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Notations
Q: Bounded domain in R¥.
I': Topological boundary of 2.
x = (21,21, ..., vy ):Generic point of RY.
dx = dxidx,...dxy: Lebesgue measuring on €2.
Vu: Gradient of u.
Au: Laplacien of w.
a: a multi-index o = (aq, ...ay), N € N, with a; > 0 forany i € 1,..., N
St f7 smax(f,0), max(—f,0).
a.e: Almost everywhere.
q: Conjugate of p, i.e ]lj + % = 1.
D(€2): Space of differentiable functions with compact support in €.

I

'(Q): Distribution space.

Q

*(€): Space of functions k-times continuously differentiable in 2.

N

(Q): Space of continuous functions null board in €.

LP(Q): Space of functions p-th power integrated on 2 with measure of dz.
1

11l = (o | ()I7)

WP () = {u € L7(Q), 2 € L(Q),i = 1, N}

lullsy = (lullp + 1Vul)?

Wy (Q): The closure of D(Q) in W(Q).

W, "(Q): The dual space of W, 7(Q).

H: Hilbert space.

H'=Wh(Q).

H} The closure of D(Q) in W12(Q).

If X is a Banach space

LP(0,T;X) = {f 1|0, T[— X is measurable; fOT I f(O)])5dt < oo} :

L>(0,T;X) = {f :[0,T] — X is measurable; sup esst(t)Hf?(} :

te[0,T
C*([0,T]; X): Space of functions k-times continuously differentiable for [0,7] — X.

D([0,T]; X): Space of functions continuously differentiable with compact support in [0, 7.
Bx = {x € X;||z|| < 1}: unit ball.






Chapter 1
General Introduction

In the mid-twentieth century, the theory of partial differential equations was considered
the summit of mathematics, due to the difficulty and significance of the problems it solved,

and it’s existence that came later than most areas of mathematics.

Nowadays, many mathematicians are inclined to look disparagingly at this remarkable
area of mathematics as an old-fashioned art of juggling inequalities, or a testing ground for

applications of functional analysis.

The principal source of partial differential equations is found in the continuous-medium

models of mathematical and theoretical physics.

In this thesis, we address some topics related to the controllability and stability of partial

differential equations (PDE).

The controllability problem may be formulated roughly as follows
Consider an evolution system on which we are allowed to act by means of a suitable choice
of the control (the right hand side of the system and the boundary conditions...etc). Given
a time interval 0 < ¢ < T, the initial and final states, the goal is to determine whether there

exists a control driving to the given initial data and to the given final ones in time 7.



This is a classical problem in Control Theory and there is a large literature written on the
subject. We refer to the book of J.-L. Lions [47], as an introduction to the case of systems
modeled by means of PDE.

Regarding the problem of stabilization, the purpose is to attenuate the vibrations by
feedback. it consists of guarantee the decay of the energy of solutions towards 0 in away,
more or less fast.

More precisely, we are interested to determine the asymptotic behavior of the energy denoted

by E(t) and to give an estimation of the decay rate of the energy.

In order to treat the asymptotic behavior, there are several types of stabilization:
The first type consists to analyzing the energy decay of solutions towards 0 i.e. E(t) — 0 as

t — oo. This is what we name the Strong stabilization.

Concerning the second type, we are interested in the uniform stabilization that is related

to the decay of the energy which exponentially tends to 0 i.e.
E(t) < Ce "Vt > 0,

where C' and § are a positives constant with C' depends on the initial data.

In the third type of stabilisation, we study the intermediate situations, in which the

energy decay of the solution is not exponential, but polynomial or logarithmic for example:

C
-, Vi >0,

E®) = Gogm 1)

!

E(t) < S—a,w > 0,

where C,C’, a and k are positive constants with C,C’ depend on the initial data.

The current thesis presents results of existence and stability of solutions for four evolution

problems, and it mainly consists of five chapters. Each chapter is presented as follow:



Chapter 1
Is entirely devoted to the presentation of the definitions, and the results necessary for this
work.
First, We mention few basic results: functional spaces including spaces of Sobolev, spaces
LP, and the results of exponential and polynomial decay, and a remind of some methods of
existence used in this work.
Chapter 2
In this chapter we study the following wave equation, with damping effects, and a weak

internal constant delay in a bounded domain.

p

u(x,t) — koAu + a/tg(t — s)Au(x, s)ds
0
+ug () (z, t) + po(t)u/(x, t — 7) = 0, on 2x]0, +ool,
u(z,t) =0, on 02x]0, 400, (1.1)
'LL(.%‘,O) :u0<x)7ut<x7t) :ul(x)7 on Q>
(u(z,t —7) = folz,t —7), on 2x]0,t[.

Where  is a bounded domain in RY (N € N*) with a smooth boundary 9. The initial
data ug, uy, fo belong to a suitable space. Moreover, 7 > 0 is the time delay term and iy, o
are real functions that will be specified later. Furthermore, kg is a positive real number and
g is a positive non-increasing function defined on R™.

With conditions on kernel of the term memory ¢ and the functions p;, s, we prove the
global existence of solutions by Faedo-Galerkin methods, and we establish the estimation of
the decay rate for energy using the multiplier method.

Chapter 3

In the same axis, a multidimensional system of viscoelastic wave equations with dynamic

boundary conditions, to the amortization and delay of Kelvin Voigt, were tackled in Chapter
3.



t
Uy — Au — / g(t — s)Au(s)ds — §Au, = [ulP"tu, in Q x (0,+00),
0

u =0, on Ty x (0,400),

Uy = —a[2%(z,t) + 622 (2, t) + i (Dwe(@, 1) + po(t)u(z, t — 7)), (1.2)
on I'1 x (0,400),

u(z,0) = up(x), ur(z,0) = uy (), x €,
| w(r,t —7) = folz,t —7), on Ty x (0,400).

Where u = u(z,t) ,t >0,z € Q and A denote the Laplacian operator with respect to the
x variable. € is a regular and bounded domain of RY, (N > 1), 00 =T, Uy, NIy =0
and 6% denote the unit outer normal derivative, p; and ps are functions depending on t.
Moreover, 7 > 0 represents the delay and ug, uq, fo are given functions belonging to suitable
spaces that will be specified later. This type of problems arises (for example) in modeling of
longitudinal vibrations in a homogeneous bar on which there are viscous effects. The term
Auy, indicates that the stress is proportional not only to the strain, but also to the strain
rate.

For this problem, we establish a general result of the decay using the Nakao technique.
Chapter 4

The purpose of chapter four is to present a result of existence of solutions for the following

viscoelastic plate equation with a constant delay term and logarithmic nonlinearities

4

g (2, t) — Au + ¢(x) (ozA2u — /0 g(t — 8)A%u(z, s)ds)

+py () ug (2, t) + po(Bug(z,t — 7) = uln [ul*  in RY x]0, +o0],

u(x,t) =0, on IRYN x]0, +o0], (1.3)
u(z,0) = up(z), us(z,0) = uy(x), in RY,

(w2, t —7) = folz,t —7), in RVx]O,¢[.

Where n > 1, ¢(z) > 0 and (¢(z))~! = p(z), such that p is a function that will be defined
later. The initial datum wug, uy, fo are given functions belonging to suitable spaces that will
be specified later. uq, ps are real functions and g is a positive non-increasing function defined

on R,. Moreover 7 > 0 represents the time delay term.

10



Under certain conditions, we prove the global existence. Also, we establish a general rate of
decrease in solutions.

Chapter 5

The last research problem is presented in chapter five. We investigate the decay properties

of solutions for the initial boundary problem value of a nonlinear wave equation of the form

.

(e~ 2us) — L — /0 gt — ) Lu(s)ds + pun(e, 1)
+ [ pa(s)ui(x,t — s)ds = 0, in 0x]0, + infty],
u(w,t) =0, on T'x]0, 400, (1.4)
(@, 0) = uo(x), usx,0) = ua (), in Q.
L ut(r, —t) = fo(z,1), in 2x]0, 7o

Where € is a bounded domain in RY, N € N*, with a smooth boundary 9 = I'. The
constant 7; is nonnegative such that 7 < 7 and ug : [11, 7] — R is a bounded function. The
initial datum (u,u1, fo) belong to a suitable functional space, where Lu = —div(AVu) =
N
0
— Z (am (as)%) and A = (a;;(x)) is a matrix that will be specified later. We prove the

ij=1
result of the energy decay by constructing a suitable Lyapunov function.

11
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Chapter 2
Preliminary

In this chapter, we will introduce and state without proofs some important materials needed

in the proof of our results.

2.1 Banach Spaces - Definition and properties

We first review some basic facts from calculus in the most important class of linear spaces ”

Banach spaces”.

Definition 2.1.1 A Banach space is a complete normed linear space X. Its dual space X'

is the linear space of all continuous linear functional f : X — R.

Proposition 2.1.1 ([71]) X' equipped with the norm ||.|x defined by

1l =sup{1f@)l, Jlull < 1}, (2.1)

is also a Banach space. We shall denote the value of f € X' at u € X by either f(u) or
(fsu)x x.

From X’ we construct the bidual or second dual X” = (X’)". Furthermore, with each u € X
we can define p(u) € X” by p(u)(f) = f(u), f € X'. This satisfies clearly ||¢(u)|| < ||ul|.
Moreover, for each u € X there is an f € X’ with f(u) = ||u]| and ||f|| = 1. So it follows
that [|o(u)[| = [Jul]

Definition 2.1.2 Since ¢ is linear we see that
o: X — X",

13



is a linear isometry of X onto a closed subspace of X", we denote this by
X — X",
Definition 2.1.3 If ¢ is onto X" we say X is reflexive, X = X",

Theorem 2.1.1 (Kakutani)([12]) Let X be Banach space. Then X is reflexive, if and only
if,

By = {x eX:|z] < 1},
is compact with the weak topology o(X,X"). (See the next subsection for the definition of

o(X, X')).

Definition 2.1.4 Let X be a Banach space, and let (u,)nen be a sequence in X. Then u,

converges strongly to u in X if and only if

lim |ju, —u||x =0,
n—-+4oo

and this is denoted by u, — u or lirll Up = U.
n——+0oo

Definition 2.1.5 The Banach space X s said to be separable if there exists a countable
subset D of X which is dense in X, i.e. D = X.

Proposition 2.1.2 (/12]) If X is reflexive and if F is a closed vector subspace of X, then

F is reflexive.

Corollary 2.1.1 ([12]) The following two assertions are equivalent:
(i) X is reflexive. (ii) X' is reflexive.

2.1.1 The weak and weak star topologies

Let X be a Banach space and f € X’. Denote by

pr: X =R

2.2
r — Spf(z)’ ( )

when f cover X', we obtain a family () rex of applications to X in R.

14



Definition 2.1.6 The weak topology on X, denoted by o(X, X"), is the weakest topology on

X, for which every (¢y)rexs is continuous.

We will define the third topology on X', the weak star topology, denoted by o(X’, X). For

all x € X, denote by
wr: X' =R

f = ef) = ({f,2)x x,

when z cover X, we obtain a family (¢,).cx of applications to X’ in R.

(2.3)

Definition 2.1.7 The weak star topology on X' is the weakest topology on X' for which

every (¢z)zex 18 continuous.

Since X C X", it is clear that, the weak star topology o(X’, X) is weakest then the topology
(X', X"), and this later is weakest then the strong topology.

Definition 2.1.8 A sequence (u,) in X is weakly convergent to u if and only if

lim f(un) = f(u),

n—o0

for every f € X', and this is denoted by u,, — u.

Remark 2.1.1 (/12))
1. If u, —u € X (strongly) then u, — u (weakly).

2. If dimX < 400, then the weak convergent equivalent the strong convergent.

Proposition 2.1.3 (/71]) On the compactness in the three topologies in the Banach space
X:

1. First, the unit ball
Bz{xexzmﬂg1} (2.4)

in X is compact if and only if dim(X) < co.

2. Second, the unit ball B' in X'( The closed subspace of a product of compact spaces) is

weakly compact in X' if and only if X is reflexive.

3. Third, B’ is always weakly star compact in the weak star topology of X'.

15



Proposition 2.1.4 ([12]) Let (f,,) be a sequence in X'. We have:
1. [fo =" fino(X', X)] < [fulx) = f(x), Vo € X].

2. If fn, — f(strongly) then f, — f,in o(X', X"),
If fo = fino(X', X"), then f, —=* f,in o(X', X).

3. If fru =" fino(X', X) then || f,.|| is bounded and || f|| < liminf || f,||.

4. If fr, =" fin o(X', X) and x, — z(strongly) in X, then f,(x,) — f(z).

2.1.2 Hilbert spaces

Definition 2.1.9 A Hilbert space H, is a vectorial space supplied with inner product (u,v),
such that ||u|| = \/{(u,u) is the norm which let H complete.

Theorem 2.1.2 ([12/)(Riesz)

If (H;{(.,.)) is a Hilbert space, {.,.) being a scalar product on H, then H' = H in the following
sense: to each f € H' there corresponds a unique w € H such that f = (u,.) and ||f||lg =
]| -

Remark 2.1.2 From this theorem we deduce that H” = H. This means that a Hilbert space

18 reflexive.

Theorem 2.1.3 ([12]). Let (u,)nen is a bounded sequence in the Hilbert space H, it posses

a subsequence which converges in the weak topology of H.

Theorem 2.1.4 ([12]). In the Hilbert space, all sequence which converges in the weak topol-
oqy 1s bounded.

Theorem 2.1.5 ([12]). Let (uy,)nen be a sequence which converges to u, in the weak topology

and (Vp)nen 1S an other sequence which converge weakly to v, then

lim (v, u,) = (v, u). (2.5)

n—oo

Theorem 2.1.6 ([12/)(Banach-Alaoglu-Bourbaki). Let X be a normed space, then the fol-
lowing unit ball of X' is compact in o(X', X)

B = {a:' e X'; 2] < 1}. (2.6)

16



2.2 Functional Spaces

2.2.1 The L*()) spaces

Definition 2.2.1 Let 1 < p < oo and let Q be an open domain in RN, N € N. Define the
standard Lebesque space LP(€)) by

LP(Q) = {f : 0 — R is measurable and / |f(z)Pdx < oo} . (2.7)
Q

If p = oo, we have

L>(Q) = {f : Q@ — R is measurable and there exists a constant C such that
|f(z)] < C aein Q}

Notation 2.2.1 We denote

3=

nmfwévmwﬂ, (2.8)

1]l = inf{(], 1f(z)] < C ae in Q} (2.9)
Notation 2.2.2 For 1 < p < oo, we denote by q the conjugate of pi.e. %—i— % =1
Theorem 2.2.1 ([12]) L is a vectorial space, and |||, is a norm for all 1 < p < oo.

Theorem 2.2.2 ([12])(Fischer-Riesz) LP is a Banach space for all 1 < p < oo.

Remark 2.2.1 In particularly, when p = 2, L*(Q) equipped with the inner product

Fahiey = [ f@oa)de. (2.10)
15 a Hilbert space.

Theorem 2.2.3 ([12]) For 1 < p < oo, L*(Q) is a reflezive space.

2.2.2 Some integral inequalities

We will give here some important integral inequalities. These inequalities play an important

role in applied mathematics and also, it is very useful in our next chapters.

17



Theorem 2.2.4 (/12]) (Holder’s inequality). Let 1 < p < co. Assume that f € LP(S2) and
g € LYQ), then fg € L'(Q) and

[ Vtidz < 7 1blgl
Q

1_a l-a
Lemma 2.2.1 ([12]). Let f € LP(Q) N LY(Q), where L<p<r <gq, ; =5+ =%, and 0 <
a<1. Then
1Al < AN

Proposition 2.2.1 (/88]) If u(Q2) < 00, 1 < p < q < 00, then LY — LP and, if f € L1(Q)
1l < (€)7o,

if f € L®(Q) then f € LP(Q) and
10l < (@) lu .

Lemma 2.2.2 ([12])( Young’s inequality). Let f € LP(RY) and g € LYRY) with 1 < p <
00, lgqgooand%:%—i—é—lzo. Then f g € L"(RY) and

L7 gllr@y < I fllzellgllze-

2.2.3 The W™P(Q) spaces

The theory of Sobolev spaces has been developed by generalizing the notion of classical
derivatives and introducing the idea of weak or generalized derivatives.

e Definition and basic properties. Let Q be an open subset of RY and N € N. Let o
a multi-index where a = (ay, ...,ay) with a; > 0 for any i € 1,..,N,|a| = 3%, o; and
D* = D*.. DN with D; = 52

Proposition 2.2.2 (/53]) Let Q2 be an open domain in RN . Then the distribution T € D'(Q)
is in LP(QY) if there exists a function f € LP(S) such that

(T, o) = / F(@)p(@)dz, for all o € D(Q),

where 1 < p < oo and it’s well-known that f is unique.

18



Now, we will introduce the Sobolev spaces. Let 1 < p < oo, and k € N, the Sobolev space
WHP(Q) is the space of functions f € LP(Q). which have generalized up to order k such that
Def € LP(Q) for all || < k. For k =0, we set WoP(Q) = L*(Q).

Whe(Q) = {f e LP(Q), D°f € L(Q), Ya € NV, |a] < k;}

The space W*?(€) becomes a Banach space with the norm

( 1/p
( Z HDO‘fH]Zp(Q)> , for 1 < p < o0,

o] <k

HfHW’“vP(Q) =
max || D f || L (q), for p = +oo.

L lal<k

WkP(Q) is a reflexive space for 1 < p < oo, and a separable space for 1 < p < oo.

Definition 2.2.2 Let 1 < p < oo and k € N, then the Sobolev space Wf’p(Q) is the closure
of the space C$°(S2) in the norm of the space W"P().

It follows from the definition above that the space Wy*(Q) is a Banach space with the norm
[ [wen). We write HY () = Wi (Q).

For 1 < p < oo, the dual space of W*?(Q) is denoted by W=%4(Q) where ¢ is the conjugate
exponent of p. We usually use the notation W~=2(Q) = H~1(Q) Moreover, for k,l € N, k <1

we have the inclusions
Ceo(Q) C HY(Q) C HEQ) c LA(Q) c HH(Q) c HH(Q) C (C2(Q)).

Each of these spaces being dense in the following one.
e Embedding results. We turn now on embedding and compact embedding results con-

cerning the Sobolev spaces.

Theorem 2.2.5 ([53]) Let Q be an open bounded set of RN with a Lipschitz boundary. For
nonnegative integers k, 1 such that 0 < 1 < k, we have the continuous embedding W5P(Q) —
W (Q) for all 1 < p < oo. Moreover, for k > 0, we have W*T(Q) — W*P(Q) for all
I1<p<r<oo.

19



Definition 2.2.3 If 1 < p < N, the Sobolev conjugate of p is defined as

Np
N —p’

Equivalently z% = % Also p* > p.

1
P

Theorem 2.2.6 ([12]) (Gagliardo-Nirenberg-Sobolev Inequality). Let 1 < p < N. Then
there exists a constant C > 0 (depending on p and N ) such that

Hf”LP*(RN) < OlVfle@yy, Vfe Whe(RY).
In particular, we have the continuous imbedding
WhP(RNY s LF"(RM).

Corollary 2.2.1 ([12]) For any1 <p < N, W'P(RY) — L"(R") is continuously imbedded,
for all r € [p,p*].

Theorem 2.2.7 ([12])Equality case, p = N, WHN(RY) — L"(RY) for all r € [N, ool.
Theorem 2.2.8 ([12]) Let p > N, WHP(RY) — L>(RY) .

We now extend the results to proper subsets of RY.

Corollary 2.2.2 ([12]) Let Q a bounded domain in RY with C' boundary and T = 0 and

1 <p<oo. We have with continuous imbedding

If 1<p<oo, then WHP(Q) C LP" (Q), where }% = —
If p=N, then W'"?(Q) C L"(Q), Vr € [p,+o0l.

If p> N, then WHP(Q2) C L*>=(9).

1_ 1
p N’

Moreover, If p > N we have

Vi eWY(Q), |f()— f(y)] < Cle =yl flwisy a.e with z,y € .

with 6 = 1 — % > 0 and C' is a constant which depend on p, N and €). In particular
Wr(Q) c C(Q).

20



Theorem 2.2.9 (/53])(Rellich-Kondrachov). LetQ a bounded domain in RY with C* bound-
ary and I' =0 and 1 < p < oo. We have with compact imbedding

If p<N, then WhP(Q) C L"(Q),Vr € [1,p*] where z% == —
If p=N, then W'?(Q) C L"(Q), Vr € [p, +oo|.

If p> N, then W'P(Q) C C(Q).

1_ 1
p N

Remark 2.2.2 We remark in particular that
Wn(Q) € L(Q),
with compact imbedding for 1 < p < oo and for p < r < p*.

e Generalized Sobolev Imbedding

We shall now generalize the results of previous section to all derivative orders of k£ > 2.
Theorem 2.2.10 (/53]). Let k > 1 be an integer and 1 < p < co and. Then

1. If p < N/k, then WEP(RN) C L"(RY) for all v € [p, Np/(N — pk)].

2. If p= N/k then WEn/K(RN) c L"(RN) for all v € [N/k, 0).

3. If p> N/k, then WEP(RN) C L>*(RY),

with continuous imbedding.

Lemma 2.2.3 ([12])(Sobolev-Poincaré’s inequality). Let Q be a bounded open subset of RY,
then there is a constant C(p, ) (depending on p and Q1) such that

N
If 2sps—, N23 and ¢22, N=12

then
HUHLP(Q) S C(p, Q)||Vu||L2(Q), VU c Hé(Q)

Remark 2.2.3 For all ¢ € H*(Q), Ap € L*(Q) and for T sufficiently smooth, we have

o) 20y < CllAG(E) || 2(0)-

21



Proposition 2.2.3 ([12] Green’s formula). For allu € H*(Q), v € H(Q) we have

—/Auvdx:/VuVde— @UdO',
Q Q

a0 on

where g—z s a normal deriwation of u at T'.

2.2.4 The LF(0,T,X) spaces

Definition 2.2.4 Let X be a Banach space, denote by LP(0,T, X) the space of measurable

functions
10, T|— X
t— f(1),
such that
r :
(/ ||f(t)||§(dt) = || fllzro,r,x) < 00, for 1 <p < oo. (2.12)
0
Ifp=o0
[fllz=rx) = sup ess|[f(1)]x- (2.13)
t€]0,T|

Theorem 2.2.11 ([47]). The space LP(0,T, X) is complete.

We denote by D'(0,T, X) the space of distributions in |0, 7| which take its values in X and
let us define
D'(0,T,X) = £(D]0, T[, X),

where L(E, F) is the space of the linear continuous applications of E to F. Since u €
D'(0,T, X), we define the distribution derivation as

G0 =-u (%), veeDio.1,

and since u € LP(0,T, X), we have

ul) = / u(t)p(t)dt, Vi € D(0,T]).

We will introduce some basic results on the LP(0,T, X) space. These results, will be very

useful in the other chapters of this thesis.
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Lemma 2.2.4 ([47]). Let f € LP(0,T,X) and %—{ € LP(0,T,X), (1 <p < o00), then the
function f is continuous from [0,T] — X. i.e. f € CY(0,T,X).

Lemma 2.2.5 (47]). Let V =|0,T[xQ an open bounded domain in R x R", and g,,g are
two functions in L9(]0,T[, L9(2)), 1 < ¢ < oo such that

||g‘u,||L¢Z(]07T[7LQ(Q)) < C,Vu e N, (2.14)
and g, =g in V, theng, —g in LIV).

Theorem 2.2.12 ([47]). LP(0,T,X) equipped with the norm .|| aqor;x), 1 < p < 00 is a

Banach space.

Proposition 2.2.4 ([47]). Let X be a reflexive Banach space, X' it’s dual, and 1 < p,q <
00, % + % = 1. Then the dual of LP(0,T,X) is identify algebraically and topologically with
L0, T, X").

Proposition 2.2.5 ([47]) Let X,Y be Banach space, X C Y with continuous embedding,

then we have with continuous embedding
LP(0,7,X) C LP(0,T,Y),

The following compactness criterion will be useful for nonlinear evolution problem, especially

in the limit of the nonlinear terms.

Proposition 2.2.6 (/47])
Let By, B, By be Banach spaces with By C B C By. Assume that the embedding By — B is
compact and B — By is continuous. Let 1 < p,q < co. Assume further that By and By are

reflexive. Define

W= {u € LP(0,T, By) : u' € LU0, T, Bl)}. (2.15)

Then, the embedding W — LP(0,T, B) is compact.

2.2.5 Some Algebraic inequalities

Since our study based on some known algebraic inequalities, we want to recall few of them

here.

23



Lemma 2.2.6 (The Cauchy-Schwartz’s inequality) Every inner product satisfies the Cauchy-
Schwartz’s inequality
(21, 29) < [Jz1][[|z2]- (2.16)

The equality sign holds if and only if x1 and x1 are dependent.

Lemma 2.2.7 ([12/Young’s inequalities). For all a,b € R, we have
ab < ea? + C.b7, (2.17)

_1
where C, = ¢~ -1,

Lemma 2.2.8 ([12]) For a,b > 0, the following inequality holds

p q
<Y (2.18)
P q

where,%+%:1,1<p<oo.

2.3 Integral Inequalities

We will recall some fundamental integral inequalities introduced by A. Haraux, V. Komornik

, P.Martinez and A.Guesmia to estimate the decay rate of the energy.

2.3.1 A result of exponential decay

The estimation of the energy decay for some dissipative problems is based on the following

lemma
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Lemma 2.3.1 ([44]) Let E : R, — R, be a non-increasing function and assume that

there is a constant A > 0 such that
+oo
vt >0, / B(r)dr < - E(t). (2.19)
t

Then we have
vt >0, E(t) < E(0) e~ (2.20)

Proof 2.3.1 The inequality (2.20) is verified for t < %, this follows from the fact that E is
a decreasing function. We prove that (2.20) is verified for t > %. Introduce the function

+oo
h:Ry — Ry, h(t) = / E(7)dr.
t

It is non-increasing and locally absolutely continuous. Differentiating and using (2.19) we
find that
vVt >0, R'(t)+ Ah(t) <0.

Let
To = sup{t, h(t) > 0}. (2.21)
For every t < T}, we have
()
<-A
h(t) =
thus .
h(0) < e < 1 E)e ™ for 0<t<T. (2.22)

Since h(t) = 0 if t > Ty, this inequality holds in fact for everyt € R,. Let e > 0. As E is

positive and decreasing, we deduce that

t
Vi>e, E(t) < —/ E(r)dr <
€ t—e
Choosing € = %, we obtain
vt >0, E(t) < E(0) e~

The proof of Lemma 2.3.1 is now completed.
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2.3.2 A result of polynomial decay

Lemma 2.3.2 ([44]) Let E : R, — Ry be a non-increasing function and assume that there

are two constants ¢ > 0 and A > 0 such that

+oo 1
vt >0, / BT (1) dr < 1 EY0)E(t). (2.23)
t
Then we have
v g\ 2.24
t > E(t)<E — ) . .
>0, B0 <50 (5L (2:24)

Remark 2.3.1 It is clear that Lemma 2.3.1 is similar to Lemma 2.3.2 in the case of ¢ = 0.

Proof 2.3.2 If E(0) = 0, then E = 0 and there is nothing to prove. Otherwise, replacing

the function E by the function % we may assume that E(0) = 1. Introduce the function

+oo
h:Ry — Ry, h(t) = / E(7)dr.
¢

It is non-increasing and locally absolutely continuous. Differentiating and using (2.23) we
find that
vt >0, —h > (Ah)',

where
Ty = sup{t, h(t) > 0}.

Integrating in [0,t] we obtain that
V0 <t < Ty, h(t)™9 — h(0)™7 > ow'™it,
hence
0<t<Ty h(t)< (h™9(0)+qA*7e)" (2.25)
Since h(t) =0 if t > Ty, this inequality holds in fact for every t € Ry. Since

1
<
- A

B0 = .

h(0) Z
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by (2.23), the right-hand side of (2.25) is less than or equal to:
- 1
(h=(0) + gA™ 1) "1 < S+ Aqe e (2.26)

From other hand, E being nonnegative and non-increasing, we deduce from the definition of

h and the above estimate that:

1
Vs Z 07 E(%—I—(q#—l)s)ﬁ S A+q+1fA+ g+1)s ( )q+1 dr
< ALh(s) € An k(L + Ags) T,
hence 1 1
VS >0, E(A+<q+1)5) I+ Ags)a’

Choosing t = % + (1 + q)s then the inequality (2.24) follows.Note that letting ¢ — 0 in this
theorem we obtain (2.24).

2.3.3 New integral inequalities of P. Martinez

The above inequalities are verified only if the energy function is integrable. We will try to
resolve this problem by introducing some weighted integral inequalities, so we can estimate

the decay rate of the energy when it is slow.

Lemma 2.3.3 ([52]) Let E : R, — Ry be a non-increasing function and ¢ : Ry — R, an

increasing C* function such that
»(0)=0 and ¢(t) — +oo when t— +oo. (2.27)

Assume that there exist ¢ > 0 and A > 0 such that

/+OO E(t)1 ¢/ (t) dt < %E(O)QE(S), 0<8 < +oo. (2.28)
S

then we have

Ifqg>0, then E(t) < E(0) (%) L Vs,

If q=0, then E(t) < E(0)e!=4® vt >0.
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Proof of Lemma 2.3.3.

This Lemma is a generalization of Lemma 2.3.1. Let f : R, — R, be defined by f(x) :=
E(¢~(z)), (we notice that ¢~! has a meaning by the hypotheses assumed on ¢). f is non-
increasing, f(0) = E(0) and if we set x := ¢(t) we obtain f is non-increasing, f(0) = E(0)
and if we set x = ¢(t) we obtain for 0 < S < T < 400

Setting s = ¢(5) and letting 7' — +o00, we deduce that

+oo 1
Vs > 0, ()™ do < 1

S

E0)"f(s).

Thanks to Lemma 2.3.1, we deduce the desired results.

2.3.4 Generalized inequalities of A. Guesmia

Lemma 2.3.4 ([33]) Let E : Ry — R, differentiable function, A € Ry and ¥ : R, — Ry

convez and increasing function such that ¥(0) = 0. Assume that

/ B dt < B(s), Vs> 0.

E'(t) < AE(t), Vt>0.

Then E satisfies the estimate

E(t) < e Tog—1 (eA(t*h(t))\If@Fl(h(t) n z/z(E(O))))), Yt >0,

where

U(t) if A=0,
d(t) = Vit >0,
t W(s) .
0o o ds if A>0,



K-Y(D(@), if t>T,

h(t) =
0 if tel0,Ty),

_ Ot +9(E(0))
KO=POt g o)) < 0
D(t):/te“ds, vt > 0,

E(O) 0, Zf t > 1Ty,
=D (gEwp) ™"

1, if telo,Ty).

Remark 2.3.2 If A = 0 (that is £ is non increasing), then we have
B(t) < v (h(t) + $(E()), Vt>0 (2.29)

where ¢(t) = [, gisds for t >0, h(t) =0 for 0 < ¢ < s and

vt (t+ 0(B(0)))
w (v (t+0(E0))

R (t) =t +

. > 0.

This particular result generalizes the one obtained by Martinez ([52]) in the particular case
of W(t) = dtP™ with p > 0, d > 0 and improves the one obtained by Eller, Lagnese and

Nicaise .

Proof. Because E'(t) < AE(t) imply E(t) < ert=t E(ty) for all t > t, > 0, then, if
E(ty) = 0 for some ty > 0, then E(t) = 0 for all ¢t > t,, and then there is nothing to prove
in this case. So we assume that E(t) > 0 for all ¢ > 0 without loss of generality. Let:

L(s) = / W), Vs> o0

We have, L(s) < E(s), for all s > 0. The function L is positive, decreasing and of class
CY(R,) satisfying

—L'(s) =V (E(s)) > ¥(L(s)), Vs=>0.
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The function v is decreasing, then

(L)) = g 21 %520
Integration on [0, t], we obtain
B(LW) > ¢+ V(E(0), Ve > 0. (2.30)

Since W is convex and ¥(0) = 0, we have
U(s) < U(1)s, Vs € [0,1] and U(s) > U(1)s, Vs > 1,
then lim,_,o ¢ (t) = +oo0 and [(E(0)), +o0o[C Image (¢)). Then (2.30) imply that
L{t) <! (t n 1/J(E(0))>, Vit > 0. (2.31)

Now, for s > 0, let
t
fs(t) = e_’\t/ edr, Wt > s.

The function f; is increasing on [s, +oo[ and strictly positive on |s, +oo[ such that
fs(s)=0 and fi(t)+Nfs(t)=1, Vt>s2>0,
and the function d is well defined, positive and increasing such that:
d(t) < W(t) and Md(t)=AU(t), Vt>0,

then
O-(F(RA(E())) = fUT)AE(T)) + f()E'(T)d (B(7))
< (1= A1) W(E) + Mo(7)W(E(T))
=V(E(r)), Vr>s>0.

Integrating on [s, t], we obtain

L(s) > / t\p(E(T)) dr > f,()d(E(t)), Vt>s>0. (2.32)
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Since lim; o d(s) = +00, d(0) = 0 and d is increasing, then (2.31) and (2.32) imply

E(t)<d'| inf Wl(SjLw(E(O))) vt >0 2.33
OEC\ET ) i

Now, let ¢t > T and
vt (s + v (B(0)
fs(t) ’

The function J is differentiable and we have

J(s) = Vs € [0,1].

J(s) = J720) [ (s + 0(BO)) = L0 (67 (s +w(E2(0) )]

Then
J(s)=0 & K(s)=D(t) and J'(s)<0 < K(s) < D(T).

Since K(0) = %, D(0) =0 and K and D are increasing (because ¢~! is decreasing and

5 ﬁ, s > 0, is non increasing thanks to the fact that ¥ is convex). Then, for t > T,

nf J(5) = J(K*(D(t))) — J(h(t)).

Since h satisfies J'(h(t)) = 0, we conclude from (2.33) our desired estimate for t > T.
For t € [0, Ty, we have just to note that E'(t) < AE(t) and the fact that d < ¥ implies

E(t) < ME(0) < M E(0) < AMop! (e”\p(E(o») < e’\Tod’1<eM\If(E(O))>.

Remark 2.3.3 Under the hypotheses of Lemma 2.3.4, we have tliin E(t) = 0. Indeed, we
—+00

have just to choose s = 1t in (2.33) instead of h(t) and note that d~*(0) = 0, tliin Yt =0
— 100
and tLlinoo f%t(t) > 0.
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Lemma 2.3.5 ([Guesmia [33]) Let E : R, — R, be a differentiable function, a : R, —

R and X\ : Ry — Ry two continuous functions. Assume that there exist v > 0 such that
“+oo
/ E 1 (t)dt < a(s)E(s),Vs > 0, (2.34)

E'(t) < At)E(t), Vt>0. (2.35)

Then E satisfies for all t > 0,

E(0) T Ae) L
B(1) < Sgth(Oean(3e) = Xr@)eap(~ [ w(rdn). ifr =0
I WO\ () o
E(t) < w(h(t))exp(A(t) — A(h(t))) (%) + r/o w(T)H—ldT] and if r >0

where  A(t) = /t)\(T)dT.

Proof of Lemma 2.3.5.
If E(s) =0 or a(s) =0 for one s > 0, the first inequality implies E(t) = 0 for ¢t > s,then we
can suppose that E(t) > 0 and a(t) > 0 for t > 0.

+oo
By putting w = + and ¥(s) = / E"1(t)dt, we have

S

(s) < ﬁE(s), Ws > 0. (2.36)

The function ¥ is decreasing, positive and of class C! on RT and verifies:

U (s) = —E"(s) < —(w(s)¥(s)) ™, Vs>0

then
W(s) < U(0)exp ( /0 Sw(T)dT) < 558)) cxp ( /0 Sw(r)dT) i =0 (2.37)
(s) < ((%)T + /0 S(w(T))err) s o (2.38)



Now we put for all s > 0,

fs(t) = exp(—(r + 1)X(t))/ exp((r + 1)X(T))d7‘, YVt > s (2.39)

where fs(s) =0 and fI(t) + (r + 1)A(t)fs(t) =1, ¥t > s > 0. Under the second hypothesis

in the lemma, we deduce
E™Nt) > 0(f(t)E™(t); V>, s>0 (2.40)

hence
g(s)
W(s) > / B0 > fulg()E (g(s); Vs >0 (2.41)

where g : Rt — R™ with I,(g(s)) = 0 and I is defined by

1(t) = (w(s)™! / exp((r + )X(r))dr
Let t > ¢(0) and s = h(t) where

h(t):{o if te[g,g(on
max g 1(t) if ¢ €]g(0), +oof

Hence we have g(s) =t and we deduce from (2.41) that for all £ > ¢(0), we have

U(h(t)) > faa (HE™ (1) = <exp(—(r + 1)X(t))/ exp((r + 1)?{(7.))617_) E™(t)
h(t)
We conclude from (2.37) and (2.38) that for all ¢ > ¢(0), we obtain

Bt) < féé); exp(A(1) < /h t exp(X(T))dT) e (— /0 h(t)w(f)df) i r— 0

®)

and

E(t) < exp(A(t)) ( /h t exp((r + 1)X(T))d7) T

(®) )
h(t) GGy
(53) +r / (w(r))*dr if 7 > 0.
0
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The fact that I, = Is(g(s)) = 0, we get the result of the lemma for t > g(0). If ¢ € [0, g(0)]

the second inequality of the lemma implies that

E(t) < E(0)exp(A(t)).

Since h(t) = 0 on [0, g(0)] then E(0)exp(A(t)) is identically equal to the left hand side of the

results of the lemma.That conclude the proof.
Lemma 2.3.6 ([Guesmia 33]) Let E : R, — Ry be a differentiable function, a1, as € RY
and az, \,r,p € Ry such that

asA(r+1) <1 and forall 0<s<T <+o0,

Then there exist two positive constants w and ¢ such that for all t > 0,
E(t) <ce™, ifr=0

Et)<cQ+t)7Y" ifr>0 and \=0

E(t) §0(1+t)T<T_+11), ifr>0 and A >0

Proof of Lemma 2.3.6.
We show that E verifies the inequality (2.34). Applying the lemma (2.3.5), we have

. T
az E"(T) = a3/ B ()dt + as E™(s) < as(r + 1)/ AE™TH () dt 4 as B ().

s

Under (2.34), we obtain

/ T B e < b(s)E(s), s >0, (2.42)
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where
a; + (lQEp<S) + (I3Er(8)

1-— a3)\(7’ + ].) ’

b(s) = Vs > 0.

We consider the function fy defined in (2.39)and integrating on [0, s| the inequality
E™H () > 0(fo() ET(E), V>0,
we obtain under (2.42)
MOEO) 2 [ B (0de = f()E ), W20

0

then

E(s) < (%)m, Vs > 0.

On the other hand, the conditions of the lemma implies that

E(s) < E(0)exp(A(s), Vs>0.

Hence

1
~ b(0E ==
E(s) < min {E(O)e:l:p()\(s), (M) } =d(s), Vs>0.
d is continuous and positive and

aj + az(d(s))P + az(d(s))"
1 —azA(r+1)

b(s) < ., Vs>0.

Hence we can conclude from (2.42) the first inequality (2.34) of the lemma (2.3.5) with

a1 + az(d(s))P + az(d(s))"
1-— &3/\(7’ + 1) ’

a(s) = Vs > 0.

This completes the proof.
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2.4 Existence Methods

2.4.1 Faedo-Galerkin’s approximations

We consider the Cauchy problem abstract’s for a second order evolution equation in the

separable Hilbert space with the inner product (.,.) and the associated norm ||.|| .

(P) {u<> A(tyu(t) = f(t), te0,T]

(,0) = up(z), u'(x,0)=ui(x);

where v and f are unknown and given function, respectively, mapping the closed interval
[0,7] C R into a real separable Hilbert space H. A(t) (0 < t < T ) are linear bounded
operators in H acting in the energy space V C H.

Assume that (A(t)u(t),v(t)) = a(t;u(t),v(t)), for all u,v € V; where a(t;.,.) is a bilinear

continuous in V. The problem (P) can be formulated as: Found the solution wu(t) such that

i we C(0, T V), o' € C([0, T H)
(P) (u"(t),v) + a(t; u(t), v) = (f,v) in D'(]0, T])
u €V, ug € H.

This problem can be resolved with the approximation process of Fadeo-Galerkin.

Let V,,, a sub-space of V' with the finite dimension d,,, and let {wj,,} one basis of V;,, such that

1. V,, c V(dimV,, < c0),Ym € N

2. V,, — V such that, there exist a dense subspace ¢ in V' and for all v € ¥ we can get

sequence {Um, tmen € Vi and u,,, — w in V.
3. Vip CVyyr and Upen'Vy, = V.

We define the solution w,, of the approximate problem

i (1) = 3257 g5 () wjm

Uy, € C([0,T); Vi), ul € C([0,T); Vi)t € L*0,T; V)
<u;;1(t)’ wjm> + a(t; um<t)7wjm) = <fa wjm>7 1< ] < dm
U (0) = 3297 & (O)wjm , 1, (0) = D257 1 () Wjm
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where
dm

ij(t)wjm — up in Vas m — o0
=1
dm

an(t)wjm — uy in V as m — oo.
j=1

By virtue of the theory of ordinary differential equations, the system (P,,) has unique local
solution which is extend to a maximal interval [0,%,,[ by Zorn lemma since the non-linear
terms have the suitable regularity. In the next step, we obtain a priori estimates for the

solution, so that can be extended outside [0, ,,,[ to obtain one solution defined for all ¢ > 0.

2.4.2 A priori estimation and convergence

Using the following estimation

T
I + [l I* < € {Ilum(O)ll2 + [Juu7, (0) +/0 ||f(8)||2d8} ; 0<t<T,

and the Gronwall lemma we deduce that the solution w,, of the approximate problem (FP,,)
converges to the solution u of the initial problem (P). The uniqueness proves that u is the

solution.

Lemma 2.4.1 (Gronwall’s lemma). Let T > 0, g € L'(0,T), g > 0 a.e and ¢y, ¢z are
positives constants. Let o € L'(0,T) ¢ > 0 a.e such that gp € L*(0,T) and

o(t) <ec + 02/0 g(s)p(s)ds a.e in (0,7,

then, we have

(1) < creap (02 /0 t g(s)ds) a.c in (0,T).

2.4.3 Semigroups approach

Definition 2.4.1 ([88]). Let X be a Banach space. A one parameter family T(t) for 0 <
t < oo of bounded linear operators from X into X is a semigroup bounded linear operator
on X if

37



e T(0) =1, (I is the identity operator on X ).

o T(t+s)=T(t).T(s) for everyt,s > 0 (the semigroup property).
A semigroup of bounded linear operators, T(t), is uniformly continuous if

i 7(0) — 7] = .
The linear operator A defined by
T(t)x —
D(A) = {x € X;lim THz-= exists}
t—0 t

and T S
Az = lim )z —a = (t)z

lim ; o |t:0, Vo € D(A)

is the infinitesimal generator of the semigroup T(t) and D(A) is the domain of A.

Theorem 2.4.1 ([88])(Lumer-Phillips). Let A be a linear operator with dense domain D(A)
mn X

o If A is dissipative and there is a N\g > 0 such that the range , R(A\gI — A) = X, then A

is the infinitesimal generator of a Cy semigroup of contraction on X.

o [f A is the infinitesimal generator of a Cy semigroup of contractions on X then
RNl —A) =X, VA>0 and A is dissipative.
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Chapter 3

Global existence and asymptotic
behavior of solutions for a viscoelastic
wave equation with a constant delay

term

3.1 Introduction

In this chapter we consider the following Cauchy problem of the form

;

u'(x,t) — koAu + a/ g(t — s)Au(x, s)ds
0
+uq () (2, t) + po(t)u' (x, t — 1) =0, on 2x]0, +o0]
u(z,t) =0, on 90x]0, +oo| (3.1)
u(x,0) = ug(x), u(z,t) = uy (), on )
(u(z,t —7) = folz,t —7), on 2x]0,¢]

Where ) is a bounded domain in RY (N € N*) with a smooth boundary 9. The initial
data ug, uy, fo belong to a suitable space. Moreover, 7 > 0 is the time delay term and iy, o
are real functions that will be specified later. Furthermore kj is a positive real number and
g is a positive non-increasing function defined on R .

In recent years, the PDEs with time delay effects have become an active area of research.
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Many authors have focused on this problem ( see ([8],[2],[3],[17],[61],[79]).

The presence of delay may lead to a source of instability. In [22] for example, R. Datko, J.
Lagnese and M. P. Polis proved that a small delay may destabilize a system.

S. Nicaise, C. Pignotti studied in [56] the wave equation with a linear internal damping term
with constant delay and determined suitable relations between gy and gy > 0 in which the
stability or alternatively instability takes place.

After that, they studied in [60] the stabilization problem by interior damping of the wave
equation with boundary time-varying delay in a bounded and smooth domain. By introduc-
ing suitable Lyapunov functionals, exponential stability estimates are obtained if the time
delay effect is appropriately compensated by the internal damping.

It is worth mentioning that Z. Y. Zhang et al. [80] recently have investigated global exis-
tence and uniform decay for wave equation with dissipative term and boundary damping.
Under some assumptions on nonlinear feedback function. They have obtain the results by
means of Galerkin method and the multiplier technique. More precisely, they introduced a
new variables and transformed the boundary value problem into an equivalent one with zero
initial data by argument of compactly and monotonicity. More details are present in [82].
Later on, Zhang et al. studied in [84] the well posedness and uniform stability of strong and
weak solutions of the nonlinear generalized dissipative Klein-Gordon equation with nonlin-
ear damped boundary conditions. Also, the authors proved the well posedness by means of
nonlinear semigroup method and obtain the uniform stabilization by using the perturbed
energy functional method. In another works, Zai-Yun Zhang and al ([80],[82]) considered
a more general problem than (1.1). Their proof of the existence is based on the Galerkin
approximation. For strong solutions, their approximation requires a change of variables to
transform the main problem into an equivalent problem with initial value equals zero. Espe-
cially, they overcome some difficulties, that is, the presence of nonlinear terms and nonlinear
boundary damping bringing up serious difficulties when passing to the limit, by combining
arguments of compactly and monotonicity.

F. Tahamtani and A. Peyravi [76] investigated the nonlinear viscoelastic wave equation with

dissipative boundary conditions:

u" — koAu + a/g(t — s)div]a(s)Vu(s)|ds + (k1 + b(z) [/ | ?)u = [uP~?|u
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They showed that the solutions blow up in finite time under some restrictions on initial data
and for arbitrary initial energy in some case. In another case, they proved a nonexistence
result when the initial energy is less than potential well depth.

Wenjun Liu [48] studied the weak viscoelastic equation with an internal time-varying delay

term
u'(z,t) — koAu + at) /g(t — s)Au(x, s)ds + apu' (x, t) + aru/(x, t — 7(t)) = 0

in a bounded domain. By introducing suitable energy and Lyapunov functionals, he estab-
lishes a general decay rate estimate for the energy under suitable assumptions.
A. Benaissa, A. Benguessoum and S. A. Messaoudi [5] considered the wave equation with a

weak internal constant delay term:
u'(z,t) — Au+ py (E)u' (2, t) + pe(t)u' (2,6t — 7) =0 on X [0, +00[

In a bounded domain. Under appropriate conditions on p; and ps, they proved global
existence of solutions by the Faedo-Galerkin method and establish a decay rate estimate for
the energy by using the multiplier method.

However, according to our best knowledge, in the present work, we have to treat Eq.(1.1)
with a delay term and it is not considered in the literature. The proof of the existence is
based on the Galerkin approximation. The content of this chapter is organized as follows. In
Section 2, we provide assumptions that will be used later. We state and prove the existence

result. In Section 3, we establish the energy decay result that is given in Theorem 5.2.3.

3.2 Preliminary Results

In the following, we will give sufficient conditions and assumptions that guarantee that the
problem 3.1 has a global solution.

(H1) g is a positive bounded function satisfying

ko—a/ g(s)ds=1>0, a>0,
0
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and there exists a positive non-increasing function 7 such that for ¢ > 0 we have

(H2) py : Ry — R, is a nonincreasing function of class C*(R ) satisfying

< M, (3.2)

g

(H3) po : Ry — R is a function of class C*(R,), which is not necessarily positive or

monotone, such that

|2 (t)| < Bua(t), (3.3)
()] < My (2), (3.4)

for some 0 < B < 1 and M > 0. For the relaxation function ¢ we assume

We also need the following technical Lemmas in the course of our investigation.

Lemma 3.2.1 (52) For any g € C' and p € H}(0,T) we have

[ [[ati=9patuds =~ (Sao 00 - [ sorislelz) - Sl

(9" o 9)(®),

(gow) // (t — 8)|(s) — o(t)*dx ds.

In order to prove the existence of solutions of the problem (3.1) we introduce like in [80] the

+

DN | —

where

unknown auxiliary
Z<I7p7t):ul<x7t_7—p)7 Z‘EQ, p€(071)7 t>0.

Then we have

Tz (z, p,t) + 2,(z, p,t) = 0.
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Therefore the problem (3.1) takes the form

(

u’(x,t) — koAu(z,t) + « /t g(t — s)Au(x, s)ds

g (B)u (2, 1) + pa(t)2(x, 10, t) =0, on 2x]0, +o0[
T2(, p,t) + 2,(z, p,t) =0 reQ,pe(0,1),t>0 (3.5)
u(z,t) =0, on 092x]0, +o0]

u(z,0) = ug, v (x,t) = uy, on ()
\z(x,p, 0) = fo(z, —7p) on 2x]0,¢]

Now, we are in the position to state our main result, namely the theorem of global

existence.

Theorem 3.2.1 Let (ug,us, fo) € Hy(Q) x L2(2) x L*(Q x (0,1)) be given. Assume that
assumptions (H1) -(H3) are fulfilled. Then the problem (3.5) admits a unique global weak

solution (u, z) satisfying
ue C([0,T); Hy(R2)), v’ € C([0,T); Hy (), 2 € C([0,T); L*(2 x (0,1))

To prove this theorem, we need the following lemma. First we define the energy associated
to the solution of the problem (3.5) by

1, , k a [*
B0 =i+ (5 -5 [ ooras) Ivulg

N . . (3.6)
+ 5o V® + 560 [ [ FHapt)dpda,
2 2 aJo
where ¢ is non-increasing function such that
Th<(<T(2-08), t>0, (3.7)

where  &(t) = Cui(0).

Lemma 3.2.2 Let (u, z) be a regular solution of problem (3.5). Then the energy functional
defined by (3.6) satisfies

(1) <~ (i) - S0 - 2Oy e e - (0 2Oy <o 3y
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Proof 3.2.1 Multiplying the first equation in (3.5) by u/(x,t), integrating over Q and using

Green’s identity we obtain

1d

337 (1013 + Rl Val) + a1l +a(®) [ a's(2.1,)da

-« /Otg(t —3) /Q Vu(z, s)Vu'(z,t)dzds = 0.

We simplify the last term in (3.9) by applying the lemma 3.2.1, we get

— a/o g(t —s) /Q Vu(z,s)Vu'(z,t)dzds = %di(g o Vu)

ad [t
- §(g o Vu) + g( NVul? - 2, g(s)ds||Vull.

(3.10)

Replacing (5.10) in (3.9) we arrive at

d /1., ke a [f 2 @ _ Qe
=G+ (3 -3 / 9(s)ds) [ Vull3 = S(g0 Vu)) = S(g' 0 Vu)(t)

(3.11)
= 390Ul = @3 = o) [ (o1, 90

Multiplying the second equation in (3.5) by @, where £(t) satisfies (3.7) and integrating

over Q2 x (0,1), we obtain

5 dt// (x,p,t dpdx—i——// 2(x, p, t)dxdp, (3.12)
5/
555 (x, p,t)dpdx = (z, p, t)dpdx
(3.13)

—27/ (,1,t)d +%/ﬂ 2z, )dx_O

which gives
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A combination of (3.11) and (3.13) leads to

%di(HuHQ (k:o—Oé/t ()ds) | Vull3)
1
3

d—( algoVu) +&(t // (x,p,t dpdx) .

= 210 V)~ S0 Vuldds — a0t s — ott) [ 2,1, o)l
Q
1
2(z, p, t)dpdx — % /Q 2*(z,1,t)dx + ? /Q u(x,t)dw.

T

Using the definition (3.6) of E(t), we deduce that

E'(t) = 2(goVU)—lg()IIVUIIQ pa ()| I3ds

—MQ(t)/Qz(a:,l,s)u’dx—i—%/Q/o 2*(z, p, t)dpdx (3.15)
_%?/Q'Zz(%Lt)dﬂ?‘F%?/Quﬂ(x,t)dx.

Due to Young’s inequality we have

(1) < 2 o Vu) — Lo |Vulds — () 2 — 2D e 1
(Y OY o1y e
Using the assumption (3.7) for £(t) we see that
Clzlul(t)—%?—uzT(t)>O, szij_)—u22(t)>0,
then we easily deduce that
: §() _ pat)y, 2
B < —(m@) - 2= =22 /(.0 o1
(9 Y ey <0

This completes the proof of the lemma.



3.3 Global existence

We will use the Faedo-Galerkin method to prove the global existence of solutions. Let
(wn)nen be a basis in Hg(Q2) and W, be the space generated by wy,...,w,, n € N. Now,
we define for 1 < i < n the sequence p;(z,p) as follows ¢;(z,0) = w;(x).Then, we may
extend ;(z,0) by @;(x,p) over (L? x [0,1]) and denote V,, to be the space generated by
©1, ey Pn, 1 € N. We consider the approximate solution (u,(t), z,(t)) as follow for any given

1

which satisfies

t
/u;:(t)widx—ko/ Aun(t)widl’-l-a/ g(t—s)/Aun(s)widxds
Q Q 0 Q

(3.18)
+1(t) /Q ul, (H)widx + po(t) /Q Zn(x, 1, t)wyde = 0,

and
/(sz(x, p,t) + znp(x, p, t))pide = 0. (3.19)
Q

The system is completed by the initials conditions:

un(0) = Z cin(0)w; — up in Hy(Q) when n — oo
i=0

u,(0) = chn(O)wi —u; in H)(Q) when n — oo
i=0

2,(0) = zn:n-n(())(pi — fo in L*(Q2x(0,1)) when  n— oco.

=0
Then the problem (3.5) can be reduced to a second-order ODE system and we infer that
this problem admits a unique local solution (u,(t), z,(t)) in [0, t,[ where 0 < ¢, < T'. This
solution can be extended to [0;T[, 0 < T' < +oo by Zorn lemma. In the next step we shall

prove that this solution is global.
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1. First estimate. Multiplying the equation in (3.18) by ¢, (t) and summing with respect

to ¢ we obtain

/Qu;é(t)u;(t)dx + ko /Q Vo, (t)Vu, (t)dx — a/o g(t—s) /Q Vu,(s)Vul, (t)dxds
+nt) [ a0de +palt) [ e 00 0d =0

then

k
(10l + V0l ) + O3 -+ (0 | 1,010
¢ (3.20)

— a/otg(t ) /Qun(t)Vu;(t)d:cds =0.

We use the lemma 3.2.1 to simplify the last term in (3.20)

—a/o g(t—s)/ﬂw(t)w (t)dwds = & (g 0 V()

~ 2y o Vu)(0) + 2o [Vu )] - 5 | (s)ds V(1)

(3.21)

Replacing (3.21) in (3.20) and integrating over (0,t) we arrive at

1., 9 ke o [ , o
s+ (3= 5 [ o9)ds)IVunll - Fgo Vun)(o

0
(0%

t . 1 t t ,
=5 [@ovueds+ g [ a@Ivulis+ [ w62
0 0 0

¢ 1 k
b [ (o) [ 21 Odeds = 3+ Vo |
0 Q

Multiplying the equation (3.34) by 7;,(t), summing with respect to ¢ and integrating

over (0,1), we obtain

5 dt// dpdx+—// 2(x, p,t)dxdp = 0, (3.23)
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which gives

1 1 ,
2 E // n(T; pyt)dpdr — € (t)/Q/U 2o (x, p, t)dpdz

27 / w1, t)de — %i)/ﬂuf(:c,t)dxzo.

Integrating (3.24) over (0,t) we get

// “(z,p,t dpdx—/ //§ 2(x,p, s dpd:vds]
//§ 2(x,1, s)dxds
5 [ [onzietanas = Dy

Combining (3.22) and (5.13) we find

1 k ! 1 !
s+ (3 =5 [ o6as)IVul+ 560 [ [ p.00dpto
+ 500 Va0 =5 [ (0 Vu)@as+ 5 [ g9l Vu s

# [ s+ [ ) [ o sy dads

——///f xp, dpd:vds+—//§ a:,l,sd:zds

— 5 [ [ tnzte tydeds = Sluanl + 217 + 1

[\Dlr—t

Using Holder’s and Young’s inequalities on the eighth term of (3.26) we obtain

/Otuz(s)/Qz(a;,l,S)u;(t)dxds < %/Otuz(S)/sz(x,l,s)dxds
+% /0 tm(s) /Q u?(t)dxds.
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Then the equation (3.26) takes the form

RO / (9 Vuu)(s)ds + 5 / 9(3) [V 2ds

S RCCE % Y s

/ / / ¢'(s)22(z, p, s)dpduds

+/0 ( 278_ ,u22( )> /sz(x,l,s)dxds < E,(0),

(3.28)

where

Balt) = g3+ (2= 5 [ o(6)as) 19l

(goVun +5 // 2(z, p,t)dpdz, .

and
1

ko
Fal0) = S llusnll? + 2 Vet +

SUYR (3.30)

Since gy, U1n, fo converge we can find a constant L; > 0 independent of n such that

1 k a [f
Sz + (2 -5 / (5)ds ) [V,

(3.31)
(g0 Vuy)(t) + 5 // 2(z,p,t)dpdx < L.

l\DIQ

So this estimate gives

uy, is bounded in L*(0, oo; H3(9))

u!, is bounded in L>(0, co; L?(12))

2, is bounded in L (0, oo; L*(2) x (0,1)).

. Second estimate. Differentiating (3.15) with respect to t, we get

t
/u1/1< Ywidz — k:o/ Au;(t)widx—koz/ g(t — s)/Au;(s)widxds
Q 0 0

—l—ul(t)/Qu;;(t)widx+u2(t)/ﬂz7’1(x,1,t)widx+u’1(t)/Qu;(t)widx—|—u’2(t)/gzn((z,;;€)wi =0,
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Multiplying by ¢ (t) and summing with respect to ¢ we obtain

335 (IO + (ko= [ 9()as) 19,001 + a0 V)

2
() B + 451 / () () + o) / (1, Oy (1) de

Q
() / ol L (£) = 0

(g0 V) (t) + 9] V|3

Differentiating (3.16) with respect to t, we get

d
/(TZZ(HZ, p,t) + —2 (z, p,t))pidz = 0.
Q dp

Multiplying by 7/, (t) and summing with respect to ¢ we obtain

.
Sllznllz +

: |24 =0

2dp
Combination give
t
3 31 (IO + OO + (o = a [ g(s)as)[Tus )]
0
1
Q / /
o vu) 47 [ st 1.0)3dp)
0
/ / 1 ! 2 1 " 2 1 1112
(970 Vu)(t) + 5 llzn(z, Lz = 5 llun @ + 59@) [Vl

(OO + () / o (a1, )l ()

+1ilt) [ sl 1 0p) =0

(3.33)

(3.34)

(3.35)

(3.36)

Exploiting the Holder’s, Young’s and Poincaré’s inequalities and the assumptions

(H1),(H2) we have
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(Il @12 + (ko = a / 95|V, (D] + 5 (g 0 V) +7 / lzh(a. 1,)l3dp)

/ / ]‘ / 1 / ]‘ !/ !
(9" 0 V) (1) + 51120 (2, 1L, OI; = Sl (O + 59NV P + m @)l (O]

1
Ol I + Fll2n (@, LI+

S

1
2

O =N 9

1
< SHOIGON + Sl @I + S

1
oI (O + S llzn (2, 1O

N —

t
~ 250 Vu(t) + (1) IV (s
< Ol ®IP + 2@, LOIE + 2@, LOIE + )]
(3.37)

Integrating the last inequality over (0, t) and using (3.6), we get

(I + (o= [ a9V 0]l + 5 (g0 V) -+ 7 [ 1o 1.0) o)

=5 [ ovais 5 [ o Ivulss

< (IO + (o —a [ g 19a 0 +7 [ 1z 1,0)lFd0)
0 [ ()P + 1hta 1 ) + a1 )P + o (5) ) s
(3.38)

using (H1)and the first estimates, then the formula take the form

(l @I + v )] + 7 [ 1241, ) .
0 3.39

<00 [ (O + 20z, 101 + (a1 O + 2 ()]F) s

Applying lemma de Gronwal we get
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1
(P + IV, 0l + 7 [z 1. 01Bdp) < Lo (3.40)

where L, = Ce®7T is a positive constant independent of n € N and t € 0,7). We
observe for estimates (3.31) and (3.40) that

u, is bounded in L*>(0, oo; H}(Q)), u!, is bounded in L?(0, oo; Hj(£2))

u” is bounded in L>(0, 00; L*(Q)), 2, is bounded in L*(0, 00; L?(Q) x (0,1)).

Applying Dunford Pettis theorem, we deduce that there exists a subsequence (u;, z;)
of (un, 2z,) and we can replace the subsequence (u;, z;) with the sequence (u,, z,) such
that

u, — u wealk star in L>(0,T; Hy(Q2)),  wj, — v’ weak star in L*(0,T; Hg(Q)
ul — o weakly in L?(0,T; H3(Q)), 2, — z weak star in L*(0,7; L*(Q2) x (0,1)).

Moreover u! is bounded in L*(0,T; H}(Q2)). The same method is used to prove that
u!, is bounded in L?(0,T; H}(f2)). Consequently v/, is bounded in H'(0,T; H}(Q)).

n

Furthermore, by Aubins-Lions theorem ([47]) there exists a subsequence (u;) still rep-
resented by the same notation such that v} — u’ strongly in L*(0,T; Hy(Q2)), which
implies that

u; =o' ae on Qx(0,7) and z; =z ae on Qx(0,7).

And we have for each w; € L*(Q),v; € L*(2)

/Q (u;’ — koAu; + o /Q g(t — s)Au,ds + ulu;- + ,uzzj)wida:

— / (u” — koAu + a/ g(t — s)Auds + pyu’ + ,ugz)wi,
Q Q

and
/ T(zjt + 2j,)vidx — / T(ze + 2,)vid.
Q Q

When j — oco. Then, problem (3.1) admits a global weak solution u.
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3.4 Asymptotic behavior

In this section, we shall investigate the asymptotic behavior of our problem. Our stability

result, namely the exponential decay of the energy is obtained by the following theorem.

Theorem 3.4.1 Let (ug,u1, fo) € (Hy () x L*(Q) x L*(Q x (0,1))) be given. Assume that
the assumptions (H1)-(H3) are fulfilled. Then for some positive constants K, k we obtain

the following decay property
E(t) < E(0)e!=F®),

Proof. Given 0 < S < T < oo arbitrarily. We multiply the first equation of (3.5) by EP¢'u,
p € R where ¢ is a function will be chosen later satisfying all the hypotheses of Lemma 2.1

and we integrate over (5,7 x € we obtain

T T
O:/ Ep¢'/uu"(x,t)dxdt—ko/ quﬁ'/uAu(aj,t)dxdt
s Q s Q
T ¢
+a/ Epgb’// g(t — s)Au(x, s)udsdzdt
s aJo

T
+/S Epgb,ul(t)/guu (x,t)+Ep¢u2(t)/uu (x,t — 7)dxdt

Q

T T T
= [Epgb'/uu'dx} —/ (Epgb’)/uu’dxdt—/ Epgb'/u'2dxdt (3.41)
Q s s Q s Q
T T

—I—ko/ Epgb'/ |Vu|2dxdt—|—a/ E?P¢'(g o Vu(z,t))dt

o o ? t i o [T t
=5 | Eerval? [ gasat -5 [ B9 [ oo valasar

2 Js 0 2 Js 0

T T

+/ Epgb'ul(t)/uu’(x,t)dxdt—i—/ Epgzﬁ'ug(t)/uu’(x,t—T)dx

s Q s Q
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Multiplying the second equation of (3.5) by EP¢’£(t)e 2™’z and integrating over (S, T') x € x
(0,1) we find

0= / / TEPYE(t) / 27 dxdpdt + / EP@E(t)e ™ / / z2,dpdzdt
- g[ /0 EPE(t)e 2P /Q Zdedp S -5 /S /0 /Q (EP¢'€(t)e ") 22 dadpdt
. /S " ey /Q /O 15@)(%%(@_27%2)+7'e_2”’22>dpdxdt
7 / (e [ asar), -3 /S ' / 1 [ @y asapa
+7 /S ' EPE(t) /Q /O 1 e 2 dxdp

+ % /ST EPQ'E(t) /Q(e_QTz2(x, 1,t) — 2%(x,0,t))dxdt.

(3.42)

Summing (3.41) and (3.42) and taking A = min(1, 7e™2") we get

A /S ' EPHL gt < — E%’ /Q uu]:+ /S T(qus')’ /Q wi dadt
g/ Epgb/ s)||Vu||*dsdt — /T qub'ul(t)/uu’(x,t)da:dt
s Q
—/ EP¢ us(t )/uz(x,l,t)dx—g[/ EP@'E(t)e _ZTp/zzdxdp}Z (3.43)
Q

/ / / “20(EPE () 2 dudpdt = / EPy /Q W?dzdt

— 5/5 EPQE(t )/Q( T (x, 1, t) — 22 (2, 0, 1)) dadt

Now assume that ¢ is a strictly increasing concave function. So ¢ is a bounded function
on R,. Denote A the maximum of ¢’. By the Cauchy Schwarz’s, Young’s and Poincaré’s

inequalities and the fact that ¢’ is bounded and since F is an increasing function, we have

‘Epgb’/guu’(x,t)dx‘ < Ael EPTL(t), (3.44)
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where ¢; = max (1, 072) . From (3.44) we deduce the following estimates

’/ /uudwdt‘—‘/ pE EP~ 1q§/uu xtdzdt—i—/ Epgb”/uu (z,t)dxdt

< )\clp/ EP(—E"dt + ¢, EPT(S / @' (t)dt < Ay B(S)PHY,
s

(3.45)
where ¢y = ¢y max(p, 1) and
2 / B / ) VulPdsd| < Ay BS)™, (3.46)
where ¢35 = (ko ). By the hypothesis (H2), Young’s and Poincaré’s inequalities and (3.44),
we have

( /S TEpgb’ul(t) /Q uu'(a;,t)dxdt) < AMBEP*! 4 ) /S TEP(—E’)dt )

S )\C4Eerl (S),

where ¢4y = Mc¢; and
T
‘ / EP¢ us(t) / uz(z, 1, t)dzdt| < Aes EPTH(S), (3.48)
S Q
where ¢5 = max <BMCS 1) and

T 1
g / / EP@'é(t)e / ZAdrdpdt < TAE(PTLS). (3.49)
S 0 Q

Therefore

2. T / | [ ey 2= | ! / BB | dwdp
/ / / e P EPGE(t) drdpdt + / / / TAPEPGE (1) 2 dadpdt (3.50)

< /\Tp/ EP(—E")dt + TE"" (s / @"(t)dt + TAEPT(s) < Aeg E(S)PT,
s

25



where ¢g = 7 max(1, p) and

%/ST e /Q e T2 (@, 1, t)dwdt < A /S ) EPE(t) /Q 2z, 1, t)dadt

T
< A/ EP(—E')dt < \E(S)P™,
s
and we have

T T
% /S EPO(t) /Q (2,0, t)dzdt % /S EPOe(t) / o2z, ) dudt

Q
< TA2 - B)E(S)

3

T
- D ! 2 p+1
2/5 E qbg(t)/gu dedt < SAEPH(S).

From (3.43) and the estimates (3.45), (3.46), (3.48),(3.42), (3.49), (3.52) we obtain

T
/ E(t)Pt¢dt < CE(S)PH,
S

(3.51)

(3.52)

(3.53)

(3.54)

where C' = Amax(¢;, 3,7(2 — f)), i = 1,...,6. Applying the lemma 2.3.3 we get the decay

property. This ends the proof of Theorem 3.4.1.
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Chapter 4

Energy decay of solution for
viscoelastic wave equations with a

dynamic boundary and delay term

4.1 Introduction

In this chapter, we investigate the following wave equation with dynamic boundary conditions

and delay term

(

t
Uy — Au — / g(t — s)Au(s)ds — §Au, = [uP"tu, in Q x (0,+00),
0

u =0, on Ty x (0,400),

Uy = —a [g—g(ﬂf,t) + 6% (2, 1) + pu (E)ue(, t) + po(t)ug (2, t — T)]> (4.1)
on Ty x (0,400),

u(z,0) = ug(x), ur(z,0) = uy (), x €,
u(x, t —71) = folz,t — 1), on T x (0,400).

\

where u = u(x,t) , t > 0, z € Q and A denotes the Laplacian operator with respect
to the z variable.  is a regular and bounded domain of RY, (N > 1), 9Q = I'; U T,
Ny =0 and 8% denotes the unit outer normal derivative, u; and us are functions depend

on t. Moreover, 7 > 0 represents the delay and wug, u;, fy are given functions belonging to
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suitable spaces that will be specified later.

This type of problems arises (for example) in modeling of longitudinal vibrations in a
homogeneous bar on which there are viscous effects. The term Aw,, indicates that the stress
is proportional not only to the strain, but also to the strain rate ( See [14]).

This type of problem without delay (i.e p; = 0), has been considered by many authors
during the past decades and many results have been obtained (see [13], [20], [9], [27]) and
the references therein.

Such types of boundary conditions are usually called dynamic boundary conditions. They
are not only important from the theoretical point of view but also arise in several physical
applications. For instance in one space dimension, problem (4.1) can modelize the dynamic
evolution of a viscoelastic rod that is fixed at one end and has a tip mass attached to its free
end. The dynamic boundary conditions represent the Newton’s law for the attached mass
(see [13, 1, 20] for more details), which arise when we consider the transverse motion of a
flexible membrane whose boundary may be affected by the vibrations only in a region. Also
some of them as in problem (4.1) appear when we assume that is an exterior domain of R3
in which homogeneous fluid is at rest except for sound waves. Each point of the boundary is
subjected to small normal displacements into the obstacle (see [4] for more details). This type
of dynamic boundary conditions is known as acoustic boundary conditions. Among the early
results dealing with the dynamic boundary conditions are those of Grobbelaar-Van Dalsen
[8,9] in which the author has made contributions to this field. And In [8] the author has
introduced a model which describes the damped longitudinal vibrations of a homogeneous
flexible horizontal rod of length L. when the end x = 0 is rigidly fixed while the other end
x = L is free to move with an attached load. This yields to a system of two second order

equations of the form

Ut — Ugg — Uee = 0, x € (0,L), t>0,

u =0, t>0,

(L, t) = —[uy + ug| (L, t), t >0, (4.2)
ur(z,0) = uy(x), u (L, 0) = u, x € (0, L),

u(L,0) =n, w(L,0)=p.

\
By rewriting problem (4.2) within the framework of the abstract theories of the so-called
B-evolution theory, the existence of a unique solution in the strong sense has been shown

and an exponential decay result was also proved in [9] for a problem related to (4.2), which
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describes the weakly damped vibrations of an extensible beam (See [9] for more details).

Subsequently, Zang and Hu [81], considered the problem

Ut — p(ux)a:t - Q(uz>m = 07 T e <07 1)7 t > 0
p(ug)e + q(ug)(1,t) + kuy(1,8) =0, w(0,t) =0, ¢>0.

By using the Nakao’s inequality and under appropriate conditions on p and ¢, they estab-
lished both exponential and polynomial decay rates for the energy depending on the form of
the terms p and ¢. It is clear that in the absence of the delay term and for pu; = 0, problem
(4.2) is the one dimensional model of (4.1). Similarly, and always in the absence of the delay
term, Pellicer and Sola-Morales [67] considered the one dimensional problem of (4.1) as an
alternative model for the classical spring-mass damper system and by using the dominant
eigenvalues method, they proved that their system has the classical second order differential
equation

myu” (t) + dyu' (t) + kyu(t),

as a limit, where the parameters my, d; and k; are determined from the values of the spring-
mass damper system. Thus, the asymptotic stability of the model has been determined as
a consequence of this limit. But they did not obtain any rate of convergence.( See also [66,
67] ) for related results.

It is widely known that delay effects, which arise in many practical problems are source
of some instabilities. In this way Datko and al [66] showed that a small delay in a boundary
control turns to be a well-behaved hyperbolic system into a wide one which in turn, becomes
a source of instability. Nicaise and al [60] studied the following system of a wave equation

with a linear boundary term :

uy — Au(z,t) =0, in Q x (0,+00),

u(z,t) =0, on Tgx (0,400),
% = pug(z,t) + pous(z,t — o), on T'1 x(0,400), (4.3)

u(z,0) = ug(x), us(x,0) = uy(z), =€,
w(z,t —7) = folx,t —7), z€Q, te(0,71),

and proved that the energy is exponentially stable, where v is the unit outward normal
to 0€2, under the condition
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Mo < 7. (44)

On the contrary, if (4.4) doesn’t hold, there is a sequence of delays for which the corre-
sponding solution of (4.3) will be instable.

The problem (4.3) with time varying delay term has been studied by Nicaise and al. We
refer the readers to ([60], [62]).

Recently, inspired by the works of Al and Nicaise [60], Sthéphane Gherbi and Said El

Houari [29] considered the following problem in bounded domain

/

uy — Au— Auy =0, in Q x (0,400),
, on Ty x (0,4+00),
Uy = —a[g—“(x, t) + a%(a:, t) + paug(z, t) + pouy(x, t — 7')], (45)
(
u(z,0) = ug(x), ur(z,0) = uy(x), x€Q,
| wlz,t —7()) = folz,t —7), on T'1 x(0,400),

and obtained several results concerning global existence and exponential decay rates for

various sign of puy, ps.

Motivated by the previous works, in the present chapter we investigate problem (4.1)
in which we generalize the results obtained in [5] by supposing new conditions with which
the global existence and stability results are assured. The stable set is used to prove the

existence result and Nakao’s technique to establish energy decay rates.

The content of this chapter is organized as follows: In Section 2, we provide assumptions
that will be used later. In Section 3, we state and prove the global existence result. In

Section 4, the stability result given in Theorem 4.3.2 will be proved.

4.2 Preliminary Results

In this section, we present some material in the proof of our main result. we denote

Hr, (Q) = {u € H'(Q) /ur, = 0}
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, we set 7y the trace operator from Hy, () on L*(I'y) we denote by B the norm of 4 and
we have
Yu € Hr, [[ullar, < B[ Vull*

We assume

(A1) p1 : Ry — Ry is a nonincreasing function of class C'(R ) satisfying

‘“ll(ﬂ‘ < M, (4.6)

(Ag) po : Ry — Ris a function of class C* (R ), which is not necessarily positive or monotone,

such that
|2 ()] < Bua(t), (4.7)

|1 (t)] < M (), (4.8)

for some 0 < B < 1 and M > 0. For the relaxation function ¢ we assume

(A3) g: Ry — R, is a bounded C! function satisfying

g(0) >0, 1 —/ g(s)ds =1<1,
0

(A4) There exists a nonincreasing differentiable function 7 : R, — R, satisfying

q'(t) < —n(t)g(t),
(As) We suppose therefore

2n — 2

2<p< if n>3;, p>2, if n=12. (4.9)
n —
Now we choose 6 such that
8 <{<71(2-7). (4.10)
Lemma 4.2.1 (Sobolev-Poincaré’s inequality). Let 2 < m < 2% The inequality

lullm< e[ Vullz  for ue Hy(Q),

holds with some positive constant c,.
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Lemma 4.2.2 [4] For any g € C* and ¢ € H'(0,T), we have

[ [ote=srpetsis =15 (goa101+ [ atopaslielz) - alleld + (oo

where

(g0)(t) = / (t—s) / () — o(t)Pdads.

Lemma 4.2.3 [4] For u € H}(Q), we have

/Q (/09 (t = s)(u(t) - u<3>)d3)2 dr < (1= 1)cZ(goVu)(t),

where ¢* is the Poincaré’s constant and [ is given in (A3) and

(goVu)(t) :/ (t—s) /\Vu u(t)Pdzds.

(4.11)

Lemma 4.2.4 [58] Let ¢ be a nonincreasing and nonnegative function on [0,T], T > 1,

such that

¢()'"" < wold(t) — ot +1)), on [0,T1,

where wo > 1 and r > 0. Then we have, for allt € [0,T]
(i) if r =0, then

B(t) < ¢(0)e =17,

(i1) if r >0, then

=1

o(t) < (¢(0) " +wg ' r[t —1]7) 7,

where w; = In (wg’ﬂl) and [t — 1]T = maz(t — 1,0).

62



4.3 Global existence and energy decay

We introduce the new variable z as in [60],
2(x, k,t) = uy(x,t —7k), 2 €Ty, ke(0,1),
which implies that
Tz(x, by t) + zp(x, k, t) =0, in Ty x (0,1) x (0, 00).

Therefore, problem (4.1) can be transformed as follows

(

¢
uy — Au — dAuy + / g(t — s)Au(s)ds = [ulP"tu, in Qx (0,00),
0

Uy = —a [g—g(:c, t) + a%(az, t) + pr(t)ug(x, t) + polt)z(x, 1, t)],
on T x (0,400),

(4.12)
Tze(x, Ky t) + zx (2, kyt) = 0, in T1x(0,1) x (0,00),
2(x, k,0) = fo(z, —7k), xely,
u(z,0) = ug(x), u(x,0) = uy(z), x €,
| u(z,t) =0, =z €Ty, t>0.

Remark 4.3.1 For seeking of simplicity, we take a =1 in (4.12).

Now inspired by [73, 81|, we define the energy functional related with problem (12) by

1 1 1 1 ¢
B(0) = glul} + ylludir, + 500700+ 5 (1 [ gte)as ) 19ul3

p : C(t> / /1

p+1 2
Jk, s)dkdy,
1||u||p 1 9 s z ( 3) Y

(4.13)

where

C(t) = éﬂl(t)'

63



Lemma 4.3.1 Let (u, z) be the solution of (4.12) then, the energy equation satisfies

E(1) < 3(g0Vu)(t) ~ 2o(0)|Vu(t)[3 — m (1) (1 S §> ),
_ (4.14)
e (23 - @) e, L) B, — 8 Vua(t)3 <0

Proof 4.3.1 By multiplying the first and second equation in (4,12) by u.(t), integrating the

first equation over €1 and the second equation over I'y, using Green’s formula, we get

d 1 1 1 1 !
y Hut(t)lli g @i, + 3 IVa®ls = 7 el

SVl + () ()|, — / / g(t — $)Vu(s) V() dsde (4.15)

+ /F o (t)z(y, 1, t)uy(t)dy = 0.

As in [5] we multiply the third equation in (4.12) by ((t)z and integrate over I'y x (0,1) to

obtain ) )
¢ t)T/ / 2e2(7y, k, t)dkdy + ((t) / / zrz(x, k, t)dkdy = 0, (4.16)
Fl 0 Fl 0

2 dt/ / v, k, t)dkdry + (;)/F /01 %22(% k,t)dkdy =0, (4.17)
% {% (C(ﬂ /F /01 ZQ(%kwt)dk'dv) —C(t) /F /01 2(y, k:,t)dkdy]

+ ? /F1 (v, 1 t)dy — ? /F1 #(x,0,t)dy =0,

(g /F | / 1 zz(%k,t)dkdy)
)/F / (v, k, t)dkdy C<)/ 2(y, 1, t)dy (4.19)
/ (x,0,t)d,

this yields

then

(4.18)

consequently

l\3|\1
H—

‘J\ wlﬂ
DO
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finally from (4.15) and (4.18), we get

.mw+(ma»—gﬁ)wuw@m+uxw/zﬂmeWWJMV

2T .
- # /F1 /0 200k, t)dkdy + %j-) /F1 2%(7, 1, t)dy (4.20)
_ %/O (g'oVu)(s)ds + %/0 9(s)[|Vu(s)|2ds = 0.

Due to Young’s inequality, we have

1 1
/zwmww%mws;m@ﬁn+;/£Wme. (4.21)
Fl 1—‘1

Noting that ('(t) < 0. Inserting (4.21) into (4.20) and deriving it, we get the desired resull.

Now we are in position to state the local existence result to problem (12), which can be

established by combining arguments of [(21), (66)].

Theorem 4.3.1 Let ug € Hf\ (), uy € L*(Q) and fo € L*(T'y x (0,1)) be given. Suppose
that (Ay)—(As) hold. Then the problem (4.12) admits a unique weak solution (u, z) satisfying

u € L=((0,7); Hr, (), ue € L=((0,T); Hr, () N L=((0,T); L*(I')),

e € L((0,T); L*(Q)) N L=((0,T); L*(T'w)).

Now we will prove that the solution abstained above is global and bounded in time. For this

purpose let us define

szﬁ—Ag@myww&uwwmwwmﬂi

1 (4.22)
+C(t)/ / Z*(v, k, s)dkd-,
rJo
1 1 ! 2 1 pt1
J(t) = 5(90VU)(75) +o 1= g(s)ds | |[Vullz = ——I[ull;3
0 p+1
0 1 (4.23)
+ _/ / 22(77 kas)dkd’%
2 Jr, Jo
where
1 o 1 2
E(t) = J(t) + 5llullz + 5 lluellor, (4.24)
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Lemma 4.3.2 Suppose that (As)—(A4) hold. Let (u, z) be the solution of the problem (4.12).
Assume further that 1(0) > 0 and

p—1

a:0§'<%i:DEm02<L (4.25)

Then I(t) >0 for allt >0 .

Proof 4.3.2 Since 1(0) > 0, then there exists (by continuity of u(t)) T* < T such that
I(t) > 0, (4.26)

for allt € [0,T*]. From (4.22) and (4.23) we have

_2p+ 25 [ (1= [ atoras) 19l + govate)
p+1 Qt//rl xktdkdv}—k—]()

J(t

(4.27)
=5 | (1= [ stas) 1t + <gow><t>}
—i— t) / / Jk,t)dkd } l|Vu
et e (k. ks | = SVl
Thus by (4.24) and (4.25) we deduce Vt € [0, T*]
' 2(p +1) 2(p +1)
quzg(l—/ sds) Vul]? < Eit) < E(0). 4.28
[Vullz i g(s)ds | [[Vull; =1 (t) =1 (0) (4.28)
Ezploiting Lemma 4.2.1 and formula (4.28), we obtain
p+1 p+1 /9 1 B
i < @ us < S vl vl < S (22D p0)) T gvus

t
—allvul} < (1= [ g(e)ds ) IVull. ve € 0,77
0
Hence Vt € [0,T*], we have

=(1- [ tg(s)ds) IVl + (gova(e) - Jull + <o) [ 1 [ 26k takar >0
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Repeating this procedure and using the fact that

p—1

lim (2(“ D E(u(t)))2 <a<l,

=1+ [ \2l(p—1)

we can take T* =T . This completes the proof.

Theorem 4.3.2 Let (A3) — (As) hold. Let uo € HE (Q), uy € L*(Q), fo € L*(T1 % (0,1)) be
given. Then the solution of the problem (4.12) is global and bounded in time. Furthermore,
there exists @ > 0, such that

3—3l

6> (4.30)

and we have the following decay estimate:

E(t) < E(0)e ", ¥Vt >0, a:ln( 12 )

where c19 1S a positive constant.

Proof First, we prove T' = oo. It is sufficient to show that {||Vu/||3 is bounded independently
of t. From (4.24) we have

BO) 2 B0 = gllulf + lulBe, +960) 2 g1l + (2 ) vl > 19l
Therefore [||Vul||3 < pE(0), where p is a positive constant which depends only on p, thus we
obtain the global existence result. From now and on, we focus our attention to the decay
rate of the solutions to problem (4.12). In order to do so, we will derive the decay rate of
the energy function for problem (4.12) by Nakao’s method, as in [58]. For this aim, we have
to show that the energy function defined by (4.24) satisfies the hypotheses of lemma 4.2.4.
By integrating (4.14) over [t,t + 1], we have

E(t)— E(t+1) = D(t)? (4.31)
where

t+1 t+1
D =a [ mlulrds e [ ) [ 20019d0ds
! ! Fl (4.32)

t+1 1 t+1 1 t+1
- / * (g0Vu)(s)ds + / S9()Vu(s) 3ds + / V| |2ds.
t t t
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We observe that
+1 t+1
/ / 1 (8) |l d’yds—i—/ () |z('y,1,s)|2d7ds+/ HVutﬂgds
F1 Iy t (433)
< CD(t

where C' = max{ci, ¢, c3}. Applying the mean value, there exist ¢ € [¢,¢ + 1] and ¢, €
[t + %,t + 1] such that for i = 1,2, we get

pa(ta)lue(t) 3 r, + pa(t)ll=(v, 16 zr, +IVue(t:)[ < CD(1)*. (4.34)

Multiplying the first equation in (4.12) by u and integrating over Q X [t1, t5], multiplying the
second equation in (4.12) by u and integrating over I'y X [tq,t5], adding and subtracting the
1

following term / C(t)2* (v, k, t)dkdy, we obtain
0 Jr,

/ dt<Z||ut Yl ||2+/ Hut||2dt+/ /VutVudtdx
t1

+/tl (goVu)(t dt+/ // (t = 8)Vu(t)(Vu(s) = Vult))dsdudt (4.35)

" / o | [ ek byt~ [ / pa(t)=(, 1, tyudtdy
- / () | it
Since
[ [ att=19uovuts) - Vatopass
[ [ ot = Ivuts) 13 + 9 atolR)ds = [ ot )ITuls) 13 + [V atol)is

/ s)|Vu(t)|*dsdzx ———// s)|Vu(s)|*dsdzx

#5 [ att = sl ats) s — 500w 0,

\ [\3|>—l\

[\')IH

(4.36)
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Then (4.35) takes the form

to 2 to 1 to
[ s S el + [l 5 [ ovnoa

t1

¢
/ /VutVudtd:c——// s)|Vu(s |dsdx+;/ g(t — s)ds||Vu(s)|5ds

0 (4.37)
/ / / (x, k t)dk:dydt—/ / po(t)z(x, 1, t)udtdy

t1
—/ ,ul(t)/ wgudrydt.

t1 Iy

Now we will estimate the right hand side of (4.37). First by (4.36) and lemma 4.2.1, we have

lus(t) o u(t)ll2 < e,C2D(E) sup [[Vu(s)]lz

t1<s<t2
2p+1)\ 2
SD(t)csOé( b+ >> sup E(s)? (4.38)
p—1 t1<s<to

N

< D(t)e,Ch (%)2%) |

As in [74], by employing Young’s inequality for convolution [|¢ * ¢| < ||¢||||¢|| and noting
that
I(t). (4.39)

Then we have

(4.40)

t pto t2 t2
| [ ate=sivats)igasae < [ gwar [ vatoar
0 t1 t1 t1
e
t.

<=1 [ Ivunles 20 [ 1w

t1 t1

Exploiting (4.36) to obtain

! /tf(gow / / (t — ) Vu(s) — Vu(t)] dsdt

< [Cate=) [CUvatl + 190Gy (4.41)

t1

< %/ﬁzl(z&)dt.

69



Multiplying the second equation in (4.12) by (z and integrating the result over I'; x (0,1),
we obtain

|

diz(g)g(t) /F 1 /0 1 z2(y,k,t<)i1;d»y> = %C'(t) /F 1 /0 1 22(v, k, t)dkdy e
_7/r1 22(7,1,t)d7+7/rl 22(w,0,t)dy.

Recalling that ¢'(t) < 0, we have

/: /Flg(t) /01 2 (2, k, t)dkdydt < /tt2 2 Cpun(s)

e
<o [T} ([ mluEns) < So-noor

Using Sobolev’s inequality, also we have

to t2
/ m(s)z(x,l,t)udxdt\s [ a1 llals
t1

t1

M

t1

2(p+1) : b2
< ¢4 (l(p — ) tlsgt:gtz E(s) / wa(8)||z(z, 1,t)||2dt (4.44)
E@ﬁéﬁgjgyE@ﬁW%

and . .
2 2

/ g2t < / Va2t < 2CD(t,
t1

(4.45)
t1
to
/ / Vu;Vudtdx
t1 Q

to
< [ 19wl Vulade

t1

2p + 1))% . /tz
< FE(s)>2 \V4 4.46
—(«p—n oo, B | IVl (4.46)

<cC (?((5—:1)))2 E(t):D(),
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also we have

to to
u//u@MWW+S/M@W%hWWmﬁ
t1 I t1

<o (2E0Y b [ o ldont

< cctrys (22 B0 D0

therefore, from (4.38) — (4.47) we deduce

[NIES

+ (3“[ ”) /: ()t + (%cﬂgc) D(t)2.

Then, rewriting (4.48), we get

>2 [cs(B +3) + 1]E(t)2D(t)

NI

cs /t2 I(t)dt < ey D(1)? + c3E(t)

t1

D(t),

with

cs = [1 - (3_3”} P (2(p+1)>2 les(B+3)+ 1), ¢4 = c% e

10 (p—1)

From the condition (4.30) and observing that is equivalent to ¢; > 0, thus

o=

/t2 I(t)dt < ¢; [D(t)2 + E(t)

t1

D)
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where ¢; = w On the other hand, from the definition of E(t) and by (4.22) and (4.24)

we have

/ / / (x, k, s)dkdrdt
p—|—1 r

1 1
+ — ] dt+/ U dt—l—/ uy||? Jdt.
| (t) 5 5 lluell 5 Sluellzr (451)
—1 1 2-2 1 1
< — D(t Et)2D(t
<o |5+ g+ o] (PO + E0IDE)

2 3 2
+ lcsC(l + B) + C4Tm1 D(t)?,

N

< [CgD(t)z - 69E(t)%D(t)} < cio [D(t)Q + E(1) D(t)] ;

where cg = 07283—:1) [Q’Tm+%+m+620(1+8) mC} ,

ol 11
09—072(p+1) [29 +5 Tt 1] , 10 = max(cs, Cg).

to
Moreover, integrating (4.14) over (t,t2) and using (4.51) and the fact that E(ty) < 2/ E(t)dt,
t1
due to ty — t; > =, we obtain

E(t) = B(ty) + / (g (1) + / LoD Vult) Bt

+/t pa(t) (1 — é - g) e (8115, dt

N Fog N (4.52)

[ (2— - —) (e 1Ol dt+ 6 [ [Tt e
t T 2 t
t2

<9 / Et)dt,

t1

exploiting (4.51) we arrive at
E(t) < ey |D(1)? + E(t)%p(t)] . (4.53)
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Then a simple application of Young’s inequality gives, for all t > 0
E(t) < c1aD(t)?,
where ¢11,c12 are some positive constants. Therefore, from (4.54), we get
E(t) <cp|E(t) — E(t+ 1)),
here we choose cj5 > 1. Thus by lemma 4.2.4, we obtain

E(t) < E0)e™ " for t>0,

with o = In (Cl—2> .

cia—1
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Chapter 5

Global existence and asymptotic
behavior of a plate equations with a
constant delay term and logarithmic

nonlinearities

5.1 Introduction

In this work, we consider the following Cauchy problem with logarithmic nonlinearity

(

ug(z,t) — A2u + ¢(x) (OéAQU — /t g(t — s)A%u(x, 5)ds>
0
p1 (g (2, t) + po(t)ug(z, t — 7) = uln ulk in R™x]0, +o0,
u(z,t) =0, on JR™x]0, +o0], (5.1)
U(l’,O) :Uo(l’)vut(%o) :ul(x)7 in Rna
(ui(z,t —7) = fo(w,t —7), in R"x]0, ¢[.

Where n > 1, ¢(z) > 0 and (¢(x))~! = p(x) such that p is a function that will be defined
later. The initial datum wug, u;, fo are given functions belonging to suitable spaces that will
be specified later. uq, o are real functions and g is a positive non-increasing function defined
on R*. Moreover 7 > 0 represents the time delay term.

It is well known that the logarithmic nonlinearity is distinguished by several interesting
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physical properties. In recent years, there has been a growing interest in the viscoelastic
wave equation, its properties and variants of the problem can be found for example in
([17],[35],[50],[52]). The plate equation in R™ has been studied by many authors and some
results have been proved (see for instance [2],[37],[40]) and the references therein.

The author in [39] looked into a linear Cauchy viscoelastic problem with density. He obtained
the exponential and polynomial rates by using the spaces weighted by density to compensate
for the lack of Poincare’s inequality.

In the case of delay term, Nicaise, Valein and Pignotti [60] proved an exponential stability
result under the condition y; < v/1 — dju; where d is a constant such that 7/(t) < d < 1.
After that, Serge Nicaise, Cristina Pignotti and Julie Valein considered the following problem

.

ug(z,t) — Au=0 in  x [0, +o0[
u(z,t) = on I'p x [0, +o00]
%— srug( ) + sz, £ — (1)) on T'y x [0, 00 (5.2)
u(z,0) = ug, u'(z,0) = uy in 0
w(x,t) = folz,t —7(t)) on I'y x (0,7(0))

where they extend the last result to general space dimension under some hypothesis. A.
Benaissa, A. Benguessoum and S. A. Messaoudi in considered the wave equation with a
weak internal constant delay term. Keltoum Bouhali and Fatheh Ellaggoune in [11], studied
in any spaces dimension, a general decay rate of solutions of viscoelastic wave equations with
logarithmic nonlinearities. Furthermore, they established, under convenient hypotheses on
g and the initial data, the existence of weak solution associated to this equation.

The content of this chapter is organized as follows. In Section 2, we provide assumptions
that will be used later, state and prove the existence result. In Section 3, we prove energy

decay result of our problem.

5.2 Preliminary Results

We first recall some basic definitions and abstract results on weighted spaces. We define the

function spaces of our problem and its norm as follows

D22 Rn {f c L2n/n 4(Rn)/ A f c L2(Rn)}
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and D*?(R") can be embedded continuously in L?"/"~*(R"). The space L2(R") to be the

closure of C§°(R™)
11z = ([ olrae)
Rn

Remark 5.2.1 The space L%(R”) is a separable Hilbert space.

In the following, we will give sufficient conditions and assumptions that guarantee the global
existence of the problem 5.1.

(H1) g is a positive bounded function satisfying:
a—/ooog(s)dszl>0, a>0, (5.3)
and there exists a positive non-increasing function H € C?(R") such that, for ¢ > 0, we have
g'(t) < —H(t)g(t), H(0)=0. (5.4)

where H is linear or strictly increasing and strictly convex function on (0;7];r < 1.

(H2) According to results in [18],we obtain
1. We can deduce that there exists t; > 0 large enough such that:

2. Vt > t1, we have tlim g(s) =0so 1tlirn g'(s) =0 and g(t;) > 0.
—00 —00
Then

max{g(s),—¢'(s)} <min{r, H(s), Ho(s)},

where Hy(t) = H(D(t)), and D is a positive C'! function, with D(0) = 0, for which H,

is strictly increasing and strictly convex function on (0;7] and
| ats)ta(=g (s)ds < o
0

3. For 0 <t <t; we have ¢g(0) < g(t) < g(t1), (g is non-increasing).

Since H is a positive continuous function, then
J(t) < H(g(t) < —kg(t), k>0
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1. Let Hy* be the convex conjugate of Hy in the sense of Young (see [2]), then
Hy" = s(Hg) ™ (s) — Ho((Hg) ' (s)), s € (0, (Hg(r))
and satisfies the following Young’s inequality
AB < Hy*(A) + Hy(B), A€ (0,(Hy(r)), B e (0;r]
(H3)
1. py is a positive function of class C! satisfying:

wm(t) <M,  M>0. (5.5)

2. py is a real function of class C'* such that:
pa(t) < Ppa(t), 0<pB <1 (5.6)

(H4) The function p : R® — R satisfies p(z) € C%7(R™)
: s(Tn _ 2n
with v € (0,1) and p € L*(R"),where s = 5= .
We also need the following technical Lemmas in the course of our investigation.

Let A1 be the first eigenvalue of the spectral Dirichlet problem

Uy o,

Au = \u in R", Uu=— =
In

Vully < wl|Aull,,

where w =

B
:

Lemma 5.2.1 [37] Assume that the function p satisfies the assumption (H4), then for any
u € D*?(R") we have

H“”L%(R") < COHAUHLQ(RH),

where Co = ||pl|rs, with s = o and 2 < g < 2

2n—qn+4q
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Lemma 5.2.2 For any g € C* and ¢ € H}(0,T) , we have

- / / gt 9)p gudeds = 5 (g0 )0 - / g(s)dsllell3) + 9@ el = (9 2 ).

where

(gop)(t) = / ol =3) [ 1(6(5) = o(0)Pdads.

Lemma 5.2.3 [19] Let u € D**(R") and c1,c3 > 0 be two numbers. Then

2
u
2 [ pwtuin () + 01+ ol < 1202 g

full7 "

If u is a solution of the problem 5.1,and v € D**(R") then

/ p(x)]u|ln\u|kvd:ﬁ:/ p(x)uttvdx—/ p(x)AuAvdz
R” n n
t
—I—/ aAuAvdx—/ /g(t—s)Au(x,s)Avdsdx
+u1/ (t)p(a:)utvda:—i-,ug(t)/ p(x)uy(z,t — 7)vdx

n

Lemma 5.2.4 (16) Let u € D**(R"), then we have

(5.7)

(5.8)

([ e =10t —uttnas)” < ([ lat=2as) ([ late = o)) - eppas).

Like in ([59]) we introduce the auxiliary unknown
2(z,7y,t) = w(x, t —17), x € R", v € (0,1), t > 0.

Then, we have

Tz(x, 7, t) + 2, (x,7,t) = 0.
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Therefore the problem 5.1 takes the form

/

t
uge(m,t) — A%u + ¢(x) (QAQU - / g(t — 8)A%u(w, s)ds)
0
- (B)ug(, t) + po(t)z(x, 1,t) = uln |ul*, in R"x]0, 00|
Tz (x,7,t) + 2,(x,7,t) =0 in R"x]0, +o00] (5.11)
u(z,t) =0, on JR"x]0, +o0]
(., 0) = ug(x). u(z,0) = s (z), in R"
z2(x,7,0) = folx,—77), in R"x]0, t[.
\
First we define the energy of solution by
1, 1 ) a 1 [ )
B0) = gl + gAully + (5 5 [ ote)as) laul
1 k ) koo
+5(g 0 Au)(t) — 2/ _p(@)ulnfulds + —lulz (5.12)
/ / (x,v,t)dydz.
Where € is non-increasing function such that
TB<E<T(2=P), t>0, £(t)=gm). (5.13)

Lemma 5.2.5 Let (u,z) be a solution of the problem 5.11. Then, the energy functional
defined by 5.12 satisfies

E'(t) < %(g o Au) — %g( JAullg = (m(t) - % _ “22(t))|\ut||ig -
_(52(_? - MQT@)) (2, 1, 6)]17; < 0.
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Proof. Multiplying the first equation in 5.11 by p(x)u,, integrating over R" and using

Green’s identity, we obtain

1d

k
537 (e = sl + al ol + Slully = | ployenufde)

@)y + pa(0) [ pla)uee1,)de (5.15)

n

N /Otg(t _ ) / Au(z, s)Aug(z, t)dds = 0

We simplify the last term by using lemma 5.2.2, we get

t
—/ gt —s) | Au(x,s)Au(x,t)drds = 1i(g o Au)
0 R™ 2dt

1d [* 5
57 | 9()dslAul}

, ) (5.16)
—5( o )+ Sg(t)|Aul3 -

Replacing 5.16 in 5.15 we arrive at

1 d 2 2 ! 2
s (lts = 18l + (= [ atepas ) jaul

1d [k
vyap (hlts = [ plahmlult+ g0 au)
2dt 25 e (5.17)

sl + pa(0) [ pla)uee.1,)de

n

1 1
—5(9" 0 Au) + 59(0) [ Aull; = 0.

Multiplying the second equation in 5.11 by ££(¢)p(z)z, where £(t) satisfying 5.13 and inte-
grating over R" x (0, 1), we obtain

/ / :U’y, )dvyd

), s
2%

x, 7y, t)dydx

n

||ut||%g =0,

é“( ) (5.18)

2
+ x717t>||L%_?
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Combination of 5.17 and 5.18, by recalling at the definition of E(t), we deduce that

E'(t) + () [Juell 7z + uz(t)/ pla)uz(z,1,t)de

R

550 ) + Sg(0)|dul

f // (2,7, t)dydx

t
+%7_)H22($, 1’t)HL,2) - %T)HU,:HL% = O,

(5.19)

then

B0 =~ (0 ~ )l — wlt) [ playunste 1,000

+1<g o Au) §g< a3 (5.20)

S0 &)
// Bdyde — =2, 1,1)]7;.

Due to Young’s inequality and using the assumptions for £(¢) and g, we obtain

Lo A) — Lol aul — (m(t) ~ 2~ 20 e,

_(@ _ “27(”) 2z, 1,0)[1Z <0,

2T

E'(t) <
(5.21)

where

C1ZM1(t)—@—u2—(t)>O; Cg_@ pa(t)

21 2 27 2
This complete the proof of energy decay.

> 0.
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5.3 Global existence

According to logarithmic Sobolev inequality and by using Galerkin’s method combined with

compact theorem, similar to the proof in ([35], [19]), we have the following result

Theorem 5.3.1 (Local existence) Let (ug, uy, fo) € D**(R™) x L2(R") x L*(R™ x (0,1)) be
given. Assume that g satisfies (H1) and py, po satisfy (H3). Then the problem 5.11 admits

a unique local solution (u, z) satisfying:
ue C([0,T); D**(R"))
u' € O([0,7); L3 (R™))

2z € C([0,7); L*(R" x (0,1)).

Now, we introduce the two functionals as follow

1 a 1 [
70 = 18ully + (5 5 [ ate)as) i

%(9 o Au)(t) — g/ p()u’In|uldx (5.22)

1 ! k
4360 [ 122G Ol + { ull,
0

and "
1(t) = 27(0) = 5l

As in ([49]) to establish the corresponding method of potential wells which is related to the

logarithmic nonlinear term, we introduce the stable set as follows
W= {u e DR — {0V) : I(t) > 0, J(t) < d} U {0}
Where d is the mountain pass level defined by
d = inf{sup J(pu)}
With p > 0,u € D*?(R" — {0}). Also, by introducing the set called ” Nehari manifold”
N ={ueD2®") - {0}, 1(t) = 0}
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Similar to results in ([87]), it is readily seen that the potential depth d is characterized by

d= Jg/{/J(t)

This characterization of d shows that
dist(0,N) = gélﬁ ”U/H'DQ,Z(RTL).

By the fact of E'(t) < 0, we will prove the invariance of the set W. That is if for some t, > 0
if u(ty) € W, then u(t) € W, Vt > t,. Now we give the existence Lemma of the potential
depth (see Lemma 2.4 in [19]).

Lemma 5.3.1 d is positive constant.

Lemma 5.3.2 Letu € D**(R"), and n = exp(5(1+c1)). If [[ull7z,) <n then I(t) > 0. If
I(t) =0, HUH%Q(p) # 0 then HUH%%p) > 1.

Proof. By the lemma 5.2.3 we have

6= 180l + (a = [ olopas) 20l
(g0 Au)(t) — k / p(e)infulds

(5.23)
ve0) [ [ #wnide > (- koo 120 2
k(2(1+01) In fluflz:) l[ullz2 + || IZ:-
Choosing ¢y < wkllﬂT\li%’ then
t) > §1+cl—nuL§uL%. 5.2
I(t) > k(= I Jul22) 2 4

Therefore if [Jul|3, < n then I(t) > 0.
If I(t) = 0, [Jul|2; # 0 we have |Jul|3, > 7.
o b

Theorem 5.3.2 (Global Eristence) Let ug € D**(R™), uy(x) € L3(R") and
0 < E(0) <d,I(0) > 0. Then, under hypothesis (H1) and conditions of the function p, the

problem 5.11 has a global solution in time.
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Proof. From the definition of energy for the weak solution and since FE is increasing, we
have

1 1

slluellzs +J(0) < Sllullzz +J(0), V€ [0, Thna),

where T),.. is the maximal existence time of weak solution of u. Then, by the definition of

the stable set and using Lemma 5.3.2, we have u € W, ¥Vt € [0, Trnaz)-

5.4 Asymptotic behavior

We apply the multiplier techniques and we introduce an appropriate Lyapunov functional
to obtain the asymptotic behavior. For this purpose, we introduce the so called Liapunov

functional L defined by

L(t) = & E{) + () + &pt) +e10(t), & >1, &> 1, g1 >0, (5.25)

where

wlt) = [ plauuds,
o(t) = — / ey / g(t — s)(u(t) — u(s))dsdz, (5.26)
o(t) = —€(t)r / (o) / e 22, t — 7y)dryda,

Now we present some lemmas to get the asymptotic behavior of solutions.

Lemma 5.4.1 Suppose that (H1)— (H4) hold and let (ug,u;) € D**(R"™) x L2(R") be given.
If (u, z) is the solution of 5.11, then the derivative of the functional ¥ satisfies the following
inequality for § > 0.

V() < (1 20wl + (@ — Deslg 0 Au)(t)

2
1
+(6 — 1+ | Aulloo) [ Aull; + §ug(t)||2(w7 Lt)|[72 (5.27)
kwe kn 1
ol (o2 + a2y — 11+ ) + 5l (1) + pal0)]) A3

Proof 5.4.1 By using the first equation in 5.11, we have

Y'(t) = /n p(x)ugudr + /n p(x)|ug)*de, (5.28)
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P (t) = /n p(x)|u;|*dx + /n p(x)Au*dr — a/n Au?dx
/ A / (t — $)Au(z, 8)dsdz — (1) / ple)uule, s (5.29)
—pa(t) /n p(z)uz(x,1,t)dx +/ p(x)ulln|u|"dz.

n

We now estimate the right hand side of 5.29 and applying lemma 5.2.2, we have the estimates

/n Au/otg(t—s)Au(s)dsdx: /Otg(s)dsHAqu

+ /n Au /Ot g(t — s)(Au(s) — Au(t))dsdx

< (6 +a—1)|Aul +cs / (/0 g<t—s)mu(s)—Au<t)yds)2dx
< (04 a—D|Aul|3+ (o —es(g o Au)(t).

as follows
(5.30)

By using Young’s inequality, Sobolevs inequality and Lemma 2.3 we have

—u1(t) /n p(x)ugu(x, t)dr — uo(t) /n p(x)uz(z,1,t)dx < a1

1 1
5(#1(?5) +u2(t))HpHigHAUH§+—m( Muellzz + u2( Mz, 1 6)lL,

2

and

/n p(x)u21n|u|kdm:k/np(x) < T H2 +ln||u||L2> x

k’w Co

o3 | Aull3 + k| n flulfy — 50 + )] ull?,

kwc
< ( 2||pHL2HAqu k[ Influly = 500+ e0)] ) ol Aull.

By combining the last inequalities, we arrive at

() < (14 %Ml(t))llutlliz + (a = es(g o Au)(t)

+(0 = 1+ [lplloo) | Aullz + uz()H 2(z, L), (5.32)

kwes
ol (S

kn 1
R ul}y — (14 ) 4 () + pa(t)]) Al

Lemma 5.4.2 Suppose that (H3) is fulfilled and let (uo,u1) € D>*(R™) x L2(R™) be given.
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If (u, z) is the solution of 5.11,then the derivative of the functional ¢ satisfies the following

inequality for some § > 0.

n(l + Cl)
) Il 1Al
keswes

2 lliz; ) (= (g 0 Aw) (5.33)

) 1 t 1
~callolfls' o )+ (54 50~ [ 9 Il + 5l L]
0

, dc
@) < |31+ adllpll + k(= + In Jullf; -

+ (14 ol + csllplloe + (1+

Proof. Taking the derivative of ¢, we obtain easily

o0 == [ sty [ o= 5)u(t) — uls))dsdo

— [ ot [t = att) — u(s)yisd

— [ atsraslindity == [ ptardu [ ote = )(Butt) - Suts)ydsda

+a / Au /O g(t — $)(Au(t) — Au(s))dsdz

_ /R | /0 t gt — 5)Au(s)ds ) ( /0 o(t — 5)(Au() ~ Au(s))ds)da (5.34)
Fan) [ ot [ ot 5)0u(t)— ls))dsds

) [ pla)etepnt) [ att = )utt) — u(s)isds

_ / p(z)uln [ul* /Otg(t _ ) (ult) — u(s))dsdz

— [ ot [ 1t = 9ty —utsisda — [ atspistul
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then

o0 == [ ez [ ot s)(3u(t) - duls)dsds
+ <a - /0 t g(s)ds) /[R A /0 Dol — s)(Ault) — Au(s))dsdz
4 /]R (/Otg(t — §)(Au(t) — Au(s))ds)de
Fan) [ oty [ ot 5)0u(0) -~ uls))dsis (5.35)
Faat) [ pa)2(e.p.0) [ ote = 3)(att) — u(s)s
_ / p(z)uln [ul* /Otg(t — $)(ult) — uls))dsdz
— [ ot [t =)ty —utsisda — [ gts)ishul
By Holder’s and Young’s inequalities and Sobolev Poincare’s inequality, we estimate
(o /O t o(s)ds) / A /0 (- $)(Ault) — Auls))dsda
# ([ ot = ot~ duGe)as) < 1520 (5.36)

+ (sl + 1)(a—1)(g o Au).

And ,
—a /Rn ,o(x)Au/O g(t — s)(Au(t) — Au(s))dsdx

< ad]lplloo | Aullz + (o = Desllpllo (g © Aw),

(5.37)

“n(®) [ oty [ glt = s)(ult) = u(s)dsde

—a(t) /n p(x)z(x,1,t) /0 g(t — s)(u(t) —u(s))dsdx (5.38)

1
(Ol 7z + Spa)ll2(2, L)z + [lpll7s (e = 1)(g 0 Aw),

<
- 2

DO | —
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= [ ooy [ g =s)(ut) — u(s) s
< Sy — aoll [ (¢ = )(ult) — u(s)ds|?, 539
< Slludls — csllpla( o Auw)

Using Poincaré-Sobolev inequality and lemma 5.2.3 and conditions in Lemma 5.3.2, we have

— /n p(x)uln |ul® /Otg(t — s)(u(t) —u(s))dsdx
< [ stey(n e mialy) [ o= )00t~ ats)ydss

lullZ

1+ ¢)
<kt uty - ") g,

[ gt = s)(alt) ~ u(s)as]

(5.40)

n(l+c)
< k:(ln ||u||%g — T)IIpH%gIIAMI%

kwczn ”L2 Au/t (t — s)(Au(t) —Au(S))dsuz

Se 1+¢ k;c wce
< K(22 gt — DY g s+ EOE 20— (g 0 A,

Combining these estimates we arrive at

)
2 (1) < |61+ ad)|pllock (22
2

+ (1 + el + collplloo + (1 +

n(l+c)
T O I AT

L) ol ) (o~ (g 0 ) (5.41)

~ alloliy o' )+ (54 50) = [ 0(6))ullty + )62 1,0

This completes the proof.
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Lemma 5.4.3 Suppose that (H1),(H2) hold and let (ug,u,) € D>*(R™) x LZ(R™) be given.
If (u, ) is the solution of 5.11 then the derivative of the functional ¢(t) satisfies the following

inequality
1
¢W)§T@@%—%UDA!V@ﬁiﬂ%ﬁ%fﬁkQWA%Lﬂﬁg—ﬂﬂMM% (5.42)
Proof. Differentiating ¢(t), we get

Jt) = —ewr [ o) [ 22w,y Odedy
foe | -

1
~26(0)7 [ pta) [ st )l oy
n 0
Using the second equality in 5.2 we obtain

£(t) A
0 —2)9(t) + £ || 2(w, 1D — Ol

< (¢ +26@)7 [ lete ity (54

+E(t)e ||z (x, 1, 1)1 75 — £ [JuellZz.

#(t) = (

Lemma 5.4.4 If the functional L satisfies 5.25 then there exists two constants c; and o
such that
a E(t) < L(t) < apE(t). (5.45)

Proof. Using the Cauchy Schwartz and Young’s inequalities, Poincaré-Sobolev inequality

and lemma 5.2.4, we obtain

1
L0) — Q)| < (3 + 2 — &0l + & o]l Au
1
+Lloliza=Dlgo Awar€®) +260) [ Iaten 0l 646)

+eaé(t)e ™ |z(z, L)z, < cE(?).
Choosing £; small enough such that
IL(t) - €L E(8)] < cE(t). (5.47)
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Then we can choose & such that

Lemma 5.4.5 For allt > t; > 0, we have

t1
where Hy is introduced in (H2).

Proof. By properties of E' and by (H4) we have for t > t;

/"/Otlg(t—sﬂm() Auf(s |dsdx<——/n/ (¢ — 5)|Au(t) —

< —cE'(t

We define now

/ Ho(—g'(5))(g © Au)(t)ds.

Smce/ Hy(— g(s)ds < +o00, we have

= / Hy(—4'(s)) /Rn g(s)|Au(s) — Au(t)*dxds

< 2/ Ho(—g'(s))g(s) (1 Au(s)]l3 — | Au(t)||3)dzds

< cE(0) / Ho(—g(s))g(s) < 1.

We define again a new functional \(¢) related with x(t) as

~ [ Hol=g g [ a(s)lu(t) = Autt = 5) s,
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/t(g o Au)(s)ds < Hy' (/tj Hy(=g'(s))g(s) / 9(8)[Au(t) — Au(t — S)Ile"dS) ,

Au(s)|*dsdz

(5.49)

(5.50)



From (H1) — (H2) and for some positive constant ko, we conclude for all t > t;

A(t) < —ko /(g’(s)) . |Au(t) — Au(t — s)|*dzds

<t [ (g(6)) [ 18u(OF +|au(t = 5)Fdads

t1

< —cE(O)/ g'(s)ds < —cE(0)g(t1) < min{r, H(r), Ho(r)}.

t1

Using the properties of Hy(fx) < 0Hy(z) and hypothesis in (H2), 5.50, 5.49 and Jensen’s

inequality we get

1

30 = g5 | Ho(Ha D) Ho -0 )5/ e) [ ol Au(t) - Autt — o)dads

t
> H, / / g(s)|Au(t) — Ault — 5)[2dzds.
i1 n
Which implies
t
/ / g(s)|Au(t) — Au(t — s)]deds < Hgl(A(t)).
t1 n

This ends the proof.

Theorem 5.4.1 Let (ug,u1) € D**(R") x L2(R") be given. Assume that g and & satisfy
(H1) and 5.13. Then, for each ty > 0, there exist positive constants ny,ng,ns,ny and k such

that, for any solution of the problem 5.1, the energy satisfies
E(t) <nsH{'(ny +ng), Vt>0, (5.51)

where

Hl(t):/t (sH}(nys)) ds.
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Proof. From the definition of L(t) we obtain

(1) = QB (1) + U'(t) + &4 (1) + 1(0). (5.52)
Then
L/(t) < —molludlily — Ma| Aull3 + Ma(g o Au)
(5= estallollyy) (o o du) — (2 4 ciete )]G, 1,0
5.53
o 1,01, — (o) / pla)une(e, 1,)da 55
él / / (x,7,t)dydz,
hence
L(t) < =My luil[3 — Mal| A} + Ma(g o Au)
+(z- C552||p||%2) (0= 1)(g' o &u) = Myl =(z, 1,0)[35 (5.5)
+< 1(E'(t) + 2¢(¢) f(t /n/ 2(x,,t)dydr,
where
My = (6" 4 it - 0 - §2) -1+ 8 (- [ gtsras+ 100Y),
My = Sg(t) - (5—1+a6||p||oo ’f;”CQ PRIl ~ 04 )
kn(1
() + pa(0) — & (51+ ol S A1)
My = &(1+ csl + csllplloe + (1 + ’“;“%n ||%g)<a—w+ (a = 1)es) > 0.
M3 — (§2(j—) - M22(t) 4 /‘LQ(;)é.Q . €1£<t>€727—>.
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At this point, we choose § so small such that & > 2¢s]|p||72&2.
P
Whence § is fixed, we can choose & such that My > 0

My = <§1<u22(t) —pa(t) — %?) +eié(t) — 1+ M12(t)

+&2 (5 - /Ot1 g(s)ds + Mlét))> > & (5 - /Otg(s)d3>,

then for ¢ > t; we can choose

& > </0t1 g(s)ds — 5) 71.

Now choosing €; small enough such that Mz > 0. After this conditions we estimate that
L'(t) < My(g o Au) — cE'(t).

Now we set F'(t) = L(t) + cE(t), which is equivalent to E(t). Then

t
F'(t) < —cE(t) + c/ / g(t — s)|Au(t) — Au(s)[*dsdz, Vt > t,.
R Jtq
Using Lemma 5.4.5, we obtain
F'(t) = L'(t) + cE'(t) < —cE(t) + cHy Y (A(t)).

Now, we will use the following steps in ([56]) and using the fact that £ < 0, H' > 0, H" >0

on (0;7] to define the functional

E(t)

F1<t> = Hé <Oéom

>F(t) + cE(t),ap < r,c > 0.
Where Fi(t) ~ E(t) and

Fl(t) = ao%]ié’ (ao%> F(t) + H, <a0%> + cE'(t)

< —cB(1)Hj o g((é)) )E(e) + cHy (00 5((8)) VH D) + cE'(1).
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Let H; given in (H2) and using Young’s inequality in (H2) with A = H' (ao%>,
B = Hy'(\(t)) to get

FI(t) < —cE(t)H], (@0 b <t>) Y+ CH: (Hg <a0E ®) )) c(A(t)) + cE'(t)

E(0) E(0)
< —cE(t)H| (ao%> + CQQ%H{) <a0 5((3))) — dE'(t) + cE'(1)

Choosing «q, ¢, ¢, such that for all ¢ > t; we have

: E@t) . E) E(t)
Fi(t) < —h g7 <a0E<O)> = ki

where Hs(t) = H{(apt). By using the strict convexity of Hy on (0;7], to find that H, Hy are

strict positives function on (0; 1], then

ki1 Fy(t)
TTE0)

R(t) = ~ E(t),7 € (0,1), (5.55)

and

R(t) < —vkoHa(R(t)), ko € (0, +00),¢ > t,.

hence, a simple integration gives
R(t) < Hy'(mit + n2),ni,ng € (0,400),t >t
here H;( / H~*(s)ds. From 5.55, for a positive constant ns, we have

E(t) <nsH{'(nit +ny), ni,ng € (0,4+00), t>t.

The fact that H; is strictly decreasing function on (0;1] and due to properties of H2, we
have: lim; o H;(t) = +00. Then

E(t) S nngl(nlt + 712), ny,Ng € (0, —|-OO), t Z 0.

This completes the proof of the Theorem.

Remark 5.4.1 Noting that, we have obtained all results without any conditions on the ex-

ponent k in the logarithmic nonlinearities.
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Chapter 6

General decay result for the wave

equation with distributed delay

We consider the nonlinear wave equation with distributed delay

t 2
(e "), = Lu — / g(t — s)Lu(s)ds + pnu(z, t) + / pia(s)u(z,t — s)ds = 0,
0

T1

in a bounded domain Q C R™(n > 1). By using an appropriate Lyapunov functional, we
study the asymptotic behavior of solutions. Moreover, we extend and improve the previous

results in the literature.

6.1 Introduction

In this chapter, we investigate the decay properties of solutions for the initial boundary value

problem of a nonlinear wave equation of the form

( ¢
(Jue| "), — Lu — / g(t — s)Lu(s)ds + pyue(z,t)
T2 0
+/ po(s)ug(z,t — s)ds = 0, in Qx]0, +o0,

m 6.1
u(z,t) =0, on I'x]0, +o0l, (6.1)
u(,0) = up(x). uy(z,0) = un(x), in 0,

\ ug(x, —t) = fo(z,t), in Q2x]0, 75|,
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where ) is a bounded domain in RY, N € N*, with a smooth boundary 9Q = I'. The

constant 7; is nonnegative such that 7 < 7 and py : [11,72] — R is a bounded function.

The initial datum (uo, u1, fo) belong to a suitable function space, where Lu = —div(AVu) =
— Zivj:l (g—;ai,j(x)%> and A = (a; j(x)) is a matrix that will be specified later. In absence

of delay (u2 = 0), the problem of existence and energy decay have been extensively studied
by several authors (see [6, 18, 22, 44, 45, 57, 63]) and many energy estimates have been
derived for arbitrary growing feedbacks. The delay term is often used in process control

systems (see [61])

Recently, much attention has been focused on the study of the control of PDEs with time
delay effects ( see for example [62,85,62]) and the references therein. In [73], the authors
showed that a small delay in a boundary control becomes a source of instability. However,
sometimes it also can improve the performance of the systems (see [62]). Additional terms
are needed to stabilize hyperbolic systems involving input delay terms (see [70,72,79,34] ).
For instance in 70 the authors studied the wave equation with linear internal damping term
with constant delay. They determined suitable relations between p; and p9, for which the
stability or alternatively instability takes place. More precisely, they showed that the energy
is exponentially stable if uy < py and they also found a sequence of delays for which the
corresponding solution of (6.1) will be instable if py > py. The main approach used in [70],
is an observability inequality obtained with a Carleman estimate. The same results were
obtained if both the damping and the delay are acting in the boundary. We also recall the
result by Xu, Yung and Li [79], where the authors proved a result similar to the one in [63]
for the one-space dimension by adopting the spectral analysis approach. The case of time
varying delay in the wave equation has been studied recently by Nicaise, Valein and Fridman

63 and proved an exponential stability result under the condition

po < V1—dpu,

where the constant d satisfies
Tt)<d<1, Vt>D0.

In 60 Nicaise, Pignotti and Valein extended the above result to higher-space dimension and

established an exponential decay.

Motivated by the previous works, our purpose in this chapter is to give an energy decay
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estimate of the solution to problem (6.1) for linear damping and in the presence of distributed

delay term. We use for this goal a suitable energy and Lyapunov functionals.

6.2 Preliminary Results

In this section, we present some material for the proof of our results. Let H(L,Q) =
{ve HY(Q)/Lv € L*(Q2)} be the Hilbert space equipped with the norm

e = (W + I12v1E) .

where H'() is the real Sobolev space of first order, ||v||3 is a L?>-norm and (.,.) is the scalar

product in L* ie. (v,9) = [,v(x,t).9(x,t)dr. We define in H'(Q2) the inner product and
norm by
(.9) Z / 3 &i = [ 2]
And we define
(21l 00 (1)
a(u(t),v(t)) = ; a; () 5u. o, dr = /Q AVu(t).Vo(t)dz,

(A;) : The matrix A = (a; ;(x)), where a; ; € C1(Q), is symmetric and there exists a constant
ap1 > 0 such that for all x € Q and § = (61, 6o, ....., 6n) € RY, we have

N
Z a;;(x)0;6; > agi|d]?, (6.2)
ij—1
And

= (Z lai 115 )

(Ay) : g: RT — RT is a bounded C' function satisfying

g(0) >0, 1-— / g(s)ds =1>0,
0

and there exists a non-increasing differentiable function : ¢ : R, — R, such that

g'(t) < —o(t)g(t). We now state some Lemmas needed later.
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Lemma 6.2.1 (Sobolev-Poincaré’s inequality) Let q be a number with2 < ¢ < +00 (n =
1,2) or2<q<2n/(n—2) (n>3). Then there exists a constant ¢, = (), q) such that

lully < ellVulla for  u € Hg(€).

Like in [19] we introduce the auxiliary unknown
2(x, p,5,t) = w(x, t — ps), (z,p,s,t) € Qx(0,1) % (11,72) x (0,00). (6.3)
Then, we have
sz(x, p, s, t) + 2p(x, py5,t) =0 in Qx (0,1) x (11, 72)x]0, 400],

Therefore, problem (6.1) is equivalent to

¢ t
(|| 2uy), — Lu — / g(t — s)Lu(s)ds + pyuy
0
T2
+/ pa(s)z(x, 1, s,t)ds = 0, in x]0, +o0,
< sz(x, p,s,t) + 2,(x, p,5,t) =0 in Q x (0,1) x (71, 72)x]0, 400,
u(, 0) = ug(x). uy(z,0) = un(x), in 0,
o,u = 9d,v =0, on I'x]0, +o0],
u=v =0, in I'x]0, 400,
| 2(z,p,5,0) = folz, ps), in 2 x (0,1) x (74, 72).
(6.4)
Let € be a positive constant such that
2 Ty — T
[ msteias + S22 < (6:5)

By combining the arguments of [ 7,6,73], we recall the existence result in [10].
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Theorem 6.2.1 Let ug € Hj () N H*(Q),u; € HY(Q) and fo € (L*(Q x (0,1) x (11,72))
such that the compatibility condition fo(.,0) = wy is fulfilled. Assume that the hypotheses
(A1) — (A2) hold. Then there exists a unique weak solution u of (6.4) such that

u(t) € C ([0, +o0]; Hy(€2)) N C* ([0, +o0]; L*(2)) .

Now, we define the energy associated to the solution of the problem (6.4) by

B = = uin+ L (1= [ g(s)ds) atu(t), u() + (g 0 w)()
s (1= o) .

Y
1 1 T2 )
+35 s(lp2(s)] + &)27(x, p, s, t)dsdpdz.
2 QJO T1

Lemma 6.2.2 Let (u,z) be a solution of the problem (6.4). Then, the energy functional
defined by (6.6) satisfies

E'(t) < — {ul - /72 \pa(s)|ds — wl /Qu?dx - m/Q /T2 22(x,1, 5,t)dsdx .

(gou)(t) — ~g(t)a(u(t), u(t)) < 0.

" 2

N | —

Proof. Multiplying the first equation in (6.4) by u,, integrating over €2 and using integration
by parts, we get

DN —

el + o), u(e))) + o] e+ / pas) [ =15, (e )dsda -
_ tg(t_s>/AVv(s)Vvt(t)dxds:O.

Where

ow(®.00) = 3 [ 0is G de = [ avitocas

1,j=1

By using hypothesis (A;), we verify that the bilinear forms a(.,.) : H}(Q) x H}(Q) — R are

symmetric and continuous. On the other hand, from (6.2) for § = V), we get

%
3x,»

2
dr = aoi [V (1)]l2, (6.9)

(.00 2 an [ 3
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which implies that a(.,.), are coercive. Note that

alut) u(1) = £ S a(u(t) u(t)). (6.10)

Following the same technique as in [73], we obtain

/ gt — 5) / AVu(s)Vuy(t)dzds = Z / / s)ag;(x (;‘S) agtx(j)dxds

2,7=1

/o / 8902 ag;(z)dxds
—Z_ [ [[att=spass0 (i;;fj ) D)

=5 [ ate=9) (Spatutoatas) — 3 [ ot =) (atut) —u(s)ul0) - us)as)

5 (] 9t =90atu0.u0) ds = 55 ([ ot = shatutt) = ufs),0) = ute)) ) s
- gotatu(t). u() + 5 [ (= s)atu(t) = u(e).ult) ~ u(s))ds
— 5@ o0 + 50 000+ 5 5 [alu®.u(0) [ 9(6)ds] - Jatoatule).uio),

(6.11)
Multiplying the second equation in (6.4) by (u2(s)+£)z and integrating over 2x (0, 1) X (71, 72)

with respect to p, x and s, we get

th// / s(ua(s) + )2z, p, s, t)dsdpda
——/Q/O / 1a(s) + €)22, (2, p. 5, 1) dsdpdz

o [ [0 2w s tyisipas
:%/Q/T:Q(u2(3)+§)(22(x,0,s,t)—zQ(x,l,s,t))dsdq:
< % {g(fg—nw / ,ug(s)ds} /Q dr

- /Q /T:Q(ug(s)+§)22(x,1,s,t)dsdx.
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From (6.8), (6.11) and (6.13), we obtain

E@S_%—Lﬂ%ﬂw—&%ﬂqLﬁ“_mélz%$&wmr@m)

(g/ou)(t) — So(t)a(u(t),u(t))

N —

_|_

In this way the proof of Lemma 6.2.2 is completed.

6.3 Asymptotic Behavior

In this section, we prove the energy decay result by constructing a suitable Lyapunov func-

tional. We denote by c¢ various positive constants which may be different at different occur-

rences. Now we define the following functional
L(t) = ME(t) 4 €p(t) + ep(t) + el (1),

where

aw:/mwvhﬂa
Q

o0 == [ ful [ glt = s)(alt) ~ u(s)dsd
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and

I(t) = /Q/Ol /T:2 se *(|k(s)| + &)2*(z, p, s, t)dsdpdz. (6.17)

We need also the following lemmas

Lemma 6.3.1 Let (u, z) be a solution of problem (6.4), then there exists two positive con-
stants A1, Ao such that

for M sufficiently large .

Proof. By applying the Holder inequality and Young’s inequality and Lemma 6.4 we easily
see that

o(0) / uue"Puda] < C. / fuldz + ¢ / jwl'dz < Cul|Vall3 + elluel?
@ @ @ (6.19)

< C.E%(t)+ ceE(t) < f B2 (0)E(t) + ceE(1),
01

then

C. 1o (6.20)

and

t (6.21)
T+ (- l)ci/o g(t — s)a(u(t) — u(s),u(t) — u(s))ds)

-0 () o),

it follows from (6.18) that Ve > 0, we have

1
ep )
/Q/O /ﬁ se”**(|k(s)| + &)2*(x, p, 5, t)dsdpda
1 T
2
SC/Q/O /7'1 s(|k(s)] + &)z (x, p, s, t)dsdpdz.

AN
NN
>

=

IN
DO | =
N
e
3=

HOIE

(6.22)

104



Hence, combining (6.20)-(6.22). This yields

|L(t) = ME(t)]| = ep(t) + o(t) + el (t) < < B (0)E(t) + ce E(t)el|ui|[]

be(l— z)(ﬁﬂ’;( )) (gou)( +c//7 (k(s)| + €)22(z, p, 5, t)dsdpda.

Finally, we get

(6.23)

IL(t) — ME(t)| < s E(t), (6.24)

where ¢5 = max(cy, ca, c3, ¢4). Thus, from the definition of E(t) and selecting M sufficiently

large, we find

BE(t) < L(t) < BLE(1), (6.25)

such that 81 = (M — ecs), fo = (M + €cs). This completes the proof.

Lemma 6.3.2 Let (u, z) be the solution of (6.4), then it holds for any ¥§ > 0

iﬂﬂé{mm+ﬂm&?4}MM®m@D+ (1 )(gou) (1)

aop1 daop (6 26)
+ \MUW@LMM%+MW+%M@
Proof. We take the derivative of ¢(t). It follows from (6.17) that
d 7—2 v
Eéb(t) = [ (Jue]"“ug)sude + |lug|7, (6.27)
Q
using the problem (6.4), then we have
d t
—o(t) = |luell7 — a(u(t), u(t)) + / / g(t — s)AVu(s)Vu(t)dsdz
dt 2 Jo (6.28)

—ul/utudx—// pa(s)z(x, 1, s,t) u dsde,
Q QJn
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following the same idea in [10], yields

/Q A /0 4t — $)(Vu(t) Vu(s)dsdz
B ZN: /0 tg(t - 5) /Q au-<as>a§f) (8555) - 8;2) + agg)) dzxds

-3 [ [ ot e G

) [l R o
< (1= Dau ”21/(“” ‘ 3)2@«
(o)

Sﬂ1—0+ﬁﬁ}wwwmu»+gﬁua_n@mxm

for the forth and fifth term in (6.29), we use Holder and Young’s inequalities, then for any
0 >0, we get

1
/utudx < octalu(t), u(t)) + —|lull3, (6.30)
o 44
and
pa(8)z(z, 1, s, t)udz| < 6c2au(t), u(t))
G Y (6.31)
[ imse)ds [ [ s s s
T1 QJr
hence

pa(8)z(x, 1, s, t)udzrds
Q

< dcia(u(t), ())+%/ 2 (s)l[|2(x, 1, 5,1)[[3ds.  (6.32)
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Using (6.31)-(6.33), then (6.30) becomes

(1= Dgou)(t)

Lo < {“M1+0n+#mﬁc—%}aW@LUQD+

, (6.33)
w5 [ et s s+l + 5 el
49
This completes the proof.
Lemma 6.3.3 Let (u, z) be the solution of (2.3), then o(t) satisfies for any ¥ 6 > 0
16 a1 (1 —1
¢w<{—+JLL—lawwmm (90 = &)l
0 2
+ w3 + —=c2p // po(s)2(x, 1, 8, t)dsdw + == 9(0)c, ———(—g'ou)(t) (6.34)
45 i 15

+ {(1 —1) {4(1016 + o <2Ba11 + %) + 2’2; }} (gou)(t).

Proof. Now Taking the derivatives of ¢(t) and using the problem (6.4), we obtain

) _ [l [ ot = 9)u(t) = u)dsda

~ [l w/ t—ﬂ(@—wwwm—(ﬂb@w)éww
S [0 ([ (505

1,7=1

- Z/ (/ (t—s) 8“ (s ds> </Otg(t—s) (8(;‘2) _ 8;9(5)) ds) g (6.35)

i,7=1

+/qu/mwﬂxu> u(s))dsdz

/Z;W %xmst/g@—ﬂww—mmwww

- [ még@—w(ﬂ wwwm—([l@w)éww.
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Using Young’s inequality and As, we infer

£ oot ([ (3020 )e
< Lot uw) + S gou)0
Using (6,29)
S ([ te= %) (oo (50~ 5 )
<3 [ ([e-oiile)'
e 2 [ ([ (G- ) w)
< “a;l) [2@11 + i\;} (gou)(t) + 222115 (1 = 1)%a(u(t), u(t)).

Next we will estimate the right hand side of (6.36). Applying the Holder inequality and
Young'’s inequality and the assumptions (A;) — (As), we have for any ¢ty > 0

t to
/ g(s)ds > / g(s)ds = go, Vt>ty, (6.38)
0 0

Invoking (6.38), we get the following estimates

/ e Ut/ (t — s)(u(t) — u(s))dsdr — (/Otg(s)ds) /Q“z‘u (6.39)

0)c?
< el + 29% _gouy(t) — golurl.

45
' / 1ut/ (t—s)( —u(s))dsdx

L_pe (6.40)
< gl + ’“<4—50<gou><t>,
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and

7 )50 [ gt — )t — a(s))dsds
! I/ /
//‘r1 pa(s)2*(x, 1, s, t)dsdx—k%;l)cz(gou)(t)'

A substitution of (6.36)-(6.41) into (6.35) yields

(6.41)

(1) < { B, M} a(ult), u(t)) — (g0 — &) s

p || |5+ 4(505#1 ,u2 2*(z,1,8,t)dsdr + 5 (—g'ou)(t) (6.42)

o o )

This completes the proof.

Lemma 6.3.4 Let I the functional defined by (6.17), then it holds

d &
dt]( ) < /Qufdm ) /ﬂ /T1 s(|pa(s)| + &) 2% (x, s, p, t)dsdx (6.43)

where Ty, Ty are some positive constants.

Proof. Differentiating (6.17) with respect to ¢ and using the second equation in (6.4), we

t) = —2/9/7:2(|M2(s)|+§) /01 e *Pzz,dpdsdx
[+ | 02 dpdsde

T2 1
— / / (|pa(s)] + &) [6522(:1:, 1,s,t) — 2%(x,0,s,t) + s/ eszdel dsdx
QJr 0
T2
< [atde—sa [ [ s(uas)l + a5 p tdsd.
Q QJn

have

(6.44)

The proof is hence completed.
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Theorem 6.3.1 Assume that assumptions (A;) — (Ag) are fulfilled. Let uy € H(Q),

w, € L*(Q) and fo € (E*(2 % (0,1) x (11,72)) be given. Then, we have the following de-
cay estimates:

—a o(s)ds
E(t) < Ke /to )

, for t >t (6.45)

Proof. Since g is positive for any t, > 0, we have

t to
/ g(s)ds > / g(s)ds =gy YVt > t.
0 0

Hence we conclude from Lemma 6.2.1, Lemma 6.3.2, Lemma 6.3.3 and Lemma 6.3.4 that

dL(t) N 1 1 NY | 2me
i <e€ {(1 —1) {4%1” + L, B + o1 (26%1 + E) + }} (gou)(t)

49
1—1)?
+e{ G mp - {1 - liz)lll — 210062 — aﬂm - CLHBELT)} a(u(t), u(t)
2 T2
= [t = (4 = St ) 6) 4 lsluato)) + €| [ st sl

~2e() + {5 - LS Gou0) - clan = 3= Dl

(6.46)

Choosing carefully e sufficiently small and M sufficiently large such that

N 1 1 N 24
1—1 — (2 = N dde
{< ) {4@01M * 4ag B * Qo1 ( Pas + 45) " 40 }} =0

1—1)2
{1_,ua11 —2u1ac§—£— a1 B( ) }:771 -0,

a1 Qo1 ap1

m—a=1) =m0, [mar— (5 - ER(0)) s ou(suato)] + )] = > 0

then (6.46) takes the form

dL(t)

= < —0eB(t) + e (gou) (b), (6:47)
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where 6 is positive constant. Setting

e €
AL = % A2 7%, Az = €c,
the last inequality becomes
dL(t)
“ar < =M E(t) + Aa(gou)(t), (6.48)

multiplying (6.48) by o(t), we get

dL(t)
g(t)T < =Moo (L) E(L) + Ao (t)(gou)(t) (6.49)

< =Moo (H)E(t) — do(t) (g ou)(t) < =\o(t)E(t) — cE (¢).

Let
H(t) = o(t)L(t) + 2XE(t).

At last, we can easily see that H(t) is equivalent to F(t). Now, subtracting and adding
o (t)F(t) in the right hand side of (6.49), using the fact that o (t) < 0 and (A;), then
Vt > ty, we obtain

P < o L)~ moEW) < ~po(B) < ~pao(H(). (6:50)

IN

Integrating this over (g, t), we conclude that

t
—p3 / o(s)ds
H(t) < H(tp)e to for t>t. (6.51)
Where ps is a positive constant. Finally, we get

E(t) < Ke @i o9 for t>t. (6.52)

where o and K are some positive constants. This completes the proof.
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Remark 6.3.1 We illustrate the energy decay rate given by Theorem 6.3.1 through the fol-

lowing examples which are introduced in [55,73].

1. Ifg(t) = ﬁ, fora >0 and v > 1, then o(t) = ﬁ satisfies the condition (As).
Thus (6.52) gives the estimate

E(t) < K(1+1t)"* where a > 0,

2. If g(t) = ae 1+ for a,b >0 and 0 < v < 1, then o(t) = bv(1 4 t)~! satisfies the
condition (As). Thus (6.52) gives the estimate

E(t) < Ke o(+t"

- Y

3. If g(t) = ae™®™ ) for a.b > 0 and v > 1, then o(t) = %jtﬂm satisfies the
condition (As). Thus (6.52) gives the estimate

E(t) S Kefozln”(lth)

)

4- 1 9() iy fora > 0 and v > 1, then o(t) = % satisfies the condition
(Az). Thus (6.52) gives the estimate

E(t) < K((1+t)In"(1+t)°.
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