. (3.1.10)

by (7ii) of lemma (3.1.4).

Thus, we have

Az, y)(t) > kg)\/o G(s,s)a(s)f(x(s —11),y(s —))ds > v||A(z,y)||1, for t € [0,1].
(3.1.11)
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Similarly, for each (z,y) € K, we have B(x,y)(t) > v||B(z,y)||2- That is T(K) C K.

We shall show that T is completely continuous.

1. Let 2 C K be bounded. Thus there exist a positive constant M such that for
all (z,y) € 2, we have ||(z,y)|| < M. Equivalently we have ||z||, ||y|| < M.

Put L = sup{f(z,y) : |[lz[h, llyll> < M}.
So for (z,y) € Q, we have

Ao ll < msx (A [ Gt 5)al) (s = ) s = s, ()

1
< max (L)\/ a(t)G(s,s)ds,aM).
0
Hence A(z,y) is uniformly bounded on . In the similar way, we can show
that B(z,y) is uniformly bounded. Hence T is uniformly bounded.

2. Consider the sequence {(z,,y,)} C 2 where liril (T, yn) = (z,y) € Q. Since
n—-+0o0
1
a(s)f(z(s),y(s))ds < oo, by Lebesgue Dominated Convergence theorem,

0
we deduce that

/0 a(s)f(xn(s), yn(s))ds — /0 a(s)f(z(s),y(s))ds — 0, when n — +o0
Hence,
|A(2n, yn) — Az, y)|[1 — 0, when n — +oc.

Thus, A(z,y) is continuous on €. In a similar way, we can show that B(z,y)

is continuous. Hence, T' is continuous.

3. Since G is continuous on [0, 1] x [0, 1], it is uniformly continuous.
Then Ve > 0 there exists ¢ > 0 such that |t; — t3] < 0 implies that |G(tq, s) —
G(t1,s)| < e Vs €[0,1]. So, if (z,y) € €2, we have

A (t2), y(t2)) = Alz(tr), y(tr))] < A/0 |G(t1,8)=G(t2, s)|als) f(x(s—71), y(s—72))ds
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1
< )\Lg/ a(s)ds.
0

From the arbitrariness of ¢, we get the equicontinuity of A€). Similarly, we can
show that B is equicontinuous. Thus, 7T is equicontinous.

The operator T is completely continuous by the mean of the Ascoli-Arzela

theorem.

3.2 Main Results

For each j € C([0,00) x [0,00),[0,00)), we define

j,= lim ZACIT) R el CAL) R
aHy—p T+ Y T+y—p T+ Y
Let
1
Cl = . 0+11 ’
Joo SUP0<t<1<04 min{n, 1 —n} f s)ds + f9+ G(t, s)a(s)ds)
a
02 = . 1 )
bfa [ gls sats)ds + / g5, s)a(s)ds)
0 Tm
1
03 = . 0+12 ’
Noo SUPg< <1 (vmin{n, 1 —n} [* G s)ds + f9+ G(t, s)b(s)ds)
1—«
04 = ™ 1 )
kho(a / o5, 5)b(s)ds + / o(s, 5)b(s)ds)
0 Tm
1
05 = . 1— 9+7‘1 ?
Jo SUP0<t<1<O‘mm{7h W}f s)ds + f G(t, s)a(s)ds)
C@ = a

Y

kyfo° /01 g(s,s)a(s)ds
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07 =

ho supg<<; (amin{n,1 —n} [* G s)ds + f01+7_9+72 G(t, s)b(s)ds)’

11—«

- :
klh"o/ g(s,s)b(s)ds

0
Theorem 3.2.1. Let (Hy)-(H3) hold. Assume that f° < oo, h’ < co and

F fO(e [ g(s, s)a( ds+f1 (s, s)a(s)ds)

Cg =

foo > . 0411 ’
0 foo SUP<cq (@ min{n, 1 —n} [ G (s)ds + [, 0 T G(t, s)a(s)ds)
ki hO (o /TM g(s,s)b(s)ds + /1 g(s,s)b(s)ds)
hoo > 0 Tm

(1 — ) oo SUPgeyy (@min{n, 1 — n} [ G(t, 5)b(s)ds + 7 [, G(t, 5)b(s)ds)

Then, there exists at least one positive solution to (3.0.1) for
()\,/JJ) € (01,02> X (Cg,C4>. (321)

Proof. By (3.2.1), there exist an € > 0 such that
1
: 0+
(foo — €) Supg<sct (@ min{7, 1 77} G s)ds +7 [y G(t, s)a(s)ds)

<A<

ki(f°+¢e)(o /OTM g(s,s)a(s)ds +/ g(s, s)a(s)ds)

(3.2.2)
and
1
(e =) supocic(rmingn, 1} f s)ds + [y, G(t, 5)b(s)ds)
< p < — i :
Ky (R® + 5)(&/ g(s,s)b(s)ds + / g(s, s)b(s)ds)
0 Tm
(3.2.3)
Let £ > 0 be fixed. By f° < oo, h® < 0o, there exist r; > 0 such that
fla.y) < (fP+ o)z +y) (3.2.4)
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and
h(z,y) < (h° +¢e)(z +y) (3.2.5)

for 0 < z,y <ry.
Let Q = {(z,y) € E ;|| (z,y) ||[< r1}. Then for (z,y) € K Ny, by (3.2.2) and
(3.2.4) we have

| A(z,y) |1 < max <)\k;1/ flx(s—m),y(s— TQ))dS,Oj?[)(T]))

(Mki (0 + ¢ / $)a(s)(a(s = ) + y(s — m2))ds, 0 ()
</\k:1 (f+e¢ / s,s)a(s)x(s — 1) + 1
masx (A

9(s. s)als)y(s — 72))ds], ax(i)
Nk (fO 4 &)ax(n /071 g(s,s)a(s)ds +

N

max

g(s,s)a(s)x(s — 11)ds

J
/

1

ranto) [ atsssta(ohts + [ gt halohuts — s actn)

< max ()\kl(fo+5)[a/0ﬁg(s,s)a(s)dsH:cHl+/ g(s, s)a(s)ds||z||x

T1
1

—I—a/OTz g(s,s)a(s)dslly\l2+/ g(s,s)a(s)dsuynz],ax(n))

< max ()\k?l(fo +¢)|a /OTM g(s,s)a(s)ds || = |1 +/ g(s,s)a(s)ds || = |1
v [T gt sgalsdas 1y +/ o(s. )a(s)ds || y [l2].ax(n))
— max (s + 9o [ gt ds+/1g Sdsl(l s + 1y ). ax()

0

< max (a | (z,y) ||,ax<n>) <al @yl
Similarly, by (3.2.3) and (3.2.5) we have

| Bla.y) |l < max (puka( + <) / 9(s, $)b(s)(x(s = ) + y(s = 72))ds, ay(n) )

< mao (s (01 + <)o [ gt s+ [ s, @ + 1y ) o(n)

<1-a) (@) | :
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Conbining the above two inequalities, we get

1T (,y) (=11 Az, y) I+ 1] Bz, y) o< e |l (2,9) [ +(1 =) || (z,9) [I=]] (z,9) |

for (z,y) € K N0Qy.
By fs > 0, hoo > 0, there exist R; > 0 such that

f(@,y) 2 (fo — ) (@ +y) (3.2.6)

and
h(z,y) = (hoo —)(x 4+ y) (3.2.7)

for z +y > R;.
Take Ry = max{f,2r} and set Q = {(z,9) € E :|| (x,9) < Ri}. Then for
(x,y) € K N0y, by (3.2.2), (3.2.6) and lemma (3 1.6) we have

| AGw9) Iy = max ﬁgg/°ets @—ﬁ%MS—wWhaﬂm)
> max () Os<1t1<pl/ Glt. s)a —)(a(s — ) + y(s — m))ds, ax(n))
> max </\ o) s | G(t,s) (s )x(s—n)ds,ax(n))
= max (Mo - 0) sup / az(n)ds + / 11 Gt s)a(s)(s — )ds], ax(n))
> max <)\ o) s | Gt s)als)amin{n, 1 —n} || = | ds

+ /01 ! G(t, s+ m)a(s + m)x(s)ds], 0496(77))

T1

mw(MBr-)wpbmmMJ—w} G(t, s)a(s)ds || « |

0<t<£1

+ACW@+HM@+HWWHMMﬂﬂm>
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= max ( (foo —€) sup [amin{n, 1 —n} /Tl G(t,s)a(s)ds

0<t<1

+7/61_GG(15,5+71) (s +m)ds] || @ |1, ax(n))

= max ()\(foo —¢) sup [amin{n, 1 — 77}/ (t,s)

0<it<1

1-0+71
+7/€ G(t,s)a(s)ds] || = ||1>04$(77)>

+71
2|zl
Similarly, by (3.2.3) and (3.2.7) we have

| B(z,y) || > max (u(hoo — ) sup /01 G(t,$)b(s)y(s — 12)ds, ay(n))

0<t<1
> max (u(hoo —¢) sup [amin{n, 1 — 77}/ (t,s)b
0<t<1
1—0+12
o [ Gl Lyl ds,aun)
+T2
2yl

Thus, we get [| T'(z,y) |[=] A(z,y) s + || Bz, y) [22[l 2 [1 + [ y [l2=] (z, y) || for
(x,y) € KN OQys.

Therefore, by the first part of Theorem 3.1.1, T has a fixed point (z,y) € KN (Qy\
), and (z(t),y(t)) is a positive solution of (3.0.1). The proof is complete. O]

Theorem 3.2.2. Let (Hy)-(Hs) hold. Assume that f> < oo, h* < 0o and
klfoo fol g(S, s)a(s)ds
T1 1-0+11
a sup [a@min{n, 1 — 77}/ G(t,s)a(s)ds + 7/ G(t, s)a(s)ds]
0

0<t<1 0+

Jo >

)

k;lhoo/ g(s, s)b(s)ds

ho > 7’20 1—0+72 :
(1 —«) sup [amin{n, 1 — 77}/ G(t,s)b(s)ds + ’y/ G(t, s)b(s)ds]
0<t<1 0 0+72
Then there exist at least one positive solution of (3.0.1) for
(A ) € (Cs,C6) x (Cr,Cs). (3.2.8)
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Proof. Suppose that (A, u) satisfies (3.2.8). Then, there exist £ > 0 such that
1

(fo—¢€) sup [amin{n, 1 —n} /071 G(t, s)a(s)ds + 7/9 o G(t, s)a(s)ds]

o<tk +7

h ki(f>~ +¢) fol g(s, s)a(s)ds'
(3.2.9)

and

o<t<1 .
l—«

1
T2 1—60+12
(ho —€) sup [amin{n, 1 — n}/o G(t,s)b(s)ds + 'y/e G(t,s)b(s)ds]

S < T
ki(h> +¢) [, g(s,s)b(s)ds
(3.2.10)

By fo > 0 and hg > 0, there exist H; > 0 such that for 0 < x,y < H;, we have

fla,y) = (fo—e)(z+vy) (3.2.11)

and
h(z,y) = (ho —&)(x + y). (3.2.12)

Let Q1 = {(z,y) € E :|| (z,y) ||[< Hi}. Then for (z,y) € K NdQy, by (3.2.9) and
(3.2.11) we have,

I A = max (A swp [ G a6 (als = ). als — s aa(o)
> max ()\Osggl/ G(t,s)a(s)(fo — &) (x (s—n)+y(s—72))ds,ocx(n))
> max (A(fy — ) swp /0 G(t, s)a(s)x(s — )ds, ax(n) )
= max (A(fy — ) sup | /0 " Gt s)a(s)ow(n)ds + / :G(t Sa(s)a(s — )ds). az(n))
> max (A(fy <) Os<1i<pl/ G(t, s)a(s)amin{y, 1 — ) || 2 ||s ds

1—-7
+/ G(t, s+ )als +7) || = |1 ds], ax(n))
0
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> max (A(fo —¢) sup [amin{n, 1 — n} /Tl G(t,s)a(s)ds || = |1

0<t<1

1-6
+/ G(t,s+m)a(s+m)dsy || = |1 ds] ax(n))
0

= max ()\(fo —¢) sup [amin{n,1 - 77}/ tys

0<t<1

1-9
+7/0 G(t,s+m)a(s+m)ds] || = |1, ax( )>

— max ()\(fo —¢) sup [amin{n,1 — 77}/ i

0<t<1

o [ Gl | o naan)

+71
2|z |1
Similarly, by (3.2.10) and (3.2.12) we have

| B(z,y) |l2 > < (ho — ¢ os<lil<)1/ G(t,s) (s — Tg)ds,ozy(n))
T2
( (ho —€) sup [amin{n, 1 — 77}/ G(t, s)b(s)ds
0<t<1 0
1—-0+1o
) / G(t, 5)b()ds] || y |1 s, ay(n))
+72
zly 2

Thus, we get || T'(z,y) [|=[| A(z,y) |1 + || Bz, y) |22l 2 [ + Iy [l=] (z,y) | for
(I,y) S }([AIGKZL

Now, let f(w) = max f(z,y), h(w) = max h(x y). Then f* < f, h*® <

O<z+y<w 0<z4y<
h°, and there exist Hy > 2Hy, such that for w > H27 we have

Fw) < (F° +e)w < (f° +e)w, (3.2.13)

and
h(w) < (B 4 &)w < (B + &)w. (3.2.14)

Take Qs = {(z,y) € E | (z,y) ||[< Ha}. Then for (z,y) € K N0y, by (3.2.9) and
(3.2.13) we have
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| AG,y) I < max (ki [ gls, s)a(s)f (s = 7). y(s = 72))ds, ax(n)

(20, 9
kl/\/o g(s F(Hy)ds, ax(y ))
(f

+e) / s, S)a(s)dsHy, ()
0
< OJHQ.
Similarly, by (3.2.10) and (3.2.14) we have
1

| B(z,y) ||2< max (k:l,u(hoo + 5)/ g(s, s)b(s)dng,ay(n)> < (1—a)H,.

0
Thus,

[ T(zy) | <l Alz,y) L + | Bz, y) o< oy + (1 —a)Hy = Hy =|| (z,y) || -
Therefore, by the second part of Theorem 3.1.1, T" has a fixed point (z,y) € K N
(Q2\ ), and it’s a positive solution of (3.0.1). The proof is complete. O
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Chapitre 4

Positive solutions for a nonlinear
third-order boudary value problem

with delay

In this chapter, the fixed-point index theorem in cones was used to discuss

the third-order multi-point boundary value problem with delay

u” (t) + Xa(t)f(t,ut —7)) =0, tel0,1],
u(t) au(n), 7 <t <0, (4.0.1)

1
where «, 8, and 7 are positive constants such that n € (0,1),0 <7 < 2 and \ is
a positive real parameter.

We assume the following hypotheses :

(Hy) a € (0,1),0< 8 < %

(Hy) f:1]0,1] x [0,00) — [0, 00) is continuous,

(Hs) a:1]0,1] — [0,00) is continuous and does not vanish identically on any subin-

terval.
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4.1 Preliminaries

In this section, we give some preliminaries needed for the rest of this work.

Definition 4.1.1. A function u € C([—7,1]) is called a solution of (4.0.1) if it

satisfies the following properties

1. u(t) >0Vt e[-r1],

2. u(t) = au(n) Vt € [-7,0], u(l) = pu(n), v'(0) =0,

3. u € C3([0,1)) and u” (t) = —Xa(t) f(t,u(t — 7)) Vt € [0, 1].
Furthermore, u is a positive solution of (4.0.1) if it is a solution of (4.0.1) with
u(t) >0Vt € (0,1).

Lemma 4.1.1.
For any y € C([0,1]) the problem

u(t)+yt)=0, telo,1], (4.1.1)
u(0) = au(n),  w(0)=0,  u(l)=Puln), (4.1.2)
has a unique solution u(t) = /0 G(t, s)y(s)ds, where

B2+ a (1 —t?)

and 201 (r_ 2
k)l Ul i P
9(t;s) = 21— 3)22 e (4.1.4)
9 5 S S X
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Proof.
From (4.1.1), we have

u(®) :u(0)+u’(0)t+%u”(0)t2—% /0 (t—s)2y(s)ds = A+Bt+0t2—% /0 (t—5)2y(s)ds.

u'(t) = B+ 2Ct — /Ot(t — s)y(s)ds,

u'(O):

u(0) =

(77)=A+077 —%/0

u(l) = A+c—;Au—>@@@,

From u(0) = au(n), we have

(1—a)A—an’C = —%a/on(n — 5)%y(s)ds.

From u(1) = fu(n), we have

(1=@A+ (=30 =5 [ (= e)s = 58 [ n=sPyois

Therefore,
a 772 1 2 — 1 ! — S 2 s)as
A= e | =i =5 [ =Pyt
and
= B —a -77—2 1 — S 2 s)as — 1 ! — S 2 S S-
C= g |5 [, 0= =5 [ = sPueas

From which it follows that
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W) = g || - 9= 5 [l sputsias
t? l—a (! ) _B-a (7  2u(s)ds
+§1/t5’72> i | a5 [T o)
[ s us)as
2 ),
_ an? + (1 — a)t? /1 (1 _S)Zy(s)ds— Bt2 + a1 — t2) /” (n_s)zy(s)ds
(11_ 5?2> —a(l=n?) Jo 2 (1=61%) —al=n*) Jo 2
2 [ 9rusyas
2 Jo
[T s)? Bt2 + a(l — ?) Yn2(1 — s)?
- /0 5 y(s)ds + (1= Br) — a(l —77) /0 y(s)ds
B+ a(l - 1?) T (n—s)? 1  2u(s)ds
e | 5w as =5 [ = srus)a

y(s)ds + / (1 2_ S)2y(s)ds

t

Bt? + a(l —t?) Ln?(1 — s)?
) /77 y(s)ds

a _57;”;04_(1&?1752_) ) /077 ?72(12— S)zy(s)ds TGP —all- P 2
e ) [ [t
Tl - 3)22— (t - S)2y(s)ds N tl t2(1 - s)2y(s)d8
G s 8)22_ L S)2y(s)ds

(1 —ﬂt@nj) —<104(1t2—>772) 0, 21— 52
a(l — n*(l —s
(1= 0) — (i~ 7) / 7V 1
= [ atsteas+ L5 [t = [ 6t s

The function u presented above is the unique solution to the problem (4.1.1)

(4.1.2)

Lemma 4.1.2.
The function g has the following properties

1. 0<g(t,s) <s(1—s)* Vt,sel0,1],
2. g(t,s) > ®(t)s(1 —s)* Vt,s €[0,1],where
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t2 L
-, tel0,3],
d(t) 2 (4.1.5)
t(1—1) 1
9 ) € [§a 1]
Proof.
It is obvious that g is positive. Moreover, for 0 < s <t <1,

0(0,5) = L0 (18] = L1015+ 0-9)] < Jst1-97) = s(1-1

1 1
For0<t<s<1,g(ts) = 5252(1 —5)? < 552(1 —5)? < s(1 — )2 Thus (1) holds.

[\]

1
If s =0or s =1, we easily see that (2) holds. If s €]0,1[ and ¢ € [0, 5], we have for

1
glt,s) _ PA=s)—=(t—=5)" s(I=t)t(1—s)+(t—s)]
s(1—s)2 25(1 — )2 B ) 25(1 — )2 ’
s(I=t)t(l—s) _t(l—t) _ ¢t 1 '
> > — =.
2s(1—s)2 — 2 =27 vie D, 2]
For%§t§s<1,wehave,
g(t, s) 2(1—s5)% 2 _ 12 _t(1-1t) 1
s(1—s5)2 2s(1—s)2 25— 2~ 2 vie [2’ ]

Thus (2) holds.

Lemma 4.1.3.
The function G has the following properties
1. G(t,s) 20 Vt,s€]0,1],
max (1 +an®, 1+ B(1 —n?))
1=pn")—all=n?)
3
0_2 (50'2 + ZOJ) (I)(T])
3. min G(t,s) = Mys(1—s)* Vt,s € [0,1] where My = —+

2. G(t,s) < Mys(1—s)* Vit ,s€0,1] and M, =

€[] ’ 2 (1= —a(l—n?)

and o € (0, )

N —
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Proof.
It is clear that (1) holds. Two cases will be considered for the proof of (2).
Case(1)For 0 <t <n; by Lemma 4.1.2 (1) we have,
Bn* + a
G(t,s) <s(1—s)*+
(09 =0 ) —ali )
Case(2) For n <t < 1, we have,

s(1 —5)* < Mys(1 — s)2.

B+a(l—n%)
(1—8n%) —a(l —n?)

G(t,s) < s(1—s)*+ s(1 —5)* < Mys(1 —s)2.

Then we have (2).

From (2) of Lemma 4.1.2 we have,
Bt? + a1l — t?)

arilti?l G(tv S) > 3(1 - S>2 q)(t> + (1 _ 6772) _ a(1 _ ng)q)@)
o 2 Bo? + §a
s(1—352 |2 4
S PR T T
= Mys(1 — s)2.

Thus (3) holds.

Lemma 4.1.4.

If y € C([0,1)) and y > 0, then the unique solution u of the boundary value problem

(4.1.1),(4.1.2) satisfies 012?1 u(t) = pllully where ||ul|; := sup{|u(t)]; 0 <t < 1}
M,

and p = e

Proof.

For any ¢ € [0, 1], by Lemma 4.1.3 we have,

u(t) = /0 G(t,s)y(s)ds < M1/0 s(1 — s)*y(s)ds,

1
thus || u [[1< Ml/ s(1—s)*y(s)ds. Moreover, from Lemma 4.1.3 for ¢ € [0, 5] and
0

o< (O, %) we have,
1 1
2 M,
u(t) = G(t,s)y(s)ds > M, s(1—3s)y(s)ds > — || u || -
0 0 My
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Lemma 4.1.5.
If u is a positive solution of (4.1.1),(4.1.2), then u(n) = ~||ul|, where v = ﬁ,

V2

1—

41 = min 77 n(1 =) and v, = max | 1, 7 max(a )
2’ 2 T + af 1—

Proof.

For every positive solution u of (4.0.1) we have,

= 1 s)als S, U S ﬁt2+a(1_t2) 1 s)als S, U\S—T S
) = A [ att s)ale) (s, uls—ras iAo [ gt s)als) (s, u(s—m))as.

From (1) of Lemma 4.1.2 we have,

w

(1 =81 —a(l -

HUHZA/O s(1—s)%a(s)f(s, u(s—7))ds+A 772)/0 9(n, s)a(s) f (s, u(s—7))ds

where w = max(c, ). Then

mm{” ik H<A/qmm{g M s satf (s, = )i

2’ 2
w min g, ”(1;") 1
+)\(1 ~ ) = a(l =P /0 g(n,s)a(s)f(s,u(s —7))ds

From (2) of Lemma 4.1.2 we have,

mm{g”“2m}umgxélw,>m<sw&w»w

+Aw g(n (s,u(s —1))ds
) T (s=7)
where w' = n Then we deduce that
P+ a(l—n?)
Y w ||< max(1, w)u(n) = vou(n).
Let define,

t
(C1) f° =limsup max I ,u)7
w0t 0] u
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(C3) fo =liminf min f<t»u)7

u—0t t€[0,1] u

(C3) f° =lim sup max f(t,u)7

u—so0 t€[0,1] (%

(C4) foo =liminf min f(t,u))

u—ro0 t€0,1] u

A = [maxo<i<1(a /OT G(t,s)a(s)ds +/ G(t,s)a(s)ds)] ™,

and - 1
B = [Oz/ G(t, s)a(s)ds+/ G(t,s)a(s)ds] ™.
The proof of our main results is based upon an application of the fixed-point

index theorem in cones.

Lemma 4.1.6. Let ) be a bounded open subset of X Banach space, with 6 € €,
and let T : KNQ — K be a completely continuous mapping. If pTu # u for every
ue KNIQ and 0 < pu <1, then i(T, KN, K) = 1.

Lemma 4.1.7. Let Q) be a bounded open subset of X Banach space, and let T :
KNQ — K be a completely continuous mapping. If there exists an v € K \ {6},
such that u — Tu # (v for every u € KNI and ¢ > 0, then i(T, K NQ, K) = 0.

4.2 Main Results

Let X = C[—7,1] be a Banach space with norm || u ||= sup{| u(t) |: —7 <
t <1}, and K be a cone in X, defined by K = {u € C[—7,1], min u(t) > p || u ||}.
telo,3]

0'72

Define an operator T': C[—7,1] — C[—7,1] by

au(n), —7 <1 <0;

1 4.2.1
/\/0 G(t,s)a(s)f(s,u(s —7))ds, 0<t<1. ( )

Tu(t) =
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Lemma 4.2.1.
The fized point of T is a solution of (4.0.1) and T : K — K is completely continuous.

Proof. We have

Therefore, the fixed point of T is a solution of (4.0.1).

It is easy to check that T': K — K is well defined. By Lemma 4.1.4, we now that
T(K) C K.

Next, we shall show T is completely continuous. Suppose u, — u (n — o0) and
u, € K, VYn € N, then there exists M > 0 such that |u,|| < M. Since f is
continuous on [0, 1] x [0, M], it is uniformly continuous. Therefore, Ve > 0, there
exists a § > 0 such that |z —y| < 0 implies |f(s,z) — f(s,y)| <€, Vs € [0,1], z,y €
[0, M]. For this 6 > 0, there exists a N such that |lu, —u|| < ¢ for n > N, so
|f(s,un(s — 7)) — f(s,u(s —7))| <e, for n > N and s € [0, 1]. This implies that

Tun(t) = Tu(t)] = M/O G(t, s)a(s)(f (s, un(s — 7)) = f(s,u(s — 7)))ds|

< /\/O G(t, s)a(s)|f(s,un(s — 7)) — f(s,u(s —7)|ds
< €A 1 G(t, s)a(s)ds.

Therefore, T is continuous.

Let € be any bounded subset of K, then there exists v > 0, such that ||u|| < 7, for
all u € Q. Since f is continuous on [0, 1] x [0,7], there exists a L > 0, such that
|f(t,v)| < L, for Vt € [0,1], v € [0, 7]. Consequently, for all u € Q, t € [0.1],

|Tu(t)] = ‘)\/0 G(t,s)a(s)f(s,u(s — 7))ds| < )\MlL/O s(1 — s)2a(s)ds.
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Which implies the boundedness of T).

Since G(t, s) is continuous on [0, 1] x [0, 1], it is uniformly continuous. Then for Ve >
0, there exists a 6 > 0, such that |t; — to| < 0 implies that |G(t1,s) — G(ta, s)| < €,
Vs € [0,1]. So if u € Q

|Tu(ty) — Tu(te)| < /\/O |G (t1,s) — G(ta, s)|a(s) f(s,un(s — 7))ds < )\Le/o a(s)ds

From the arbitrariness of €, we get T2 equicontinuity. The operator T is completely

continuous by the mean of the Ascoli-Arzela theorem.

Theorem 4.2.1. [17]
Assume that (Hy)-(Hs3) hold and fo > 0, f* < oo, fﬁ <

(f , fo) the problem 4.0.1 has at least one positive solution.

f07 then for any A €

Proof. p
For every )\ € . By the condition of f° < = and the definition of f°, there

foo" FO Y

- ' 1
exist constants Ry, €9 > 0, when 0 < u < Ry, we have f(t,) < X(A — £0), namely,
u
1
ft,u) < X(A—ao)u, 0 <u<R,.

Let Qo = {u € C[—7,1] :|| u ||< Ro}, for u € K N9OQy, from (4.2.1) we get

| Tu ||= max)\/ G(t,s)a(s)f(s,u(s — 7))ds,
0<t<
< _ _
_)\( £0 0H<1ta<xl)\/ G(t,s)a(s)u(s — 7)ds,
=(A—¢gg &12?2(1/ G(t,s)a(s)u(s — 7)ds
= (A —¢ep) OIE?X /Gts ds+/ G(t, s)a(s)u(s — 7)ds],
< (A — g0) max [« /Gts d5+/ G(t s)ds| Ry,
0<t<1

<R0—€0R0max /Gts ds+/Gt5 a(s)ds] < Ro.
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Therefore, for every u € KNy, 0 < pu < 1, when || u ||= Ry we have uTu # u.
In fact, if there exist ug € K N0 and 0 < g < 1, such that pegTug = ug, then

1
| Tuo ||= — || wo ||[Z=|| uo ||= Ro; this is a contradiction. Hence T satisfies the

0
condition of Lemma (4.1.6) in K N 0. By Lemma 4.1.6, we have
W(T,KNQy, K)=1 (4.2.2)

On the other hand, by the condition of f,, > % and the definition of f.,, there
exist R, > pRy,e1 > 0, and for u > R}, we have

ft,u) > —(B +e1)u.

> =

Let Ry = % > Ry, and @ = {u € C[—7,1] ;|| u ||< R1}, then min{u(t) : t €
7,51} 2 ol w ll= B, V€ K 0o,

Choose v(t) = 1,v € K \ {#}. We prove that T satisfies the condition of Lemma
4.1.7 in K N 0y ; namely, u — Tu # (v for every u € K N0y and ¢ > 0. If it
is not true, there exist ug € K N 9Q; and (o > 0, such that uy — Tug = (yv. Let
v = minf{ug(t) : t € [o, %]}, v>pllu ||=pR1 = R}, for t € [o, %] ; we have

uo(t) = )\/0 G(t,s)a(s)f(s,u(s — 1))ds + (o,
> %(B + 51))\/0 G(t,s)a(s)ug(s — 7)ds + (o,

> (B+e) / G(t, s)a(s)uo(s — 7)ds + Co,
= (B + 61)[/T G(t, s)a(s)ug(s — 7)ds + /2 G(t, s)a(s)ug(s — 7)ds] + (o,

> (B+e)|o /T G(t, s)a(s)uo(n)ds +/ G(t,s)a(s)uo(s — 7)ds] + (o,

2

> (B + )]« /T G(t, s)a(s)ds + ’y/ G(t,s)a(s)ds] + ¢o > 7,

=+ ev[a /T G(t,s)a(s)ds + /2 G(t,s)a(s)ds| + Co > 7,
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and this is a contradiction. Thus T satisfies the condition of Lemma 4.1.7 in
K N o$Qy. By Lemma 4.1.7 we have

i(T,KNQy, K)=0 (4.2.3)
Now, from (4.2.2) and (4.2.3) it follows that
i(T, KN (U \Q),K)=i(T,KNQ,K)—i(T,KNQ, K) =—1. (4.2.4)

Therefore, T has a fixed point in K N (€, \ Qp), which is a positive solution of
the problem 4.0.1.

Theorem 4.2.2. [17]

Assume that (Hy)-(Hs) hold and fy > 0, f>* < oo, f_ < fT”
0

B

(f oo ——) the problem 4.0.1 has at least one positive solution.

0

Proof.

B A
Let \ € (f = —). By the condition of f* < 3 and the definition of f*°, there exist
0

constants R, ey > 0, when u > R)), we have f(t,u) <
Let N = max{f(t,u): 0 <u < R}, then

; then for any \ €

1
X(A — €2>U.

flt,u) < N+ %(A — &9)u, u € [0, 00].

AN
Choose Ry > s s let Qo = {u € Cl—7,1] || u ||[< Ry}, then for every
€2
ue KNoQy; we get
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|| Tu ||= max )\/ G(t,s) ,u(s — 1))ds,

0<tL1

< max /\/ G(t,s) /1\(A — e9)u(s — 7)]ds,

0<t<1

<A]|u|]max /Gts ds+/Gts a(s)ds]

+(N — 162 | w A max/ G(t, s)a(s)u(s — T)ds,

A <t<1 J,

1 1
=Ry + (N — XegRg))\ max / G(t, s)a(s)u(s — T)ds,

<1O

< Rs.

Thus, for u € K N0y and 0 < p < 1, when || u ||= Ry, we have puTu # u.

In fact, if there exist ug € K N9 and 0 < pg < 1, such that pugTug = ug, then
1

| Tug ||= — || uo ||=]| uo ||= Re; this is a contradiction. Hence T satisfies the

0
condition of Lemma 4.1.6 in K N 0€2,. By Lemma 4.1.6, we have
(T, KNoQy, K) = 1. (4.2.5)

B
On the other hand, by the condition of f, > % and the definition of fj, there
exist Ry > pRs,e3 > 0, and for u > R}, we have

(B + 63)

>/IH

ft,u) =

/

R.
Let Ry = =2 > Ry, and Q3 = {u € C[-7,1] ;|| u ||< Rs}, then min{u(t) : t €
p
1 /
o, 5]} > p|lul|= Ry, for all u € K N 0.
Choose v(t) = 1,v € K \ {#}. We prove that T satisfies the condition of Lemma
4.1.7 in K N 03 ; namely, u — Tu # (v for every u € K N3 and ¢ > 0. If it
is not true, there exist ug € K N 9023 and {5 > 0, such that ug — Tug = (yv. Let

1 1
v = min{ug(t) : t € [o, 2]} v >pllu ||=pRs = R}, for t € [o, 2] ; we have
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uo(t) = )\/0 G(t,s)a(s)f(s,u(s —7))ds + (o,

> %(B + 53))\1/0 G(t, s)a(s)ug(s — 7)ds + (o,

> (B + &) / G(t, s)a(s)uo(s — 7)ds + Co,

g

T

= (B + 63)[/ G(t, s)a(s)ug(s — 7)ds + /2 G(t, s)a(s)uo(s — 7)ds] + (o,

> (B +¢e3)|o /T G(t, s)a(s)ug(n)ds + j G(t, s)a(s)ug(s — 7)ds] + (o,

5T

> (B+elor [ Gltsalsds o [ Gle.s)a(s)ds] + G
8_3 o g

B

and this is a contradiction. Thus T satisfies the condition of Lemma 4.1.7 in

(1+ )7+C0>77

K N0Q3. By Lemma 4.1.7 we get
i(T, KN Q3 K) =0 (4.2.6)
Now, from (4.2.5), (4.2.6), it follows that
i(T, KN (Q\ ), K)=i(T, KN, K)—i(T,KNQ3, K) =1. (4.2.7)

Therefore, T has a fixed point in K N (€, \ Q3), which is a positive solution of
the problem 4.0.1.
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Chapitre 5

Positive solutions for a quadratic
mixed type of delay differential

equation with eigenvalues

In this chapter, we consider the existence of positive solutions for the following

quadratic mixed type of delay differential equation with eigenvalues

u’(t) + Ap(t) f(t, u(t — 7), Oft k(t,s)u(s)ds) =0, te€(0,1),

u(t) = au(n), —7 <t <0,
u(l) = pu(n).

t

Let v(t) = /k(t, s)u(s)ds, we suppose that f(t,u,v) is neither superlinear or sub-

(5.0.1)

0
linear. We study the existence of positive solutions for a quadratic mixed type of
delay differential equation with eigenvalues by the mean of Krasnosel’skii fixed point

theorem 1.2.2 on cone.
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Assume the following conditions are satisfied,
Hy) f:J xR, xR, — Ry. is continuous function, J = (0, 1),
H, 0<a<1,0<ﬁ<11‘—f77’1,0<n<1and0<7<1.

)
Hs) p(s) € C(J1,RT), J; =[0,1].
)

Hy) D={(t,s) € Jy x Jy : t > s}, k(t,s) € C(D,R"),
my = min{k(s,t) : (s,t) € D}, M; = max{k(s,t) : (s,t) € D}.

Hs) u € C?*[—7,1], u(t) > 0,t € [-7,1].

5.1 Preliminaries

In this section, we present some definitions and some lemmas.
Definition 5.1.1. u(t) is the positive solution of (5.0.1) if and only if it satisfies
the following conditions :

1. For an arbitrary t € [—7,1],u(t) > 0 and u(t) is continuous.

2. When t € [—1,0],u(t) = au(n) and u(1) = Bu(n) (0 <n < 1).

3. u"(t) = =Ap(s) f(t,u(t — 7),v(t)), for all t € [0,1].

Lemma 5.1.1. If u(t) is the solution of (5.0.1) then u(t) can be represented as

o | [ Gt sta s 2EECI G ) i, o<
au(n), -7 <t <0,
(5.1.1)
where
G(t,s)_{t1_5)> 0<t<s< L, 512
s(1—1), 0<s<t<L

Lemma 5.1.2. The function G has the following properties
1. 0 < G(t,s) < G(s,s), Vi, s €0,1].
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2. Let v € [0,3]. Then fort e J, =[y,1—7], s € [0,1] we have

G(t,s) > min{t,1 — t}G(s,s) > 7G(s, s).

Let
T 1—v
1) Ly =sup [a min{n, 1—17}/ G(t, s)p(s)ds—l—fyfyl/ G(s, s)p(s)(l—irmls)ds],
teJ 0 ~+T
k
%:k—2,0<7<17§1—7§1—7.
1
2) Ly = kl[ Iy G )+ fo s)(1+ Mls)ds}

We denote the space X as
X ={uelC[-1,1]:u(t) >0, fort € [-1,1], u(t) = au(n), —7 <t <0,u(l) = pu(n)}

normed by || v ||=sup{| u(t) |: =7 <t < 1} . Then (X, || . ||) is a Banach space.

We also define a cone K in the space X where

K={ueX:ut)>0,te[0,1], min u(t) > | u|}.

y<t<l—y
Define the operator T by
1 AB+ (a—pB)t] [
Tu(t) = )\/0 G(t, s)p(s)f(s,u,v)ds + (= an) — B —n) /0 G(n,s)p(s)f(s,u,v)ds, 0<t<1

au(n), —71<t<0,
(5.1.3)

Lemma 5.1.3. The fized point of T is a solution of (5.0.1).

Proof. From 5.1.3, we have

(Tw)”(t) + Ap(t) f (s,u,v) = 0, t €10,1],
(Tu)(t) = e(Tu)(n), —7 <t <0.
(Tu)(1) = B(Tw)(n)

Thus, the fixed point of T is the solution of the equation(5.0.1).
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Lemma 5.1.4. T': K — K is completely conlinuous operator.

Proof.
We have || Tu ||=|| Tu ||, Tu(t) > 0 for all u(t) € K, and Tu(t) > v || Tu || .
Then T': K — K. we can conclude that 71" is a completely continuous operator by

Arzela-Ascoli Theorem. (see Chap.2)

5.2 Main Results

Let
) . f(t,u,v) f(t u,v)
= lim min ———=, fo = lim min
fO u,u—s0 tE[=T1] v/ u? + v? f u,v—s o0 LE[-T,1] 4/ u? + v?
T J(tu,0) T ft u,v)
o= lim sup , = lim sup —=.
u,v—>0 te[-71] \/UQ V2 U200 47 1] 3 /2 + V2
]ﬁ:l—l— max{a,ﬂ} kQZ’Y 1+ﬁ+m1n{(a—ﬁ)%(oz—5)(1—7)}

(1 —an) =B —n) (1 —an) = p(1—n)
Theorem 5.2.1. [18]
Assume that (Hy)-(Hy) hold and 0 < fo < 400, 0 < f < 400, then there exists at

least one positive solution the problem to (5.0.1) for

1 1
€ (——, —=)- 5.2.1
(Llfoo L2f0) ( )
Proof. Let \ € <L1foo’ L2f0> then there exists an € > 0 such that
1 1
— <A< — 5.2.2
Li—9 =S L(P+9) -2

By 0 < f° < +o0, there exists r; > 0 such that
ftu,v) < (f+e)vVur+02 for 0< Vu2+v2 <.
Let Q; = {u € X :|| Vu? +v? ||< ri}, then for u,v € K NI, we have
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1
| Tu || < )\/0 G(s,s)p(s)f(s,u,v)ds + i _)\Or;l]ax{a,f}_n / G(s,s)p(s)f(s,u,v)ds

G(s, s)p(s)Vu? + vids

G(s, s)p(s)(u+v)ds

1

< MO+ o)k

< MO+ )k

c\f\

<A+ o)k G(s, s)p(s)u(s — 1)ds + /0 G(s, s)p(s) / k(t, s)u(t)dtds

<A+ o)k [ G(s, s)p(s)au(n)ds + / G(s,s)p(s)u(s — 7)ds

S

M, /0 1 G(s, 8)p(s) / u(t)dtds]

0
T 1

<A+ o)k [a/ G(s,s)p(s)ds +/ G(s,s)p(s)(1+ Mys)ds| || u ||

0 0
=M+ e)Le | ull<ull.

For the same above € > 0, by 0 < f,, < oo there exists ro > r; such that

f(t,u,v) > (foo —)Vu2 + 02 for Vu? + 02 > ry. (5.2.3)

1 —
Since7<TTthen7+T<1—7.

Let Qg = {u € X :|| Vu? 4 v? ||< ra}, then for u,v € K N9, and by lemma 3.1.6,

we have

| Tu | > Asup /1 G(t,s)p(s)f(s,u,v)ds

teJ JOo
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1—7

> /\(foo — 5)

- 2 teJ

iy /O 1 G(t, s)p(s) / u(t)dtds}

> )‘(foo - 5)
- 2

1=y
s / Gt ypls)sm || w | dids]

:
B - 1—y+1

> M=y [amingn 1=} [ Gleomsids [ Gless)is

2 tei] 0 v+T

-y
s [ Getslp(o)sds] [
Y

Z M sup |:a min{n’ 1— 77} / G(t, S)p(S)dS + YY1 /

2 teJ 0 ta

= AMfoo =) a 2] u ]
Therefore, by the first part of Theorem (1.2.2), T has a fixed point v € KN (Q2\Q),

and u(t) is a positive solution of (5.0.1). The proof is complete.

Theorem 5.2.2. [18]
Assume that (Hy)-(Hy) hold and 0 < fy < 00, 0 < f* < oo, then there exists at

least one positive solution to the problem (5.0.1) for

1 1

NE(—r\—). 5.2.4
(L1f0 L2f°°) ( )

Proof. by (5.2.4), there exists an € > 0 such that

1 1
— <A< —. 0.2.5
Li(fo—e) = 7 La(f>* +e¢) (5:2:)
By 0 < fo < 400, there exists Ry > 0 such that

f(t,u,v) > (fo —e)Vu? +v2 for vVu?+ 0?2 < R;. (5.2.6)

Let © = {u € X | vu?+v? ||< Ry}, then for u,v € K N 08y, we have
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sup [/OT G(t, s)p(s)amin{n, 1 — n}||u||ds + i G(t,s + 7)p(s + T)u(s)ds

T 1—v
sup [ min{n, 1 ) / G(t, s)p(s)dslul| + / Gt s+ T)p(s + T | u | ds
teJ 0 Y

G(s, 5)p(s) (1 + mus)ds] || v |



| Tull > Asup / G(t. $)p(s) f (5, u, v)ds

teJ Jo
> A fo—¢) S;é}j)/o (t,s)p(s)Vu? 4+ v2ds
> A= )sup [ Glt.s)p(e) s
= w Stlely [/OT G(t, s)p(s)au(n)ds +/T G(t, s)p(s)u(s — 7)ds

+ [ Gttonts) [ ke su(oyinas]
> )‘(fo - 5 0

216153 / G(t, s)p(s )ozmm{ml—n}Hqus—i—/ G(t,s+ 7)p(s + T)u(s)ds

+m1/ G(t,s)p / (t)dtds]
T 1—
> 2 [O‘min{n,l—n} | ettt + [ G+ 7ot v ds
sy [ Gt s)p(s)sn | u | deds]
_ Y r 1—v+T1
> 2= s [amingy 1) [ Gleomsids 1o [ Gl

Y+T
1—y
-~ / G(t, p(s)sds] || u |
Y

> )\(fOQ— €) sup [a min{n, 1 — n} /OT G(t,s)p(s)ds + 1 [Hj G(s,s)p(s)(1 + mls)ds] | |l
=AMfo—¢e)Li =[|ul]l.

For the same above ¢ > 0, by 0 < f* < oo there exists Ry > R; such that
ft,u,v) > (f* +e)vVu?+ 02 for Vu?+v2 > Rs. (5.2.7)
Let Qo = {u € X :|| Vu? +v? ||< Ry} for u,v € K NOQy, we get
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| Tu || <)\/ G(s,s)p(s)f(s,u,v)ds + )\max{oz,ﬁ} / G(s,s)p(s)f(s,u,v)ds

| (1—an) =B —n)
<Af*+e)k / s)Vu? 4+ v2ds

01
Af*+¢e)k / s)(u+v)ds

0

1 S

4+ e)k G(s —7)d G k dtd
A(f™ +¢) 1/0 u(s T)s+/0 (s,s)p(s)/ (t,s)u(t)ts]

0
foo‘l‘g k’l

| I e—

| s smsautmas+ [ (s, pls)uls — 7)ds

0

+M1/ (s,s)p /u dtds

2=+ hfo [ s omons + [ oo+ Mis)is] 1

=A(fT+e)le [[ull<[ul . B
Therefore, by the second part of theorem (1.2.2), T has a fixed point u € KN(22\),

and u(t) is a positive solution of (5.0.1). The proof is complete.

[e=]

Theorem 5.2.3. [18/
Assume that (Hy)-(Hy) hold and f. = oo, f° = 0, then there exists two positive
numbers A1, Ay when Ay < X\ < Ao, the problem (5.0.1) has at least a positive solution.

Proof. Since f,, = oo, we can choose a positive constant M > 0 such that
f(t,u,v) > M =aR (a > 0) for any vu? +v2> R, t € J. Let

1—y
-1
O ={ue X Vui+?||<R} M\ = [(w / G(s,s)p(s)ds
v

for u,v € K N oYy, A > A, we have
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1
| Tu|| > Asup / G(t, 5)p(s)f (s, u, v)ds
teJ Jo

> AM sup

1
/ G(t,s)p(s)ds
teJ 01—7

> \M sup/ G(t,s)p(s)ds

teJ ¥

1—y
>0y [ Gl shpls)s
Y

1—y
= )\aR’y/ G(s,s)p(s)ds = —R
g
=l vu +o* =]l u ]l .

A
A

Because f° = 0, we choose a value small enough for € > 0, so that

Ay =

-1

[z—:kla/OT G(s, s)p(s)ds + /01 G(s,s)p(s)(1+ Mls)ds} > A

and there exists 0 < r < R such that f(¢,u,v) < evu?+ v? for any vVu? +v2 <r.

Let

Qo ={ue X :|| Vur+v?|<r}

for u,v € K N0y, we have
! A
| Tu| < )\/ G(s,s)p(s)f(s,u,v)ds + max{oz,ﬁ} / G(s,8)p (s,u,
0

(1 —an)—B(1-n)

<)\5k1/1 G(s, $)p(s)v/ + 02ds

<)\5k1/ G(s, s)p(s)(u+v)ds

= )\Ef]fl

S )\Ekl

S )\6]6’1

/Gss s—rds+/Gss /kts dtds

0

[ s shpts)autnas + / G(s, $)p(s)u(s — T)ds + M / (5, 5)p

-J0 T

:Oé /OT G(s,s)p(s)ds +/0 G(s,s)p(s)(1+ Mls)ds] | wl|= %2 |w <] u] .
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Therefore, by the second part of theorem (1.2.2), T has a fixed point u € KN(Q1\Qy),
and u(t) has at least positive solution of (5.0.1). The proof is complete.

Exemple 5.2.1. Consider the equation

1 2(t =L +02(1)][1 t—1 t
—u”(t):—\/mx[u( 5) v (U] 1+u( 6)+U()], 0<t<l,
t 2+u(t —g)+o(t)
u(t) = su(d), —7<t<1
1 1
u(1) = gu(3).
(5.2.8)
e [Pt ) O]+ u(t— ) + olt)
w(t— %)+ u(t — %)+
tu,v) =Vt2+1x 6 6 ,
g ) 24+ u(t —3) + ()
1
v(t) = / (t+ s+ Du(s)ds, and k(t,s)=t+s+1.
0
1
Then kv = 3, p(t) = n and t = 0 is its singularity. Here we have fo, = 00,
1 1
O = 0. If we choose M = 100, ~v = 7 a = % then when vu? +v? > 11 and

f(t,u,v) > M, we can calculate that \y = 1.76. If we choose € = 0.01 calculations
show that Ay ~ 46.451
From Theorem 5.2.3, we have that if 1.76 < A\ < 46.451, the problem (5.0.1) has at

least one positive solution.
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