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Introduction

The theory of impulsive differential equations have become important
in some mathematical. Models of real processes and phenomena studies
in physics, chimical technology, population dynamics, biotechnology and
economics. The study of impulsive differential equations has initiated in the
1960’s by Milman and Myshkis [74,75]. After a period of active research,
mostly in Eastern Europe from 1960-1970, culminating with the monograph
by Halanay and Wexler [44].

Several mathematical schools were created, continuing the scientific re-
search on the fundamental and qualitative theory of impulsive differential
equations and their applications in the early eighties and then see for ex-
ample the books [9,32,33,61,95,111] and the papers [19,31,76,77,96,102,
113,115,117].

Recently, systems of ordinary differential equations have been exten-
sively studied. For instance, in [11,78-81] the authors investigated the
existence of solution for a system of differential equations by a means of a
vector versions of fixed point theorems. Bolojan and Precup [11], studied
implicit first order differential systems with nonlocal conditions by using a
vector version of Krasnosel’skii’s theorem, vector-valued norms, and matri-
ces having spectral radius less than one.

Perov [86] is considere the Cauchy problem for a systems of a ordinary
differential equation by using the Perov, Schauder, and Leray Schauder
fixed point principles combined with a technique based on vector valued
matrices that converge to zero.

Systems of ordinary impulsive boundary value problems have been stud-
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ied by a number of aurhors such as, Berrezoug, Henderson and Ouahab [10],
Bolojan and Precup [11], E.K. Lee and Y. H. Lee [63], Liu, Hu and Wu [69],
Radhakrishnan and Balachandran [90], Sun, Chen, Nieto and M. Otero-
Novoa [97].

In this thesis, we shall be concerned by boundary value problems and
systems for impulsive differentiall equation, some existence results, among
others things, are derived. Our results are based a vector version of fixed
point theorems and degree theory.

We have arranged this thesis as follows:

In Chapter 1, we introduce notations, definitions, lemmas and fixed
point theorems which are used throughout this thesis.

In Chapter 2, we prove the existence of solution for a impulsive differ-
ential equation with non local Boundary conditions at resonance:

2'(t) = f(t,x(t),2'(t), teJ, (0.0.1)
Az(ty) = I(z(ty)), k=1,2,---,m, (0.0.2)
AL (ty) = Ji(2'(tr)), k=1,2,---,m, (0.0.3)

z(0) =0, 2'(1) :/0 2'(s)dg(s), (0.0.4)

where J = [0,1], 0<ty <ty< - <t <1, J = J\{tl,tg,"' ,tm}, f=
(fi, fo, -, fu) : IXR"XR" = R™, I}, Jp € C(R",R"), k€ {1,2,--- ,m},
Az(ty) = z(t)—a(t; ) and Az (ty) = 2/ (t)) =2/ (¢}, ), where (z(¢)), (2/(t)))
and (z(t, ), 2'(t;)) represent the right and left hand limit of (z(t),2'(t)) at
t = tj, respectively. Here ¢ = (g1,92,"+ ,9,) : J — R" has a bounded
variation satisfying

1
/ dgi(s)=1,i=1,2,--- ,n.
0

This system is at resonance. Our analysis relies on the Leray-Schauder
continuous theorem. The a priori estimates follow from the existence of an
open bounded convex subset C' C R", such that, for each ¢t € [0,1] and
x € C, the vector fields f(t,x,.) satisfy geometrical conditions on 9C

The nonlocale boundary value problems of ordinary differential equa-

tions play an important role in both theory and application, and as a con-
sequence, they have attracted a great deal of interest over the years. They

10
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are often used to model various phenomena in physics, biology, chemistry.
Nonlocal problems for different classes of differential equations and systems
are intensively studied in the literature by a variety of methods see for ex-
ample ( [14,15,20,26,27,50, 51,60, 82,88,104,105]). Impulsive differential
equations with nonlocal conditions have been studied by many authors,
(see [8,27,28,34,52-54])and references therein.

In the second part of this chapter, we consider the impulsive differential
equation at non resonance:

(p(t)x'(t)) = f(t,z(t),2'(t)), t € T, (0.0.5)
Az(ty) = Ji(z(te)), k=1,---,m, (0.0.6)
A (ty) = (2 (t)), k=1,--- ,m, (0.0.7)

z(0) =0, 2'(1) :/0 2'(s)dg(s), (0.0.8)

where J = [0,1], 0 <ty <to < --- <ty <1, J = J\{t1,t2, - ,tm},
f = (f17f27 e 7fn) S XR"XR" — Rn’ peE Cl(JaR)a Ik7 ']k S C(Rn7Rn)’
ke {1,2,---,m}, Ax(ty) = x(t]) — z(t;) and Az'(ty,) = 2/(t}) — 2/(t;,),
where (x(t}), (2/(t))) and (z(t;,), 2'(t;)) represent the right and left hand
limits of (z(t),2'(t)) at t = tj, respectively, and g = (g1,92, - ,9n) : J —
R™ has bounded variation and fol 2'(s)dg(s) = [fol zh(s)dgi(s), -, fol z,(8)dgn(s)
and the integral is means in the Riemann - Stieljes sense, and

1 1 ) — .. n
/o mdgi(s)#l, i=1,--,n.

This systems is at non resonance. Our approach here is based on the degree
theory.

In the first section of chapter 3, we present existence and uniquensse
results for the the system of second-order impulsive differential equations
with two boundary conditions:

11
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—uy(t) = fi(t,ui(t),us(t)), teJ, (0.0.9)
—uy(t) = folt,ui(t), us(t)), teJ, (0.0.10)
=AU == Lpur(te), k=1,2, ,m, (0.0.11)
—Auy |i=,= Lgus(ty), k=1,2,-- m, (0.0.12)
auy(0) — Buy(0) = 0, aus(0) — Buy(0) =0, (0.0.13)
yui(1) + duy(1) =0, yua(1) + duy(1) = 0, (0.0.14)

where a, B, 7,0 >0, p=By+ay+ad >0, J =1[0,1,0 < t; <
to < o0 < ty, < 1, J = J\{ti,te, - ,tw}, fi € C(J x R x R R),
Liye CRR),i=1,2ke{1,2,--- ,m}, Au |j=,= w1 (t}) —ui(t; ), and
A o, = ws(tF) — up(t) i which w} (£]), wh(6), uh(t5), and u(t; )) de-
note the right and left hand limits of ) (t) and u5(t) at t = t;, respectively.
We set Jo = [0,t1], J = (tg,tea1], K = 1, ,m, ter = 1, and let yy
be the restriction of the function y to Ji.an application of the Perov fixed
point theorem and the nonlinear alternative of Leray-Schauder type. Both
of these approaches make use of convergent matrices.

In the second section, we study the existence of positive solutions for
the systems (0.0.9)-(0.0.14), we shall rely on the vector version of Kras-
nosel’skii’s cone fixed point theorem.

In third section, we study the existence of three positive solutions for the
systems of second order impulsive differential equations with three points
boundary conditions

telJ,

wf(t) + ha(t) fi(t ui(t), ua(t)) = 0
)=0, teJ,

uy(t) + ho(t) f2(t, ur(t), ua(t
Aul(tk) = Ilvk(ul
Au'l(tk) = —Jl’k(ul(tk)), k =

N — ~—

Aug(ty) = —Jox(us(ty)), k= )
auy (0) — Buy(0) = awr (§), wi(1) =0,
aug(0) — 0uy(0) = aug(€), uz(1) =0

12
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where o, 8 >0, a,€ €]0,1], J =1[0,1], 0 <ty <toa < -+ <t <1, J =J\
{ti,ta, - ,tm}, fi € C(JXRT*xRT RY), h; € C(RT,RT), [;, € C(RT,RT)
and J;; € C(RY,RY), Auy(ty) = ui () —ui(ty,), Auf(te) = vy (6) —uy(t;)
and Auy(ty) = ua(t)) — ua(ty, ), Auh(ty) = ub(t)) — ubh(ty, ) in which uy(¢)),
i (85), ua(85) ub (), (ur(ty), wi(ty), ua(ty), uh(ty)) denote the right and
left hand limit of wy(t), w}(t) and us(t), u5(t) at t = ¢, respectively.

Our analysis relies on vector versions of Avery and Peterson fixed-point
theorem .

Chapter 4 is concerned with the existence of solutions for the system of
second-order impulsive differential equations with integral boundary condi-
tions on-un bounded domain :

(t

d(t) = Ftult),vt), ted, t 4, 0.0.23

) (0.0.23)

VI(t) = g(t,u(t),v(t)), teJd, t+#t, (0.0.24)

AU(tk) = JLk(u(tk)), —Au'(tk) = ILk(u(tk)), k= 1,27 oty (0025)
(0.0.26)

(0.0.27)

t
t

AU(tk) = ngk(v(tk)), —A’Z}/(tk> = Ig,k(vlﬁk)), k= 1, 2, LR 0.0.26

u(0) = /OOO hi(s)u(s)ds, u'(co) =0, 0.0.27

o(0) = /0 " ha(s)o(s)ds, (o) =0, (0.0.28)

where J = [0,400), f,g € C(J xR XRR), 0 < t] <ty < -+ <
tp < -+, T — 00, Ii,ka Ji,k c C(R,R), fO’f’ 1= 1,2, h; € C(R+,R+) with

/ hi(s)ds # 1 for i = 1,2, u/(c0) = lim u(t) and v'(c0) = lim v(t),
0 t—o0 t—o00

Au(ty) = u(ty) — u(ty) and Av(ty) = v(t)) — v(t;,), where u(t)) (v(t]))
and u(t; ) (v(t;)) represent the righ and left hand limit of u(t) (v(t)) at
t = ty, respectively. Au'(ty) = o/(t)) —u/(t;, ) and Av'(t,) = ' (t)) —v'(¢;,),
where u'(t) (v/(t})) and /(t;)) (v'(t;)) represent the righ and left hand
limit of «/(t) (v'(t)) at t = t;, respectively.

Using a vectorial version of Krasnoselskii’s fixed point theorem for sums of
two operators.

Boundary value problems with integral boundary conditions on the half
line for different classes of systems differential equations are intensively
studied in the literature by a variety of methods (see [21,22,107,114] ).

13
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In Chapter 5, we shall establish sufficient conditions for the existence
results for the implicit first order impulsive differential systems of the form

7' (t) = gi(t, x(t), y(t)) + ha(t, 2/ (t), 4/ (t)), tE€ T, (0.0.29)
y'(t) = galt, z(t),y(t)) + halt,2'(t),y'(t)), t € J, (0.0.30)
Ax(ty) = I(x(ty)), k=1,2,--- ,m, (0.0.31)

Ay(ty) = Jk(y(ty)), k=1,2,--- ,m, (0.0.32)

z(0) = alz], (0.0.33)

y(0) = Blyl. (0.0.34)

where J = [0,1], 0<ty <ty < <ty <1, J = J\{tl,t27"' ,tm},
hi, gi [0, 1] x RxR — R are continuous functions for i = 1,2, 0 < t; < t5 <
v <ty < 1, Ji Iy € C(R,R) k€ {1,2,-+- ,m}. Ax(ty) = () — z(t;,)
and Ay(ty) = y(t) — y(t;;) in which z(¢]) and z(¢) (x(t;), y(t;)) denote
the right (left) limit of z(¢) and y(t) at t = ¢, respectively. Next «, [ are
linear functionals given by Stieltjes integrals

t
oz[v]:/o v(s)dA(s),

t
Blv] = / v(s)dB(s),

where  €]t,,, 1], using a vectorial version of Krasnoselskii s theorem.

Key words and phrases: Impulsive differential equation, fixed point,
matrix convergent to zero, generalized Banach space, Implicit differential
equation, Leray-Schauder degree.

14



CHAPTER ].

Preliminaries

In this chapter, we introduce notations, definitions, lemmas and fixed
point theorems which are used throughout this thesis.

1.1 Some notations and definitions

Let C(J,R) be the Banach space of all continuous functions from J into
R with the norm

[Ylloc = sup {Jy(t)] : 0 <t < T},

Let L'(J,R) denote the Banach space of functions y : J — R that are
Lebesgue integrable with norm

lylh = / ().

AC(J,R) is the space of functions y : J — R, which are absolutely
continuous and we let AC*(J,R) the space of differentiable functions
y : J — R, whose first derivative, ¥’ is absolutely continuous.

In the part we need the following definitions:

Definition 1.1.1. A subset P of a real Banach space is a cone if it is closed
and moreover

(i) P+ P C P, with P\ {0} # 0;

15
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(i1) AP C P for all A € RT,

(iii) PN (—P) = {0}.

A cone P definies the partial ordering in Banach space given by u < v
if and only if v — u € P we use the notation u < v if v —u € K \ {0} and
uAvifv—u¢ K\ {0}. Finally u = v means v < u.

Definition 1.1.2. We say that f; : [0,1] x R* x RP — R", i = 1,2, is an
L'-Carathéodory function if

1. fi(,z,y) is measurable for any (x,y) € R™ x RP,

2. fi(t,-,+) is continuous for almost every t € [0, 1].

3. For each ry, ro > 0, there exists ®,, ,, € L*([0, +00)) such that
[f(tz,y)] < Dpyra(2),

for all x € R™ with |x| < r, y € R? with |y| < re, and almost all
t € [0,1].

1.2 Leray-Schauder degree

Let X and Z be Banach spaces. Let us denote by A, the set of couple
(I — f,9Q), where the mapping f :  — Z is a compact and 2 is an open
bounded subset of X satisfying the condition

0¢ (I —f)(09Q). (1.2.1)

A mapping deg from A, into Z will be called a Leray-Schauder degree and
satisfies the following axioms (see [30]).

1. Addition-excision property. If (I — f,) € A, and Q; and {2, are
disjoint open subsets in €2 such that

0 (1= O\ (U U)),
then (I — f,9) and (I — f, Q) belong to Ay and

deg(I — £,9) = deg(I — £.0) + deg(I — f, ).

16



1.3 Coincidence degree theory

2. Homotopy invariance property. If I is open and bounded in
X x[0,1], H: T x [0,1] = Z if

H(x,\) #0
for each x € (OI'), and eqch A € [0, 1], where
(D) ={zre X :(x,\) €0l'}

then the mapping A — deg(#H(., A), ")) is constant on [0, 1], where ')
denotes the set
{reX:(z,\)el}

3. Normalization property. If (I — f, ) € Ay, with [ — f the restric-
tion to Q of a linear mapping, then deg((I — f) —b,Q) = 0 if
b & (I = f)(Q) and |deg((I = f) = b, Q)| =1if b e (I = [)(€).

1.3 Coincidence degree theory

1.3.1 A construction of the degree mapping

Let X and Z be real vector normed spaces, L : D(L) C X — Z be a
Fredholm mapping of index zero and €2 be a bounded subset of X. Let us
denote by C, the set of couples (F, €2), where the mapping F : D(L)NQ — Z
has the form F' = L + N, with NQ — Z L-compact and § is an open
bounded subset of X satisfying the condition

0¢ F(D(L)Nox). (1.3.1)

A mapping Dy, from Cp into Z will be called a degree relatively to L if it
is not identically zero and satisfies the following axioms (see [30]).

1. Addition-excision property. If (F,Q) € Cp and Q; and € are
disjoint open subsets in {2 such that

0 ¢ FID(L) N (2 (£ U D)),
then (F,€) and (F, ) belong to C, and

Dy (F,Q) = Di(F, ) + D(F, Q).

17
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2. Homotopy invariance property. If T is open and bounded in
X x [0,1], H: (D(L)NT) x [0,1] = Z has the form

H(x,\) = Lz + N(§,\)
where N: T — Z is L-compact on I and if
H(x,\) #0
for each « € (D(L) N AT), and each X € [0, 1], where
(O0)y = {z € X : (z,\) € T}

then the mapping A — D (H(., A), ")) is constant on [0, 1], where Iy,
denotes the set
{reX:(z,)) el}

3. Normalization property. If (F,Q) € Cp, with F the restriction to
Q2 of a linear one-to-one mapping from D(L) into Z, then Dp(F —
b)) =0ifb¢ F(D(L)NQ) and |D(F —b,Q)|=1ifbe F(D(L)N

1.3.2 The Leray- Schauder continuation theorem

Let X be a Banach space and I = [0,1]. If A C X x I and A € I, we shall
write Ay = {z € X : (z,\) € A}. For a € X and r > 0, B(a,r) will denote
the open ball of center a and radius r. Let 2 C X x I be a bounded open
set with closure  and boundary 9 and let F :  — X be a mapping. We
denote by X the (possibly empty) set defined by

Y={(x,\) €Q:2=F(zx,\)}.
The following assumptions were introduced by Leray and Schauder in [?].
(Hy) F:Q — X is completely continuous.

(Hy) XN0Q =& (A priori estimate).

(Hy) X is a finite non empty set {as,...,a,} and the corresponding topo-
logical degree deg[I — F(.,0),Qp, 0] is different from zero (Degree con-
dition).

18



1.4 Vector metric space

Theorem 1.3.1. [71] If conditions (Hy), (H1) and (Hs) hold, then ¥ con-
tains a continuum C' along which X takes all values in I.

In other words, under the above assumptions, ¥ contains a compact
connected subset C' connecting ¥y to €2;. In particular, the equation x =
F(z,1) has a solution in €.

Notice that the conclusion of Theorem 1.3.1 still holds if the finiteness of
the set X is dropped from assumption (H,). Hence, from now on, we shall
refer to assumption (Hs) as being the condition

(Hy) deg[I — F(.,0),,0] # 0 (Degree condition).

Conditions (Hy) and (Hj) are in general the easiest ones to check. Condition
(Hy) requires the a priori knowledge of some properties of the solution set
3 and is in general very difficult to check.

An important special case can be stated as follows. Introduce the condition

(H}) ¥ is bounded (A priori bound).

1.3.3 Continuation theorems for Lz = Nz

In this part we will present an extension in the frame of coincidence degree
theory, the well-known Leray-Shauder continuation theorem.

Theorem 1.3.2. [62]

LetY and Z be real normed spaces, L : D(L) C X — Z be a linear and
invertible, @ C X be an bounded open neighborhood of 0, and N : Q — Z
be such that LN : Q — X is compact. If

Lx # ANx
for every (z,\) € (D(L)(99Q) x (0,1), then equation v = L™'Nx has at
least one solution in D(L) N Q.
1.4 Vector metric space

Metric space are very important mathematics applied sciences. In [3,16]
some results in metric space theory are generalized to vector metric space
theory, and some fixed point theorem in vector metric space are given.

19
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1.4.1 Generalized metric space

In this part, we consider the notation and definition of generalized metric
space in Perov’s sense.

Definition 1.4.1. Let X be a non empty set. By a vector-valued metric on
X we mean a map d : X x X — R™ with the following properties:

(1) d(u,v) >0 for allu, v € X, and if d(u,v) =0, then u = v;
(11) d(u,v) =d(v,u) for all u, v € X;
(13i) d(u,v) < d(u,w) + d(w,v) for all u, v, w € X.

Herea if r,y € Rn7 Tr = (Ilvaa”' 7xn)7 Yy = (y17y2a"' 7yn)7 by x < Yy
we mean x; < y; fori=1,2,---  n.
We call the pair (X, d) a generalized metric space with

dl (ZL’, y)
d(z,y) = :
dn(z,9)

Notice that d is a generalized metric space on X if and only if d;, i =
1,2,--- ,n, are metrics on X.

Let (X,d) be a generalized metric space in Perov’s sens. Thus, if x, r €
R™ z := (z1, -+ ,x,), and 7 = (rq,---,7r,), then by < r we mean
x; < 1y, for each i € {i,--- ,n} and by # < r we mean z; < r;, for each
ied{i,---,n}. Also, |z| = (Jz1], -, |za|) - If, 2,y € R, & = (21, , ),
y = (y1, - ,Yn), then max(z,y) = max(max(zy,y1), -, max(x,,y,)). If
c € R, then z < ¢ means x; < cforeachi=1,--- n.

Definition 1.4.2. A set X equiped with a partial order < is called a partially
ordered set. In a partially ordered set (X, <) the notation x < y meansx <y
and x # y. An order interval [z,y] is the set {z € X : <z <y}.
Notice that if x £ y, then [z,y] = 0.

Let (X, d) be a generalized metric space, we define the following metric
spaces:
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1.4 Vector metric space

Let X = HX“ 1=1,---,n. Consider HXZ- with d:

=1 i=1

d((xb"' 7xn)7 (y17”' 7yn)) = Zdi(miayi)'

The diagonal space of H X; defined by

=1
X:{(Sﬁl,-.u 7xn)€H: LE’ZEX’Z:177TL}
i=1

Thus it is a metric space with the following distance :
d*((l’, o 7'T)7 (y> U ay)) = Zdl(xay)
i=1

Intuitively, X and X are equivalent. This is show in the following result.

Lemma 1.4.1. Let (X,d) be a generalized metric space. Then there exists
h: X — X homeomorphisme map.

Proof. Consider h : X — X defined by h(x) = (z,-- ,x) for all x € X.
Obviously h is bijective. To prove that h is a continuous map
Let z,y € X. Thus

d.(h(z), () < 3" di(x.y).

For ¢ > 0 we take § = (%, ,%), let fixed zp € X and B(zg,d) =
{z € X : d(xg,x) < 6}, then for every z € B(xg,d) we have
d.(h(x), h(y)) <e.

Now, we consider the map A~! : X — X defined by
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To, show that h~! is continuous. Let (z,--- ,z), (y, -+ ,y) € X,
d(h_l(x7 e 7x)7h_1(y7' t 7y)) = d(l‘,y)

min €;
1<i<n

Let € = (€1, ,€,) > 0 we take 0 = and we fixed 7o € X. Set

n

B((wo, -+ ,x0),0) = {(z,-++ ,2) € X : du((wg, -+ ,20), (2, ,3)) <0}

For (z,--- ,x) € B((xo,- -+ ,20),0) we have
: i
d* s T P y T <5:> dz ) < ==
((wo YNE )) ; (20, 7) ”
Then
i,
di(zg,2) < —=— i=1,---,n = d(zg,z) < €.
n
Hence h~! is continuous. O]

1.4.2 Generalized Banach space

Definition 1.4.3. Let E be a vector space metric on IK =R orC. A map
|.|| : = R% is called an norm on E if it satisfies the following properties:

(@) [lz] = 0 then x = (0,---,0);

(i) [[Az]l = M|zl for x € E, A € IK;

(@@1) |z +yll <[zl +[lyll for every z, y € E.

Remark 1.4.1. The pair (E,|.||) is called a generalized normed space. If
the generalized metric generated by ||.| (i.e d(x,y) = ||x — y||) is complete
then the espace (E,||.||) is called a generalized Banach space, where

Iz =yl
lz =yl =
1z =yl
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1.4 Vector metric space

Definition 1.4.4. Let E be a non empty set and let ||.| : E — R% be a
norm on E. Then, the pair (E,||.||) is called a generalized normed space.
If, moreover, (E,|.||) has the property that any Cauchy sequence from X
is convergent in norm, then we say that (E,|.||) is a generalized Banach
space.

Let C(J,R) x C(J,R) be endowed with the vector norm || - || defined
by [|v]lee = (|u1loos [|t2]|eo) for v = (ug,ug). It is clear that (C'(J,R) x
C(J,R), | - |lo) is a generalized Banach space.

1.4.3 Properties and topological elements

In the case of generalized metrics spaces in the sense of Perov, the no-
tations of convergent sequence, Cauchy sequence, completeness, open and
closed subset are similar to those for usual metric spaces.

Also, in what follows we present some elements of topology ( see, for exam-
ple, P. P Zabrejko [110] , E.Zeidler [112]).

Definition 1.4.5. [16] Let (X, d) be a generalized metric space. A subset
A C X is called open if, for any x € A, there exists r € R, with r > 0
such that B(xg,z) C A, where B(zo,7) = {z € X : d(zo,x) < r} denote the
open ball centered in xy with radius r, Any open ball is an open set and the
collection of all open balls generates the generalized metric topology on X.

Let
B(zo,r) ={z € X : d(x¢,x) <1}

the closed ball centered in xy with radius r
Definition 1.4.6. Let (X, d) be a generalized metrics spaces a sequence by,
in X is called the Cauchy sequence, if for each € > 0 there exist N € N
such that for any n,m > N: d(z,, ;) < €.

Definition 1.4.7. An generalized metric space (X,d) is called complete if
each Cauchy sequence in X converges to a limit in X.

Definition 1.4.8. Let (X, d) be a an generalized metrics space, we say that
a subset Y C X s a closed if x, CY and x,, — x imply x € Y
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Definition 1.4.9. Let (X,d) be a generalized metric space. A subset C' of
X is called compact if every open cover of C' has a finite subcover.

A subset C of X is sequentially compact if every sequence in C' contains a
convergent subsequence with limit in C'.

Definition 1.4.10. A set C' of topological space is said relatively compact
if its closure is compact, i.e., C is compact. The set C is sequentially
relatively compact if every sequence in C' contains a convergent subsequence
( the limit need not be an element of C'),i.e., C is sequentially compact.

Definition 1.4.11. [112] Let XY be two generalized metrics spaces K C X
and f: K —Y be a an open operator. Then f is called:

(1) compact, if for any bounded subset A C K we have f(A) is relatively
compact or f(A) is compact;

(1) Complete continuous, if f is continuous and compact;

(13i) with relatively compact range, if f is continuous an f(K) is relatively
compact or f(K) is compact.

Theorem 1.4.2. Let (X, d) be a generalized metric space. For any cpmpact
set A C X and for any closed set B C X that is disjoint from A, there exists
a continuous functions f : X — [0,1], g : X — [0,1] x [0,1] x ...[0,1] :=
[0, 1]™ such that

i) f(z) =0 for all z € B,
ii) f(z) =1 for allz € A.
iii) g(z) = (1,...,1) for allz € B,
iv) g(z) = (0,...,0) for all z € A.

Proof. Note that d;(x,B) = 0 for any « € B and d;(z,A) > 0 for any
x € A. Thus we obtain i) and ii). Let f: X — [0, 1] be defined by

Zdi(x,B)
Zz 1d(x A>+Zz 1 di(z, B)’

24
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To prove that f is continuous, let (x,,)men be a sequence convergent to
r e X.

Then
> di(x,, B) > di(z,B)
[f(zm) = f(2)] = |5 = -
Z (T, A +Zd T, B Zdi(LA)—I—Zdi(x,B)
Zdi(xm,B)Zdi(x,A)—Z (T, A Zd (z, B)
(Z di(z, A) + Z dy(z, B)) (Z di(Zm, A) + Z +di (2, B))
” ” (T, B Zd x, B)
< - —_—
(Z di(x, A) + Z d(z, B)) (Z di(p, A) + Z +di (2, B))
” ” i(zm, A Zd x, A)
+—— -
(Z di(z, A) + Zdi(x, B)> (Z di(zm, A) + Zdi(xm, B))
Since for each i = 1,...,m we have

|di(x, B) — di(xz, B)| = 0, |dij(xm, A) — di(z, A)] - 0 as m — oo.

Therefore

> di(z A)Y

(Z di(z, A) + Z dy(, B)) (Z di(xp, A) + Z +di (2, B))

25
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and

di(zm, A) — Zdi(:c,A)

— 0 as m — oo.

n

(Z di(z, A) + ) di(x, B)) (Z di(2m, A) + Z +di(zpm, B))

i=1

Thus, we get
|f(xm) — f(x)] = 0, as m — oo.

We can easily prove that the following function g : X — [0, 1]" defined by

dy(z, A)
di(z, B) + di(x, A)
g(x) = : , T€X.
dy(z, A)
dy(z, B) + d,(z, A)

is continuous function and satisfied i) and iv).

]

Definition 1.4.12. Let (X, ||.||) be a generalized Banach space and U C X
open subset such that 0 € U. The function pu: X — R, defined by

pu(z) =inf{a >0:2 € alU},
is called the Minkowski functional of U.

Lemma 1.4.3. Let (X, ||.||) be ageneralized Banach space and U C X open
subset such that 0 € U. Then

i) If A >0, then py(Ax) = Apy(x).
it) If U is convex we have

a) pu(z +y) < pu(e) +poly), for every x,y € U.
b) {re X :py(x) <1} CcUC{re X :py(x) <1}
c) if U is symmetric; then py(z) = py(—x).

iii) py 1s continuous.
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Proof. i) Let x € X be arbitrary and A > 0. We have
pu(Ax) = inf{a>0:\x€alU}
= inf{la>0:2€ X talU}
= inf{A\8>0:2€pU}
= Ainf{f>0:2 € U}
= Apu(x).
i1) — a) Let ay > 0 and ay > 0 such that

r € a U and y € axU,

then

T +y aq n [e%)
apt+as apt ay + Qo

r+y€alU+al=

Hence
Tty E (Oél+OéQ)U. (141)

For every € > 0 there exist a. > 0, 8. > 0 such that
ae <py(x)+e and B < puy(x)+e
From (1.4.1) we have

pu(z +y) < pu(x) +pu(y) + 2€.

Letting € — 0 we obtain

pu(z+y) < pu(x)+ pu(y) for every z,y € U.
b) Let € X such that py(x) < 1, then there exists o € (0, 1) such that

pov(z) <a<landzealU =z=aa+ (1 —a)0clU.

Therefore
{reX py(x) <1} CU.

For x € U we have

r=areclUa=1= py(z) <.
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Then
{reX py(z)<l}CcUcC{re X :py(x) <1}

i7i) Since 0 € U then there exist r > 0 such that
BO,r)={zre X :||z| <r.} CU,

where
[Ea(R r
x| = : and r, =
] r

Given € > 0, then = + €¢B(0,r,) is a neighborhood of z. For every
y € x +eB(0,7,) we have

r—Yy
€

€ B(0,r.) = pu (u) <1
€

It is clear that

lpu(z) — pu(y)] < pulz —y) = epy ($ ; y) <e.

Hence py is continuous.

]

Definition 1.4.13. A map (®1, D) to be a map a nonnegative, continuous
and convex functional coupled on a P of a generalized banach space E if
(®1,Dy) : P — RT x RT is continuous and

(D1, o) (E(x1, 1) +(1=1) (22, 2)) < (D1, Po)(21,91) + (1= 1) (D1, Do) (2, Y2).
for all (z1,v1), (x2,y2) € P andt e J

Definition 1.4.14. A map (U1, Vs) to be a map a nonnegative, continuous

and concave functional coupled on a P of a generalized banach space E if

(U1, Uy) : P — RT x R is continuous and

(W1, Wa) (t(1, y1)+(1=t) (2, 92)) = (W1, U2)(z1, y1)+(1—1) (U1, Ua2) (22, y2).
for all (x1,y1), (z2,y2) € P andt e J
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Let (¢1,¢2) ans (61,62) be a nonnegative continuous convex function-
als coupled on P, (11,19) be a non negativecontinuous functional coupled
and (¢1, ¢2) the nonnegative continuous concave functional coupled on P.
Then, for positive vector (a,as), (b1,bs) and (dy, ds), we define the follow-
ing sets:

P((g&l,QOQ), <d17d2)> = {(ULUQ) e P: gpl(ul,uQ) < dl, (,02(U1,U2) < d2}7

P((ﬁpmﬂz): (¢1, P2), (b1, ba), (dl,d2)> = {(ulauz) € P: by < ¢1(uy,uz),

by < Pa(uy, us), p1(ur, uz) < di, @a(ug,ug) < d2}~

P<(<,01,<P2),(91,(92),(¢17¢2),(51,52),(01,02),(611,612)) =
{(U1,U2) € P:by < ¢1(ur,uz), by < ¢our,uz), 01(ur,u2) < cq,ba(ur, ug) < o,

o1(ug,ug) < dy, pa(us,us) < d2}~

P<(9017902),(91,92),(¢1>¢2),(51,52)7(01762)7(611,612)) =
{(u17u2> € P:by < or(ur,uz), by < po(ug,uz), O1(ur,us) < e,

2 (w1, u2) < ¢, 01(ur, ug) < dy, palur, ug) < dz}-
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R((‘Ph%)y(¢1,¢2),(a1,a2),(d1,d2)> —
{(m,m) € P:ay <r(ug,ug), as < olug, ug), o1(ur, us) < di, walug, ug) < dg}.

1.4.4 Matrix convergent

In this section, we introduce definitions, lemmas and theorems concerning
to matrice convergent.

Definition 1.4.15. A square matriz of real numbers is said to be convergent
to zero if and only if its spectral radius p(M) is strictly less than 1.

In other words, all the eigenvalues of M are in the open unit disc, i.e.,
|A| < 1 for every A € C with det(M — AI) = 0, where I denote the identity
matrix in M,,x,(R).

Theorem 1.4.4. [100] Let M € M, «,(R,); the following assertions are
equivalent:

(a) M is convergent to zero;
(b) M* —0 as k — oo;
(¢) The matriz (I — M) is nonsingular and

(I-M)y'=T+M+M+ -+ M.

(d) The matriz (I — M) is nonsingular and (I — M)~ has nonnegative
elements.

Some examples of matrices convergent to zero, A € M, y,(R), which
also satisfies the property (I — A)~!|I — A| < I are:

1. A= <3 2),Where a,b € R, and max(a,b) <1

2. Az(% _bc>,Whe]rea,b,c€RJr anda+b<1, c<1
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3. A:(Z :Z),Wherea,b,c€R+ and |la—b| <1l,a>1, b>0.

Lemma 1.4.5. [104] Let

where a,b,c,d > 0 and det Q > 0. Then Q! is order preserving.

Lemma 1.4.6. [13] If A € M, x,(R}) is a matriz with p(A) < 1, then
p(A+ B) < 1 for every matric B € M,,x,(Ry) whose elements are small
enough.

1.4.5 Fixed point results

Fixed point theory plays a major role in many of our existence principles,
therefore we shall state the fixed point theorems in generalized Banach
spaces. The purpose of this section is to present the version of nonlinear
alternative of Leary-Schauder type in generalized Banach spaces.

Definition 1.4.16. Let (X,d) be a generalized metric space. An operator
T : X — X is called contractive associated with the above d on X, if there
exists a convergent to zero matriz M such that d(T(x),T(y)) < Md(z,y)
forallz, y € X.

Theorem 1.4.7. ( [86], [87]) (Perov’s fixed point theorem) Suppose that
(X, d) is a complete generalized metric space andT : X — X is a contractive
operator with Lipschitz matriz M. Then T has a unique fixed point u, and
for each ug € X,

d(T*(ug),u) < M*(I — M)~ d(ug, T(uo)) where k € N.

Theorem 1.4.8. [86] (Schauder).

Let X be a Banach space, D C X a non empty closed bounded convex set
and T : D — D a completely continuous operator (i.e., T is continuous and
T(D) is relatively compact). Then T has at least one fized point.

As a consequence of Schauder fixed point theorem we present the ver-
sion of non linear alternative Leary-Schauder type fixed point theorem in
generalized Banach space.

31



Preliminaries

Lemma 1.4.9. Let X be a generalized Banach space, U C E be a bounded,
convex open neighborhood of zero and let G : U — E be a continuous
compact map. If G satisfies the boundary condition

x # AG(x)

for all z € OU and 0 < X\ < 1, then the set Fix(G) ={zx € U :z = G(z)}
15 non empty.

Proof. Let p is the Minkowski function of U and since U is bounded, then
there exists M > 0 such that

GU)C =B(0,M,), M,=(K,...,K).

Consider G, : B(0, M,) — B(0, M,) defined by

G(r) ifxelU
Gi(x) =
1 x : T7
Clear that B(0, M,) is closed, convex, bounded subset of F and G, is contin-

uous compact operator. Then from Theorem 1.4.8 there exists x € B(0, M.)
such that G(z) = z. If € E\U then

) . 1a:>G<px )

p(w) p(x)  pX(

Since x € E\U, then
x

(@) e oU.

p(z) =1or p(x) > 1=z €U,
This is a contradiction with
z # AG(z), for each, A €[0,1], z € 9U.
Consequently, there exist x, € U such that G(z,) = z.. O
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Theorem 1.4.10. Let (X, || -||) be a generalized Banach space, C C E a
closed and conver subset, U C C' a bounded set, open (with respect to the
topology C') and such that 0 € U. Let G : U — C be a compact continuous
mapping. If the following assumption is satisfied:

r # AG(x), for all x € OcU and all X € (0,1),

then f has a fized point in U.

Proof. Let C, = {z € U : x = AG(x) for some; A € [0,1]}. Since 0 € U
then C, is non empty set and by the continuity of G' we concluded that
C. is closed. Clear that OoU N C, = (0. From Theorem 1.4.2 there exists
f:U — [0,1] such that

0 ifxedU

f(z) =
1 if x € C,.

Consider G, : C' — C defined by

fl2)G(zx) ifxeU
Gi(z) =
0 if z € C\U.

Since G.(z) = 0, for each z € JcU, and G. is continuous on U, E\U, then
G, is continuous. Set Q =7co({0} UG(U)) is convex and compact. We can
easily prove that

G.(Q2) C Q.
Then from Theorem 1.4.8 there exists x € 2 such that G,(z) = x. From
the definition of G, we have G(z) = z. O

From above theorem we obtain the following;:

Theorem 1.4.11. Let C' C E be a closed convex subset and U C C' a
bounded open neighborhood of zero(with respect to topology of C'). If G :
U — FE is compact continuous then

i) either G has a fived point in U, or

i) there exists x € OU such that x = AG(z) or some X € (0,1).
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Theorem 1.4.12. [35] Let X be a generalized Banach space, C be a
bounded, convexr open mneighborhood of zero. Suppose that N : U — C
is a continuous, compact (that is, N(U) is a relatively compact subset of C')
map. If N satisfies the boundary condition

x # AN (x)

for all x € OU and 0 < X < 1, then the set Fiz(N)={zx € U :x = N(z)}
15 non empty.

Theorem 1.4.13. [93] Let (X, ||.||) be a generalized Banach space, D a non
empty closed bounded convex subset of X and T : D — X such that:

(1) T=G+H withG : D — X is completely continuous and H : D — X
is a generalized contraction, i.e. there exists a matric M € My, (RT)
with p(M) < 1, such that || H(z)—H(y)|| < M||z—yl|| for allxz,y € D;

(i1) G(xz)+ H(y) € D for all z,y € D.
Then T has at least one fized point in D.

Theorem 1.4.14. [33] Let X be a generalized banach space. Suppose that
T and B are two operators X — X such that

(A1) T be a completely continuous operator.
(As) B be a continuous and M -contraction operator.

(As) the matriz I — M has the absolute property.
If

M = {x€X| NT(z) + AB (%) :x}

is bounded for all 0 < A < 1. Then the equation
r=T(z)+ B(z), z€X,
has at least one solution.

Theorem 1.4.15. [33] Let P be a cone in a generalized Banach space E.
Let (@1, 92) and (01, 6,) be non-negative, continuous and convex functionals
coupled on P, (11,13) be a non-negative, continuous and concave functional
coupled on P, and (¢1, ¢2) be a non-negative continuous functional coupled
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on P satisfying (1, ¥9)(k1z, kay) < (kb1 (x,y), katbe(x,y))
for (0,0) < (ki1, ko) < (1,1), such that for some positive vectors (My, My)
and (dl, dg)
(91, 02)(2,y) < (1, 902)(2,y) and |[(2,y)]| < (Migr(2,y), Mawa (2, y))
for all (z,y) € P((¢1,92), (d1,d2)). Suppose that
T : P((¢1,92), (d1,da)) = P((1, p2), (di, do))
is completely continuous T = (11, T5) and there exist positive vectors

(a1,a2), (b1,bs), (c1,c2) with (a1,as) < (by,by), such that the following
conditions are satisfied:

(51)

{(fﬂ,y) € P ((¢p1,92), (01,02), (1, Dg), (b1,b2)) 1 (¢h1,2) > (b1>b2)} # 0

and

(¢17¢2)<T(x7y)> > <b17b2) f07’ (l’,y) € P<(§017902)7 (61762)7 (®1?®2)7 <b17b2)>;

(52)
(@1, 02)(T'(z,y)) > (b1, b2) for (z,y) € P((¢1,92), (¢1,d2), (b1, b2), (di, d2))
with (1, ¥9)(z,y) = (a1, az2);
(52)
(07 O) S R((QOl, 902)7 ((blu ¢2>7 (alv a’2)7 (dlv d2))?
(¢17 ¢2)(T(937 y)) < (alv CLQ) fO?“ (ZE, y) € R((@b 902)7 (¢1a ¢2)> (alv a2)v (dlv d2)>

with (1, 2) with (¥, ¢¥)(x,y) = (a1, az).

Then T has at least three fized points (x1,vy1), (x2,y2), (r3,y3) €
P((¢1,92), (d1,d2)), such that

(¢17902) S (d17d2)’ fOT 1= 17273)

and

(b1,02) < (1, P2)(x1,11), (a1, a2) < (¢1,%2)(@1,21),

(Y1, ¥2) (T2, y2) < (br,b2), (V1,%2)(73,93) < (a1, az).
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1.5 Krasnosel’skii fixed point theorem on
cone.

Consider two cones K7 and K5 of X; the corresponding cone K := K7 x Ko
of X2, and we shall use the same symbol < to denote the partial order
relations induced by K in X?, and by K;; K, in X: Similarly, the same
symbol < will be used to denote the strict order relations induced by K; and
K, in X. Also, in X?, the symbol < will have the following meaning:u =
(u1,u2) < v = (v1,v9) if u; < v; for i = 1,2. For r,R € R%; r = (r1;72),
R = (Ry; Rs), we write 0 <7 < Rif 0 <7y < Ry and 0 < ry < Ry, and we
use the notations:

(Ki)rr, = {u € Ky :ry < lu|| < Ri}(i = 1;2)

Ki.p={ue K :r, <||w| <R; fori=1;2}.
Clearly’ K7"§R = (K1>T1;R1 X (K2>T2;R2'

Theorem 1.5.1. [85] Let (X, |.||) be a normed linear space, Ky, Ky C X
two cones, K 1= K1 x Ko; R € RY with0 <r < R; and N : K, p — K;
N = (Ny; N2) a compact map. Assume that for each i € {1,2}, one of the
following conditions is satisfied in K, g :

(@) Ni(u) A if |uill = ri and Ni(u) o w; if uil| = Ri;
(b) N;i(u) o wiif ||will =7 and Nij(u) £ u; if ||u|| = R;.

Then N has a fized point u in K with r; < ||u;|| < R; fori € {1,2}.

36



CHAPTER 2

Impulsive differential equations

in this chapter we solue the problem of the existence of solution for
the system of second order impulsive differential equations with non local
boundary conditions. For the first case we consider:

(1) = f(t2(t), 2'(t)), te T, (2.0.1)
Ax(ty) = I(x(tg)), k=1,2,---,m, (2.0.2)
Al’l(tk) = Jk(.’[l(tk)), k= 1, 2, e, M, (203)

z(0) =0, 2'(1) :/0 2'(s)dg(s), (2.0.4)

where J = [0,1], 0<ty <ty <. <t <1, J = J\{tl,tz,"‘ ,tm}, f:
(fl,fQ,"' ,fn) I XRPXR" - R”, I, Ji € C(anRn% ke {1,2, ,m},
Az(ty) = z(tf)—z(t; ) and Az (ty) = 2/ (t))—2/(t}, ), where (z(¢)), (2/(t)))
and (z(t, ), «'(t;)) represent the right and left hand limit of (z(t),2/(t)) at
t = tg, respectively. Here g = (g1,92,- - ,9n) : J — R™ has a bounded
variation satisfying

1
/ dgi(s)=1,i=1,2,--- ,n.
0

This system is at resonance. Our analysis relies on the Leray-Schauder
continuous theorem. The a priori estimates follow from the existence of an
open bounded convex subset C' C R", such that, for each ¢t € [0, 1] and
x € O, the vector fields f(¢,x,.) satisfy geometrical conditions on 9C.
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In the second case we consider, the following second-order impulsives
differential systems with non local conditions:

(p(t)x'(t)) = f(t,z(t),2'(t)), t € T, (2.0.5)
AL (t) = I(2'(ty)), k=1,--- ,m, (2.0.7)
z(0) =0, 2'(1) :/0 Z'(s)dg(s), (2.0.8)

where J = [0,1], 0 < t) < to < -+ < tp < 1, J = J\ {t1,t2, - ,tm},
F=(fi,for e fa): JXR"XR™ 5 R, pe C'(J,R), I, Jp € C(R",R"),
ke {1,2,...,m}, Ax(ty) = x(t}) — x(t;) and Az'(ty) = 2/'(t]) — 2/(t;.),
where (z(t)), (2/(t})) and (z(¢;),2’(t;)) represent the righ and left hand
of (z(t),2'(t)) at t = t, respectively, and g = (g1, 92, ,gn) : J — R" has

bounded variation and fol 2'(s)dg(s) = [fol ) (s)dgi(s),. .., fol x;(s)dgn(s)]

and the integral is means in the Riemann - Stieljes sense, and
L
——dg;(s) #£1, i=1,...,n.
/0 p(s)

This systems is at non resonance.

2.1 Impulsive differential equations with
non local conditions at resonance

2.1.1 Fixed point operator
We first introduce the sets

x:J — R" | z(t) is continuously differentiable for ¢ # ty, k=1,2,--- ,m,
() and z(t]) exist at t = ty, and 2/(t; ) = 2/ (tx), x(t;,) = x(tx),
1

z(0) =0, 2/(1) :/ x'(s)dg(s)

0

and

y:J — R"|y(t) is continuous for ¢ # ty, k=1,2,--- ,m, Imm
y(t) exist at t = t, and y(t,) = y(tx),
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2.1 Impulsive differential equations with non local conditions at
resonance

For every x € X, we define the norm by

Ihﬂx—=1nax{supkdﬁﬂh---,auwxzﬁﬂ},
teJ teJ

and for every z = (y,c) € Z, we define

wmzmw§ww®wﬂ.
teJ

It can be shown that X and Z are Banach spaces .
To prove our existence result for the problem (2.0.1)-(2.0.4), we will
make use of the following conditions:

(Hy) f=(fi,fo, -+ fn): I xR" x R" — R" is a continuous function;

(Hy) Lig = (L, Lok, s Ink), Ji= (Jigs Jogs -, Jng) : R® X R* — R”
are continuous;

(H3) g =diag(g1,92, - ,9n) : [0,1] — R™ has a bounded variation satisfy-

ing:

1 1
/ dgi(s)=1,i=1,2,--- ,n, and/ e’dgi(s) #e, i=1,2,--- ,n.
0 0

Let

Dom(L) ={z:J — R": z(t) twice differentiable for ¢t # t;, k =1,2,... , m}nX,

Y

L:Dom(L) — Z, x — (2" — ', Ax(ty),...,Azx(ty), Ax' (1), ..., Az (t)).
(2.1.1)

Lemma 2.1.1. If conditions (H,) and (H3) hold, then L™ : Z — Dom(L)
exist and L' : Z — X is compact.

Proof. Let (y,aq,...,ax,b1,...,b) € Z be a solution of the problem
Z"(t) —2'(t) = y(t), telJ, (
A[L’(tk):ak, k’:l,Q,...,m, (

Al‘/(tk> Zbk, k= 1,2,...,m, (214)
(



Impulsive differential equations

Then from (2.1.2)-(2.1.5), we have

7' (t) = 2/(0)e’ + Z bre' ™ + /0 e *y(s)ds. (2.1.6)

<t

1
From (2.1.6) and the fact that 2/(1) = / 2'(s)dg(s), we obtain
0

! O)e+§: bkel_t’”r/o1 e' Py (s)ds = /01 ( Jet + ) bre® —I—/ y(r)dr) dg(s).

tL<s

Then

2(0) (e[ / e*dg(s ) /Zbkes b dg(s) Zbkel ey / / (r)drdg(s)
_ /O 161_8y(s)ds. (2.1.7)

In view of condition (Hj3), (2.1.7) has a unique solution for each
(y,a1,...,a5,b1,...,b) € Z for k =1,2,...,m, and hence the linear prob-
lem

2'(t) —2'(t) =y(t), teJ, (2.1.8)
Ax(ty) =ar, k=1,2,...,m, (2.1.9)
Ad'(ty) = by, k=1,2,....m, (2.1.10)

has a unique solution x. Moreover,

7 (t) = ¢t (el—/olesclg(s)> </ > bretMdg(s) Zbke tk)

tp<s k=1

o= o) ([ o)

+) bre'” tk+/ *y(s)d

tp<t

40



2.1 Impulsive differential equations with non local conditions at
resonance

Thus,

o) = (¢ e (o1 [ eats) ( [ 3 netagts Zbke )

tL<s

et —e) (ef— / e*dg(s ) ( / [ e utryardate) - /01e1-5y<s>ds)

/ Zbkes tkds+/(t—s ds—irZak

0 4<s <t

From (2.1.11), we obtain
1 1 m
2'(t) = € (e[ —/ esdg(s)) / Zbkesft’“dg(s) — Zbkekt’“
0 0 =

ot (e[— /0 1 esdg(s)>_l ( /0 1 /0 Sy (r)drdg(s) — /0 1 elsy(s)ds>

Zb el +/ “y(s)ds + y(t).

tp<t

-1

Consequently, there exist K > 0 such that
12'lx < Kllz]z and ||2"||x < (K + 1)|]2] 2.

Hence, L~ maps bounded sets in Z into bounded sets in X.
Let 7y, o € J with 71 < 75 and let x belong to a bounded set in Z. Then,

T2
/ 2" (s)ds

The right hand side tends to zero as 7 — 7, — 0, so it follows from the
Arzela-Ascoli theorem that L=! : Z — X is compact. This completes the
proof of the theorem. O

|27 (m9) — 2 (1)] =

= / " (s) ds < (K + DIl — 7).

T1

We next define a non linear mapping N : X — Z, by

= (f(t,x, ) — o, L(x(tr)), ..., Ie(x(te)), Ji(2' (1)), ..., Je(2'(tr))),, Vo € X.
(2.1.12)
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Then problem (2.0.1)-(2.0.4) can be written as Lz = Nz for = €

Dom(L). Its clearly that N is continuous on X and it takes bounded
sets of X into bounded sets in Z. By lemma 2.1.1, L7!N : X — X is a
compact operator.
It should now be clear that to obtain a solution of the problem (2.0.2)-
(2.0.4), we need to find a fixed point of the operator L' Nz. To accomplish
this, we will use the following above result and Leary-Schauder continuation
theorem.

2.1.2 Existence Result

Let (.| .) denote the usual inner product in R”. Recall that if C' C R"
is an open convex neighborhood of 0 € R”, then for each xq € 9C, there
exists v(zg) € R" such that

(@) (v (wo) | z0) > 0;
(1) C C{x e R™: (v(zg) | * — xo) < 0}.

Here v(xg) is called an outer normal to 0C' at xo and

Cc{zeR": (v(xg) |z — m0) <0}

Theorem 2.1.2. Assume that f, Iy, Jp and g for k=1,2,... m, satisfies
conditions (Hy), (Hs) and there exists an open convex neighborhood C' of 0
in R™ such that the following conditions hold:

(Hy) For each v € OC, there is an outer normal v(v) to OC at v such that
W) f () >0, W) kEt) >0, k=1,2,...,m,
forallt € J andu € C.

(Hs) For each x € X, such that x(t) € C, for allt € J and x(1) € 9C, we
have

M = {t eJ: (v(@'(1)|2'(t)) = max(u(x'(l))|x’(s)>} #{1}. (2.1.13)

sed

Then the problem (2.0.1)-(2.0.4) has at least one solution x such that '(t) €
C forallt e J.
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2.1 Impulsive differential equations with non local conditions at
resonance

Proof. Define the linear mapping L : Dom(L) C X — Z by (2.1.1), the
non linear mapping N : X — Z by (2.1.12), and the open neighborhood
of 0 in X by

reX: adt)yeClorte ], 2(t]) e,
t

€= (m(t§)+/x’(s)ds)GC’forkzl,Q,...,m
ty

We see that

reX: 2t)eCforteJ, 2 (tf)eC,

~ ; B

2= <x(tk+)+/x’(s)ds)ECfork:1,2,...,m ’
ty

and

00 ={z€Q: 2(ty) € OC for some ty € J}.

Now Lemma (2.1.1) implies that L is invertible and L~! is compact on Q.
We wish to show that for A € (0,1) and u € 0f2, the problem

() — 2 (t) = N[f(t,x(t),2'(t) —2'(¥)], t € T, (2.1.14)
Ax(ty) = My(x(tr)), kE=1,2,...,m, (2.1.15)
AL (t) = MNe(2' (tr)), k=1,2,...,m, (2.1.16)
2(0) =0, 2/(1) = /0 2/(s)dg(s), (2.1.17)
has no solution. Note that (2.1.14)-(2.1.17) can be written as
Z'(t) = (1= N)a'(t) + Mf(t, z(t),2'(t), teJ, (2.1.18)
Al‘l(tk) = )\Jk(l'/(tk)), k= 1, 2, oo, (2120)
z(0) =0, 2'(1) :/0 2'(s)dg(s), (2.1.21)

Let A € (0,1) and let z(t) € 02 be a possible a solution of (2.1.18)-(2.1.21).
¢

Then 2/(t) € C for t € J', 2'(tf) € C, (x(t;)jt/ x'(s)ds) € C for
¢

K
k=1,2,...,m., and there exist ty € J such that z'(ty) € 9C.
If ty € J', then
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w0 = [ #)is = [ otsgas,

©'(s), if s €0,
yls) = { 0, if s€(t1).

belongs to C for all s € J. The convexity of C implies that x(t) € C for all
t € J and

where

(v(2'(to))|2'(t) — 2'(to)) < 0.
We consider the real valued function
0:J— R, defined by t — 0(t) = (v(a'(to))|2'(t) — 2/ (t0)).

Clearly, 6 attains its maximum of 0 at ¢y, By condition (Hj), we can assume
that to € [0,1) \ {tx, £ =1,2,...,m}. Consequently, if

0="01(t) = (v(@'(t))2"(to))
= (=X (t))|2"(to)) + Mr(a'(to))| f (to, z(to), 2’ (t))) > 0,
we have a contradiction. Similarly, if t; = 0, then
0>0'(ty) >0,
which is another contradiction . If ¢, = ¢, k = 1,2,...,m, then for
t € (tg,tre1] we have z(t) = x(t]) + /t 7'(s)ds, so z(t) € C for all t € J.

ty

Since 2'(tf) € C, k=1,2,...,m,

(@' ()] (1) = /(1)) <0,

so the function 6 reaches a maximum of 0 at t;. But

0=06"(t;) = (W'(t)" )
= (1= (D)2 (1)) + M@ GO (5, =60, 2/ (£7))) > 0,

which again is a contradictign. If to = tx, K = 1,2,...,m, then since
2 () € C, we have 2/(t) € C. Consequently

(v (@ () |2 () — 2'(tk)) <0,
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2.1 Impulsive differential equations with non local conditions at
resonance

0> 0(t)) = (w(@'(t)|2" (1)) — 2" (L)) = Mw (@' (L)) | (2 (8]))) > 0.
wich is a contradictions.

Therefore the problem (2.1.18)-(2.1.21) does not have a solution, so by
the Leray-Schauder continuation theorem, Theorem 2.1.2 above, problem
(2.0.5)-(2.0.8) has one solution, and this proves our theorem. [

The proof of the following lemma is essentially the same as the
proof of Proposition 3.2 in [73], and so we omit the details.

Lemma 2.1.3. If g: J — R" satisfies
(Hg) g1 =92...,9, = h and h is increasing with fol dh(s) =1,
then conditions (Hs) and (Hs) hold.

Corollary 2.1.4. Assume that conditions (Hy), (H2), (Hy) and (Hg) are
satisfied. Then the problem (2.0.1)-(2.0.4) has at least one solution x such
that 2'(t) € C for allt € J.

Proof. The conclusion follows from Lemma 2.1.3 and Theorem 2.1.2. [

Corollary 2.1.5. Assume that conditions (Hy), (Hy) and (Hy) are satisfied.
Then the problem

2'(t) = f(t,z(t),2'(t), teJ, (2.1.22)
Ax(ty) = I(x(ty)), k=1,2,...,m, (2.1.23)
Az (ty) = Je(2'(tr)), k=1,2,...,m, (2.1.24)

z(0) =0, 2'(1)==z(1), (2.1.25)

has at least one solution x such that 2'(t) € C for allt € J.
Proof. Since z(1) = fol x'(s)ds, taking h(s) = s, we see that condition (Hp)

hold, and the conclusion follows from corollary 2.1.4.
O
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Corollary 2.1.6. Assume that (Hy) — (Hy) hold. Then for each o € [0,1),
the problem

Z"'(t) = f(t,x(t),2'(t)), t € J, (2.1.26)
Ax(ty) = I(x(ty)), k=1,2,...,m, (2.1.27)
A%l(tk> = Jk .%/(tk)), k= 1,2,...,771, (2128)
z(0) =0, 2'(1)=2'(a), (2.1.29)
has at least one solution x such that z'(t) € C for allt € J.
Proof. We take
0, ifsel0,a),
9i(s) { 1, ifs € o, 1), (2.1.30)
O

for i = 1,2,...,n. Then the problem (2.1.26)-(2.1.29) is equivalent to
problem (2.0.1)-(2.0.4). It is clear that if 1 € M, with M defined in (2.1.13),
the same is true for «, so that condition (H3) holds.

The case where (' is a ball

In the case where C' = Bpg, the open ball in R" of center 0 and radius
R > 0, we can take
v(v) =v for all v € OBg.

We then have the following result.

Corollary 2.1.7. Assume that (Hy), (Hs), and (Hg) hold and there exists
R > 0 such that

(H7) (v|f(t,u,v)) >0 and (v(tg)|Ix(v(ty))) > 0 fork=1,2,...,m,, t € J,
lu| < R, and |v| = R.
Then the problem (2.0.1)-(2.0.4) has at least one solution x such that

|2’ (t)] < R for allt € J.

We conclude our chapter with the following example to illustrate our
results.
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2.1 Impulsive differential equations with non local conditions at
resonance

2.1.3 Example

Example 2.1.1.  Consider the boundary value problem

2"(t) = f(t,z(t),2'(t), teJ, (2.1.31)
AJZ(tk) = Jk({E(tk)), k= 1,2,...,m, (2132)
AL (1) = L(2' (), k=1,2,...,m, (2.1.33)

z(0) =0, 2'(1) :/0 g(s)x'(s)ds, (2.1.34)

where

1
F{tsu,0) =+ 44 (E+2)[uf” +ofol’, 0<p<g+1,

1
[k(v(tk>> - 1U<tk)’ k= 17 27 cee, M,

1
J(u(tx)) = sin (Z) ) | =1,2,...,m.
and ¢ is a arbitrary function satisfying condition (Hg), Observe that f
satisfies condition (H;) and the functions I, J) satisfies condition (Hz) for

k=1,2,...,m. Let Bg be an open ball in R" with center 0 and radius
R > 0. For any |u| < R and |v| = R, we have

1
(W] f(tu,0) = (U] & +d+=(E+2)uf”+vlo])
. 3

> il =lulP +5 q+2
> ;v (7\u| + )+|v|

3 +2
> —nly| ?\u|p+5 + |v]?
> —5nR— %Rp“ + R > 0.

for sufficiently large R. Also,

(wlte) | Tu(w(te))) = (vlte) | Jo(te)) = gloP > 2P > 2R >0

Hence, there exists at least one solution to (2.1.31)-(2.1.34).
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2.2 Solvability of impulsive differential
equations with non local conditions at
non resonance

2.2.1 Existence results

In this part we present a result for the problem (2.0.5)-(2.0.8). We use
the assumptions:

(Cy) f=(fr, .., fa): J x R" — R" is a continuous function,

(Co) Iy = (Liges -y Ing)s Je = (Jigy ooy Jng) - R* — R™ are continuous
functions,

(C3) there exist R > 0 such that (y|f(¢,z,y)) > 0 and (y(tx)|Ix(y(tx))) >0
for k = 1,2,...,m, x € R” and |ly|| > R, ||y(tx)|] > R where (.|.)
means the scalar product in R" corresponding to the Euclidean norm.

(C1) p€ CH(J,R), p(t) > 0 and p'(t) <0, p(1) = 1.

(Cs5) g="(g1,---,9n) : J = R" and Var(g) < 0 where Var(g) means the
variation of ¢ on the interval J.

1y o
(Cs) /0 @dgi(s)#l,z—l,...,n.

Let v,w € R™. Then by v o w we mean: (vywy, ..., vpwy).

Before seating the result of this section we consider the following spaces.

PC(J,R") ={x:[0,1] = R"| z € C(J',R"), x(t]) and x(t; ) exist, and

z(ty) =x(ty), k=1,2,...,m},

PCYJ,R") = {zx € PC(J,R")| x € C*(J',R"), 2/(t]) and 2/(t,) exist
and 2'(t;) = 2'(tr), k=1,2,...,m}.
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conditions at non resonance

It is easy to say that PC?(J,R") is a Banach space with the norm
|z pcr = maX{ sup |z(t)[], sup ||$’(t)||}-
te(0,1] te(0,1]

where ||.|| means the Euclidean norm in R".

Lemma 2.2.1. Let x € PC*(J,R") (" C?*(J',R") is a solution of the prob-
lem (2.0.5)-(2.0.8), then x € PC'(J,R") satisfies the following integral
equation:

o(t) = a/otp(ls) / / f(r,a(r), 2'(7))drdg(s)

—i—a/o ]%ds / Z p(te) Ie(2'(tk))dg(s)

s<t <1

/ / f(r, x(r), 2/ (7))drds — / Zptk V(2 (t))ds

+ Y il (t)

0<trp<t

Proof. First, suppose that x € PCY(J,R")(C*(J',R") is a solution to
problem (2.0.5)-(2.0.8).

Then
(P(0)2' (1)) = (b 2(), /(1)) 1 # by, k=1
So,
plte) (1) — '( / F(s, w(s), 2/ (s))ds,
p(t)2 (1) — p(t)a’(t5) = — / f(s,2(s), 2/ ())ds,
Thus

p(t)e( / F(s,2(5), 2/ ())ds — pl(t) (2 (1)),

Repeating the above process, for ¢t € J we have

2(t) = %x'(l) - % / F(s,0(5),2'(5)ds — —— 3 plt) (' (1),

( ) t<tp<l
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1
By using the condition /(1) = / 7'(s)dg(s), we have
0

2(1) = /(1) / dots) _ / (i) / f<r,x<7>,x'<f>>df—$ 3 p(tkmx'(tk))) dg(s),

p(s) p(s )

which implies that
e Lao '
() = p(t) /op
T / = ( S p<tk>f<x'<tk>>) dg(s)

s<tp<l

1

f(rx(7), 2/ (7)) drdg(s)

‘ }_k
0\

S

__)/t f(s,x(S),x'(S))dS_g% > Pt (t):

t<tp <1

where

o = (/Olﬁdgi(s)q)_l, =1k

On the other hand, note that

o(7) =a0) = [ (s)as.

o) = a(t) = [ o/ (s)as.
So that, we have
z(t) = x(0) —I—/O Z'(s)ds + Je(x(t1)), te€[0,t1].

Repeating the above process a gain for t € J

x(t) :x(O)—i—/O 2'(s)ds + Z T (z(t1)).

0<tp<t
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2.2 Solvability of impulsive differential equations with non local
conditions at non resonance

Then
z(t) = oz/otpis)ds /Olp(ls) SlfTI 7))drdg(s)
o e 5

s<tp<l1

/t ! /fo des—/Otp(l)Kthtk o (tr))ds
+ ) Ji(z(t)

[
Let x € PC'(J,R™). Define the operator A as follows
(0t = a S)ds / ! /fo 7))drdg(s)
1 1 1
—i—a/ (— / sqzk;lp ti) (' (tx))dg(s)
1 , L1 (0 ds
_/0 z@/s f(T,x(T),x(T))des—/o p(s);tkp(tk)ﬂ (t))d
+ Y Jila(ty),
Then
(AzY(t) = / ! / f(r,x(r), (7)) drdg ()
/ ! Z p(te) (' (tk))dg(s)
_M/t s, x(s), dS——gptk

Theorem 2.2.2. Suppose that the hypotheses (C1)-(Cg) are satisfied, then
the systems (2.0.5)-(2.0.8) has at least one solution.
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Proof. We show that operator A is completely continuous Let {z,} be a
sequence such that z,, — z in PC*(J,R"™).

< J ig . Oé?/o (fi(s, @a(s), 2, (5)) = fils, (s), 2'(s)))" ds

n

q

+ \l L2 ST PR (T(an(t)) — Lia(a(te))?
L
g

=1 k=1

/0 1/ (s, 2n(s), 25,(5)) = f(s,2(s),2'(s)) | ds

+Z [Tk (@n(tr)) = ()] -

In the other hand

1(Azn)' (1) = (Az) (1)]] <

<1J2a3/0 (5, 2n(5), 24(5)) — fi(s, 2(5), /(5)))? d

q

=1

- é\l ZO‘ZQZPQ tr) (Lip(xn(ts)) — Ii,k(l"(tk)))2
/ [f(s,2a(s), 20, (5)) — (s, 2(s), 2/ (s))|lds
" qu te) 1 Ik (2n(te)) — Te(z(tr) ] -

k=1

Since f, I and J are continuous functions, then we have

|Az, — Azl por = 0 as n — oo.
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2.2 Solvability of impulsive differential equations with non local
conditions at non resonance

A sends bounded sets into bounded sets in PC*(J,R").
Let

Kp={z€ PC'(JR")| |alpcr <R}, B=  max [f(t.u)].

teJ, |ul<R, [v|<R

K; = max {maX ||Ik(v)||}, Ky = max {max ||Ik(u)||},

1<k<m | |v|<M 1<k<m | [u|l<M

¢= min Ip(1)].

For each t € J, we have

st < \/ (o] 1 ]%d) +(f 1 = 1 Fr.a(r).a! () drdg(s))
+J (o] 1 %d) ; ( / 1 L gjp<tk>f<x’<tk>>dg<s>>2

p
1 1 1 /
+/o @/0 1£(r, (7). &'(7))|| drds

2

L& , .
+/O @dS; (I (2 (t)) ] + ; i (et

al? al? mK, B
< \/%JFB%F\/%+m2Kf+Tl+E+K2::F1.

We have

1 1 K B
IO < VP B+ 2/l 4 mekt + T2 4 2=

1
[(Az)' (O] < (R+B), t#0 k=1,...m.

Then ||Az||pct < F, with F' = max(F}, F)

A maps bounded set of into equicontinuous sets, let I, I € J, l; < Il and
Kg be a bounded set of PC*(J,R"™).

Let x € Kp then

1(Az)(l2) = (Az)()] = /2H(AI)’(S)HdS

51
< F|ly — 1,
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Impulsive differential equations

la
1(Az)'(l2) = (Az)' ()] = / 1(Az)"(s)l|ds

A

< §<R+B><z2—zl>.

So, A(Kg) is equicontinuous on all J;, (k=1,..,m), We can conclude that
Az : PCY(J,R™) — PC'(J,R") is completely continuous.
Consider parameter family of problems

depending on a parameter A € [0, 1]. We concluding that AA is a completely
continuous.
Consider the homotopy

H:Jx PCY(J,R") — PC*(J,R")

given by
H\z)=2— Mz

in Q2 = B(0, R), where R is the positive constant from the assumption (Cj).
We show that H(A, z) = 0 has no solution for A € J and x € 0.
Hence R = max{R;, R} with R; = sup||z'(¢)|| and Ry = sup ||z(t)]].

teg teg

Indeed, if H(0,x) = 0 then problem (2.0.5)-(2.0.8) has only a trivial solu-
tion, which contradicts ||z||pct = R.
Suppose that there exists a solution of the equation H(\,z) = 0 when
A €]0,1] and z € 0.
We consider the function 1 (t) = ||z’(¢)||? otherwise there is ¢y € J such that
Y(ty) = sup||2'(t)||* = R* (¥ has a maximum R? for some t, € J.

ted
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2.2 Solvability of impulsive differential equations with non local
conditions at non resonance

If to € J'|{0,1}, then [l/(to)]| = R
0=1"(ts) = 2(2'(to)]2"(t))

_ o f(to, x(to), 2’ (to)) P,(to)x/
= 2w )

(' (to)| f (o, x(t0), ' (t0))) — 2)\p(t0) l|2" (o)l

> 0,

hence, we obtain a contradiction .
If tgo =ty for k = 1,...,m then ||2/(t0))|| = R, by assumptions (C3), we
have

() —(ty) = ||x’(t+)||2—||$’( ‘)IIQ

= Z|x tH)? Z|a¢

= 3 (1P~ 12)P)

= 2 (Dl + 1)) (i) = i)
= ZAM(%)\ (2]} ()] + Al (tr)])
_ Z)“L’“ ) @l (te)| + MLk (2" (tx)])
= 2)\< ") (2 (t))) + N[ T (2 (1)) ]2
> 0,
R? is a contradiction. If ¢ty = ¢ for k = 1,...,m, then

>
||z/(t0)) = R. Now by assumptions (C3) and (C’4) we get
) = 2{ )" ()

+ T + T + (4t
_ 2>\<x/(tz)‘f(tk7 (tk)a (tk;)) p(tk) /(tz>>

(1) pt) "

(), 61)) - AL I )

A

p(ty))
> 0,
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Impulsive differential equations

hence, we obtain a contradiction .
If tp = 0, then by assumptions (C3) and (Cy), we obtain

= = L x x(0), 2’ — ]& x 2
0=12¢'0) = 2p(0)< (0)1£(0,2(0),27(0))) 2A50) 12 (O) ]

> 0,

hence, we obtain a contradiction.
If to = 1, then

® = o= [ a(s)dg(s)|

is a contradiction. Now, since x # M\Ax for all x € OS2, by excision property
of the Leray Schauder degree we conclude

deg(I — A,Q) = deg(H(1,.),9)
= deg(H(0,.),Q2) =1+#0,

We see that A has a fixed point §2. Therefore, systems (2.0.5)-(2.0.8) has a
solution in €. O

1
< R2/ dg(s) < R
0

2.2.2 Example

In this section, we present a simple example to explain our result.
Consider the following problems:

(p(t)2'(1))" = f(tyl‘( )ﬂ (t)) telJ, (2.2.1)
Ax'(ty,) = ]k(m’(tk)), k= 1, Ce,m, (2.2.3)
z(0) =0, 2/(1) = /0 2'(s)dg(s). (2.2.4)

where p(t) = e "+ > 0, p/(t) = —2te 1 < 0 and p(1) = 1 then p(t) sat-
isfies the condition (Cy), ¢ is a arbitrary functions satisfying the condition
(Cs) and f(t, z,y) = (fi(t,z,y), fo(t,2,9), Le(y(tr)) = (Trw(y(tr)), L2 (y (1)),
Ji(@(tr)) = (Ji(x(tr)), Jor(z(tr)))

1 1
filt,z,y) = (1 + - sin(mvﬁ) (1 + cos? xg) +bt? + §y1 (1 + sin? yg) ,
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2.2 Solvability of impulsive differential equations with non local

conditions at non resonance

3
fQ(t,x,y) = 2y

I, (y(ty)) = cos (tk +

I (y(ty)) = sin (tk + i) ya(ty), k

Ji k(2 (tr))

Jo i (z(ty)) = arctan(za(ty) — x1(tx)),

1 1
With0<Ak<—,0<Bk<§,k:1

= Ay arcsin zy(ty) —

2

T +t
— +tan®
2 i),
1
Z yl(tk)v kzla , M,
=1,...,m,
By arcsinzy (ty), k=1,...,m,
k=1,...,m.

omand 0 <b<1.

T
Observe that f satisfies condition (C}) and the function Ji, I, k =1,...,m

satisfy condition (Cy) . Indeed, for

t € J, we obtain
hn ((

+32
1
2

(ylf(t, =, y))

T
52
Y1+ yl

)

(1 + i +13) -

Ify: €]

(ylft,z,y))

>
>

>

In the other hand

1
1+ —sin(mxq)

any R > 1 and ||y|| > R, * € R?* and

) (14 cos®z3) + th) + %yf (1 + sin®ys)

T
( + tan y1>

1
+ 292

1
—1]UI0, oo[ then 3 (yi +y; +v3) >0, ify; €]—1,0[ we obtain

(y1+yi +v3)
(1 + M?)

> 0.

NN ORI NG

(y1 +1)
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Impulsive differential equations

(it (y(t)) = 32 cos <tk + i) + y3 sin (tk + i)

9 1 5 . (1
> Yyjcos 1 + y5 sin 1

> 0.

for k = 1,...,m. Then, all the assumptions of Theorem 2.2.2 hold. Thus,
the problems (2.2.1)-(2.2.4) has at least one solution in €.
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CHAPTER 3

Systems of impulsive differential
equations

In this chapter we study the existence and positivity of solutions for sys-
tems of ordinary impulsive differential equations with two boundary condi-
tions, and we will establishing the multiplicity of positive solutions for the
systems of second order impulsive differential equations with tree points

boundary conditions.

3.1 Existence results

This section, is concerned the existence and uniqueness of solutions for the
system of second-order impulsive differential equations with two boundary

conditions:

—ui(t) = filt,wi(t), us(t)), teJ,
—uy(t) = folt,ui(t), us(t)), teJ,
—Aull ’t:tk: [1,kul(tk>7
aui(0) — fuy(0) =0, ausy

(
yur (1) + ouy (1) = 0, yus(

k=1,2,...,m,
—Auy |, = Logus(ty), k=1,2,...,m,
0) — Buy(0) =0
1) + duy(1) =0,

where o, 8, 7,6 >0, p=pyv+ay+ad >0,J =[0,1],0 < t; <ty <
<ty < 1, J,:J\{tl,tg,...,tm}, fiEC(JXRXR,R),[LkeC(R,R),
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Systems of impulsive differential equations

i =12k € {1,2,--- ,m}, AU |im,= wi () — ui(ty), and Aufy |my, =
us () — ua(ty ) in which ) (¢)), ub(t}), wi(t;) and ub(t; ) denote the right
and left hand limits of ) (t) and uj(t) at t = ty, respectively.

We set Jo = [0,t1], Jr = (tg,trs1], k=1,...,m, t,ny1 = 1, and let y; be
the restriction of the function y to Jj.

We shall provide sufficient conditions ensuring some existence and unique-
ness results for system (3.1.1)-(3.1.6) via an application of the Perov fixed
point theorem and the non linear alternative of Leray-Schauder type.

Both of these approaches make use of convergent matrices and vector
norms.

3.1.1 Main Results

We consider the space

PC*(J,R) = {y € C([0,1],R) : yr. € C*(Ji,R), k=0,...,m, such that
y'(t;) and y'(t)) exist and satisfy o'(tx) =4/ (t;) for k=1,...,n}.
(3.1.7)

Let PC?*(J,R) x PC?*(J,R) be endowed with the vector norm ||-|| defined
by ||lv]] = (||u1llpcz, ||uzllpez) for v = (u1,us), where for x € PC?(J,R),
we set ||z|pcz = sup|z(t)| + sup|2'(t)]. Tt is clear that (PC?(J,R) x

teJ teJ

PC?*(J,R), || - |lpc2) is a generalized Banach space. We will also need the
space

PCA(J,R) = {y € C([0,1],R) : y;. € AC*(J;,R), k =0,...,m, such that
Y (ty) and y'(t)) exist and satisfy v/ (tx) = ¢/(t;) for k=1,...,n}
(3.1.8)

with the vector norm || - || defined by ||v|| = (||uillpca, ||uz]pca) for v =
(u1,usz), where for x € PCA(J,R), we set ||z| pca = sup |x(t)|. our first we
ted

give sufficient conditions for the existence and uniqueness of solutions to
problem (3.1.1)-(3.1.6) using Perov’s fixed point theorem. We begin with
a lemma that will aid in transforming problem (3.1.1)-(3.1.6) into a fixed
point problem that will be used in this section as well as later in this thesis
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3.1 Existence results

Lemma 3.1.1. The vector (uy,us) € PC?*(J,R) x PC?*(J,R) is a solution
of the differential system (3.1.1)-(3.1.6) if and only if

ur(t) = [y G(t,s) fi(s, ui(s), ua(s))ds + Y Gt 1) i (ur (),

uslt) = [ Glt, ) fols, (), wa(s))ds + 3 Glt, ) o (ua(t),
. (3.1.9)

where

G(t,s) = (3.1.10)

I

(Y+6—v)(B+as), 0<s<t<1,
(B+at)(y+0—7s), 0<t<s<1.

Proof. Let (uy,us) € PC?*(J,R)x PC?(J,R) be a solution of system (3.1.1)-
(3.1.6). It is easy to see by an integration of (3.1.1)-(3.1.6) that

—/0 fi(s,u1(s), uz(s))ds — Z Lk (ui(tg)), fori=1,2.

O<tp<t
(3.1.11)
Integrating again, we obtain
t
wlt) = w(O)+ )~ [ (6= Dilsiun(s),us(s))ds
0 , (3.1.12)
= Y Lp(wi(te)(t —ti), fori=1,2.
O<tr<t
Letting t = 1 in (3.1.11) and (3.1.12), we have
wj(1) w;(0) — / fi(s,ui(s), ua(s))ds
m (3.1.13)
—Z:IZ-Jf w;i(ty)), fori=1,2.
k=1
1
WD) = )+ 0) ~ [ (1 )i mls) wa(s))ds
0 (3.1.14)

= Llwi(te)) (1 —t), fori=1,2.

k=1
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Systems of impulsive differential equations

Therefore,
T+ (1) = u0) + (o + Hui0) — [ 46— ) (5, 0a(5), wal))ds
- i Lig(ui(te)) (v + 6 — i), fori=1,2.
Then we have -
au;(0) — fu(0) =0, fori=1,2,

and
vui(0)+(’y+5)u;(0):/0 (7+5—78)fi(s,ul(s),uQ(s))ds~l—Z L g (wi(t)) (v+H0—tk),

for i = 1,2. An application of Cramer’s method yields

u;(0) = g /0 (v + 0 —s) fi(s,ui(s), ua(s))ds + Z(’Y + 6 — yti) L g (wi(tr))
and _ _
W) = 2| [0l uls) uals)ds + Y000+ 6~ vt alus(te)) |

P |Jo 1 |
Thus

_ sl S '

ui(t) = - /0 (v + 0 —s) fils,ua(s), ua(s))ds + Z('Y + 0 — yti) L g (wi(tr))

+ / (v 40— vs) fils, uz(s), ua(s))ds + > (v + 6 — yt) Lix(ui(te))

P 1Jo 1
- [ = p (s = 3 (= whaun). fori=1.2

0<trp<t

We then have

/0 (o + B)(y + 6 — 78) fi(s,1i(s), a(s))ds — / (= $)(p) (s s (5), us(s))ds
p
> (ot +B)(y+ 06 — vt Tiw(wa(tn) = Y (6= te)(p) Lok (wilte))

O<trp<t
+ ,
P
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3.1 Existence results

for : = 1,2. Hence,
ur(t) = /0 G(t,s) fi(s,u1(s), ua(s))ds + Z G(t, te) 1 g (ur(ty)),
us(t) = /0 G(t, s) fa(s,u1(s), uz(s))ds + Z G(t, tg) o g (usz(ty)),

k=1

where G(t, s) is given in (4.1.7).
Conversely, if the vector (u,us) is a solution of (3.1.9), then

w;(t) = /0 G(t,s) fi(s,ui(s),u;(s))ds + Z G(t, tg) L p(u;i(ty)), fori=1,2.

k=1

wlt) = / %(7+5—Wf)(ﬁ+048)fi(8,ul(5),U2(8))d8
" / %w ) (y + 5 — 78) (s, us(s), us(s))ds

#3200 - A8 + ot Losn(t)

tp<t

+ Z 1(,@ + at)(y + 0 — yt) L p(uity)), for i = 1,2, t # 1y,

tp >t

ut) = = / (3 +05) s, (s) ) ds + / (7 + 6 — 78) fils, un (), ua(s))ds
+ =056 + ate) L (wi(t)

tp<t

‘f‘g Z(’Y + 5 — ’}/tk)]in(ui(tk)), fOl" ’L = 1, 2, t 7A tk.

tp>t

Differentiating again, we see that

O (—7 / (8 + as)fi(s,u(5), ua(s))ds + / e VS)fi(s,ul(S),Uz(S))dS)l

= —fi(s,ui(s),us(s)), fori=1,2, t#t.
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Systems of impulsive differential equations

Since
g =

u’L(O) = _/ <7+5_75)fi(57u1(5>7u2 Z 7+5 ’ytk lk(ul(tk‘))7
P Jo Pz

Wi(0) = g/lf(su(s)u i 46 — i) L (wi(t),

3 - o Jo i\0y Ul 5 2 k 7 Y k zk i\lk

for i = 1,2, we have that au}(0) = pu}(0) for i = 1,2. Also, since
5 (! §

’U@(l) = —/ (,B + OéS)fi(S, ul(s), ’UQ(S))dS + - Z(ﬁ + atk>lz7k<U2(tk>),
P Jo el

w(l) = —%/0 (6 + as) fi(s,ui(s), us(s)) ds—i——z B+ atp) L (wi(te)),

tp<t
for i = 1,2, we have that yu;(1) + du;(1) = 0 for i = 1,2. Hence,

ui () —ui(ty ) = I%<_7(6+04tk)_04(7+5_7tk)]i,k<ui(tk)) = —ILix(ui(ty)), fori=1,2,

and this completes the proof of the lemma. [
We are now ready to present our main result in this section.
Theorem 3.1.2. Assume that the following conditions are satisfied:

(Hy) There ezist four positive real constants Py, Py, Ps, and P, such that

|f1(t7u17u2) - fl(taalya2>| < P1|U1 - I_L1’ + Pz’UQ — 77,2‘7
|fa(t, w1, ug) — fo(t, tr,w2)| < Pslug — q| + Pylug — 1o,

for each uq, us, Uy, us € R and eacht € J;
(Hy) There exist Ky and Ky such that
[Lk(ur) = Lp(un)| < Kyglug — |, k=1,2,...,m,
and
| Lo (ug) — Iog(ts)] < Koglug —as|, k=1,2,...,m,

for all uy, ug, uy, uy € R.
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3.1 Existence results

If the matriz

(3.1.15)

M — G* (P1 + mK1 Pg )

P Py +mK,

converges to 0, where G* = sup{|G(¢t, s)| : (t,s) € Jx J}, K1 = max{K;},
and Ky = max{Ky} for k = 1,2,...,m, then the problem (3.1.1)-(3.1.6)

has a unique solution.
Proof. Consider the operator
N:C(J,R) x C(J,R) = C(J,R) x C(J,R)

defined by
N(up,ug) = (A1 (u, u2), As(ug, uz)) ,

where

Ay (g, ) (1) = / G(t, ) s, ur(s), uz(s))ds + 3 Gt ) e (),

k=1

and

As(ug,u)(t) = /0 G(t, s) fa(s,u1(s),usz(s))ds + ZG(t,tk)I&k(UQ(tk)).

Let (uy,us), (uy, u2) € C(J,R) x C(J,R); then
| Ay (ur, ug)(t) — Ax(ur, u2)(t))]
S/O |G(t, s)[[ f1(s,ua(s), ua(s)) — fi(s, ui(s), ua(s))|ds

+ ) G ) |k (un (8)) — ot ()]
k=1
< / [Prfun(s) — s (5)] + Palus(s) — is(s)][] ds

F G Kiglu(t) - (6

k=1
S G* (Pl + ZKl’k> HU1 — al”oo -+ G*PQHUQ — IZQ”OO

k=1
< GH[(Pr+mEy) |lug — | + Pollug — o]
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Systems of impulsive differential equations

SO

| Ax (ur, ug) = Ay (1, U2) ||oo < G [(Pr+mKY) [Jug — U1 ]|oe + Pol|us — 2lso] -
(3.1.16)
Similarly,

| Ag(u, ug)(t) — Ag(tin, t2)(t)]

S/O |G, 8)[] fa(s; ua(s), ua(s)) = fa(s, ti(s), ua(s))lds

+ Y G ) o (uz(th)) — Lo (2(t)]

< G*/O [Ps|ui(s) — ()| + Pafua(s) — ua(s)|] ds

+ G Koplua(te) — ta(ty)].

k=1

S G*P3||U1 — alHoo + G* <P4 —+ ZKQ’k> ||U2 — Q_LQHOO.

k=1
< G [Bsl|lur — U ||oo + (Py 4+ mKy) |Jug — ts]]oo]

and so

| Ag(ur, uz)— Az (i, Us) ||oo < G* [Ps||tr — T |[oo + (P + mKa) [|uy — Ua]o] -

(3.1.17)

From (3.1.16) and (3.1.17), we obtain

||A1(U17U2) —Al(ﬂl,ﬂ2)||oo ||U1 _ﬁ1||oo

<M 7

| Aa (1, ug) — As(t1, @2)]| 0o [z — s |0

where
* Pl +mK1 P2
M - .
“ ( Ps P4+mK2)

Then by (3.1.15), N is a contraction, so by Perov’s fixed point theorem
(Theorem 1.4.7 above), N has a unique fixed point that in turn is a solution
of system (3.1.1)-(3.1.6). O
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3.1 Existence results

In this section we give an existence result based on the non linear alter-
native of Leray-Schauder type. We need following conditions to obtain our
result:

(C1) The functions f; and f, are L'-Carathéodory functions;

(C3) There exist functions p, ¢, h, g, §, and h € L'([0, 1], R*) and constants
aq, aa, az, and ay € [0,1) such that

| f1(t, ur, ug)| < p(t)|ug|* +q(t)|ua|**+h(t), for eacht € Jand uy, us € R
and

| fo(t, ur, ug)| < P(E)|ur|*+G(t) |ug|**+h(t), for eacht € J and uy, uy € R;

('3) There exist constants ¢y, by, ¢, and b} € RT and S, 55 € [0,1) such
k k k
that
|Il,k(u1)] <cp+ bk\ullﬁ’“, k= 1, 2, Loo,Mmy U € R

and
|Loi(us)| < ¢+ bilugl®, k=1,2,...,m, uy € R.

Theorem 3.1.3. If conditions (C1)-(C3) hold, then the system (3.1.1)-
(3.1.6) has at least one solution.

Proof. Let N be the operator defined in the proof of Theorem 3.1.2. To show
that N is continuous let (uy,,us2,) be a sequence such that (uy,,us,) —
(U1, u9) € C(J,R) x C(J,R) as n — oo. Then,

| As(urn, uon) () = Ax (G, 42)(t)]

< / (Gt ) 115, wr (), wan(s)) = fils, ia(s), da(s)) | ds
1G] T (1)) — T (t2)]
<a / 15, urn(8), uzn(s)) — fuls, n(s), @a(s))lds

+G* Z 11 (g (te)) — Ty (Ui ()]
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Systems of impulsive differential equations

Since f; is an L;-Carathéodory function and I, k = 1,2,...,m, are con-
tinuous, by the Lebesgue dominated convergence theorem,

HAl(ul,nauQ,n) — Al(ﬂl,’&g)”oo — O, as n — Q.
Similarly,
| Ao (U, uam) — Aa(Ty, Us)]|le — 0, as n — oo.

Thus, N is continuous.

In order to show that N maps bounded sets into bounded sets in C'(J, R) x
C(J,R), it suffices to show that for any ¢ > 0 there exists a positive con-
stant vector [ = (I, 1) such that for each
(w1, u2) € By = {(u1, uz) € C(J,R) x C(LR) : rlloe < g, Jaloe < g}, we
have

IN (1, uz) oo < [I21]-

For each t € J, we have

[ Ar(ur, ug) ()] < /0!G(b‘,S)Hfl(saul(S),W(S))\dS+Z!G(t,tk)l\h,k(ul(tk))!

1
< @ / (p()|ua ()] + g(5)|ua(s)]* + h(s)) ds
0
+G*> " (i + belua(t)| ™)
k=1
1 1 1
< G*Hung‘g/ p(s)d8+G*Hu2H§§/ q(s)ds+G*/ h(s)ds
0 0 0
+G*> (i + bellw[|2)
k=1
< G Ipllp + G llall + G Al + G (e + big™) .
k=1
Hence,
| A1 (u1, ug)l|oo < GF¢® <Hp\|u + gl + Zm) +G* <HhHL1 + Z%) =1
k=1 k=1
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3.1 Existence results

where

& =max{ay, s, fr : k=1,2,--- ,m}.
Similarly, we have

A1, us) oo < G <HJ5HL1 +ldlle + Z%) +G” (HBHLI + Z%) = Uy,
k=1

where

a =max{as,aq, [  k=1,2,--- ,m},

which is what we needed to show.

Next we show that N maps bounded sets into equicontinuous sets of
C([0,1],R) x C(J,R). Let B, be the bounded set obtained above. Let 1,
ro € J with r; <7y and u € By; then we have

| Ay (ur, uz)(r2) — Ar(ur, uz)(11))]

/ (G(ray 8) — Glro, 8)|1fs (s, s (5), uals))|ds

+Z\G ra, ) — (G(ro, te) [Tk (ua (k)|

< g / Glra, ) — G(r, 5)|p(s)ds
g / Glra, s) — Glr1, 5)lg(s)ds
" / G(ra, 5) — G(r1, 5)|(s)ds

+ 3 |G (ra te) — G ta)| (ci + brg™) -
k=1
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Similarly, we have
|A2(U1,U2)(7’2) A2 U17U2 (7”1)|

<q%/‘me G(r1, 5)|(s)ds
+w7ﬁmm G, 5)|d(s)ds

Notice that the terms on the right-hand side in the above two expressions
tend to zero as |ry — 1| — 0. We can now apply the Arzela-Ascoli theorem
to conclude that N : By, — C(J,R) x C(J,R) is completely continuous.

Next, let (u1,uz) € C(J,R) x C(J,R) with (uy,us) = AN (uy,us) for
some 0 < A < 1. Then u; = AA;(u,u2) and ug = AAs(uy, uz). Thus, for
t € [0, 1], we have

1 m
lur(t)] < / |G(t78)||f1(87ul(8),U2(8))|+ZIG(t»tk)IULk(ul(tk))l
0 k=1
1
< G*/ [(p(s)|ur(s)|™* + q(s)|ua(s)|** + h(s)] ds
0
+G*D (i + belua(t)|™)
k=1
1 1 1
sawmg/p@w+aww£/q@@+@/h@w
0 0 0
+G*Z (ck + biflua]|2) -
k=1
Hence,
u1lloo < G*[Jur || lpll 1 +G|JuallZ gl 1 +G|| Al L1 +G* Z (cr + bl Jun || 2) .
k=1
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Similarly, we obtain

m

* « ~ * « ~ * || 7. * * * Je
luslloo < G*[lual|Z2 1P 2 +G* uallSe )l 1+ G R 4G (ck+bk||uQHoé“)-
k=1

Notice that if € < § and |Ju]| > 1, then ||ul|* < ||ul[®. Thus, |lul¢ <
1+ [Jul]® for all u.

We then have

[ oo + Jluzllo
<G (gl + 1Pler) (luallS + lluzll52)
+ G (Ipller + lldlle) (ludllsd + [luzlls)

+ G300+ 5) (i + el F)

k=1

(Z ¢ +cp) + [[hfl + ||h||L1>

k=1

G" (qu!u 1Bl + lplles + s+ Y (e +57) ) + lua [l + fluallS0)
k=1

+G (Z(Ck + )+ 1Pl + ||ﬁ||u>

k=1

<26 <HQHL1 Pl + llpllz + liglle + Z (bx + bZ)) ([uafloo + [lu2lloc)”

k=1

G (HQHLl + 1Bl + Iplloe + e + >0k + bZ))

k=1
<Z it cf) + I+ ||h||L1>

k=1

where

af = maX{Oé1,042,Oé3,04475k75; k= 1727 e 7m}'
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If fJus oo + ltzlloc > 1, then

(% + (Y (o.9) * ~ ~ - *
Wil + ol oo (athon + s + lor + oo + 30+ )
(urTlo + Tzl =

(HQHLl + 1Bl + Iplloe + Nale + Y0k + 52))
+G*

k=1

(Il floo + lluzlloe)®

m

> e+ )+ Rl + 1A L

+G* k=1 - :
(lulloo + llloo)

or

(lJufloe + lluzllo)' ™ < 2G7 (HQHLl + 1Bl + lpllos + lldllee + Y (o + bZ))

k=1

G (IIQ|IL1 + 1Bl + lpllos + llallee + (b + bz’i))

k=1

(Z ¢k + ) + Al + ||h||L1> :

k=1

This implies that

[utlloo + [Juallos <

3G" <01+Z (br + by ) +G” (Z o+ ¢i) +02>

k=1 1
= Mg,

where

Cr = llgllzr + 1Pl + lIpllr + 11llze and Co = [[A]lce + [[A]]1:.

Consequently
lutlls < Mz and |lus|c < M.

Set

U={(u,uz) € C(J,R)xC(J,R) : [Ju1]loo < Ma+1 and ||us||cc < Ma+1}.
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From the choice of U, there is no (uj,us) € OU such that (uy,us) =
AN (u1,ug) for some A € (0,1). As a consequence of the non linear alterna-
tive of Leray-Schauder type (Theorem 1.4.12), the operator N has a fixed
point that is a solution of system (3.1.1)-(3.1.6). This completes the proof
of the theorem. O

3.1.2 Examples

In this section, we give two examples to illustrate our results of this chapter.

Example 3.1.1. Consider the impulsive differential system of second order
given by

() = )2 (0) = (), w(0), e {i} |

61+ u3(t)
(3.1.18)
vy 1 ui(t) _ 1
—uy(t) = gTu%(t) cos(2uy (t)) := fo(t,ui(t),us(t)), t€J\ {?3}1,19)

}lcos (ul (i)) , = 411’ (3.1.20)
AR 1
—Aug (Z) = 3sin (u2 4>) , (3.1.21)

u1(0) = 14 (0) = 0, uy(0) = u4(0) = 0. (3.1.22)

We see that « = § =1 and § = v = 0. Moreover, since

01t 1 ofi(t 1
sup fl( ,U/l,UQ) S - sup fl( 7u17u2> S -
u1,ug€ER aul 3 u1,u2€ER aUQ 3
0Ffs(t 1 Ofo(t 1
sup fo(t, ur, ug) <=, sup fo(t, ur, us) <z
u1,ug€ER aul 4 u1,u2ER au? 4

we have

_ 1 B 1 B
|fi(t, ur,ug) — fu(t, ay, Ug)] < §|U1 — U]+ §|U2 — U],
and

1 1
| fa(t,ur, ug) — folt, un, tg)| < Z|U1 — U] + Z|U2 — Up|.
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Hence, condition (H;) holds with P, = §, P, =
Also,

— 1 _ 1
,Pg—z,andp4—z.

1
[Ia(uy) — Lia(ug)] < Z‘ul — |, for each u,u € R, and each ¢ € [0, 1],

1
|11’2(U2) — 11’2(7,72” S §|U2 — Q_L2|7 for each UQ,Q_LQ S ]R, and each t € [0, ].]

Thus, (Hs) holds. From (4.1.7), the Green’s function for the homogeneous
problem is given by

s, 0<s<t<l,
G(t,s) = -~
t, 0<t<s<lI,
and we can easily see that

G*= sup |G(t )| =1.
(t,s)eJxJ

For this example

which has the two eigenvalues A\; ~ 0.872 and Ay ~ 0.294. Therefore, M
converges to zero. All the conditions in Theorem 3.1.2 are satisfied, so
system (3.1.18)-(3.1.22) has a unique solution.

Example 3.1.2. Consider the impulsive differential system

—uﬂw=w3+2@—1FmﬂwP&+5mxﬂP3+3:zﬁaﬂhuywan,teJ\{%L

(3.1.23)

() = £ + 4ty (1)) + (t - é) () +8:= foltm (D) us(), ¢ €I\ {5},
(3.1.24)
—Aug(%)::gh@ % 13 +4, (3.1.26)
u1(0) = u(0) =0, uz(0) = u5(0) = 0. (3.1.27)
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We clearly have

[fi(t un (), ua(t)] < 20w 7% + efua|*? + 3,
| falt, un (), ()] < 4ug ™ + 2Jus|® + 8,

and

T ()| < 32,

|11 2(u2)| < 2usl5 + 4.
for t € J. Now all the hypotheses of Theorem 3.1.3 are satisfied, so system
(3.1.23)-(3.1.27) has at least one solution.

3.2 Positive solutions

In this section we study the existence of positive solution for the systems
(3.1.1)-(3.1.6).
The existence of positive solutions for the systems of differential equations
and systems of impulsive differential equations has been inestigated by sev-
eral authors (see, for instance [23,48,70,85,89]). We shall provide the exis-
tence of positive solution for the systems (3.1.1)-(3.1.6) by using the vector
version of Kras-nosel’skii’s fixed point theorem in cones given by [85].

3.2.1 Main results.

The problem (3.1.1)-(3.1.6) is formulated as a fixed point problem for
a vector-valued mapping N = (Nj, N). Then the sought solution u :=
(uy,us) will satisfy an operator system

{ u = Ni(ur,uz), (3.2.1)

U = N2(u17 U2),
in the vector conical shell K, r; more exactly with v € K and
1 < |l £ Ry, o < lug|| < Ro.

We denote G(t,s) as the Green’s function of the following boundary value
problem
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which is explicitly given by

L (v +d=)(B+as), 0<s<t<l
clt,s) = _{ (B+at)(y+0d—7s), 0<t<s<I.

(G it is positive and satisfies the easily-verified properties:

G(t,s) < G(s,s), forall t, s e 0,1]. (3.2.2)
0<o0G(s,s) < G(t,s), t €la,b], s€]|0,1], (3.2.3)

. 1-b § aa
where a € [0,t1], b € [t;, 1] and 0 < o = mm{%,ﬁ} <1.

Let N : P? — P? be the completely continuous map N = (Ny; N) given
by

1
Niu(®) = [ Gts) s, un(s), ua(s))ds
0
+ Y Gt ) Lip(us(t)), =12 (3.2.4)
k=1
Then (3.2.4) is equivalent to the fixed point problem

u= N(u), ue P
If v € P and

w;(t) == /0 G(t,s)v(s)ds + Z G(t, te)Lig(ui(te)), (i=1,2)

k=1

and w;(t') = ||u;||o for @ = (1,2), then according to (3.2.3), for every t €
la,b] , we have

>a/ Gl )o($)ds 1+ > Gt i) Lp(s(t0)). i = (1,2).

k=1
If t' # ty for (k=1,2,---,m), then
w;(t) > /G ds+aZGtk,tk I (us(te)
k=1
> /Gt Jo(s)ds + 03 G ) (b)) = ous®) = ol
k=1
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Ift/ =ty for (k=1,2,--- ,m), then

wi(t) > 0/0 G(s,s)v(s)ds—{—OZG(t’,tk)Ii,k(ui(tk))

k=1
1 m
> 0/ G(t', s)v(s)ds + UZG(t',tk)ILk(ui(tk)) = ou;(t") = ol|ul| pc
0 k=1
Define the cone K; for i = (1,2) in P by
K; ={u; € P:u;(t) > o||ui]|oo, for all t € [a,b]} (i =1,2),

and the product cone K = K; x K, in P? then N(K) C K. Before we
state our main result we introduce the following notations:

r; = min{ay, f;}, R; = max{ay, f;}, pour oy, B; > 0 avec a; # (i, i = 1,2

Y1 = min{ f1

= min{ fo

['y = max{fi

[y = max{ fo
Also, let

tiu,ug) : a <t <b, o <up < Pr, ory <up < Ro}y
tiu,ug) s a <t <b ory <up <Ry, ofy <up < P},
tyup,ug): 0<t <1, ooy <uy <, ory <ug < Ry},

): 0<t<1, ory <up <Ry, oag <up < st

P N

t,ug,Us) :

B =max{G(t,s) :0<t <1, 0<s <1},
A=min{G(t,s):a <t <b, a<s<b},

ofy <up < Bith
Ay = lg}clglm{mln{jg k(u2) 1 0B Sug < Bo}},

) :
) :

Ay = max {max{/ x(u1) : o1 <uy < oq}},
):o

1<k<m (
( < a}}.

Theorem 3.2.1. Assume that there exist o, B; > 0 with o; # B, 1 = 1,2,
such that

B(Fl + Alm) < aq, A("}/l<b — a) + )\1m) > 6
B(PQ -+ Agm) < Q9, A(’)/Q(b — CL) + )\QTH) > 5
Then (3.1.1)-(3.1.6) has a positive solution u = (u1,us) with r; < ||u;||eo <

R;, i = 1,2, where r; = min{a, ;}, R; = max{«;, ;}. Moreover, the
corresponding orbit of u is included in the rectangle [or1, Ry] X [07T2, Rs].

A= 1Lr]1€1<nm{1nur1{[1 k(U

| A

Ay = max {max{/s(us
1<k<m

(3.2.5)

7
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Proof. First note that if u € K, g, then 71 < ||u1]|oc < Ry and 7y < |[ug]|oe <
R,, and by the definition of K,

or1 < JJurllee < Ry and o7y < ||ug]leo < R,

for all t € [a, b], showing that the orbit of u for ¢ € [a,b] is included in the
rectangle [ory, Ry] X [orse, Ro).
Also, if we know for example that ||ui|| = a1, then wuy(t) < ay, for all
t €10,1] and

oag <uy(t) <oaq, forallt € [a,bl.
We now prove that for every u € K, g and i € {1, 2}, the following proper-
ties holds:

|til|lo = i implies wu; A N;(u),
|uillo = B; implies u; # N;i(u).

In fact, if ||u1]|oc = oy and we would have u; < Ny(u), then

(3.2.6)

ur(t) < Ni(u)(t) < B(I'y + Aym) < ay,

for all ¢t € [0,1]. This yields the contradiction oy < a.
if ||u1]|oo = B1 and ug > Na(u), then for ¢ € [a, b], we obtain

ui(t) > Ni(u)(t)

> / G(t, 5)f1(5,11(5), ws(s))ds + S Gt i) I s (1)

k=1
> A(m(b—a)+ Am) > 51

Then we deduce that 57 > f;, wich is a contradiction. Hence (3.2.6)
holds for ¢ = 1. Similary, (3.2.6) is true for ¢ = 2. By Theorem (3.2.1),
we see that IV has at least one fixed point in K. Therefore, system (3.1.1)-
(3.1.6) has at least one positive solution. The proof of Theorem (3.2.1) is
complete . O

In particular, if f; and fy do not depend on ¢, i.e., fi = fi(u1,us) and
fo = foluy,us) and fi, fo, L1 and Iy (k =1,2,.....,m) have some proper-
ties in uy, ug, for uy € [ory, Ry] and uy € [ore, Ry then we can specify the
numbers vy, v2, I'1, T'a, A1, Ao, Ay, Ag. For example
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Case 1) If fi,f; are nondecreasing in uy, ug, while I; ; and Iy, are nonde-

creasing respectively in u; and us for (k =1,2,.....,m), then
F1=f1(0f1,R2)7 W1=f1(051,07“2),
fz(RhOQ) f2(07’1,0ﬁ2)

A1 = 122&){ {lk(c1)}, )\1 = mln {Il k(061)},

Ay = 1max {L(a2)}, A= 1I<II£111 {IQ k(oB2)}.

Case2) If f; is nondecreasing in u; and us, while fy is nondecreasing in uy
and nonincreasing in us , on the other hand if I ; is nondecreasing in u,

and Iy is nonincreasing in uy for (k=1,2,.....,m)
[y = fi(a, Ry), Y1 = fi(oBy,oma),
[y = fo( Ry, 003), Y2 = fa(ori, Ba),

A= 111%68@( {Lik(ar)}, M= 1min {Lx(cf1)},
Ay = max {[2 kloag)}, A= min {Iyx(B2)}.

1<k< 1<k<m

Case 3) If f; is nondecreasing in w; and non increasing in wug, while f; is
nonincreasing in u; and nondecreasing in ug, on the other hand if I; is

nonincreasing in u; and I is nondecreasing in u, for (k =1,2,.....,m)
Iy = filay,om2), 1 = fi(eh, Ra),
[y = fao(ory, ag), Yo = fa(R1,002),
A = 11<1}€ax {Lix(car)}, M= mln {11 k(61)},
Ay = lr&ax {Li(az)}, A= 1I§I}cm {_[2 k(oB2)}.

Case 4) If fi,f, are nondecreasing in u; and nonincreasing in uy, while I

is nondecreasing in u; and Iy is nonincreasing in uy for (k =1,2,.....;m),
then

[y = fi(a, or9), Y1 = fi(oB, Ra),

[y = fa( Ry, 00), Y2 = falor, Ba),

A = max. {Lix(a1)}, M= min {Il k(oB1)},
Ay = max {lrx(oas)}, o= min {Ilx(82)}.

1<k<m 1<k<m

3.2.2 Examples

We conclude by two examples illustrating Theorem (3.2.1) in the cases 1
and 4.
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Example 3.2.1. Consider the following second-order impulsive systems:

1
uj(t)+uf +u5 =0, 0<f<e<l t#5 0<t<l, (3.2.7)
1
uh(t) +us +uh =0, 0<f<e<l1 t#A70<t<1, (3.2.8)
, 1
—Au] |t 1=cfu{y) > 0, (3.2.9)
4
, 1
4
u1(0) — u(0) =0, wuy(1) —uj(1) =0, (3.2.11)
uz(0) +u5(0) =0, us(1) +uy(1) =0, (3.2.12)

We can establish that (3.2.7)-(3.2.12) has at least one positive solution
u = (ug, uy).
Let

filur, ug) = uff +u, folur, us) = uf + uj,

o (3)) e ()2 (o (1)) - )

The system (3.2.7)-(3.2.12) is equivalent to the integral system:

and

i (F) = /0 Gt ) (5)? + ua(s)Jds + G <t, i) » G)

1@@)::AIGQ3Q[uﬂsf—%uﬂsﬁ}ds+wK?<ui) uQ(%).

Where G(t,s) is a Green function

1 2=t)(1+s), 0<s<t<1
G(t’s):§{ (2—s)(1+1t), 0<t<s<l1

9
Clearly B = 1 and A = 0. In this case fi(u1,us) and fo(uy, us) are both

nondecreasing in u; and ug, while I; ; and I ; are nondecreasing respectively
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in u; and uy for k € {1,--- ,m}, u;,us € RT, so we are in case 1. We
choose oy = ap =: a*, 1 = Py =: %, with " < o* then r; = ry = (%,
Ry = Ry = o and v; = fi(op*,08%), I'i = fila*,a"), Ay = Lii(a¥),
/\i = ]i,2<0-6*) for (1:1,2)

The values of a* and S* will be precised in what follows. Since

lim filz, ) =0 and lim filz,2) = 00,
T—00 €T z—0 xT
I; I;
lim (@) _ =0 and lim Lia(z) = 00,
T—00 €T z—0 T

for i € {1,2}. We may find $* small enough and o* large enough such that
the conditions

fila®, a®) 1 filap*, o%) - 1

< —
o 2 o5 ~ 20A(b—a)’
]i,l(a*) < 1 i 1(0’6*) 1
a*  — 2Bm’ oB3* QJAm

for i € {1,2} are satisfied. Thus condition (3.2.5) hold .
We conclude that system (3.2.7)-(3.2.12) has at least a positive solution
(ug, us) with 5% < ||uil|eo < a* for i € {1,2}.

Example 3.2.2. Consider the following second-order impulsive systems:

1
" uf
— <t<l1 2.1
ul(t)+u2+1 ’ 7&2 O_t_ ) (3 3)
U1l 1
= - 0<t<1 2.14
ul(t)+u2+1 07 7&2 — Y = <3 )
1
9 (1
—Ady | = ud (5) , (3.2.15)
2
9
|5
—Aul |t 1=e€ ) (3.2.16)
T2
u1(0) — vy (0) =0, uy(1) —uj(1) =0, (3.2.17)
uz(0) +u5(0) =0, uz(1) +uy(1) =0 (3.2.18)
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Let

fi(uy, ug) =

and
1

1
1 2 (1 1 e <_)
o (3)) =8 (3) e (3)) =
The system (3.2.13)-(3.2.18) is equivalent to the integral system:

1
/ Glt,s UZ S)flderG(t,%) ulé <%1>
\Wwégwﬁuf>@+GQQGWG)

(s) +

The Green function G(t,s) is a the same from the Example (3.2.13)-
(3.2.18). In this case fi(u1,us2), fo(ui,us) are nondecreasing in u; and
nonincreasing in uy, while /5 ; is nondecreasing in «; and I3 is nonincreas-
ing in ug, for k € {1,--- ,m} uy, us € R™, so now we are in case 4). We
choose a; = an =: a*, f1 = Py =: %, with 8* < a*. Then ry = ry = %,
Ry = Ry = o and 'y = fi(a*,008%), Ty = fo(a*,0a*), 11 = fi(of*, o),
Yo = fo(a*, %), Ay = Lia(a®), Mt = Li1(06%), Ay = L (0a*), Ay =
I 1(5*), where o and §* will be precised in what follows.
Since

tim L&D _ g gy, 2008
T—00 x Y—00 %/
lim Ill—(x) =0, lim —]l’g—gy) =0,
T—00 T Yy—00 Y

may find o* > 0 large enough such that
f@'0) _ 1 floteat) _ 1

* T 2B a* 2B’
[Llf&*) < 1 ILQ(O'O[*) < 1
— 2Bm’ a* — 2Bm’

IN

Since

file*,08) _ filo*,0)

a* - %
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3.3 Multiple positive solutions for systems of impulsive
differential equation

Then
fl(a*ao—ﬁ*) < L,
o* -2
and since
linl fl(U:E? y) — OO’ llnl f2(x7y> — OO’
z—0 €T y—0 Yy
I I
lim M =00, lim 12(y) = 00,
z—0 €T y—0 Yy

with « fixed as above, we choose § small enough such that

feBat) 1 fepns) 1

3 T 2A(b—a)’ 3= T 2A(b—a)’
[1,1(05*) > 1 —71,2(/6*) > 1
B T 2Am’ B* T 2Am’

The conditions (3.2.5) are satisfied, hence system (3.2.13)-(3.2.18) has
at least one positive solution u = (uy, us).

3.3 Multiple positive solutions for systems
of impulsive differential equation

In this section we study the existence of multiple positive solutions for the
systems of second order impulsive differential equations with three points
boundary conditions

i (t) + ha () fit, wa (t), ua(t)) = 0, t€.J', ( )
U (t) + ha(t) fo(t, ua (8), us(t)) = 0, €', (3.3.2)
Ay (ty) = Tk(ua(tr)), (3.3.3)

A (ty) = =Jik(ur(te)), k=1,2,---,m, (3.3.4)
Aus(ti) = Ik (ua(ty)), (3.3.5)

Auy(ty) = —Jox(ua(ty)), k=1,2,--- ,m, ( )
aui (0) — Buy(0) = awi (§), (1) (3.3.7)
auy(0) — duy(0) = aus (), ua(1) (3.3.8)

where o, 5 > 0, a,§ €]0,1, J = [0,1], 0 < t; <ty < -+ < <1
J' = J\{t17t2>"' 7tm}7 fz € C(J x RT x R+7R+)> hz € C(R+>R+)7

0,
0

)
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Ly € CRY,RT) and J;, € C(RT,R"), i = 1,2, k € {1,2,---,m},
Nu(t) = w(t) — w6y ), Aul(t) = dh(t) — wh(t;) and Aua(ty) =
uslt]) — uslty) Auy(ty) = wh(t) — () in which wy(t]), u (67), walt])
uhy(t), (wa(ty), wy(ty ), ua(ty), uh(t;)) denote the right and left hand limit
of uy(t), uy(t) and us(t), ubH(t) at t = ¢y, respectively.

Our analysis relies on vector versions of Avery and Peterson fixed-point
theorem [33].

3.3.1 Fixed point formulation

In order to define a solution for Problem (3.3.1)—(3.3.8), we shall consider
the following spaces:

PC(J,RY)={y:J =R ye C(J,R") such that y(t;) and y(&)
exist and satisty y(tx) = y(t,) for k=1,...,n}. (3.3.9)
For every y € PC(J,R"), we define the norm by

lyllpc = sup |y(t)|.
teJ

PCYJ,R") = {y € PC([0,1],R") : g, € C(J',R"), such that
y'(t;) and y'(t]) exist and satisty /(tx) = ' (t;) for k=1,...,n}.
(3.3.10)

For every y € PC'(J,R"), we define
Il = o {sup o) suply ()] |
ted teJ

Consider the Banach space X = PC(J,RT) x PC(J,R*) equipped with the
norm ||(u1, u2)|| = ([[u1llpc, [uzl po), for (ur, us) € X.

In this section, we shall present some auxiliary results, related to the follow-

ing problem of second order differential equations with three points bound-

ary conditions

ui(t) +:(t) =0, t € J', ( )

Auy(ty) = Lip(ur(ty)), k=1,2,--- ,m, ( )

Au/l(tk) = —Jl,k(ul(tk)), k= 1, 2, e, (3313)

au (0) — Buy(0) = auy (€), wi(1) =0, ( )
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differential equation

Lemma 3.3.1. Let uy € PCY(J,RY) and A = (o —a) + + a€ with o > a.
If y(t) € C(J,R"), then uy is a solution of the problem (3.3.11)-(3.3.14) if
and only if

uy(t) = /0 G(t,s)y1(s)ds + Wi(t,uy), (3.3.15)
where
(1 —=)(B+ as), s< &, s<t,
L) (B+at)(l—s)+als—1)(1—-¢), 1<s<g,
Gt s) = (1—)(B + al + (o — a)s), f<s<q (3310)
(1 =5)(B+a&+ (a—a)t), £<s, 1<s,
and
Wit ur) = % D (1= 8) [p(un (te) = (6 = te) Jug(ua (t))]
t<€
+ %Z(l —t) (v — a) [y g (uy (te) + (B + a& + (o — a)ty) J1k(ur(tr))]
+ %Z(B +aé + (o —a)t) [—Lip(ur(tr)) + (1 — tg) Joe(ur(te))] -

Proof. First Suppose that u; € PC*(J,R") is a solution of problem (3.3.11)-
(3.3.14).
It is easy to see by integration of (3.3.11) that one have

t

W) = 1, (0) — /0 (s — 3 e (t)). (3.3.17)

0<trp<t

Integrating again, we can get

up(t) = uq (0) + uj(0)t — /0 (t — s)yi(s)ds — Z Jrg(ur (te))(t —tx)

0<trp<t

+ > La(w(ty). (3.3.18)

0<tp<t

85



Systems of impulsive differential equations

By u(1) = 0 and (3.3.18), we have

1 (0) + 14, (0) = / (1 $Jon(5)ds = 3 Faln (1)

+ Z 1 — tk Jlk u1 tk)) (3319)
k=1

It follows from (3.3.18) and auy(0) — Suf(0) = auy(§) that

3
(a—a)us (0)— (B-+a€)u, (0) = —a / (E=s)n(s)ds—a 3" (E—te) ol (1))

tp<&

+a ) Np(ui(ts) (3.3.20)

tp<€

By (3.3.19) and (3.3.20), we have

3
—aA(g—ﬁm@Ms—agxg—MMMWﬂm»+a§:hMm@w)

_ 1 <€ te<§
w(0) = (@ —a)+ B +a&
/0 (1= 5)(B+ a€)y(s)ds — 3 (B + a€) La(un ()

+

(a—a)+ B+ a

(6 + a)(1 = i) Jyp(ua (te))

NE

e
Il

+ 1

(a—a)+ B+ a&
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and

/0 (o= a)(1 - ) (s)ds + 3 (@ — a) (1 — ) sl (1))

I _ k=1
w(0) = (o —a)+ B+ a&

m 3
S (0 — a) e (t)a / (6 — )y (s)ds
k=1 0

(0 —a)+ p+a
a Y (&= te) Ju(un(te) — a Y Top(ur(te))

tp<& tp<§

+ (—a)+ p+a

So, we get

a (¢ !
) = 5 [[=0E=mds+ 5 [ 1=+t + (0 - aln(s)ds

= [t snlds + 5 30 =) Halun(t) = (€ = te) (b))

0 <€

+% > (=0 [(a—a)lix(ua(te) + (8 + af + (@ — a)te) Jux(us(t)]

tp<t

g S+ a + (0 — )t) =Tl (6) + (1~ 1) Jua(ua (1))

te>t

a € !
= % [a-nE=anist 5 [ Q=B+t (@ an(sis

- / (t — s)n(s)ds + Wi (t, wn).

0

Fort < ¢
(1 — Qas ¢ @ —s)+al(s — -
i) = [(UIOE0D, (g, [Nt ee=00-0),
Y1 —s)[(a—a)t+ B+ af] Sds w
v/ k (5)ds + Wa(t, )

87



Systems of impulsive differential equations

Fort > ¢

wi = [C —”(fm)yl(s)czH[ Q= tllo= st Grad], )
Ny L ICER AT, 2 IR

Thus

w (t) = /0 G(t, s)yi(s)ds + Wi (¢, ua).

Lemma 3.3.2. For all (t,s) € J?, we have
0 < G(ts) <G(s,s).

Proof. From the definitions of G(t, s), it is easy to obtain that G(t,s) > 0
for all (¢,s) € J2.
For s <&, s <t
0G(t,s)  B+as
o A
Therefore, G(t,s) is decreasing with respect to ¢, which implies that
G(t,s) < G(s,s). Now, fort <s<¢

<0.

IG(t,s)  a(l—s)—a(l—=§)
ot A
Therefore, G(t,s) is increasing with respect to ¢, which implies that
G(t,s) < G(s,s). Fort <s<¢

> 0.

oG(t,s)  B+al+(a—a)s <0
o A -
Therefore, G(t,s) is decreasing with respect to ¢, which implies that
G(t,s) < G(s,s).
For £ <s, t<s

oG(t,s) (1 —s)(a—a)s
ot A




3.3 Multiple positive solutions for systems of impulsive
differential equation

Therefore, G(t,s) is increasing with respect to t, which implies that
G(t,s) < G(s,s).
Thus, we have
G(t,s) < G(s,s), forall (t,s) € J*

]

Lemma 3.3.3. Let § €]0, %[, Js = 10,1 — 6], then for allt € Js, s € J, we
have
G(t,s) > nG(s,s),

where n = min{0, a’%ﬂ}
Proof. For s <&, s <tandt e Js. Then

G(t, s) > 1—t S1—t>6
G(s,s) — 1—s

Let t <s<¢andte€ Js. Then

G(t,s) (B+at)(l—s)+a(s—1t)(1—=¢&)
G(s,s) (B4 as)(1—2s)

B+ at N a(s —t)(1—=¢)
f+as (f+as)(l—s)

> fraty B

- fH+a T fHa
For¢ <s<tandteJs

Glts) 1=t o1 45y

G(s,s) — 1—s

For ¢ <s,t<sandteJs

G(t,s)  B+al+ (a—a)t S B
G(s,s) PBHat+(a—a)s ~ B+a

Therefore
G(t,s) > nG(s,s) for (t,s) € J x Js,

where 1 = min{J, o%ﬁ} O
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Systems of impulsive differential equations

We can also formulate similar results as Lemma 3.3.1-Lemma 3.3.3 above
for the boundary value problem

uy(t) +2(t) =0, teJ, ( )

Augy |y, = Lpur(tr), k=1,2,---,m, (3.3.22)

Augy |y, = —Jopus (ty), k=1,2,--- ( )
auz(0) — Buy(0) = aus(§), ua(l) ( )

, T,
= 0.

3.3.2 Existence of multiple positive solutions

In this section, we show the existence of at least three positive solutions
for the systems (3.1.1)-(3.1.6) follows from vector version of fixed point
theorem of Avery and Peterson.

We present the assumptions that we shall use in the sequel.

(A1) The functions hy, he:J — R are continuous.
(A) The functions fi, fo:J x RT X RT — RT are continuous.

(A3) The functions [;, J;x:RT — R are continuous for i = 1,2, k =
1,2,...,m.

(A4) There exists constants ¢y, ¢z €]0, 1[ and the functions
Q; : {u; :u; € PC(J,R), uy >0} — R for i € {1,2} such that

lel(ul) S Wl(t,ul) S Ql(ul), (t,ul) € JX{u1 U € PC(J, R), Ui Z 0},
and

CQQQ(UQ) S WQ(t,UQ) S QQ(UQ), (t,UQ) € JX{UQ DU € PC(J, R), U2 Z 0},

Define a cone P C X by
P = {(U1,U2) € X tuy(t) >0, ug(t) >0,t € J,
inf ur(t) > Aillusl|pe and inf us(t) > AzllUgllpc},
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where A\; = min{n, c1 }, Ao = min{n, c2}.
Define the nonnegative continuous convex functionals coupled (z1, x2), (01, 02)
and (¢1,1,) and the nonnegative continuous concave functional coupled

(le, ¢2) on P by

(0n.02)un,u2) = 0 (0. () ).

(1, ) (i 3) = (sup fun (1)), sup \uzw)

teds teds
and
(01,09) (w1, uz) = (w1, 22)(ur, ua) = [|(ur, ug)||.
Theorem 3.3.4. Suppose that (Ay)-(A4) hold. In addition, we assume that
by b
there exist positive vectors (i, 2), (ay,ay), (by,0), ()\_11’ )\—22) and (d}, d}),
with . "
ap < b < )\—11 < dy and ay < by < )\—22 < db, gy > D1+ D} and py > Dy+ D),
0< L1 < )\1(D1 + Dll) and 0 < L2 < /\Q(DQ + DIQ), where
1 1
D, :/ hi(s)G(s, s)ds and Do :/ ho(s)G(s, s)ds, Dy, Dy, A} and
0 0
D} > 0, such that the following conditions hold:

!

(By) fi(t,ui(t),us(t)) < i fort € J and (uy,us) € [0,d]] and

)

D!
Wit u;) < jdg, for (uy,ug) € P, |[(ur,us)|| < (dy,dy) forie{1,2};

b ’
(B2) filt,ua(t),uz(t)) = 7= fort € J and (ur, us) € [bé, A_l] and
D' ’ y i
Wilt,us) > 8, for (u1,uz) € P, ¥ S wi < - fori € {12} ;

!/

(B) filt,ur(t),us(t)) < 2, fort € J and (uy, up) € [0, a]

7
/

D!
and M/z(taul) < jag; fO?" (u17u2) € Pi ||(U,1,U2)H < (a’/laa/Q) fO?”
ie{l,2}.
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Systems of impulsive differential equations

Then the problem (3.1.1)-(3.1.6) has at least two positive solutions when
fi(t,0,0) = 0,t € J, and at least three positive solutions when

Proof. Consider the operator
T:P— X

defined by
T'(ur, uz)(t) = (T (ur, u2)(t), To(ur, u2)(t))

where

T (uy,ug)(t) = /0 G(t, s)h1(s) fi(s,ui(s), us(s))ds + Wi(t, uy),
and

To(uy, uz)(t) = /0 G(t, s)ha(s) fa(s,ui(s), us(s))ds + Wa(t, us).

It is obvious that a fixed point of T is the solution of the second order
impulsive differential equations (3.1.1)-(3.1.6). Three fixed points of T" are
sought.

First, it is shown that T : P+ P

Let (uy,u2) € P be an arbitrary element.

|T7 (ug,u2)(t)] < /OG(s,s)hl(s)fl(s,ul(s),ug(s))ds—i—Ql(ul),

|To(ug,us)(t)] < /o G (s, $)ha(s) f2(s,u1(s), uz(s))ds + Qa(uz),

teds teds

inf 71 (ug,uz)(t) = inf {/o G(t, $)h1(8) f1(s,u1(s),uz(s))ds + Wl(t,ul)]

v

77/0 G(s,8)h1(8) f1(s,u1(s), uz(s))ds + 1921 (uq)

v

min{n, c } {/0 G(s,5)h1(s) f1(s,ui(s), us(s))ds + Ql(ul)}
AT (us, ug)| pe-

v
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where A\; = min{n, ¢, }.
Similarly

inf TQ(Ul,UQ)(t) > )\QHTQ(ubu?)HPC‘
teds

where Ay = min{n, c2}.

By (A1), (Az) and (Ay), we have T (ui,uq)(t) > 0 and Ty(uy,us)(t) > 0,
for t € [0, 1].

It is shown that T : P((C(]l, l‘g), (dl, dg)) — P((l’l, 1'2), (dl, d2>>

Let (uy,u2) € P((x1,22), (d1,ds)), condition (B) is used to obtain

w1 (T (ur, u2)(t)) = ||T1(u1, u2)llpc
1 D/
< / s, s () (5, 1 (5) i s)) s +
0 1
d/1 1 D/
< —= G(s,s)hi(s)ds + —Ld,
H1 Jo ( ) 1() M1 !
!
< Dy Py
H1 H1
< di.

Similarly,we have

ZEQ(T(U1, UQ)(t)) < dl2

Now conditions (S7) of Theorem 1.4.15 are to be verified. It is obvious that

B+ 1) B+ 1)
2 2

DY
(61, da) (ur, ug) > (bl,bg)} oy

{th)GP(@b@%Wh%%@h@%@L%%(% %)7Wh@03

b, b
Next let (ula UQ) er ((xlv x?)) (017 02)a (¢17 ¢2)7 (blla bl2)7 ()\_1’ )\_2) ) (dla d?))
1 2
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Systems of impulsive differential equations

/ /

b b
Thenb’lgulg/\—llandbggugg/\—Z,tEJ. By (B,)

O1(T(ug,uz)(t)) = inf Th(uy,ug)

teds
1 o
> M [/ G5, ) (s) (5, (5), un(s))ds + 2D
0 1
b/ 1 D
> 0 G(s, )l (s)ds + 720}
by ,
> M—(Dy+ D)
Ly
> b.

Similarly,we have
G2(T'(u1, u2)(t)) > 5.
Then
(61, 92)(T (w1, u2)(t)) > (by, b5).

So, condition (S7) of Theorem 1.4.15 is holds.
To see that condition (S3) of Theorem 1.4.15 is satisfied. Let (uy,us) €

P ((z1,22), (b1, ), (W, bh), (d}, dy)) with (6y,0,)(uy, us) > (% i_z)

¢1 (T (uy, ug)(t))

inf T1 (Ul, UQ) (t)

teds
> M1 (ug, u2)| pe
b/
> N\t =0
- 1)\1 1

Similarly,we obtain
G2 (T (ur, u2)(t)) > bh.
Then
(¢1,92) (T (ur, u2)(t)) > (b7, b5)
Finally, it is shown that the condition (S3) of Theorem 1.4.15 holds. Since

(¢17 1/)2)(07 0) = (07 0)7 (a/h a/2) > (Ov O)’ (O’ O) g R«xl, 1'2)7 (7»/}17 wQ)v (alla a/2)’ (dlla dIQ))
Assume that (uh UZ) € R((Zﬁl, 372)7 (%7 1/]2)’ (a'/17 a/2)7 (d/b dl2)) with

(Y1, o) (ur, ua) = (a3, ay).
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V1(T(ur,uz)(t)) = sup|Ti(ur,ug)(t)]

teJs
= tsg; {/0 G(t, 8)h1(8) f1(s,u1(s),usz(s))ds + Wl(t,ul)l
< Stlelg) [/0 G(t, s)hi(s) fi(s,u1(s),us(s))ds + Wl(t,ul)]
' D,
< [ Gl (o) ua(e))ds + 2o
< YD +D)<d,.

1

Similarly,we obtain
Uo(T (w1, u2)(t)) < ds.
Then
(W1, 12)(T'(ur, u2)(t)) < (ay, a3).
It has been proved that all the conditions of Theorem 1.4.15 are satisfied.

Therefore, the system (3.1.1)-(3.1.6) has at least three solutions, (1, zs),
(yh yz), (21, 22) € P such that

||($1,$2)H < (d/17dl2)7 H(y17y2)|| < (d/17d/2)7 H(ZleQ)H < (dllvdIZ)v

and

that) < (Jnf s nf o))« (hc5) < (suplon()] sup o))

teJs teds

(i b O nf 15001 ) < (05,8, G, 2] < ).

teJ,

OijOUS1Y7 (1’1,{[‘2)@) > <070>7 (ylqu)(t) ( ) [07 1] It fz(t O 0) §é 0
for i € {1,2}, t € [0,1], then the vector (ul,ug) (0,0 is not a solution
(

)
of a systems (3.1.1)-(3.1.6). So, the vector (zl,zz) 0,0). This, together
with (21, 22) € P, means that (z1, z2) > (0,0), t € [0, 1]. O
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CHAPTER 4

Systems of impulsive differential
equations on un-bounded domain

In this part, we provide sufficient conditions for the existence of solutions
for the systems of second-order impulsive differential equations with integral
boundary conditions :

—u"(t) = f(t,u(t),v(t)), teJ, t#t, ( )

—0"(t) = g(t,u(t),v(t)), teJ, t#t, ( )

Au(tk) = JLk(U(tk))a —Au’(tk) = ILk(u(tk)), k= 1,2, SR (403)
Av(ty) = Jop(v(ty)), —AV(tg) = LV (t)), k=1,2,---, ( )
(4.0.5)

u(0) = /000 hi(s)u(s)ds, u'(c0) =0,
v(0) = /000 ha(s)v(s)ds, v'(c0) =0, (4.0.6)

where J = [0,400), f,g € C(JXRXRR), 0 < t] <ty < -+ <t <
HR tk — 00, Ii’k, J@k S C(R,R), for 1 = 1,2, hz S C(R+,R+) with
/ hi(s)ds # 1 for i = 1,2, u/(0c0) = tlim u(t) and v'(00) = tlim v(t),
0 —00 — 00
Au(ty) = u(ty) — u(ty) and Av(ty) = v(t)) — v(ty ), where u(t) (v(t})))
and u(t;) (v(t;)) represent the righ and left hand limit of u(t) (v(t)) at
t = ty, respectively. Au'(ty) = o/(t)) —u/(t; ) and Av'(t,) = /() —v'(¢;,),
where u'(t}) (v/(t})) and /(t) (v'(t;)) represent the righ and left hand
limit of «/(t) (v'(t)) at t = ty, respectively.
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domain

Since we are interested here in systems of equations, we have opted for a
vectorial approach based on the use of vector-valued norms, inverse-positive
matrices and of a vectorial version of Krasnoselskii’s fixed point theorem
for sums of two operators [116].

4.1 Main result

Before seating the result of this section we consider the following spaces.
PC([0,400)) = {u: [0,+00[— R |u(t) is continuos at each t # t,

left continous at t = ¢, u'(t]) exists, k=1,2,---, }.

Consider the space E defined by

t
E=<ue PC([0,+00)), sup ()] <00,
t€f0,400) 1+

ju(t)]

E is a Banach space, equipped with the norm |jul|p = sup ——= < 0
t€[0,4-00) 1+t

Then E x E is a Banach space with the norm ||(u,v)| = (||u| g, ||v||g) for

(u,v) € EX E.

Lemma 4.1.1. The vector (u,v) € PC([0,00)) x PC([0,00)) is a solution
of differential system (4.0.1)-(4.0.6) if and only if

u(t) = /000 Hi(t,s)f(s,u(s),v(s))ds + Z Hiy(tte) i (ulty)) + Z J1k(u(ty))
/0 N hi(s) (Z Jl,k(u(tk))) ds

t<s

1—/ hi(s)ds
0
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/ HQtS SU ( dS‘I’ZHQttk]lk tk —|—ZJ2k tk

tp<t

where for i =1,2

H;(t,s) = G(t,s) + oj /OO G(r,s)h;(T)dT
1 —/ hi(s)ds 7°

t, 0< t<s<oo,
G(t,s) = { 5. 0<s<1< oo. (4.1.1)

Proof. First we consider the following problems:

—u"(t) = f(t,u(t),v(t)), teJ, t#t, (4.1.2)
Au(tk) == Jl,k}(u(tk))y —Au’(tk) == ]1’k(u(tk)), k= 1, 2, R (413)
u(0) = /0 hi(s)u(s)ds, u'(c0) = 0. (4.1.4)

Let u be a solution of the problem (4.1.8)-(4.1.4), then by integration
we have

_ /O f(s,u(s),v(s))ds — lek(u(tk)), (4.1.5)

tL<t

Taking limit for t — oo,

= /OOO f(s,u(s),v(s))ds + le,k<u(tk>>7

Integrating (4.1.5), we can get

u(t) = u’(O)t+u(0)—/0t(t—s)f( ))ds— lek (tr))(t—tg +Z Jik(u

<t <t
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domain

Thus

u(t) = u(0)+/0 £F (s, u ds+2t]1k /Ot(t—s)f(s u(s), v(s))ds
_tqulk( u(ty))(t — tx) +§J1k tr))-

Thus k k

u(t) = u(O)—i—/OOOG(t,s)f(s u(s),v ds+ZGttk Li(u(te)) + > Jie(ulte).

k=1 tp<t

Then
u(t) = /000 hy(s)u(s)ds + /000 G(t,s)f(s,u(s),v(s))ds

+ZGttk11k (t) + > Jia(ulte)). (4.1.6)

tp<t

Thus

/OOO hi(s)u(s)ds = / </O hy(s d5—|—/ G(s, ) f(r,u(r), v(r ))dr) s

<i G S, tk Il k tk)) —+ Z JLk(U(tk))) dS

tp<s

It follows that

/ooo Mls)u(s)ds = o /ojhl(s)ds (/OOO /OOO h1(5)G(s,T)f(T,u(T),v(T))dT)




4.1 Main result

Substituting in (4.1.6) we have

ut) = [ G

Then

where

d5+/ / hi(s s u(T),v(r))dr

1 -’jﬁ hi(s)drds

/Ooo fa (5) (Z G(t, tk)fl,k(u(tk))> ds

1_Amm@ms

/ HltS SU ( dS+ZHlttkjlk( ka +ZJ1k tk))

tp<t

Hi(t,s) = G(t,s) + ool /00 G(7,s)hi(T)dT
1 —/ hyi(s)ds “°

t, 0< t<s<oo,
G(t,s) —{ 5. 0<s<t< oo, (4.1.7)
Next, we consider the following problem
—"(t) = f(t,u(t),v(t)), teJ t#t, (4.1.8)
Av(tk) == JQ’k<U(tk)), Av'(tk) = —127k(v(tk)), k= 1, 2, tee (419)
v(0) :/ ha(s)v(s)ds, v'(c0) =0, (4.1.10)
0
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similarly, we have that

/ Ho(t, 5) f(s, u(s), v

dS+ZH2 t ti Ilk( tk +Z]2k

tp<t

where
1 o0
Hy(t,s) = G(t,s) + = / G(7, s)hy(T)dr.
1—/ ha(s)ds 70
0
[
Set hi = 1—/ hi(s)ds| and hl = 1—/ ho(s)ds
0 0

To establish our main result concerning existence of solution (4.0.1)-
(4.0.6), we use the assumptions

(H,) f, g are L'-Carathéodory functions.

(H,) There exist nonnegative functions P, P; € L0, +o0) for i = 1,2,3
such that:

|f(t,u,v)| < Pi(t)|u| + Po(t)|v] + Ps(t), for each t € J, (u,v) € R?,
and
lg(t, u,v)| < Py(t)|u| + Py(t)|u| + P3(t), for each t € J, (u,v) € R*.

(Hs) For all u,v,u,v € R, and there exist nonnegative constants a; ., b; x, >
0, © = 1,2 such that

[Ik(uw) — Lp(U)| < arplu—ul, k=1,2,-
|[2,k(1}) — Ing(’l_})‘ S a27k|v — 1_}‘, k = 1,2, ..
and
|Jik(u) — Jip(@)] <biglu—al, k=1,2,....m, - .,
| ok (V) = Jop(D)] < bglv—2], kE=1,2,...,m,---
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(Hy) There exist are numbers N; and C;, i = 1,2, 3 where

zw:(1+£i%§i§)lm3@xy+@@<oq

" ha(s)d oo _
Q=C+&—§i%/)mmuwm<mnsz
2 0

h; >
Kz- — (1 -+ H h!Ll) ;(a@k -+ b%k)(l —|—tk) < 00, fOT 1= 1,2,

Ny = (1 ; W) </0°O Py(s)ds + 3 110 + 3 |J1,k<0>|> <o,

Oy = (1 + W) </°° Pg(S)dS + Z |]2,k(0)| + Z |J2,k(0)|> < 0.
0 k=1 k=1

2

A mapping is completely continuous if it is continuous and maps bounded
sets into relatively compact sets. A set of functions Y € E is almost
equicontinuous if it is equicotinuous on each interval [0,7], 0 < T < 4o0.
The following result is an extension of Arzelia-Ascoli compatness criterion
to unbounded intervals.

Lemma 4.1.2. [107] Let N C E, Then N is compact in E, if the following
conditions hold:

(a) N is uniformly bounded in E.

(b) The functions from {y : y = 153, * € N} belonging to N are almost
equicontinuous on RT .

(¢) The functions from {y : y =135, * € N} are equiconvergent at +oo,
that is given € > 0, there corresponds T(e) > 0 such that |f(t) —
f(+o0)| <e foranyt >0 and f € M for allt > T(e) and x € N.

The main tool of this part a fixed point theorem due to Krasnoselskii’s
[93].
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Theorem 4.1.3. Assume that (Hy)-(Hs) holds with Ny + K; < 1 and
Co+ Ky < 1[f

- (1-N - K —Ch
M_< —Cl 1—02—K2).

and det M > 0 then problem (4.0.1)-(4.0.6) has at least one solution.
Proof. Let N : E x E — FE x E be operator defined by
N(u,v) = F(u,v) + B(u,v), (u,v) € E x E,
where
F(u,v) = (Fi(u,v), Fy(u,v)); B(u,v) = (B1(u,v), Ba(u,v)),

where

Fy(u(t), o(t)) = / " HL(t5) (s u(s), v(s))ds,
Fy(u(t), o(t)) = / " Hy(t, 9)g(s, u(s), o(s))ds,

Bi(u(t),o(t)) = Y Hi(t,ti)L(u(te)) + Y Jur(ult)

tp<t

and

By(u(t),o(t)) = Y Ha(t, ti) Loa(v(tr) + ) Jan(v(te)

tp<t
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Step 1. B is a generalized contraction
Let (u,v), (u,v) € E x E, using the assumption (H3), we deduce that

| B (u(t), v(t)) — Bi(u(t), v(t))] i [Ha (2, )

1+1¢ = — 1+t
+ > [Jus(u(ty)) = Jo(ate)|
| me) (Z lult) = i k<u<tk>>|> ds
+ tL<s _
1—/ hi(s)ds
= Gyt ty)
< kz:; T+t ay klu(ty) — u(ty)|
—W%}:/mhgmgf:?%mhﬂm@y—m@n
1 g1 0
+ 3 biglults) — a(ty)|
k=1

Thus

- Iy~ ha(s)ds

IB1(u0)-Bi@ o) < (1400
1

) S (@b ) (L) il o= K u—] s

k=1

Similarly, we have

Mg

(agk+bok)(1+ty)|[[v—=2| g := Ks||lu—tl|g.

| Ba(u, v)—Bs (1, 7)| 5 < (1 Jo b z )

k=1

Therefore

<M _
lv =2l

[BMMO&WW)7 lu— @l

| B2(u, v) — Ba(u, )|
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where
_(Ki O
M= ( ‘ K2> |
Since K7, Ky € [0,1] then M converge to zero this implies that B is con-

traction operator
Step 2. F is completely continuous operator.

Claim 1. Operator F' is a continuous and sends bounded sets into
bounded sets .
Let (tp,v,) — (u,v) as n — oo, then u,, — w and v, — v as n — 0.
Then

[F1 (un (), va (1)) = i (ult), v(t))] S/ [Hi(t, s)

‘If(s un(s), vn(8))=f (s, u(s), v(s))|ds

1+t 1+t
Thus
It =FiC e < sup [ o, (9,00, o) s

Since f is L'-Carathéodory, then we have by the lebesgue dominated con-
vergence theorem,

| F1 (tp, vn) — Fi(u,v)||g = 0, n — 0,

Similarly
| Fs (tp, vn) — Fo(u,v)||g — 0, n — 0.

Therefore F' is continuous.

Let D be a bounded subsets of E, then there exists ¢ > 0 such that
lu|lg < g and ||v||g < ¢ for all (u,v) € D.
Let (u,v) € D. Then for each ¢ € [0, +00[, we have

|[Fy(u(t), v(D))| </ [H(t,s)

1+1 1+1

HE )] (s, o(s))lds

Since f, g be are Carathédory function, there exist nonnegative function
Grtear, € L0, 00[ such that

[F(tu(®), v(0)] < Grro(t) and |g(t, ult), v(t))] < @r, o (t) T € R.
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So, we have that

Hﬂmwhﬁc+ )/<%m ds.

Similarly, we have

Il < (1+ khz DR [ s

So F' maps bounded sets into bounded sets in F
Claim 2. F maps bounded sets in E into almost equicontinuous sets.

For any T € [0, +oo[ and 71,72 € [0,T], 71 < T2, then

Fi(u(r),v(r))  Fi(u(r),v(m)) /Oo Hi(r,s)  Hi(m,s) (s, u(s),
1+7'2 1+T1 - 0 1+7'2 1+T1
S /OO HI(TQas) . Hl(Th ) ¢7«1 7«2< )
0 1+TQ 1+7—1
— 0asm — m,
Similarly, we obtain
Fy(u(r),v(r2)) F2(U(71)>U(71))’ /oo Hy(m,5)  Ha(m,s) Bry 1y (5)ds
1+7’2 1+7'1 - 0 1+7’2 1+7’1 rore

— 0asm — 7.

Then F is equicontinuous on any compact interval of [0, +00).
Claim 3. We now show that set F'is equiconvergent at oo, i.e., for every
e > 0, there exists sufficiently large T'(¢) = max (T3 (¢), T5(¢)) such that

‘F(u(@),v(@)) _ Fu(n),v(n))

<e VYV >T E.
1_|_7_2 1+Tl ’ >~ g, T, T2 =2 (5),(%7’0)6

(4.1.13)

H;(t
Since ¢y, -, € L0, 400) then / At S)|¢r1 m(8)ds < oo fori =12,

o 1+t
we can choose Ti(g), Ty(€) such that

H;(t .
/0 ‘ 1(+:)|¢r1 TQ( ) § %7 fOTZ: 172 (4114>
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Then, for every 7,7 > Ti(e1), we have

Fl( ( ) (7’2)) B Fl(u<7'1),7]<7-1)) /OO Hl(TQaS) . H1<7-175) ¢ (S)dS
1+T2 ].+’7'1 - 0 1—|—7'2 1+T1 T2
|H1(T27 )l
<
< [T s
|H1<7—17 >|
[T s
-2 2 7
Then, for every 1,7 > T5(¢), we have
Fa(u(m), v(m2))  Falu(n),v(m))| _ / |Ha(72,8 )|¢ (s)ds
147 14+7 N l+7m 7
|H2(7—17 )|
[ s
-2 2 7

Thus, for every (e,¢) there exists (T1(g),T2(¢)) such that for all 7,7 >
max (7 (), T»(¢))

‘F(U(TQM(H)) _ Flu(n), v(n))

< D.

Step 3. A priori bounds for solutions.

We show that the following set

B ={(u,v) € Ex E: AF(u,v) + AB(%,%) = (u,v)} is bounded for
0 <A< 1. Let (u,v) € B, then

/Hlts f(s,u(s), ()dSJFAZHlttk)IM((;’“))

k=1

/OOO hi(s) (Z ik (“i”)) ds




4.1 Main result

Thus
ol <1+f°w}2,{(8)ds | R+ syislule
+(1+fo°oh,;{(s>ds) [ P+ sl
+(1+ omh]f)ds) | rsa s
e Jo~ ) fj( Fhug)( 4 ) ulls
+(1+f0°°h;,{(5)d5)i:j|11,k<o>|+( L )Z!Jw I
and
WOl < (1 BB )1 syl
w14 )y~ ”,j,é(s)ds) | P+ syaslole
+ (1 L h}jz(s)ds) /Ooo Py(s)(1 + s)d
+<1+f0°°h}j§s)ds) ki(%Hb W1+t |vlle
+<1+f°ooh]jz(s)d8)§lf K(0)] + ( fO )ZU

This implies that
lullz < Niljullg + Kiflullz + Naflvfz + Na.
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and

vz < Cillulle + Kallv|lg + Collv|| & + Cs.

Then, we have that

() ()<
—Cl 1—02 —KQ H’UHE - 03 ’
Therefore

M( HZ”? ) < < ‘ZZ’ > . (4.1.15)

Since M satisfies the hypotheses of lemma (1.4.5) thus (M)~" is order pre-
serving. .
We apply (M)~! to both sides of the inequality (4.1.15) we obtain

(1) = (%)

Then theset B = {(u,v) € E x E : AF(u,v) + AB(%,%) = (u,v) } is bounded,
hence we deduce from lemma 1.4.14 that the equation x = F(z) + B(z),

r € F x E has solution. O]
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4.2 Example

In this section, we present a simple example to explain our result.
Consider the problem:

—t

—u”:%(l—{—u—l—v)%, teJ t+k, (4.2.1)
—v”:%(1+u+v)5, teJd, t+k, (4.2.2)
Au(k) = 8—1k W), k=1,2,---, (4.2.3)
A (k) = s vulb), k=12 (4.2.4)
Av(k) = e—%(1 i(zlj()k))’ k=12 (4.2.5)
AV () = e q i(fgk))’ k=1,2,-, (4.2.6)
u(0) = /0 e iu(s)ds, o (00) = 0, (4.2.7)
v(0) = /OOO e v(s)ds, v'(00) = 0. (4.2.8)
Let . 2
fltuw) = (b ut o),
g(t,u,v) = %(1 +u+v)3,
Tu(u(te) = ge/ath) k=1,2,0+
Falut)) = oo Vulk) k=1,2,-+
Taalv' () = ¢ 1 i(fgk)), =12,
DA (1) = e i(f()k)), —12,
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Let u,v € |0, oo[etteJ
0 1
it is clear that / e 9%ds = = 3& 1 and / e 1¥ds = 1 # 1.
0
By the inequality (1 —l—x+y)7 <l+~vx+~yy forx e RT, 0<vy<1, we

see that . ) )
e_
t, 1+ = z

e‘t 1 1
t, 1+ = =
—t —t

Hence the condition (Hs) holds with P;(t) = % and Pi(t) = ﬁ for i=1,2,

and

-t et

Py(t) = —, Py(t) = —.
Also for all u, u,v,7 € R*, we have

Ihﬂw—lm(ﬂ_lmw—ﬂhk=LZ~m

and
| Li(v) = Lp(0)] < e v —2], k=1,2,--

1
| J1k(u) — Jik(w)] < §|U—ﬁ|7 k=1,2,---,

and
T2 (v) = T (D) < € |o — 0], k=12,

Thus (H3) holds with

1 1

]k
Then, we easﬂy obtain:

fo ha(s > _ 4 .
N; = ( h* /OPi(s)(les)dS—%<oo i=1,2;

fO hg o _ 1
P(s)(1 + s)ds = — =1,2;
C; = ( h* /0 2 (s)(1 4 s)ds 60 < i=12;

f hi(s = 1073
K, = 20 7 by )(1+1) = ——
1 < h* k_l(am + b1 x) (1 + t) 1327 < 00,

-3k —2k
a1 = 7b1k A = € 7b2,k:€ 7k:1727"'a
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* ho(s)ds\ &
Ky = (1 + fo%) (az + bog) (1 +t;) = 0,41 < oo,
2 k=1

Ny = (1 i %J) ( [ARCEES RCIEDY |J1,k<o>|) = <o,

> hy(s)ds o _ > > 1
Cy = (1 + fo%) (/ Py(s)ds + ) |Ls(0) + ) |J2,k(0)l) = 150 <>
2 0 k=1 k=1
Thus N + K1 ~0,83 < 1land Co+ Ky ~ 0,6 <1
For this example
- (1-0,8 —-
M = ( L1 0.6 )

7160

det M ~ 0,07 > 0. By Theorem 4.1.3, it follows that Problem (4.2.1)-
(4.2.8) has at least one solution.
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CHAPTER 5

Implicit impulsive differential
equations with non local
conditions

In this chapter, our main objective is to establish sufficient conditions for
the existence of solutions for systems of implicit impulsive differential equa-
tions with non local conditions. Our approach based on vectorial version of
Krasnoselskii’s theorem. Consider the problem following

2 (t) = gi(t,z(t),y(t)) + hi(t,2'(2), ' (1), te T, (5.0.1)
y'(t) = ga(t, (1), y(t) + ha(t, 2'(1), ' (1)), t € T, (5.0.2)
Ax(ty) = I(x(ty)), k=1,2,...,m, (5.0.3)

Ay(ty) = Ju(y(tr)), k=1,2,...,m, (5.0.4)

z(0) = alz], (5.0.5)

y(0) = Blyl, (5.0.6)

where J = [0,1}, 0<t <ty < - <t <l J = J\{tl,tg,...,tm},
hi, g; + [0, 1] xRxR — R are continuous functions for i = 1,2, 0 < t; < t5 <
v <ty < 1, J, Iy € C(R,R) k€ {1,2,-- ,m}. Ax(ty) = x(t)) — z(t},)
and Ay(ty) = y(t) — y(t,) in which z(¢]) and z(¢) (x(t;), y(t;)) denote
the righ and left hand limit of z(¢) and y(t) at ¢t = t;, respectively. Next
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a, [ are linear functionals given by Stieltjes integrals

t
afv] = /0 o(s)dA(s),

where t €]t,,, 1] is fixed.

5.1 An existence result

We consider the space
PC(J,R)={y:[0,1] > R:ye € C(J,R),k=1,--- ,m,

y(t;) and y(t) exist k= 1,....,m, and y(t;) = y(t)}.
We use in PC(J,R) x PC(J,R) the norm

(2, )| pcoyxpepa) = (|2l oo, 1Yl pep.y) »

where
vl pepo,1y := max{|[v][jog. lvllzy}

and the notation [[v||, 7 stands for sup-norm on [0, ¢]:
[0lljo. = sup |v(?)],
[0,¢]

while ||v[|;) denote Bielecki-type norm on [¢, 1]:

[ollgay = sup [o(t)]e™ 7,
[0,2]

Here nn < t and 7 > 0 are given numbers. As we shall see, the joint role of
the parameters 7 (any fixed number with 7 < ¢ ) and 7(chosen large enough)
is to weaken the assumptions on g1 (t,z,y) , ¢2(t,2,y) when t € [, 1].
Then the norm of the functional a, 5: PC(J,R) — R, is given by

t
lall = sup / o(s)dA(s)|

l[oll=1
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and

/O ’ o(8)dB(s)

18]I = sup
el =1

In order to obtain the equivalent integral form of the problem (5.0.1)-(5.0.5),
de note

uw(t)=42'(t), v@t)=y'(t), t#ty, k=1,2,--- m. (5.1.1)

Integrating (5.1.1) from 0 to ¢, we have

x(t):x(())—i-/o u(s)ds + Z Ie(z(tr)),

O<tp<t

and

The conditions z(0) = afz| and y(0) = S[z] gives

20 =a| S Lle(t) + / “u(s)ds| + az(0))

and

W0 =8| 3 Ap(t)+ [ vls)as| +alyo)]
Hence _-O<tk<' _-

20)=a| Y Lat) + /0 “u(s)ds| + a[1]x(0),

v =a| 3 Aw(t) + [ u(s)ds| +alily(0)
Therefore o _

—|—/0 u(s)ds+ Z T (z(th)),

0<tp<t

z(t) = (1-af1]) o [ Z In(z(ty)) + / u(s)ds

0<trp<. 0
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+/0tv(s)ds+ > Te(y(te).

0<trp<t

y(t) = (1-p1)~'8 [ > Jk(y(tk))‘F/.U(S)ds

0<tp<. 0

In the other hand, we have that
2t) = (1—afl])a M u(s)ds] + /Otl u(s)ds = (1 — a[1])~! /Dtl u(s)ds
oty = (1 =alt)”? (e + [ o)

ofts) = (1= alt)? (Bleto) + Lot + [ o)

z(ty) = (1—04[1])1< Z Ii(:c(ti))—i-/oku(s)ds).

0<t; <ty

Similarly, we have

MM%=O—ﬁM)1<§:LMMMY+AkM@%>-

with t

i) = (=B [ ulspas
Let
Gi(u,0)(t) = gi(t, (1= a[l]) " alh] + (1), (1 = B]) 7' Blha] + ha(1)),
Ga(u,v)(t) = got, (1 — a[l]) " o] + ha(t), (1 — B[1]) ' Blho] + ha(t))
where
hy(t) = Z I ((1 —afl])™! ( Z Li(x(t;)) + /0 ) u(s)ds)>+/0 u(s)ds,
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and
ho(t) = Z Jy ((1 —Bant ( Z Ji(y(t;)) + /0 kv(s)ds>>+/0 v(s)ds.
Also we define
Hy(u, 0)(t) = ha(t, ult), v(t)),
Hy(u,v)(t) = ho(t, u(t),v(t)).
Then the problem (5.0.1)-(5.0.5) is equivalent to the system

{ u = Gy(u,v) + Hy(u,v),

v = Gy(u,v) + Ho(u,v). (5.1.2)

In this section we study the existence of solutions for systems (5.0.1)-(5.0.5)
with two impulses. We need the following assumptions:

(Hy) g1 and gy are jointly continuous functions, there exists nonnegative
coefficients
a; bl C; Az Bz Cz such that:

lg1(t,u,v)| < arlul +bifo| + e, if t€ [Q,
IEBE= Arlul + Bilo| + €y, i te [

ga(tyu )] < { elul Fbelvl o, it €0
ga\l, U, — A2|u’+BQ"U|—|—C27 if te [t’1]7

for all u,v € R.
(Hs) hq, hy satisfy the Lipschitz conditions
\ha(t,u,v) — hy(t,u,0)| < ailu —a| + az|v — ],
|ha(t, u,v) — ho(t,u,0)| < bylu — @] + bolv — D,
for all (u,v),(7,v) € R? and t € J. Here for i = 1,2, @;, b; are non
negative numbers.
(H3) There exist dy, di,, Dy and D;, € RT such that for every v € R we have
|IL(v)] < dilu| +dy, k=1,2. (5.1.3)
and

|Ji(v)] < Dglu| + Dy, k=1,2. (5.1.4)
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Define a square matrices

where
A=1+1—al]| ™" (di +dg + dodi|1 — a[1]] ),

B=1+1-p[1]]7" (D1 + Dy + DyD:[1 = B[1]|7") .

and
Ao =141 —a[]] Y|, Bs=1+1—=2a[1]Al.

Now we define

D = {u: PC(J,R) x PC(J,R) : ||(u,v)|lpcpoyxrcpiy < R},

- ~ 1

with R = {gl], R >0,Ro>0and R>([ - M- M — —Ml)_l(P—f—K),

2 T
where

P = [H©,0)pcoyercon, K =[],
K,

with
H(0,0) = Hl(0,0) N Kl =cC + alé + blé and K2 =9 + G/QCN’ + bgc_’,

H(0,0)
where

C =dy +dy + dids|1 — a[1]] 7, C =D, + Dy + D1 Ds|1 — B[1]] 7!

It is obvious that D is a non empty, bounded, closed and convex subset of
PC(J,R) x PC(J,R).

Theorem 5.1.1. Suppose that the hypotheses (Hy) — (H3) hold, if the spec-
tral raduis of the matriz M + M 1is less one, then the problem (5.0.1)-(5.0.5)
has at least one solution.
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Proof. Consider the operator

T:PC(J,R) x PC(J,R) — PC(J,R)x PC(J,R)

defined by

T(u,v) = Gy(u,v) + Hy(u,v),
with

Tl(u7 U) = Gl(ua U) + Hl(“u U)a
avec

To(u,v) = Go(u,v) + Ha(u,v).

Therefore, the system (5.1.2) can be regarded as a fixed point problem for
the operator T

Step 1:We, verify that H is a generalized contraction mapping

In, fact for all (u,v), (u,v) € PC(J,R) x PC(J,R) using (Hs) and (Hj),
for t € [0,7], we have

[Hy(u, 0)(8) = Hi(w,0)()] = [ha(t, u(t), v(t)) — ha(t, u(t), v(t))|
< anfu(t) — a(t)] + biv(t) — v(t)]
< allu—allpg + billo = llpp-
Taking super norm, we obtain that
1 (,0) — iy (@,0)lo) < llu—allg +Billo —ollog.  (5.05)
For t € [t, 1], we obtain

| Hy(u, 0) () = Hi(u, 0)(1)]

QI
=
I~
—~
~
N—
N
~—~
~
S~—
(‘b‘
\‘
s
T
3
5
@
3
A
T
I
=

40y [v(t) — B(t)|e T

< el — |71 + bre™ v — liz.1-
Dividing by e”*~" and taking super norm when ¢ € [£, 1], we obtain that :
|y, 0) —~ Hy(a )|y < o — allgy + ballo — 9llgy. (5.06)

The inequalities (5.1.5) and (5.1.6) will imply that
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| Hy(u,v) — Hy (4, 0)|| pep,yy < @rllu — il e + billv — 0l pep,- (5.1.7)
Similarly, we obtain
[Ha(u,v) = Ha(@, )| peppa) < G2llu — @l pepo,y + ballv = Bl ey (5.1.8)

Using the vector norm we cam put both inequalities (5.1.7) and (5.1.9)
under the vector inequality

IH(U) — H(U) || pep.yxpepay < MU = Ul pepp.axpefo.)- (5.1.9)

for U = (u,v), U(@, ), according to p(M + M) < 1 and M = M + M, we
have p(M) < 1. Hence H is generalized contraction.

Step 2: G is continuous.

Let (un,v,) be a sequence such that (u,,v,) — (u,v) in PC(J,R) x

PC(J,R), then for each t € [0, ]
|G (U, ) (8) — G (u,v) (1)) <

91 (-7 1a£h;ﬁ] + hin(.), IBE}LZ?[Q] + hQn()) — 01 (-, % + ha(.), ﬂﬂﬂ + h2(-)>

Note that

3 Il-(a:n(ti))—l—/okun(s)ds

2
0<t; <tp
—h < I _
hanl®) =B (O] <30 |1y T
k=1
ty
Z Li(x(t;)) +/ u(s)ds
0<t;<t 0 ~
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5.1 An existence result

Similarly, we have that

S iya(t) + /0 o (s)ds

2
0<t; <ty
|hon(t) = ha(t)] < > |k _
; 1 —afll]
123
Z Ji(y(ti)) + / v(s)ds
0<t;<tp 0 ~
Jk 1 —05[1] +tan_UH[0,f]'

Hence h;, — hy as n — oo and hy, — hy as n — oo.
So, we obtain

|G 1 (tn, vn) — Gi(u,v)||py — 0 asn — oo

For [t, 1], and any 7 > 0, we have
e TG (un, 0a) (F) = Gru, ) (1)] <

7 ( f‘fh;’d] + (), ﬂhzﬁ] + hz,n(.)) _ ( % +ha(L), % + @(.))

Note that

> Haat) + [ unlo)is

0<t;<tg

Iy

() = ()] <3

k=1

1 —all]

> )+ [ uts)as

0<t; <ty ‘

_Ik

1 —afl]

67—(1_77)

+tlun — ullo g + [n = ull s

123



Implicit impulsive differential equations with non local

conditions
Similarly, we have that
ty
, > Tilyalti) + / Un(5)ds
0<t;<tg 0
|hon(t) — ha(t)| < T
; 1 —afl]
ty
> A+ [ ols
0<t; <ty 0
—J
g 1— afl] ‘
- 67—(1_77)
+ t]|vn — UH[O,E] + - |vn — UH[£,1]-
Then
|G 1 (un, vn) = Gi(u,v)|| 7y = 0 asn — oco.
Furthermore:

|G (un, vn) = Gi(w, V)| ppoy) = 0 as n — oo.
Similarly, we can obtain
|G (tn, vn) = Ga(u, V)| pogor) = 0 as n — oo.

Step 3: G maps bounded sets into bounded sets in D.
Indeed,it is enough to show that for any r > 0 there exists a positive
constant [ such that for each (u,v) € D, we have

”G(uaU)HPC[O,I]XPC[O,I] <l= (l17l2)-
Then for each ¢ € [0, 7], we find that
Gi(u,v) ()] = |gu(t, (1= a[1]) " elha] + ha(t), (1 = B[1]) " Blha] + ha(t))|
ay [(1 = a[1]) " afhu] + ha ()| + by | (1 = B1]) ' Blha] + ha(1))| + 1

ay |1 = o1 el 17allo.q + arllballo g + b1 11 = BBl h2llo g
+h2llpg +

IA A
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5.1 An existence result

Then

(G, 0) ()] < ar (L4 1= a1 lal]) [Bnlloa 00 (L4 1= BT 1B1) Ihallp g+

Note that

@) =

IN

IA

IN

IN

IN

(5.1.10)

> I ((1—041])—1( > [i(x(ti))%—/oku(s)ds)) +/0 u(s)ds

O<tp<t 0<t;<tp

I ((1 —afl)™! ( Z [i(x(ti))+/0ku(s)ds>>

0<t; <tp

(1—aft)™ /0 1 u(s)ds

+d1 + jg + t~HuH[0,t~]

t1
=t [ luo)lds + daft ~ ot (Intote)] +
0 0
—1—621 + JQ + EHUH[O,E]
Fd |1 — oL o + dalt — afU] ™ (dula(t)] + d + Flull o) + Flull oz
+dy + dy
t1 _ B
t@ﬂ—ﬂm*mmﬂ+u—ﬂm*@(mu—ﬂm*/°m@ww+m+mmm@
0
Fllullon + d + do
f(l +1]1-— 04[1]|’1 (d1 + dy + dad; |1 — 04[1]\’1)) HUH[O,E]
+J1 + JQ + J1d2|1 — 05[1”_1,

+ /Ot lu(s)|ds

1= alt) " (BGate) + [ uts)as)

k=1

dl + d2

t2

uls)as )

which implies that

1hallio. < tAllullq + C- (5.1.11)

Similarly, we have that

Ihallog < iBllollog + C- (5.1.12)

Submitting (5.1.11) and (5.1.12) to (5.1.10), we have

HGl(u,’l})H[Oﬂ S alAaAEHuH[Oﬂ +a16_’+blBngHvH[0ﬂ +blé+61. (5113)
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Implicit impulsive differential equations with non local
conditions

On the other hand, one can obtain that for any (u,v) € PC(J,R) x
PC(J,R), t € [t,1] and any 7 > 0, one can obtain that

|G, 0) ()] < Av L= aft]| 7 [l + Aula (8)]
+ B |1 = B 1Bl h2llp g + Bilhe()] + C1 - (5.1.14)

Clearly, that
o _ t
()] < FAllullgs +C + / fu(s)|ds
t

t
::immmﬂ+o+/e*nkﬂsmmw$.
t

Then
-~ _ @T(t_n)
P (®)] < tA|lufloq + €+ ——llullzy: (5.1.15)
Similarly, we have that
~— ~ eT(t_n)
|ha(8)] < tBlvlljpg + C + - [ollz)- (5.1.16)

Submitting (5.1.11), (5.1.12), (5.1.15) and (5.1.16) to (5.1.14), we have

_ - _ - AleT(t_n)
|Gi(u,v)(t)] < AiAAt|ullpg + BiBBgt|vl|jq + 7““”[&1]
BleT(tin

T

) ~ —
o)l + C1+ AiC + B.C.

Dividing by e”*= and taking the super mum when ¢ € [£, 1], we obtain
obtain

1G1(u,v)[[gy < (Alf‘_lAJHUH[o,ﬂ + A1C + BiBBgt||v| o + B:C + Cl) e~

Ay By
+ = Nullizy + = vl
—lullgy + —lvligy
Now we can take advantage from the special choice of the norm ||.|[1 7, more
exactly from the choice of 1 < £, to assume (choosing large enough 7 > 0)

that
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5.1 An existence result

Aye ™ < ap, Bye T < b1, Che T < ¢y,

By deduction, one can obtain that

1Ga(u, )y < arAAullullo + BiEBBsllolloq + 1 +arC + biC

Bl Al
+ —lollgy + — el (5:1.17)

Now (5.1.13) and (5.1.17) imply that

- A . - B
161w 0)llrcns < (@idda+ 5 ) Rullcina+ (447855 + 22 ) ol

+ e +aC+b6,C:=1. (51.18)

Similarly

. - A . - B
|G (u, v)|| pepoa) < <a2tAaA + 72) “UHPC[OJ]‘I‘(bﬂBﬂB + 2) lv]l pcro

T

+ Co + agé -+ bgé = lg. (5119)

Step 4: G maps bounded sets into equicontinuous sets of PC(J,R) x
PC(J,R) )

Let D the bounded sets. Let 1, ro € [0,t], r; < ry and (u,v) € D, thus we
have

610 0)2) = Galus o)) = o (1, 12 ). 22 )
_ , afhi] . Blho] .
g1 ( 1 1 — a[l] +h1( 1)7 1 _5[1] +h2( 1)) ‘



Implicit impulsive differential equations with non local
conditions

Note that
|h1(r2) — ha(r1)]

<

r1<tp<ro

( (1—af1])"! (Il(m(tl)) +/0tk u(s)ds))’ +/ lu(s)|ds

(1= af1))"! (Il(x(tl))—i-/otku(s)ds)‘—i- S

r1<tp<rg

> 4

r1<tp<ro
+ (r2 = 1) lulliog
<P—aft]]™ Y dk (dila(ty)] + di + Elullo )

r1<tp<ro
+ Z Czk+(7“2—r1)||u||[o,£]
r1<tp<ro
<i—all)[Mlullpg Y de(l—all] ' +1)+ > d
7’1<tk<'r’2 r1<tp<ro
+d T —al]l™" Y di+ (ra—r)|ullpa:
r1<tp<re

Similarly, we have that

[ho(r2) = ha(r)l < L= o) Tullpy Y. Di (|1 —all]'Di+1)

r1<tp<rz2
+ > De+Dilt—afl]|t Y Di+ (ra— ) lullog-
r1<tp<rz 71 <t <r2
Then
|hi(r2) — ha(r1)| = 0 as 1y — ry,
and

|ha(re) — ho(r1)| — 0 as 1o — 7.

This follows from the continuity of g1, g2, we get
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5.1 An existence result

|G1(u,v)(r2) — Gi(u,v)(r1)| — 0 as ro — 7y for t € [0,1].
Similarly,we have

|G (u,v)(re) — Ga(u,v)(r1)| = 0 as ro — 11 for t € [0, ]

Secondly, for ry, 75 € [t,1], 71 < 75 and (u,v) € D, we obtain

677'(1"2*77)67*1 (u’ U) (er) — e*T(rl *”)Gl (U, U) (Tl)

—7(ra—n) a[hl] h B[hﬂ h
e g1 (7”27 1= a[l] + hi(r2), T3] + ha(ra)
_ _—7(r1—m) a[hl] h B[hQ] A
e g1 (7”17 1= all] + 1(7“1),—1 — B[] + ha(r1) | |-
Note that
_errmm .
[Pa(r2) =l (r)l < 1= a1]] 7 ———lully Y d(1—afl]]'dy+1)
r1<tp<r2
- o eT(r2=n) _ o7(ri—n)
+ Z di + dqi|1 — 1] Z di + . w1
r1<tp<ro r1<tp<re
Similarly, we have that
_ertrmm .
|ha(r2) = ha(r)| < |1 = afl]] lullgy Y De (1 —al)] 7' Dy+1)
r1<tp<r2
_ _ o eT(r2=n) _ o7(ri—n)
+ Y D+ Dil—allt > D+ . Jull gy
r1<tp<ro r1<tp<ro

which implies that
|hi(r2) — ha(r)| = 0 as o — ry,

and
’hg(?”g) — hg(’f’l)‘ — 0 as To — T1.
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Implicit impulsive differential equations with non local
conditions

This follows from the continuity of ¢, g2, we have

|G (u,0) (r2) — €T TG (u,0) (1) = 0 as 1y = 1y for t € [E1]

Similarly,we have
|7 TG, ) (r2) — €T TGy (u,v) ()| = 0 as 7y = 1y for t € [E 1]

So by step 2-4 we prove that G is completely continuous. Step 5 We
show for non empty, bounded, closed and convex subset D of PC(J,R) x
PC(J,R) such that G(D)+ H(D) C D.

The inequalities (5.1.18) and (5.1.19) imply that

|[ul|pcio,) K,

~ 1
M+ —M;
T HU||PC[0,1]

HGI (U, U) HPC[O,I]
<(

||G2(U7 U)||PC[0,1]
where . B
K1 = C1 +CL10+ blC,

and ) B
KQ = C2 +a2C'—|—61C',

Using the vector-valued norm, equivalently,

~ 1
|G (u,v) || pcppaxpcio) < (M + ;M1> | (u, v)|| pcioyxpepa) + K, (5.1.20)

K
where K = ol On the other hand, it follows from (5.1.9)
2
1H (u, v) || pego < poto) < M| (u,v)lpepyx e + P, (5.1.21)

For every (u,v) € PC(J,R) x PC(J,R), where P = ||H(0,0)| pcpo,1x Pc(o,1]-
Now we look for R = (R, Ry) € R? such that
| H (u,v)+G(u,v)| pcp1xpcp, < R for (u,v) € PC(J,R) x PC(J,R) with
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5.1 An existence result

H(uaU)HPC[O,I]xPC[O,l] <R.
To this end, according to (5.1.20) and (5.1.21), it is sufficient that

- 1
(I—M—M——Ml)R+P+K§R.

T

Or equivalently

]
P+K§(LJW—M——MQR. (5.1.22)

. ~ 1
Since p(M + M) < 1 and the entries of — are as small as desired for

-
7 > 0 large enough, according to Lemma 1.4.6, we can choose 7 such that

— ~ 1

1 - 1 S\t
Then, I—M——M;— M is invertible and its inverse (I - M ——-M; — M)
T

-
is a nonnegative matrix,(5.1.22) is equivalent to

REO—M—M—

Ml) ), (5.1.23)

Rl

Therefor, G(D) + F(D) C D
Thus problem (5.0.1)-(5.0.5) with k£ = 1,2 have at least one solution . [
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Implicit impulsive differential equations with non local

conditions

5.2 An example

Consider the problem

1 1 4.0 -1 1
o = s(@sing) £ filt) + gy L+ eI ved A5, (5.20)

;
Y = cos (:vl—y) + falt) + %x 1+ e%(y/ 1 1, t % (5.2.2)
sl =L+ (2)). 629

Aw(%) _ %Cos (y (%)) , (5.2.4)

o) = | o), y(0) = / " yopds, (5.25)

where fi, fo € C(J,R). This problem can be regarded as the form (5.0.1)-
(5.0.5). In this case.

g1(t,u,v) = 1—10(u+sinv) + f1(t),

oot 1, v) = cos (“ Z ”) + (),

1

Y

1 1 -
hy(t,u,v) = 3¢ [1 + e’g(“’l)]

1 1
hZ(ta u, U) = 1_Ou |:1 + 67%(1)71):|

L(u) = ésin (x (%)) |
Ti(v) = %Cos (y G)) |

-1
We have t = 37 we have that

of1] = 81] = flall = 18]l = 5.
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5.2 An example

Consequently, A, = Bg = 2.
For any u,v e Rand t € J:
~jul +

’gl(tauav) 0‘U|—|—|f1(t)’,

— 10
1 1
92(t, u,v)| = Z’U‘ + ZM + [ f2(1)].

Hence condition (H;) is satisfied with

1
:A = — = r
ai 1 10’ €1 ||f1|| 017
"2
b=Bi=—, Ci=Al
1=bi=15 ©1=lh 1 1
27
| L
a2:A2:Za 02:||f2||' 17>
0,§j|
] L
5223221, 022Hf2H'1 :
-1
>
For any u,v,u,v € Rand t € J
st ,0) = ha(t,5,9)] < ol — ] + Sl — 0
1t u,v _mu a v—1,
and . .
|ho(t, u,v) — ho(t,u,v)] < E|u—ﬂ\+ﬁ|v—6\.
Hence condition (Hs) satisfy with @ = ay = by = 0 and by
quently
1 1
_ 10 2
M =
1
10 10
we have for each u,v € R.
1
()] < glul +1
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Implicit impulsive differential equations with non local
conditions

1
| Ji(u)| < 5|U\ + 1.

1 1 - _
Thus condition (Hs) satisfied with d; = 5 D, = = d; = D; = 1 Then we
have that

_ 1
A:1+d1|1—@[1]|_1:1+(6) X 2 =

4
3
_ 1 7
B=1+d1|1—a[1]|—1=1+(3) X2=5

For this Example

2 7
- 15 50
M =
1
3 20
Then
7 16
- _ 30 25
M4+ M= ,
13
30 20

which is convergent to zero because its eigenvalues are \; = 0,88 < 1,
|A2] = 0,2 < 1. From Theorem (5.1.1), the problem (5.2.1)-(5.2.5) has at
least one solution.
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Conclusion and Perspectives

The object of this thesis is to study the existence of solutions for impul-
sive differential equations and systems of impulsive differential equations
with local and non local conditions, we have also considerd the systems of
implicite impulsive differential equation with non local conditions.

We plan to look for the differential inclusions with delay and impulsive
differential equations.
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Abstract

In this work we discuss existence results for impulsive differential equation
with non local conditions and systems of impulsive differential equations
with local and non local conditions. Sufficient conditions are considered
to prove the existence of solutions. Our results will be obtained by means
of technique of fixed point theorems in generalized metric spaces, Leray
Schauder continuation theorem and the vector version of Kras-nosel’skii’s
cone fixed point theorem.

Key words and phrases : Impulsive differential equations, matrix

convergent to zero, generalized Banach space, fixed point, implicit differen-
tial equation, Leray Schauder degree.
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Résumé

L’objectif de cette these est de présenter des résultats d’existence des
solutions des systemes d’équations différentielles avec impulsions. On a
considéré des équations différentielles impulsives avec des conditions non
locales et des systemes d’équations différentielles impulsives avec des condi-
tions locales et non locales et sur un intervalle non borné. Nos résultats sont
basés sur les théoremes du point fixe dans les espace de Banach généralisés
et la théorie de degrée de Laray Schauder .

Mots et phrases clefs: Systémes des équations différentielles impul-

sives, espace de Banach généralises, les équations différentielle implicite,
théoreme de continuation.
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