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Abstract

The present thesis is devoted to the study of Well-Posedness and asymptotic behaviour in time of solution
of Lamé system and coupled Lamé system.

This work consists of five chapters, will be devoted to the study of the Well-Posedness and asymptotic
behaviour of some evolution equation with linear, and viscoelastic terms. In chapter 1, we recall of some
fundamental inequalities. In chapter 2, we consider the Lamé system in 3-dimension bounded domain with
distributed delay term. We prove, under some appropriate assumptions, that this system is well-posed and
stable. Furthermore, the asymptotic stability is given by using an appropriate Lyapunov functional. In
chapter 3, we consider a coupled Lamé system with a viscoelastic damping in the first equation. We prove
well-posedness by using Faedo-Galerkin method and establish an exponential decay result by introducing a
suitable Lyaponov functional. In chapter 4, we consider a coupled Lamé system with a viscoelastic damping
and a strong constant delay in the first equation. We prove well-posedness by using Faedo-Galerkin method
and establish an exponential decay result by introducing a suitable Lyaponov functional. In chapter 5, we
consider a coupled Lamé system with a viscoelastic term and a strong damping. We prove well posedness by
using Faedo-Galerkin method and establish an exponential decay result by introducing a suitable Lyaponov

functional.

Key words : Well-Posedness, Coupled system, Exponential decay, Lyapunov method, Galerkin method,

Viscoelastic term, Delay term.
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(General introduction

The present thesis is devoted of the study of Well-Posedness , asymptotic behaviour in time
of solution to hyperbolic systems.

The problem of stabilization consists in determining the asymptotic behaviour of the energy
by E(t), to study its limits in order to determine if this limit is null or not and if this limit
is null, to give an estimate of the decay rate of the energy to zero, they are several type of

stabilization:
1. Strong stabilization: E(t) — 0, as t — oo.
2. Uniform stabilization: E(t) < Cexp (—dt), Vt > 0, (¢,0 > 0).
3. Polynomial stabilization: E(t) < Ct~°, Vt >0, (c,§ > 0).
4. Logarithmic stabilization: E(t) < C(In(t))™° ¥t > 0, (¢, > 0).

For wave equation with dissipation of the form u” 4+ A u+ g(u") = 0, stabilization problems
have been investigated by many authors:

When ¢ : R — R is continuous and increasing function such that g(0) = 0, global existence
of solutions is known for all initial conditions (ug,u1) given in H3 () x L?(2). This result
is, for instance, a consequence of the general theory of nonlinear semi-groups of contractions
generated by a maximal monotone operator (see Brézis [7]).

Moreover, if we impose on ¢ the condition VA # 0, g(A) # 0, then strong asymptotic stability
of solutions occurs in Hj(Q) x L*(9).

i.e (u,u') — (0,0) strongly in Hy () x L*()

without speed of convergence. These results follows, for instance, from the invariance prin-
ciple of Lasalle (see for example A. Haraux [11]). If we add the assymption that g has a

polynomial growth near zero, we obtain an explicit decay rate of solutions (see M. Nakao
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General introduction

[20])-

This work consists of five chapters:

e In the chapter 2: In this chapter, we consider the following Lamé system with a

distributed delay term

u'(z,t) — Aqu(x, t) + /T2 po(s)u'(z,t — s)ds + pu'(z,t) =0 in Q x RF
T1
u=0 on 02 x R*

Here A denotes the Laplacian operator and A, denotes the elasticity operator, which

is the 3 x 3 matrix-valued differential operator defined by
Aou = pAu+ (AN + p)V(divu), u = (uy,ug, us)’
and p and X\ are the Lamé constants which satisfy the conditions

w>0, A4+p=0. (2)

Moreover, ps : [T, 2] = R is a bounded function and 7, < 75 are two positive constants.

In the particular case A + u = 0, A, = pA gives a vector Laplacian; that is (II.1)

describes the vector wave equation.

The purpose of this chapter is to prove the well-posedness of the problem (II.1). More-
over we show that we can always find initial data in the stable set for which the solution
of problem (I1.1) decays exponentially, which is based on the construction of a suitable

Lyaponov functional.

e In the chapter 3: Let us consider the following a coupled Lamé system :

ug(x,t) + av — Agu(x, t) + /Otg(s)Au(t — 8)ds — upAug(z,t) =0,  in Q x (0,400),
vz, t) + au — Agv(x,t) — poAvy(z,t) = 0, in 2 x (0, 400),
u(z,t) =v(x,t) =0 on 02 x (0, 400),
(u(, 0),0(,0)) = (uo(), vo(c) in 0,
(ut(z,0),v4(2,0)) = (ur(x), v1(z)) in .

(3)
The problem of stabilization of coupled systems has also been studied by several au-

thors see [2, 4, 6, 15, 23, 24]and the references therein.Under certain conditions imposed

10



General introduction

on the subset where the damping term is effective, Komornik [15] proves uniform sta-
bilization of the solutions of a pair of hyperbolic systems coupled in velocities. Alabau
and al.[2] studied the indirect internal stabilization of weakly coupled systems where
the damping is effective in the whole domain. They prove that the behavior of the
first equation is sufficient to stabilize the total system and to have polynomial decay

for sufficiently smooth solutions.

In this chapter we prove well-posedness of the problem by using the Faedo-Galerkin

method and we prove the exponential decay of the energy when time goes to infinity.

e In the chapter 4:

Let us consider the following problem

g (z,t) + av — Agu(z, t) + /Otg(s)Au(t — s)ds
—pAug(z,t) — MAgu(z,t —7) =0,  in Q x (0, 4+00),
v (x,t) + au — Agv(z, t) — paAve(x,t) = 0, in ©Q x (0, 4+00),
u(z,t) =v(x,t) =0 on I x (0, 400), (4)
(u(,0), 0(z,0)) = (ug(), vo(x)) in 0,
(e(,0), vz, 0)) = (wr (), 01 () in 0,
w(z,t — 1) = folx, t — 1), in Q x [0, 7].

The main purpose of this work is to prove the well-posedness in Sobolev spaces using
Faedo-Galerkin method and to allow a wider class of relaxation functions and improve
earlier results in the literature. The basic mechanism behind the decay rates is the

relation between the damping and the energy.

e In the chapter 5: In this chapter, we consider the following coupled Lamé system :

t
u(x,t) + av — Aqu(z, t) +/ g1(t — s)Au(z, s)ds — pyAu(z,t) =0,  in Q x (0, +00),
0

¢
vz, t) + au — Agv(x,t) +/ go(t — s)Av(z, s)ds — puaAve(x,t) = 0, in Q x (0, 400),
0

u(z,t) =v(x,t) =0 on 092 x (0, 4+00),
(u(z,0),v(x,0)) = (up(z), vo(x)) in Q,
(ug(x,0),v(2,0)) = (ug(x), v1(x)) in Q.

()
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The purpose of this paper is to prove the well-posedness of the problem and exponential

decay of the energy when time goes to infinity.

12



Preliminaries

In this chapter, we present some materials which will be used in the following chapters.

1 Function Spaces

We consider the Euclidean space R™, n > 1 endowed with standard Euclidean topology and
for €2 a subset of R" we will define various spaces of functions {2 — R™. If endowed by a
pointwise addition and multiplication the linear space structure of R™ is inherited by these
spaces. Besides, we will endow them by norms, which makes them normed linear (or, mostly

even Banach) spaces. Having two such spaces U C V', we say that the mapping
f:U—=>Vu—u.

is a continuous embedding (or, that U is embedded continuously to V') if the linear operator

f is continuous (hence bounded). This means that

[ully < Cllully

13



CHAPTER I. PRELIMINARIES

for C' one can take the norm || f||w,v). If f is compact, we speak about a compact embedding
and use the notation U C V. If U is a dense subset in V |, we will speak about a dense
embedding; this property obviously depends on the norm of V' but not of U. It follows by a

general functional-analysis argument that the adjoint mapping
ffovr=ur.

is continuous and injective provided U C V continuously and densely, then we can identify V*
as a subset of U*. Indeed, f* is injective (because two different linear continuous functionals

on V must have also different traces on any dense subset, in particular on U).

1.1 The LP(Q2) spaces

Let 1 < p < o0, and let €2 be an open domain in R”, n € N. Define the standard Lebesgue
space LP(Q2), by

LP(Q)) = {u : Q — R : uis measurable and / |u(x)|Pdx < oo} :
Q
Notation 1.1 Forp e R and 1 < p < 0o, denote by

full = [ oz’

If p = 00, we have

L“(Q):{u:Q%R

u s measurable and there exists a constant C
such that, |u(z)] < C a.e in Q

with
|u]|oo = inf{C;|u| < C a.e On Q}.

Theorem 1.2 It is well known that LP(QY) supplied with the norm ||.||, is a Banach space,
forall1 < p < oo.

Remark 1.3 In particularly, when p =2, L*(Q) equipped with the inner product

= | F@)g(a)da

is a Hilbert space.

14



1.1 Function Spaces

Theorem 1.4 For 1 < p < oo, LP(2) is reflezive space.

1.2 The LP(0,T,V) spaces

Definition 1.5 Let V' be a Banach space, denote by LP(0,T,V) the space of measurable

functions

u: [0, T[—=V
t — u(t)
such that
- 1
(/0 ||u(t)||’€/dt> = ||u||Lp(07T,X) < o0, for 1 <p<oo.
If p = o0,

||| oo 0,7,y = sup ess [Ju(t)|y -
t€]0,T

Theorem 1.6 The space LP(0,T,V) is complete.

We denote by D’(0,T,V) the space of distributions in |0, 7 which take its values in V/,

and let us define
D'(O,T, V)= (Dlo,T[,V),

where (¢, ¢) is the space of the linear continuous applications of ¢ to . Since u € D'(0,T,V),

we define the distribution derivation as

((;2;(()0) = —u (f;:) ,\V/QD eD (]OvTD )

and since u € LP(0,T,V'), we have

ul) = [ ult)elt)d, Vi € D (0,7]).

We will introduce some basic results on the LP(0, 7T, V') space. These results, will be very

useful in the other chapters of this thesis.

15



CHAPTER I. PRELIMINARIES

Lemma 1.7 Let u € L*(0,T,V) and v e LP0,T,V), (1 <p< o), then, the function u
is continuous from [0,T] to V .i.e. u € C’l(O,T, V).

1.3 Sobolev spaces

Modern theory of differential equations is based on spaces of functions whose derivatives

exist in a generalized sense and enjoy a suitable integrability.

Proposition 1.8 Let Q be an open domain in RY, Then the distribution T € D'(Q) is in
LP(Q) if there exists a function f € LP(Q)) such that

/ f(x)p(z)dx, for all p € D(),

where 1 < p < oo, and it’s well-known that [ is unique.

Definition 1.9 Let m € N and p € [0,00]. The W™P(Q) is the space of all f € LP(),
defined as

Wmr(Q) = {f € LP(Q ), such that 0“f € LP(Q2) for all « € N™ such that
la] = Za] m, where, 0% = 0 952..0°"}.

Theorem 1.10 W™P(Q) is a Banach space with their usual norm

£ lwmsy = D2 10%fllLe .1 < p < oo, for all f € W™P(Q).

|a|<m

Definition 1.11 Denote by W' (Q) the closure of D(2) in W™P(Q).

Definition 1.12 When p = 2, we prefer to denote by W™2(Q) = H™ (Q) and WJ*(Q) =
H{" () supplied with the norm

[ f ] rm 0y = (Z (Ilaafllef) ,
jal<m

which do at H™(S) a real Hilbert space with their usual scalar product

(U, V) () = > /8O‘u8avda7

laf<m

16



1.1 Function Spaces

Theorem 1.13 1) H™ () supplied with inner product (., .)gmq) is a Hilbert space.
2) Ifm>=m', H™(Q) — H™ (), with continuous imbedding .

Lemma 1.14 Since D(R2) is dense in HJ* (), we identify a dual H=™ (Q) of HJ" () in a

weak subspace on (), and we have
D(Q) — H (Q) — L*(Q) — H ™ (Q) — D'(Q),

The next results are fundamental in the study of partial differential equations

Theorem 1.15 Assume that Q is an open domain in RY (N > 1), with smooth boundary
0f). Then,

(i) if 1 < p < n, we have WP C LY(QY), for every q € [p,p*], where p* = e

(ii) if p = n we have WP C L4(Q), for every q € [p, 00).

(iii) if p > n we have W C L>®(Q) N C**(Q), where a = B2,

Theorem 1.16 If Q is a bounded, the embedding (ii) and (iii) of Theorem II.18 are com-
pacts. The embedding (i) is compact for all q € [p,p*) .

Remark 1.17 For all ¢ € H*(Q), Ap € L*(Q) and for OQ sufficiently smooth, we have

1ol 20y < CN1ALE] 120y -

1.4 Weak convergence

Let (E;||.||r) a Banach space and E’ its dual space, i.e., the Banach space of all continuous
linear forms on E endowed with the norm ||.||z defined by

< >
”fHE’ =: sup ‘ fax ’
w0 =]

where < f,z > denotes the action of f on x, i.e < f,x >= f(z). In the same way, we can
define the dual space of E’ that we denote by E”. (The Banach space E” is also called the
bi-dual space of F). An element = of E can be seen as a continuous linear form on E” by
setting z(f) =:< z, f > , which means that £ C E".

17



CHAPTER I. PRELIMINARIES

Weak, weak star and strong convergence

Definition 1.18 (weak convergence in FE). Let x € E and let {z,} C E. We say that

{z,} weakly converges to x in E, and we write x,, — x in E, if
< fix,>=>< fx >
forallx € E'.

Definition 1.19 (weak convergence in E’). Let f € E' and let {f,} C E' We say that
{fn} weakly converges to f in E', and we write f, — f in E', if

< fo,x>—< fix>
forallz € E”.

Definition 1.20 (weak star convergence). Let f € E' and let {f,} C E' We say that

{f.} weakly star converges to f in E', and we write f,, = f in E' if
< fo,x>—< fix >

forallx € E.

Remark 1.21 As E C E" we have f, — f in E' imply f,, = f in E'. When E is reflexive,
the last definitions are the same, i.e, weak convergence in E' and weak star convergence

cotncide.

Definition 1.22 (strong convergence). Let v € E (resp.f € E') and let {x,} C E
(resp{f.} C E'). We say that {z,} (resp.{fn}) strongly converges to x (resp.f ), and we
write x, — x in E (resp.f, — f in E'), if

lim o — a5 = 0, (resp. Jim |1f, = ]l = 0).

Definition 1.23 (weak convergence in LP(Q)) with 1 < p < oo ). Let Q2 an open subset
of R". We say that the sequence {f,} of LP(Q) weakly converges to f € LP(Q), if

li7an/Q folz)g(z)de = /Qf(x)g(x)dx forallg e LY, 11) + 2 = 1.

18



1.1 Function Spaces

Definition 1.24 (weak convergence in W'?(Q) with 1 < p < oo )We say the {f.} C
WhP(Q) weakly converges to f € W'P(Q), and we write f, — f in W'2(Q), if

fo— fin LP(Q) and V f,, — V fin LP(Q;R")

Weak and weak star compactness

In finite dimension, i.e, dim F < oo, we have Bolzano-Weierstrass’s theorem (which is a

strong compactness theorem).

Theorem 1.25 (Bolzano-Weierstrass). If dimE < oo and if {z,} C E is bounded,
then there exist + € E and a subsequence {x,,} of {x,} such that {x,,} strongly converges

to z.

The following two theorems are generalizations, in infinite dimension, of Bolzano- Weier-

strass’s theorem.

Theorem 1.26 (weak star compactness, Banach-Alaoglu-Bourbaki). Assume that
E is separable and consider {f,} C E' . If {x,} is bounded, then there ezist f € E' and a
subsequence { f,, } of {fn} such that {f,,} weakly star converges to f in E'.

Theorem 1.27 (weak compactness, Kakutani-Eberlein). Assume that E is reflexive
and consider {x,} C E. If {x,} is bounded, then there exist x € E and a subsequence {x,, }

of {xn} such that {x,, } weakly converges to x in E.

Theorem 1.28 (weak compactness in LP(Q)) with 1 < p < oco. Given {f,} C LP(Q) ,
if {fn} is bounded, then there exist f € LP(Q) and a subsequence {f..} of {f.} such that
fo— fin LP(Q2).

Theorem 1.29 (weak star compactness in L>({2))
Given {f,} C L>®(Q), if {fn} is bounded, then there exist f € L*>°(Q) and a subsequence

{fur} of {fu} such that f, = f in L>().

1.5 Aubin -Lions Lemma

The Aubin-Lions Lemma is a result in the theory of Sobolev spaces of Banach space-valued
functions. More precisely, it is a compactness criterion that is very useful in the study of
nonlinear evolutionary partial differential equations. The result is named after the French

mathematicians Thierry Aubin and Jacques-Louis Lions.

19



CHAPTER I. PRELIMINARIES

Lemma 1.30 Let Xy, X and X, be three Banach spaces with Xqg C X C X;. Assume that
Xo is compactly embedded in X and that X is continuously embedded in X1, assume also

that Xy and X1 are reflexive spaces. For 1 < p,q < 400, let
W= {U € Lp([OaT]7X0)/ (S Lq([OaT]le)}

Then the embedding of W into LP([0,T]; X) is also compact.

2 Inequalities

Notation 2.1 Let 1 < p < 00, we denote by q the conjugate exponent,

11
S4I=1
P q

2.1 Holder’s inequality

Assume that f € LP and g € L9 with 1 < p < co. Then (fg) € L' and

gl < [1fllpllgllq-

Lemma 2.2 (Cauchy-Schwarz inequality) FEvery inner product satisfies the Cauchy-

Schwarz inequality
(m1,2) < [z [|]-
The equality sign holds if and only if x1 and x5 are dependent.

We will give here some integral inequalities. These inequalities play an important role in

applied mathematics and also, it is very useful in our next chapters.

Lemma 2.3 Letlgpgréq,%:%—k%, and 0 < a < 1. Then

lull e < llull gl

Since our study based on some known algebraic inequalities, we want to recall few of them

here.

20



1.3 Semigroups, Existence and uniqueness of solution

2.2 Young’s inequality

For all a,b > 0, the following inequality holds

al? b
ab < — + —,
p q
1,1
where, ste = 1.
Lemma 2.4 For all a, b € RT, we have
b2
ab < da® + 5

where 0 is any positive constant.

2.3 Poincaré’s inequality
Let 2 C R™ is a bounded open subset. Then there exists a constant ¢, depending on €2 such

that:

11220 < eIV fllz2@), Vf € Hy(Q).

3 Semigroups, Existence and uniqueness of solution

In this section, we start by introducing some basic concepts concerning the semigroups. The

vast majority of the evolution equations can be reduced to the form

Ut:AU, t>0,

(L.1)
U(0) = U,

where A is the infinitesimal generator of a Cy-semigroup S(t) over a Hilbert space H. Lets
start by basic definitions and theorems. Let (X, ||.||x) be a Banach space, and H be a Hilbert

space equipped with the inner product < .,. >y and the induced norm ||.|| 5.

Definition 3.1 A family S(t);=0 of bounded linear operators in X is called a strong conti-

nous semigroup (in short, a Co-semigroup) if
i) S(0) = 1.

21
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ii) S(s+1t)=S5(s)S(t), Vt=>0Vs>D0.
iii) For each uw € H, S(t)u is continous in t on [0, +o0].
Sometimes we also denote S(t) by et

Definition 3.2 For a semigroup S(t)i=o0, we define an linear operator A with domain D(A)

consisting of points u such that the limit

Au = lim M
t—0t

Vu € D(A)
exists. Then A is called the infinitesimal generator of the semigroup S(t)i>o-

Proposition 3.3 Let S(t);=o be a Cy-semigroup in X. Then there exist a constant M > 1
and w = 0 such that
1S(0)]|ex) < Me*'. ¥Vt =0

If w = 0 then the corresponding semigroup is uniformly bounded. Moreover, if M =1 then

S(t)=o is said to be a Cy-semigroup of contractions.

Definition 3.4 An unbounded linear operator (A, D(A)) on H, is said to be dissipative if
R < Au,u >< 0,Vu € D(A).

Definition 3.5 An unbounded linear operator (A, D(A)) on X, is said to be m-dissipative
if

e A is a dissipative operator.

o J)\o such that R(\l — A) = X
Theorem 3.6 Let A be a m-dissipative operator, then

e R(\I—A)=X, VA>0

* 10, 00[C p(A).

Theorem 3.7 ( Hille-Yosida )An unbounded linear operator (A, D(A)) on X, is the in-
finitesimal generator of a Cy-semigroup of contractions S(t);=o if and only if

o A is closed and D(A) = X.

22



1.3 Semigroups, Existence and uniqueness of solution

e The resolvent set p(A) of A contains RY, and for all A > 0,

A —A) ey <A

Theorem 3.8 (Lumer-Phillips) Let (A, D(A)) be an unbounded linear operator on X, with
dense domain D(A) in X. A is the infinitesimal generator of a Cy-semigroup of contractions

if and only if it is a m-dissipative operator.

Theorem 3.9 Let (A, D(A)) be an unbounded linear operator on X . If A is dissipative with

R(I — A) =X, and X is reflexive then D(A) = X.

Corrolary 3.10 Let (A, D(A)) be an unbounded linear operator on H. A is the infinitesimal

generator of a Cy-semigroup of contractions if and only if A is a m-dissipative operator.

Theorem 3.11 Let A be a linear operator with dense domain D(A) in a Hilbert space H.
If A is dissipative and 0 € p(A) then A is the infinitesimal generator of a Cy-semigroup of
contractions on H.

Theorem 3.12 ( Hille-Yosida ) Let (A, D(A)) be an unbounded linear operator on H. As-

sume that A is the infinitesimal generator of a Cy-semigroup of contractions S(t)>.

1. For Uy € D(A), the problem (1.1) admits a unique strong solution

U(t) = S(t)Us € C([0, 00[; H) N C([0, 00[; D(A))

2. For Uy € D(A), the problem (1.1) admits a unique weak solution

U(t) € C°([0, oo; H).
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Well-Posedness And Asymptotic Stability For
The Lamé System With Internal Distributed
Delay

1 Introduction and statement

Let 2 be a bounded domain in R?* with smooth boundary 9 . Let us consider the following

Lamé system with a distributed delay term:

u(x,t) — Aeu(z, t) + /72 po(s)u'(x,t — s)ds + v/ (z,t) =0 in Q x RY (L)
u=0 on 90 x R* '
with initial conditions
u(z) = up(z) u'(x,0) =wuy(z), inQ, (11.2)
u'(x,—t) = folz, —t), in Q x (0, 7), .
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Where (ug, u1, fo) are given history and initial data . Here A denotes the Laplacian operator
and A, denotes the elasticity operator, which is the 3 x 3 matrix-valued differential operator
defined by

Acu = pAu+ A+ p)V(divu), u= (u,ug,uz)’

and p and X\ are the Lamé constants which satisfy the conditions
w>0, A4+ pu=0. (11.3)

Moreover, ps : [11,T2] — R is a bounded function and 71 < 75 are two positive constants.

In the particular case A\+pu = 0, A, = pA gives a vector Laplacian; that is (I1.1) describes
the vector wave equation.

In recent years, the control of partial differential equations with time delay effects has
become an active and attractive area of research see ([1, 5, 6, 9, 10, 12]and [17]),and the
references therein. Recently, S. A. Messaoudi and al.[17] considered the following problem

with a strong damping and a strong distributed delay:

uy — Agu(z,t) — pAug(z, t) — /72 pa(8)Auy(z,t — s)ds =0 in  Q x (0,+00),

u=0 on I'x[0,+00), (I1.4)
ulw,0) = wo(z) (,0) = uy(x) on 9,

u(z, —t) = folx, —t), 0<t< 7,

and under the assumption
T2
M1 >/ ,LLQ(S)dS. (II5)

1

The authors proved that the solution is exponentially stable.

In[3], the authors considered the Bresse system in bounded domain with internal dis-
tributed delay

prpw — Gh(pe + 1w + ), — Ehl(w, — lp) + pips + papi(w, t — 1) = 0,
potiy — Bl — (s — -+ ) + [ (sl — 5)ds =0, (1)
prwy — Eh(wy — 1) +1Gh(p, + lw + ) + prw; + ppwi(z,t — 72) =0,

where (z,t) €]0, L[xR, , the authors proved, under suitable conditions, that the system is

well-posed and its energy converges to zero when time goes to infinity. For Timoshenko-

type system with thermoelasticity of second sound,in the presence of a distributed delay
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Apalara[l] considered the following system:

T2
p1pee — k(x +)e + ppe + | pa(s)pr(a,t —s)ds =0 in (0,1) x (0, +00),

T1
p2by — bz + k(px + ) + 78, =0 in- (0,1) x (0,00), (IL.7)
p3b + g + 09y =0 in (0,1) x (0,00),
7q: + Bqg+ 6, =0, in (0,1) x (0, 00),

and proved an exponential decay result under the assumption
> / 2u2(s)ds. (IL.8)
T1

In [4], Beniani and al. considered the following Lamé system with time varing delay term:

{ u'(2,t) = Acu(z,t) + g (W' (x, 1) + pogo(u'(z,t — 7(s)) =0 in Q@ xR* (IL.9)

u=0 on 00 x RT

the authors proved, under suitable conditions, that energy converges to zero when time goes

to infinity.

The paper is organized as follows: in Section 2, we prove the global existence and unique-

ness of solutions of (II.1)-(I1.2). In Section 3, we prove the stability results.

2 Well-posedness

In this section, we prove the existence and uniqueness of solutions of (II.1)-(II.2) using

semigroup theory.

As in [21], we introduce the variable
2(z, p,t,8) =u'(x,t — ps), (x,p,t,s)€Qx(0,1)x (0,00) x (11, 72).
Then, it is easy to check that

sz(z,p,t,s) + z,(z, p,t,8) =0, (x,p,t,s) € 2x(0,1) x (0,00) X (71, T2). (I1.10)
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Thus, system (II.1) becomes

u(z,t) — Acu(x, t) + pu/(z,t) + /72 pa(s)z(x,1,t,s)ds =0 in Q x Rt
T1
sz(x, p,t,s) + 2,(z, p,t,5) =0 in Q x (0,1) x (0,00) x (71, 72)
u=0 on 92 x R*
u(z,0) = ug(x) u'(x,0) =u(x), in Q x (0,1) x (1, 72),
Z(xapaoas) :fo(ﬂf,—pS), in  x (071) X (7_177—2)a
(I1.11)
Next, we will formulate the system (II.1)-(IL.2) in the following abstract linear first-order
system:
U (t) = AU(t) VE>0
U(0) = Uy,
where U = (u, us, 2)T, Uy = (ug, u1, fo)T € H
3= Hy(Q)* x (L*(Q))* x L*((0,1), H)
We define the inner product in X,
(V, Vg = /dex +,u/QVuVadx + (A +,u)/ﬂdiv wdiv @ de
T 1
[ [ siats) [ 2wt 5)2(w oot 5) dpdsd,
QJr 0
The operators A is linear and given by
v
u .
Ao | = | Acule,t) = o, t) = [ als)=(e,1,t,5)ds (IL13)
T1
z —- t
s Zp<x7 p7 ) S)
The domain D(A) of A is given by
D(A) ={V = (u,v,2)" € H, AV € H,2(,0) = v} .
The well-posedness of problem (I1.12) is ensured by the following theorem.
Theorem 2.1 Assume that
T2
M1 >/ ,UQ(S)dS. (IIl4)
T1
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Then, for any Uy € H , the system (I1.12) has a unique weak solution
U e C(RT,H).
Moreover, if U € D(A), then the solution of (11.12) satisfies (classical solution)

U e CHRY, H)NCO(RY, D(A)).

Proof 2.2 we prove that A : D(A) — H is a mazximal monotone operator; that is, A
is dissipative and Id — A is surjective. Indeed, a simple calculation implies that, for any

V = (u,v,2)T € D(A),

(AV,V)y = u/ Vo, ) Vu(z, ) de + (A + 1) /dlvv 2, 1).div u(z, t) do
+/ {A w(z,t) — pro(z, t) — / () 2(z, 1, 1, s)ds} (2, 1) dz
//T f2(s / z(x, p,t, 8)zp(x, p, t, s) dpdsdz (I1.15)
_ —MI/Q (g, 1) da:—/gv(x,t)(/ﬁ 1(8)2(, 1, 1, s)ds)dx

—1/ /T2 (s) /la\z(x t,s)|* dpdsdx
2 Q - /’L2 0 8,0 7p7 ? /0

Using Young’s inequality and taking into account that z(.,0,.,.) = v, we get

AV V)= = (= [ pals)as) [ (e, t)do (IL.16)

1

by virtue of (11.14). Therefore, A is dissipative. On the other hand, we prove that Id—A

is surjective. Indeed, let F = (f,g,h)T € H we show that there exists V = (u,v,2)T € D(A)
satisfying

(Id—A)V =F (I1.17)

which is equivalent to

u—uv=f

T2
v — A+ v+ / pa(8)z(x, 1,t, s)ds = g, (I1.18)
sz(x, p,t,s) + z,(x, p,t,s) = hs,

Using the equation in (I1.18), we obtain
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2(x,t, p,8) = (u— fle P +e /p sh(z,o)e’*do.
0

Replacing v by w — f in the second equation of (11.18), we get
Ku—Au=G (I1.19)

Where
T2
K=14 +/ e *pa(s)ds >0 (I1.20)
T1

and

T2 T2 1
G=g+ <l—u1 -/ e%(s)c@ F [ semals) [ b, o) dods
T T1 0

1

So we multiply (11.19) by a test function ¢ € (H3(2))® and we integrate by using Green’s

equality , obtaining the following variational formulation of (11.19):

a(u, p) = L(p) Vo € (Hy(Q)), (IL.21)
where
alu, p) = /Q (Ku.p + pVu.Vo + (A + p)div w.div ) dx (I1.22)
and
L(p) = /QGgp dx (I1.23)

It is clear that a is a bilinear and continuous form on (H}(Q))? x (Hg())3, and L is a
linear and continuous form on (HY(Q))3. On the other hand, (V.2) and (11.20) imply that

there exists a positive constant ag such that

a(u,u) = aollullmrys, Vi € (Hy())?,

which implies that a is coercive. Therefore, using the Lax-Milgram Theorem, we conclude
that (11.21) has a unique solution u € (H}(Q))® . By classical reqularity arguments, we
conclude that the solution u of (I1.21) belongs into (H?*(2) N HZ(2))3 . Consequently, we
deduce that (I1.17) has a unique solution V- € D(A). This proves that Id — A is surjective.
Finally, (11.15) and (I11.17) mean that —A 1is mazimal monotone operator. Then, using
Lummer-Phillips theorem (see [22]), we deduce that A is an infinitesimal generator of a

linear Cy-semigroup on H.
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3 Stability

In this section, we investigate the asymptotic behaviour of the solution of problem (I1.12).

In fact, using the energy method to produce a suitable Lyapunov functional,

We define the energy associated with the solution of (II.1)-(I1.2) by

Bu(t) =5 [ (uIVul + O p)ldiv ol + o) e

2/// s|ua(s)|22(z, t, p, s)dsdpdx

Theorem 3.1 Assume that (V.2) and (11.14) hold. Then, for any Uy € 3 ,

positive constants &1 and o2, such that the solution of (11.12) satisfies

E(t) < Se7™" Vit € RT.

We carry out the proof of Theorem 3.1. Firstly, we will estimate several Lemmas.

(I1.24)

there exist

(11.25)

Lemma 3.2 Suppose that py, po satisfy (11.14). Then energy functional satisfies, along the

solution u of (11.1)-(11.2),

E'(t) < —<,u1 - /:2 Mg(S)dS) /Qu’z(x,t) dx <0

1

Proof 3.3 A differentiation of E(t) gives

E'(t) = / (uVuVu' + (A + p)div u div o’ + u'u") dz
1

[ slal)|2 @ty s)2(a, b p. ) dsdpda
0 T1

Using (I1.11) and integrating by parts, we get

E'(t) :—,u/ 'thdx—// lpa(s)|2(x, t, 1, 8)u'(x, t)dsdx

// /n |12(s |( (z,t, p, ))dsdpdx

:—,u/ xtda:—// lpa(s)|2(x, t, 1, 8)u'(x, t)dsdx

// | p2(8)]2%(, t,l,s)dsdm+2(/T |pa(s) d )/Qu’2(x,t)dx

Young’s inequality leads to the desired estimate.

(I1.26)

(11.27)

(11.28)
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Lemma 3.4 The functional
o(t) = / wa'de WVt € RY
Q

satisfies, along the solution u of (11.1)-(IL.2)

c/ |u'|*dx — (u—c)/ |Vul*dz

0 Q .

—(A+u)/ |div u|2dx+c//2 \p2(s)|2%(x,t, 1, 5) dsdx
Q QJr

for a positive constant c.

Proof 3.5 By differentiating (11.29) and using (11.11), yields

& (t) = /]u’|2dx—u/ |Vu|2dx—(/\—|—u)/ div u|?dz
Q Q Q
—pl/ uu'd:p—//2|u2(s)|uz(x,t,1,s) dsdx
Q QJrn

By using Young’s inequality, we obtain

' (t) < ('ul + )/ | *dx — /Q|Vu|2dx—()\—|—,u)/g|div ul*dx

T / B+ (/ (s )|ds)/ﬂu2(x,t)dx

2// lp2(8)|2%(x, t, 1, s) dsdx

Then, Poincaré’s inequality leads to the desired estimate.

Lemma 3.6 The functional

1 T2
:/// se | uy(s) |2 (w, t, p, s)dsdpdz, Wt € R
QJO0 Jr

satisfy

I'(t)

N

—e” // s|pa(s)|2% (2, t, p, 8) dsdpdz.

32

—e” // lp2(s)|2% (2, , 1, s) dsdx + (/172 \uz(s)\ds)/gulz(x,t) dx

(I1.29)

(11.30)

(I1.31)

(I1.32)

(11.33)

(I1.34)
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Proof 3.7 Using (11.10), the derivative of I entails

I't) = 2/ /T2 se”*Plus(s)|2 (x,t, p, 8)z(x,t, p, s) dsdpdx
QJr
1 rm o
= — —sp 7 [ .2
/Q/O »/7'1 |/L2<S)|6 ap <Z (x>t,p, 3)>d5dpdl’

- . (I1.35)
= —// se” 5| ua(s)|22(z, 1, 1, 5) dsdx + </ |,u2(s)|ds) / u(x,t) dr
QJrm T1 Q
T 1
~ [ slas)l [ e 02wt p,5) dpdsda
QJr 0
and the desired estimate follows immediately.
Now, we prove our main stability results (I1.25).
Proof of Theorem 3.1 Let
L(t) = NE(t)+ep(t) + 1(1), (I1.36)

where N and € are positive constants that will be fixed later. Taking the derivative of L(t)
with respect to ¢ and making use of (I1.26), (I1.29) and (I1.34), we obtain

vt < ~{(im— [ mads)N —ce— [“pa(s)as} [ e
—(A+u)/ﬂ|div u]zda:—(u—c)e/;\Vu\zdx

—(e™™ — ce)/ / i lp2(8)|2% (2, t, 1, s) dsdx — 6_T2/ / i s|pa(s)|2% (2, t, p, s) dsdpda
QJr QJr
(I1.37)
At this point, we choose our constants in (I1.37), carefully, such that all the coefficients in

(I1.37) will be negative. It suffices to choose € so small such that
e —ce>0

then pick N large enough such that

(,ul - /T2 m(s)ds)N — e — /T2 pa(s)ds > 0

1

Consequently, recalling (I1.24), we deduce that there exist also 7, > 0, such that

dL(t
di) < —mE(t), Vt=0. (I1.38)
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On the other hand, it is not hard to see that from (I1.36) and for N large enough, there exist

two positive constants J; and S5 such that
B E(t) < L(t) < BoE(t), ¥t > 0. (I1.39)
Combining (I1.38) and (I1.39), we deduce that there exists A > 0 for which the estimate
dzit) < —AL(t), Vt=0, (11.40)

holds. Integrating (I1.38) over (0,%) and using (I1.38) once again, then (II.25) holds. Then,

the proof is complete.
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111

Well-posedness and exponential stability for
coupled Lamé system with a viscoelastic

damping

1 Introduction

Let Q be a bounded domain in R? with smooth boundary 9 . Let us consider the following

a coupled Lamé system :

u(x,t) + av — Aqu(z, t) + /Otg(s)Au(t —s)ds — pAug(x,t) =0,  in Q x (0,400),
v (2, 1) + au — Agv(x,t) — poAv(z,t) = 0, in 2 x (0, 4+00),
u(z,t) =v(z,t) =0 on 99 x (0, +00),
(u(z,0),v(x,0)) = (up(z), vo(x)) in €,
(ug(x,0),v(2,0)) = (ug(x), v1(x)) in Q.

(IIL.1)

Where p11, po are positive constants and (ug, uq, vo, v1) are given history and initial data

. Here A denotes the Laplacian operator and A, denotes the elasticity operator, which is
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the 3 x 3 matrix-valued differential operator defined by
Aou = pAu+ A+ p)V(divu), u= (uy,uy,uz)’
and g and X\ are the Lamé constants which satisfy the conditions

>0, A4+p=0. (I11.2)

The problem of stabilization of coupled systems has also been studied by several authors
see [2, 4, 6, 15, 19, 23, 24]and the references therein.Under certain conditions imposed on the
subset where the damping term is effective, Komornik [15] proves uniform stabilization of
the solutions of a pair of hyperbolic systems coupled in velocities. Alabau and al.[2] studied
the indirect internal stabilization of weakly coupled systems where the damping is effective
in the whole domain. They prove that the behavior of the first equation is sufficient to
stabilize the total system and to have polynomial decay for sufficiently smooth solutions.

For coupled systems in thermoelasticity, R.Racke [24] considered the following system:

U (T, 1) — aUge (T, t — 7) + b0, (2, t) =0, in (0,L) x (0,00),
Oi(x,t) — dOpr(x,t) + bus,(z,t) =0, in (0,L) x (0,00),

He proved that the internal time delay leads to ill-posedness of the system. However, the

system without delay is exponentially stable.

In [18] M.I.Mustafa considered the following system:

u(z,t) — Au(z, t) + /Ot g1(t — M) Au(r)dr + fi(u,v) =0,  in 2 x (0,400),

t
vu(w, 1) — Av(z, 1) + /0 g2(t = T)Av(T)dr + folu,v) =0, in @ x(0,+00), (3
u=v=0 on 0f) x (0, 400),

(u(.,0) = ugp, u(., 0) = uy,v(.0) = v, v4(.,0) = vy in €.

The author proved the well-posedness and, for a wider class of relaxation functions, establish

a generalized stability result for this system.

Recently, Beniani and al. [4]considered the following Lamé system with time varying

delay term:
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{ u'(z,t) = Acu(z,t) + pagi (u'(2, 1)) + page(v/(z, £ = 7(t))) =0 in @ X RT (I11.4)

u(z,t) =0 on 02 x R*

and under suitable conditions, they proved general decay of energy.

The paper is organized as follows. The well-posedness of the problem is analyzed in
Section 3 using the Faedo-Galerkin method. In Section 4, we prove the exponential decay
of the energy when time goes to infinity.

2 Preliminaries and statement of main results

In this section, we present some materials that shall be used for proving our main results.

For the relaxation function g, we have the folloing assumptions:

(A1) g: R, —» R, is a C' function satisfying
t o)
g€ L'(0,00)9(0) >0, 0<p(t):=p~— / g(s)ds and 0< fy:=p— / g(s)ds.
0 0
(A2) There exist a non-increasing differentiable function £(t) : R, — R, such that

J(t) < —€(t)g(t), VE=0 and /Ooof(t)dt:+oo.

These hypotheses imply that
By < B(t) < (I1L5)

Let us introduce the following notations:
t
(g% h)(t) ;z/o g(t — s)h(s)ds,

t
(g0 h)(t) = [ g(t = )|n(t) - h(s)[ds.
Lemma 2.1 ([8]) For any g,h € C'(R), the following equation holds
/ ! 2 d ! 2
2lg# bl =g o h— g&)|h)* = —{goh— (/ g(s)ds)|h[*}.
0
The existence and uniqueness result is stated as follows:
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Theorem 2.2 Assume that (A1) and (A2) hold. Then given ug,vy € H*(Q) N HY(Q),
uy,v1 € (L3(Q)), there exists a unique weak solution u,v of problem (I11.1) such that

u,v € C([0, +oo[, H*(Q) N Hy(2)) N C*([0, +-o00], L*()).

For any regular solution of (III.1), we define the energy as

L, B(t) 2
—i/gut(x,t)dx—i-T/Q]VM t)dr + = /goV dx+

1 2 H 2
—I—Q/QUt(:E,t)dx%— 2/Q|Vv| (x,t)dx+

/\d u|*dx

/ |div v|*dz + 20z/ u(z, t)v(z, t)dx.
Q Q
(IIL6)

Our decay result reads as follows:

Theorem 2.3 Let (u,v) be the solution of (II1.1). Assume that (A1) and (A2) hold. Then

there exist two positives constants C and d, such that

E(t) < Ce™ €0y >, (IIL.7)

3 Well-posedness of the problem

In this section, we will prove the existence and uniqueness of problem (III.1) by using Faedo-
Galerkin method.

Proof 3.1 We divide the proof of Theorem?2.2into two steps:the Faedo-Galerkin approxima-

tion and the energy estimates.

Step 1 :Faedo-Galerkin approzimation.

We construct approximations of the solution (u,v) by the Faedo-Galerkin method as
follows. Form > 1, let W, = span {wi,.....,w,} be a Hilbertian basis of the space H}

and the projection of the initial data on the finite dimensional subspace W, is given by
n n n n
= Z ajw;, vy = Z biw;, uy = Z ciwg, vy = Z diw;
i=1 i=1 i=1 i=1

where,(ul, vy, ut, vl) — (ug, vo, ur,v1) strongly in H*(Q) N HY(Q) as n — oco. We

search the approximate solutions
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Step 2:

S AUTICNNRERS SHOME

to the finite dimensional Cauchy problem:

/ uttwldx + a/ v w;dx +
—/ ) * Vu" ) Vwdr + 1y | VuyVw;dz =0,

/Qvtthdx—i—oz/gu widr + p | Vo"Vw;dx (ITL.8)
+(A+ p) /Q div o™.div widz + o /Q Vo Vw,dx =0

(u™(0),0™(0)) = (ug,vg)  (ug(0),v7(0)) = (uf, v7).

Vu"Vwidr + (A + p / div v".div w;dx

S—S—5—

According to the standard theory of ordinary differential equations, the finite dimen-
sional problem (I111.8) has solution f]*(t), hi'(t) defined on [0,t).The a priori estimates
that follow imply that in fact t, =T.

Energy estimates. Multiplying the first and the second equation of (I11.8) by (fl-”(t))/
and (h?(t))/ respectively, we obtain:

/ upuydr + a/ v uydr + ,u/ Vu"Vuidr + (N + p) / div u".div uydx
Q Q Q

(IIL.9)
- /Q(g(S) * V") Vuide + | |Vl |de = 0.
and
/ vivrdr + a/ u"vgdr + ,u/ Vo"Volde + (A + ,u)/ div v"™.div v}'dz
“ @ @ Q (I11.10)
+u2/Q |V 2dz = 0.
Integrating (I111.9) and (I11.10) over (0,t),and using Lemma (2.1), we obtain
o0 [ [ IV Pdads 5 [ (o oVutydz o [ [ o)V Puds
(ITL.11)

+ o / /Q Vo Pdads = €,(0)
0
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40

where

£0t) = 1 [ (e + 20 [ (e

(e+A)
2

+

: n|2 - n\2 H n|2
/Q|d1vu | d.r—l—z/ﬂ(vt) (,t)dz + 2/Q|Vv (2, t)dx

1
Jt)dr + 3 /Q(g o Vu")dz

(I11.12)

A
+ W/ |div v" |2 dz + 2a/ u"(x, t)v"(z, t)dx.
O 0

2

Consequently, fromlll.11, we have the following estimate:

En(t) =

(goVu Ydx + — //

Now, since the sequences (ug) , (u?) ,
neN neN

)| Vu"[Pdzds < €,(0). (IT1.13)

v”) (v”) converge and usin
<0 neN’ 1 neN g g

(A2), in the both cases we can find a positive constant ¢ independent of n such that

En(t) <ec.

Therefore, using the fact that 5(t)

us, for allm € Njt, =T, we deduce

(u“)neN is bounded in
(v”)nGN is bounded in
(u?)neN is bounded in
(vf)neN is bounded in

Consequently, we conclude that

u™ — u  weakly star in
v — v weakly star in
uy — w,  weakly star in
vy — v, weakly star in

From II1.15, we have (un)neN and (v")neN

(u”)neN and (U”)neN

are bounded in

are bounded in L*(0,T; H}(2)). Consequently, (u”)

(I11.14)

> (0), the estimate 111.1/ together with II1.13 give

Y

L>=(0,T; HY(Q)
(

L*=(0,T; HY(Q)

( ),
( )
(

(

(111.15)
L>(0,T; L*(9)),
L®(0,T; L*(Q)).
L®(0,T; HY(Q)),
L>(0,T; Hy (), (I11.16)

L>(0,T; Hy(2)),
L>(0, T Hy ().

L>(0,T; Hy (2)). Then

and
neN



II1.4 Exponential stability

(v") .y 0re bounded in HY 0, T; HY()). Since the embedding
H'(0,T; HY(Q)) — L*(0,T; L*(2))

is compact,using Aubin-Lion’s theorem [16] ,we can extract subsequences (uk)keN of

(u”)neN and (v"’)keN of (v”)neN such that

u — u  strongly in  L*(0,T; L*(Q))

and
" — v strongly in - L*(0,T; L*(Q))
Therefore,
u — u  strongly and a.e  (0,T) x ()
and

v = v strongly and a.e  (0,T) x (Q)

The proof now can be completed arguing as in Theorem 3.1 of [16]

4 Exponential stability

In this section we study the asymptotic behavior of the system (III.1). For the proof of

Theorem 2.3 we use the following lemmas.

Lemma 4.1 Let (u,v) be the solution of (I111.1), Then we have the inequality

dE(t) ) ) 1
el VA V,td—/v ,td—ft/v,th

< [t R [ 190 0 de = S0 [V 0 ar
+§/Q(g’0Vu)da:

Proof 4.2 From (I11.6) we have
1d
5 ) (u? + (A + wldiv uf® + 07 + p[ Vo2 + (A + p)|div v[* + 200u) dz
¢
:—,u/QVuVutdx—,ul/Q|Vut|2dx—u2/Q|VUt|2dx+/Q/0 g(s)Vu(s)Vu(t)dsdx
(IIL.18)
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From Lemma 2.1, the last term in the right-hand side of II1.18 can be rewritten as

/Otg(s)/QVu(s)Vut(t)dsdx + ;g(t)/Q|Vu|2(x,t)dx

L X (I11.19)
_-1a 2 _ 2 /
= 2dt{/0 g(s)/ﬂ\VU\ (x,t)dzds /Q(goVu)(t)dx} + 2/{)(9 o Vu)(t)dx
So & becomes:
dt
dE - 2 2 1 2
o —1 ul/Q|Vut| dx ,ug/Q|Vvt| dx §g(t)/(2|Vu| (x,t)dx
+5 / (¢’ o Vu)(t)dz (I11.20)
0
<0.
we show that (II1.17) holds. The proof is complete.
Now, we define the functional Z(t) as follows
9 o :ul 2 ILLQ 2
(t) = | vwdx + | vode + — | |Vu|"de + = [ |[Vv|°dz. (II1.21)
Q Q 2 Ja 2 Jo

Then, we have the following estimate.

Lemma 4.3 The functional 2(t) satisfies

/ 2 2 . 25 . 2
7'(t) <c/ﬂ|vuty dx+C/Q|Vvt| dm+(5+]a|C B(t))/Q]Vu| dz (A+u)/ﬁ|dlvu| dz

+ (|a|C — u) /Q (Vo|?der — (A + p) /Q |div v|*dx + a _4§(t) /Q(g o Vu)(t)dx

(111.22)

Proof 4.4 Taking the derivative of 2(t) with respect to t and using (I11.1), we find that:

2'(t) = /ufda:—k/ uuttdx+/ vfd:zc—I—/ vvttdm—i—,ul/ VutVudx+p2/ Vu,Vudx
0 Q Q 0 0 Q
t
- /Q wldz + /Q vidz — B(t) /Q Vul?(z, t)dx + /Q / 9(s)(Vau(s) — Va(t))Vu(t)dsdz
0
—,u/Q|Vv|2dx— ()\+u)/ﬂ|div u|2dx—/ﬂ()\+u)|div v|2da:—204/guv d111.23)
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Using the fact that

// 9IVuls) — Vult) Vu(t)dsdr < 6 [ [Vul’( (¢ ) + - (/t (5)\Vu(5)—Vu(t)|ds>2d;z:

’“‘4?05) /Q(g o Vu)(t)dz.

(I11.24)

< 5/9 V|2 (z, t)dz +

Inserting the estimate (111.24) into (111.23) and using Young’s, Poincaré’s inequalities
lead to the desired estimate. The proof is complete.
Proof 4.5 (Proof of Theorem 2.3) We define the Lyapunov functional
L) =NE(t)+e2(t), (IT1.25)

where N and € are positive constants that will be fixed later.

Taking the derivative of (I111.25) with respect to t and making use of (II1.17), (II1.22),

we obtain

jt.z() {Nul—eC}/Q|Vut(x,t)|2d:c—{Nug—eC}/Q\Vvt(g:,t)Pd;c
— (8) = 6= lalC)e [ [VuPdz = (1 —1alC)e [ [ToPds
— (A + e /|d1vu\ de — (A + p)e /\dlvv|2d3: (I11.26)
+]2V/Q (¢' o Vu)( da:+(“£())/g(govu)(t)dm

N
59(1& / \Vul?(z,t)d

At this point, we choose our constants in (111.26), carefully, such that all the coefficients in

(II1.26) will be negative. It suffices to choose € so small and N large enough such that
N[j,l —eC > 0,

and
Npg —eC >0,

Further, we choose a small enough such that
Bt) =6 —lalC >0,
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with a viscoelastic damping

and
u—|a|C > 0.

Consequently, from the above, we deduce that there exist there exists two positive constants

m and nasuch that (111.26) becomes

d.L(t)
2 < —mE() + s | (90 Vu)da

By maltiplying (I11.27) by £(t), we arrive at
§02(1) < ~mEWEW) +me(®) [ (90 Vu)da
Recalling (A2) and using (I11.17),we get
§(02'(t) < —mEWEW) —m [ (o 0 Ve)de
< —mEWE() - 2 (1)

That is
(E®2(t) + 2mB(1)) —€(1).2 < —meEME(1)

Using the fact that £'(t) < 0, VYt >0 and letting
F(t) = &)L (1) + 2mE(t) ~ E(t)

we obtain
F'(t) < —m&t)E(t) < —nsé(H)-F (1)

A simple integration of (I111.31) over (0,t) leads to

F(t) < F0)e ot >

A combination of (111.30) and (I11.32) leads to (111.7). Then, the proof is complete.

44

(111.27)

(111.28)

(I11.29)

(I11.30)

(I11.31)

(111.32)



well-posedness and exponential stability for
coupled Lamé system with a viscoelastic term

and a strong delay

1 Introduction

Let © be a bounded domain in R?* with smooth boundary 9 . Let us consider the following

a coupled Lamé system :

g (z,t) + av — Aqu(z, t) + /Otg(s)Au(t — s)ds
—p1Aug(z,t) — M Ayu(z,t —7) =0, in Q x (0, +00),
v(x,t) + au — Av(z, t) — paAv(x,t) = 0, in © x (0, 400),
u(x,t) =v(x,t) =0 on 02 x (0, 400), (IV.1)
(u(,0),0(,0)) = (o (), v0(x)) in 0,
(us(2,0), ve(x,0)) = (ua (@), vi(x)) in €,
w(z,t —7) = folz,t —7), in Q x [0, 7].
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Chapter IV. well-posedness and exponential stability for coupled Lamé system
with a viscoelastic term and a strong delay

Where p11, o are positive constants and (ug, uq, vo, v1) are given history and initial data
. Here A denotes the Laplacian operator and A, denotes the elasticity operator, which is

the 3 x 3 matrix-valued differential operator defined by
Aju = pAu+ A+ p)V(div u), w= (ur,uz,us)"
and p and A\ are the Lamé constants which satisfy the conditions

>0, A+p>0. (IV.2)

The problem of stabilization of coupled systems has also been studied by several authors
see [2, 4, 6, 13, 15, 23, 24]and the references therein.Under certain conditions imposed on the
subset where the damping term is effective, Komornik [15] proves uniform stabilization of
the solutions of a pair of hyperbolic systems coupled in velocities. Alabau and al.[2] studied
the indirect internal stabilization of weakly coupled systems where the damping is effective
in the whole domain. They prove that the behavior of the first equation is sufficient to
stabilize the total system and to have polynomial decay for sufficiently smooth solutions.

For coupled systems in thermoelasticity, R.Racke [24] considered the following system:

u(x,t) — auge(x,t — 1) + b0, (2,t) =0,  in (0,L) x (0, 00),
Oi(x,t) — dOye(x,t) + bug,(z,t) =0, in (0,L) x (0,00),

He proved that the internal time delay leads to ill-posedness of the system. However, the

system without delay is exponentially stable.

In [25] the authors examined a transmission problem with a viscoelastic term and a delay:

¢
U (2, 1) — auge(x,t) +/ g(t — $)uge(z, s)ds
0
+,u1ut($,t)—l-,u2ut(x,t—7‘) :07 (Qf,t) GQ X (0,—|—OO),
Vg (2, 1) — bugg(z,t) = 0, (x,t) € (L1, Ly) x (0, +00),

under appropriate hypotheses on the relaxation function and the relationship between the
weight of the damping and the weight of the delay, they proved the well-posedness result

and exponential decay of the energy.

46
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In [18] M.I.Mustafa considered the following system:

() — Au(z, t) + /Ot g1(t — 7)Au(r)dr + fi(u,v) =0,  in Q x (0,400),

t
vz, t) — Av(z, t) +/ G2(t — 7)Av(T)dT + fo(u,v) =0, in  x (0, 4+00),

0
u=v=0 on 02 x (0, 400),
(u(.,0) = ug, ws(.,0) = uy, v(.0) = vo, ve(.,0) = vy in €.

The author proved the well-posedness and, for a wider class of relaxation functions, establish
a generalized stability result for this system.
Recently, Beniani and al. [4]considered the following Lamé system with time varying

delay term:

u'(z,t) — Aeu(x, t) + pigr (W (x,t)) + poga(u/(xz,t — 7(t))) =0 in Q x RT
u(z,t) =0 on 02 x Rt

and under suitable conditions, they proved general decay of energy.
The paper is organized as follows. The well-posedness of the problem is analyzed in
Section 3 using the Faedo-Galerkin method. In Section 4, we prove the exponential decay

of the energy when time goes to infinity.

2 Preliminaries and statement of main results

In this section, we present some materials that shall be used for proving our main results.

For the relaxation function g, we have the folloing assumptions:

(A1) g: R, — R, is a C* function satisfying
t o}
g€ LY0,00)g(0) >0, 0<p(t):=p— / g(s)ds and 0< fy:=p —/ g(s)ds.
0 0
(A2) There exist a non-increasing differentiable function £(¢) : R, — R, such that

J(t) < —€(t)g(t), VE=0 and /Ooog(t)dt:+oo.

These hypotheses imply that
Bo < B(t) < p. (IV.3)
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Let us introduce the following notations:
t
(95 )(t) = [ g(t = )h(s)ds,

t
(g0 )(®) = [ g(t = s)|h(t) — h(s)[ds.
Lemma 2.1 ([8]) For any g,h € C*(R), the following equation holds
/ ! 2 d ! 2
g Wi =g oh = g(t)|n = S {goh— ([ als)ds)Inf2}.
0
As in [21], we introduce the following new variable:
z2(x, p,t) = w(z,t —7p) in Q2 x (0,1) x (0,400). (IV.4)
Then, we obtain
Tz(x, p,t) + 2,(z, p,t) =0, in Q x (0,1) x (0, +00). (IV.5)

Therefore, problem (IV.1) is equivalent to

u(z,t) + av — Aqu(z, t) + /Ot g(s)Au(t — s)ds

— Ay (z,t) — M Az(x,1,t) =0,  in Q x (0, +00),
v (x,t) + au — Agv(x, t) — upAvy(x,t) = 0, in Q x (0,400),
T2(z, p,t) + 2,(z, p,t) =0, in 2 x (0,1) x (0, 4+00), (IV.6)
u(x,t) =v(x,t) =0, on 0f) x (0, 400),
(u(z,0),v(x,0)) = (up(x), vo(x)), in §,
(uy(x,0),v(2,0)) = (ug(x), v1(x)), in §,
2(z,1,t) = folz,t — 1), in 2 x [0, 7].

The existence and uniqueness result is stated as follows:

Theorem 2.2 Assume that |\1| < p1, (A1) and (A2) hold.
Then given ug,vg € H*(Q) N H(Q),u1, vy € (L*(Q))?, there exists a unique weak solution
u, v, z of problem (IV.6) such that

u,v € O([0, +oo[, H*(2) N H () N C ([0, +ool, (L*(2))?),
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IV.3 Well-posedness of the problem

z € C([0,4+o0[; L*((0,1),9Q)).

For any regular solution of (IV.1), we define the energy as

A
2/ut t)dx + ;)/Wul (x,t)dx + = /QOVu)d:Ir—l—(u;—)/\divu]?dx
0
+§/ vZ (w,t dx+ﬁ/ [Vol*( x,t)dx+( 5 / |div v|2dx+20z/ u(z, t)v(x, t)d
Q Q
A
+l / |Vz(z, p,t)]* dpdx.

(IV.7)
Our decay result reads as follows:

Theorem 2.3 Let (u,v, z) be the solution of (IV.6). Assume that |\| < p1, (A1) and (A2)

hold. Then there exist two positive constants C' and d, such that

E(t) < Ce™ o€y >, (IV.8)

3 Well-posedness of the problem

In this section, we will prove the existence and uniqueness of problem (IV.1) by using Faedo-
Galerkin method.

Proof 3.1 We divide the proof of Theorem2.2into two steps:the Faedo-Galerkin approxima-

tion and the energy estimates.

Step 1 :Faedo-Galerkin approzimation.

We construct approximations of the solution (u,v, z) by the Faedo-Galerkin method as
follows. Forn > 1, let W, = span {wi,.....,w,} be a Hilbertian basis of the space

H}. Now, we we define for 1 < i < n the sequence p;(x, p) as follows:

wi(7,0) = w;i(z)

Then we may extend p;(x, p) over L*((0,1),Q) and denote V,, = span {1, ....., on}-
We choose sequences (uf), (uy), (vy), (v7) in W, and (2§) in V,, such that

(ud, v, ult, o) = (ug, vo, ut,v1) strongly in H*(Q) N HY(Q) and 2§ — fo strongly in
L?((0,1),9Q) asn — oo.

We search the approximate solutions
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W) = 3 FOwe), o) = SR Ow) and rp) = YK (e, p)

=1 =1 1=1

to the finite dimensional Cauchy problem:

/ upw;dr + a/ v"w;dr + u/ Vu"Vwdr + (A + p) / div v".div w;dx
Q Q Q
- /Q(g(s) * Vu" )Vwdr + pn | Vud Vwide + A /Q V" (x,1,t)Vw;dz = 0,
/ vpw;dxr + a/ uwidr + p | Vu"Vwdx
Q Q Q
+(A+ ,u)/ div v".div w;dz + ug/ Vo Vw;dx = 0,
Q Q
(u™(0),v™(0)) = (ug,vg) (u(0),v7(0)) = (uf,vy),

(IV.9)

and

{ /Q(Tzf(x, p;t) + 2, (x, p,t))pidr = 0, (1V.10)

2"(z, p,0) = (.

According to the standard theory of ordinary differential equations , the finite dimen-
sional problem (IV.9)-(IV.10) has solution fI'(t), h'(t),k(t) defined on [0,t).The a
priori estimates that follow imply that in fact t, =T.

Step 2: Energy estimates. Multiplying the first and the second equation of (IV.9) by (fl"(t))/
and (h?(t))/ respectively, we obtain:

/ uguydr + a/ v"uy'dx + u/ Vu"Vuidr + (A + u)/ div u".div uydx
Q Q Q Q

(IV.11)
+M /Q V2" (z,1,t)Vuyde — /Q(g(s) « Vu")Vuyde + /Q |Vul|*dr = 0.
and
/ vuyde + oz/ u"vy'dx + ,u/ Vo"Vorde + (A + p) / div v".div v'dx
@ @ 0 T (IV.12)

+,uQ/Q|va|2dx =0.

Multiplying the first equation of (IV.10) by A\ kl'(t) and integrating over (0,1) x (0,1),
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IV.3 Well-posedness of the problem

we get

)\17// (z,p,t 2dpda:+/\1/ // 2y 2" (T, p, 8 )dpdxds— // (z, p,0))*dpdz,

(IV. 13)
we remark that

A1 /Ot /Q /01 2, 2"(x, p, s)dpdzds = /\21/9/(: ((z”(x, 1,5))* — (2"(x,0, s))2>d3dx,

(IV.14)

Integrating (IV.11) and (IV.12) over (0,t), taking into account (IV.13),(IV.14) up and

using Lemma (2.1), we obtain

& ( ul—— //|Vuf| dxds—i—)\l/ /Vz (x,1,s) Vufdxds—i——// "(x,1,5))*dsdx
(¢ 0 V) d:z:+2/ / 1|V dxds+u2/ / Vo 2dads
(IV.15)
where
1 A
&l 2/ da:+—/ V" (x )dx+§/(goVu”)dx+ (i + )/\divu"PdQ:
Q0 0

+§/ ()2 (z, t dx+ﬁ/ Vo' (2, t)dx + (,u—;—)\)/ |div v"|2dx+2a/ u(z, t)v" (x, t)dx
Q Q

)\
17—// (z, p,t))*dpda.

(IV.16)
Young’s inequality gives us that
t 1
Enlt) + (11 — M) / / IVl 2 deds — 5/(g/oVu”)dx
2/ / 1|V dxds+u2/ / Vor|Pdeds (IV.17)

< €n(0).

Consequently, using that |A\i| < p1, we have the following estimate:
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& ()—7/(g oVu")dr + = / / )| Vu"|Pdzds < &,(0). (IV.18)

Now, since the sequences (u0>n€N, (ul)neN, (v())neN, (v1>n€N, (zo>n€N converge
and using (A2), in the both cases we can find a positive constant ¢ independent of n
such that

En(t) <ec. (IV.19)

Therefore, using the fact that 5(t) = B(0), the estimate (IV.16) together with (IV.13)
give us, for allm € N,t, =T, we deduce

(u”)neN is bounded in  L>(0,T; H}(2)),

(U” e is bounded in  L*°(0,T; Hl(Q)),

(u?)neN is bounded in  L>=(0,T; H}(2)), (IV.20)
(vf)neN is bounded in  L>=(0,T; Hy(£2)),

(z”)neN is bounded in  L>(0,T; L*((0,1),9)).

Consequently, we conclude that

u" —u  weakly star in L0, T; Hy(2)),

v — v weakly star in L0, T; H}(Q)),

ul — u;  weakly star in - L>=(0,T; H()), (IV.21)
v = vy weakly star in - L*°(0,T; H}(Q)),

2" =z weakly star in  L>(0,T; L*((0,1),9)).

From IV.18, we have (u") , (U") are bounded in L>=(0,T; H}(Q?)) and (z")

neN neN neN
is bounded in L>°(0,T; L*((0,1),9)). Then (u”) . (v") oy OTe bounded in L*(0,T; H} (),
and (z”)neN is bounded in L*(0,T; L?((0,1),9)). Consequently, (u”)neN, (v”)neN are
bounded in H'(0,T; H'(Q)) and (z") o B8 bounded in H(0,T; L*((0,1),8)). Since
the embedding

HY0,T; H(Q)) < L*(0,T; L*(Q))

of

is compact,using Aubin-Lion’s theorem [16] ,we can extract subsequences (uk)
(u”)neN, ( )keN of( )neN and (zk)keN of (z”)neN such that

u — u  strongly in  L*(0,T; L*(Q)),

keN
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v* — v strongly in  L*(0,T; L*(52))

and
K — 2 strongly in - L*(0,T; L*((0,1),9Q))
Therefore,
ub — u  strongly and a.e  (0,T) x (Q),
v = v strongly and a.e  (0,T) x (Q)
and

F — 2 strongly and a.e  (0,T) x (0,1) x ()

The proof now can be completed arguing as in Theorem 3.1 of [16]

4 Exponential stability

In this section we study the asymptotic behavior of the system (IV.1). For the proof of

Theorem 2.3 we use the following lemmas.

Lemma 4.1 Let (u,v) be the solution of (IV.1), Then we have the inequality

dE(t) 2 2 1 2
EE <= N) [ [V, OF do = i [ [V, 0 de = Sg(0) [ [Vu(e, 0l da

+§/Q(g’0Vu)dx
(IV.22)

Proof 4.2 From (IV.7) we have

1d

5%/9 (U? + (A + p)|div ul® + v + p| Vo2 + (A + p)|div v]? + 20zvu) dr

— —u/QVuVutda:—m/QIVuth;p — Al/QVz(q:,l,t)vutdx_m/Q Vo?de  (IV.23)
t

+/Q/ g(s)Vu(s)Vu(t)dsdx
0

From Lemma 2.1, the last term in the right-hand side of V.21 can be rewritten as
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/0 "o(s) /Q vu(s)vut(t)dsdm;g(t) /Q Vul?(z, t)da

1d

. ) (IV.24)
= th{/o g(s)/Q|Vu|2(x,t)dxds - /Q(go Vu)(t)dx} + 5/0(9'0 Vu)(t)dz.

Using the fact that

d )\17’ 1 2 1
——// \Vz(z, p,t)] dpdx:)\ﬁ// Vz(z, p,t)Vz(x,p,t)dpde
dt 2 JalJo o Jo

1
:—)\I/Q/ Vz,(x,p, t)Vz(x, p, t)dpdx
0

Nopotd )

- _); Q(|Vz(l', 17t>|2 - |VZ(.Z',0,t>|2) dl’,

(IV.25)

So — becomes:

dt

dE

I M 2 2 1 / 2
- (=5 [ [Vultde = o [ [Vofde = Sg(t) [ [Vul(e,t)de

1 , A ) (IV.26)
—Al/ﬂvz(x,1,t)vutdx+ 5/Q(g o Vau)(t)da — ?/Q|Vz(x,1,t)| dz.

Applying Young’s inequality, we show that (IV.22) holds. The proof is complete.
Now, we define the functional Z(t) as follows

_ H1 2 H2 2
D(t) = / uutdx+/ vudr + —/ |Vul*dx + —/ |Vou|“dx. (Iv.27)
Q Q 2 Jo 2 Jo
Then, we have the following estimate.

Lemma 4.3 The functional 2(t) satisfies

2'(t C/|Vut| dx+C/|Vvt|2dm+(5+|a|C'+—6 )>/|Vu| der — ( )\+,u/|d1vu| dx

2O [ (govuypys

+ (|a|C - p) /Q IVo|?de — (A + p) /Q |div v|*dz 4B

i )
+5/Q|v2(x,1,t>y dz
(IV.28)
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Proof 4.4 Taking the derivative of P(t) with respect to t and using (IV.6), we find that:

2'(t) = /Qufdx—i—/guuttda:—l—/ v2d:v—|—/ vvttdx—i—,ul/ VutVudx+u2/(2VvtVde

= /Qufda:Jr/Qvfdx— ()/ \Vul?(z,t) dw+// — Vu(t))Vu(t)dsdx
—,u/ IVo|?de — (A + p) / |div ul dw—/()\+u)|dlv v dm—?a/ wv dz
Q Q Q Q
—)\1/ Vz(z,1,t)Vudz (IV.29)
Q

Using the fact that

// IVuls) — Vult) Vu(t)dsdr < 5 [ [Vul’( (¢ ) + - (/t (5)|Vu(s)—Vu(t)|ds>2dx

& 4? ®) /Q (g 0 Vu)(t)da.

(IV.30)
Inserting the estimate (IV.30) into (IV.29) and using Young’s, Poincaré’s inequalities

< 5/ Vul?(z, t)dz +
Q

lead to the desired estimate. The proof is complete.

We define the functionals

1
I(t) = 7'// e TP|Vz(z, p,t)|*dpda,
QJo
and state the following lemma.

Lemma 4.5 Let (u,v, z) be the solution of (IV.6). Then

1
—= < —6_7(/9 ]Vz(x,l,t)\dejLT/Q/O Vz(z, p, t)|2dpd:1:) —1—/9 |V (z,t)*dz. (IV.31)

1
—I(t) = 27/ /Qe_Tszt(:c,p, t)Vz(z, p, t)dpde
0

1
= —2/ / e "PNVz,(x, p,t)Vz(z, p, t)dpde

/ / <|Vz x, p,t| ))dpdx
= — -Tp 2 2 _ T 2

7'/0 /Qe |Vz(x, p,t)] dpdx+/§2|Vut(x,t)| de —e /Q]Vz(x,l,t)\ dx

1
—_e 7 2 9 )
e (7'/0 /Q|VZ(I,P7t)| dpdx—l—/QWz(x,l,t)\ dx) —|—/Q\Vut(x7t)‘ dz.

N
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Proof 4.7 (Proof of Theorem 2.3) We define the Lyapunov functional

L(t) = NE(t) + e2(t) + I(¢t), (IV.32)

where N and € are positive constants that will be fixed later.
Taking the derivative of (IV.32) with respect to t and making use of (IV.22), (IV.28) and
(IV.31), we obtain

L yw < —{N(u1 M) —eC — 1} /Q Vus(, £)*d — {Nu2 _ ec} /Q Vo, 1) 2da

dt
1 2 _ _ 2 o . 2
(5@) 5 — |alC 2)6/Q|vuy dz (H |oz|C'>e/Q]Vv] dz (A+u)e/ﬂ]dwu! dz
2 !
. : 2 o - 1 2 . —T 2
(/\—i—,u)e/Q\dlvv| de — (e 26>/Q|Vz(x,1,t)|dx Te /Q/O V2(z, p, t)|2dpdz

(= flD)e Af;(t))e | (9o Vu)@®)da

n sz [ (oo Vuyeyds +
- ];[g(t)/Q|Vu|2(x,t)dx.
(IV.33)
At this point, we choose our constants in (IV.33), carefully, such that all the coefficients in

(IV.33) will be negative. It suffices to choose € so small and N large enough such that
N(py — ) —eC —1>0,

NM2—€O>O,

and
2

-7 1
— —€>0.
e 26

Further, we choose o small enough such that
1
and
pw—|a|C > 0.

Consequently, from the above, we deduce that there exist there exists two positive constants
m and nasuch that (IV.33) becomes

dZ(t)
dt

< —mE(t) + 1 /Q (g 0 Vau)dz (IV.34)

56



IV.4 Exponential stability

By multiplying (IV.34) by £(t), we arrive at
E0-2(t) < —mEWEE) +ms(t) [ (90 Vuyde (1V.35)
Recalling (A2) and using (IV.35),we get

§02'(1) < —mEWE®D) = m. [ (9 o Vu)da

< -mé(OE() — 2 E'(t)
That s
(60)2) +2mE®) - €12 < —mE®E)

Using the fact that £'(t) < 0, VYt >0 and letting
F(t) =&)L (L) + 2. E(t) ~ E(t) (IV.36)

we obtain

F'(t) < ~mEWDE) < —mE()F (1) (1V.37)

A simple integration of (IV.37) over (0,t) leads to

F(t) < %0)@_”3/0 Sedds s g (IV.38)

A combination of (IV.36) and (IV.38) leads to (IV.8). Then, the proof is complete.
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well-posedness and exponential stability for
coupled Lamé system with a viscoelastic term

and strong damping

1 Introduction

Let Q be a bounded domain in R? with smooth boundary 9 . Let us consider the following

a coupled Lamé system :

t
(2, t) + av — Au(z, t) +/ g1(t — s)Au(zx, s)ds — pyAug(x,t) =0,  in Q x (0, 4+00),
0
t
v, t) + au — Aqv(z, t) +/ go(t — s)Av(z, s)ds — puaAve(x,t) = 0, in Q x (0, 400),
0
u(z,t) =v(z,t) =0 on 08 x (0, 400),

(u(z,0),v(z,0)) = (ug(x), vo(x)) in €,
(ug(z,0),v(z,0)) = (ur(x), v1(x)) in Q.

(V.1)

Where pi1, po are positive constants and (ug, u1, vo, v1) are given history and initial data
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. Here A denotes the Laplacian operator and A, denotes the elasticity operator, which is

the 3 x 3 matrix-valued differential operator defined by
Acu = pAu+ A+ p)V(divu), u= (u,ug,uz)’
and p and A\ are the Lamé constants which satisfy the conditions

>0, Adp>0. (V.2)

The problem of stabilization of coupled systems has also been studied by several authors
see [2, 4, 6, 15, 23, 24]and the references therein.Under certain conditions imposed on the
subset where the damping term is effective, Komornik [15] proves uniform stabilization of
the solutions of a pair of hyperbolic systems coupled in velocities. Alabau and al.[2] studied
the indirect internal stabilization of weakly coupled systems where the damping is effective
in the whole domain. They prove that the behavior of the first equation is sufficient to
stabilize the total system and to have polynomial decay for sufficiently smooth solutions.

For coupled systems in thermoelasticity, R.Racke [24] considered the following system:

U (2, t) — augg(x, t — 7) + b0, (x,t) =0, in (0, L) x (0, 00),
Oi(x,t) — dOpr(x,t) + bug,(z,t) =0, in (0,L) x (0,00),

He proved that the internal time delay leads to ill-posedness of the system. However, the
system without delay is exponentially stable.

In[4],beniani and al. considered the following Lamé system with time varying delay term:

W0.8) = A )+ i (o) + paaf .t = 7)) =0 QxRS
u(z,t) =0 on 002 x Rt .
and under suitable conditions, they proved general decay of energy.
In [17], authors considered the following problem:
gy — Agu(z,t) — py Aug(z, t) — / i po(s)Auy(z,t —s)ds =0 in Q x (0,+00),
T1
u=0 on I x[0,4+00), (V.4)
u(z,0) = up(x) u(z,0) =u(x) on €,
w(z, —t) = folx, —t), 0<t<m,
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and under the assumption
T2
> [ lpalds (V.5)
T1

they proved that the solution is exponentially stable.
Recently, Bouzettouta and al. [3] considered the Bresse system in bounded domain with

internal distributed delay:

prew — Gh(pe +lw + 1), — Ehl(w, — o) + prgr + pope(x,t — 1) =0,
T2

patin — Eltrs = Ghls = lw+ ) + [ pls)iu(w,t — s)ds =0 . (V)
T1

prwy — Eh(w, — @), + IGh(py + lw + ) + prwy + powy(x,t — 79) = 0.

where (z,t) €]0, L[xR, , the authors proved, under suitable conditions, that the system is

well-posed and its energy converges to zero when time goes to infinity.

The paper is organized as follows.In Section 2, we give some materials needed for our
work and state our main results. The well-posedness of the problem is analyzed in Section
3, by using Faedo-Galerkin method. In Section 4, we prove the exponential decay of the

energy when time goes to infinity.

2 Preliminaries and statement of main results

In this section, we present some materials that shall be used for proving our main results.

For the relaxation functions ¢;, go, we have the folloing assumptions:
(A1) g;: Ry - R, (fori=1,2) are C' functions satisfying
t 00
g:(0) >0, 0<Bi(t):=pn —/ gi(s)ds and 0< B :=p —/ gi(s)ds.
0 0

(A2) There exist non-increasing differentiable functions &;(¢), & (t) : Ry — Ry such that

gi(t) < —&(M)ai(t), V=0 and /Ooogi(t)dt—Jroo, for i=1,2.

These hypotheses imply that

7 —



Chapter V. well-posedness and exponential stability for coupled Lamé system
with a viscoelastic term and strong damping

Let us introduce the following notations:
t
(95 )(t) = [ g(t = )h(s)ds,

t
(g0 (1) = [ g(t = s)|A(t) = h(s)ds.
Lemma 2.1 ([8]) For any g,h € C*(R), the following equation holds

2lg K = o o h— g0 — g0 h— ([ gls)ds)InP).

The existence and uniqueness result is stated as follows:

Theorem 2.2 Assume that (A1) and (A2) hold. Then given ug,vy € (H*(2) N HY(Q))?,

uy,v1 € (L*(Q))?, there exists a unique weak solution u,v of problem (V.1) such that
u,v € C([0, +oo], HEQ) N HL®) 1 CH([0, +o0], (I(©))?).

For any regular solution of (V.1), we define the energy as

Pi(t) (n+A)
2

1
/Q |Vul?(z,t)dx + 5 /Q(gl o Vu)dz + S /Q |div u|*dx

1 2 Ba(t) 2 (1 +A) 12 1
+2/Qvt(x,t)dx+ 5 /Q\Vv] (x,t)dx—i—iQ /Q]dlv v| d:v—l-Q/Q(gQOVv)dx

E(t) = ;/Quf(x,t)dx—k

+204/Qu(x,t)v(x,t)dx.
(V.8)

Our decay result reads as follows:

Theorem 2.3 Let (u,v) be the solution of (V.1). Assume that (A1) and (A2) hold. Then

there exist two positive constants C' and d, such that

E(t) < Ce~ €0y >, (V.9)

3 Well-posedness

In this section, we will prove the existence and uniqueness of problem (V.1) by using Faedo-
Galerkin method.
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Proof 3.1 We divide the proof of Theorem?2.2 into two steps: the Faedo-Galerkin approxi-

mation and the energy estimates.

Step 1 :Faedo-Galerkin approximation.

We construct approximations of the solution (u,v) by the Faedo-Galerkin method as
follows. Forn > 1, let W, = span {w,.....,w,} be a Hilbertian basis of the space
H?2(Q)NH () and the projection of the initial data on the finite dimensional subspace
W,, is given by

n n n n

n n n n

uy = E a;w;, vy = E biw;, uj = g ciw;, vy = E d;w;
i=1 i=1 i=1 i=1

where,(ul, vy, ut, vt) — (ug, vo, ur,v1) strongly in H*(Q) N HY}(Q) as n — oco. We

search the approximate solutions

R S NREVES SO

to the finite dimensional Cauchy problem:

/Q Wwds + o /Q v widT + i /Q VuVwde + (A + ) /Q div u™.div widz

- /9(91(3) * Vu" )Vwdr + 1y /Q VuiVw;dxr = 0,

/Qvgwidx ta /Q u"w;dr + ,M/Q Vo"Vw;dz + (A + p) /Q div o".div wyde  (V.10)
- /9(92(5) * Vo' ) Vwidz + po /Q Vo Vw;dx = 0,

(u™(0),v™(0)) = (ug,vg)  (u(0),v7(0)) = (uf, 7).

According to the standard theory of ordinary differential equations , the finite dimen-
sional problem (V.10) has solution fI'(t), h(t) defined on [0,t).The a priori estimates
that follow imply that in fact t, =T.

Step 2: Energy estimates. Multiplying the first and the second equation of (V.10) by (fi”(t))/
and (h?(t))/ respectively, we obtain:

/ upuydr + a/ v uydr + ,u/ Vu"Vupde + (A + p) / div u".div ui'dx
Q Q Q 0

(V.11)
- /Q(gl(s) * VU )Vuyde + /Q \Vu?2dz = 0.
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and

/ vyt dr + oz/Q v dr + u/ Vo'"Voldr + (A + p / div v".div v;'dz

(V.12)
—/ (g2(s) * Vo™ )Vu; dx—l—,ug/ Vo' 2dz = 0.

Integrating (V.11) and (V.12) over (0,t),and using Lemma (2.1), we obtain

¢ n 1 / n 1 ¢ n
Sn(t)—l—ul/o /Q\Vut *dxds — 5/9(910Vu )dw+§/0 /le(t)|Vu *dxds

! 1 1 rt
n|2 - / n + "2 _
+u2/0 /Q’VM dds 2/Q<gzovv )dx + 2/0 /ng(t)\w 2dzds = &,(0)
(V.13)

where

&n(t) 2/ ) :vt)dx~|— /|VU”| (a,0)dz + ~ /gloVu Vi + +)\>/Q|divu"|2dx

A)
2/ v)?(z,t)d /]Vv"| t)dx +(M+ /]dl V" da
+ 3 / (g2 o Vu")dz + 2a/ u"(z, t)v" (x, t)dx.
Q Q
(V.14)
Consequently, fromV.13, we have the following estimate:
1 / n 1 t n|2
En(t)—i/(gloVu d:c—i-f/ /91 ()| Vu"|[*dxds
1
— 5 | ho vz + 5 / /92 )| Vo 2dids (V.15)
< &,(0).

Now, since the sequences (ug) , (u’f) , (v(’{) , (v{‘) converge and using
neN neN neN neN

(A2),in the both cases we can find a positive constant ¢ independent of n such that
En(t) <ec. (V.16)

Therefore, using the fact that 3;(t) > 3°, the estimate V.16 together with V.14 give us,
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for alln € Njt, =T, we deduce

(u”)neN is bounded in  L>=(0,T; H*(2) N Hy(2)),
(U”) oy bounded in  L>(0,T; H*(Q2) N H (), (V17)
(uf) . is bounded in  L>(0,T; L*(2)), '
(vf) .y is bounded in L (0,T; L*(Q)).

Consequently, we conclude that
u" — u  weakly star in  L>(0,T; H*(2) N HL(Q)),
v — v weakly star in L0, T; H*(Q2) N H()), (V.15)

u =y weakly star in  L>®(0,T; L*(Q)),
v = vy weakly star in  L*°(0,T; L*(2)).

From V.17, we have (u”) . and (v") oy e bounded in  L>(0,T; H*(Q)NH(2)). Then
(u”)neN and (v”)neN are bounded in L*(0,T; H}()). Corisequently, (u”) e and (U”)neN
are bounded in H'(0,T; H*(2) N H (). Using AubinULion’s theorem [16], we can

k n k n
extract subsequences (u )keN of (u )neN and (v )keN of (v )neN such that

u — u  strongly in L*(0,T; L*())

and
v = v strongly in  L*(0,T; L*(2))
Therefore,
u* — u  strongly and a.e  (0,T) x (Q)
and

v* — v strongly and a.e  (0,T) x (Q)

The proof now can be completed arguing as in Theorem 2.2 of [16]
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Uniqueness.

Let (uy,v1) and (ug,ve) be two solutions of problem (V.1) Then (u,v) = (u; — ug,v1 — vg)

satisfies

¢
ug(x,t) + av — Acu(z, t) +/ g1(t — s)Au(z, s)ds — pAug(z, t) =0,  in Q x (0,+00),

Ot

vz, t) + au — Agv(z, t) + / g2(t — s)Av(z, s)ds — s Avy(z,t) = 0, in £ x (0, 400),
0

u(z,t) =v(x,t) =0 on 982 x (0, +00),
(u(z,0),v(z,0)) = (0,0) in Q,
(ug(x,0),v,(z,0)) = (0,0) in €.

(V.19)

Following Lemma 4.1, the energy function associated to the problem (V.19) satisfies E'(t) <
0. Then E(t) = E(0) = 0. As u(z,t) = v(x,t) = 0 on 92 x (0,+00), we deduce that

u=wv=0. The proof is complete.

4 Exponential stability

In this section we study the asymptotic behavior of the system (V.1). For the proof of

Theorem 2.3 we use the following lemmas.

Lemma 4.1 Let (u,v) be the solution of (V.1), Then we have the inequality

dE(t 1
dEW) —ul/ﬂ|Vut(a:,t)|2dx—,u2/g|Vvt(a:,t)|2da:—igl(t)/QWu(:U,t)Fdx

ilt 1 1 (V.20)
+5 (g0 Ve = Saa(t) [ Vo) dat 5 [ (650 Vo)
Proof 4.2 From (V.8) we have
1d ) e o
2d Jo (ut + (A + p)|div ul® + v + (A + p)|div v|* + 2avu) dx
= —/L/QVuVutdx —M/SZVUVUtdx—Ml/(2|Vut|2dx —,uz/Q V|2 dx (V.21)

t t
+ /Q/ 91(s)Vu(s)Vu(t)dsdz —I—/Q/ g2(s)Vu(s)Vu(t)dsdx.
0 0
From Lemma 2.1,the last terms in the right-hand side of V.21 can be rewritten as
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/Otgl(s)/QVu(s)Vut(t)dsdzx%—;gl(t)/Q|Vu|2(x,t)dx

g 2 X (V.22)
= Zdt{/o gl(s)/Q|Vu| (a:,t)dxds—/g(gloVu)(t)dx} +§/Q(gg o Vu)(t)dx
and
/ g2(s) / Vu(s)Vu(t )dsd:c—i— 92 / (Vo|?(z,t)dx
1d 1 , (V.23)
=S [ 0x6) [ IVeP e, 0deds - [ (g0 Vo)) + 5 [ (gho Vo) (e)as
So o becomes:
dE
T = Ve - / Ve = Son(0) [ VP, 0de
1 L (V.24)
+y [ (g0 Vu)O)dz — 50u(0) [ Vel t)da + 5 [ (640 Vo)(t)da
<0.
we show that (V.20) holds. The proof is complete.
Now, we define the functional Z(t) as follows
2(t) = /Quutdx—l—/ vude + ?/ |Vul*de + = / |Vv|*dz. (V.25)

Then, we have the following estimate.

Lemma 4.3 The functional 2(t) satisfies

D'(t C’/ |V dw—l—C/ |V d:v+<5—|—|oz|0 Ba(t )/ |Vu|?dx
— (A +p) /|d1vu| dx—l—(5—|—|oz|0 Ba(t >/|Vv| de — (AN +p) /|d1vv| dx

0 p = Ba(t) 52“/9(920%;)@)4;1:.

MY 15

/Q(gl o Vu)(t)dx +
(V.26)
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Proof 4.4 Taking the derivative of 2(t) with respect to t and using (V.1), we find that:

2'(t) = /Qu?dx—l—/ﬂuuttdx—i—/gvfda:—i—/vittdx+u1/QVutVudx+u2/QVvthdx
= /Qu?der/Qvfd:p—ﬁl(t)/ﬂ|Vu|2(x,t)dx+/Q/0tgl(s)(Vu(s) — Vu(t))Vu(t)dsdx
¢
“Bi(®) /Q Vol?da + /Q /0 92(5)(Vo(s) — Vo(t))Vo(t)dsdr — (A + ) /Q div ude
—(A+p) /Q |div v|*dz — Qa/ﬂuv dzx. (V.27)
Using the fact that

/Q/Otg1(8)|Vu( — Vu(t)|Vu(t)dsdz < 5/ IVul?(z,t) dx+45/ (/Otgl )| Vu(s) ()|d5>2 x

5/|Vu| a:t)dx+u Blt (g1 0 Vu)(t
Q
(V 28)

By the same, we have

/Q/Otgg(s)|Vv( — Vou(t)|Vou(t)dsdr < 5/ |Vol?(z, t da:—l— ( Otgg )| Vu(s) ()|ds)2

5/|VU| mt)da:Jr'u 5275/9 g2 0 Vv)( (v29>

Inserting the estimates (V.28), (V.28) into (V.27) and using Young’s, Poincaré’s inequal-

ities lead to the desired estimate. The proof is complete.

Proof 4.5 (Proof of Theorem 2.3) We define the Lyapunov functional
Z(t) = NE(t) + e2(t), (V.30)
where N and € are positive constants that will be fixed later.

Taking the derivative of (V.30) with respect to t and making use of (V.20), (V.26), we
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obtain

d 2 2
S < —{Nm —EC}/Q|VU,5(1:,15)| da — {J\m2 —eC’}/ﬂ\Vvt(x,tN dz

- (51(75) . |oc|C’>e/Q|Vu\2dx— (32@) . |04|C’>6/Q|Vv|2dm
— (A—i—u)/ﬂ]div ul’dr — ()\+u)/ﬂ|div v|*dx

- ];[/Q(g’l o Vu)(t)dx + ];T/Q(ggoV'z))(t)dx

+ ('u_f(;(t))e/ﬂ(gl o Vu)(t)dx + (H_fg(t))e/ﬂ(gg o Vo)(t)dz

= Za) [ IVuP (e - 5 0a(t) [ Vel )i

(V.31)

At this point, we choose our constants in (V.31), carefully, such that all the coefficients in

(V.31) will be negative. It suffices to choose € so small and N large enough such that
Npy —eC >0,

and
Npg —eC > 0,

Further, we choose v small enough such that
Bl(t) —0— |O‘/|C > 07

and

Bo(t) — 6 — |a|C > 0.

Consequently, from the above, we deduce that there exist there exists two positive constants

M1, ne and nzsuch that (V.31) becomes

4.2 (t)
dt

< —mE(t) + ne /Q(gl o Vu)dzx + 13 /9(92 o Vu)d. (V.32)
Therefore, if £(t) = min&y (t),&(t), Vit =0, then using (A2) and (V.20), we get

69



Chapter V. well-posedness and exponential stability for coupled Lamé system
with a viscoelastic term and strong damping

§0)-2'(t) < ~mEOB®) + () [ (910 Vayde +m€(t) [ (920 Vo)de
< —mEBBD) +m&a(t) [ (910 Vu)dz +m&a(t) [ (920 Vo)da
<—n€OB@W) + e [ [ €t = s)u(t = 9| Tu(t) - Tu(s)Pdsdz
b [ [ "t — $)gn(t — $)[Vo(t) — Vo(s)Pdsdz (V.33)
<—m€OBO) = [ [ it = 9ITult) = Vu(s) Pdsda
- ng/g/ot Gt — $)|Vo(t) — Vo(s)Pdsda
< —mEMEW) - B (1), >0,

Which gives
(6)2(t) + cE(®) — €(1)2(1) < —meME(®).

Using the fact that £'(t) < 0, VYt >0 and letting

F(t)=E)ZL(t) + cE(t) ~ E(t) (V.34)
we obtain
F'(t) < —mE()E(t) < —nsé(t)F (¢). (V.35)

A simple integration of (V.35) over (0,t) leads to

S /Ot £(s)ds

F(t) < F(0) Wt > 0. (V.36)

A combination of (V.34) and (V.36) leads to (V.9). Then, the proof is complete.
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Abstract

The present thesis is devoted to the study of Well-Posedness and
asymptotic behaviour in time of solution of Lamé system and coupled Lamé
system. This work consists of five chapters, will be devoted to the study of
the Well-Posedness and asymptotic behaviour of some evolution equation
with linear, and viscoelastic terms. We recall of some fundamental

inequalities.
Résumé

La présente these est consacrée a I’étude de la position bien posée et du
comportement asymptotique dans le temps de résolution du systeme de
Lamé et du systeme de Lamé couplé. Ce travail, composé de cing chapitres,
sera consacré a du comportement asymptotique d’'une équation d’évolution
avec des termes linéaires et viscoélastiques. Nous rappelons quelques

inégalités fondamentales.
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