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Abstract

In this thesis, we discuss the existence and uniqueness of integral solutions for a class
of initial value problem and of boundary value problem for nonlinear tmplicit frac-
tional differential equations and inclusions (NIFDE for short) with Caputo fractional
derivative. Our results will be obtained by means of fixed points theorems and by the
technique of measures of noncompactness.

Key words and phrases : Initial value problem, boundary value problems, Capu-
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INTRODUCTION

Fractional calculus is a generalization of differentiation and integration to arbitrary
order (non-integer) fundamental operator DJ, where a,a € R. Several approaches to
fractional derivatives exist : Riemann-Liouville (RL), Hadamard, Grunwald-Letnikov
(GL), Weyl and Caputo etc. The Caputo fractional derivative is well suitable to the
physical interpretation of initial conditions and boundary conditions. We refer readers,
for example, to the books [, [X, 29, b4, KO, B9, 04, [0, [, (04, [MH| and the references
therein. In this thesis, we always use the Caputo’s derivative.

Differential equations of fractional order have recently proved to be valuable tools
in the modeling of many phenomena in various fields of science and engineering. In-
deed, we can find numerous applications of differential equations of fractional order
in viscoelasticity, electrochemistry, control, porous media, electromagnetic, etc. (see
[E9, ([0, 81, [0, [, [1d]). There has been a significant development in ordinary and
partial fractional differential equations in recent years; see the monographs of Abbas
et al. [M], Kilbas et al. [BO], Lakshmikantham et al. [B9], and the papers by Agarwal et
al [B, 8], Belarbi et al. [28], Benchohra et al. [B2], and the references therein.

Fractional differential equations with nonlocal conditions have been discussed in
([@, T3, B9, 64, @0, B9, [Md]) and references therein. Nonlocal conditions were initiated
by Byszewski [EH] when he proved the existence and uniqueness of mild and classi-
cal solutions of nonlocal Cauchy problems (C.P. for short). As remarked by Byszewski
([E3, E4]), the nonlocal condition can be more useful than the standard initial condition
to describe some physical phenomena.

The theory of functional differential equations has emerged as an important branch
of nonlinear analysis. It is worthwhile mentioning that several important problems of
the theory of ordinary and delay differential equations lead to investigations of functio-
nal differential equations of various types (see the books by Hale and Verduyn Lunel

11
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[69], Wu [IT32], and the references therein).

Differential delay equations, or functional differential equations, have been used in
modelling scientific phenomena for many years. Often, it has been assumed that the
delay is either a fixed constant or is given as an integral in which case is called distri-
buted delay ; see for instance the books ([E9, B4, [T4)), and the papers ([E4, B3]).

In the literature devoted to equations with infinite delay, the state space is usually
the space of all continuous function on [—r,0], » > 0 and o = 1 endowed with the
uniform norm topology, see the book of Hale and Lunel [Ed]. When the delay is in-
finite, the notion of the phase space B plays an important role in the study of both
qualitative and quantitative theory. A usual choice is a semi-normed space satisfying
suitable axioms, which was introduced by Hale and Kato in [B3], see also Corduneanu
and Lakshmikantham [@2], Kappel and Schappacher [[8] and Schumacher [[MG]. For
detailed discussion and applications on this topic, we refer the reader to the book by
Hale and Verduyn Lunel [B9], Hino et al. [ and Wu [IT4].

Differential inclusions are generalization of differential equations, therefore all pro-
blems considered for differential equations, that is, existence of solutions,continuation of
solutions, dependence on initial conditions and parameters, are present in the theory of
differential inclusions. Since a differential inclusion usually has many solutions starting
at a given point, new issues appear, such as investigation of topological properties of
the set of solutions, and selection of solutions with given properties. As a consequence,
differential inclusions have been the subject of an intensive study of many researchers
in the recent decades ; see, for example, the monographs |9, PO, B, G4, [73, IR, [0S, [17]
and the papers of Bressan and Colombo [B9, EQ.

Implicit differential equations involving the regularized fractional derivative were
analyzed by many authors, in the last year; see for instance [B, @, B, B, 4, [0, [13]
and the references therein.

There are two measures which are the most important ones. The Kuratowski mea-
sure of noncompactness «(B) of a bounded set B in a metric space is defined as infimum
of numbers r > 0 such that B can be covered with a finite number of sets of diameter
smaller than r. The Hausdorf measure of noncompactness x(B) defined as infimum of
numbers r > 0 such that B can be covered with a finite number of balls of radii smaller
than r. Several authors have studied the measures of noncompactness in Banach spaces.
See, for example, the books such as [[H, 23, T2 and the articles |2, P4, 24, B, B3,
B2, [, G4],and the references cited therein. Recently, considerable attention has been
given to the existence of solutions of initial value problem and boundary conditions for
implicit fractional differential equations and integral equations with Caputo fractional
derivative. See for example [, [, [3, [4, 21, BY, B3, 4, B3, BA, K2, KR, [, [19], and
the references therein.
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The problem of the existence of solutions of Cauchy-type problems for ordinary
differential equations of fractional order and without delay in spaces of integrable func-
tions was studied in some works [Z9, ID4]. The similar problem in spaces of continuous
functions was studied in [[IH|.

To our knowledge, the literature on integral solutions for fractional differential equa-
tions is very limited. El-Sayed and Hashem [BH] studies the existence of integral and
continuous solutions for quadratic integral equations. El-Sayed and Abd El Salam consi-
dered LP-solutions for a weighted Cauchy problem for differential equations involving
the Riemann-Liouville fractional derivative.

Motivated by the above works, this thesis is devoted to the existence of integral
solutions for initial value problem (IVP for short), and boundary value problem (BVP
for short)for fractional order implicit differential equation.

In the following we give an outline of our thesis organization, Consisting of 7 chap-
ters.

The first chapter gives some notations, definitions, lemmas and fixed point theo-
rems which are used throughout this thesis.

In Chapter 2, we study the existence of solutions for initial value problem (IVP
for short), for fractional order implicit differential equation

‘Dy(t) = ft,y(t), D), te J=[0,T], 0<a<1,

y(0) = wo,

where f: J xR xR — R is a given function, yy € R, and “D® is the Caputo fractional
derivative.

In Chapter 3, we deal with the existence of solutions of the nonlocal problem, for
fractional order implicit differential equation

‘D%(t) = f(t,y(t)," D*(t)), a.e, t € J=:(0,T], 0 < x <1,

Zaky(tk) = Yo,

k=1

where f : J x R x R — R is a given function, yy € R, ax € R, °D® is the Caputo
fractional derivative, and 0 < t; <ty < ....t,, <T, k=1,2,....,m.

In Chapter 4, we shall be concerned with the existence of solutions for initial value
problem (IVP for short), for implicit fractional order functional differential equations
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with infinite delay
‘D%(t) = f(t,ye," D), t € J:=10,b], 0 < a < 1,

y(t) = o(t), t € (—00,0],

where ¢D* is the Caputo fractional derivative, and f : JxBxB — R is a given function
satisfying some assumptions that will be specified later, and B is called a phase space
that will be defined later (see Section 1.5). For any function y defined on (—oo, b] and
any t € J , we denote by y; the element of B defined by y:(0) = y(t +6), 6 € (—o0,0].
Here y,(.) represents the history of the state from time —oo up to the present time ¢.

In Chapter 5, we study the existence of integrable solutions for the Initial Value
Problem (IVP for short), for implicit fractional order differential equation

‘D%(t) = f(t,y(t)," D(t)), t€ J=[0,T], 0 < <1,

y(0) = o,

where “D® is the Caputo fractional derivative, f : J X R x R — R is a given function
satisfying some assumptions that will be specified later. We will use the technique of
measures of noncompactness which is often used in several branches of nonlinear ana-
lysis.

In Chapter 6, deals with the existence existence of solutions for initial value
problem (IVP for short), for fractional order implicit differential inclusions

‘D%(t) € F(t,y(t),” D*(t)), ae. t € J:=1[0,T], 0 < <1,

y(0) = wo,

where ¢D® is the Caputo fractional derivative, F': J x R x R — P(R) is a multivalued
map with compact values (P(RR) is the family of all nonempty subsets of R), yo € R.

In Chapter 7, In section 7.1 we study the the existence of solutions for boundary
value problem (BVP for short), for fractional order implicit differential equation

‘D%(t) = f(t,y,* Dy(t)), te J:=1[0,T], 1 <a <2

y(0) = yo, y(T) = yr

where f : J x R x R — R is a given function, yo, yr € R, and <D® is the Caputo
fractional derivative.

In section 7.3 is devoted to some existence and uniqueness results for the following
class of nonlocal problems

‘D%(t) = f(t,y,Dy(t)), teJ:=[0,T], 1 <a<2
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y(0) =9(), y(T) =yr
where g : L'(J,R) — R a continuous function. The nonlocal condition can be applied
in physics with better effect than the classical initial condition y(0) = y,. For example,

g(y) may be given by
p
g(y) = ciy(t:).
i=1

where ¢;,1 = 1,2, ..., p are given constants and 0 < ... <, <T.
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Chapitre 1

Preliminaires

We introduce in this Chapter notations, definitions, fixed point theorems and pre-
liminary facts from multi-valued analysis which are used throughout this thesis.

1.1 Notations and definitions

Let C(J,R) be the Banach space of all continuous functions from J := [0, 7] into
R with the usual norm

lyll = sup{ly(®)] : 0 < ¢ < T}.

L'(J,R) denote the Banach space of functions : J — R that are Lebesgue integrable
with the norm

T
ol = / ly(0)]dt.

Definition 1.1 f3/. A map f: J X R x R — R is said to be L'-Carathéodory if
(1) the map t — f(t,x,y) is measurable for each (x,y) € R x R,

(ii) the map (z,y) —> f(t,z,y) is continuous for almost all t € J,

(iii) For each q > 0, there exists ¢, € L'(J,R) such that

[f (2, )] < (1)
forall |z] <q, |y| < q and for a.e. t € J.
The map f is said of Carathéodory if it satisfies (i) and (ii).
Definition 1.2 An operator T : E — FE s called compact if the image of each

bounded set B € E is relatively compact i.e (T(B) is compact). T is called completely
continuous operator if it is continuous and compact.

Theorem 1.1 (Kolmogorov compactness criterion [@0]). Let Q C LP(J,R), 1 < p <
oo. If

17
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(i) Q is bounded in LP(J,R), and
(il) up —> u as h — 0 uniformly with respect to u € €2,

then § is relatively compact in LP(J,R),

where
1 t+h
un(t) = = / u(s)ds.
h J;

1.2 Fractional Calculus.

Definition 1.3 (80, [[04/). The fractional (arbitrary) order integral of the function
h € L'([a,b],R,) of order o € Ry is defined by

ITh(t) = m/ (t — 5)* th(s)ds,

where I'(.) is the gamma function. When a = 0, we write I*h(t) = h(t) * @, (t), where
ta—l

0a(t) = tay Jor t >0, and 0a(t) =0 for t <0, and o — 6(t) as a — 0, where §
15 the delta function.

Definition 1.4 . (80, [T4/). The Riemann-Liouville fractional derivative of order o >
0 of function h € L*([a,b],R), is given by

1 d\n [
D~ — el _ o\n—a—1
Dz = s () [ = his)as
Here n = [a] + 1 and [a] denotes the integer part of a. If o € (0,1], then

(D) = 10 = s [ (6= 5 hlo)ds

Definition 1.5 (f80/). The Caputo fractional derivative of order o € (0, 1], of function
h € L'([a,b],R,) is given by

¢ e d [tt—s) d
(DL = 1 5hlt) = [ s (s

where n = o] + 1.

The following properties are some of the main ones of the fractional derivatives and
integrals.

Lemma 1.1 ([B0)). Let a > 0, then the differential equation
‘D*h(t) =0
has solution

h(t) =co+cit+ct*> + ...+t ¢ €R, i=01,2,..,n—1, n=[a] + 1.
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Lemma 1.2 ([80/). Let o > 0, then
I°°D*h(t) = h(t) + co + cit + cot® + ... + ¢ t™ 1,
for arbitrary ¢; e R, i =0,1,2,....n—1, n=[a] + 1.

Proposition 1.1 [80/]. Let o, 5 > 0. Then we have
(1) 1*: LYJ,R) = LY(J,R), and if f € L*(J,R), then

ICIP f(t) = IPICf(t) = I°TP £(1).

(2) If f € LP(JR), 1< p < +oo, then [[1°flloe < iy I f e

(3) The fractional integration operator I* is linear.

(4) The fractional order integral operator I* maps L'(J,R) into itself.
(5) When oo =n € IN, I is the n-fold integration.

(6) The Caputo and Riemann-Liouville fractional derivative are linear

(7) The Caputo derivative of a constant is equal to zero.

1.3 Multi-valud analysis

Let (X, ]|.]|) be a Banach space and K be a subset of X. We denote by :

P(X)={K CX:K #0},

Pa(X) = {K C P(X): K is closed),
Py(X) = {K C P(X): K is bounded),
Puo(X) = {K C P(X): K is convex),
Pop(X) = {K C P(X) : K is compact},

Pev,ep(X) = Peu(X) N Py (X).

Let A, B € P(X). Consider Hy : P(X) x P(X) — R, U {oo} the Hausdorff distance

between A and B given by :

Hy(A, B) = max{supd(a, B),supd(A,b)},

a€A beB

where d(A,b) = in£ d(a,b) and d(a, B) = gng d(a,b). As usual, d(x,0) = +o0.
ac S

Then (Pp(X), Hyq) is a metric space and (P (X), Hy) is a generalized (complete)

metric space (see [E3]).
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Definition 1.6 A multivalued operator N : X — Py (X) is called :
(a) ~y-Lipschitz if there exists v > 0 such that

Ha(N(z), N(y)) <~d(z,y), for allz, y € X;
(b) a contraction if it is y-Lipschitz with v < 1.

Definition 1.7 A multivalued map F : J — Py(X) is said to be measurable if, for
each y € X, the function

t— d(y, F(t)) =inf{d(z,2) : z € F(t)}
1s measurable.

Definition 1.8 Let X and Y be metric spaces. A set-valued map F from X toY is
characterized by its graph Gr(F), the subset of the product space X XY defined by

Gr(F) ={f(z,y) e X xY :y € F(x)}

Definition 1.9 1. A multi-valued map F : X — P(X) is convex (closed) if F(x)
is convex (closed) for all x € X.
2. F is bounded on bounded sets if F(B) = U,epF () is bounded in X for all B €
Po(X), i.e. supges{sup{ly| : y € F(z)}} < oco.
3. A multi-valued map F is called upper semi-continuous (u.s.c. for short) on X if
for each xq € X the set F(xg) is a nonempty, closed subset of X and for each

open set U of X containing F(xg), there exists an open neighborhood V' of x
such that F(V) C U.

4. F is said to be completely continuous if F(B) is relatively compact for every
B € Py(X). If the multi-valued map F is completely continuous with nonempty
compact values, then F is upper semi-continuous if and only if F' has closed graph
(1.€., T = Tu, Yn = Ys, Yn € G(xy) tmply y,. € F(z,)).

5. F has a fized point if there exists v € X such that x € Fx. The set of fixed points
of the multi-valued operator G will be denoted by FixF'.

6. A measurable multi-valued function F : J — Ppa(X) is said to be integrably
bounded if there exists a function g € L'(Ry) such that |f| < g(t) for almost
teJ forall feF(t).

Proposition 1.2 73] Let F : X — Y be an u.s.c map with closed values. Then Gr(F')
is closed.

Definition 1.10 A multi-valued map F : J x R x R — P(R) is said to be L'-
Carathéodory if

(i) t = F(t,x,y) is measurable for each x,y € R;
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(i) = — F(t,z,y) is upper semicontinuous for almost all t € J ;
(iii) For each q > 0, there exists ¢, € L*(J,Ry) such that

[E @,z y)llp = sup{|f]: f € F(t,2,y)} < @4(t)
for all |x| < q, |y| <q and for a.e. t € J.

The multi-valued map F' is said of Carathéodory if it satisfies (i) and (ii).

Definition 1.11 . Let X,Y be nonempty sets and F : X — P(Y). The single-valued
operator f : X — Y s called a selection of F if and only if f(x) € F(x), for each
x € X. The set of all selection functions for F is denoted by Sp.

Lemma 1.3 ([62]) Let X be a separable metric space. Then every measurable multi-
valued map F : X — Py(X) has a measurable selection.

For more details on multivalued maps and the proof of the known results cited in
this section we refer interested reader to the books of Aubin and Cellina [[], Deimling
[B1], Gorniewicz [B4], Hu and Papageorgiou [[3], Smirnov [[08], Tolstonogov [[T3],
Djebali and al [B2] and Graef and al [B2] .

1.4 Measure of noncompactness

We define in this Section the Kuratowski (1896-1980) and Hausdorf (1868-1942)
measures of noncompactness (MNC for short) and give their basic properties, and
introduce the notion of measure of noncompactness in L'(.J).

Now let us recall some fundamental facts of the notion of measure of noncompactness
in Banach space.

Let (X,d) be a complete metric space and Ppe(X) be the family of all bounded
subsets of X. Analogously denote by P,.,(X) the family of all relatively compact and
nonempty subsets of X. Let B C X recall that

sup d(z,y) si B #¢
diam(B) := {

(z,y)eB?

0 si B=¢
is recalled the diameter of B.

Definition 1.12 ([Z3]/) Let X be a Banach space and Ppq(X) the family of bounded
subsets of X. For every B € Pyy(X) the Kuratowski measure of noncompactness is the
map o : Ppa(X) — [0, +00] defined by

a(B) =inf{r>0: BCU",B; and diam(B;) < r}.
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Remark 1.1 It is clear that 0 < a(B) < diam(B) < 400 for each nonempty bounded
subset B of X and that diam(B) = 0 if and only if B is an empty set or consists of
exactly one point.

The Kuratowski measure of noncompactness satisfies the following properties :

Proposition 1.3 ([, 23, 23, B2/). Let X be a Banach space. Then for all bounded
subsets A, B of X the following assertions hold
1. a(B) =0 <= B is compact (B is relatively compact).
a(p) =0.
a(B) = a(B) = a(convB), where convB is the convex hull of B.
monotonicity : (A C B) = a(A) < a(B).

algebraic semi-additivity : «(A+ B) < a(A) + «(B), where A+ B={x+y:z €
Ay € B}.

6. semi-homogencity : a«(AB) = [N a(B), A € R, where A(B) = {A\z : x € B}.
7. semi-additivity : «(AU B) = maz{a(A),a(B)}
8
9

. semi-additivity : «(AN B) = min{a(A), a(B)}.

. invariance under translations :a(B + xg) = a(B) for any xo € X.

Remark 1.2 The a-measure of noncompactness was introduced by Kuratowski in or-
der to generalize the Cantor intersection theorem.

Theorem 1.2 ([Z3]) Let (X; d) be a complete metric space and {B,} be a decreasing
sequence of nonempty, closed and bounded subsets of X. If lim «(B,) = 0 then

n—-+0o

Ay = m B,, is a nonempty compact set.

n=1

In the definition of the Kuratowski measure we can consider balls instead of arbi-
trary sets. In this way we get the defnition of the Hausdorf measure :

Definition 1.13 (fZ3/)Let X be a Banach space and Pyy(X) the family of bounded
subsets of X. For every B € Py(X) The Hausdorf measure of noncompactness is the
map X : Ppa(X) — [0, +00] defined by

X(B) =inf{r > 0: B admits a finite covering by balls of radius < r}.

Theorem 1.3 ([Z3]) The Kuratowski and Hausdorf (MNC) are related by the inequa-
lities

X(B) < a(B) < 2x(B)
In the class of all infinite dimensional Banach spaces these inequalities are the best
possible.
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eMeasure of noncompactness in L'(J)

To introduce the notion of measure of noncompactness in L'(J) we let My be the
family of all bounded subsets of L'(.J). Analogously denote by N, the family of all
relatively compact and nonempty subsets of L!(.J).

We will adopt the following definition of measure of noncompactness [23].

Definition 1.14 A function p : Mg — R will be called a measure of noncom-

pactnes if it satisfies to the following conditions :

1. Kerp(A) ={A € My : n(A) = 0} is nonempty and kerp(A) C Nyep.
2. AC B= u(A) < u(B).
5. u(@) = u(A).
4. p(convA) = p(A).
5. p(AA+ (1 =N)B) < Au(A) + (1 — Nu(B) pour X € [0, 1].
6. If (Ap)n>1 Is a sequence of closed sets from Mg such that

An+1CAn (n:1,2,>

and

lim p(A,)=0.

n—-+oo

Then the intersection set Ay = m A, is nonempty.

n=1
In particular, the measure of noncompactness in L*(J) is defined as follows. Let
X be a fized nonempty and bounded subset of L*(J). For x € X, denote by

p(X) = lim {Sup {sup (/OT |2 (t + h) — x(t)|dt) ,|h| < 5} Lz € X} N CR)

It can be easily shown, that p is measure of noncompactness in L*(J) (see [23]).

For more details on measure of noncompactness and the proof of the known results
cited in this section we refer the reader to Akhmerov et al. [[3], Alvarez 4], Banas et
al. (22, 23, B4, £3, 28], Guo et al. [BG).

1.5 Phase spaces

In this paper, we assume that the state space (B, ||.||) is a seminormed linear space
of functions mapping (—oo, 0] into R, and satisfying the following fundamental axioms
which were introduced by Hale and Kato in [BS].
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(A) f y : (—o00,b] — R, and yog € B, then for every ¢ € J the following conditions
hold :
(i) v, €B t
(i) lells < K(2) J2 ly(3)lds + M®)llyolls,
(iii) |y(¢)| < H||lyt|lp, where H > 0 is a constant, K : J — [0, 00) is continuous,
M :[0,00) — [0, 00) is locally bounded and H, K, M, are independent of y(.).

(A2) For the function y(.) in (A;), wy: is a B-valued continuous function on J.

(A3) The space B is complete.

Denote Kj, = supK(t):t € J and M, = supM(t):t € J

Remark 1.3 1. (A;)(ii) is equivalent to |¢(0)| < H||¢||s for every ¢ € B.

2. Since ||.||s is a seminorm, two elements ¢, € B can verify ||¢ —¢|p = 0 without
necessarily ¢(0) = 1 (0) for all § <0

3.From the equivalence in the first remark, we can see that for all ¢,v € B such that
¢ — Y|l =0 : We necessarily have that ¢(0) = (0).

Now We indicate some examples of phase spaces. For other details we refer, for instance
to the book by Hino et al [[T]

1.5.1 Examples of phase spaces

Example 1.1 Let :
BC' the space of bounded continuous functions defined from (—o0,0] — E,
BUC' the space of bounded uniformly continuous functions defined from (—oo,0] — E,

C>:={pe BC: elim ®(0) exist in E}
CY:={pe BC: elim ¢(0) = 0},endowed with the uniform norm
——00

6]l = sup{|o(0)] - 6 < 0}

We have that the spaces BUC, C* and C° satisfy conditions (A1)-(A3). However,
BC satisfies (A1), (A3) but (A2) is not satisfied.

Example 1.2 Let g be a positive continuous function on (—oo,0]. We define :
Cy = {¢ € C((—=00,0)), E) : 29 s bounded on(—oo,O]},

9(9)
C’g = {gb €Cy: elim % = O}, endowed with the uniform norm
——00 (
|¢(6)]
= ——:0<0;.
ol = sup {* 5 -0 < 0}

Then we have that the spaces Cy and C’g satisfy condition (A8). We consider the fol-
lowing condition on the function g.
(g1) For all a > 0, supy<,<, sup{‘b(;(—z)e) i —oo <t < —t} Then C, and Cg satisfy

conditions (A1) and (A2) if (g1) holds.
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Example 1.3 The space C., For any real positive constant v, we define the functional
space C, by

C, ={¢p € C((—00,0]),E) : HEEH e 4(0) exist in E

endowed with the following norm

1]l = sup{e™’|$(0)] : 6 < 0}.
Then in the space C., the axioms (A1)-(A3) are satisfied.

1.6 Some fixed point theorems

Definition 1.15 ([Id/) Let (M,d) be a metric space. The map T : M — M is said
to be Lipschitzian if there exists a constant k > 0 (called Lipschitz constant) such that

d(T(z),T(y)) < kd(z,y), forall x, y € M
A Lipschitzian mapping with a Lipschitz constant k < 1 is called contraction.

Theorem 1.4 (Banach’s fized point theorem [G2]). Let C' be a non-empty closed subset
of a Banach space X, then any contraction mapping T of C into itself has a unique
fixed point.

Theorem 1.5 (Schauder fized point theorem (f20)) Let E a Banach space and Q) be a
convex subset of E and T : Q — Q) is compact, and continuous map. Then T has at
least one fixed point in Q).

In the next definition we will consider a special class of continuous and bounded ope-
rators.

Definition 1.16 Let T : M C E — E be a bounded operator from a Banach space
E into itself. The operator T s called a k-set contraction if there is a number k > 0
such that

(T (A)) < kp(A)
for all bounded sets A in M. The bounded operator T is called condensing if u(T(A)) <
w(A) for all bounded sets A in M with u(M) > 0.

Obviously, every k-set contraction for 0 < k < 1 is condensing. Every compact map 7T’
is a k-set contraction with £ = 0.

Theorem 1.6 (Darbo’s fixed point theorem [23]) Let M be nonempty, bounded, convex
and closed subset of a Banach space E and T : M — M 1is a continuous operator
satisfying u(T'A) < ku(A) for any nonempty subset A of M and for some constant
k €10,1). Then T has at least one fized point in M.
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Next we state two multi-valued fixed point theorems

Lemma 1.4 ( Bohnenblust-Karlin 1950)([g3/). Let X be a Banach space and K €
Poeo(X) and suppose that the operator G : K — Py oK) is upper semicontinuous
and the set G(K) is relatively compact in X. Then G has a fized point in K.

Lemma 1.5 (Covitz-Nadler [£3]). Let (X,d) be a complete metric space. If N : X —
Pu(X) is a contraction, then FizN # ¢.



Chapitre 2

Integrable Solutions for Implicit
Fractional Order Differential
Equations ()

2.1 Introduction and Motivations

In this chapter we deal with the existence of integrable solutions for initial value
problem (IVP for short), for fractional order implicit differential equation

‘D%(t) = f(t,y(t)," D(t)), t€ J=[0,T], 0 < a <1, (2.1)

y(0) = wo, (2.2)

where f: JJ xR xR — R is a given function, yg € R, and “D® is the Caputo fractional
derivative.

Differential equations of fractional order have recently proved to be valuable tools
in the modeling of many phenomena in various fields of science and engineering. In-
deed, we can find numerous applications of differential equations of fractional order
in viscoelasticity, electrochemistry, control, porous media, electromagnetic, etc. (see
(03, (3, 81, M2, I1d]). There has been a significant development in ordinary and par-
tial fractional differential equations in recent years; see the monographs of Abbas et
al. [0, B, Kilbas et al. [B0], Lakshmikantham et al. [9], and the papers by Agarwal et
al. [B, @], Belarbi et al. [28], Benchohra et al. [B2], and the references therein.

(UM. Benchohra and M. S. Souid, Integrable Solutions for Implicit Fractional Order Differential
Equations. Transylvanian Journal of Mathematics and Mechanics 6 (2014), No. 2, 101-107.

27
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More recently, some authors have considered initial value problems for fractional
differential equations depending on the fractional derivative.
In [BO], Benchohra et al. studied the problem involving Caputo’s derivative :

‘D(t) = f(t,u(t)," D" tu(t)), te J=1[0,+00), 1 <a<?2

u(0) = ug, u is bounded on J :
In [Bd], Benchohra and Lazreg, studied the existence of continuous solutions for the
problem (E70)-(E22)

This chapter is organized as follows. In Section 2.2, we give two results, the first
one is based on Schauder’s fixed point theorem (Theorem E) and the second one on
the Banach contraction principle (Theorem 23). An example is given in Section 2.3
to demonstrate the application of our main results. These results can be considered as
a contribution to this emerging field.

2.2 Existence of solutions

Let us start by defining what we mean by an integrable solution of the problem
(2D — (22).

Definition 2.1 . A function y € L'(J,R) is said to be a solution of IVP (E1) — (232)
if y satisfies (Z3) and (Z3).

For the existence of solutions for the problem (EII) — (E2), we need the following
auxiliary lemma.

Lemma 2.1 The solution of the IVP (E) — (Z2) can be expressed by the integral

equation
1 ! a—1
) = o+ gy | (=9 als)as (2.3

where x € L'(J,R) is the solution of the functional integral equation

1 ¢ o1
z(t)=f (t,yo + m/o (t—s) x(s)ds,x(t)) . (2.4)
Proof. Let “D*y(t) = x(t)) in equation (E10), then
z(t) = f(t,y(t), =()) (2.5)

and
y(t) = y(0)+I%x(t))

= y(0) + ﬁ/o (t —s)* 'x(s)ds. (2.6)

Leu us introduce the following assumptions :
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(H1) f:J x R* — R is measurable in ¢ € J, for any (u;,us) € R? and continuous
in (uy,uy) € R?, for almost all ¢ € J.

(H2) There exist a positive function a € L'(J,R) and constants, b; > 0;i = 1,2 such
that :
|f(t,U1,U2)| < a(t) + b1|U1| + b2|U2|,V(t,U1,U2) e J x R

Our first result is based on Schauder fixed point theorem.
Theorem 2.1 Assume that the assumptions (H1) — (H2) are satisfied. If

by T% . b T
F'2a+1) I'(a+1)

then the IVP (E) — (B22) has at least one solution y € L'(J, R).

Proof. Transform the problem () — (E232) into a fixed point problem. Consider the
operator

<1, (2.7)

H:L'(J,R) — L'(J,R)

defined by :
(Hz)(t) = yo + ["x(2), (2.8)
where
a(t) = ft,yo + 1°x(t), x(1)).
The operator H is well defined, indeed, for each x € L'(J, R), from assumptions (H1)
and (H2), we obtain

T
|Halls, = / Ha(t)|dt
T
= / lyo + I%x(t))|dt
0

t t_S a—1
< Tl + [ G
0

T(/o—
< T|y0|+/ (/
(/

. (a) s))|d3> dt
t— s)o!
Tlyol + / Skl

|2(
[ f (s, 50 + I°x(s), x(s))|ds>dt
| (

IA

s) + bi(yo + [%z(s)) + bg(x(5)|ds> dt
Ta bl ‘yo ’TOH_ b2Ta

< T _
T t a—1
(t—>s)
+b / (/ ——I%x(s ds)dt
' 0 0 [(a) =)
T bl ‘yo ’Ta—&—l b2Ta

< T _

b T2a

! |z, < +oo0. (2.9)

TRat1)
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Let

T |a +b T+l
T|y0| + ( Il HLIE(O‘—HZ)/O‘ >

by T2 by T ’
1— (F(§a+1) + F(2a+1))

r =

and consider the set
B, ={z e L"JR): 2|, <.}

Clearly B, is nonempty, bounded, convex and closed.
Now, we will show that HB, C B,, indeed, for each x € B,, from (Z2) and (Z9)
we get

T°(lallz, + bilyol T
H < T !

T b 2]
F2a+1)  T(a+1) f
< 7.

Then HB, C B,. Assumption (H1) implies that H is continuous. Now, we will show
that H is compact, this is HB, is relatively compact. Clearly H B, is bounded in
L*(J,R), i.e condition (i) of Kolmogorov compactness criterion is satisfied. It remains
to show (Hx);, — (Hz) in L*(J,R) for each z € B,.

Let x € B,, then we have

I(Hz)n = (Hz)|| 21

= [ 1o - o

- [ / xww%H@®Vt

< [ (3] e - amons) a
[ G et - reatos) a

< [ r S G 10,26 7 o+ 170,200 s,

S

<

A

Since * € B, C L'(J,R) and assumption (H2) that implies f € L'(J,R) and by
Proposition I (4), it follows that I*f € L'(J,R), then we have

1 t+h
E/ 1% f(s,yo + I%x(s),x(s)) — I f(t,yo + [x(t), x(t)|ds — 0 as h — 0, t € J.
t

Hence
(Hx)p, — (Hzx) uniformly as h — 0.
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Then by Kolmogorov compactness criterion, H(B,) is relatively compact. As a conse-

quence of Schauder’s fixed point theorem the IVP (210) — (E3) has at least one solution

in B,. ]
The following result is based on the Banach contraction principle.

Theorem 2.2 Assume that (H1) and the following condition hold.

(H3) There exist constants ki, ks > 0 such that
’f(tuxhyl) - f(t73727y2)‘ S kl’il:l - .TQ‘ + kQ‘yl - y2|7 te ‘]7 T1,22,Y1,Y2 € R.

If
kT2 . kT
F2a+1) I'(a+1)

then the IVP (D) — (E2) has a unique solution y € L'(J,R).

<1, (2.10)

Proof. We shall use the Banach contraction principle to prove that H defined by (Z3)
has a fixed point. Let x,y € L'(J,R), and t € J. Then we have,

|(Hz)(t) — (Hy)(t)| [T [f (E yo + T0(t), 2(t) = f(t yo + 1y (1), y ()] |

<k Lfalt) — y(B)] + kal?le(t) - ol1)
< s [t ) - s
bt [ (= ots) = u(s)as.
Thus
(1) = (e, < ol = vl + sl = e,

< (T BT ey
= \F2a+1) T(at+n) " YL

Consequently by (Z0) H is a contraction. As a consequence of the Banach contraction
principle, we deduce that H has a fixed point which is a solution of the problem
(0m) — (22). OJ

2.3 Example

Let us consider the following fractional initial value problem,
eft
(€' +8)(L + [y(®)] + |“Dy()])

y(0) = 1. (2.12)

‘D%(t) = , teJ:=10,1], a € (0,1], (2.11)
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Set
et

(et +8)(14+y+ 2)
Let y1, Y2, 21, 22 € [0, +00) and ¢t € J. Then we have

ft,y,2) = , (ty,z) € J x[0,400) x [0, 400).

et 1 1
t, ,Z - t; 72 -
[F(Ey1,20) = f(t 42, 22))] et+8(1+y1+21 1+y2+22>‘

< el — yo| + |21 — 22])

T @8I+ y +2z) (1 Y + 2)
e—t

< (lyr — ol + |21 — 22|)

(et +8)
1 1
< 5’3/1 — o + 5’21 — 2.
Hence the condition (H3) holds with &, = k; = §. We shall check that condition (210)
is satisfied with 7" = 1. Indeed

T RTT 1, 1 (2.13)
'2a+1) T(a+1) 9TR2a+1) 9(a+1) '

Then by Theorem 272, the problem () — (Z12) has a unique integrable solution on
[0,1].



Chapitre 3

L1-Solutions for Implicit Fractional
Order Differential Equations with
Nonlocal Condition?

3.1 Introduction

In this chapter we deal with the existence of solutions of the nonlocal problem, for
fractional order implicit differential equation

‘D%(t) = f(t,y(t), DY(t)), ae, t € J=:(0,T], 0 <a <1, (3.1)

Zaky(tk) = Yo, (3.2)

where f : J x R x R — R is a given function, yo € R, a; € R, <D is the Caputo
fractional derivative, and 0 < t; <ty < ....t,, <T, k=1,2,....m.

Fractional differential equations with nonlocal conditions have been discussed in
([@, o, B9, 642, @0, 89, [Md]) and references therein. Nonlocal conditions were initiated
by Byszewski [EH] when he proved the existence and uniqueness of mild and classi-
cal solutions of nonlocal Cauchy problems (C.P. for short). As remarked by Byszewski
([E3, £4]), the nonlocal condition can be more useful than the standard initial condition
to describe some physical phenomena.

This chapter is organized as follows. In Section 3.2, we give two results, the first
one is based on Schauder’s fixed point theorem (Theorem Bl) and the second one on

(2) M. Benchohra and M. S. Souid, L'-Solutions for Implicit Fractional Order Differential Equa-
tions with Nonlocal Condition, (to appear) .
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the Banach contraction principle (Theorem B3). An example is given in Section 3.3
to demonstrate the application of our main results. These results can be considered as
a contribution to this emerging field.

3.2 Existence of solutions

Let us start by defining what we mean by an integrable solution of the nonlocal
problem (B1) — (B32).

Definition 3.1 . A function y € L*([0,T],R) is said to be a solution of IVP (BE) —
(B2) if y satisfies (332) and (E32).

For the existence of solutions for the nonlocal problem (Bd) — (B2), we need the
following auxiliary lemma.

Set
1

a kazl ay’

Lemma 3.1 Assume that )" | a, # 0, the nonlocal problem (B) — (B3) is equivalent
to the integral equation

a

y(t) = ayo — a; a /0 ’ %x(s)ds + /0 %x(s)d& (3.3)

where x is the solution of the functional integral equation

= a —a E a " —(tk 3)04711: s)ds) + t—(t S)aill’ S)as,xr
(3.4)

Proof. Let “D%y(t) = x(t)) in equation (B1), then
z(t) = f(t,y(t), z(t)) (3.5)
and

y(t) = y(0) +I%2(1))

Let t = t; in (B3), we obtain

y(tr) = y(0) + / k %x(éﬁdsa

0
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and

> altn) = Y o)+ 3o [T a(syas (3.7

and
u®:a<m—§:%/”@%%?iﬁwm§. (3.8)

)
Substitute from (BR) into (BM) and (B3), we obtain (B3) and (B3).
For complete the proof, we prove that equation (BZ3) satisfies the nonlocal problem
(B83M) — (B22). Differentiating (B33), we get

‘Dy(t) = x(t) = f(£,y(t), Dy(1)).
Let ¢ =t} in (B33), we obtain

tk (tk _ S)a—l

y(ty) = ayo—aZak/ %x(s)ds)—i—/o Wx(s)ds

- 0
m tr (tk - S)a—l
= ayo+|(1—a) a / —————x(s)ds.
o (meSn) [
Then
- ST O
; ary(tr) ; arayy + Z ap | 1 — a; ay ) Wx(s) 5 = Y.

This complete the proof of the equivalent between the nonlocal problem (B)-(B3) and
the integral equation (B33).
Leu us introduce the following assumptions :

(H1) f :[0,T] x R* — R is measurable in ¢ € [0,7T], for any (u;,uy) € R? and
continuous in (u1, up) € R?, for almost all ¢ € [0, T).

(H2) There exist a positive function a € L'[0,T] and constants, b; > 0;7 = 1,2 such
that :

|f(t, ul,U2)| S a(t) + bl|U1| + bQ|U2|,V(t,U1,U2) < [O,T] X RQ.

Our first result is based on Schauder’s fixed point theorem.
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Theorem 3.1 Assume that the assumptions (H1) — (H2) are satisfied. If

20, T

2l g, < .
Tlat1) (255 (39)

then the IVP (Bdl) — (B2) has at least one solution y € L'([0,T],R).

Proof. Transform the nonlocal problem (BI) — (B2) into a fixed point problem. Consi-
der the operator
H: Ll([()?T]a R) — Ll([()?T]a R)

defined by :

= a —ama tkMCCS S t(tLIS S, T
(Hﬂw—f<t% Z}?A s+ [ (M,@07

Let
. Tabiyol +[lalz,

- 2, T ’
1 - <1"(011+1) + b2>

and consider the set
B, ={x € Ll([O,T],R) N, <.}

Clearly B, is nonempty, bounded, convex and closed.
Now, we will show that HB, C B,, indeed, for each x € B, from (BX) and (ZI0)
we get

T
|Hall,, = /\Hﬂwﬁ
0

:/OT

T m
< / [\a(t)\ +bilayo — a > apI®w(t)]i=, + Iz (t)] + bg|x(t)|] dt

0 k=1

blazm_ akta blTa
< Tab AP Lak=1 TRk s b
< Tabi|yo| + [lallz, + Tlot1) !IwI\L1+F(a+1>HxHL1+ o/l
26, T

< Tabll + ol + (g s + ) el
< r

Then HB, C B,. Assumption (H1) implies that H is continuous. Now, we will show
that H is compact, this is HB, is relatively compact. Clearly HB, is bounded in

f <t,ay0 - akz:;ak/ok %x(s)ds) +/0 %x(s)ds,x(t))

dt
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LY([0,T],R), i.e condition (i) of Kolmogorov compactness criterion is satisfied. It re-
mains to show (Hz), — (Hz) in L*([0,T],R) for each x € B,.
Let x € B,, then we have

I(Hz)n — (Hz)|| 11

% /t " ) (s)ds (Hx)(t)‘ dt

< /0 s <t,ayo—a2ak /0 %m)mwf %x(r)dm(so
(t ayjo —aZak/k (e _Z))a x(s)ds) +/0 %x(s)d&,x(t)) |dsdt.

Since * € B, C L'([0,T],R) and assumption (H2) that implies f € L'([0,T],R), it
follows that

th Sk (Sk—T S—T
* ‘f(t ayo —ay o, ag k% dT—I—fO(—

s -1
—f <t,ay0 —ay ;o a Otk (t’cp(;) z(s)ds + fo F(a) z(s)ds, z(t)
Hence

(1)dT, x(s))

) ds — 0as h— 0.

(Hx), — (Hz) uniformly as h — 0.

Then by Kolmogorov compactness compactness criterion, H (B, ) is relatively compact.

As a consequence of Schauder’s fixed point theorem the nonlocal problem (B) — (B2)

has at least one solution in B,. O
The following result is based on the Banach contraction principle.

Theorem 3.2 Assume that (H1) and the following condition hold.

(H3) There exist constants ky, ko > 0 such that

’f(taxbyl) _f(tax%yZ)’ < kl‘xl —$2‘ +k2|y1 _y2|7 te [OvT]7 T1,%2,Y1,Y2 € R.

If
2%, T°

BTN 11
TlatD) 2S5 (3.11)

then the IVP (Bd) — (B2) has a unique solution y € L*([0,T],R).
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Proof. We shall use the Banach contraction principle to prove that H defined by (B10)
has a fixed point. Let x,y € L'([0,T],R), and ¢ € [0, T]. Then we have,

((Hz)(t) = (Hy)(t)|

= |ftam— 03 @ w(Olcs, + (1), (1)
k=1

—f(t,ayo — a Z agl*y(t)le=e, + Iy(t), y(t))
by o [T - o)l

=y %ms)_y(snmm_m.

IN

Thus

kitiad iy ok
() = (), < S
T
sty [ Jalt) = 0
0
2hy T°
['(a+1)

2k, T
— 4k — .
(s ke ) o ol

| ket = vl 527 [0 -

(a+1

IN

|z —yllz, + kallz — yllz,

Consequently by (BI) H is a contraction. As a consequence of the Banach contraction
principle, we deduce that H has a fixed point which is a solution of the nonlocal problem

(B) — (B22). 0

3.3 Example

Let us consider the following fractional nonlocal problem,

C (0% _ 1 P a
D) = ersa sy L€ = ee @1, (312
S axylti) =1, (313)

where ap, € R, 0 <t) <ty <...<1.

Set
1

f(t.9,2) = (e +5)(1+y+2)

(t,y,2) € J x [0,400) x [0,400).
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Let y1, Y2, 21, 22 € [0, +00) and ¢t € J. Then we have

|f(t>yla Zl) - f(t,y2,22)|

1 ( 1 1 )
et+5\14+y1+21 14y + 22
Y1 — 2| + |21 — 22|

<

= (e 451y +2) (14 ye + 22)

< e n -l +la - )
— — 21— Z

= (et +5) Y1 — Y2 1 2

< Ly — gl Lm - 2l
S 6y1 Y2 62’1 Z9|-

Hence the condition (H3) holds with &, = k; = 3. We shall check that condition (B7)

is satisfied. Indeed
2%k, 1 1

—— + k — < 1. 3.14
Tla+1) ™ * (3:14)

T 3l(a+1) 6

<
Then by Theorem 3.2, the nonlocal problem (B12) — (BI3) has a unique integrable
solution on [0, 1].
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Chapitre 4

Integrable Solutions For Implicit
Fractional Order Functional

Differential Equations with Infinite
Delay (3)

4.1 Introduction

In this chapter we deal with the existence of solutions for initial value problem (IVP
for short), for implicit fractional order functional differential equations with infinite
delay

‘D%(t) = f(t,ye," D), t € J:=10,b], 0 < v < 1, (4.1)

y(t) = ¢(t)7 te (_0070]7 (42)

where ¢D“ is the Caputo fractional derivative, and f : JxBx B — R is a given function
satisfying some assumptions that will be specified later, and B is called a phase space.
For any function y defined on (—oo,b] and any ¢ € J, we denote by y; the element of B
defined by y,(0) = y(t + 0), 6 € (—o0,0]. Here y,(.) represents the history of the state
from time—oo up to the present time ¢.

In the literature devoted to equations with finite delay, the state space is usually
the space of all continuous function on [—r,0], » > 0 and a = 1 endowed with the
uniform norm topology ; see the book of Hale and Lunel [6d]. When the delay is in-
finite, the selection of the state B (i.e. phase space) plays an important role in the
study of both qualitative and quantitative theory for functional differential equations.

(3) M. Benchohra and M. S. Souid, Integrable Solutions For Implicit Fractional Order Functional
Differential Equations with Infinite Delay, Archivum Mathematicum (BRNO)Tomus 51 (2015), 13-22.

41
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A usual choice is a seminormed space satisfying suitable axioms, which was introduced
by Hale and Kato [B3] (see also Kappel and Schappacher [[d] and Schumacher [[TG]).
For a detailed discussion on this topic we refer the reader to the book by Hino et al. [[I].

This chapter is organized as follows. In Section 4.2, we give two results, the first
one is based on the Banach contraction principle (Theorem E) and the second one on
Schauder type fixed point theorem (Theorem E3). An example is given in Section 4.3
to demonstrate the application of our main results. These results can be considered as
a contribution to this emerging field.

4.2 Existence of solutions

Let us start by defining what we mean by an integrable solution of the problem
Let the space

Q={y:(—00,b] > R:y|(—oo0 € Band y|; € L'(J)}.
Definition 4.1 . A function y € Q is said to be a solution of IVP (E) — (E22) if y

satisfies (§-1) and (Z=3).

For the existence of solutions for the problem (ET) — (E22), we need the following
auxiliary lemma.

Lemma 4.1 The solution of the IVP (Edl) — (B22) can be expressed by the integral
equation

y(t) = #(0) + ﬁ/o (t —s)* tw(s)ds, t € J, (4.3)

y(t) = ¢(t), t € (—00,0], (4.4)
where x is the solution of the functional integral equation
1 t 1
= = —8)" : 4.

Proof. Let y be solution of (A3) — (), then for ¢t € J and t € (—o0, 0], we have (E)
and (E32), respectively. O

To present the main result, let us introduce the following assumptions :

(H1) f:J x B> — R is measurable in t € J, for any (ui,us) € B* and continuous
in (uy,uy) € B2, for almost all ¢ € J.

(H2) There exist constants kq, ko > 0 such that

|f(t7$17y1) - f(t,$27y2)| < ]{?1||I1 - x2||3 + k2||y1 - y2”37

for t € J, and every x1, x2,y1, 92 € B.
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Our first existence result for the IVP (E) — (E2) is based on the Banach contraction
principle.
Set

Ky = sup{|K(t)| : t € J}.

Theorem 4.1 Assume that the assumptions (H1) — (H2) are satisfied. If

ky Kpb*™ ko Kpb™

r2a+1)  TlatD) ~ (46)

then the IVP (B) — (B2) has a unique solution on the interval (—oo,b].

Proof. Transform the problem (E) — (E22) into a fixed point problem. Consider the
operator N : Q0 — €) defined by :

o(t), t € (—o0,0]
(Ny)(t) = { s o (= ) (s, Iy, y)ds, L€ .

We shall use the Banach contraction principle to prove that N has a fixed point.
Let z(.) : (—o0,b] — R be the function defined by

0, ifted
x(t) :{ (1), if t € (—o00,0].

Then x¢ = ¢. For each z € L'(J,R), with 2(0) = 0, we denote by Z the function defined

by
oz, ifted
Z(t)_{ 0, if t € (—o0,0].

if y(.) satisfies the integral equation

y(t) = —/0 (t — )L f(s, I%Ys, ys)ds,

we can decompose y(.) as y(t) = z(t) + x(t), 0 <t < b, which implies y; = Z; + 2, for
every 0 <t < b, and the function z(.) satisfies

1

z(t) = () /0 (t — ) f(s,I%(Zs + x5), Zs + 15)ds.

Set
Lo={z¢€ L'(J,R) : z = 0},

and let [|.||p be the seminorm in L, defined by

b b
2lls = 170l + / 12(1)]dt = / =(0)ldt, = € Lo.
0 0
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Ly is a Banach space with norm ||.||,. Let the operator P : Ly — Lo be defined by

(Pz)(t) = %/0 (t —s)* (s, 1%(Zs + 25),Zs + 35)ds, t € J, (4.7)

«

That the operator N has a fixed point is equivalent to P has a fixed point, and so
we turn to proving that P has a fixed point. We shall show that P : Ly — Ly is a
contraction map. Indeed, consider z, z* € Ly. Then we have for each t € J

|P(2)(t) = P(2")(1)]

1 t
< —/ (t = 85U (5, 1% + 22), % + 32) — F(5, I%(F" + 22), 7" + ,)|ds
[(a) Jo
1 t
< —— | (=8 k| Iz — 2 kol|Zs — 27| 8]d
< e | T G = 2l + i — 2 s
I o N . .
< F—/(t—s) L (R T%(2(s) = 2% ()| + kall2(s) — 2% (s)[l] ds
(@) Jo
bR kR
T2a+1)  T(@tn)'= =1
Therefore

ki Kb ko K0
P(z)— Py, < — 2*|s.
IPE) = P < (pass * e ) 1=+l

Consequently by (E0) P is a contraction. As a consequence of the Banach contraction

principle, we deduce that P has a unique fixed point which is a solution of the problem

(1) — (B2). O
The following result is based on Schauder fixed point theorem.

Theorem 4.2 Assume that (H1) and the following condition hold.

(H3) There exist a positive function a € L'(J) and constants, ¢; > 0;1 = 1,2 such

that :
|f(t, ur,u9)| < la(t)] 4+ qul|uslls + ga2lluslls, V(t, ur, u) € J x R
If o .
Ko (r(g;bJr T F(Zflji- 1)) <L (48)
then the IVP (1) — (E22) has at least one solution y € L'(J, R).
Proof.

Let P: Ly — Lo be defined as in (E22), and

b llall 1

b2a b
_ T(at1) + Mb||¢||3<rg21a+1) + FE];Jrl))

- b2 po
1— Kb(rgaﬂ) + r?iﬂ))

Y
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where My, = sup{|M(t)| : t € J}, and consider the set
B, :={z¢€ Ly, ||z|lp < r}.

Clearly B, is nonempty, bounded, convex and closed. We shall show that the operator
P satisfies the assumptions of Schauder fixed point theorem. The proof will be given
in three steps.

Stepl : P is continuous.
Let z, be a sequence such that z, — z in Ly. Then

1 ¢ o1 o B
[(Pz,)(t) — (Pz)(t)] < m/ﬂ(f—s) | (5, 1%(Zn, + 25), Zn, + )

— f(8,1%(Zs + x5),Zs + x5)|ds

Since f is a continuous function, we have
b* o B o B
= T(a+1) 1f (I Gy +20)5 Zn) H20) = FOIEG +20), 20 2l = 0

as n — oQ.

Step2 : P maps B, into itself.

Let z € B,. Since f is a continuous functions, we have for each ¢ € [0, b]

(P2)(1)] < ﬁ /Ot<t_s>a1|f<s,fa<zs+xs>7zs+~’vs>lds
< ﬁ/ (t — ) Ha(®) + |1 (s + 2|5 + aall7, + @l s)ds
b h2a b
< bllal, (F(ql ) (Ko + Myll6]ls),

['(a+1) 2a+1) I'(a+1)

where
HES + stB < HESHB + ”333”8

Hence ||(Pz)||, <. Then PB, C B,.
Step3 : P is compact.

We will show that P is compact, this is PB, is relatively compact. Clearly PB, is
bounded in Ly, i.e condition (i) of Kolmogorov compactness criterion is satisfied. It
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remains to show (Pz), — (Pz), in Ly for each z € B,.
Let z € B,, then we have

[(P2)n — (Pz)]| 1

|(P2)n(t) — (Pz)(t)|dt
/t (Pz)(s)ds — (Pz)(t)‘ dt
(%/t |(Pz)(s) — (Pz)(t)|ds) dt

b t+h
1
< /E/ (1 f (5,Zs + @s), Zs + @) = 14f (6, 17(Z0 + 0), 20 + @) |dsdt.
0 t

<

Since z € B, C Ly and assumption (H3) that implies f € Ly and by Proposition [,
it follows that I*f € L'(J,R), then we have

1 t+h
E/ If (Zs +24),Zs +x5)—1f (£, 1%(Z + 24), Ze +2¢) |ds — Oash — 0, t € J.
t

Hence
(Pz), — (Pz) uniformly as h — 0.

Then by Kolmogorov compactness criterion, P(B,) is relatively compact. As a conse-
quence of Schauder’s fixed point theorem the IVP (E) — (E2) has at least one solution
in B,. O

4.3 Example

In this section we give an example to illustrate the usefulness of our main results.
Let us consider the following fractional initial value problem,

cDY%(t) = el T Do)’ te J:=10,b], a€(0,1], (4.9)
y(t) = o(t), t € (—o0,0], (4.10)

where ¢ > 1 is fixed. Let v be a positive real constant and

B, ={y € L'(~00,0] : eli)gloo e%y(0), exists in R}.

The norm of B, is given by

0
ol = [ "lu(@)las

—0o0
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Let y : (—o00, b] = R be such that yy € B,. Then
lim ey, (0) = lim ey(t +6)
0——o0 0——oc0

= lim O "y(9)
0——o0

= e lim "yy(f) < oo.

6——o0

Hence y; € B,. Finally we prove that

t
MMSK@AW®W+M@MM
where K = M =1 and H = 1. we have

lye(0)] = ly(t +0)].
Ifo+t<0, we get

0
|m%s/ [y(s)|ds.
For t + 6 > 0, then we have
t
)| < [ lut)lds
0

Thus for all t + 60 € J, we get

rmws[_mww+AW@m.

Then .
IMMSMM+AW®W-

It is clear that (B,,||.||) is a Banach space. We can conclude that B, is a phase space.

Set
e_’Yt“rt

t,y,2) = , (t,x,2) € J x B, X B,.
f( Y Z) C(€t+€7t)(1+y—|—2) ( 4 Z) Y v
For t € J,y1, Y2, 21, 22 € By, we have
6—7t+t 1 1
t,y1,21) — J (L, Y2, 2 = —
g z) = F (g2 22)] clet +e ) [1+y+2 1+y+ 2

e " (Jyr — yo| + |21 — 20)

clet +e ) (1 +y1 + 21)(1 + ya + 22)

e " xel(lyr — y2| + |21 — 22|)

<

- clet +e7t)

< v = wolly + 121 — 2fl)

- c

R [ R P
Ny — 21 — 2ol4-

= 7 Y1 — Y2lly - 1 2|~
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Hence the condition (H2) holds. We choose b such that CF%ZQ:I) + cfffglfl) < 1. Since
Kb = 1, then

b2a N he
I'2a+1) cI(a+1)
Then by Theorem B, the problem (E9) — (EI0) has a unique integrable solution on
[—o0, b].

< 1.




Chapitre 5

A New Result of Integrable
Solutions for Implicit Fractional
Order Differential Equations (4)

5.1 Introduction

In this chapter deals with the existence of integrable solutions for the Initial Value
Problem (IVP for short), for implicit fractional order differential equation

‘D%(t) = f(t,y(t)," D(t)), t€ J=[0,T], 0 < a <1, (5.1)

y(0) = yo, (5.2)

where “D® is the Caputo fractional derivative, f : J x R x R — R is a given func-
tion satisfying some assumptions that will be specified later. We will use the technique
of measures of noncompactness which is often used in several branches of nonlinear
analysis. Especially, that technique turns out to be a very useful tool in existence for
several types of integral equations; details are found in Akhmerov et al. [[H], Alvarez
(7], Banas et al. [22, 23, 24, 3, 28], Guo et ol. [BH].

The principal goal here is to prove the existence of integral solutions for the problem
(B0)-(B22) using Darbo’s fixed point theorem.

Many techniques have been developed for studying the existence and uniqueness
of solutions of initial and boundary value problem for fractional differential equations.
Several authors tried to develop a technique that depends on the Darbo or the Mdnch
fixed point theorems with the Hausdorff or Kuratowski measure of noncompactness.

(4) M. Benchohra and M. S. Souid, A New Result of Integrable Solutions for Implicit Fractional
Order Differential Equations, (submitted).
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The notion of the measure of noncompactness was defined in many ways. In 1930, Ku-
ratowski [109] defined the measure of non-compactness, a(A), of a bounded subset A
of a metric space (X;d), and in 1955, Darbo [74] introduced a new type of fixed point
theorem for noncompactness maps.

This chapter is organized as follows. In Section 5.2, we give a result (Theorem B).
An example is given in Section 5.3 to demonstrate the application of our result. These
results can be considered as a contribution to this emerging field.

5.2 Existence of solutions

Let us start by defining what we mean by a solution of the problem (B) — (B32).

Definition 5.1 A function y € L*(J,R) is said to be a solution of IVP () — (B22) if
y satisfies the equation D*y(t) = f(t,y(t),” D*y(t)) on J, and the condition y(0) = yo.

For the existence of solutions for the problem (Bl) — (B22), we need the following
auxiliary lemma.

Lemma 5.1 The solution of the IVP (B0l) — (B4) can be expressed by the integral
equation
1 t
o) =m0+ g [ (69 el 5.3
I'(a) Jo

where x is the solution of the functional integral equation
1 t
x(t)=f (t,yo + —/ (t — s)alx(s)ds,m(t)) . (5.4)
I'(a) Jo
Leu us introduce the following assumptions :

(H1) f:J xR xR — R satisfies the Carathéodory conditions.

(H2) There exist a positive function a € L'(J) and two constants, q;, gz > 0 such
that :

|f(tur,u)| < alt) + qilui] + golual, V(¢ ur,uz) € J X R xR,

(H3) We first consider two real numbers 0 < |p| < J, there exist a positive valued
functions L¢(.) which is continuous in a neighborhood of 0 with L(0) = 0 and
two constants kq, ko > 0 such that

[F(E+pwr,yn) = [ w2, y2)| < Liyp) + kalwn — 2ol + kalyr — w2,

te [O,T], Ti, Yq € R, 1= 1,2
In this section, we study the existence of a solution of the problem (B) — (B22) by the
using the concept of measure of noncompactness in L'(.J).
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Theorem 5.1 Assume that assumptions (H1) — (H3) are satisfied. If

kT2 L ko T
F2a+1) I'(a+1)

<1, (5.5)

then the IVP (Edl) — (B2) has at least one solution y € L'(J,R).

Proof. Transform the problem (B) — (B=2) into a fixed point problem. Consider the
operator N : L'(J,R) — L'(J,R) defined by :

(Nz)(t) = yo + Ix(t), (5.6)

where z(t) = f(t,yo + I*2z(t),z(t)). Clearly, the fixed point of the operator N are
solutions of the problem (B1l) — (B3). Let

T%|a Tot!
T|y0| _|_< I ”LFI(Z?HZ;O' )

T2a To ’
1— (F%éaJrl) + F%fxﬂ))

T =

where
T T

et D) T Tarn <1

and consider the set
B, ={x € Ll(J,R) Nex|lpr <7, or >0}

Clearly, the subset B, is closed, bounded and convex. We shall show that N satisfies
the assumptions of Darbo’s fixed point theorem. The proof will be given in three steps.
Step 1. N is continuous.

Let x,, be a sequence such that x,, — = in B,. Then for each t € J,

IN(zn) = N(2)] 1
= [ (t) = 12 ()|

- s [a= 9 (st = a6}

< [ (i [ 10060 — S+ (5,

1

Since f is of Carathéodory type, then by the Lebesgue dominated convergence theorem
we have

|N(x,) — N(x)||zr = 0 as n — oo.
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Step 2. N maps B, into itself.
Let x an arbitrary element in B,. Then from assumptions (H1)-(H2), we obtain

T
INzllp = / Na(t)|dt
0

- / o 4+ T°2(e))|dr

< T|yo|+/T (/%| ()l ) at

< i+ [ ([ S 1) ol a

< Tlyl + ( t‘s r<s>+ql<yo+fa:c<s>>+q2<x<s>|ds) it
< Tlyol + ———lallz +‘h'y“'T 1"

Tlat1) T(a+1) r(a+1)”“’”“

o ([ o)

“ @1|yo| T T
['(a+1) MNa+1) TI(a+1)
T*llallp + @lyo|TF @ Tr @ Tr

T <r
ol + T(a+1) T ToarD) Tty =

q1T2a
I'2a+1)

IN

Tlyo| + lallzr + e + ] s

IN

Then ||Nz||z: < r, which implies that the operator N maps B, into itself.

Step 3. N is a contraction, i.e : u(NX) < ku(X), k €[0,1)
Now let us fix a nonempty subset X of B,.. We first consider two real numbers 0 <
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|p| < 0 and an arbitrary fixed z € X, by (H3) we have
INz(t +p) = Na(t)| 2

_ /0 [(Nz)(t+ p) — (Nx)(t)|dt
- /OT\[%(Hp)—I%(t)\dt
_ /0 [1%(x(t + p) — 2(t))|dt

_ AT

< / (11 Lso)| + by [122((t 4+ p) = 2(0)] + ko [T (2t + p) = ()] )t

1(£(t+ oo + 1°a(t + p).o(t 4+ 9) = (b g0+ 10 (2), a(0) )| de

< /T|L()|dt+ k1 /T| (t+ p) — x(t)| dt
_ _ x -
= Tlat1) ), ™Y T(2a+1) J, P
]CQTa T
e t+ p) — x(t)| dt.
e MR
Hence, we have
Ta+1
Nz(. + p) — Nx(. < - 7
Vol +p) = NeOller < Ty Lele)
ey T2 ko T
+ (o * ) Mot o) =2l

Taking into account that

lim sup L¢(p) =0,
020 1p|<s )

we get

T2a T
k1 ko ) (X)

HINX) < (F(Qa D Tat1)

Here, p(.) is the measure of noncompactness in L'[0, 7] given by (). This means
that the operator N is a contraction with respect to p. Finally, since

kT2 n kT
F'2a+1) I'(a+1)

<1,

then by applying Darbo’s fixed point theorem, we conclude that IVP (B) — (B2) has
at least one solution belonging to the set B, C L!'(J,R). O
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5.3 Example

In this section we give an example to illustrate the usefulness of our main results.
Let us consider the following fractional initial value problem,

qr@a)zt“*”y%yrgfmﬁwn,teJk:ﬁxu,ae(u1L (5.7)
y(0) = yo. (5.8)
Set i1
f(t,y,z) = %, (t,y,2) € J xR, X Ry.

Clearly, the function f satisfies the Carathéodory conditions. Let y, 2z € R, and
t € J, then we have

t ty tz
t =
£(t9,2)] [+5 t+5  t+45
< t ty tz
- |t+5 t+5 t+95
< || + g+ 5
— I+ = —|z|.
= i+ 767 TG
We first show that a € L'[0, 1], where a(t) = %, indeed a(t) is a measurable function
and
1 1y
/‘Mﬂﬁ = [ —adt

= [t —5Injt +5))];
1 — 5Inb6 + 5Ind < oco.

Then a € L'(0,1]. Hence the assumption (H2) holds with a(t) = £ and ¢ = g2 = §.
Moreover, for each t € [0, 1], z;,y; € Ry, i = 1,2. we have

\f(t+ p,y1,21) — [t y2, 22)|

_ t+p ¢ (t+p)y1_ o (t+ p)=1 _ tz
t+p+5 t+5 t+p+b5 t+5 t+p+5 t+5

p (t+pyr  tys
p+5 |t+p+5 t+5

< Lf(p) + ' (t + p)yl tyQ

(t + p)21 _ tZQ
t+p+5 t+5
‘ (t -+ p)21 tZQ

t+p+5 t+5

t+p+5 t+5

’

where L¢(p) = -2

= 2.
As 6 — 0, then we have

1 1
|f(t+poyr,21) — [t g2, 22)] < Lp(p) + =|yr — va| + =|21 — 22
6 6
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Then the assumption (H3) holds with Ly(p) = 45 and ki = ks = §
Finally we shall check that condition (B3) is satisfied for appropriate values of o € (0, 1]
with 7" = 1. Indeed

k1 ko 1 1

TRa+1)  T(a+ TatD) " Tt ~F° (5.9)

D -
Then by Theorem B the problem () — (B8) has at least one solution on [0, 1] for
)-

values of « satisfying condition (). For example
eIf =3 then T(a+1) =T(2) ~ 0,88 and I'(2a+1) =T'(2) =1 and

ky ko

1
== ~0,35659 < 1.
FRat1) T+l 6 08

+
=
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Chapitre 6

Integrable Solutions for Implicit
Fractional Order Differential
Inclusions ()

6.1 Introduction

In this chapter we deal with the existence of solutions for initial value problem (IVP
for short), for fractional order implicit differential inclusions

‘DY%(t) € F(t,y(t),” D*(t)), ae. t € J:=1[0,T], 0 < <1, (6.1)

y(0) = wo, (6.2)

where °D® is the Caputo fractional derivative, F': J x R x R — P(R) is a multivalued
map with compact values (P(R) is the family of all nonempty subsets of R), yo € R.

Differential equations and inclusions of fractional order have recently proved to be
valuable tools in the modeling of many phenomena in various fields of science and
engineering. Indeed we can find numerous applications in viscoelasticity, electroche-
mistry, electromagnetism, and so forth. For details, including some applications and
recent results, see the monographs of Kilbas et al. [B0|, Kiryakova [82], Miller and Ross
[EE], Podlubny [I3] and Samko et al. [EH] , and the papers of Agarwal et al [B, B,
Diethelm et al. [B3], El-Sayed [64, B8], Gaul et al. [E0], Glockle and Nonnenmacher
[63], Lakshmikantham and Devi [B3], Mainardi [@2], Metzler et al. B3], Momani et al.
(R, 2], Podlubny et ol.[M3], Yu and Gao [[I] and the references therein.

(5) M. Benchohra and M. S. Souid, Integrable Solutions for Implicit Fractional Order Differential
Inclusions, (submitted).

o7
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This chapter is organized as follows. In Section 6.2, we present an existence result
for the problem (Bl) — (E32) when the right hand side is convex valued by using fixed
point theorem of Bohnnenblust-Karlin type. In Section 6.3, our results are given for
nonconvex valued right hand sides, which are based upon a fixed point theorem for
contraction multivalued maps due to Covitz and Nadler [A8]. An example is given in
Section 6.4 to demonstrate the application of our main results. These results can be
considered as a contribution to this emerging field.

By S};,y we denote the set of all measurable selections of F' that belong to the
Lebesgue space L'(J,R), that is,
Sk, ={f € L'(JR): f(t) € F(t,y(t),  D(t)) ae. t € J}.

Remark 6.1 Note that for an L*-Carathéodory multifunction F : J x R xR — P,4(R)
the set Sk, is not empty.

6.2 The Convex Case

In this section, we are concerned with the existence of solutions for the problem
(B0) — (B2) when the right hand side has convex values. Let us start by defining what
we mean by an integrable solution of the problem (E1) — (632).

Definition 6.1 A function y € L*(J,R) such that D%y(t) is measurable is said to be
a solution of IVP (Bdl) — (E2) if y satisfies (E3) and (@3).

For the existence of solutions for the problem (E) — (B22), we need the following
auxiliary lemma.

Lemma 6.1 The solution of the IVP (Bdl) — (B2) can be expressed by the integral
equation

1 t
t) = —— [ (t—9)*"tz(s)d :
) =0+ e [ (=) ) (63
where x is the solution of the functional integral inclusion
#(t) € F(t,y(t), o(t)). (6.4)

Proof. Let “D*y(t) = z(t) in equation (E), then
z(t) € F(t,y(t), x(t))
and
y(t) = y(0) +I"z(t)

= y(0)+ ﬁ/o (t — s)* 'a(s)ds.

Let us introduce the following assumptions :
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(H1) F:J xR XR— P a(R) is L'-Carathéodory.
(H2) There exist a positive function a € L'(J) and constants, b; > 0; i = 1,2 such
that :
[F (¢, ur, u)||p = sup{[f| : f € F(t,ui,u2)} < a(t) + bifur| + balusl,

for all uy, us € R, and for a.e. t € J.
(H3) There exist constants £;, 5 > 0 such that

Hd(F(t,x,z)),F(t,f,E)) < £1|.T _f‘ +€2‘Z _E| )

for every x,7, z,Z € R.

(H4) F: J x R x R — P,(R) has the property that F(.,u1,u2) : J — Pgy(R) is
measurable, and integrably bounded for each uq,us € R.

Our first result is based of Bohnenblust-Karlin fixed point theorem.
Theorem 6.1 Assume that the assumptions (H1) — (H3) are satisfied. If

b T by T%

Mat1)  TRaxl) ~ (65)

then the IVP (Edl) — (E2) has at least one solution y € L'(J, R).

Remark 6.2 Note that for an L'-Carathéodory multifunction F : J X R X R — Py4(R)
the set Sk, is not empty.

Proof. Transform the problem (Bd) — (B2) into a fixed point problem. Consider the
the multivalued operator

N:L'(J,R) — P(L'(J,R))

defined by :

t
(Nz)(t) = {h € L'(J,R) : h(t) = yo + L/ (t— s)alf(s)ds} (6.6)
() Jo
where f € Sp,. Clearly, from Lemma [, the fixed points of N are solutions to
(B) — (B2). We shall show that N satisfies the assumptions of Bohnenblust-Karlin
fixed point theorem.
Let

b Totl
Tlyol + sl llall, + 222

- bo T b1 T2«
L= (r(fm) + F(§a+1))

and consider the bounded set

r

)

B, :={z € L"(J,R),||z||p <7}
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The proof will be given in several steps.

Step 1 : N(z) is convex for each y € B,.
Indeed, if hy, hy belong to N(x), then there exist fi, fo € Sg,, such that for each t € J
we have

1 t
hi(t) =1y —|——/ t—s5)*"1fi(s)ds, i=1,2.
0=+ pray | (=9
Let 0 < d < 1. Then, for each t € J, we have

1

(dh + (1= D)(1) = s / (t— )2 [dfi(s) + (1 — d) fa(s))ds.

Since S , 18 convex (because I’ has convex values), we have

dhi + (1 — d)hg c N((L’)

Step 2 : N(B,) is relatively compact.
(a) N(B,) is bounded.
Let = € B, for each h € N(z) and t € J, we have by (H2) and (BE3)

Il = / Ih(t)]dt
= [t 1setar

<+ [ ([ L i) a
o ¢ 0 0 I'(o)
< 7 |+/T(/t = )+ bl + s [ (€= 97~ a(6)as] + bla(s)]d ) a
—|al\ S —_— — S (S S TS S
= S\ T T T T ) Jy ’
T bl |y0 ‘Ta—i-l b2Ta blT2a
< T J— .
T bl |y0 |Ta+1 sza bl T2a
< T - <r
< Tl + ragplade + T35 " \fasn T Tas )77

Then the above inequalities show that
[N ()|l = sup{[[h][rr - h e N(x)} <,

which shows that N(B,) C B, and B, is bounded, then N(B,) is bounded.
(b) (Nz), — (Nz), in L'(J,R) for each = € B,.
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Let z € B, and h € N(z) then we have
[ = Al
T
= [ et - hiey
0

:/OT

= /t " s)ds — h(t)‘ dt

T

< /(1 [ ) = wiojas ) a
<[ & e - Fpolds)
< [ 2T - swpasar

Since f € L'(J,R) and by Proposition I1(4), it follows that I®f € L'(J,R), then we

have

1 t+7
—/ [I“f(s) —I“f(t)|ds = 0asT—0, t € J
T Jt

Hence
(Nz); = (Nz) uniformly as 7 — 0.

As a consequence of (a) and (b) together with the Kolmogorov compactness compact-
ness criterion, we can conclude that N(B,) is relatively compact.

Step 3 : N has a closed graph.
Let z, — z., h, € N(z,), and h, — h,. We need to show that h, € N(z,). Now
hyn € N(z,,) implies there exists f, € Sk, such that, for each t € J,

hnlt) = o + ﬁ / (t — ) fu(s)ds.

We must show that there exists f.(t) € St such that for each t € J,

ha(t) = yo+ ﬁ /0 (t = 5)* " f.(s)ds.

Since F'(t,.,.) is upper semicontinuous, for every ¢ > 0, there exist ng(e) > 0 such that
for every n > ng, we have

fu(t) € F(t,y(t),z(t)) C F(t,ye(t),z«(t)) + €B(0,1) a.e. t € J.
Since F' has compact values, there exists a subsequence f,, (.) such that

fau, () = feasm — oo
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f.(t) € F(t,y.(t),7.(t)) ae. t € J;
For every w(t) € F(t,y.(t), z.(t)), we have

[ o (8) = Fo(O)] < [ (F) = w(O)] + | () = fu(B)],

and so
| fam (£) = F (O] < d(fn (B), F' (8, y(2), 2:(2)))-

By an analogous relation obtained by interchanging the roles of f,, and f, it follows
that

|fnm(t) _f*(t)| < Hd(F(tvynm(t)axnm(ﬂ))?F(t7y*(t)7x*(t>))
S €1|ynm - Z/*’ +€2|xnm - l’*|
< 0| Iz, — x| 4 lo|Tn,, — T4l
Therefore,
1 t 1
P, (t) — ha(t S—/t—so‘_ fr (8) — fe(s)|ds
| () = Do (2)] F(a)o( ) fr (8) = fil9)]
0T T
e =l < (T * Ty ) B = ol
Then

|, — hillz, = 0 as m — oo.

Therefore, we deduce from Bohnenblust-Karlin fixed point theorem that NV has a fixed
point z in B, C L*(J,R) which is a solution of IVP (EJ) — (E3). O

6.3 The Nonconvex Case

This section is devoted to proving the existence of solutions for (E) — (B22) with
a nonconvex valued right hand side. Our second result is based on the fixed point
theorem for contraction multivalued maps given by Covitz-Nadler [E3];

Theorem 6.2 Assume that the assumptions (H3) — (H4) are satisfied. If

0T N 0T
I'2a+1) I'(a+1)

<1, (6.7)

then the IVP (Edl) — (E32) has at least one solution y € L'(J, R).

For each y € L'(J,R), the set Sp, is nonempty since, by (H4), F' has a measurable
selection (see [E8], Theorem II1.6). Proof. We shall show that N given by (68) satisfies
the assumptions of Covitz and Nadler fixed point theorem. The proof will be given in
two steps.
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Step 1 : N(z) € Py(L'(J,R)) for all € L'(J,R). Let (h,)a>0 € N(x) be such that
hn — h € L'(J,R). Then there exists f, € Sg,, such that, for each t € J,

hn(t) = 4o + ﬁ / (t — ) fu(s)ds.

From (H3) and the fact that F' has compact values, we may pass to a subsequence if
necessary to obtain that f, converges to v in L'(J,R) and hence f € S}p’y. Thus, for
each t € J,

) = ) = 0+ s [ e=sr s

soheN ().
Step 2 : There exists 7 < 1 such that

Hy(N(z), N(%)) < yl|lx = Z||p1, forall x, T € L'(J,R).

Let z, T € L*(J,R) and h; € N(z). Then, there exists fi(t) € F(t, y(t),z(t)) such
that, for each t € J,

(o) =+ s [ 6= (s
From (H3) it follows that
Ha(F(t,y(t), x(t))), F(t,3(t), (1)) < bly(t) —y(t)] + a]a(t) —T(t)].
Hence, there exists w(t) € F(t,y(t),T(t)) such that
[f1(t) —w(®)] < Gly() —y(E)| + bL|z(t) —z(@)], t e J.
Consider U : J — P(R) given by
Ut) ={w e R:[fi(t) —w(®)| < Lly(t) — YO + l]x(t) —z@)]}-

Since the multivalued operator V (t) = U(t) N F(t,5(t), Z(t)) is measurable (see Propo-
sition [E@], I11.4), there exists a function fy(t) which is a measurable selection for V.
Thus, fo(t) € F(t,y(t),z(t)), and for each t € J,

1) = O] < Gly(t) = y@0)] + Llx(t) — 2(1)]
< G ((t) = 7(0)] + ol (t) —T(t)]

For each t € J, define



64 Mntegrable Solutions for Implicit Fractional Order Differential Inclusiond

Then, for t € J,

1 ' a—1
ha(t) — haft)] < F@}Aa—s> Fi(s) — fols)lds

- 0 T* N 0T 5 — 7]
- \I'x+1) TI'(a+1) '

Therefore
T2 T

hi—h < — T 1.

I = hells < (s * T ) I~ 7o

By an analogous relation, obtained by interchanging the roles of x and 7, it follows
that

HiN )N @) < (s + ey ) o= 7l

Therefore, by (??), N is a contraction, and so by Covitz-Nadler fixed point theorem, N

has a fixed point « that is a solution to IVP (EdI) — (E22). The proof is now complete.
0

6.4 Example

As an application of our results we consider the following fractional initial value
problem,
‘D%(t) € F(t,y(t),” D(t)), t € J:=[0,1], o € (0,1], (6.8)
y(0) =1,

where

Fty(t),” D(t) = {v e R: fi(t,y(2)," D*y(t)) < v < folt,y(1)," Dy(1))},

and f1, fo: JXRXxR — R are measurable in t. We assume that for each t € J, fi(t,.,.)
is lower semi-continuous (i.e, the set {y € R : fi(t,y(t), D*y(t)) > p} is open for each
w1 € R), and assume that for each t € J, fs(t, .,.) is upper semi-continuous (i.e the set
{y € R : fot,y(t)," D*y(t)) < u} is open for each p € R. Assume that there exists
a € L'(J,Ry) such that

ma(|i(t,y(2), 2O, 1oty 2(O)) < =+ (O] + (O], €7

We have T'=1, a(t) = £

b T by T? 1 1
FNa+1) T'Ra+1) 4I'(a+1) 4I'2a+1)
Then the condition (B3) is satisfied for appropriate values of «. It is clear that F
is compact and convex valued, and it is upper semi-continuous (see [B]). Since all

conditions of Theorem Bl are satisfied, IVP (B8) — (B9) has at least one solution y
on J.

, by =0by = i. It is easy to see that




Chapitre 7

L!-Solutions of Boundary Value
Problems for Implicit Fractional
Order Differential Equations (6)

7.1 Introduction and Motivations

The purpose of this Chapter, is to establish existence and uniqueness of solutions
integrable for boundary value problem (BVP for short), for fractional order implicit
differential equation

Doy(t) = f(t,y(t).c DyY(t), t € J:=[0,T], 1 < a <2, (7.1)

y(0) = yo, y(T) = yr (7.2)

where f : J x R x R — R is a given function, 3y, yr € R, and “D® is the Caputo
fractional derivative.

More recently, considerable attention has been given to the existence of solutions
of boundary value problem and boundary conditions for implicit fractional differential
equations and integral equations with Caputo fractional derivative. See for example
(M, [, [3, [@, B0, BR, B3, [[4, B3, BA, B2, BY, [, [T4|, and the references therein.

In [E8], S. Murad and S. Hadid, by means of Schauder fixed-point theorem and the
Banach contraction principle, considered the boundary value problem of the fractional
differential equation :

Dy(t) = f(t,y(t), Dy(t)), t€ J:=(0,1), 1<a<2, 0<fB<1, 0<y<1,

(6) M. Benchohra and M. S. Souid, L'-Solutions of Boundary Value Problems for Implicit Frac-
tional Order Differential Equations, (to appear).
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y(0) =0, y(1) = Iy(s)

where f : [0,1] x R x R — R is a continuous function, and D® is the Riemann-Liouville
fractional derivative.

In [B3], A. G-Lakoud and R. Khaldi, studied the following boundary value problem of
the fractional integral boundary conditions :

‘Diy(t) = f(t,y(t)," DPy(t)), te J:=(0,1), 1<q¢<2, 0<p<l,

y(0) =0, y'(1) = adgy(1),

where f:[0,1] x R x R — R is a continuous function, and D* is the Caputo fractional
derivative. In [], by means of Schauder fixed-point theorem, Su and Liu studied the
existence

of nonlinear fractional boundary value problem involving Caputo’s derivative :

‘Du(t) = f(t,u(t),c Du(t)), te J:=(0,1), 1<a<2 0< <1,

w(0) =0=u(1) =0 or v'(1) =u(l) =0 or u(0) = u(l) =0,

where f:[0,1] x R x R — R is a continuous function.
In [BH], Benchohra and Lazreg, studied the existence of continuous solutions for the
problem ([Z)-(2), and the following implicit fractional-order differential equation :

‘D%(t) = f(t,y(t)," D(t)), t€ J:=[0,T], 0 < < 1,

with boundary condition
ay(0) =yo+ By(T) =c¢

where f: J xR x R — R is a given function, “D® is the Caputo fractional derivative
and a, b, ¢ are real constants with a + b # 0.

This chapter is organized as follows. In Section 7.2, we give two results, the first one
is based on Schauder’s fixed point theorem (Theorem ) and the second one on the
Banach contraction principle (Theorem ). Some indications to nonlocal problems
are given in Section 7.3. Two examples is given in Section 7.4 to demonstrate the
application of our main results. These results can be considered as a contribution to
this emerging field..

7.2 Existence of solutions

Let us start by defining what we mean by an integrable solution of the problem
(D) — (2).

Definition 7.1 . A function y € L*(J,R) is said to be a solution of BVP (1) — ()
if y satisfies ((7) and ([73).
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For the existence of solutions for the problem ([CM) — (2), we need the following
auxiliary lemma.

Lemma 7.1 . Let 1 < a < 2 and let x € L'(J,R). The boundary value problem
() — () is equivalent to the integral equation

1 g (yr — o)t
) = — G(t d - 7.3
W) = gy | Gl s o+ L (7.3
where x is the solution of the functional integral equation
I — yo)t
2(t) = f (t, o) /0 G(t, s)x(s)ds + yo + M,x(t)) . (7.4)
and G(t, s) is the Green’s function defined by
pog)erl =T g << < T,
Glt.s) =4 Vgl T DEREEE (75)
- T = t S S S T7
Proof.Let *D*y(t) = z(t) in equation (I), then
x(t) = f(t.y(t), z(t)) (7.6)

and lemma 2 implies that

y(t) = co + 1t + ﬁ /0 (t — 5)*1a(s)ds.

From (IZ2), a simple calculation gives
€ = Yo

and

¢ = _Trl(a> /0 (T — 5)° Va(s)ds + (?JT; Yo)

Hence we get equation ([3).
Inversely, we prove that equation ([23) satisfies the BVP () — (2).
Differentiating (Z3), we get

“Doy(t) = 2(t) = £t y(0) Dy(1).
By (I3) and (IZ3) we have

y(t) = L /0 (t—s)*'a(s)ds — Tl“t(a) /0 (T—s)a—lx(s)dwyﬁw. (7.7)

[(a)
A simple calculation give y(0) = yo and y(T) = yr. This complete the proof of the
equivalent between the BVP (I)-(IZ2) and the integral equation (I3).
Leu us introduce the following assumptions :
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(H1) f :[0,7] x R? — R is measurable in ¢ € [0,T], for any (uy,us) € R? and

continuous in (uy, uy) € R?, for almost all ¢ € [0, 7).
(H2) There exist a positive function a € L'[0,T] and constants, b; > 0;7 = 1,2 such
that :

|f(t,ur, u2)] < a(t) + b lu| + bolusl, V(t, ur, uz) € [0,T) x R
Our first result is based on Schauder fixed point theorem.
Theorem 7.1 Assume that the assumptions (H1) — (H2) are satisfied. If
b1GoT
——— + b <1 .
F(Ot) + 02 < 1, (7 8)
then the BVP (D) — (I2) has at least one solution y € L'(J, R).

Proof. Transform the problem () — () into a fixed point problem. Consider the

operator
H:LY(J,R) — L'(J,R)

defined by :
_ 1 g (yr — o)t
where G is given by [[3. let

Go := max||G(t, s)|, (t,s) € J x J],

and
_ billyol + lyr DT + Jlall .,

1 (4G + b,

B, ={z € L'([0,T|,R) : ||z[z, <r}.

Clearly B, is nonempty, bounded, convex and closed.
Now, we will show that HB, C B,, indeed, for each x € B,, from assumption (H2)
and () we get

T
|Hall,, = / \Ha(t)|dt

:/OT

r

Consider the set

f <t, ﬁ /OT G(t, s)z(s)ds + yo + M x(t)) ‘ dt

4 1 t t
< _— _(Z _ -
< [ o] [ 60— (- v+ | wloto]

b1GoT
< Nl + S ol + bl + o)+ Bl
b1GoT

< -
< ool + e + s + (P 40
< r
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Then HB, C B,. Assumption (H1) implies that H is continuous. Now, we will show
that H is compact, this is HB, is relatively compact. Clearly H B, is bounded in
L'(J,R), i.e condition (i) of Kolmogorov compactness criterion is satisfied. It remains
to show (Hz);, — (Hz) in L'(J,R) for each z € B,.

Let x € B,, then we have

I(Hz)n — (Hz)| 21

= [ 10 - o

_ /OT Ha)(s )ds—(Hx)(t)’dt

T /
< [(3 ] e - wmns) a
/0 / 1

IN

—T S, T)T\T)aTt MI‘S
(5o [ Gl mla(r)ar +n + (s))

/Gts ds+yO+M,x(t)))ds)dt

Since x € B, C L'(J,R) and assumption (H2) that implies f € L'(J, R), then we have

t+h T — S
%/t )f(s,ﬁ/o G(S,T)x(T)dT+yO+M,m(s))

I -
] / G(t,s)z(s)ds + yo + M,z(t}) ds — 0, ash — 0, t € J.
0

—f(t, () T

Hence
(Hx)p, — (Hz) uniformly as h — 0.

Then by Kolmogorov compactness criterion, H(B,) is relatively compact. As a conse-

quence of Schauder’s fixed point theorem the BVP (I) — (Z2) has at least one solution

in B,. O
The following result is based on the Banach contraction principle.

Theorem 7.2 Assume that (H1) and the following condition hold.

(H3) There exist constants ki, ks > 0 such that

|f(t7x17y1) - f(t7m2ay2)| < ]{31|$1 —ZE2| +k2|y1 _y2|7 te [07T]7 T1,T2,Y1,Y2 € R.
If
k1 TGy
T(a)
then the BVP () — (2) has a unique solution y € L'([0,T], R).
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Proof. We shall use the Banach contraction principle to prove that H defined by ([Z9)
has a fixed point. Let x,y € L'(J,R), and t € J. Then we have,

)0 - O] = |7 (4 [ Gt g+ P o)

_f (t, %a) /OT G(t, s)y(s)ds + yo + M y(t)) )

< 168, 5)((5) — ys))lds + Raltt) — y(0)
< B [ )yl + hala(t) — ()
Thus
()~ ()l < S =l 4 [ () = w0t
e = vl + halle = il

TGy
< - .
< () o=l

Consequently by (ZI0) H is a contraction. As a consequence of the Banach contraction
principle, we deduce that H has a fixed point which is a solution of the problem

(1) - (=2).

7.3 Nonlocal problems

This section is devoted to some existence and uniqueness results for the following
class of nonlocal problems

‘D%(t) = f(t,y(t), D(t)), t € J:=[0,T], 1 < a <2, (7.11)

y(0) = g(v), y(T) =yr (7.12)

where g : L'(J,R) — R a continuous function. The nonlocal condition can be applied
in physics with better effect than the classical initial condition y(0) = y. For example,

g(y) may be given by
p

g(y) = _ciy(t:).
i=1
where ¢;,7 = 1,2, ...,p are given constants and 0 < ... < ¢, < T. Nonlocal conditions
were initiated by Byszewski [E3] when he proved the existence and uniqueness of mild
and classical solutions of nonlocal Cauchy problems. As remarked by Byszewski [£4, B3],
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the nonlocal condition can be more useful than the standard initial condition to describe
some physical phenomena.
Let us introduce the following set of conditions on the function g.

(H4) There exists a constant k& > 0 such that
l9(y) = 9(gl < kly —3l, for each y.j € L'(J,R).
Theorem 7.3 Assume that the assumptions (H1),(H3),(H4) are satisfied. If
2k, T
['a+1)
then the BVP (1) — (X2) has a unique solution y € L'(J,R).
Transform the problem () — (132) into a fixed point problem. Consider the operator
H:LY(J,R) — L'(J,R)

+kk+ky <1, (7.13)

defined by :
(Hz)(t) (7.14)

I ol t r ol t t
- f(t,m [ tatas— i - x(s)ds—<;—1>g<y>+fyT,x<t>).

Proof. We shall use the Banach contraction principle to prove that H defined by (13)
has a fixed point. Let z,y € L'(J,R), and t € J. Then we have,

|(Hx)(t) — (Hy)(t)]
= |s (tﬁ /0 (t — 5)° L (s)ds — TFt(a) /0 (T—s)a_lx(s)ds—(%—1)g(x)+%yT,x(t)>

— 1 (e = 9o = s [ = ) — (= Vg + o))

]{21 t a—1 kl T -
F(a)/o(t—s) [(z(s) — y(s))|ds + /0 (T — 8)*7|(x(s) — y(s))|ds

+hkilg(z) — g(y)| + kol (t) — y(t)]
Thus
t T
l(70) = il < P [ ey BEZ [P e,
e — s, + kallz ~
2k, T
- I(a+1)

2k, T ~
(m + kik + k2) Hl' - yHLl-

Consequently by (ZI3) H is a contraction. As a consequence of the Banach contraction
principle, we deduce that H has a fixed point which is a solution of the problem
(1m) — (12). OJ

IA

|z = yllo, + Eikl|x — yllz, + kallz =yl
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7.4 Examples

Example 7.1 Let us consider the following boundary value problem,

—t

cDY%(t) = SOOI teJ:=1[01], 1<a<2, (7.15)
y(0) =1, y(1) = 2. (7.16)
Set .,
F(t,y,2) = ¢ L (ty,2) € J x [0, +00) x [0, +00).

(et +6)(1+y+2)
Let y1, ya, 21, 22 € [0, +00) and t € J. Then we have

|f(t7y1721) - f(t7y2722>|

et 1 1
et+6 \14+y1 +2 1+ys+ 29

< e lyr — yol + |21 — 22|)

T (e +6)(1+y +2) (1Y + 2)
ot

< (ltn — yo| + |21 — 22|)

(et 4 6)
< Ll -l + e —
< 7y1 Y2 72’1 29|

Hence the condition (H3) holds with ky = ky = £. We shall check that condition (1)
1s satisfied with T = 1. Indeed

kTG Gy 1
— thky=——=—+=-<1. 1
(o) + Ko T(a) + . < (7.17)

Then by Theorem [73, the problem (I3) — (I8) has a unique integrable solution on
0, 1] for values of a satisfying condition (CIQ).

Example 7.2 Let us consider the following nonlocal boundary value problem,

e—t

(e +9)(1 + [y(t)] + [-Dy(t)])

n

y(0) = cy(ts), y(1) =0. (7.19)

=1

‘D%(t) = ,teJ:=1[0,1], 1<a<2, (7.18)

where 0 < ... <t, <1, ¢;,2=1,2,....,n are given positive constants with Z?:l c < %.

Set
eft

@Ity sz ) €T reekx it ec)

[ty z) =

and

gly) = Zciy(ti)-
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Let y1,ya, 21, 22 € [0, +00) and t € J. Then we have

|f(t>yla Zl) - f(t,y2,22)|

et ( 1 1 )
et +9\14+y1+21 14y + 22
e lyr — yol 4 21 — 29|)
T @+ +y+z) (1 + e+ 2)
(

eft

(et +9)

< Y1 — 2| + |21 — 22)

1 1
< Elm —yo| + 1—0le — 2.

Hence the condition (H5) holds with ki = ke = 1—10. Also we have
l9(2) =gl < Y eile —yl.
i=1

Hence (H4) is satisfied with k = S."_, ¢;. We shall check that condition (LI3) is
satisfied with T = 1. Indeed

n

2y T - 1 1 1 10
i kkthk =t —> G+ —<le=T(a+1)>—. (7.20
Tlat1) Tk 5F(a+1)+10;c+10 (a+1)>g5 (720)

Then by Theorem [73, the problem (AR) — (IU) has a unique integrable solution on
0, 1] for values of v satisfying condition (Z20).
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C'onclusion and Perspectives

In this thesis, we have considered the following nonlinear implicit fractional differential
(NIFD for short) problem

‘D%(t) = f(t,y, D%(t), teJ, 0<a<l, orl<a<?2

with initial value, local and nonlocal conditions, boundary value problems and with
infinite delay. Here ¢D® is the Caputo fractional derivative. Also We have discussed and
established the existence of integrable solutions for initial value problem for implicit
fractional order differential inclusion.

We plan to study the stability problems, for nonlinear implicit fractional differential
equations with Caputo fractional derivative. We will study the controlability problem
in Frechet space. Also, We will study the existence and uniqueness of integrable solu-
tions for a class of boundary value problem for nonlinear implicit fractional differential
equations with Caputo fractional derivative and with integral conditions.
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