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Résumé

La problématique traitée dans cette these concerne l'estimation non paramétrique de la
fonction de répartition conditionnelle et ses dérivées a variable explicative fonctionnelle lorsque
les données sont générées a partir d'un modele de régression a indice fonctionnel simple pour
des données completes et des données censurées. Plus précisément, nous nous intéressons a
I’estimation du quantile conditionnel et nous étudions son comportement asymptotique.

Dans un premier temps, nous supposons que les observations sont indépendantes et identi-
quement distribuées, et la variable explicative est a valeurs dans un espace de Hilbert (dimen-
sion infinie). Dans ce contexte, nous construisons un estimateur a double noyau de la fonction
de répartition conditionnelle. Ainsi nous établissons la convergence presque-complete et la
convergence uniforme de cet estimateur en précisant ses vitesses de convergence. Nous avons
déduit un estimateur du quantile conditionnel, pour lequel nous avons établi la vitesse de
convergence presque-complete et la convergence uniforme. Puis nous généralisons les résultats
obtenus au cas ot les observations sont fortement mélangeant.

Dans un second temps, nous traitons notre estimateur sous un modele de données censurées
a droite, et nous étudions son comportement asymptotique. Les résultats obtenus sont illustrés
par des exemples sur des données simulées.

Mots clés : Données fonctionnelles, Estimation non paramétrique, Fonction de répar-
tition conditionnelle, Quantile conditionnel, Indice fonctionnel simple, Convergence presque
complete, Convergence uniforme, a-mélange, Données censurées.



Abstract

The problematic dealt with in this thesis concerns the nonparametric estimation of the
conditional cumulative distribution and its derivatives when the data are generated from a
simple functional index regression model for complete and incomplete data. More precisely,
we are interested in the conditional quantile function and we study its asymptotic behavior.

First, we assume that the observations are independent and identically distributed, and
the explanatory variable takes its values in Hilbert space (infinite dimensional space). In this
context, we construct a kernel estimator of the conditional cumulative distribution. Afterward,
we establish the pointwise and the uniform almost complete convergence with rates of the
estimator, and we deduce similar asymptotic properties of the conditional quantile. Then, we
generalize our results to the case where observations are strongly mixed.

Secondly, we treat our estimator under censored data and we study its asymptotic behavior.
The established results are illustrated by examples on simulated data.

Keywords : Functional data, Nonparametric estimation, Conditional cumulative distri-
bution, Conditional quantile, Functional single index, Almost complete convergence, Uniform
convergence, a-mixing, Censored data.
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CHAPITRE PREMIER

Introduction et Présentation

1.1 Statistique non-paramétrique fonctionnelle

L’analyse des données fonctionnelles occupe désormais une place importante dans la re-
cherche en statistique, et connait un trés important développement ces dernieres années no-
tamment avec les monographies de Ramsay et Silverman (1997,2002,2005), de Bosq (2000),
Bosq et Blanke (2008), de Ferraty et Vieu (2006) et de Horvath et Kokoszka (2012).

Cette branche de statistique vise a étudier des données qui, de part leur structure et le fait
qu’elles soient collectées sur des grilles tres fines, peuvent étre assimilées a des courbes ou a
des surfaces, par exemple fonctions du temps ou de 'espace. Le besoin de considérer ce type
de données, maintenant couramment rencontré sous le nom de données fonctionnelles dans la
littérature, est avant tout un besoin pratique. Les situations pouvant fournir de telles données
sont multiples et issues de domaines variées comme la météorologie, la chimie quantitative, la
biométrie, I’économétrie, ou I'imagerie médicale...

En effet, Compte tenu des capacités actuelles des appareils de mesure et de stockage infor-
matique , nous a permis de traiter de tres grands ensembles de données , citons que quelques
exemples des données de nature fonctionnelle auxquelles le statisticien peut étre confronté ;
les courbes de croissance, de température, des images observées par un satellite, les courbes

spectrométriques...

La littérature consacrée a ce type d’observations s’est largement développée, et les chercheurs
scientifiques, se sont intéressés au développement d’outils statistiques permettant de traiter
ce type d’échantillons. Ce sont Ferraty et Vieu (2000) qui ont permis d’obtenir les premiers
travaux, ils ont étudié la convergence presque complete d'un estimateur a noyau de la fonction
de régression pour des données indépendantes identiquement distribuées. Le cas dépendant a
été traité par Ferraty et al (2002). Dabo-Niang (2002) a obtenu, la convergence presque siire et
la normalité asymptotique d’un estimateur de type histogramme de la densité d’une variable
aléatoire dans un espace de dimension infinie. En considérant la propriété de concentration sur

des petites boules de la variable explicative fonctionnelle, Dabo-Niang et Rhomari (2004) ont
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obtenu la convergence en norme L” de I'estimateur a noyau de la régression non paramétrique.
La convergence presque complete pour le cas fortement mélangeant a été étudié par Ferraty et
al. (2004). Le premier résultat sur la normalité asymptotique de I'estimateur de la régression
non paramétrique a été étudié par Masry (2005) dans le cas ou les observations sont alpha-

mélangeant.

Les premiers résultats sur les modeles conditionnels ont été obtenus par Ferraty et al ( 2006)
ils ont montré la convergence presque complete de I'estimateur a noyau de quelque modele
conditionnel tel que la fonction de répartition conditionnelle, la densité conditionnelle, les
quantiles conditionnelles ainsi que le mode conditionnel. Dans le méme contexte, Dabo Niang
et al (2004) ont établi la convergence en LP de Iestimateur & noyau du mode conditionnel &
valeur dans un espace vectoriel semi-normé de dimension infinie. Nous renvoyons a Ferraty et
Vieu (2006) pour un large éventail d’applications de ces modeles en statistique fonctionnelle.
L’estimation de la fonction du hasard conditionnelle a été abordé par Ferraty et al (2008),
ils ont établi la convergence presque complete. La normalité asymptotique des estimateurs a
noyau du mode conditionnel et des quantiles conditionnels ont été étudié par Ezzahrioui et
Ould-said (2008a, 2008b,2008¢) en traitant le cas i.i.d et cas mixing. L’estimation du quantile
conditionnel comme inverse de la fonction de répartition conditionnelle a également été large-
ment étudiée dans des différents types de corrélation par Ferraty, Rabhi et al (2005), Ferraty
et al (2006), Ferraty et Vieu (2006a) et Ezzahrioui (2007). Laksaci et Maref (2009) ont aprouvé
la version uniforme de la convergence presque compléte de 'estimateur du noyau proposé par
Ferraty et al. (2006). Lemdani et al . (2009) ont traité les quantiles conditionnels comme un
modele robuste appartenant a la classe des M-estimateurs. Ils ont établi la convergence presque

complete et la normalité asymptotique dans le cas i.i.d.

La littérature sur les données fonctionnelles ergodiques est encore limité. Ce probleme a été
initié par Liab et Louani (2010). Ils ont considéré le probleme de l'estimation fonctionnelle
pour la fonction de régression non paramétrique dans le cas dépendant moins faible qui est
I’état d’ergodicité. Ces derniers ont introduit la méme version de ’estimateur que 1'estimateur
de Nadarya-Watson de type noyau de la fonction de régression classique construite par la
méthode du noyau et ils ont établi la convergence uniforme et la vitesse presque complete
lorsque les données fonctionnels sont ergodiques stationnaires. En (2011), ils ont étudié la

convergence presque sire et la normalité asymptotique de cet estimateur.
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1.2 Modeles conditionnels en statistique non paramé-

trique fonctionnelle

L’étude statistique du lien entre deux variables aléatoires est un probléeme trés important.
En effet, la régression non-paramétrique est un outil statistique permettant de déterminer la
variation de l'espérence mathématique d’une variable dépendante Y en fonction de plusieurs

variables explicatives, sans spécifier une forme stricte pour cette relation.

I’estimation non-paramétrige de la densité conditionnelle qui présente une bonne alternative
de régression. Plusieurs auteurs s’y intéresses, citons par exemple, dans le contexte des données
fonctionnelles, les premiers travaux ont été obtenus par Ferraty,Laksaci et Vieu (2006) ils ont
montré sous des conditions de régularités de la densité conditionnelle, la convergence presque
complete de l'estimateur a noyau qu’ils ont introduit pour la densité conditionnelle ainsi que
pour le mode conditionnel, et ils ont établi la vitessse de convergence. Une application de leurs
résultats aux données issues de l'industrie agro-alimentaire a été présentée. Dans le méme
contexte Dabo Niang, Ferraty et Vieu (2006) ils ont établi la convergence uniforme presque
complete, et ont spécifié les vitesses de convergence en montrant le poids de la mesure des
petites boules sur ces derniers. Une application aux données spectrométriques a été présentée.
En effet, en considérant des observations a-mélangeantes, Ferraty et al (2005) ont établi la
convergence presque-complete d'un estimateur a noyau du mode conditionnel défini par la
variable aléatoire maximisant la densité conditionnelle. Ezzahrioui et Ould-Said (2008), quant
a eux, ont estimé le mode conditionnel par le point qui annule la dérivée de ’estimateur a noyau
de la densité conditionnelle, en se concentrant sur la normalité asymptotique de ’estimateur
proposé dans le cas i.i.d. Ces auteurs ont généralisé leurs résultats au cas de mélange dans
(2010). Laksaci (2007) a précisé ensuite, les termes dominants de l'erreur quadratique de
I'estimateur a noyau de la densité conditionnelle. En (2010), Laksaci et al. (2013) ont répondu
a la question du choix du parametre de lissage dans I'estimation de la densité conditionnelle

lorsque la variable explicative est fonctionnelle.

Un autre parametre fonctionnel qui est de grande importance, est le quantile conditionnel. 11
donne une alternative majeure dans les prévisions, grace a son caractere robuste. L’estimation
non-paramétrique de la fonction de répartition conditionnelle lorsque la variable explicative
est a valeurs dans un espace de dimension infini, a été introduite par Ferraty et al (2006). Ces
auteurs ont construit un estimateur a double noyaux pour la fonction de répartition condition-
nelle et ils ont précisé la vitesse de convergence presque-complete de cet estimateur lorsque
les observations sont indépendantes et identiquement distribuées. Le cas ou les observations
sont fonctionnelles et a-mélangeantes a été étudié par Ferraty et al (2005), Mahiddine et al
(2014) ou encore rabhi et al (2015) et Bouchentouf et al (2014,2016). D’autre part, plusieurs
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auteurs ont étudié I'estimation de la fonction de répartition conditionnelle comme une étude
préliminaire de 'estimation des quantiles conditionnels. Laksaci et al. (2008) par exemple,
ont proposé une méthode d’estimation des quantiles conditionnels et ils ont réussi a établir
la convergence presque-complete et la normalité asymptotique de leur estimateur quand les

observations sont fonctionnelles i.i.d.

La fonction de hasard ou taux de hasard, ou bien taux de défaillance, est un parametre

fonctionnel qui a une grande importance dans de nombreux problémes pratiques, notamment
dans les études de la fiabilité ou de survie. Ferraty et rabhi et vieu (2007) ont établis la conver-
gence presque completes avec vitesse de convergence dans le cadre des données completes i.i.d
(respectivement dépendantes), ainsi dans le cadre des données censurées i.i.d (respectivement
dépendantes).
D’autres auteurs se sont intéressés a l’estimation des modeles conditionnels a partir des ob-
servations censurées ou tronquées (voir, par exemple, Lemdani et al (2009) Liang et Una-
Alvarez,(2010, 2011) ,Khardani et al. (2010, 2011 et 2012), Ould Said et Tatachak (2011) ou
Ould Said et Djabrane(2011)).

1.3 Données incompletes

Dans de nombreuses applications statistiques, on est amené a faire intervenir une variable
de durée notée T', désignant le temps écoulé jusqu’a la survenus de I’évenement d’intérét. Ces
types des variables sont observés dans divers domaines tels qu’en fiabilités (premieére panne
pour une machine, durée de vie d’un matériel,...), en médecine (décés ou rémission pour un
malade...) en économie et assurance (durée de chomage, temps entre deux pannes successives
d’un appareil...).

Une spécificité de ces modeles est 'existence d’observations incompletes, pour lesquelles la

variable d’intérét n’est pas compléetement observée pour toutes les données de 1’échantillon.

Dans cette these, nous étudierons des modeles ou la durée est susceptible d’étre censurée a
droite en faisant alors appel a des techniques adaptées a ce type de contexte pour prendre en

compte les observations censurée sans perdre trop d’information sur T.

Nous présentons dans ce qui suit deux cas de données incompletes; données censurées et

des données tronquées.

1.3.1 Données censurées

La censure est le phénomene le plus couramment rencontré en analyse de survie. Il existe

plusieurs catégorie de modeles de censure, mentionnons les deux modeles suivants :
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Censure a droite : la durée de vie est dite censurée a droite si 'individu n’atteignent pas
I’évenement d’intérét. Sur toute la durée de ’étude, la variable d’intérét 1" n’est pas observée,
et on sait seulement qu’elle est supérieures a une certaine valeure de censure connue notée C
qui elle a été observée. Au lieu d’observer les variables 17,75, ..., T,, qui nous intéressent, on
n’observe T; que lorsque T; < C, sinon on sait seulement que T; > C.

On en distingue trois types,

e Censure de type 1 : (fixe) Soit C une valeur fixée, au lieu d’observer les variables
Ty, ..., T, qui nous intéressent, on observe T; uniquement lorsque 7; < C sinon on sait
que T; > C'. On utilise la notation suivante Y; = T; A C' = min(T;, C).

e Censure de type 2 : (attente) Elle est présente quand on décide d’observer les
durées de survie des n patients jusqu’a ce que k d’entre eux soient décédés et d’arréter
I’étude a ce moment la.

Soient T(;) et Y(; les statistiques d’ordre des variables T; et Y;. La date de censure est
donc Y{;) et on observe les variables suivantes
Yoy =Ty, - Yoo = Tiwy, Yern) = Ty, -, Yo = T

e Censure de type 3 (ou censure aléatoire de type 1) Soient C1, ..., C,, des variables
aléatoires i.i.d. on observe les variables Y; = T; A C; et §; = 11.<¢,.

Y; est la durée réellement observée, §; = 1 si I’événement est observé (d’ou Y; = T;) on
observe les "vraies" durées ou les dureés completes. 6 = 0 si 'individu est censuré (d’ou
Y; = C;) on observe les durées incompleétes (censurées).

Censure a gauche : une durée de survie est dite censurée a gauche si I'individu a déja
subi I’évenement d’intérét avant d’étre observé. Au lieu d’observer la valeur d’intérét 7T', on
observe une valeur C' avec le fait que T soit inférieur a C'. Dans ce cas, on observe le couple
(Y,6) ou

Y =max(T,C) et 6= 1y

0 =1 ¢'il s’agit d’une vraie obsrvation et § = 0 si ¢’est une censure a gauche.

Notons que dans un méme échantillon peuvent étre présenter des données censurées a droite
et d’autres censurées a gauche, comme c’est le cas dans la censure double, censure par inter-

valle et censure mizte.

Dans cette these nous nous intéressons uniquement au cas des données censurées a droite
de type aléatoire. Celui-ci correspond a le modele fréquement utilisé dans la pratique. Par
exemple, lors d’'un essai thérapeutique, elle peut étre engendrée par une perte de vue (le pa-
tient quitte I’étude en cours), I’arrét ou le changement d’un traitement alors les patients seront
exclus de I’étude, ou bien I’étude se termine alors que certains individus n’ont pas subi I’éve-

nement.
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1.3.2 Données tronquées

le phénomene de la troncature est trés différent de la censure, puis ce que dans ce cas on
étudie qu’'un sous-échantillon ce qu’il engendre une perte d’information.
Dans le cas de la censure, on a connaissance du fait qu’il existe une information, mais on ne
connait pas sa valeur précise, simplement le fait qu’elle exceéde un seuil : dans le cas de la
troncature on ne dispose pas de cette information.
On dit qu’il y a une troncature d droite (respectivement d gauche) lorsque la variable d’intérét
T n’est pas observable quand elle est supérieure (respectivement inférieure) & un seuil C' positif

fixé ou aléatoire.

1.3.3 Estimateur de Kaplan-Meier

Soit (€2,.A,P) un espace probabilisé. Soient {7;,1 < i < n} (resp. {Y;,1 < i < n})une
suite de variable aléatoire (v.a) positives indépendantes et identiquement distribuées (i.i.d) de
fonction de répartition (f.d.r) F (resp. H), et {C;,1 < ¢ < n} une suite de variable aléatoire

de censure, positive i.i.d de f.d.r G.

On note 7¢ = sup{t : G(t) < 1} la borne supérieure de support de H. On a alors la relation,

TTH = Tr N TG.

Nous ferons I'hypothese que la censure est indépendente de ’évenement, c’est-a-dire, que
T; est indépendant de C;. Cette hypothese est trés utile d’'un point de vue mathématique et
indispensable aux modeles classiques d’analyse de survie et rend le modele identifiable. Par
exemple, quand la censure est due a un arrét du traitement ou quand les malades ne sont plus
suivis, I’hypothese d’indépendance n’est pas vérifiée car la censure apporte une information
sur I’état de santé du patient. Dans le cas d’une censure causée par un déménagement ou par
la fin d’étude, cette hypothese est naturelle. Ainsi, nous travaillons sous I’hypothese générale
d’indépendance entre (Y, X) et C.

Une autre hypotheése nécessaire pour obtenir la consistance de I'estimateur K.M (introduit
par la suite) et qui est trés courante dans le contexte des données censurées, est de supposer
que : 77 < 7¢. En effet, quand 77 > 75 toutes les valeurs entre 7 et 7o sont des censures et

ne sont donc pas observées.



1.4 Indice fonctionnelle simple 14

Dans le cas de données completes, un estimateur naturel de la survie de la variable d’intérét

T est la survie empirique

_ 1.
Sn(t) = F<t> = n Z 175
i=1

Malheureusement, dans le cas ou les données censurées, il est impossible d’utiliser la fonc-
tion S, (t) puisqu’elle fait intervenir des quantités non observées (tous les T; censurées ne sont
pas observés). On fait appel alors a 'estimateur de Kaplan-Meier (E.K.M), qui, lorsqu’il n’y

a pas d’ex-aequo (les temps d’événements "décés" et censure sont distincts) est défini par :
n Ors 1{Y(i)§t}
(1 “) LSt < Yoy

_n—i—i-l
) Slt>}/(n)

(1.1)

I’E.K.M pour la survie de la variable de censure est défini de la méme fagon par :

- 1—6m \ o
. IT(1-—2% L if < Vi
Gn(t) =1—-G,(t) = e n—i+1

1=

’ lft>Y(n)

(1.2)

ol Y1) < Yoy < ... < Y, resprésentent les statistiques d’ordre associées a Y;, et d(; est

I'indicatrice correspondante pour chacune des valeurs Y{;.

Remarque 1.1 [] est a noter, qu’en absence de censure cet estimateur se réduit a la fonction

de survie empirique.

I’E.K.M possede des propriétés analogues a celles de la fonction de répartition empirique. Ces
propriétés asymptotiques ont été étudiées par plusieurs auteurs, Breslow & Growley (1974),
Peterson (1977), Gill (1980), Anderson (1993),. .. .Pour plus de détails voir le livre de Shorack
& Wellner (1986).

1.4 Indice fonctionnelle simple

Le modele de régression fonctionnelle bien connu avec réponse scalaire postule une relation

entre une variable aléatoire réelle Y et une variable aléatoire fonctionnelle X,
Y=r(z)+e (1.3)

ou ¢ est une erreur aléatoire réelle centrée non corrélée au régresseur. Nous pouvons aussi
exprimer (1.3) comme suit :

r(r) =E(Yi|X; =) (1.4)
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Une large classe d’outils flexibles et utiles pour modéliser 'opérateur de régression r est pré-
sentée par le modele a indice fonctionnel simple. Cela consiste a poser une approche semi
paramétrique de réduction de dimension sur le modele en introduisons un parametre fonc-
tionnel . L’idée principale est de chercher la direction de 6 sur laquelle la projection de la
covariable X capture le plus d’information sur la réponse Y. Alors la fonction de régression
sera de la forme

ro(x) = Eg(Yi| X, = 2) = E(Y)] < X;,0 >=< 2,0 >) (1.5)

Le modele que nous considérons est un modele a direction révélatrice unique (ou modele a
indice fonctionnel simple). Cette approche présente divers intérét. Tout d’abord, c’est d’éviter
les problemes dus a la dimensionnalité que ’on peut rencontrer dans ’approche purement non
paramétrique (Ferraty et Vieu (2002)). L’estimation non paramétrique de la régression ne sera
plus affectée par le fléau de la dimension puisqu’il s’agit d'une fonction dépendante de 6 qui
est de dimension 1. Enfin, 'estimation du parametre fonctionnelle 8 fournit un outil facilement

interprétable.

Pour identifier ce modele, considérons les mémes conditions de Ferraty et al (2003). Suppo-
sons que 71 et 79 sont dérivables et < 0,e; >= 1, ou e; est le premier vecteur propre d’une

base orthonormée de H, alors
VeeH, r(<b,x>)=ry(<bOyz>)=r1=ry et 0 =0s.

L’approche de 'indice simple est bien connue dans le contexte multivarié standard pour son
intérét de ses capacités de prédiction et pour son interprétabilité est attesté par divers ceuvres
sont apparues au cours des deux dernieres décennies Hérdle et al. (1993), Hardle and Stoker
(1989) et Xia and Hérdle (2006). Les extensions au cadre fonctionnelle de telle méthodolo-
gie semi-paramétrique fonctionnelle a fait I'objet d’étude approfondie dans la littérature. Le
premier travail reliant le modele a indice simple et le modele de regression non-paramétrique
pour des variables fonctionnelles est faite par Ferraty (2003) dans le cas des observations indé-
pendantes, ils ont établi la convergence presque complete. Leurs résultats ont été étendus aux
cas dépendants par Ait Said (2005). Ait Saidi (2008) ont étudiés le cas ou I'indice fonctionnel
simple est inconnu, ils ont proposé un estimateur de ce parametre basé sur la technique de
validtion croisée. Ces résultats ont été étendus au modele a indice fonctionnel multiple par
Bouraine (2010). Ferraty (2011) ont proposé un nouvel estimateur de ce parameétre basé sur

I'idée d’estimation par dérivée fonctionnelle.

En ce qui concerne la densité conditionnelle, Attaoui (2011) ont étudié l'estimation de

Iindice fonctionnel simple et ils ont établi la convergence ponctuelle et uniforme presque
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complete pour des observations indépendantes. Leur résultats ont été étendus au cas de a-
mélange par Ling (2014). Tandis que la normalité asymptotiques de cet estimateur a été étudiée
par Ling (2012). Attaoui (2014a) ont établi la convergence de la densité conditionnelle pour
des donneés dépendantes. Pour les mémes donneés, Attaoui (2014b) a étudié la convergence

uniforme et la normalité asymptotique.
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1.5 Outils

Mode de convergence

Définition 1.1 (Convergence presque compléte)
Soit (X,)nen une suite de variables aléatoires réelles définie sur un espace de probabilité
(Q, A, P). Nous disons que X,, converge presque complétement vers une variable aléatoire réelle

X, si et seulement si :
Ve >0, P(|X, — X|>¢) < o,

neN
et la convergence presque compléte de (X, )nen vers X est notée par :

Xn p.co X

n—oo

Définition 1.2 (Vitesse de convergence presque compléte)
Nous disons que la vitesse de convergence presque compléte de la suite de variables aléatoires

(Xn)nen vers X est d’ordre un si et seulement si :

Jeo > 0, > P(|X,, — X| > goU,) < o,

neN

et nous notons : X, — X = Op o (U,).

Définition 1.3 (Convergence en probabilité)
Soit (X, X,,), une suite de variables aléatoire reélles, définies sur le méme espace de probabilité

(Q, F,P). La suite X,, converge en probabilité vers X si :
Ve > O’TLILHQOP“X" - X|>¢)=0.

Remarque 1.2 La convergence presque complete implique la convergence presque sire (ainsi

que la convergence en probabilité).

Processus fortement mélangeant

Les conditions de mélange sont souvent considérées dans la littérature pour mesurer la dé-
pendance faible entre les variables, permettant d’obtenir des vitesses de convergence des esti-
mateurs. Il existe différents types de mélange, a-mélange, pmélange, )-mélange, p-mélange, [3-
mélange. Dans cette these, nous nous intéressons essentiellement aux processus a-mélangeant
(fortement mélangeant), ce ccefficient est notamment plus faible que les autres ccefficients de
mélange qui seront donc forcément a-mélangeantes. Les résultats obtenues dans le cas de I'a-
mélange vont donc concerner une large classe de processus. La définition et quelques propriétés

sont données ci-aprés.
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Définition 1.4 Soit {A;,i € Z} une famille de variables aléatoires dans un méme espace
probabilisable (E, A). Pour tout couple (i, j) dans ZU{—o0, +00}, on note o? la tribu engendrée
par {Ag, i < k < j}. On appelle coefficients de mélange fort, la suite des réels

a(n) = sup IP(AN B) —P(A)P(B)|.

{kez, AEO;OO,BEUM_,C}

Définition 1.5 On dit qu’une famille {A;,i € Z} de variables aléatoires dans un méme espace

probabilisable (E, A) est fortement mélangeante (a-mélangeante), si l'on a

lim a(n) =0.

Définition 1.6 On dit qu’une famille {A;,i € Z} de variables aléatoires dans un méme espace
probabilisable (E, A) est algébriquement c-mélangeante, s’il existe deuz constantes c,a dans

R** telles que les coefficients de mélange vérifient

a(n) <cn

Lemme 1.1 (Inégalité de covariance pour variables bornées) Soit {A;,i € N} une
famille de variables aléatoires a valeur dans R fortement mélangeantes telle que Vi, ||Ai]]oo <

00, alors, pour tout i # j,

[Cov(A, Aj)] < 4f[Ail ol [Ajec(fi = 7).

Quelques inégalités

Pour prouver les résultats asymptotiques des estimateurs proposés dans cette these, nous

utilisons certaines inégalités proposés ci-apres.

Lemme 1.2 "Inégalité de type Fuk-Nagaev"(Bosq et Lecoutre (1987)) Soit {A;,1 € N}
une famille de variables aléatoires a valeur dans R fortement mélangeantes, de coefficient de

mélange algébriquement décroissant. On pose
n n

= ZZ Cov(A;, A))|
i=1j=1

Si Vi||Ai|so < 00, alors, pour tout e > 0 et pour tout r > 1, on a :

n 22\ 2 L /2r\ ot
P {;Ak}>45 < 1—1—@ + 2ner (€> :

Lemme 1.3 "Inégalité exponentielle de Bernstein"(Bosq et Lecoutre (1987)) Soit (Ay,)nen

une suite des variables aléatoire réelles centrées, indépendantes identiquements distribuées,
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telles qu’il existe deux réelles positifs 01 et O vérifiant : |A;| < 0; et E(A2) < 0y. Alors pour

tout € €]0, Z—;[, on a :
1 ne?
Pl - >e| <2 —— .

La principale source de difficulté en estimation non paramétrique pour des données fonc-

n

A,

=1

Les semi-métriques

tionnelles est le choix de la semi-métrique. Qui permet de réduire la dimension des données et
ainsi d’augmenter la vitesse de convergence. La diversité de semi-métrique permet de trouver
une topologie qui donne une notion pertinente de proximité entre les courbes, que ’on pourra
choisir en fonction de la nature des données. Cependant, il n’existe aucune méthode automa-
tique qui offre un choix optimal de la semi-métrique. Pour plus de discussion nous référons au
livre de Ferraty et Vieu (2006).

Nous présentons dans ce qui suit, trois familles de semi-métriques; Soient X1, ..., X, un
échantillonn de n courbes indépendantes et identiquement distribuées de la variables aléatoire
fonctionnelle X = {X (¢),t € [0, 1]}.

— La semi-métrique basé sur la dériveé Pour deux courbes observées z; et x5 , la

semi-métrique dérive est féfinie par :
Vw1, 2) € F x Fdi (o, 22) = ([ (@(0(2) = a8 (022, g € N,

ot (9 désigne la dérivée d’ordre q. Cette classe de semi-métriques est adaptée quand
on a affaire a des données lisses.

— La semi-métrique de ’analyse de composantes principales fonctionnelles Cette
semi-métrique est utilisée pour des données irrégulieres. En effet, elle définie a partir de
la semi-métrique Ly,dont le calcul est basé sur I'analyse des composantes principales.
Plus précisément,on cherche les q premier vecteurs propres de l'opérateur de variance
covariance empirique, associés au q plus grandes valeurs propres, la métrique est alors

définie par :

V(x1,5) € F x F,d2CP (21, 15) = / ([I0 ) — 259 ()))%dt, g € N,

q
ou [], est le projecteur orthogonal sur I'espace L? engendré par les q vecteurs propres
associés aux q plus grandes valeurs propres.

— La semi-métrique de modéele d’indice fonctionnelle Pour une variable fonctionnelle

X dans un espace de Hilbert H muni de produit scalaires < -,- >, on définit la semi-
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métrique de modele d’indice fonctionnel par
v0,$1,$2€7'[, d9($1,$2)2| <1’1—{L‘2,€>|.

Pour sélectionner le parametre 6, Ait Saidi et al (2008) ont proposé un estimateur basé

sur la technique de validation croisée.

Loi du logarithme itéré pour ’estimateur de Kaplan-Meier

Dans le cas de censure & droite, nous notons par F,, I'estimateur de Kaplan-Meier, et par F
(resp.G) la fonction de répartition de la variable d’'intérét 7' (resp. de la variable de censure
(). Le résultat suivant est une loi du logarithme itéré (notée LIL) pour 'estimateur de kaplan-

Meier de la fonction de répartition.

Théoréme 1.1 (Foldes et Rejto 1981). On suppose que F et G sont continues, et que Tp < Tg,

P (ofii&oo IF,(t) — F(t)| = O (,/k’gl:g”)) =1

La condition 7r < 7 pouvant paraitre restrictive, citons le théoreme autrement.

alors

Corollaire 1.1 (Foldes et Rejto 1981). On suppose que F' et G sont continues, et on considére
le réel T' tel que G(t) < 1, alors

P (SBET* IF,(t) — F(t)| = O (,/bg::g")) =1,

ot T* = muin{T,r}.

Entropie de Kolmogorov

Tous les résultats asymptotiques des statistiques non paramétriques pour les variables fonc-
tionnelles sont étroitement liés aux propriétés de concentration de la mesure de probabilité de
la valeur fonctionnelle X.

Soit S un sous-ensemble fixe de F. Nous considérons I’hypothese suivante :
Vo € Sz, 0< Cp(h) <P(X € B(x,h)) < C'¢p(h) < .

On peut dire que la premiere contribution de la structure topologique de I’espace fonctionnel
peut étre vue a travers la fonction ¢ controlant la concentration de la mesure de probabilité de

la variable fonctionnelle sur une petite boule. De plus, pour la cohérence uniforme, ou ’outil



1.5 Outils 21

principal doit couvrir un sous-ensemble Sz avec un nombre fini de boules, on introduit un

autre concept topologique défini comme suit :

Définition 1.7 (Kolmogorov Tikhomirov (1959)) Soit S un sous-ensemble de [’espace

métrique F, et soit € > 0, un ensemble fini de points X1, Xo, ..., Xn dans F est appelé un e-net
N

pour Sy si Sy C | B(wk, €). La quantité s, () = log(N(SF)), ot N.(Sr) est le nombre

k=1
minimal de boules ouvertes en F de rayon € qui est nécessaire pour couvrir Sz, s’appelle

lentropie de Kolmogorov de Sx.

Ce concept a été introduit par Kolmogorov au milieu des années 1950 (voir Kolmogorov et
Tikhomirov 1959) et il représente sa mesure de la complexité d’un ensemble dans le sens ou
une 'entropie élevée signifie que beaucoup d’information est nécessaires pour écrire un élé-
ment avec une précision e. Par conséquent le choix de la structure topologique (autrement dit,
le choix de la semi métrique), et jouons un role professionnel quand on regarde les résultats
asymptotiques uniformes sur certains sous-éléments Sr de F. Plus précisément, nous avons,
par la suite, ce semi métrique peut également augmenter la concentration de la mesure de
probabilité de la variable fonctionnelle X pour minimiser e I’entropie de sous ensemble Sx.
Ferraty et al (2006) ont souligné le phénomene de concentration de la mesure de probabilité
de la variable fonctionnelle en calculant les probabilités de petite boule dans diverses normes
situation. Enfin s’'intéresser a ces deux (probabilités d’entropie et de petite boule) ou a 1'uti-
lisation de € I’entropie de Kolmogorov dans les problémes de réduction de la dimensionnalité
pour se réferes & Kulbs et Li (1993) ou Odoros et Yannis (1997).
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1.6 Plan de la these

Cette these est organisée en cinq chapitres. Le premier chapitre est un chapitre introductif
consacré a la présentation des différents themes abordés dans notre thématique de recherche
qui est 'estimation non-paramétrique fonctionnelle des modeles conditionnels dans un modele
a indice révélatrice en présence des données censurées. Nous y offrons de nombreuses références
bibliographiques. Ainsi nous donnons la définition des données incompletes essentiellement les
données censurées, et nous y présentons la définition de I'estimateur de Kaplan-Meier pour la

fonction de survie.

Dans le deuxieme chapitre, nous considérons une suite d’observation indépendante et iden-
tiquement distribuées, et la variable explicative est a valeurs dans un espace de Hilbert (di-
mension infinie). Nous construisons un estimateur a double noyau de la fonction de répartition
conditionnelle et de ses dérivées. Ainsi nous établissons la convergence presque-complete et la
convergence uniforme de cet estimateur en précisant ses vitesses de convergence pour chacun
de ces modes de convergence. Nous avons déduit un estimateur du quantile conditionnel, pour

lequel nous avons établi la vitesse de convergence presque-complete et la convergence uniforme.

Ensuite, dans le troisiéme chapitre, nous généralisons les résultats obtenues dans le deuxieme

chapitre au cas ot les observations sont fortement mélangeant (a-mélangeant).

Le quatrieme chapitre consiste a étendre les résultats précédents au cas des données censu-
rées a droite. Pour ce faire, nous construisons de nouveaux un estimateur a double noyau de la
fonction de répartition conditionnelle dans lesquels sont pris en compte des effets de censure
au cours de nos observations. Nous illustrerons nos résultats par des exemples sur des données
simulées dont 'objectif est I’étude comparative en cas des données completes et des données

censurées avec différent taux de censure.

Nous concluons ce manuscrit par une conclusion et quelques perspectives de recherche.

1.7 Présentation des résultats

Dans cette section, nous donnons une breve présentation des différents résultats obtenus

durant cette these.

1.7.1 Notations

Soient (X;, Y;)i=1,. n, 1 couples aléatoires indépendants et de méme loi que le couple (X, Y),

a valeur dans H x R ou H est un espace de Hilbert muni de la norme induite par sa produit
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scalaire < -, - >.
Pour tout z € H et y € R, nous définissons la fonction de répartition conditionnelle de Y

sachant < X,0 >=< z,6 > a travers un indice fonctionnel fixé 6§ € H, notée F(0,-, x) par :
YWY eR, Fl,yz)=PY <yl<X,0>=<ux,0>).

Afin d’assumer l'identifiabilité de ce modele, nous supposons que F' est deux fois différen-
tiable par rapport a (w.r.t) = et 6. tel que < #,e; >= 1 ou e; est le premier vecteur de la base

orthonormée de H. Clairement, sous cette condition, on a pour tout = € H,
Fl('|<1‘,91 >>:F2(‘ <LL’,¢92 >):>F15F2 et 6, =0,.

On définie I'estimateur & noyau F’(@, t,z) de F(0,t,x), par

n

ﬁ(€7y, I) = Z Wm(‘gu I)l{YiSy]w Vy eER

=1

Khl(<z—-X;,0>
avec 1y est une fonction indicatrice et Wy,;(6, z) = (hy (< ) , ou K est un

anK (h'(< 2= X;,0>))

noyau, h,, est une suite de réels positifs.

L’estimateur du quantile conditionnel ty() d’ordre v €]0, 1] est défini par
to(y) =inf{t e R: F(0,t,2) >~} = F (0,7, ).

Pour assurer 'existence et 1'unicité de ty(7) on suppose que la fonction de répartition condi-
tionnelle F(6,t, x) est strictement croissante. On estime le quantile conditionnel #4(7) par ()

tel que
tg(’}/) = ﬁwil(a’% 'CE)

1.7.2 Résultats : cas i.i.d. pour des données completes

Nous supposons que les observations sont indépendantes identiquement distribuées. Nous
établissons la convergence presque compléte (p.co) et la convergence uniforme de notre esti-

mateur, en donnant I’expression explicite des termes de vitesse de convergence.

Théoréme 1.2 Sous les hypothéses de concentration fonctionnelle ainsi que les hypothéses de

réqularités et techniques, nous aurons

to(v) — to(v) TS U peco.
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h _ofnt _logn_)
tg(’Y) - t0(7> =0 (hn ) + Op'co' ((ngbe,x(hn)) ) .

sup [fo(1) — to(M] = 0, peo.

TESF

~ ! log dS7d®F \ %
s yrmn-ofe)ea (55

0cOr 2€Sx nh%j_lgzﬁ(hn

Théoréme 1.3

Les hypotheses imposées et les preuves de ces résultats ci-dessus seront données dans le chapitre
2.

1.7.3 Résultats : cas a-mélangeant pour des données complétes

Dans cette partie, nous supposons que (X;,Y;);en est une suite a-mélange.
Lestimateur F(0,-,2) de F(0,-,z) est défini par,

. zn:K(hxlk r—X;,0 >))H(h1§1(y—Yi))
F(Q,y,x) == =1

n Y

SK (hi (< w - X0 >))

ou K est un noyau, H une fonction de répartition et hx = hg,, (resp. hg = hp,,) sont des

suites de réels positifs.

Théoréme 1.4

Théoréme 1.5

6cO - veSr nh3 ' ¢(hgk

s, 2log dSFdSF %
+Op.CO- (( n2

les preuves de ces théoremes seront données dans le chapitre 3.

i 1 log dSrd® \ %
sup sup [lp(y) = ts(7)] = O ((h’;} + hl}%)J) + Opco (<g)> )
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1.7.4 Résultats : cas a-mélangeant pour des données censurées

Soit (X, T') un couple de variable aléatoire a valeurs dans H x R. La suite (7});>1 est sup-
posée stationnaire et fortement mélangeante. On note par (C;);—1,. , variables aléatoire de
censure indépendantes et identiquement distribués de fonction de distribution continue G, et
indépendantes des T;.

Ainsi, dans le modele de censure a droite, on construit nos estimateurs par les variables ob-
servés (X;, Yi, 0i)iz1,..n, avec Y; = T; A C; et 0; = 11,<c,, ou 1,4 désigne la fonction indicatrice
de I'ensemble A.

L’estimateur a double noyau de la fonction de répartition conditionnelle adapté a des

données censurées, est défini par

n

> =
F<07y’x) _ =1 GN(Y;)

K(hi'(< o — X;,0 >))H(hy' (t — V7))

n

ZK(h;1(< r— X;,0>))

avec G, (i) = 1 — G, (Y;) ot G,,(Y;) est Iestimateur de Kaplan-Meier de G(Y;), défini par

n 1— 6 Livy <ty
(1—.:1> ;i< Yy
- n—1

0, if ¢t > Sf(n).

ot Y1y < Yoy < ... < Y, resprésentent les statistiques d’ordre associées a Y;, et d(; est

I'indicatrice correspondante pour chacune des valeurs Y(;).

L’estimateur du quantile conditionnel (y(7, z) est donné par

o~

Cg(’}/,ﬂf) = ﬁ_1<9,7,$)
— inf{teR: F(0,t,z) >~},  Vye(0,1).

Théoréme 1.6 Sous la condition de mélange et des hypothéses données dans le chapitre /,

nous aurons

Co(v, ) — Co(, ) are AN 0, p.co.

-0l ) (22

n2
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Théoréme 1.7

sup | ,T) — , T — 0, p.co.
$€51;|Ca(7 )= Gv2)] == 0, p

0cOr veSF nh o (hg

s, 2log dSFdS7 el
+Op.CO. (( n2

Les démonstrations de ces théorémes sont détaillées dans le chapitre 4.

- } log dS7d97 \ @
sup sup [Go(7,2) = Go(v,2)| = 0((h';;+hf;;)l)+op,w.((M) )
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Abstract. This paper deals with a scalar response conditioned by a functional random
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distribution when the sample is considered as an i.i.d sequence. Firstly, a kernel type estima-
tor for the conditional cumulative distribution function (cond-cdf) is introduced. Afterwards,
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2.1 Introduction

Estimating quantiles of any distribution is an important part of Statistics. This allows to
build confidence ranges and to derive many applications in various fields (chemistry, geophy-
sics, medicine, meteorology,...). On the other hand, Statistics for functional random variables
become more and more important. The recent literature in this domain shows the great poten-
tial of these new functional statistical methods. The most popular case of functional random
variable corresponds to the situation when we observe random curve on different statistical
units. Such data are called Functional Data. Many multivariate statistical technics, mainly
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parametric in the functional model terminology, have been extended to functional data and
good overviews on this topic can be found in Ramsay and Silverman (1997, 2002) or Bosq
(2000). More recently, nonparametric methods taking into account functional variables have
been developed with very interesting practical motivations dealing with environmetrics (see
Damon and Guillas (2002, Ferndandez et al. (2003), Aneiros et al. (2004), chemometrics (see
Ferraty and Vieu (2002), meteorological sciences (see Besse et al. (2000), Hall and Heckman
(2002), speech recognization problem (see Ferraty and Vieu (2003)), radar range profile (see
Hall et al. (2001), Dabo-Niang et al. (2004)), medical data (see Gasser et al. (1998)), ... In
an other hand, forecasting methods cover a large part of the statistical problems. Because a
continuous time series can be viewed as a sequence of dependent functional random variables,
the above mentioned functional methodology can be used for time-series forecasting (see for
instance Ferraty et al. (2002), for a functional forecasting approach of time-series based on
conditional expectation estimation). In a functional data setting, the conditioning variable
is allowed to take its values in some abstract semi-metric space. In this case, Ferraty et al.
(2005) define non-parametric estimators of the conditional density and the conditional distri-
bution. They give the rates of convergence (in an almost complete sense) to the corresponding
functions, in an a dependence context.

The single-index models are becoming increasingly popular, and have been paid consi-
derable attention recently because of their importance in several areas of science such as
econometrics, biostatistics, medicine, financial econometric and so on. we quote for example,
Hirdle et al. (1993), Hristache et al. (2001). Delecroix et al. (2003) has studied the estimation
of the single-index approach of regression function and established some asymptotic proper-
ties. The recent literature in this domain shows the great potential of these new functional
statistical methods The most popular case of functional random variable corresponds to the
situation when we observe random curve on different statistical units. The first work in the
fixed functional single-model were obtained by Ferraty et al. (2003), where authors have obtai-
ned almost complete convergence (with the rate) in the i.i.d. case, of the regression function.
Their results were extended to case of the conditional distribution where Kernel type estima-
tors for the conditional cumulative distribution function and the successive derivatives of the
conditional density by Bouchentouf et al. (2014), where the authors established the pointwise
almost complete convergence and the uniform almost complete convergence (with the rate)
of the kernel estimate of this model. They are applied to the estimations of the conditional
mode. To dependent case by Ait Saidi et al. (2005). Ait Saidi et al. (2008) studied the case
where the functional single-index is unknown. They proposed an estimator of this parameter,
based on the the cross-validation procedure.

This paper proposes to put together the three previous statistical aspects in order to derive
a method for estimating conditional quantiles in situation when the data are both independent
and of functional nature in the functional single-index model are introduced. More precisely, we
focus on the nonparametric estimation of the conditional quantiles of a real random variable
given a functional random variable of this model. We start by estimating the conditional
distribution by means of a kernel estimator and we derive an estimate of the conditional
quantiles (see Section 2). From a theoretical point of view, a crucial problem is linked with
the so-called curse of dimensionality. Indeed, in a nonparametric context, it is known that
the rate of convergence decreases with the dimension of the space in which the conditional
variable is valued. But here, the conditional variable takes its values in an infinite dimensional
space. One way to override this problem is to consider some concentration hypotheses acting
on the distribution of the functional variable which allows to obtain asymptotic properties of
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our kernel estimates and we give their pointwise almost complete convergence (with rate) in
Section 3. This approach is used to derive a new method to forecast the functional single-
index model. Then, in section 4, we study the uniform almost complete convergence of the
conditional quantile estimator given in section 2. We finish our paper by giving technical proofs
of Lemmas and Corollary (see Section 5).

2.1.1 On the problematic of single index models

For several years, a increasing interest is worn to models which incorporating of both the
parts parametric and nonparametric. Such models type are called semi-parametric model.
This consideration is due primarily to problems due to poor specification of some models.
Tackle a problem of mis-specification semiparametric way consists in not specify the functional
form of some model components. This approach complete those non-parametric models, which
can not be useful in small samples, or with a large number of variables. As example, in
the classical regression case, the important parameter whose one assumed existence is the
regression function of ¥ knowing the covariate X, denoted r(z) = E(Y|X = z), X,Y € R?xR.
For this model, the non-parametric method considers only regularity assumptions on the
function r. Obviously, this method has some drawbacks. One can cite the problem of curse
of dimensionality. This problem appears when the number of regressors d increases, the rate
of convergence of the nonparametric estimator r which is supposed k times differentiable is
O(n~*/?k+d) deteriorate. The second drawback is the lack of means to quantify the effect of
each explanatory variable. To alleviate in these drawbacks, an alternative approach is naturally
provided by the semi-parametric model which supposes the introduction of a parameter on
the regressors, by writing than the regression function is of the form

Eo(Y|X) =E(Y| < X,0 >=x),

The models defined are known in the literature as the single-index models.

These models allow to obtain a compromise between parametric models, generally too
restrictive and nonparametric model where the rate of convergence of the estimators deterio-
rate quickly in the presence of a large number of explanatory variables. In this area, different
types of models have been studied in the literature : amongst the most famous, there may
be mentioned additive models, partially linear models or single index models. The idea of
these models, in the case of estimating the conditional density or regression consists in bring
to the covariates a dimension in smaller than dimension of the space variable, thus allowing
overcome the problem of curse of dimensionality. For example, for example, in the partially
linear model, we decompose the quantity to be estimated, into a linear part and a functional
part. This latter quantity does not pose estimation problem since it’s expressed as a func-
tion of explanatory variables of finite dimension, thus avoiding the problems associated with
curse of dimensionality. in order to treat the problem of curse of dimensionality in the case
chronologies series, several semi-parametric approaches have been proposed. Without pretend
to exhaustively, we quote for example : Xia and An (2002) for the index model. A general
presentation of this type of model is given in Ichimura et al. (1993) where the convergence
and asymptotic normality are obtained. In the case of M-estimators, Delecroix et al. (1999)
proves the consistency and asymptotic normality of the estimate the index and they study it’s
effectiveness. The statistical literature on these methods is rich, quote Huber (1985) and Hall
(1989) present an estimation method which consists projecting the density and the regression
function on a space of dimension one, to bring a non-parametric estimation for dimensional
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covariates. This amounts exactly to estimate these functions in a single index model. Attaoui
et al. (2011) have established the pointwise and the uniform almost complete convergence
(with the rate) of the kernel estimate of this model. The interest of their study is to show
how the estimate of the conditional density can be used to obtain an estimate of the simple
functional index if the latter is unknown. More precisely, this parameter can be estimated by
pseudo-maximum likelihood method which is based the preliminary estimate of the conditio-
nal density. recently Bouchentouf et al. (2014) have established the pointwise almost complete
convergence and the uniform almost complete convergence (with the rate) of some characte-
ristics of the conditional distribution and the successive derivatives of the conditional density
when the observations are linked with a single-index structure and they are applied to the
estimations of the conditional mode and conditional quantiles.

The single-index approach is widely applied in econometrics as a reasonable compromise
between nonparametric and parametric models. Such kind of modelization is intensively stu-
died in the multivariate case. Without pretend to exhaustivity, we quote for example Hérdle
et al. (1993), Hristache et al. (2001). Based on the regression function, Delecroix et al. (2003)
studied the estimation of the single-index and established some asymptotic properties. The
literature is strictly limited in the case where the explanatory variable is functional (that is
a curve). The first asymptotic properties in the fixed functional single-model were obtained
by Ferraty et al. (2003). They established the almost complete convergence, in the i.i.d. case,
of the link regression function of this model. Their results were extended to dependent case
by Ait Saidi et al. (2005). Ait Saidi et al. (2008) studied the case where the functional single-
index is unknown. They proposed an estimator of this parameter, based on the cross-validation
procedure.

2.2 The model and the estimates

2.2.1 The functional nonparametric framework

Consider a random pair (X,Y’) with values in H x R, where H is a separable real Hilbert
space with the norm || - || generated by an inner product < -,- >. Let (X;,Y;)i=1._» be the
statistical sample of pairs which are identically distributed like (X,Y"), but not necessarily
independent. Henceforward, X is called functional random variable f.r.v. . We consider the
semi-metric dy, associated to the single-index 6 € H defined by Vi, 20 € H : dg(z1,22) =
|< 21 — 29,0 >|. Under such topological structure and for a fixed functional 6§, we suppose
that the conditional cumulative distribution function (cond-cdf) of Y given < X,0 >=< z,0 >
denoted by F(-|z) exists and is given by :

Yy e R, Fy(y|lz) = Fy| <z,0 >)=F(0,y,2) =P(Y <y| < X,0 >=< 1,0 >).

By considering the same conditions of Ferraty et al. (2003) on the regression operator,
the identifiability of the model is assumed. More precisely we suppose that f is differentiable
with respect to (w.r.t) x and 0 such that < #,e; >= 1, where e; is the first eigenvector of an
orthonormal basis of the space H. Clearly, we have for all z € H

Fi(| <z b6 >)=FK(<z6> = F, = F, and 6, =0s.

In what follows, we denote by F(0, -, z) the conditional distribution of Y given < 0,z >.
Saying that, we are implicitly assuming the existence of a regular version for the conditional
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distribution of ¥ given < 6, X >. Now, let ¢, be the y-order quantile of the distribution of ¥’
given < 0, X >=< 0,x >. From the cond-cdf F(0,-,x), it is easy to give the general definition
of the y-order quantile :

to(y) =inf{t e R: F(0,t,x) > ~}, Yy € (0,1).

In order to simplify our framework and to focus on the main interest of our paper (the
functional feature of < 6, X >), we assume that F(6, -, x) is strictly increasing and continuous
in a neighborhood of ¢,. This is insuring that the conditional quantile ¢, is uniquely defined
by :

tO(f}/) = F71<9777x)' (21)

In the remaining of the paper, we wish to stay in a free distribution framework. This will
lead to assume only smoothness restrictions for the cond-cdf F/(6, -, x) through nonparametric
modelling (see Section 2.4 below). The last point of our work is to consider independent data.
It will be assumed that (Xj,Y;);en is an i.i.d sequence, which is one among the most general
independent structures.

In finite dimensional settings, nonparametric modelling is mainly used for estimating func-
tions (such as the cond-cdf F(0,-,x)), in such a way that the words functional and nonpa-
rametric are quite often used equivalently. In our infinite dimensional purpose, things have
to be clarified. We use the terminology functional nonparametric, where the word functional
refers to the infinite dimensionality of the data and where the word nonparametric refers to
the infinite dimensionality of the model. Such functional nonparametric statistics is also called
doubly infinite dimensional (see Ferraty and Vieu, (2003b), for larger discussion). We could
also use the terminology operatorial statistics since the target object to be estimated (the
cond-cdf F(0,-,x)) can be viewed as a nonlinear operator.

2.2.2 The estimators

Following in Bouchentouf et al. (2014), the conditional density operator f(,-, z) is defined
by using kernel smoothing methods

S K (ha'(< 2= X;,0>)) H (h,'(y = V7))
J?(07yax) = = n ’
ha YK (b (< 2= X;,0 >))
i=1

where K and H are kernel functions and h,, is sequence of smoothing parameter. The condi-
tional distribution operator F'(6, -, x) can be estimated by F'(0, -, x) defined as follows :

n

F(0,y,x) = > Whi(0, 2)1iyvi<yy, Vy e R (2.2)
i=1
K(h'(<z—X;,0>))
YK (h;1(< r— X;,0 >))
7j=1

is a kernel function and h,, is a sequence of positive real numbers which goes to zero as n goes
to infinity. Note that using similar ideas, Roussas (1969) introduced some related estimate but

K

with 1y being the indicator function and where W,;(0,z) =

Y
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in the special case when X is real, while Samanta (1989) produced previous asymptotic study.
As a by-product of (4.1) and (4.2), it is easy to derive an estimator t., of ¢, :

to(y) = F7'(0,7,2). (2.3)

As we will see later on, such an estimator is unique as soon as H is an increasing conti-
nuous function. Such an approach has been widely used before in situation when the variable
X is of finite dimension (see e.g Whang and Zhao (1999), Cai (2002), Zhou and Liang (2003)
or Gannoun et al. (2003)). As far as we know, our paper is the first one about kernel condi-
tional quantile with independent and possibly infinite dimensional variable. According to the
finite dimensional knowledges, from a theoretical point of view the main mathematical pro-
blem comes from the so-called curse of dimensionality. This phenomenon is well-known in
the nonparametric statistical community, and it can be summarized by saying that the rate
of convergence decreases with the dimension of the space H. Because we consider here an
infinite dimensional space H, we have to keep in mind this point. We propose to solve this
dimensionality problem by taking into account the distribution of the f.r.v. < X, 6 > through
its small balls probabilities (see (HO), (H2) and discussion below).

2.2.3 Assumptions on the functional variable

Let N, be a fixed neighborhood of x and let By(z, h) be the ball of center x and radius
h, namely By(z,h,) = {f € H/0<| <z — f,0 > | < h,}. Then, we consider the following
hypotheses :

(H1) Vh, >0, P(X € By(x, hy,)) = ¢g(hn) > 0,

Note that (H1) can be interpreted as a concentration hypothesis acting on the distribution
of the f.r.v. X.

2.2.4 The nonparametric model

As usually in nonparametric estimation, we suppose that the cond-cdf F(0,-,x) verifies
some smoothness constraints. Let b; and by be two positive numbers ; we assume that F'(6, -, z)
is such that :

(HQ) V<J]1,I2> € N, X Ny, ‘v’(yl,yQ) S SER’

|F(0,y1,21) — F(0,y2,12)] < Coe (de(xla@)bl + |y — ?/2|b2) )

(H3) F(6,-,z) is j-times continuously differentiable in some neighborhood of #4(7),
(H4) There exists some integer j > 0, V(x1,22) € Ny X Ny, V(y1,12) € S3,

P90, 51, 0) — FO(B, ya, )| < Cooe (dg(xl,@)bl + |y — y2|bz) :

with N, is a fixed neighborhood of z and Sy is a fixed compact subset of R ; where, for
0'f(0,y,x)

oyt )

Later on, (H2) is used to proof the almost complete convergence of ty(y) whereas (H3) and
(H4) are needed to establish the rate of convergence.

any positive integer I, f? (6, z,z) denotes its Ith derivative (i.e.
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2.2.5 Comment and Remarks

1. Remarks on the Assumptions : Our conditions are very standard in this context. Assump-
tion (H1) characterizes the probability measure concentration of the functional variable
on small balls, it is the basic condition used in the majority of the existing works dealing
with this kind of variable. In our work we consider a single index topological structure
when the concentration of measure changes a little. More precisely the quantity in (H1)
can be written as P (| <z — X,0 > | < hy,) = ¢y .(h,). The regularity of the functional
space of our model is controlled by mean of condition (H2) and is needed to evaluate
the bias of estimation.

2. Remarks on the single index : It is well known that one of the main advantages of the
single index model is its ability to deal with the problem of high dimensional data.
A straightforward example is the optimal convergence rate of type O (n*2q/ (Qqﬂ’)) for
the estimation of a g-times differentiable regression function, this rate goes to zero dra-
matically slowly if ¢ is small compared to the dimension p of the explanatory variable
(X € RP). In this regard, Gaiffas and Lecué (2007) showed that the optimal rate of

convergence of regression function in the single index model, is of order O (n*Qq/ (2‘“1))

(rather than O (n_zq/ (2a+p) ) ). The same idea was adopted in the abstract metric spaces
by the choice of the semi-metric increasing the probability measure concentration of the
explanatory variable in small balls (see Ferraty et al. (2006)), Section 13.2). Among these
family of semi-metric, one can consider the semi-metric induced by the functional single
index estimate.

3. Remarks on the bandwidth : Asymptotically h, converges to 0 as n tends to infinity.
The probability of observing the multiple functional random variable around z (the
functional vector which we assess the r regression operator) are interpreted in terms of
concentration measurement probability of the multiple small balls of functional random
variable X in the direction #. Because h,, becomes smaller and smaller, these conditional
probabilities can be viewed as small-ball conditional probabilities (the notion of ball
being defined with the semi-metric dy(-,-)). As explained in Ferraty and Vieu (2006b),
the notion of small-ball probabilities plays a major role in the asymptotic results.

2.3 Asymptotic study

We start this theoretical section by giving the almost complete convergence (a.co.) of the
estimated conditional quantile ¢y(7y). After then, we will focus on the rate of convergence.
Concerning the notations, as soon as possible, C' and C” will denote generic constants.

2.3.1 Pointwise almost complete convergence

Let us start with the statement of an almost complete convergence property !. Before to
give the result, the following assumptions concerning the kernel estimator F'(6, -, x) are needed :

1. Recall that a sequence (T,)nen of random variables is said to converge almost completely to some variable
T, if for any € > 0, we have Z P(|T,, — T| > €) < oo. This mode of convergence implies both almost sure and

n
in probability convergence (see for instance Bosq and Lecoutre (1987)).
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(H5) Y(y1,y2) € R%, V5’ < j, [HY (1) — HD(y5)| < Clys — y| and /\ﬂbQH(t)dt < 00,

where, for all [ € N*, HO(t) = £2)|
y:

(H6) K is a positive bounded function with support [—1, 1],

. logn

Y

Remark 2.1 Note that (H5) insures the existence of to(7), while (Hj) insures its unicity.
(H1)-(H4) and (H6) are standard assumptions for the distribution conditional estimation in
single functional index model, which have been adopted by Bouchentouf et al. (2014) for i.i.d
case. (H8) is a technical condition for our results.

Theorem 2.1 Under hypotheses (H1)-(H2) and (H5)-(H7), we have :

to(y) — to(v) e 0, a.co. (2.4)

Proof of Theorem 4.1. this proof is based on previous results concerning the estimation
of conditional c.d.f nonlinear operator F'(0,y,z) by the kernel estimate F'(0,y,x) (see result
(4.11)), whose the proof of the latter follows directly from Lemmas 3.1 and 3.2 below. Because

'~

of (H5) and (H6), F'(6,.,x) is a continuous and strictly increasing function. So, we have :
Ve >0, 36(e) > 0,Yy, [F(0,y,2) = F (0,t4(7),2) | < 5(e) = |y — ts(7)| < e.

This leads us to write

o~

Ve >0, 30(e) > 0, P([ta(v) —to(v)| > €) < P(|F(0,76(7),7) — F(0,ts(7),2)| > d(e))
0,to(7),2)| > 8(€)),

= P(|F(0,to(~),2) — F(
since (4.3) is implying that F'(6, y(7),x) = v = F(6,ts(v),z). Thus, it is clear that the proof
of Theorem 4.1 is achieved as soon as we show the pointwise convergence of F'(6,.,x) at tg(7y) :

F(0,tg(y),x) — F(0,te(7y), x) g 0, a.co. (2.5)
Consider now, for ¢ = 1,...,n, the following notations :
~ 1 n
K;(0,2) = K(h* — X;,0>)), Fp0,2) = ———— S K;(6,1)),
1

> Ki(0, 7)1 yicty()-

=1

Fx(0,to(7), ) = nE(K,(0, 7))

Because some quantities are divided by EK; (6, x), it is important to remark once for all
that (H1) and (H6) imply that

0 < Coprlhn) <EK(0,2) < C'pr(hn).
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By using the following decomposition

PO100),7) = FO1o0). ) = s (Ful6, (). 2) ~ BN 1), )
~ (F(0,to(x). ) = EEx(6.1(7).2)) }
I B o0.0) - Fol0, ). 20

the proof of (4.11) comes from next lemmas :

Lemma 2.1 Under the conditions of Theorem 4.1 we have
[F(0,to(7), x) — EFy (0, to(7),2)] = O (hl}). (2.7)

Lemma 2.2 (See Ait Saidi et al., 2005). Under the assumptions (H1), (H6)-(H7), we have :

~ ~ B logn
|FD(07x) - EFD(&*@’ = Oy.co. ( 7l¢¢9,x(h7z))

Lemma 2.3 Under the assumptions of Theorem /.1, we have :

_ ~ B logn
IPN(0.1().2) = EFN(0.16(2).)] = Oy ( ¢<h>) |

Corollary 2.1 Under the hypotheses of Lemma 5.2, we have
Z (IFp(6,2) <1/2) < . (2.8)

Our theorem will be proved as soon as these two lemmas are verified.
The Lemmas 3.1, 3.2, are special cases of the Lemmas 2.3.2, 2.3.3 in Ferraty et al. (2006)
and Lemma 14 in Ferraty et al. (2010) with d(zy, xe) =< 1 — 2,6 > respectively.

2.3.2 Pointwise almost complete rate of convergence

In this section we study the rate of convergence? of our conditional quantile estimator f,y.
Because this kind of result is stronger than the previous one, we have to introduce some addi-
tional assumptions. As it is usual in conditional quantiles estimation, the rate of convergence
can be linked with the flatness of the cond-cdf F(.|x) around the conditional quantile t4(7y).
This is one reason why we introduced hypotheses (H3) and (H4). But a complementary way
to take into account this local shape constraint is to assume that :

(H8) 3j >0, VI, 1 <1< j, FO(0,t4(v),x) = 0and |FO(0,15(7),)| > 0.

2. Recall that a sequence (T}, )nen of random variables is said to be of order of complete convergence u,,, if
there exists some € > 0 for which Z P(|T,| > €eu,) < oo. This is denoted by T, = Oy 0. (un), . (or equivalently
n

by Tn = Oa.co. (un))
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Because we focus on the local behavior of F(0, -, x) around t4(7y) via its derivatives, that
leads us to consider the successive derivatives of F'(6, -, z) and subsequently some assumptions
on the successive derivatives of the cumulative kernel H :

(H9) The support of H is compact and VI > j, H®) exists and is bounded.
(H10) Vi # ¢/, the conditional density of (Y;,Y}) given (< X;,0 >, < X/, 0 >) is continuous
at (to(7),te(7))-

Theorem 2.2 Under hypotheses (H1)-(H10), we have

to(7) —to(y) = O (h:L) + Oa.co. ((W) ZJ) : (2.9)

Proof of Theorem 4.2. The proof is based on the Taylor expansion of F(6,-,z) at tg(7) :

F o))~ F (0.55).2) = S W00 po ) )

where, for all y € R,

h,? ZK(h;1(< r—X,;,0 >))H(jfl)(h;1(y —v)
F’(j)(ﬁ,y,x) _ i=1

n Y

S K(h'(<z—X;,0>))

=1

and where min(ty(y),7o(7)) < t5(7) < max(ts(7),70(7))-
Suppose now that we have the following result.

Lemma 2.4 Suppose that the hypotheses (H1)-(H6), (H8)-(H10) are satisfied and

) logn
lim

. =0.
n—oo p h%]—l Qbﬂ,;v(hn)

Then we have :

o : logn
FOY(0,t9(7), ) — F9OO,t9(7), 2)] = O () + O, o : ,
FO000.0) = 0102 = 0 (1) + One ||t

Because of Theorem 4.1, Lemma 3.3 and (H8), we have :

FO(0,t5,2) ==  FO(0,14(7),2) > 0, a.co.,



2.4 Uniform almost complete convergence and rate of convergence 43

and we derive
(to(y) — To(7))) = O(F(0.te(7),2) — F(0, (7). 7))

+0 (i(tm) — B (V) (FD (B, to(y), x) — FOO, t4(7), x))) , a210)

=1

Now, comparing the convergence rates given in Lemmas 3.2 and 3.3, we get

(t9(7> - %\G(V»j =0 (ﬁ(tG(V)vx) - F(@,te(’y),l’)) » @.CO.

Thus, Lemmas 3.2 and 3.1 allow us to get the claimed result.

The proofs of the the above lemma and corollary are given in the same manner as it was
done in (2006), since they are a special case of the Lemmas 2.3.4 and 2.3.5 and Corollary 2.3.1.
It suffices to replace fUD(y|z) (resp. FU-D(y|x)) by FO(0,ty(7),z) (resp. FD (0, ty(7), x))
and Fp(z), (vesp. Fp(x)) by Fp(0, ) (resp. Fp(0,z)) with d(zy, 25) =< 21 — 3,6 >.

2.4 Uniform almost complete convergence and rate of
convergence

In this section we derive the uniform version of Theorem 4.1 and Theorem 4.2. The study
of the uniform consistency is motivated by the fact that the latter is an indispensable tool
for studying the asymptotic properties of all estimates of the functional index if is unknown.
Noting that, in the multivariate case, the uniform consistency is a standard extension of the
pointwise one, however, in our functional case, it requires some additional tools and topolo-
gical conditions (see Ferraty et al. (2010), for more discussion on the uniform convergence in
nonparametric functional statistics). Thus, in addition to the conditions introduced previously,
we need the following ones. Firstly, consider

dSH doH
Sy C U Bg(l’k,rn) and ©y C U Bg(@mﬂ“n) (211)
k=1 m=1

with zy, (resp. 6;) € H and ry, dS, dO" are sequences of positive real numbers which tend to

infinity as n goes to infinity and suppose that d5*, d9* are the minimal numbers of open balls
with radius r, in H, which are required to cover Sy and Oy.

Remark 2.2 Note that the recovers of the compact subsets imposed in (2.11) are necessary to
derive our uniform consistency. The second part of condition (2.11) was explained in Ferraty
et al. (2006, 2006b), whereas first part of condition (2.11) is a key point to ensure the geometric
link between the number d9* of balls and the sequence of radius r,. In abstract semi-metric
spaces, it is usually assumed that d9%r, is bounded, see Ferraty and Vieu (2008) for more
discussion.
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2.4.1 Topological considerations
Kolmogorov’s entropy

We can say that the first contribution of the topological structure of the functional space
can be viewed through the function ¢ controlling the concentration of the measure of proba-
bility of the functional variable on a small ball. Moreover, for the uniform consistency, where
the main tool is to cover a subset Sy with a finite number of balls, one introduces an other
topological concept defined as follows :

Definition 2.1 Let S be a subset of a semi-metric space F, and let ¢ > 0 be given. A finite

N

set of points x1,xo,...,x, in F is called an e-net for S if S C U B(xy,€). The quantity
k=1

log(Ne(S), where N.(S is the minimal number of open balls in F of radiuse which is necessary

to cover S, is called Kolmogorov’s e-entropy of the set S.

This concept was introduced by Kolmogorov in the mid-1950s (see, Kolmogorov and Ti-
khomirov (1959)) and it represents a measure of the complexity of a set, in sense that, high
entropy means that much information is needed to describe an element with an accuracy e.
Therefore, the choice of the topological structure (with other words, the choice of the semi-
metric) will play a crucial role when one is looking at uniform (over some subset Sz of F)
asymptotic results. More precisely, we will see thereafter that a good semi-metric can increase
the concentration of the probability measure of the functional variable X as well as minimize
the e-entropy of the subset Sr.Inanearliercontribution (see,Ferraty et al. (2006)) we highligh-
ted the phenomenon of concentration of the probability measure of the functional variable by
computing the small ball probabilities in various standard situations, see Ferraty et al. (2010)
for more discussion.

2.4.2 Conditional quantile distribution estimation

In this part we propose to study the uniform almost complete convergence of our estimator
defined above (4.3) moreover, the following assumptions are also satisfied
(A1) There exists a differentiable function ¢(-) such that Vo € S and V0 € Oy,

0 < C¢(h) < ¢px(h) < C'¢(h) < o0 and Tng >0, Y <o, ¢'(n) <C,
(A2) Y(y1,y2) € Sk X Sr,V(x1,79) € Sy X Sy and VO € Oy,
[P (0, y1,21) = F(0,y2,22)] < C (J|laz — wal|” + g1 — 1) ,
(A3) The kernel K satisfy (H3) and Lipschitz’s condition holds

|K(z) = K(y)| < Cllz —yll

(A4) For some v € (0, 1),nh_>rr01O n“h, = oo, and for r, = O (105"), the sequences d5* and
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d9* satisfy :
.+ (logn)?
@ o)

(i) > n'/?2(d5*d9*) P < oo for some 5 > 1,
n=1
(iii) ng(hn) = O ((logn)?).

(A5) There exists some integer j > 0, V(y1,y2) € Sg X Sg,V(r1,72) € Sy X Sy and
VO € Oy,

< log d* + log @ < "OUtm).
logn

[FO0, y1,21) — [0, 92, 25)| < C (Hiﬁl — " + g1 — yz|b2> , for j=0

(A6) For some v € (0, 1),7111%1{)1o n"h, = oo, and for r, = O (loi”), the sequences d5* and
d9# satisfy :

, log n)?
(4) <2j—1
(i) Y nB D2 (@51 @918 < oo for some B > 1,

(i#d) mh2-16(h,) = O ((logn)?)

nhy? = ¢ (hn)

< log dS* + log do* <
logn

Y

Remark 2.3 Hypothesis (A4)-(i) deals with topological considerations by controlling the en-
tropy of Sy. For a radius not too large, one requires that log d5*d9* is not too small and not
too large. Moreover, (A4)-(i) implies that log d5*d2* /né(h,) tends to 0 when n tends to +oo.
As remarked in Section 2, in some "usual’ cases, one has log dS*dS* ~ Clogn and (A4)-(i)
is satisfied as soon as (logn)*> = O(né(hy,)). In a different way, Assumption (A4)-(ii) acts
on the Kolmogorov’s e-entropy of Sy . However, if one considers the same particular case as
previously, it is easy to see that (A4)-(ii) is verified as soon as > 2.

So, we propose to estimate tg(y) by the estimate Z5(7) defined as (4.3) or as
F(0,%(v), ) = 7. (2.12)

To ensure existence and uniqueness of this quantile, we will assume that

(A7) F(0,-,z) is strictly increasing.

Note that, because H is a cdf satisfying (H6), such a value ty(7y) is always exists. It could
be the case that it is not unique, but if this happens all the remaining of the paper will concern
any among all the values #5(7) satisfying (2.12).

As for the mode estimation problem discussed before, the difficulty occur in estimating the
conditional quantile ty(y) is linked with the flatness of the curve of the conditional distribution
F(0,-,x) around ty(v). More precisely, we will suppose that there exists some integer j > 0
such that :

FO0,te(y),2) =0, if; 1 <1<
(A8){ and FU)(0,- x), is uniformly continuous on; Sg
such that, |F9(0,t9(v),2)| > C >0

Theorem 2.3 Under hypotheses (H5), (A1)-(A4) and (A7), we have

sup |t —t — 0, a.co. 2.13
xespfl o(V) —te(N =3 (2.13)
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Proof 2.1 (Proof of Theorem 4.3) The proof of Theorem 4.3 can be completed by the fol-
lowing lemmas.

Lemma 2.5 Under the conditions of Theorem /.3, we have

sup sup sup ‘F(97t9<’7)71’) - EF’N(Q,tg(v),x)‘ =0 (hfj) . (2.14)

0€0O 4 €Sy tESR

Lemma 2.6 Under the assumptions of Theorem /.3, we have :
~ ~ log dSFd®r
sup sup ’FD(Q,x) — EFD(O,x)‘ = Oy co. 08 %" e , (2.15)
0O z€SF ”Cb(hn)

= ~ log dS7d9F
sup sup sup ‘FN(H,tg(’}/), x) — ]EFN(Q,tg(W),x)‘ = QOpco || —F—— | - (2.16)
0€O TESy tESR ne(hn)

Corollary 2.2 Under the assumptions (A1), (A3) and (A4), we have :

> ~ 1
Z]P’( inf inf Fp(f,x) < 2) < 00
n=1

€Oy €Sy

Theorem 2.4 Under hypotheses (H9)-(H10), (A1), (A3), (A5)-(A8), we have

_ 1 log dSFd9F \ %
o) o ()

0cO F z€SF n ?Lj_lgb(hn

Corollary 2.3 Under conditions of Theorem /., we have
1.

7 log dS* + log do#
sup sup sup |F(0,tg(7y),x) — F(0,te(~),x)| = O (hf;) YO, og don + log d,’
0€Oy €Sy yESR ngb(hn)

- log dSw
F(0,to(y),2) = F(0,t6(7), 2)| = O (W) + Oaco -
sup z%%' (0.t9(7),2) — F(0,to(7), x)| ( n) + Caco. ( n¢(hn)>

Proof 2.2 (Proof of Theorem 4.4) Clearly The proofs of these two results namely the Theo-
rem 4.4 and Corollary 4.1 can be deduced from the following intermediate results which are
only uniform version of Lemma 3.5.
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Lemma 2.7 Under conditions of Theorem /./ and if

log dS* + log d9*

o0 n¢(hn) h " =

then we have :

nhi " $(hn)

0Oy €Sy YeSR

; log ds7 + log d9
sup sup sup ’F(J (0,to(),x) — F(J)(97t9(7)7x>’ :O(hf@l)-%@a_co. (\l og dor + log n]—')'

2.5 Proofs of technical lemmas

Proof of Lemma 4.6 One has

ERN0.1002).0) ~ Fi(0(2) = gt B [Z Ki(a, e)lmgw}] R (t()
)E(Kl(I, 9) {E(l{y1<t9(,y)}| < X, 0 > )

~E (ta()] ) (2.17)

=
=
8
5

where F§(-) = F(0,-,€).

Moreover, we have
E (1<t < X1,0>) = E (Lol < X160 >)
_ / H (h Yto(y) —u)) F(8,u, X,)du
- / HF O, ts(~) — hot, X1)dt.
Indeed
E (16,00 (XOF (ta(0)] < X1,0 >] = [ H@)F" (to(y) = uh)du.
Thus, we have
E (Lyicuon] < X0.0 >) = Fto(n)| < [ HO|F (ta(7) = hat) = F (ta(3)| dt.
Finally, the use of (A2) implies that
E (Lyicuonl < X1.0 >) = F(to(n)| < Co [ HE) (i + 1117 027) . (2.18)
Because this inequality is uniform on (0, y,z) € ©4 x Sy X Sg and because of (H6), (4.19)
is a direct consequence of (4.24), (2.18) and of Corollary 2.2.

OJ
Proof of Lemma 4.7
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e Concerning 2.15

For all z € Sy and 6 € Oy, we set

k(x) = argke?ll.ig }Hx — x|l and j(0) =) = argjemln 16 — ¢l

Let us consider the following decomposition

ws;}szgse%pi“FD 0,z) — (ﬁD(Q,x))’ < IIy + Iy + I3 + I1, + II5
where
I} = sup,cs,, SUPgeo,, Fp(0,7) — (Fp(0, z4(s))
Il = sup,eg,, SuPpeo,, D(ank ) — FD( 3(0)s Th(x ))’
I3 = sup,es,, SuPpeo,, AD( @) —E (FD( 3(0)s ’f(ﬂﬁ)))‘
Iy = SUD,es,, SWseoy, |E (Fp(tio): he)) — E (Fp(0, 21)) )|

Il5 = sup,cs,, SuPgeo,, |E (FD(H, T () )) (FD(H, x))‘ :
For IT; and Iy, we employe the Holder continuity condition on K, Cauchy Schwartz’s
and the Bernstein’s inequalities, we get

log d5#d9+ log d5#d9
I, = Oa co. — ) Il = Oa.co. — 2.19
1= o ( o) ) : ( o) 21

Then, by using the fact that 11, < II; and 115 < Ily, we get for n tending to infinity

log dS#dOn log dS#d9n
Iy = O, co. —1 | Iy = Og.co. — 2.20
L ( 7 () ) i ( no(In) 220

)

Now, we deal with II3, for all n > 0, we have

Say 1O
foor( 5

log dSn S
d3d9"  max max P (I >n 8T ) )
ke{l..dSHY} jefl..don) no(hy)

where T = | Fp(t(0), k) — Egﬁz)( 50 i)
Applymg Bernstein’s exponential inequality to

gb(zn) (Ki (tj(e)v Ik(x)) —E (Ki (tj(9)7xk(x))>) :

we get

Lastly the result will be easily deduced from the latter together with (2.19) and (2.20).
e Concerning 2.16

I, :Om( 1gdd)
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We keep the same notation and we use the compact of Sg, we can write that, for some,

tiyooote € Sry Sk C | (T = lny T + 1) With I, = n71/?%2 and 2,, < Cn~/*2. Taking
m=1
m(r) = arg{ 12n1n |7 — tml.

Thus, we have the following decomposition :

‘ﬁN<07t0<7)7x) —E (ﬁN(97t9(7)7$))‘ =D+ T+ I3+ 415

where R R
Iy = | En(0,t6(7), 2) = En(0,t0(3), 2o ))
Iy = ‘FN(Q,te(V),mk(x)) —E (FN (0, to(y x)))‘

I3 =2 \ﬁzv(fjw)’te(v),ﬂfk(z)) Fx(tjo). mm,ﬂ?k(x))
Ly =2 |E (Ex(tio), to(7): 7)) — E (Fw(t <>, t(r)s Th(o)) )|
F5 ’E (FN 9 tg( ) l’k(;p))) (FN (9 tg ,l’ )’

e Concerning I'y we have

‘ﬁN<97t9<7)7x) — Fn(0,to(7), T10))

<

1

1
L5 1y — Kba)————
n lzzl | {ngte(’}’)” ‘EK1(97 $) ( ’I) EKl(

Ki 9,1’ x )

we use the Holder continuity condition on K, the Cauchy-Schwartz inequality and the
Bernstein’s inequality. This allows us to get :

F(8.1002).2) = B8 t(2).31c)| < 552 3 [16(0,2) = K.
< d)c(”r”) (2.21)

e Concerning I's, the monotony of the functions EF ~N(0,-,x) and
Fn(0,-, ) permits to write, Vm < z,, Vo € Sy, V0 € Oy

EFN (6, tm(r) = bns T(a)) < sup EFy(0,t9(7), )
to (V) E(tm(r) —ln tm(r)y+in)
]EF’N(Q, tm(T) + 1, Ik(x))

<
ﬁN(97tm(T) - lnyxk(x)) < sup ﬁN(87t9<7)7‘r>
to(V)EEm(r) —lntm(r)+in)

< ﬁN(87tm(T) + lns Tio(a))-

Next, we use the Holder’s condition on F'(6, &, x) and we show that, for any &, & € Sg
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and for all x € Sy, 0 € Oy

EFy (0, &1, ) — EFy (8, &) = E (Ki(, 071 (&)

EKl .ﬁL' 0
- (Ki(#,0)F1 (&),
< Clé — &), (2.22)

Now, we have, for all n > 0

log dSw d®n
P | sup sup sup |2, —EZ,|> 08¢ O T
0€O4, £ESy to(v)ESR no(hn)
log dS» do#
P max max max |2, —EZ,|> 08 G T
Je{l.doM) ke{1..d3Hy 1SmS2 no(hn)
<
log dS+ do#
znd;f”dg” max max max P||Z, —EZ,|>n 08 % T
jef1..dOM Y ke(l...aSH} 1Sm<zn no(hy)

<

22,d5"d9% exp (—Cn?log dSHdO*
n n T] n n

where =, = Fy (0, to(7), T(z)), choosing z, = O (I;1) = O <n2’§2>, we get

log dSxd© e
E (yzn _ES,| > W) < O’z (@)

putting Cn? = 3 and using (A4), we get

log dSd9»
Ty = .co. _—en n ]
2= e ( no(h) )

e Concerning the terms I's and I'y, one can write

n

i(t(0) Th(z)) ’1{Yigt9(7)} ~ Lyictne)

2:1
Kz y Tk(z)
= nhn‘b Z 5(8)> Th( )

z:l

where YTy = FN(tj(g), to(7), Tr)) — ZA‘ﬁJ\/(ij(@), tn(r)> Th(z))-
Once again a standard exponential inequality for a sum of bounded variables allows
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us to write

Now, the fact that lim n”h, = oo and I, = n~ 12" imply that :

ln ) log dSm d9n
hn¢<hn) - n¢(hn> ’
B log dSmd9n
F3 - Oa.co. ( NW) .

Hence, for n large enough, we have

log dS+d9n
s <Iy = Oaco. —— .
. (\ no(hn) )

E (Fn(0,t0(7), Tk(w) ) —E (En (0, to(7),2)) < sup |Fn(0,to(7), ) = Fx(0,t6(7), Taa))

zESH

then

e Concerning I's, we have

Y

then following similar proof used in the study of I'y and using the same idea as for
E (FD(G, xk(x))> —E (FD(H, x)) we get, for n tending to infinity,

log dS# d9
I 1 _ n n .
5= Oaco ( no(hy,) )

Proof of Corollary 2.2 It is easy to see that,

inf inf [Fp(6,2) <1/2 = Jz €8y, 360 € Oy, such that
0€EOy TESy

U

1 —ﬁD(9,$) >1/2 = sup sup |1 —ﬁp(ﬁ,x)| > 1/2.

0€Oy xESy
We deduce from first part of Lemma 4.7 the following inequality
IP’( inf inf |Fp(0, )| < 1/2) <P|( sup sup [1— Fp(0,2)] <1/2].
€Oy TESY 0€Oy €Sy
Consequently,

> ~ 1
Z]P’( inf inf Fp(f,x) < 2) < 00
n=1

0Oy €S
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Proof of Lemma 3.6 We use again the same kind of decomposition as (4.12) :

1
F’D(H, ZL')
- (FO0.1o(7), ) ~ EFY (0. 10(1).) |

F(j)(97 t9(7)7 x)
ﬁD(G, l’)

F90,te(y), x) — FOO, te(7), z)

{ (B 0100, ) - EFQ (0. 10(7), )

{EFp(0,7) — Fp(0,2)}.  (2.23)

This proof is very similar to the one of Theorem 4.3. Firstly, we consider the bias term
FO(0,te(7), 7) — Eﬁ’](\,j)(ﬁ, to(7), z). Using the same arguments as along the proof of Lemma
4.6, replacing F(6,tg(7),x)) (resp. F(0,te(7), x)) with FU(8,t4(7),z) (resp. FD (0, ty(7), x))
and considering in addition hypotheses (H4), (H5), (H9) and (A5) we get :

FO(0,t9(v),x) —EEQ (0, tg(v),z) = O (hl}). (2.24)

Indeed, let H;j)(tg(v)) = HY (h;'(ty(vy) — Y;)), note that
U, (0,y,2) = WE(Kl(x 9) {E (H (to(7))] < X,0 >)
n ’ ) EK]_ (ﬂ'), 6) ’ ?

). (2.25)

where W,,(8, t4(7), z) = EFY (8, t4(7), 2) — FO(8,15(7), ).
Moreover,

R

E (H (to(7))] < X,0 >) = / HO (b, (to(y) — 2)) (6,2, X1)dz,

= SR [EO (1 )~ 2)
=1

“+o00

F(l)<97 2 Xl)

— 00

4 opi /R HO (h (to(7) — 2)) FY(6, 2, X1)d=.  (2.26)

Condition (HS8) allows us to cancel the first term in the right side of (2.26) and we can
write :

E (HP (to(1)| < X0 >) = i P90, 19(7), z)|
<
[ HOW [FO0,t0(7) = hat, X1) = FO0,1(7), 2)] d.
R
Finally, (A5) allows to write
B (HP (ts(7)| < X,0 >) = BP0, t9(7), )|

<
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Cyhid /R H(t) (B + (|th,)'™ ) dt.

because this last inequality is uniform on (6, %5(7), x) € O3 X Sy X Sg, the use of now to finish
the proof it is sufficient to use (H5).

Now, we focus on the term ﬁ](vj)(ﬁ,tg(v),x) - Eﬁ](vj)(e,tg(fy),x). To get the asymptotic
behavior of this quantity, we follow the framework of the proof of Lemma 4.7. To do that, once
again replace F(0,t(7),z)) (resp. F(6,to(v), z)) with FO(0,t9(7), z) (resp. FD (0, t4(v), z)).
Note that (H9), (H10) and (A6) allow to show that

E (HO (b, (to(y) = Yi)) HD (hy, (te(7) — Yi)|(Xi, Xir)) = O(h2),
while (A1) and (A5) imply that
E(HY (b, (ts(7) = Y2))| < X;,0 >) = O(hn).

Consider the following decomposition

[EQ(0,t0(7),7) = E (FP(0,t0(),2))| = At + Do+ Ay + Ay + A,

Ay =2|E (FY (ti0), to(7): 7)) — E (FR (tj0), e Ta) )|
A5 =[E (BP0, to(7), 212)) — E (FQ (0, 10(7), )|
e concerning Aj, Ay and Aj the same arguments as those invoked in (2.21) are used ; of
which by substituting by HY) and we apply the Lipschitz condition (H65) and (H9).
This allows us to get :
Cr,
= hho(hn)’

note that (A6) and so, for n large enough, we have

nh " d(ha)

Then using the fact that A5 < Ay, we obtain

Al — Oa.co. ( log dgﬂid’r(?ﬂ ) .

(2.27)

As <A :Oaco. i—
o (n T (hn)

log dSndSn )

For A,, we follow the same idea given for I'y, we get for a choice to z, < C’n’%”’%,

AQZ%( 1gdd)

nhi ' ¢(hy)
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Concerning Az and Ay, using Lipschitz’s condition on the kernel H,

£0)) £0)) L
X (45601, v wv)) = BN (L) Yt )| < W ()

using the fact that lim n”h, = oo and choosing [,, = n-3v"3 implies

Ln _, log dS* + log d9#
i o (hn) nhy " '¢(h,) )

So, for n large enough, we have

log dS# d®n
AB = Oa.co. % )
i ¢<hn>

and as Ay < Az, we obtain

(2.28)

log dS»d9n
A4 S A?, = Oa.co. % :
nhi Cb(hn)

Finally, the result can be easily deduced from (2.27) and (2.28).
0

2.6 Concluding Remarks

Single-index models and varying coefficient models are powerful tools for dimension reduc-
tion and semi-parametric modeling because they can effectively avoid "curse of dimensionality".
Both models largely relax some restrictive assumptions on linear and nonparametric models.
Specially, the single-index model is usually treated as the first step of the famous projection
pursuit regression. The single-index model has also been extensively used in the projection
pursuit regression,

For example, firstly the motivation of this model also comes from an analysis of environ-
mental data, consisting of daily measurement of pollutants and other environment factors.
Of interest is to examine the association between the levels of pollutants, two environment
factors (temperature and relative humidity) and the total number of daily hospital admissions
for respiratory problems.

Secondly, single-index models cannot reflect the additivity of covariates, while the perfor-
mance of varying coefficient models can be poor if the varying coefficient contains moderate
or high dimensional covariates.

In standard multivariate regression, the single-index model is a good compromise bet-
ween nonparametric and parametric regression models when one wishes to regress a response
variable on several real-valued explanatory ones. It assumes the existence of a latent one-
dimensional explanatory variable which allows us to explain the response through a nonpara-
metric regression model.

In addition, the latent explanatory variable is supposed to be a linear combination of the
explanatory variables. The vector of the linear combination is called "single index". Such models
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are useful tools for interpreting some situations. This is particularly the case in econometrics
where single-index models and various extensions have been intensively studied.

Single-index models, or projection pursuit regression, have proven to be an efficient way
of coping with the high-dimensional problem in nonparametric regressions (see, e.g., Hall
(1989) ; Ichimura (1993)). The idea is restricting the general multivariate regression function
to a special form.

For the functional single-index models, the literature is closely limited, and only a few
theoretical results have been obtained until now.

For the past two decades, the single-index model, a special case of projection pursuit
regression, has proven to be an efficient way of coping with the high dimensional problem
in nonparametric regression. Here we deal with single index modeling when the explanatory
variable is functional. More precisely, we consider the problem of estimating the conditional
density of a real variable Y given a functional variable X when the explanation of ¥ given X
is done through its projection on one functional direction.

The single-index approach is widely applied in econometrics as a reasonable compromise
between nonparametric and parametric models. Such kind of modelization is intensively stu-
died in the multivariate case. Without pretend to exhaustivity.

In practice, this study has great importance, because, it permit us to construct a prediction
method based on the conditional mode estimator. Moreover, in the case where the functional
single index is unknown, our estimate can be used to estimate this parameter via the pseudo-
maximum likelihood estimation method. Noting that the estimation of the functional single-
index has great interest on the semi-metric choice in nonparametric functional data analysis
but it has been not attacked in this paper.

In this article, we examine conditional quantile estimation in the single functional index
model for independent functional data. The asymptotic properties such as pointwise almost
complete consistency and the uniform almost complete convergence of the kernel estimator
with rate are presented under some mild conditions. Although a-mixing is reasonably weak
among various weak dependence process and has many practical applications such as in time
series prediction, we also address other dependence settings such as long memory dependence
functional data (see Benhenni et al. 2008). In this case, the asymptotic properties of the
estimation of successive derivatives of the conditional density function, conditional hazard
function, conditional distribution function and conditional quantile in the single functional
index model have been investigated in our other works.

The goal of this work is to contribute to the functional data literature by studying some
classes of semi-parametric models. Note that such models are important in the statistical
and econometric modelization, due to its flexibility for dimension reduction, it provides the
best new ways to investigate problems in substantive economics (see Horowitz 2009). As a
particular case, the single-index model has proven useful in providing an optimal approach to
compromise between nonparametric and parametric models.

Single-index models when the explanatory variable is an element of a finite-dimensional
space have been studied extensively in both statistical and econometric literatures, we quote,
for instance, Hérdle et al. (1993), Horowitz (1996), Hristache et al. (2001,2001b) and Delecroix
et al. (2003).

For the functional single-index models, the literature is closely limited, and only a few
theoretical results have been obtained until now. The first asymptotic properties in the fixed
functional single-model were obtained by Ferraty et al. (2003). They established the almost
complete convergence, in the i.i.d. case, of the link regression function of this model. Their
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results were extended to the dependent case by Ait Saidi et al. (2005). Where the functional
single-index is unknown, Ait Saidi et al. (2008) proposed an estimator of this parameter, based
on the cross-validation procedure. Newly, Ferraty and Park (2011) proposed a new estimator
of the single index based on the idea of functional derivative estimation.

2.6.1 About the Functional Single Index Estimate

Among the interest of our study is to show how the conditional density estimate can be
used to derive an estimate of the functional single index if the latter is unknown. The leave-
out-one-curve cross-validation procedure was adapted by Ait Saidi et al. (2008) to estimate
the single index. Newly, Hall and Miiller (2005) proposed a method for estimating functional
derivatives and Ferraty and Park (2011) adopted this technique to estimate the parameter 6.
Alternatively, this parameter can be estimated via the pseudo-maximum likelihood method
which is based on the preliminary estimation of the conditional density of Y given X by

0 = arg Hmax L(0)

where

n
L(0) =Y log £(8, Vi, Xy,).
k=1

Note that, this method has been studied by Delecroix et al. (2003) in the real case where
they showed that this technique has minimal variance among all estimators. The asymptotic
optimality of this procedure in functional statistic, is an important prospect of the present
work.

As an application, this approach can be used for answering the semi-metric choice question.
Indeed, it is well known that, in nonparametric functional statistic, the projection-type semi-
metric is very important for increasing the concentration property. The functional index model
is a particular case of this family of semi-metric, because it is based on the projection on
one functional direction. So, the estimation procedures of this direction permit us to compute
adaptive semi-metrics in the general context of nonparametric functional data analysis. Finally,
the theoretical justification and practice should be established.
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Abstract. The main objective of this paper is to estimate non-parametrically the quantiles
of a conditional distribution when the sample is considered as an a-mixing sequence. First of
all, a kernel type estimator for the conditional cumulative distribution function (cond-cdf)
is introduced. Afterwards, we give an estimation of the quantiles by inverting this estimated
cond-cdf, the asymptotic properties are stated when the observations are linked with a single-
index structure. The pointwise almost complete convergence and the uniform almost complete
convergence (with rate) of the kernel estimate of this model are established. This approach can
be applied in time series analysis. For that, the whole observed time series has to be split into
a set of functional data, and the functional conditional quantile approach can be employed both
in foreseeing and building confidence prediction bands.
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3.1 Introduction

Estimating quantiles of any distribution is a substantial part of Statistics, it guaranties to
build confidence ranges deriving many applications in numerous fields, chemistry, geophysics,
medicine, meteorology,.... Furthermore, Statistics for functional random variables become pro-
gressively important, the latest literature in this domain presents the great potential of these
functional statistical methods. The most famous case of functional random variable corres-
ponds to the situation when we observe random curve on different statistical units. Such data
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are called Functional Data. Numerous multivariate statistical technics, mainly parametric in
the functional model terminology, have been extended to functional data and good analysis
on this area can be found in Ramsay and Silverman (1997 and 2002) or Bosq (2000). Lately,
nonparametric methods considering functional variables have been grown with very interesting
practical motivations dealing with environmetrics, (see Damon and Guillas (2002), Fernédndez
et al. (2005), Aneiros et al. (2004)), chemometrics (see Ferraty and Vieu (2002)), meteoro-
logical sciences (see Besse et al. (2000), Hall and Heckman (hall2002)), speech recognization
problem (see Ferraty and Vieu (2003)), radar range profile (see Hall et al. (2001), Dabo-Niang
et al. (2004)), medical data (see Gasser et al. (1998)), ... Moreover, forecasting techniques
cover a big part of the statistical problems. Because a continuous time series can be seen as
a sequence of dependent functional random variables, the above mentioned functional metho-
dology can be used for time-series forecasting (see for instance Ferraty et al., (2002), for a
functional forecasting approach of time-series based on conditional expectation estimation).
This article suggests to bring together the three former statistical aspects in order to derive
a method for estimating conditional quantiles in situation when the data are both dependent
and of functional nature. In particular, we focus on the nonparametric estimation of the condi-
tional quantiles of a real random variable given a functional random variable under mixing
assumption. We start by estimating the conditional distribution by means of a kernel estima-
tor and we derive an estimate of the conditional quantiles (see Section 2). From a theoretical
point of view, a crucial problem is linked with the so-called curse of dimensionality. Actually,
in a nonparametric context, it is well known that the rate of convergence decreases with the
dimension of the space in which the conditional variable is valued. But here, the conditional
variable takes its values in an infinite dimensional space. One way to override this problem
is to consider some concentration hypotheses acting on the distribution of the functional va-
riable which allows to obtain asymptotic properties of our kernel estimates (see Section 3).
This approach is used to derive a new method to forecast time series.

3.1.1 On the problematic of single index models

For several years, a increasing interest is worn to models which incorporating of both the
parts parametric and nonparametric. Such models type are called semi-parametric model.
This consideration is due primarily to problems due to poor specification of some models.
Tackle a problem of mis-specification semiparametric way consists in not specify the functional
form of some model components. This approach complete those non-parametric models, which
can not be useful in small samples, or with a large number of variables. As example, in
the classical regression case, the important parameter whose one assumed existence is the
regression function of ¥ knowing the covariate X, denoted r(z) = E(Y|X = z), X,Y € R?xR.
For this model, the non-parametric method considers only regularity assumptions on the
function r. Obviously, this method has some drawbacks. One can cite the problem of curse
of dimensionality. This problem appears when the number of regressors d increases, the rate
of convergence of the nonparametric estimator r which is supposed k times differentiable is
O(n~k/?k+d) deteriorate. The second drawback is the lack of means to quantify the effect of
each explanatory variable. To alleviate in these drawbacks, an alternative approach is naturally
provided by the semi-parametric model which supposes the introduction of a parameter on
the regressors, by writing than the regression function is of the form

Eo(Y|X)=E(Y| < X,0 >=x),
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The models defined are known in the literature as the single-index models.

These models allow to obtain a compromise between parametric models, generally too
restrictive and nonparametric model where the rate of convergence of the estimators deterio-
rate quickly in the presence of a large number of explanatory variables. In this area, different
types of models have been studied in the literature : amongst the most famous, there may
be mentioned additive models, partially linear models or single index models. The idea of
these models, in the case of estimating the conditional density or regression consists in bring
to the covariates a dimension in smaller than dimension of the space variable, thus allowing
overcome the problem of curse of dimensionality. For example, for example, in the partially
linear model, we decompose the quantity to be estimated, into a linear part and a functional
part. This latter quantity does not pose estimation problem since it’s expressed as a func-
tion of explanatory variables of finite dimension, thus avoiding the problems associated with
curse of dimensionality. in order to treat the problem of curse of dimensionality in the case
chronologies series, several semi-parametric approaches have been proposed. Without pretend
to exhaustively, we quote for example : Xia and An (2002) for the index model. A general
presentation of this type of model is given in Ichimura et al. (1993) where the convergence
and asymptotic normality are obtained. In the case of M-estimators, Delecroix et al. (1999)
proves the consistency and asymptotic normality of the estimate the index and they study it’s
effectiveness. The statistical literature on these methods is rich, quote Huber (1985) and Hall
(1989) present an estimation method which consists projecting the density and the regression
function on a space of dimension one, to bring a non-parametric estimation for dimensional
covariates. This amounts exactly to estimate these functions in a single index model. Attaoui
et al. (2011) have established the pointwise and the uniform almost complete convergence
(with the rate) of the kernel estimate of this model. The interest of their study is to show
how the estimate of the conditional density can be used to obtain an estimate of the simple
functional index if the latter is unknown. More precisely, this parameter can be estimated by
pseudo-maximum likelihood method which is based the preliminary estimate of the conditio-
nal density. recently Bouchentouf et al. (2014) have established the pointwise almost complete
convergence and the uniform almost complete convergence (with the rate) of some characte-
ristics of the conditional distribution and the successive derivatives of the conditional density
when the observations are linked with a single-index structure and they are applied to the
estimations of the conditional mode and conditional quantiles.

The single-index approach is widely applied in econometrics as a reasonable compromise
between nonparametric and parametric models. Such kind of modelization is intensively stu-
died in the multivariate case. Without pretend to exhaustivity, we quote for example Hérdle
et al. (1993), Hristache et al. (2001). Based on the regression function, Delecroix et al. (2003)
studied the estimation of the single-index and established some asymptotic properties. The
literature is strictly limited in the case where the explanatory variable is functional (that is
a curve). The first asymptotic properties in the fixed functional single-model were obtained
by Ferraty et al. (2003). They established the almost complete convergence, in the i.i.d. case,
of the link regression function of this model. Their results were extended to dependent case
by Ait Saidi et al. (2005). Ait Saidi et al. (2008) studied the case where the functional single-
index is unknown. They proposed an estimator of this parameter, based on the cross-validation
procedure.
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3.2 The model and the estimates

3.2.1 The functional nonparametric framework

Consider a random pair (X,Y") with values in H x R, where H is a separable real Hilbert
space with the norm | - || generated by an inner product < -,- >. Let (X;,Y;);=1._» be the
statistical sample of pairs which are identically distributed like (X,Y’), but not necessarily
independent. Henceforward, X is called functional random variable f.r.v. . We consider the
semi-metric dy, associated to the single-index 6 € H defined by Va1, 29 € H : dy(x1,29) =
|< 21 — 29,0 >|. Under such topological structure and for a fixed functional 6§, we suppose
that the conditional cumulative distribution function (cond-cdf) of Y given X = = denoted by
F(|z) exists and is given by :

Yy e R, Fy(y|lz) = F(y| <z,0 >)=F(0,y,2) =P(Y <y| < X,0 >=<z,0 >).

By considering the same conditions of Ferraty et al. (2003) on the regression operator,
the identifiability of the model is assumed. More precisely we suppose that f is differentiable
with respect to (w.r.t) x and 6 such that < 0,e; >= 1, where e; is the first eigenvector of an
orthonormal basis of the space H. Clearly, we have for all x € H

Fl(‘ < x,b >) :F2(| <z, >) = F, = I, and 0, = 0,.

In what follows, we denote by F(0, -, z) the conditional distribution of Y given < 6,z >.

Saying that, we are implicitly assuming the existence of a regular version for the conditional
distribution of Y given < 6,z >. Now, let ¢, be the v-order quantile of the distribution of Y’
given < 0, X >=< 6,2 >. From the cond-cdf F(0,-,x), the general definition of the ~y-order
quantile is given as :

to(y) =inf{t e R: F(0,t,x) >}, Yy € (0,1).

In order to simplify our framework and to focus on the main interest of our paper (the func-
tional feature of < 6, X >), we assume that F'(f, ., x) is strictly increasing and continuous in
a neighborhood of ¢,. This is insuring that the conditional quantile ¢., is uniquely defined by :

te(’}/) = F_I(Q,*Y,ZE). (31)

Next, in all what follows, we assume only smoothness restrictions for the cond-cdf F(6,.,x)
through nonparametric modelling (Section 2.4). We suppose also that (X, Y;);en is an a-mixing
sequence, which is one among the most general mixing structures. The a-mixing condition
together with the functional approach allow to deal with continuous time processes (see Section
4 for instance).

Recall that a process (X;,Y;);>1 is called a-mixing or strongly mixing (see Lin and Lu
(1996)) for more details and examples), if

sup sup |[P(ANB)—-P(A)P(B)| =a(n) -0 as n — oo,

AeFlk BEFT,

where F7 is the o-field generated by X, ..., X -

1
In our infinite dimensional purpose, we use the terminology functional nonparametric,

where the word functional referees to the infinite dimensionality of the data and where the
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word nonparametric referees to the infinite dimensionality of the model. Such functional non-
parametric statistics is also called doubly infinite dimensional (see Ferraty and Vieu (2003b),
for more details). We also use the terminology operatorial statistics since the target object to
be estimated (the cond-cdf F(6,.,x)) can be viewed as a nonlinear operator.

3.2.2 The estimators

The kernel estimator ﬁ(@, x) of F(0,., ) is presented as follows :

R iK<hK1(<x_X¢,9 >))H(h§1(y—y;))
F(0,y,a) = "=

(3.2)

n Y

S K (hi(<z = Xi,0 >))

i=1

where K is a kernel function, H a cumulative distribution function and hx = hg, (resp.
hy = hu,) a sequence of positive real numbers. Note that using similar ideas, Roussas (1969)
introduced some related estimates but in the special case when X is real, while Samanta (1989)
produced previous asymptotic study.

As a by-product of ((4.1)) and ((4.2)), it is easy to derive an estimator ¢, of ¢,

to(y) = F7'(6,7,). (3.3)

Such an estimator is unique as soon as H is an increasing continuous function. Such an
approach has been largely used in the case where the variable X is of finite dimension (see e.g
Whang and Zhao, (1999), Cai (2002), Zhou and Liang (2003) or Gannoun et al. (2003)).

3.2.3 Assumptions on the functional variable

Let N, be a fixed neighborhood of = and let B(x, hx) be the ball of center z and radius
hi, namely By(z,hx) ={z € H/0 < | <x — 2,0 > | < hi}. Then, let’s consider the following
hypotheses :

(HO) P(X S Bg(l‘, hk)) = Qﬁg,z(hk) > 0, Cbe,x(hk) —0as hg —0

(H1) (X;,Y;)ien is an a-mixing sequence whose the coefficients of mixture verify :

Ja> (5+V17)/2, e >0: VneN, a(n) <cn

(o (hic)) 0

nl/a

1#]
e (HO) can be interpreted as a concentration hypothesis acting on the distribution of the f.r.v.
X, while (H2) concerns the behavior of the joint distribution of the pairs (X;, X;). Indeed,
this hypothesis is equivalent to assume that, for n large enough

(HQ) 0< supIP’((Xi,Xj) € Bg(l‘, hk) X B@([E,hk)) =0 (

sup P ((X;, X;) € By(x, hi) x By(z, hi))

i#] gb@,;ﬂ(hl() l/a
P(X € Bg(fE,hK)) ¢ < n ) .

This is one way to control the local asymptotic ratio between the joint distribution and
its margin. Remark that the upper bound increases with a. In other words, the stronger the
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dependence, more restrictive is (H2). The hypothesis (H1) specifies the asymptotic behavior
of the a-mixing coefficients.

3.2.4 The nonparametric model

As usually in nonparametric estimation, we suppose that the cond-cdf F(0,.,x) verifies
some smoothness constraints. Let b; and by, be two positive numbers ; such that :
(H3) V(w1,72) € Nox N, V1, 92) € SE, [F(0,y1,21) = F (6, 42, 72)| < Coe (121 — 2ol + 91 — v2l*?),
(H4) F(0,.,z) is j-times continuously differentiable in some neighborhood of t4(7),
(H5) V(z1,72) € Ny X Ny, V(y1,y2) € S3,

IFO(0, y1, 1) — FO(8, 2, 22)| < Coa <||:z:1 — To||” + |y1 — ?/2|b2) ;

O'F(9,y,)

Ay’ y_z)'
Let’s note that (H3) is used for the proof of the the almost complete convergence of fy(7)
whereas (H4) and (H5) are needed to establish the rate of convergence.

where, for any positive integer I, F (8, z, z) denotes its [th derivative (i.e.

3.2.5 Comment and Remarks

1. Remarks on the Assumptions : Our conditions are very standard in this context. Assump-
tion (HO) characterizes the probability measure concentration of the functional variable
on small balls, it is the basic condition used in the majority of the existing works dealing
with this kind of variable. In our work we consider a single index topological structure
when the concentration of measure changes a little. More precisely the quantity in (HO)
can be written as P (| <z — X,0 > | < hg) = ¢ (hi). The regularity of the functional
space of our model is controlled by mean of condition (H3) and is needed to evaluate the
bias of estimation. In order to establish the almost complete convergence rate of our mo-
del under the ?-mixing hypothesis, we need to the assumption (H2), that described the
asymptotic behavior of the joint distribution of the couple (X;, X;). Nothing that, the
asymptotic expression imposed in (H2) was obtained as n go to infinity by the following
equivalent :

The assumption (H2) can be seen differently, based on the idea of maximum concen-
tration between the quantities P (X; € By(z, hk)) and P (X; € By(z, hi)) (see Ferraty
et al. (2005)). The rest assumptions are the technical conditions imposed for brevity of
proofs.

2. Remarks on the single index : It is well known that one of the main advantages of the
single index model is its ability to deal with the problem of high dimensional data.
A straightforward example is the optimal convergence rate of type O (n_Qq/ (2q+p)) for
the estimation of a g-times differentiable regression function, this rate goes to zero dra-
matically slowly if ¢ is small compared to the dimension p of the explanatory variable
(X € RP). In this regard, Gaiffas and Lecué (2007) showed that the optimal rate of

convergence of regression function in the single index model, is of order O (n_Qq/ (2q+1))
(rather than O (n_zq/ (2q+p)) ). The same idea was adopted in the abstract metric spaces

by the choice of the semi-metric increasing the probability measure concentration of the
explanatory variable in small balls (see Ferraty et al. (2006)), Section 13.2). Among these
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family of semi-metric, one can consider the semi-metric induced by the functional single
index estimate.

3.3 Asymptotic study

This part of paper is devoted, to the theoretical analysis, we start it by giving the almost
complete convergence (a.co.) of the estimated conditional quantile Z5(7). After that, we will
focus on the rate of convergence. Concerning the notations, as soon as possible, C' and C" will
denote generic constants. Moreover, from now on, hy (resp. hg) is a sequence which tends to
0 with n.

3.3.1 Pointwise almost complete convergence

Let’s begin with the statement of an almost complete convergence property '. To this end,
we need some assumptions concerning the kernel estimator F'(0, ., x) :
(H6) The restriction of H to the set {u € R, H(u) € (0,1)} is a strictly increasing function,

(H7) Y(y1,y2) € R%, [H(y1) — H(y2)| < Clyr — y2| and / [t H W (t)dt < oo,

where, for all € N*, HO(t) = 22|
.

(H8) K is a positive bounded function with support [—1, 1] such that Yu € (0,1) 0 <
K(u),
1
(HO) ogn

n¢9,z(hK) njoo ’

(H10) (X;,Y;) for i = 1,...,n are strongly mixing with arithmetic coefficient of order
a > 1, and 36 > 2 such that
(i) st — (n_ﬁ) for 1 =0,1,2;

n,l

(ii) s;(kaﬂ) =0 (nfﬁ) for k =3,4,5,6,7;

Remark 3.1 e (H7) insures the existence of to(7), while (H6) insures its unicity.

e (H0)-(H5) and (H8) are standard assumptions for the distribution conditional estimation in
single functional index model, which have been adopted by Bouchentouf et al. (2014) for i.i.d
case.

e (H9) is a technical condition for our results. @ (H10) is similar to that appeared in Ferraty
and Vieu (2006), it shows the influence of covariance structure on the convergence rate. Here,
Sny and s, will be defined bellow.

Theorem 3.1 Put s, = max{s,0;sn1}, and suppose that either (H10)- (i) is satisfied together
with hypotheses (H0)-(H3) and (H6)-(H9), thus we have :

to(y) — to(v) = 05 aco. (3.4)

Proof 3.1 (Proof of Theorem 4.1) The proof is based on the pointwise convergence of
F(0,.,x) at te(y) - ~
F(0,to(y),x) — F(0,tg(7),x) 7 0 a-co. (3.5)

1. Recall that a sequence (T},),en of random variables is said to converge a.co. to some variable T, if for
any € > 0, we have Z]P’(|Tn —T| > €) < oo. Note this type of convergence implies both the almost-sure
n>1
convergence and the convergence in probability (see for instance Bosq and Lecoutre, (1987)).
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Where the proof of the latter follows directly from Lemmas 5.1 and 5.2 which will be given

below.
First of all, let’s note that because of (H6) and (H7), F(6,.,x) is a continuous and strictly

increasing function. So, we have :
Ve >0, 30(e) > 0,Yy, |F(0,y,2) — F (0,t9(7), )| < 8(e) = |y — to(7)] < e.

This leads us to write

VAN

P (|F(0,%0(7),z) — F(0,ts(), )| > d(e))
= P(IF (0, t0(+),2) = F(0,15(7),2)] = 6(e)),

Ve >0, 30(e) > 0, P (|t(7) —to(7)| > €)

since (4.3) is implying that F(0,%9(),z) = v = F(0,t9(7), x).
Consider now, fori1=1,...,n, the following notations :

Ki(f,2) = K(h (< x = X;,0 =), Hi(to(v) = H (hi' (te(v) = V) ,

Fn(0,to(7), ) = miKi(Q,x)Hi(tg(v)) and Fp(0,z) = E(Ki(mlfgl(i(&x)).

By using the following decomposition

F(0,t(7),x) — F(0,to(y),7) = F’D(lex) {(AN(Q’tG(V)’x) B EﬁN(Q’te(V)’x))}
. AD<19 5 {(FO.t002).2) ~EF(0.to(2). )}
+F g; ee(’yx);x) {]EﬁD(Q,fE) _ ﬁ’D(Q’x)}’ (3.6)

570 = z”: z": |Cov (Ai(z,0),Aj(x,0))|

ZZ Cov (A, 0)H, (1)) . A (o, 0)H, (24(1)|

K(hg'(<z—X;,0>))
EK (9 x)
Lemma 3.1 Under the conditions of Theorem (HO0)-(H3) and (H6)-(H9), we have

where A;(x,0) =

. Let now present the following lemmas

[F(8.t9(7). 2) = EFx(6,to(7), 2)| = O () + O (1) (3.7)

Lemma 3.2 Under the assumptions of Theorem 4.1, we have :

. . \/s20logn
Z) FD(QNI) - EFD<97 :U) = Oa.co. I

n

. . \/s2 1 logn
i) Fn(0,to(7),2) — EEy(0,t0(7),2) = Opo, (1g) .

n
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The proof of these two lemmas will be done in the same manner as it was given in in Ferraty
et al. (2005), (since they are a special case of the Lemmas 3.2 and 3.3), the reader may also
refer to Ferraty and Vieu (2006). It suffices to replace F(t|x) (resp. F(t,|z)) by F(0,ts(y), z)
(resp. F(0,t9(7), x)), and Fp(x), (resp. Fp(x)) by Fp(0, ) (resp. Fp(,z)) with d(x1, 25) =<
xr1 — Tog, 0> .

3.3.2 Pointwise almost complete rate of convergence

In this section we study the rate of convergence? of our conditional quantile estimator f,y.
Because this kind of result is stronger than the previous one, we have to introduce some addi-
tional assumptions. As it is usual in conditional quantiles estimation, the rate of convergence
can be linked with the flatness of the cond-cdf F(.|z) around the conditional quantile ty(7).
This is one reason why we introduced hypotheses (H4) and (H5). But a complementary way
to take into account this local shape constraint is to suppose that :

(H11) 35 >0, ¥I, 1 <1< j, FO(0,t9(7),2) = 0 and |FO(0,t5(), )| > 0.

Because we focus on the local behavior of F(6,.,z) around t4(7y) via its derivatives, that leads
us to consider the successive derivatives of F (0,.,x) and subsequently some assumptions on
the successive derivatives of the cumulative kernel H :

(H12) The support of H) is compact and VI > j, H® exists and is bounded.

(H13) Vi # ¢, the conditional density of (Y;,Y}/) given (< X;,0 >, < X/, 0 >) is continuous

at (to(7),te(7))-

Theorem 3.2 Put s, = max{s,o; Sn1}, and assume that either (H10)-(i) is satisfied together
with hypotheses (HO0)-(H9) and (H11)-(H13), we have

to(7) — to(y) = O <(h§’} + h‘ﬁ)l> + Qoo ((si logn> ) . (3.8)

n2

Proof 3.2 (Proof of Theorem 4.2) The proof is based on the Taylor expansion ofﬁ’(é, HT)
at te(7y) and on the use of (H10) :

o (to(v) — (7)) (to(7) — fo(7))’

Fto().) = F (0.0().2) = 3 POt (), a) + 2 PO tl),
= J: (to(~) ;!tg(’}/))l (ﬁ(l)(to(’ﬂ, T) — F(l)(te(V), :E))
+ (t9(7> — ZH(V))j ﬁ(])(t2|$),

j!
where, for all y € R,

hi ST K (hi (< @ — Xi,0 >)HO (hi(y — V)
ﬁ(])(e,y,m) - =1 n ’
SN K(hg(<z—X;,0>))

=1

2. Recall that a sequence (T, )nen of random variables is said to be of order of complete convergence u,,,
if there exists some ¢ > 0 for which Z P(|T,| > eupn) < oo. This is denoted by T, = Og.co.(tn),. (or

ngeql
equivalently by T;, = Oq.co.(Un))
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and where min(tg(7),te(y)) <ty < max(te(7),te(v)). Suppose now that we have the following
result.

Lemma 3.3 Put s}, = max{s,o; Sn2}, and assume that either (H10)-(ii) is satisfied together
with under conditions (H0)-(H8) and (H11)-(H12) and if

) logn
Jim s
nhy~ ¢p.(hi)

— 07
then we have :

o . \/s*%logn
F(J)(Q,tg(’y),l’) - F(])(97t9(7)7x>| =0 (hl}é + hl};) + Oa.co. (ng) )

n
where 525 = 33" |Cov (hy! Ag(w, ) H (to(7)) , bt s, 0)H (te()))|
i=1 j=1
Because of Theorem /.1, Lemma 5.3 and (H10), we have :

RO (9. ¢ ., PO
FY(0,ty, x) . FY9(0,tg(v),z) > 0, a.co.,
then we derive

(to(y) — (7)) = O(F(0,ts(7),x) — F(0,ts(), )

+0 (]Zosm) — (M) (FDO,t9(v), x) — FOB,t(7), x))) | a.c(3.9)

=1

Now, comparing the convergence rates given in Lemmas 5.2 and 3.3, we get

(to(v) = 1s(7)) = O (F(ts(7),7) = F(0,to(7),x)) , a.co.

Thus, Lemmas 3.1 and 3.2 allow us to get the claimed result. The proof of Lemma 3.3 will
be given in the same manner as it was done in Ferraty et al (2005) ( they are a special case
of the Lemmas 3.5). It suffices to replace FU)(t,|x) (resp. FU(t,|z)) by FD (0, t4(7y), x) (resp.
FUN0,t9(7), 7)), with d(x1,19) =< a1 — 79,0 > . The proof of these latter will be given briefly
in the appendiz.

3.4 Uniform almost complete convergence and rate of
convergence

In this section we derive the uniform version of Theorem 4.1 and Theorem 4.2. The study of
the uniform consistency is a crucial tool for studying the asymptotic properties of all estimates
of the functional index if is unknown. In the multivariate case, the uniform consistency is a
standard extension of the pointwise one, nevertheless, in the studied case, it requires some
additional tools and topological conditions (see Ferraty et al. (2010)). Consequently, coupled
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with the conditions introduced antecedently, we need the following ones. Firstly, consider

o N
Su C |J Bolay,rn) and Oy C | Bo(Om,7n) (3.10)
k=1 m=1

with @y, (resp. 0;) € H and r,,dS*,d9* are sequences of positive real numbers which tend to

infinity as n goes to infinity and suppose that d5*, d* are the minimal numbers of open balls
with radius r, in H, which are required to cover Sy and Oy.

3.4.1 Conditional quantile distribution estimation

In this subpart we propose to study the uniform almost complete convergence of our
estimator (4.3), to this end, we need to state the following assumptions
(A1) There exists a differentiable function ¢(-) such that Vo € Sy and V0 € Oy,

0 < C¢(h) < ¢pa(h) < C'¢(h) < oo and Iy >0, Vi <no, ¢'(n) <C,
(A2) Y(y1,y2) € Sk X S, V(x1,x3) € Sy X Sy and VO € Oy,
[F(0,y1,21) = F(0,2,22)] < C (J|lay — wal|” + g1 — 1) ,
(A3) The kernel K satisfy (H3) and Lipschitz’s condition holds

|K(z) — K(y)| < Cllz —yll,

(A4) For some v € (0, 1),7111_{130 n"hyg = oo, and for r, = O (105"), the sequences dS* and
do* satisfy :

. (log n)2 S o TL(ﬁ(hK)
1 da: + 1 d’™
Z) n [(h ) < log n oga, < 1 )

(17) Z nt/22 (@1 91 )P < oo for some > 1,
(i) () = O ((logn)?) .
(A5) V(yl,yg) € Sg X SR,V(LEl,l’Q) € SH X SH and VO € @H,

[FO0, y1,20) — FO(0,y2,22)] < C ([lzr — 2" + |yn — wel”)

(A6) For some v € (0,1), lim n"hp = oo, and for r, = O (bg") the sequences dS* and
d9# satisfy :

- (logn)? S O nhigilqﬁ(hK)
(Z) W < lOgdn +10gdn < T,
(ii) nhi ' p(hx) = O ((logn)?)

And let

S =22 |Cov (A, Aj)|, spy =3 > |Cov ()

i=1j=1 i=1j=1
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872175 = i i ‘COU (A, (mk(x), em(g)) ,Aj (:Ek(x), Hm(g))) s 831,6 = i i |COU (Pi, F])|

i=1 =1 i=1j=1

n7—ZZ’C’ov( i ,Fy)‘

=1 j=1

where

1
Ai(z,0) = WlBg(;B,h)UBg(a:k(x),h) (Xi),

1
Q;(x,0) = 7thb(hK) lBe(zk<z),h)uB9m(9) (@h(z)sh) (X)),

K (h[_(l < Ti(z) — X, em(g) >>
EK (hl_(l < Tg(z) — X, Qm(g) >) 7

A (ivk(x), 9m(9)) =

B K (h;(l < Tp(z) — X, Qm(g) >) 3
T (il < 10— Yoo ) H (hy(t, = Y))
E ( K (hf(l < Ti(z) — Xi,em(g) >>

N
T (T oy H (h3'(t, YJ))

1 K (h[_(-l < Ti(z) — Xi,em(g) >
Wi B (hid < 2a(ey — Xi, Omio) >)

1 K (hK < Th(x XZ,Qm(G ) ) _1 .
_ EE (EK (h}-{ _ - XZ.’ Qm(e) >> H (hH (ty - Y;))

Theorem 3.3 Put s), = max{sy,3; Sn4;Sns; Sne}, and assume that either (H10)-(ii) is satis-
fied together with under hypotheses (H0)-(H3) and (H6)-(H9), (A1) and (A3)-(A4), we have

sup |t —1 — 0, a.co. 3.11
xespfl o(7) —te(N] =3 (3.11)

Proof 3.3 (Proof of Theorem 4.3) The proof of the theorem can be completed by using the
following results.

Lemma 3.4 Under the conditions (H0)-(H3) and (H6)-(HY9), we have

sup sup sup ‘F (0,t(7),z) — EEN(0, to(y ‘ = (h(ﬁ) +0 (h?j) (3.12)

0€Oy €Sy tESR

Lemma 3.5 Under the assumptions of Theorem /4.3, we have :

2 L2 .a2
( \/IIIaX{Sn,Z&v Sn,47 sn,5} log d;g]: dg}- )
)

1. sup sup ’FD 0,z) — ]EFD(H,x)‘ = O, co.

0cOr zeSxE n
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sup sup sup F‘N(07 t9(7)7 IL’) - EﬁN(Qa t@(’Y)a "L‘) - Oa.co. ( n

2 g2 L2
\/max{sn,S’ Sn,4s Sn,G} 1Og dg}_dg}_
0€Oy xESy tESR
log dS7d®F
n_n
+ Oaco. ( :

no(hi)

Theorem 3.4 Under hypotheses (H0)-(H3), (H6)-(H10) and (A1)-(A4), we have

_ 1 log dS7d9F \ %
Sup Sup ‘te(f}/) o t9(7)| = 0 ((h% + hlg)]) + O4.co. ((gnn>> )

005 157 nhi " ¢(hg

e (22
n

Remark 3.2 These results extends Theorem 3 or Theorem 4 given in Bouchentouf et al.
(2014) to the mizing case. The effect of covariance structure for dependence case on the conver-
gence rate is reflected in the last term. Specially, if the functional single-index is fixed, it is easy
to prove the following corollary that are similar the one given in Bouchentouf et al. (2014).

" __ . . .
where s, = max{$,3; Sn.4; Sn5; Sn.7}

Corollary 3.1 Under the conditions of Theorem 4.4, we have

1.

A log dS* + log d®
sup sup sup [F(0,y,2) = F(O.5.0)] = O (Mt +hif) + Op, | | 2728 0T
0€Oy xESy YESR nqb(h_[{)

\/ s¥2log dSFdOF
+ O(l.CO.
n

rESy YESR n(b(hK) n

_ log dSn /52 log d5F
sup sup |F(0,y,x)—F(0,y,z)| = O (hZ}é + hl}j)—l—(?a,co, ( Og”) 4+, co. (

!
where s,;" = max{smg; Sn,5; Sn,ﬁ}

Proof 3.4 (Proof of Theorem 4.4) Obviously, the proofs of these two results, namely Theo-
rem 4.4 and Corollary 4.1 can be deduced from the following intermediate results which are
only uniform version of Lemma 3.5.

Lemma 3.6 Put s;, = max{s,o; Sn2}, and assume that either (H10)-(ii) is satisfied together
with under conditions (H0)-(H8) and (H11)-(H12) and if

logn

1m -
noeen hgil ¢0,m(hK)

:0’
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then we have :

0cO4, €Sy YESR n

ey , s:2log dSFdOF
Sup sup sup ’F(])(Q,tg(v),x) — F(j)(ﬁ,tg(y),m)‘ =0 (hl}é + hl}f,)JrOa.co_ (\/ ) ,

where 372172 = Z Z ‘Cov (h;IlAi(x, Q)HZ-(Z) (to(7)), h;IlAj(x, H)HJ@ (t@(’}/)))‘

i=1j=1

3.5 Proofs of technical lemmas

In order to highlight the main contribution of our paper (i.e. a-mixing and functional
variables) some details are voluntarily omitted.

Proof 3.5 (Proof of Lemma 3.1) The asymptotic behavior of bias term is standard, in the
sense that it is not affected by the dependence structure of the data. We have

EFx(6,to(7), 2) - Ff(to(7)) = WE(&(M) [E(Hilto()| < X1,6 > )
~F3 (t6())] ) (3.13)
and by noting that
E(Hi(ts(7))| < X1,0 >) /Hl> F(O,t4(7) — hat, X))dt,
we can write, because of (H3) and (H7) :
B (B (to(2))] < X0,6 ) — Fi(to())| < Cug [ HO@) (g 4111205 dr.
Combining this last result with (4.24) allows us to achieve the proof.

Proof 3.6 (Proof of Lemma 3.2) Following the ideas used in regression (see Ferraty and
Vieu (2004)), the key fact consists in using a pseudo-exponential inequality taking considering
the a-mizing structure. We start by writing

1. Concerning (i), in fact, it can be found that.

Fo(0,2) — EFp(0,2) — (Kj(“if(,ex mi EK.(6, 2)
1 n
- EE T ;Klex _EKi(0,z)

where W, (0, x) = K;(0,x) — EK;(0,x) has zero mean and satisfies

|\IIZ(07 ZL’)l < Ox,9/¢0,$(hK)a
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then it allows us to use directly a dependent version of the Fuk-Nagaev’s exponential
inequality (see Corollary A.12-ii of Ferraty and Vieu (2006)) and obtain

. . \/82 o logn
Fp(0,7) — EFp(6,2) = Opeo. (Og) .

n

2. Concerning (ii), it performs along the same steps and by invoking the same arguments,
just changing the variable V;(0, x) into the following ones :

=, (0, to(7), 2) = Hi (ta(7)) Au(6,2) — E H, (to(7)) A6, 2).

Because H is a cumulative kernel, we have H; (tg(7y)) < 1. By using systematically this fact
to bound the variables H;, all the calculus made previously with the variables V;(6,x) remain
valid with the variables Z; (6,ty(7y), ).

Thus V;(0,x) = K;(0,x) — EK;(0,x) has zero mean and satisfies

|l112(0’1')| S Cx,9/¢9,x(hK)a
the Fuk-Nagaev’s inequality (Rio (2000)) allows one to get

F - 52 logn
F(9,to(v), 2) — EFN (0, 15(7), 2) = Oa.co (m> :

n
Consequently, the proof of Lemma 5.2 is achieved.

Proof 3.7 (Proof of Lemma 3.3) We use again the same kind of decomposition as /.12 :

Foii P 0.00).2) ~BFY 0.02), )

- (F(j) (0, to(7), ) — Eﬁ}(\?) (9>t0<7)>37))}
F(j) (07759(7)71;)

B0, ) {EFp(0,2) — Fp(0,7)}. (3.14)

FU (0, t9(7), x) — F9 (0, ty(7), ) =

This proof is very similar to the one of Theorem /.1. -
First of all, let’s consider the bias term FY (0,ty(7),x) — EF](\?) (0,tg(7y),x). Using the

same arguments in the proof of Lemma 3.1, replacing F (0,tg(7y), ) (resp. F (0,to(), x)) with
FO(0,tg(v),x) (resp. ]5](\?) (0,t9(y),x)) and considering hypotheses (H5), (H7) and (H12) we
get : .

FO (0, to(7), ) —EFY (8 to(7),2) = O (b +hz). (3.15)

Now, we focus on the term ﬁ](\;) (0,to(7y), ) — ]Eﬁ](\;) (0,te(7y),x). To get the asymptotic be-
haviour of this quantity, we comeback to the proof of Lemma 3.2, and we replace F (0,tq(y), x)
(resp. F (0, to(),x)) with FO (8,t9(),x) (resp. FY (6,t0(7),2)).

Note that (H11) and (H13) permit to show that

E (HD (hi(to(y) = Y2)) HY (hig (8, — Yi)) (X0, X)) = O(h3y),
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while (H1) and (H5) imply that
E(HY (hi!(to(7) = Y)) [X:) = Ohnr).

Consequently, we have by using successively (H8), (H0), (H2) and (H10)-(i)

1/a
Con (3 (0, 0(2) ) 55 (0, 6(2), ) = O (hz (et ¢e,x<hK>) ,
where

= (0.t0(), ) = HY (hg! (to(7) = Y0)) Ki(0,2) — E (HY (hz! (to(7) — Y1) Ki(x)) .
has zero mean and satisfies '
=5 (0.t0(7), 2)| < Chy,
because HY) is bounded. Indeed, it can be found that
. . h*j n
F(J) _ EF(]) — H =
N (97t9(7)7$) N (9,159(’}/),1') nEKl(Q,x); i ((9,159(’7),%’),

then it allows us to use directly similar arguments of Lemma 5.2, we obtain

~ (i yy s*2logn
F](\;) (87t9<ry>7'x> - ]EF](\;) (9,750(7),35) - Oa.co. (\/7) )

n

which leads directly to the result of Lemma 3.3

Proof 3.8 (Proof of Lemma 4.6) It is omitted as it very similar to that of Lemma 4.6 in
Bouchentouf et al. (2014).

Proof 3.9 (Proof of Lemma 4.7) The proof can be completed following the same steps as
of Lemmas 4.4 and 4.7 in Bouchentouf et al. (2014).
e Concerning 1

In fact, for Vo € Sy and V0 € ©4, we have the decomposition as follows. For all x € Sy
and 0 € Oy, we set

Let us consider the following decomposition

sup sup ‘ﬁ’D(H,x) — 1‘ = sup sup ’ﬁp(ﬁ,x) —E(ﬁb(@,x))‘
TESy €Oy €Sy 0€0y
< sup sup |Eo(0,2) — (Fo(6, 2us)
2E€Sy 00y,

+sup sup |Fp(0, Tri) — Fp(tms)s Thi)
TESy €Oy

~

+ sup sup |Fp(tme), Trm)) — E F tm(0)s Th(z
sup sup b (@), 1) = B (Fp(bmo), Ta))|

~

+ sup sup |[E (Fp(tme), 7a)) = E (F(0, 220)) )|

€Sy €Oy

+ sup sup |E (ﬁD(é’, xk(w)>> B (ﬁD(e’ x))‘

z€Sy €Oy
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=+ F+Fy+ Fy+ Fs+ (3.16)
where k(x) = arg ke?lluvl" } |x — zx|| and m(0) = argmer?li% } 160 — tn]|-

In order to complete the proof of Lemma 4.0, we only need to give the convergence rate
of five terms in (3.16) respectively.

Sr O F o2
1Og dnf dn 4 Sn,5

Firstly, we treat Fy. Let A = )\ for all \y > 0, we have that

n2

P(F3>)\) = IP( max max F§>)\>

ke{l..d"} me{l..d5"Y}

< d9d9*  max max P (Fj > \). (3.17)
ke{l..do™} me{l...dy "}

where Fé = ‘ﬁb(tm(g), xk(m)) —E (ﬁb(tm(e), xk(:v))) ‘
By using the Fuk-Nagaev’s inequality (Proposition A.11(ii), see Ferraty and Vieu (2006))
with taking r = (logn)? and ¢ = a + 1, one will obtain that

where

(logn)?
2 Sr JOFr -
Al -1 4 )\O(log dn dn )
(logn)?
Za)\a(a'f‘l) 1

~ n(logn)
© (log drdSr )@tz gt

. " log doM +log do M .
By hypotheses (A4)-(i) and (iii), we get e — 0 asn — 0, which leads to

Ay < dSn dO, (3.19)

for some B> 1 and \g > 0 such that \} = 20.
On the other hand,

1

Ay < Cn(logn)*(log d* d* )~V < C'———
nnr-

(3.20)

where T > 0 such that n > n — 1 > 2. Meanwhile, by the selection of 3 and n, we can
find that
(dS* 2"y = O(n" ). (3.21)

Combining the equations (3.17)-(3.21) with hypothesis (A4)-(iii), we have

2 _log dS7d®
Fy= 0o (\/ Sns 08 %" ”F) (3.22)

n
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Next, let us treat Fy and Fy, respectively. By Assumption (A1), it follows

C 1 &
sup sup — Z 1B, (2,h)UBs (g (a)h) (Xs)

sup sup —
¢(hK) T€Sy 0€04, T ;5

T€Sy €04y T

zn: (Ai<x7 0) — A (SUk(x), 9))‘ <

i=1

= (C sup sup lX:AZ-(JU,H)

€Sy €Oy T i=1

and

sup sup —
TESy €Oy M

|'M
S

i\ Th(z), 9) —A; (l”k(x), 9m(9)>)|

1 n
= 0(hx) cesyoconn ; Bo (i a) 1)U Bo (i) 1) (X

= ( sup sup lZQz<I,9)

€Sy 0Oy n i=1

Therefore, similar to the argument for (3.22), we can get

2 log dS+dor
Fl - Oa.co. (\/Sﬂ73 08 %n” On ) (323)

n2

2 log dS7 o~
Fy = Oy, (\/ Pnd 08 % T ) (3.24)

and

n

Thus, by using the same arguments as that in Bouchentouf et al. (2014), it leads F5 < F}
and Fy < Fy, respectively. then, as n — oo

2 log dS7d9F 2 oo dSFdOF
F4 = Oa.co. (\/Sﬂ,4 80 On ) and F5 = Oa.co. (\/Sﬂ73 08 n ) . (325)

n? n?

Finally, the first part of Lemma 4.7 can be easily deduced from (3.22)-(3.25).
e Concerning 2 The proof follows the same steps as that in Ferraty et al. (2005). It is also
adopted by Bouchentouf et al. (2014). In fact, by the compact property of Sg C R, we

have Sg C | J (te —ln, te+1,) and l,, z, can be selected such as z, = O (I,') = O (nﬁz)
e=1
By taking &(tg(y)) = arg {éﬂin } [to(y) — te|, then similar to the decomposition given in

-----

Bouchentouf et al. (2014), it leads

Sup Ssup sup ‘ﬁN<0, tg(’}/), I‘) —E (ﬁ’N(H, tg(’y), ZL’))‘ == \1’1 + \112 + \1/3 + \114 + \115 + \116 + \117
0€©y €Sy LESR
where

Wy = sup sup sup ‘ﬁN(H,tg(’y),x) — Fn(0,t9(7), Th(a))
0Oy €Sy tESR

Wy = sup sup sup ‘ﬁN(e,te(V),xk(I)) — Fx(tmo): to(7), Tuo))
0€04y xSy teSR

W3 = sup sup sup ‘ﬁN(tm(G)at9<7)axk(w)) - ﬁN(tm(G)atﬁ(y)axk(I))’
0€Oy xSy tESR



3.5 Proofs of technical lemmas 79

VU, = sup sup sup ‘ﬁN(tm(é')até(y)a «%’k(a:)) —E (ﬁN(tm(O):tE(y)v xk(m)m
0€Oy €Sy tESR

‘IJ:sususuE}A?tm,t s Tl —Eﬁtm,t s Tkl
5 9682168173{t68§‘ (N( (0)> Le(y)s Th( ))) (N( > to(7), Th( )))‘

Vs = sup sup sup ’E (FN(tm(e),te(’Y),!Ek(x))) —E (ﬁN(9>t6(7)7$k(x))>’

0€Oy xSy tg(’y)ESR
W7 = sup sup sup ’E (FN(9>t0(7)7$k(x))> —E (FN(Q,te(V)J))‘
0€Oy xSy to(v)ESR

Since
n

Z (Ai(ajﬂ 0) — Ai(97xk(fﬂ)))| =1

=1

1
v, < sup sup —
0cO4 xSy N

and
n

=1

then using the fact that Ty < Fy and Wy < Fy and using equations (3.23) and (3.24), we get

s2 o log dS7d9F
\111 = Oa.co. (\/ 2 n2 )

s2 4 log dS7d9F
\1[2 = Oa.ca (\/ = n2 )

On the other hand, since V; < Wy and Vg < Wy, we get

s2 5 log dS7d9F
\II'? = Oa,ca (\/ x n2 )

s2 ,log dSFd®F
\116 - Oa,ca (\/ n74 g;rLQn - )
respectively.

e Concerning V3 and Vs; by conditions (H4) and (H5), boundness of K and selection of
ln, using the same arguments of Lemma 4.7 in Bouchentouf el al. (2014), we get
to(7) — tew)

; A; ($k(x), 0m(9))‘ I
Sy 1O
< 0 <ln> _o log dSnd9x
hu ne(hr)

K(h;(1<dfk(z)—xi79m(g)>)
as n = 00, where A (24), 0m(0)) = Gy o)

1
U, < sup sup —
0€Oy zESy n

and

and

~ ~

’FN(tm(Q)a to(7), Tr(a)) — Fn(tmo), tety), Th(z))

C
< =
n

, therefore, it follows

1 S (©
<O, ( gd)

ng(hi)
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. . 2 slogdn 7 dF .
Concerning Wy, let us consider € = g °n,6 08 5 . Since
n
2 Sr 1O
s: ¢ logdoFd9F
P, > 50\/ 0 SR =P max max max |1, —EY,|>¢
n me{l..doM) ke{1..dony EWE{1.2,2n}

< 2, dSHdOMP(|T, —EY,| > ¢)

where T, = ﬁ’N(tm(Q), te(y), Th(x)), the application of Fuk-Nagaev’s inequality (Proposition A.11-
(ii), see Ferraty and Vieu (2006)) with r = (logn)? > 1 and ¢ = a + 1, we get that

2 Sz 1071\ —(logn)?/2
]P( >€> S O<1+60(10gdn dn ))

n

S (T; — ET,)

p (logn)?
n(logn)2e, Y 1
(log dS7d97)(a+1)/2 gatd
== ClBl —|— CQBQ.

Similarly to (3.22), it yields

2 Jlog dSr
b0 (,/Smeogn),
n

Finally, the proof of Lemma 4.7 is achieved.

Proof 3.10 (Proof of Lemma 3.6) The proof is an immediate consequence of the second
part of Lemma 4.7, it suffices to replace the conditional cumulative distribution function by its
successive derivatives.

3.6 Concluding Remarks

Single-index models and varying coefficient models are powerful tools for dimension reduc-
tion and semiparametric modeling because they can effectively avoid "curse of dimensionality".
Both models largely relax some restrictive assumptions on linear and nonparametric models.
Specially, the single-index model is usually treated as the first step of the famous projection
pursuit regression. The single-index model has also been extensively used in the projection
pursuit regression,

For example, firsly the motivation of this model also comes from an analysis of environ-
mental data, consisting of daily measurement of pollutants and other environment factors.
Of interest is to examine the association between the levels of pollutants, two environment
factors (temperature and relative humidity) and the total number of daily hospital admissions
for respiratory problems.

Secondly, single-index models cannot reflect the additivity of covariates, while the perfor-
mance of varying coefficient models can be poor if the varying coefficient contains moderate
or high dimensional covariates.

In standard multivariate regression, the single-index model is a good compromise bet-
ween nonparametric and parametric regression models when one wishes to regress a response
variable on several real-valued explanatory ones. It assumes the existence of a latent one-
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dimensional explanatory variable which allows us to explain the response through a nonpara-
metric regression model.

In addition, the latent explanatory variable is supposed to be a linear combination of the
explanatory variables. The vector of the linear combination is called "single index". Such models
are useful tools for interpreting some situations. This is particularly the case in econometrics
where single-index models and various extensions have been intensively studied.

Single-index models, or projection pursuit regression, have proven to be an efficient way of
coping with the highdimensional problem in nonparametric regressions (see, e.g., Hall (1989) ;
Ichimura (1993)). The idea is restricting the general multivariate regression function to a
special form.

For the functional single-index models, the literature is closely limited, and only a few
theoretical results have been obtained until now.

For the past two decades, the single-index model, a special case of projection pursuit
regression, has proven to be an efficient way of coping with the high dimensional problem
in nonparametric regression. Here we deal with single index modeling when the explanatory
variable is functional. More precisely, we consider the problem of estimating the conditional
density of a real variable Y given a functional variable X when the explanation of Y given X
is done through its projection on one functional direction.

The single-index approach is widely applied in econometrics as a reasonable compromise
between nonparametric and parametric models. Such kind of modelization is intensively stu-
died in the multivariate case. Without pretend to exhaustivity.

In practice, this study has great importance, because, it permit us to construct a prediction
method based on the conditional mode estimator. Moreover, in the case where the functional
single index is unknown, our estimate can be used to estimate this parameter via the pseudo-
maximum likelihood estimation method. Noting that the estimation of the functional single-
index has great interest on the semi-metric choice in nonparametric functional data analysis
but it has been not attacked in this paper.

In this article, we examine conditional quantile estimation in the single functional index
model for a-mixing functional data. The asymptotic properties such as pointwise almost com-
plete consistency and the uniform almost complete convergence of the kernel estimator with
rate are presented under some mild conditions. Although a-mixing is reasonably weak among
various weak dependence process and has many practical applications such as in time se-
ries prediction, we also address other dependence settings such as long memory dependence
functional data (see Benhenni et al. (2008)). In this case, the asymptotic properties of the
estimation of successive derivatives of the conditional density function, conditional hazard
function, conditional distribution function and conditional quantile in the single functional
index model have been investigated in our other works.

The goal of this work is to contribute to the functional data literature by studying some
classes of semiparametric models. Note that such models are important in the statistical
and econometric modelization, due to its flexibility for dimension reduction, it provides the
best new ways to investigate problems in substantive economics (see Horowitz (2009)). As a
particular case, the single-index model has proven useful in providing an optimal approach to
compromise between nonparametric and parametric models.

Single-index models when the explanatory variable is an element of a finite-dimensional
space have been studied extensively in both statistical and econometric literatures, we quote,
for instance, Hérdle et al. (1993), Horowitz (1996), Hristache et al. (2001a, b) and Delecroix
et al. (2003).
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For the functional single-index models, the literature is closely limited, and only a few
theoretical results have been obtained until now. The first asymptotic properties in the fixed
functional single-model were obtained by Ferraty et al. (2003). They established the almost
complete convergence, in the i.i.d. case, of the link regression function of this model. Their
results were extended to the dependent case by Ait Saidi et al. (2005). Where the functional
single-index is unknown, Ait Saidi et al. (2008) proposed an estimator of this parameter, based
on the cross-validation procedure. Newly, Ferraty and Park (2011) proposed a new estimator
of the single index based on the idea of functional derivative estimation.

3.6.1 About the Functional Single Index Estimate

Among the interest of our study is to show how the conditional density estimate can be
used to derive an estimate of the functional single index if the latter is unknown. The leave-
out-one-curve cross-validation procedure was adapted by Ait Saidi et al. (2008) to estimate
the single index. Newly, Hall and Miiller (2009) proposed a method for estimating functional
derivatives and Ferraty and Park (2011) adopted this technique to estimate the parameter 6.
Alternatively, this parameter can be estimated via the pseudo-maximum likelihood method
which is based on the preliminary estimation of the conditional density of Y given X by

)

= arg max L(6)

where

n
L(0) = > log £(0, Vi, X3).
k=1
Note that, this method has been studied by Delecroix et al. (2003) in the real case where
they showed that this technique has minimal variance among all estimators. The asymptotic
optimality of this procedure in functional statistic, is an important prospect of the present
work.

As an application, this approach can be used for answering the semimetric choice ques-

tion. Indeed, it is well known that, in nonparametric functional statistic, the projection-type
semi-metric is very important for increasing the concentration property. The functional index
model is a particular case of this family of semi-metric, because it is based on the projection
on one functional direction. So, the estimation procedures of this direction permit us to com-
pute adaptive semi-metrics in the general context of nonparametric functional data analysis.
Finally, the theoretical justification and practice should be established.
For example, the motivation of this model also comes from an analysis of environmental data,
consisting of daily measurement of pollutants and other environment factors. Of interest is to
examine the association between the levels of pollutants, two environment factors (tempera-
ture and relative humidity) and the total number of daily hospital admissions for respiratory
problems.

The estimators for single-index function and function coefficients are sensitive enough to
capture the true shapes.

Wong et al. [11] and Li and Zhang [12] proposed the varying-coefficient single-index model
(VCSIM) to analysis the real data based on local smoothing method and penalized spline
(P-spline) method, respectively.
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4.1 Introduction

Estimating quantiles of any distribution guaranties to build confidence ranges deriving
many applications in numerous fields, chemistry, geophysics, medicine, meteorology,.... Fur-
thermore, Statistics for functional random variables become progressively important. Nume-
rous multivariate statistical technics, mainly parametric in the functional model terminology,
have been extended to functional data and good analysis on this area can be found in Ramsay
and Silverman (1997) and (2002) or Bosq (2000). Lately, nonparametric methods considering
functional variables have been grown with very interesting practical motivations dealing with
environmetrics, (see Damon and Guillas (2002), Ferndndez et al. (2005), Aneiros et al. (2004)),
chemometrics (see Ferraty and Vieu (2002)), meteorological sciences (see Besse et al. (2000),
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Hall and Heckman (2002)), speech recognization problem (see Ferraty and Vieu (2003a)), ra-
dar range profile (see Hall et al. (2001), Dabo-Niang et al. (2004)), medical data (see Gasser
et al. (1998)), ...

On the other hand, the single index model is a powerful tool to incorporate the multivariate
regressors into a regression model, thus ensuring some flexibility, while avoiding the "curse of
dimensionality".

For functional regressors, the single functional index model is a very simple approach
for reducing dimensionality by assuming that a functional explanatory variable acts on a
scalar response only through its production on one functional direction. This model was first
introduced by Ferraty et al. (2003) for regression problems, and then has received a lot of
attention.

For example, Ait Saidi et al. (2005) studied the single functional index model for functional
time series data ; Ait Saidi et al. (2008) proposed to estimate the unknown functional index via
the cross-validation technique. Ferraty et al. (2011) proposed a new estimator of this parameter
based on the idea of functional derivative estimation.

Chen et al. (2011) introduced a new technique for estimating the link function nonpara-
metrically, and they proposed the multi-index modeling using an adaptive linear projections
approach.

Attaoui et al. (2011) dealt with the single index via its conditional density and established
the pointwise and the uniform almost complete convergence of the kernel density estimator.

Their results were extended to the a-mixing case by Ling et al. (2014).

Recently Attaoui (2014a) established the a.co. of the kernel conditional density and the
mode estimators for a-mixing data. For the same data, Attaoui (2014b) investigated the strong
uniform convergence rate sand the asymptotic normality of the conditional density estimator
in the single index model, and gave an approach to estimate this functional parameter.

In a recent survey of semiparametric FDA, we refer to Goia and Vieu (2014),(2015) this au-
thors gave a methodology to approximate the unknown regression operator semiparametrically
through a single index approach.

Our purpose in this work is to investigate nonparametrically the estimation of the condi-
tional distribution of a scalar response variable Y, given a functional Hilbertian explanatory
variable X, when the observations are linked with a single index relationship.

In the censoring case, instead of observing the lifetime 7', we observe the censored lifetime
of items under study. That is, assuming that (7});>1 is a stationary sequence of lifetimes which
satisfy some kind of dependency and (C;);>1 is a sequence of i.i.d censoring rv with common
unknown continuous df G, where Y; = min{7;, C;} and §; = 11,<¢;.

To ensure the identifiability of the model, we suppose that (7}); are independent of (C;);.
Let {(Y;,d;, Xi)} be a sequence of strictly stationary random vectors where X;>; is valued in
infinite dimensional semi-metric vector space, and Y; is real valued. To follow the convention
in biomedical studies and as indicated before, we assume that (C;);>1 and {(X;,T;);>1} are
independent ; this condition is plausible whenever the censoring is independent of the patients
modality. Furthermore this condition permits to get an unbiased Kernel estimator. Along this
paper we assume that 7¢ < oo where 7¢ := sup{t : G(t) < 1} and let 7 be a positive real
number such that 7 < 7.
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4.2 The model and the estimates

4.2.1 The functional nonparametric framework

Consider a random pair (X,T) where T is valued in R and X is valued in some infi-
nite dimensional Hilbertian space ‘H with scalar product < -,- >. Let (X;,T});=1,. ., be the
statistical sample of pairs which are identically distributed like (X,T"), but not necessarily
independent. Henceforward, X is called functional random variable f.r.v. . Let x be fixed in
H and let F'(0,t,z) be the conditional cumulative distribution function (cond-cdf) of T' given
< 0,X >=<0,x >, specifically :

VieR, F(0,t,z) =P(T <t| < X,0 >=<z,0>).

Saying that, we are implicitly assuming the existence of a regular version for the conditional
distribution of T given < 6, X >. Now, let (4(, x) be the y-order quantile of the distribution
of T given < 6, X >=< 0,z >. From the cond-cdf F(0,-,z), the general definition of the
~v-order quantile is given as :

Co(y,x) =inf{t e R: F(0,t,x) > ~}, Vv € (0,1).

In order to simplify our framework and to focus on the main interest of our paper (the
functional feature of < 0, X >), we assume that F'(0, -, z) is strictly increasing and continuous
in a neighborhood of (y(, ). This is insuring that the conditional quantile (p(7y, x) is uniquely
defined by :

Qg(’y,l') = F_l(eafyax)' (41)

Next, in all what follows, we assume only smoothness restrictions for the cond-cdf F(0,-, z)
through nonparametric modelling (Section 2.4). We suppose also that (X;, T});en is an a-mixing
sequence, which is one among the most general mixing structures. The a-mixing condition
together with the functional approach allow to deal with continuous time processes (see Section
4 for instance).

In our infinite dimensional purpose, we use the terminology functional nonparametric,
where the word functional referees to the infinite dimensionality of the data and where the
word nonparametric referees to the infinite dimensionality of the model. Such functional non-
parametric statistics is also called doubly infinite dimensional (see Ferraty and Vieu (2003b),
for more details). We also use the terminology operational statistics since the target object to
be estimated (the cond-cdf F(6,-,x)) can be viewed as a nonlinear operator.

4.2.2 The estimators

The kernel estimator F,(6, -, z) of F(6,-,x) is presented as follows :

ij (hi'(< 2= Xi,0 >)) H (hy!(t = T))
F.(0,t,z) = =1

(4.2)

n )l

S K (hil(<z - Xi,0>))

=1

where K is a kernel function, H a cumulative distribution function and hx = hg,, (resp.
hy = hg,) a sequence of positive real numbers. Note that using similar ideas, Roussas (1969)
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introduced some related estimates but in the special case when X is real, while Samanta (1989)
produced previous asymptotic study.
As a by-product of (4.1) and (4.2), it is easy to derive an estimator (p (7, x) of (o(7v, ) :

C@,n(/%x) - Fn_1<9777x)' (43)

Such an estimator is unique as soon as H is an increasing continuous function. Such an
approach has been largely used in the case where the variable X is of finite dimension (see e.g
Whang and Zhao, (1999), Cai (2002), Zhou and Liang (2003) or Gannoun et al. (2003)).

In practice, in particularly medical applications, we can be in the presence of censored
variables. This problem is usually modeled by considering a positive C' variable called censor-
ship, and the observed random variables are not couples (T}, X;), but rather (Y;,d;, X;) where
Y; = min(7T;, C;) and §; = 1r.<¢,. In the following we will use the notations F{* and f;{*
to describe the conditional distribution function and the conditional density C' knowing the
covariate X.

Such censorship models have been amply studied in the literature for real or multi-dimensional
random variables, and in nonparametric frameworks the kernel techniques are particularly used
(see Tanner and Wong (1983), Padgett (1988), Lecoutre and Ould-Said (1995) and Van Kei-
legom and Veraverbeke (2001), for a necessarily non-exhaustive sample of literature in this
area).

The objective of this paragraph is to adapt these ideas under functional random variable
X, and build a kernel type estimator of the conditional distribution F'(6,-, X') adapted for
censored samples. Thus we can reformulate the expression (4.2) as follows :

K (hi(< o — Xi,0 >)) H (h(t - V7))
F0,t,z) =220 . (4.4)
Zﬂ(@?@x—X@Gﬂ)

In practice G(-) = 1 — G(-) is unknown, hence it is impossible to use the estimator (4.4).
Then, we replace G(+) by its Kaplan and Meier (1958) estimate G, (+) given by

_ B o — - N 1 < (n);
Gu(t) =1—G,(t) = 11 n—i+1 (4.5)
0, if t > Y.
where Y1) < Y{g) < ... < Y{;) are the order statistics of ¥; and J(; is the non-censoring

indicator corresponding to Y{;.
Therefore feasible estimator of the conditional distribution function F(0, -, x) is given by

Oi

3
ﬁwjﬂg:ﬁﬂG“n)

K (h;}(< r— X;,0 >)) H (h;{l(t B Yi))

(4.6)

n

YK (h;(l(< r—X;,0 >))

=1
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Then a natural estimator of (y(, x) is given by

o~

GO = F0va)
inf{t e R: F(6,t,x) >},

which satisfies

o~

F(0,0o(v,7) 2) = (4.9)

4.2.3 Assumptions on the functional variable

Let N, be a fixed neighborhood of x and let By(z, h) be the ball of center z and radius
h, namely By(z,h) = {feH: 0<|<z—f,0>|<h} and Sg is a fixed compact of RT.
Assume that, (C;);>1 are independent and let’s consider the following hypotheses :

(HO) Vh >0, P(X € By(x,h)) = ¢g.(h) >0,

(H1) (X;,Y;)ien is an a-mixing sequence whose the coefficients of mixture verify :

da >0, 3c>0: VneN, a(n) <cn™

(a+1)/a
(H2) 0 < supP((X;, X;) € By(z,h) x By(x,h)) = O (%’f(’ﬁﬁfﬁ
i#]

e (HO) can be interpreted as a concentration hypothesis acting on the distribution of the f.r.v.
X, while (H2) concerns the behavior of the joint distribution of the pairs (X;, X;). Indeed,
this hypothesis is equivalent to assume that, for n large enough for some positive constant C'

su
iy P(X € By(x, h))

n

P (X0, X,) € Bole, ) x Bule, 1) _ . (qﬁe,z(hK))l/“.

This is one way to control the local asymptotic ratio between the joint distribution and its
margin. Remark that the upper bound increases with a. In other words, more the dependence
is strong, more restrictive is (H2). The hypothesis (H1) specifies the asymptotic behavior of
the a-mixing coefficients.

4.2.4 The nonparametric model

As usually in nonparametric estimation, we suppose that the cond-cdf F(0,-,x) verifies
some smoothness constraints. Let b; and by, be two positive numbers ; such that :
(H3) V(l’l,l‘z) € N, X N, \V/(tl,tg) S S]l%a
(i) [F(8,t1,21) = F(0,t2,75)| < Co ([|la1 — x| + [t — ),

(ii) / 1£(6,t,2)dt < oo for all f, 2 € H.
R
(H4) F(0,-,z) is [-times continuously differentiable in some neighborhood of (y(7, ),
<H5) v<l’1,$2> € N:p X Nx, V(tl,tg) S Sﬂ%,
|FO0,t1,21) = FO(0, 1y, 22)] < Co (||I1 — 2| + [t — t2|b2) ;

O'F(0,t,x)
ot!

where, for any positive integer I, F (8, z, z) denotes its [th derivative (i.e.
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Let’s note that (H3) is used for the prove of the the almost complete convergence of Co(v, z)
whereas (H4) and (H5) are needed to establish the rate of convergence.

4.3 Asymptotic study

This part of paper is devoted, to the theoretical analysis, we start it by giving the almost
complete convergence (a.co.) of the estimated conditional quantile Cp(7y, z). After that, we will
focus on the rate of convergence. Concerning the notations, as soon as possible, C' and C” will
denote generic constants. Moreover, from now on, hy (resp. hx) is a sequence which tends to
0 with n.

4.3.1 Pointwise almost complete convergence

Let’s begin with the statement of an almost complete convergence property . To this end,
we need some assumptions concerning the kernel estimator £(6, -, z) :

(H6) (i) V(t1,ts) € R, |H(t1) — H(ty)| < Clty — to] and / it HW (t)dt < oo,

where, for all [ € N*, HU(t) = % _, and lim n*hy = oo, for some ¢ > 0

(ii) The support of H) is compact and v > 4, HY exists and is bounded.
(H7) The restriction of H to the set {u € R, H(u) € (0,1)} is a strictly increasing
function.
(H8) K is a positive bounded function with support [0, 1] such that Vu € (0,1) 0 < K(u),
logn
H9) (i) —————— — 0.
(1) (i) B
.. 1/a
(i) 3C >0, ¢pa(hr) > C/n?+t and (22=080) 7 4 6y (hie) = 0 (o)
(H10) (X;,Y;) for i = 1,...,n are strongly mixing with arithmetic coefficient of order
a > 1, and 38 > 2 such that
(i) s-eth — (n‘ﬂ> for il =1,2,3;

n,l

(ii) s;(kaﬂ) =0 (n_ﬁ) for k =4,5,6,7,8;

Remark 4.1 o (H7) insures the existence of Co(7y, ), while (H6) insures its unicity.

e (H0)-(H5) and (H8) are standard assumptions for the distribution conditional estimation
in single functional index model, which have been adopted by Bouchentouf et al. (2014) for
i.1.d case.

e (H9) is a technical condition for our results.

e (H10) is similar to that appeared in Ferraty and Vieu (2006), it shows the influence of
covariance structure on the convergence rate. Here, s,; and s, will be defined below.

First observe that (4.6) can be rewritten as :

- F 0,t,x
F(0,t,x) = M (4.10)
D\Y,

1. Recall that a sequence (S, )nen of random variables is said to converge almost completely to some variable
S, if for any € > 0, we have Z P(|S, — S| > €) < co. This mode of convergence implies both almost sure and

n
in probability convergence (see for instance Bosq and Lecoutre, (1987)).
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Proposition 4.1 Under conditions (H0)-(H4), (H7)-(H9), and assume that (HG6)-(i) and
(H10)-(i) are satisfied, then we have

sup |[F(0,t,2) — F(0,t,2)| = O (Wt +h) + Ouco (Vsibgn) (4.11)

tESR n

2 _ 2 .2
where s, = max{s, ;;s, 5}

Proof 4.1 Consider now, fori=1,...,n, in what follows, let’s denote :

Ki(0,2) = K(hi'(< 2 — X;,0 >)), Hi(t) = H (hi' (t = Y3)), Gi = G(Y)),

Fv0..3) = e ) 2 g g )
Fl0.0) = g B Gy O )
1

K(h(<x— X;,0 >))

Bil@,9) = EK, (0, z)

and

e = 33 |Con G HOA e 0), G 100 )|

The proof is based on the following decomposition, valid for anyt € Sg :
1

tseusi ‘ﬁ(@,t, x)— F(6, t,x)‘ < Fol6.7) tseLg; {‘ﬁN(G,t, z) — Fy(6, t,x)‘}
+= ! sup {‘FN(H,t,x) — EﬁN(Q,t,m))}

Fp(0,x) tesa

1 ~
Rty e BP0 45) = PO L))

F(0,t ~
M sup ’1 — Fp(0,2)
FD(Q,.T) teSk

, (4.12)

Finally, the proof of this proposition is a direct consequence of the following intermediate
results.

Lemma 4.1 Assume that either (H6)-(1) is satisfied together with under conditions (H7)-(HS)
and if

( log logn

n

)1/2 — o (¢ (i)
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we have

~ ~ log1
sup {|F\(0.t,2) — FY(0.1,2)|} = Oa.s.<0g7fg">, for1>0

tESR

The following lemma shows the asymptotic bias term of ﬁN(G, t,x) and ﬁD(G, x) asn tends
to infinity.

Lemma 4.2 Under hypotheses (H0), (H4) and (H6)-(i), we have as n — 0o

sup ‘E {F’N(Q,t, 1’)] — F(0,t, x)‘ =0 (hl}é + h?j—) . (4.13)

tESR

The following result deals with the variance term of the right-hand side of (4.12) which is
expressed by : sup {‘ﬁN(Q,tw) - EﬁN(Q,t,x)’}. For Fp(,z) — E {ﬁD(Q,x)] the same arqu-
teSR

ments will be used with a slight difference.

Lemma 4.3 Under the assumptions of Proposition j.1 and if

log log n'\ /2
(gg> =0 (¢9,x(hK)) )
n
we have
. . \/s2 1 logn
(Z) FD(07I) - EFD(H;J:> = Oa.co. T 5
(“) SUp{’FN(Q,t,iL‘) _EFN(07t7:E)‘} = Oa.co. X
teESR n

We conclude the proof of the Proposition 4.1 by making use the inequality (4.12), in
conjunction with lemmas Lemma /.1, Lemma /.2 and Lemma /.5.

The proof of these latter will be collected in Section 5.

Theorem 4.1 Put s, = max{s,1;sn2}, and under the hypotheses of Proposition /.1, thus we
have :

Zg(v,x) — Co(7, ) are 48 0, a.co. (4.14)

Proof 4.2 (Proof of Theorem 4.1) The proof is based on the pointwise convergence of
F0,-, ).

First of all, let’s note that because of (H6)-(i) and (H7), F(0,-,x) is a continuous and
strictly increasing function. So, we have :

Ve >0, 30(e) > 0, Yy, |[F(0,t,2) — F (0, G(v,7),2) | < d(e) = |t — G, )] < e
This leads us to write

Ve >0, 35(e) > 0, P(|Co(v, ) = Go(v,2)] > €) < P(|F(0,G(v,2),3) — F(0, (v, @), 2)| > 6(e))
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since (4.1) and (4.9) and is implying that F(0, (v, 2),2) = v = F(0, (v, x), x).

Moreover, we have,

‘F(Q, 69(7711)7‘7;) - F(97 Cg(’}/,l’),l‘)‘ = |F<9759(77x)7x) _ﬁ’<9759(77x)7x)|
< sup|F(0,t,x) — F(0,t,2)|. (4.15)
tESR

The consistency offg(% x) follows then immediately from Proposition J.1 and the following
inequality

sup ‘F 0,t,x) — (H,t,x)‘ > 5((—:)) :

teSR

5P (G112~ Gl 2 9 < S (

n>1

4.3.2 Pointwise almost complete rate of convergence

In this section we study the rate of convergence of our conditional quantile estimator
59(7, x). Because this kind of result is stronger than the previous one, we have to introduce
some additional assumptions. As it is usual in conditional quantiles estimation, the rate of
convergence can be linked with the flatness of the cond-cdf F(6,-,x) around the conditional
quantile (yp(vy,z). This is one reason why we introduced hypotheses (H4) and (H5). But a
complementary way to take into account this local shape constraint is to suppose that :

(H11) 31 >0, Vm, 1 <m <1, F™(0,¢(v,x),z) = 0 and 0 < ‘F(l)(Q, Cg(’y,x),x)‘ < 00.
Because we focus on the local behavior of F(0,-,xz) around (y(v,z) via its derivatives, that
leads us to consider the successive derivatives of F (0, -, z) and subsequently some assumptions
on the successive derivatives of the cumulative kernel H :

(H12) Vi # j, the conditional density of (Y;,Y]) given (< X;,0 >, < X, 6 >) is continuous

at (<9(77 I)? CG(’% l’))

Proposition 4.2 Suppose that the hypotheses (HO0)-(H2), (H4)-(H9) are satisfied and if

logn
lim

=0.
=00 n b G0 (hic)

Then we have

000~ F0010] =0 1 1) + 0 (LEE).

n

Theorem 4.2 Put s;> = max{s? ;52 3}, and assume that either (H10)-(i) is satisfied together
with hypotheses (H0)-(H9) and (H11)-(H12), we have

Co(7,2) — Col(y,2) = O <(hl}é + hl}?)}) + Ouo (( 21°g”> ) , (4.16)

n2

where

9;
G(Y)

RIS 10,00

0; _
Cov ( G(Yz) Hz(l) (t) A’L (37, 9)7 hHl
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Proof 4.3 (Proof of Theorem 4.2) The proof is based on the Taylor expansion ofﬁ(ﬁ, )

at Co(y,x) and on the use

of (H11) :

! = m—
ﬁ<evc€(7>$)?x) —F’<9,59(’)/,$),$> - i C9 Sk Tf;?(’y’x)) 1ﬁ(m)(9’ CO(’Y»*T)"Q:)
m=1
+( ( ) “C@(fy, )) ﬁ(l)<(9,€g,£€),
-1 7 m—1 ,
=2 (ol @) Tj(% 7)) (F(m)(e, Gy, 2), @) —
F(0,6(7,2).))
+(C9(7’ flf) ;'69(’7727))[?@)(67 <-$7:L,)7
where, for all t € R,
5> z iiy)K(hK1(< v — X, 0 >)HO (hy'(t — Y7))
ﬁ(l)(e,t,x) = =l oy )
SN K(hg(<z—X;,0>))
i=1
B S K (i (< = X0 ) HOhi (- ¥)
FO@,t,2) = —=1 (¥ :

- X;,0>))

Y K(hg'(<z
i=1

and where min(y(~, x), 69(7, x)) < (5 < max(y(7, ), CAg('y, x)). Suppose now that we have the

following result.

Because of Theorem j.1, Proposition /.2 and (H11), we have :

FO(0,¢;, )

then we derive

[¢o(v,2) = Goly. )|

+

arg ¥t FD(0,¢(7),2) # 0, a.co.,

— F(6,¢(y,2), 7))
(m)(ea <9(77 ‘T)v x)

O (F(0,¢(v,7), )

> — Gy, @)™ (F

0 (X (wbra)

Now, comparing the convergence rates given in Proposition 4.1 and /.2, we get

’Ce(%w)

Thus, first part of Lemma 4.5 with lemmas Lemma 4./ and Lemma /.5

claimed result.

- Ee(% SC)‘Z @ (F’(Q,t, x) — F(@,t,x)) , @.Co.

allow us to get the

- F(m)(H,CQ(%J:),x))) , @.CO.
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Lemma 4.4 Under the hypotheses (H0O) and (H5)-(H8) we have

sup [FU(0,t,2) — E(FY(0,t,2)| = O (W} + hE) |

tESR

Lemma 4.5 Under the assumptions of Proposition /.2, we have

) ) -
sup [P (0,1,2) — B(F{ (6.4, 2)| = O ( gn) ’

tESR 77/2

4.4 Uniform almost complete convergence and rate of
convergence

In this section we derive the uniform version of Theorem 4.1 and Theorem 4.2. The study of
the uniform consistency is a crucial tool for studying the asymptotic properties of all estimates
of the functional index if is unknown. In the multivariate case, the uniform consistency is a
standard extension of the pointwise one, nevertheless, in the studied case, it requires some
additional tools and topological conditions (see Ferraty et al. (2010)). Consequently, coupled
with the conditions introduced antecedently, we need the following ones. Firstly, consider

ot dy
Su C |J Bolay,rn) and Oy C | J Bo(by. 1) (4.17)
k=1 q=1

with @y, (resp. 0,) € H and r,, d5*,d9* are sequences of positive real numbers which tend to

infinity as n goes to infinity and suppose that d5*, d* are the minimal numbers of open balls
with radius r, in H, which are required to cover Sy and Oy.

4.4.1 Conditional quantile distribution estimation

In this subpart we propose to study the uniform almost complete convergence of our
estimator (4.3), to this end, we need to state the following assumptions
(A1) There exists a differentiable function ¢(-) such that Vo € Sy and V0 € Oy,

0< C¢(h> < ¢0,$(h> < C,¢<h) < 00 and EIT]O > O’ VT/ < 7o, Qb,(n) < Ou
(A2) The kernel K satisfy (H3) and Lipschitz’s condition holds
|K(z) = K(y)| < Cllz =yl
(AS) V(tl,tg) € Sg X SR,V(Il,ZL‘Q) € Sy x Sy and VO € Oy,

|F(0’t1’$1) - F(Q,t27x2)| <C (||$1 - xZHbl + |t1 - t2|b2) )

(A4) For some v € (0, 1),41_)11{)10 n"hy = oo, and for r, = O (1"%), the sequences d5* and
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d9* satisfy :

., (logn)? S G ng(hi)
logdy” + logd)* < ——=

i) no () <logd," +logd; " < logn

(i) > n'/?2(d5*d9*) P < oo for some 5 > 1,

n=1

(iii) nd(hi) = O ((logn)?).
(A5) V(tl,tg) € Sg X SR,V<1'1,ZL‘2) € Sy x Sy and VO € ©4,

[FOO,t1,21) = FO(0, 12, 22)] < C (g — o™ + [t1 — t2

(A6) For some v € (0,1), lim n"hp = oo, and for r, = O (bg") the sequences dS* and

d9* satisfy :

nhi ' ¢(hi)
(i) nhii ' p(hi) = O ((logn)?)

1 2
{ (7) _ ogn)” < logdS* + log do™ <
logn

And let

saa=>_> 1Cov(Ai, Ay, sas =D |Cov(, Q)

i=1j=1 i=1j=1

Sn6 = Zn: Zn: \COU (2 (242, 040)) » A (Thia), Oaie)) )|

i=1j=1 i=1j=1
n8 —ZZ’COU (Fl ,F(l)‘
i=1j5=1
where
1
Ai(x,0) =

hicd () Bg(@,h)UBg( k(z)vh)( )

Q’i (x7 9) = W ]‘BQ(xk(:c)vh)UBf)q(g) (‘rk‘(w)’h) <XZ)’

K (h;(l < Ti(z) — X, Hq(g) >>
EK (hf_(l < Ti(z) — X, Qq(g) >) ,

Ai (@rw) ba0)) =

B K (hl_(l < Tp(e) — X, Hq(g) >) 5; »
TS (P& < Taw) — X Oy0) >) é(Yz'>H (i (on, = Y1)

E ( K (h[_(-l < Ti(z) — Xi,eq(g) >) 0;

PR
EK (hi' < Tn) — Xi, Og0) >) G(Yi)H (i (v Y;)))

nhi; " ¢(hi)

Sn7=2_>_|Cov (L L)



4.4 Uniform almost complete convergence and rate of convergence 99

1 K (h;(l < xk(x) - Xi, Qq(g) >) 0 .
BB (17 < Ko =) (0 )
1 K (h;(l < Tp(zy — Xi, Hq(g) >> O (o1
) EE (EK (h%l < Ti(@) — Xi, Og(9) >) (hH (v, = Y’?))

Theorem 4.3 Put s, = max{s,4; Sn5; Sn6; Snr}, and assume that either (H10)-(ii) is satis-
fied together with under hypotheses (H0)-(H3) and (H6)-(HY9), (A1)-(A4), we have

sup |G ,T) — , T — 0, a.co. 4.18
xeSI;’Ce(’Y )= Gy o) = (4.18)

Proof 4.4 (Proof of Theorem 4.3) The proof of the theorem can be completed by using the
following results.

Lemma 4.6 Under the conditions (HO)-(H3) and (H6)-(HY9), we have

sup sup sup ’F(Q,t, x) — EﬁN(e,t,x)‘ =0 (h%) +0 (h’ﬁ) : (4.19)
0€Oy €Sy tESR

Lemma 4.7 Under the assumptions of Theorem 4.3, we have :

(\/maX{S%A; 2 5; 5721,6} log dﬁfdgf>

n

1. sup sup ‘ﬁD<97x> - EﬁD(evx)‘ = Oa.co.

0cOr zeSF

2.

Sup sup sup ﬁN(G,t,x) — EﬁN(ﬁ,t,x) = Ouco (

0Oy x€Sy tESR

2 L2 L2
\/max{sn,éb Sn,57 Sn,?} log dg}-drc?}-
n

log dS7d®F
+ OG.CO. - - .
( no(hi) )

Theorem 4.4 Under hypotheses (H0)-(H3), (H6)-(H10), (A1)-(A2) and (A5)-(A6), we have
Sr 1O F %
) + Oa.co. %
nhi ¢(hx)

1
e (22
n

Proof 4.5 Obviously, the proof of these results, can be deduced from the decomposition (4.25)
and the following intermediate results which are only uniform version of Proposition 4.2.

o~

sup sup |Z@(’7, z)— (v, )] = O ((hl}é + h%)

0O F xESF

" __ . . .
where s = max{S,.4; Sn.5; Sn.6; Sn.s

Lemma 4.8 Under the conditions (H0)-(H3) and (H6)-(H9), we have

sup sup sup ‘F(l)(G, t,x) — ]EF’](VZ)(G, t, 3:)’ =0 (hl}} + hl}_}) ) (4.20)

0€©y €Sy tESR
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Lemma 4.9 Under the assumptions of Theorem /.3, we have :

2 L2 .52
( \/max{sn,37 Sn,47 Sn,5} lOg dif dv?f )

n

sup sup ‘FD 0,z) — ]Eﬁ’p(@,x)‘ = Oq.co.
0cOr z€SF

Lemma 4.10 Under the assumptions of Theorem 4.3, we have :

~() \/ si2log dSFd9F
sup sup supF (9 t,x) —EFN (0,t,2) = Og.co

0€O©y €Sy tESR n

log dS7d®
+ Oa.co. Oifqu}_ n}_ .
nhi ¢(hK)

Remark 4.2 1. These results extends Theorem 3 or Theorem 4 given in Bouchentouf et
al. (2014) to the mizing case. The effect of covariance structure for dependence case
on the convergence rate is reflected in the last term. Specially, if the functional single-
index is fizved, it is easy to prove the following corollary that are similar the one given in

Bouchentouf et al. (2014).

2. Theorems 4.3 and 4.4 are obtained when the functional parameter 0 is known. However,
if the functional parameter 0 is unknown, it would be very important for practical using
of the model and would be more interesting.

Corollary 4.1 Under the conditions of Theorem /.3 for | =0, we have

S \/5*2]og dSF
(67 t? LE)‘ = O (hl}é + hlﬁ) + Oa.co. ( log dnH ) + Oa.co. (ngn)

no(hg) n

sup sup |]3(9, t,x)—F
TESy tESR

!
where s, = max{s, 4; Sn6; Sn7}

4.5 Simulation study

In this section we carry out a numerical simulation to evaluate the performance of the
proposed method for finite samples data. For this aim, we compare our model CFSIM (4.6)
(censored functional single index model) with CNPFDA (4.21) (censored nonparametric func-
tional data analysis) with censored data in mixing case.

K (hid(z, X2)) H (b (t = 7))
F(t,z) = =" ) . (4.21)

Xng (hid(, X3))

Example 4.1 Consider the curves generated in the following way :

Xi(t) = 1= sin(Wilt = 3)), i =1L...,200 te[O,g] (4.22)

where W; = sW;_y + € and € standard normal distribution (¢ ~ N(0,1)) and (Wy ~ N(0,1)).
We carry out the simulation with a 200 sample of the curves X(t) (see Figure 4.1). We simulates
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the single functional index model as follows.
First, we choose the functional parameter 0. So for a training sample L = {1,...,150}
, the best approximation of 6 is to estimate the eigenfunctions of the covariance operator
E[(X — E(X") < X',- >y] by its empirical covariance ZZ(XZI ~ E(X )X, - E(X)
i€l
(2014b). (Figj.2) show the descretization of all the eigenfunctions 0;(t).

05

oo
1

-0.5

Taking 0* the first eigenfunction corresponding to the first higher eigenvalue, and compute
the inner product < 0*, X1 >, ..., < 6% Xoo >, Then simulate the response variables T; = r(<
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0%, X; >) + €, where r(< 0%, X; >) = exp(10(< 6%, X; > —0.05)) and ¢ generate independently
from a centred gaussian of variance equal to 0.075.
We simulate n i.i.d ro C;,i = 1,...,n with the exponential distribution E(1,5).

Noting that the computation of thos estimators are based on the observed data (X;,Y;, 6;)iz1,. n,
where Y; = min(T;, C;) and 6; = Lir<c,y. On the other hand, take into account of the smooth-
ness of the curves X;(t), we choose for the CNPFDA model the semi-metric in H :

d(zi,1;) = Wow/g (ci(t) — 25(0)) dt,  wiayeH

Then, we choose the quadratic kernel defined by :

K(u) = S0~ )1 o1(u)

and the distribution function H(.)

t
Ht)= [ 20—

For the bandwidths hy ~ hxg =: h is automatically selected by the procedure of the cross-
validation method on the K-nearest neighbours (2006).

In our simulation, sample sizes are n = 200, we take it into two parts, one is a learning
sample of 150 observations and the others 50 observations are a test sample.

Then using the learning sample to compute the estimator of Y; = Co- (v, ) and Yy = C(v, 2)
for j={151,...,200}.

Fig 4.3 show the results by plotting the true values versus the predicted values for the MSE
in complet data for both estimators.

NPFDA Cond.quantile: MSE=0.0121 FSIM Cond.quantile: MSE=0.0085

20

Predicted responses
Predicted responses
1.5

1.0

Responses of testing sample Responses of testing sample

FIGURE 4.3 — Prediction via the conditional quantile for complete data

Finally, to show how the different censored rates (CRs) effects the prediction results, we
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n CR% CNPFDA CFSIM

4% 0.0784 0.0471
200 20% 0.2694 0.1915
45% 0.7030 0.4844
4% 0.0653 0.0237
300 20% 0.2235 0.1219
45% 0.6172 0.3014

TABLE 4.1 — MSE comparaison for CFSIM and CNPFDA

present some CRs and their corresponding MSE, which are defined as :

1 200 1 200

CFSIMMSE = 5 3 (Yi =Y., CONPFDAMSE = = 3 (¥ = V,u)”
=151 =151

respectively.

For each explicit value of CRs and n, we carried 100 independent replications of the expe-
riment, then we computed the average of mean squared error. These quantities are presented
in Table (4.1).

Example 4.2 We consider a diffusion process on the interval [0, 1] :
X;(t) = cos(mbit) +at*, i=1,...,200; tec][0,1] (4.23)

where a; are uniformly distributed on [0,1] (a ~ U(0,1)) and b; = 3bi—1 + &, & ~ N(0,1
are independent from a; and b;, which is generated by are standard normal distribution (by ~
N(0,1)). we carry out the simulation with a 200 sample of the curves X(t) (see Figure .4).
We simulates the single functional index model as follows.
First, we choose the functional parameter 0. So for a training sample L = {1,...,150}
, the best approximation of 6 is to estimate the eigenfunctions of the covariance operator

/

E[(X —E(X)) < X',- >%] by its emprical covariance Y ,c.(X; — E(X))"(X; — E(X))
(2014b). (Figj.5)shows the descretization of all the eingenfunctions 6;(t) respectively.

Taking 0* the first eigenfunction corresponding to the first higher eigenvalue, and com-
pute the inner product < 6%, Xy >, ... < 0% Xoo9g >,Then simulate the response variables
T, = r(< 0", X; >)+ €, where r(< 0*,X; >) = exp(10(< 6%, X; > —0.05)) and € generate
independently from a centred gaussian of variance equal to 0.075.

We simulate n i.i.d rv C;,i = 1,...,n with the exponential distribution £(1,5).

Noting that the computation of those estimators are based on the observed data (X;,Y;, 6;)i=1
where Y; = min(T;, C;) and 6; = Lir,<cy- On the other hand, take into account of the smooth-
ness of the curves X;(t), we choose the semi-metric in H :

.....

d(zi,z;) = \//01 (4t) —aj(0)) dt, @iz EeH

Then, we choose the quadratic kernels defined by :

K () = (01— )1 (u)
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FIGURE 4.4 — The curves X, 200(t), t€[0,1].

and the distribution function H(-)

H = [ 20—

For the bandwidths hy ~ hg =: h is automatically selected by the procedure of the cross-
validation method on the K-nearest neighbours (2006).

In our simulation, sample sizes are n=200, we take it into two parts, one is a learning
sample of 150 observations and the others 50 observations are a test sample.

Then using the learning sample to compute the estimator of}A/i = 59* (v,z) and Y = 6(7, x)
for j={151,...,200}.

Finally we show the results by plotting the true values versus the predicted values for the
MSE under censored data for both estimators with different censored rate (CR) 4.6 and 4.21

which are defined as :
1 200 .
FSIM.MSE = — 3 (Y; = V;)?
90,555,

1 200 N
NPFDAMSE = — S (Y; = Y,,,)?
50 1=151

respectively.
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FIGURE 4.5 — The curves 6,—1__150(t), ¢ € [0,1].

4.6 Remarks on the single index

It is well known that one of the main advantages of the single index model is its ability
to deal with the problem of high dimensional data. A straightforward example is the optimal
convergence rate of type O(n=2#/(2¥+P)) for the estimation of a k-times differentiable regression
function, this rate goes to zero dramatically slowly if k is small compared to the dimension p
of the explanatory variable (X € RP). In this regard, Gaiffas and Lecué (2007) showed that
the optimal rate of convergence of regression function in the single index model, is of order
O(n~2k/(2k+P)) (vather than O(n~2#/(2k+P)) thereby answering a conjecture of Stone (1982).

The same idea was adopted in the abstract metric spaces by the choice of the semi-metric
increasing the probability measure concentration of the explanatory variable in small balls (see
Ferraty and Vieu (2006)), Section 13.2). Among these family of semi-metric, one can consider
the semi-metric induced by the functional single index estimate.

In the classical nonparametric multivariate regression context the first problem appearing
is the so-called curse of dimensionality caused by the sparsity of data in high dimensional
spaces.

One possibility to circumvent this problem is to impose additional assumptions on the
regression function, in order to reduce the effect of the dimensionality of the regressor variables.

4.6.1 About the Functional Single Index Estimate

Besides using the pseudo-maximum likelihood method proposed by Attaouti et al. (2011) to
estimate 6, the cross-validation method presented by Ait-Saidi et al. (2008)) for the estimation
of # in the single functional index regression model would be the first natural candidate method
for choosing # in this case.

The second candidate way to estimate 6 may be wild bootstrap method, which was shown
by Ferraty et al. (2010) to estimate the functional nonparametric regression operator. Thus,
the theoretical justification and practice have been established.

Among the interest of our study is to show how the conditional density estimate can be
used to derive an estimate of the functional single index if the latter is unknown. The leave-
out-one-curve cross-validation procedure was adapted by Ait Saidi et al. (2008) to estimate
the single index. Newly, Hall and Miiller (2009) proposed a method for estimating functional
derivatives and Ferraty et al. (2011) adopted this technique to estimate the parameter 6.
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NPFDA Cond.quantile: MSE=0.0132 NPFDA Cond.quantile: MSE=0.0611 NPFDA Cond.quantile: MSE=0.3214

FPredicted rnesponses

Predicted responses
Predicted responses

00 02 04 05 03

Responses of testing sample Responses of testing sample Responses of testing sample

FIGURE 4.6 — CR ~ 3.5%, MSE=0.0132 on the left, CR ~ 18%, MSE=0.0611 on the center,
and CR ~ 48%, MSE=0.3214 on the right

FSIM Cond.quantile: MSE=0.0074 FSIM Cond.quantile: MSE=0.0191 FSIM Cond.quantile: MSE=0.1455

1.0 1.2
1

-

-

Predicted responses
FPredicted responses

oz 04 0B 08

Predicted responses
oo o2 04 0B 08 10 12 1.4

o.a
1

0.0 02 04 08

Responses of teating sample Responses of testing sample Responses of testing sample

FIGURE 4.7 — CR ~ 3.5%, MSE=0.0074 on the left, CR ~ 18%, MSE=0.0191 on the center,
and CR ~ 48%, MSE=0.1455 on the right

Alternatively, this parameter can be estimated via the pseudo-maximum likelihood method
which is based on the preliminary estimation of the conditional density of Y given X by

0 = arg max L(0)

where

L(0) = zn: log (0, Y, Xx).
k=1
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Note that, this method has been studied by Delecroix et al. (2003) in the real case where
they showed that this technique has minimal variance among all estimators. The asymptotic
optimality of this procedure in functional statistic, is an important prospect of the present
work.

As an application, this approach can be used for answering the semi-metric choice question.
Indeed, it is well known that, in nonparametric functional statistic, the projection-type semi-
metric is very important for increasing the concentration property. The functional index model
is a particular case of this family of semi-metric, because it is based on the projection on
one functional direction. So, the estimation procedures of this direction permit us to compute
adaptive semi-metrics in the general context of nonparametric functional data analysis. Finally,
the theoretical justification and practice should be established.

4.6.2 Concluding Remarks

Single-index models and varying coefficient models are powerful tools for dimension reduc-
tion and semiparametric modeling because they can effectively avoid "curse of dimensionality".
Both models largely relax some restrictive assumptions on linear and nonparametric models.
Specially, the single-index model is usually treated as the first step of the famous projection
pursuit regression. The single-index model has also been extensively used in the projection
pursuit regression,

For example, firsly the motivation of this model also comes from an analysis of environ-
mental data, consisting of daily measurement of pollutants and other environment factors.
Of interest is to examine the association between the levels of pollutants, two environment
factors (temperature and relative humidity) and the total number of daily hospital admissions
for respiratory problems.

Secondly, single-index models cannot reflect the additivity of covariates, while the perfor-
mance of varying coefficient models can be poor if the varying coefficient contains moderate
or high dimensional covariates.

In standard multivariate regression, the single-index model is a good compromise bet-
ween nonparametric and parametric regression models when one wishes to regress a response
variable on several real-valued explanatory ones. It assumes the existence of a latent one-
dimensional explanatory variable which allows us to explain the response through a nonpara-
metric regression model.

In addition, the latent explanatory variable is supposed to be a linear combination of the
explanatory variables. The vector of the linear combination is called "single index". Such models
are useful tools for interpreting some situations. This is particularly the case in econometrics
where single-index models and various extensions have been intensively studied.

Single-index models, or projection pursuit regression, have proven to be an efficient way of
coping with the high dimensional problem in nonparametric regressions. The idea is restricting
the general multivariate regression function to a special form.

For the functional single-index models, the literature is closely limited, and only a few
theoretical results have been obtained until now.

For the past two decades, the single-index model, a special case of projection pursuit
regression, has proven to be an efficient way of coping with the high dimensional problem
in nonparametric regression. Here we deal with single index modeling when the explanatory
variable is functional. More precisely, we consider the problem of estimating the conditional
density of a real variable Y given a functional variable X when the explanation of Y given X
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is done through its projection on one functional direction.

The single-index approach is widely applied in econometrics as a reasonable compromise
between nonparametric and parametric models. Such kind of modelization is intensively stu-
died in the multivariate case. Without pretend to exhaustivity.

In practice, this study has great importance, because, it permit us to construct a prediction
method based on the conditional mode estimator. Moreover, in the case where the functional
single index is unknown, our estimate can be used to estimate this parameter via the pseudo-
maximum likelihood estimation method. Noting that the estimation of the functional single-
index has great interest on the semi-metric choice in nonparametric functional data analysis
but it has been not attacked in this paper.

4.7 Proofs of technical lemmas

In order to highlight the main contribution of our paper (i.e. a-mixing and functional
variables) some details are voluntarily omitted.

Proof 4.6 (Proof of Lemma 4.1) Let

20 =) i - o) 0; o)
FQ 0.0~ FP@O.0)] < HEKM > | KO H )~ o1 0.0 H )
o S0 H | 5~
nIEK19x < énm G(Yy)
hf C n
G 0;
b0alh) Golrr)Clrp) s G n;:

In conjunction with the SLLN and the LIL on the censoring law (see Deheuvels and Einmahl

loglogn Y
(2000)), hypotheses (H2), (H7) and | ———— = 0(po(hK)) complete the proof.
n

Proof 4.7 (Proof of Lemma 4.2) The asymptotic behavior of bias term is standard, in the
sense that it is not affected by the dependence structure of the data. We have

EFy(0,t,x) — F(0,t,2) =

1 5;
EKi(:L’, 9)E<G(YZ) Ki(iU, Q)Hz(t)> — F(@, t, .1')

= ]EKi:B,@)]E(G?;;)Ki(%H) {E<HZ(7§)| < X1,0 > >D — F(0(4,24)

integrating by parts and using the fact that H is a cdf and the use a double conditioning with
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respect to Ty, we can easily get

I~ B[ Hi(t)] < X1,60 >
G(Y;)

1,TISCIH (t_Tl) | < X1,9 >,T1

G(TY) hy

I

&=
—

=

)

1 ~-T
= E(G( H<t 1)]E[1T1§01|T1]| < X6 >)

Tl) hH
- T
I
_ /H(t_“> £(0,u, X1)du,
R H
t—u
= fr () e,
= [ m® (t_“) F(0,u, X,)du,
R hu
= /H(l)(U)F(H,t—UhH,X1>dUa
R

— [ HOW)(FO,t — vhy, X)) — F(8,t,2)) dv + F(6,1, ) / HO (0)do,
R
we can write, because of (H3) and (H6)-(i) :

I < (Jm,@/RH“)(v) (hl;é+|v|b2h‘;§) dv+ F(6,t,z)

= OBy +hi) + F0,t,2).
Combining this last result with (/.24) allows us to achieve the proof.

Proof 4.8 (Proof of Lemma 4.3) Using the compactness of Sg, we can write that

Sr C U (21 —ln, 2x + 1) with I,, and 7, can be chosen such that l,, = C1,; ' ~ Cn=s"Y2. Taking
k=1
k, = arg min |t — z.

Thus, we have the following decomposition :

1 ; . 1 _ _
= sup |Fn(0,t,z) — EFN(0,t, < = sup |En (0,1, 2) — Fn (6, ts,
Fooa) SR (0.t~ BRG] < s g A0, 1,9) = F(@ b )

1 - -
+—= sup |[Fn(0,tg, ) — EFN(0,t, @
Fp(0,x) tesi‘ w (0, b, 2) w0, b )‘

1 - -
+—=——sup |EFN(0,t,,x) — EFN(0,t,x
Fp(6,2) up [EFw(6, 1, ) ~ EF (6,1, 7)

< B+ By + Bs

On the one hand, as the first and the third terms can be treated in the same manner, we
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deal only with first term. Making use of (H6)-(i) we get

- - 1 oS 5
Fn(0,t,2) — Fn(0,t < - =——H,;(t) — =——H,(t;)| | K;(9,
félsi‘ w(0.t,2) = Fx(0,t,7)| < EE 0D S0 X Gay 0 — gy Bt K6,9)

1 n 5 .
< - T H () — = H(t)| | K6,
S BRI 2 Gan T~ gy k)| K0, 2)]
C t—t] (& 1 1
< K;(0, -
= MEK((0,7) s, hn X<Z (6.2) (G(Y» Gnm))
< Gt - G| Ep(8, )

hHGn(aF)G(aF) tESR

Using l,, = n=<"Y2 we obtain

—5—1/2 1/2
A, < _C'n ! (lognlog n)
hHGn(CLF)G(CLF>

n

and note that, because of (HG6)-(i), we have

ZL _, logn
R B n¢9,m(hK) .

Thus, for n large enough, we have

B logn
Bl - Oa.co ( nQbG,x(hK)) .

Following similar arguments, we can write

B; < Bi.

[sn2?logn
Concerning Bs, let us consider € = ¢ % Since for all g > 0, we have that
n

P <sup (EﬁN(e,tk, z) —EFy(6, t,x)) > 5)> < P ( max |EFy (6, t, z) — EEN (6, t,:z:)‘ > 5)
teSr

ke{l..mn}

< 7P ([EFy(0,th,7) - EFv(0,t,2)| > ).

The application of Fuk-Nagaev’s inequality (see Proposition A.11-ii of Ferraty and Vieu
(2006)) with r = (logn)? and q = a + 1, we get that

2 —(logn)?/2 a+1
R N JIogn
P (|EFx(0. tr,x) — EFy(0,t,2)| > ¢) < (1 + Tog e 0 )2> +n(logn)~2 ( Og")

logn €05n,2
< CyoFr+ Gy Fo.

Finally, the use that s., , = O(nge(hk)), allows to get directly that there exist some n > 0
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such that
Fi+F < Cn 't

Finally, we arrive at

sup ‘FN (0,t,x) — EFN(G t x)’ O,.co. (%logn)

tESR n

Proof 4.9 (Proof of Proposition 4.2) [t is omitted as it very similar to that of Proposition
4.1, we use again the same kind of decomposition as (4.12) :

tselgn)JF 0,t,x) — (l)(ﬁ,t,a:)’ = Mf&g{’ﬁ}& 0,t,x) — ](\;)(Q,t,x)‘}

sup

8 x) teSR{
{

’ (0,t,x) — E{P(Q,t,x)‘}

sup ’EFN 0,t,x) F(l)(Q,t,x)‘}

tESR

0,t

M up [1 - Fp(6,2)|. (4.25)
FD(G, :U) teESR

This proof is very similar to the one of Proposition /.1. Indeed the proof of the Proposition

4.2 by making use the decomposition (4.25), in conjunction of first part of Lemma 4.5 with
lemmas Lemma /.1, Lemma /4.4 and Lemma /.5.

Proof 4.10 (Proof of Lemma 4.4) Using the same arguments in the proof of Lemma 4.2,
replacing F(0,t,z) (resp. F(0,t,z)) with FY(0,t,1) (resp. F](\P(Q,t, x)) and considering hypo-
theses (H5) and (H6) we get :

FO0,t,2) —EFQ(0,t,2) = O (h} +h}2). (4.26)

Proof 4.11 (Proof of Lemma 4.5) To get the asymptotic behaviour of the quantity 1518)(9, t,x)—
Eﬁ]\f)(e t,x), we comeback to the proof of Lemma 4.3, and we replace F(0,t,x) (resp. F(0,t, 1))
with FO(0,t,x) (resp. FN 0,t,x)).

Note that (H6)-(ii) and (H12) permit to show that

(Si (1
E ((MH V(hi(t=Y0)

0

7 )HZ)(hH(t—Y))\(XwX)> O(h3)),

while (H1) and (H5) imply that

(Si -1
E ( @(mH“) (hi (to() — 7)) |Xi) = O(hg).

Consequently, we have by using successively (H0), (H2), (H8) and (H10)-(i)

1/a
Cov (2:(0,t,2),5;(6,t,2)) = O (hgq <¢9(hf<)> ) 7

n
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where
Gf;i)ﬂf%m 0) — Ehj Gf STUOIED

has zero mean and satisfies |Z;(6,t,2)] < Chiy' ¢y (hi). Now, we show that because HY i
bounded. Indeed, it can be found that

= _ -1

FU,t,2) —EFP0,t, z)

ZE@tx

=1

3 \

then it allows us to use directly similar arguments of second part by Lemma 4.3, we obtain

- - \/Sno?logn
FO0,4,0) —EFQ 0,1, 2) = Opeo, (2) ,

n
which leads directly to the result of Lemma /.5

Proof 4.12 (Proof of Lemma 4.8) The proof can be completed following the same steps as
Lemma 4./.

Proof 4.13 (Proof of Lemma 4.9) Similar to the proof of Lemma 3.4 in Ling et al. (2014),
it can be completed easily. Here we omit its proof.

Proof 4.14 (Proof of Lemma 4.10) For all x € Sy and V0 € Oy, we set

k(x) = arg min ||z —xy[| and ¢(0) = arg  min [[0—0,]| and by the compact property
ke{l..d, "} me(l...dy "}

of Sg C R, we have Sg C U (Vg — ln,vg + 1) with 1, and T, can be selected such as 1, =
k=1

o(r,H=0 (n*(?’g*l)ﬂ) Taking k; = arg{ min } |t — v

Let us consider the following decomposition

sup sup sup ’FN 0,t,x) —E (F](\P(G,t,x))‘ < sup sup sup { ‘FN t,x) — F}J’(e,t,xk@))
0€O4 xESy teSR 0€0y x€Sy tESR

+ FN (9,t7l’) - ﬁN (evtvrk(x))

( )ty T(z)) — Fz(vl)(9q<e>7vktv"fk<w>)
FY (6’,1 0)s Vky» Th(z)) — E (Fz(\%)(eq(ﬂ)wkt’ xk(@))’
£ (00050 £ O 1)
(F(l) ), b i ))) -E (ﬁﬁ)(ﬁ,t,xk(m)))‘

+[E(FY 0. xk(z))) ~E(FY6.t.2))| }
\I/1+\I[2+\I/3+\I/4+\I/5+\P6+\IJ7.

++++

VAN
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e Concerning V3 and Vs; by conditions (HO6)-(i1) and (A6), boundness of K, we obtain

~ 1 n 0;
FOO, o).t FO(p < - K6 .
|FN (Bg0), t: @) = FN (Bago)s vnes o) < W ER,(0.7) ;ﬁg G (Og(6) Th(x))
Y.
(550 (52)
(5 ) ”
< su C't_vkt (
= tESI])Q hl+1 Th(a )))
n 1
Das))
2 | v

_ O( " )
T olhi)ht T \Bie(hik) )

(Bv+1)/2

Now, the fact that nh_)rgo n"hyg = 0o, and choosing l, =n~ and using the second part

of (A6), imply that

[ B logn
Wi o(hie)  \\ nh2 (ki)

as n — 00, therefore, it follows

log dS# d9n
Uy < U3 = Oa.co. —ol-1./1 |-
nhy  ¢(hx)
. . 2 logdiTdy T .
Concerning Wy, let us consider € = g on.8 Ogn2 . Since

s2 ¢ log dS7d9F
PlWY, > e ’ = P max max max

2
n q€{1..d9M Y ke(1...doM ) €12, }

r® _ Er@] > 5>

< rudinddP (|0 - EDY| >

) (4.27)

the application of Fuk-Nagaev’s inequality (Proposition A.11-(ii), see Ferraty and Vieu (2006))
with r = (logn)* > 1 and ¢ = a + 1, we get fu

2 Sr 1071\ —(logn)?/2
5) S C <1+ 50(10gdn dn ))

>y —ErY)| >

7 (2

= (logn)?
n(logn)®e; ™ 1
(log dS7d9F)(a+1)/2 gatl
< C(J + J). (4.28)
By assumptions (A6), it has % — 00 as n — 00, which leads to
-2
Ty < (d5Hd¥) (4.29)

for some A > 1 and €y > 0 such that €2 = 2.
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On the other hand,
Jy < Cn (logn)™ (di”dg”)_%l nF < C'pttr (4.30)
where n > 0 such that § > 5 —n > 2. Meanwhile, by the selection of A and 3, we can find that
(d;fﬂd,‘?ﬂ)A =0 (n 1) (4.31)

Combining (4.27)-(4.31) with assumption (A6)-(ii)

2 log dS.
Uy =040 (MW) ) (4.32)
n

e Concerning Vi and W,

=) =0 1 S
sup sup sup |EFN (0, t,x) — Fy\' (0, t, The < ————— sup sup su —_—
96@17).1 a:eSI; teSPR’ N ( ) N ( o )N nthEK1(9,$) Ge@lq){ zesli tesﬁg G(Y;)

(K30, ) — Ki(0, )]

1 n
< —5—— sup sup Ni(z,0) — A; (2400, 0
nhiy¢(hx) zesﬂeeeﬂg‘ (2,9) (k() )‘
1 1.
< —————sup sup —» lp, N X,
= hio(hi) redn 969% n ; Bo(a,h)UBy (i) ) (Xi)
C 1.
< oo sup sup 3 Ay, 0)

l
hH €Sy €Oy n i=1

Therefore, similar to the arguments for (4.32), we can get that

[s2 log dS
\Ijl - Oa.co. ( STL,4 02g = ) .
n

i o s 000 YOl < g o o - | )
(K0, 21) = Ki(Oy0), 7))
< oy 2, B0~ ()
S i) L B et O
< ¢ sup sup li%(z,@)

l
hH €Sy €Oy n i=1
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Similar to the deduce of (/.32), it yields

[2  log dS*
\112 - Oa.co. ( 871,5 02g z ) .
n

On the other hand, since W7y < Uy and Vg < Wy, it also leads to

|s2 ,log dSF
\116 = Oa.co. ( 371747(/)571) .

|s2 - log dSF
\117 = Oa.co. ( 8717522371) .

Then the proof of Lemma 4.10 can be completed.

and
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CHAPITRE CINQ

Conclusion et Perspectives

Conclusion

Dans notre travail, nous avons illustré une méthodologie dans le cadre de la modélisation du
quantile conditionnelle par une approche a indice fonctionnel simple, tout en tenant compte
des éventuels changements structurels.

Dans la premiere partie, nous avons établis la convergence ponctuelle presque complete et
la convergence uniforme presque complete de I'estimateur de la fonction de répartition condi-
tionnelle sous un modele d’indice fonctionnel simple, en précisant ses vitesses de convergences.
Deux cas ont été étudiés, le premier lorsque les variables sont indépendantes et identiquement
distribuées tandis que dans le deuxieme cas nous avons traité le cas d’a-mélange.

Dans la deuxieme partie de cette these, nous avons présenté un modele a indice fonctionnel
simple qui est adapté a des données censurées. Ensuite, nous avons prouvé sa convergence
uniforme presque compléte avec un taux de convergence. Nous avons illustré les résultats
obtenues par des modeles de simulation, ot nous avons montré la performance de notre modele.

En conclusion, le modele a indice fonctionnel simple représente une alternative valable au
purement non paramétrique. Par rapport a cela, certains avantages peuvent étre mis en évi-
dence, le probleme de la dimensionnalité est évité et la tache de choisir une bonne semi norme
est ignorée.

Perspectives

Pour conclure les travaux de cette these, nous exposons dans ce qui suit, quelques dévelop-
pements futurs possibles en vue d’améliorer et d’étendre nos résultats.

— La premiere perspective a traiter a cours terme est la question liée a la normalité asymp-
totique de nos estimateurs dans les deux cas i.i.d et a-mélangeant. Notons que cette
propriété asymptotique permettra d’optimiser les intervalles de confiance et de faire des
tests statistiques.

— Etendre les résultats dans le cas ergodique, spatial.
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— D’autres problemes méritent d’étre soulevés dans le modele a indice fonctionnelle simple,
tels que 'estimation de la régression relative, la régression robuste, et I'estimation par
la méthode des polynomes locaux.

— Une question qui nous semble naturelle est I’estimation du modele a indice fonctionnelle
simple dans le cas des données tronquées, les données aberrantes.

— Le choix du parametre de lissage qui est un parametre trés important en estimation non
paramétrique car il intervient dans toutes les propriétés asymptotiques que nous avons
étudier, ainsi il permet d’améliorer la qualité de I'estimateur.

D’autres problemes peuvent étre abordés notamment celui ou les variables réponses sont
fonctionnelles dans le modele a indice fonctionnelle simple.
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