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Abstract

The present thesis is devoted to the study of global existence and asymptotic behaviour in time of solution
of Timoshenko system and coupled system .

This work consists of five chapters, will be devoted to the study of the global existence and asymptotic
behaviour of some evolution equation with linear, nonlinear dissipative terms and viscoelastic equation. In
chapter 1, we recall of some fundamental inequalities. In chapter 2, we consider the Cauchy problem for
a coupled system of wave equation, we prove polynomial decay of solution. In chapter 3, we study the
Cauchy problem for a coupled system of a viscoelastic wave equation, we prove exponential stability of the
solution. In chapter 4, we study the Cauchy problem for a coupled system of a nonlinear weak viscoelastic
wave equations, we prove existence and uniqueness of global solution and prove exponential stability of the
solution. In this work, the proof an existence and uniqueness for global solution is based on stable set for
small data combined with Faedo-Galerkin. The proof an decay estimate is based on multiplier method,
Lyapunov functional for some perturbed energy. In chapter 5, we consider a system of viscoelastic wave
equations of Petrowsky-Petrowsky type, we use a spaces weighted by density function to establish a very

general decay rate of solution.

Key words : Global existence, Coupled system, Exponential decay, Polynomial decay, Multiplier method,

Lyapunov method, Galerkin method, Nonlinear dissipation, Viscoelastic equation.

subjclass 2000: 35105, 58J45, 35180, 35B40, 35L20, 58G16, 35B40, 35170
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(General introduction

The present thesis is devoted of the study of global existence, asymptotic behaviour in time
of solution to hyperbolic systems.

The problem of stabilization consists in determining the asymptotic behaviour of the energy
by E(t), to study its limits in order to determine if this limit is null or not and if this limit
is null, to give an estimate of the decay rate of the energy to zero, they are several type of

stabilization:
1. Strong stabilization: E(t) — 0, as t — oc.
2. Uniform stabilization: E(t) < Cexp (—dt), Vt > 0, (¢, > 0).
3. Polynomial stabilization: E(t) < Ct~°, Vt >0, (¢, 6 > 0).
4. Logarithmic stabilization: E(t) < C(In(t))™° Vt > 0, (c,§ > 0).

For wave equation with dissipation of the form u” 4+ A u+ g(u") = 0, stabilization problems
have been investigated by many authors:

When ¢ : R — R is continuous and increasing function such that g(0) = 0, global existence
of solutions is known for all initial conditions (ug,u1) given in H3 () x L?(2). This result
is, for instance, a consequence of the general theory of nonlinear semi-groups of contractions
generated by a maximal monotone operator (see Brézis [19]).

Moreover, if we impose on ¢ the condition VA # 0, g(A) # 0, then strong asymptotic stability

of solutions occurs in Hj(Q) x L*(9).

i.e (u,u’) — (0,0) strongly in Hy(Q) x L*(9)
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without speed of convergence. These results follows, for instance, from the invariance prin-
ciple of Lasalle (see for example A. Haraux [27]). If we add the assumption that g has a
polynomial growth near zero, we obtain an explicit decay rate of solutions (see M. Nakao
71)).

This work consists of five chapters:

e In the chapter 2: In this chapter, we consider the following initial boundary value

problem, that is,

uy — ¢(x)Au+ av +up =0 in R"xRT
v — P(x)Av+au =0 in R"x R (1)

(U,Ut,U,Ut>([E,O) = (u07u17U07U1) in R"

where the space D'2(R"™) defined in (IIL.11) and n > 2, ¢(x) > 0,Vz € R™, (¢(x))! =
p(x) defined in (H1).

The problem of stabilization of weakly coupled systems has also been studied by sev-
eral authors. Under certain conditions imposed on the subset where the damping term
is effective, Kapitonov [44] proves uniform stabilization of the solutions of a pair of hy-
perbolic systems coupled in velocities. Alabau and al. [4] studied the indirect internal
stabilization of weakly coupled systems where the damping is effective in the whole
domain. They prove that the behavior of the first equation is sufficient to stabilize the
total system and to have polynomial decay for sufficiently smooth solutions. Alabau
[6] proves indirect boundary stabilization (polynomial decay) of weakly coupled equa-
tions. She establishes a polynomial decay lemma for non-increasing and nonnegative

function which satisfies an integral inequality.

The purpose of this chapter is to obtain a better decay estimate of solutions to the
problem (1). More precisely we show that we can always find initial data in the stable
set for which the solution of problem (1) decays polynomials, which is based on the

construction of a suitable multiplier method.

e In the chapter 3: Let us consider the following problem

() (D”(R")),
(z)) € (L,(R™))?,
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where the space D?(R") defined in (IT[.11) and I,n > 2, ¢(x) > 0,Vz € R", ((x))~ =
p(x) defined in (H2).

In this chapter we are going to consider the solutions in spaces weighted by the density
function p(z) in order to compensate for the lack of Poincare’s inequality which is

useful in the proof.

The same problem treated in [38], was considered in [39], where they consider a Cauchy
problem for a viscoelastic wave equation. Under suitable conditions on the initial
data and the relaxation function, they prove a polynomial decay result of solutions.
Conditions used, on the relaxation function g and its derivative ¢’ are different from

the usual ones.

The main purpose of this work is to allow a wider class of relaxation functions and
improve earlier results in the literature. The basic mechanism behind the decay rates

is the relation between the damping and the energy.

e In the chapter 4:

Let us consider the following problem

|u1|l 2u ) + fi (1), (m—ozl gl(t—s)ul(s x)ds),xEIR”x]R+
gt f2 (2)A, <uz — as(t gg(t — S)usa(s, x)ds) ,x € R" x Rt
(ﬂlz(Rn)) :

€ (L,(R™))?,

/\/-\

(3)
where the space DV?(R™) defined in (IV.11) and [ > 2, ¢(x) > 0,Vz € R™, (¢(z))~ =
p(x) defined in (H2).

In this chapter we consider the solutions in spaces weighted by the density function

p(x) in order to compensate for the lack of Poincare’s inequality.

The main purpose of this work is to prove an existence and uniqueness theorem for
global weak solutions in Sobolev spaces using Faedo-Galerkin method and to allow a
wider class of relaxation functions and improve earlier results in the literature. The
basic mechanism behind the decay rates is the relation between the damping and the

energy.
e In the chapter 5: In this chapter, derived from [9], we consider the following Petrowsky-

7
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Petrowsky system

t
uy + ¢(x) (Azu - / p(t — s)A%(s)ds) +av=0 in R"x R",

vu + ¢()A% + au =0 in R" x R, (4)
(uo,v9) € D**(R™),  (uy,v1) € Li(Rn)-

where the spaces D**(R"), L2(R") defined in (V.12) and ¢(z) > 0,Vz € R* o #
0, (¢(z))~' = p(z), where the function p : R — R*, p(z) € C*7(R") with v € (0,1)
and p € L4(R") N L=(R").

The purpose of this paper is to extend the above results for any space dimension of
Petrowsky-Petrowsky system.



Chapter 1

Preliminarie talk and materials needed

All assertions in the first chapter are made without proofs and the scope has been minimized
to only material actually needed (See [19], [26], [54], [74] ).

1 Function analysis

The universal framework used in nonlinear PDFE is based on functional analysis.

1.1 Young, Holder’s inequalities

Notation 1.1 Let 1 < p < 0o, we denote by q the conjugate exponent,

11
S+ =1
poq

We define the convolution product of a function f € L'(R™) with a function g € LP(R™).

Theorem 1.2 (Young) Let f € L'(R") and g € LP(R") with 1 < p < oco. Then for
a.e.x € R" the function y — f(x —y)g(y) is integrable on R"™ and we define

(fg)@)= [ fla=ygly)dy.
In addition (f x g) € LP(R™) and
1F % gllp < 1 £ 111 llgllp-

The following is an extension of Theorem 1.2.
Theorem 1.3 (Young) Assume f € LP(R") and g € LY(R") with 1 <p < o0, 1 < ¢ < o0

9



Chapter I. Preliminarie talk and materials needed

and L =12 +1—1>0. Then (f xg) € L"(R") and

1,1
P q

1f = glle < [ £ 11194

Theorem 1.4 (Hoélder’s inequality) Assume that f € LP and g € L? with 1 < p < oo.
Then (fg) € L* and

gl < 17 1pllglly

Lemma 1.5 (Cauchy-Schwarz inequality) FEvery inner product satisfies the Cauchy-

Schwarz inequality
(@1, 22) < [z [l
The equality sign holds if and only if x1 and x5 are dependent.

We will give here some integral inequalities. These inequalities play an important role in

applied mathematics and also, it is very useful in our next chapters.

Lemma 1.6 Letlgpgrgq,%:%jt%, and 0 < a < 1. Then

lullzr < llullg el 22

Since our study based on some known algebraic inequalities, we want to recall few of them

here.

Lemma 1.7 For all a, b € RT, we have

2

b
b<da®+ —
a_a+45,

where d 1s any positive constant.

Lemma 1.8 For all a,b > 0, the following inequality holds

ab b
ab < — + —,
p q

1,1
where, = + = = 1.
,p+q

10



1.2 Function Spaces

Theorem 1.9 ( Gronwell lemma in integral form)

Let T > 0, and let © be a function such that, ¢ € L'(0,T), ¢ > 0, almost everywhere
and ¢ be a function such that, ¢ € L*(0,T), ¢ > 0, almost everywhere and ¢p € L']0,T],
Ch, Cy > 0. Suppose that

o(t) < Cy 4 Cy /Otcp(s)gzﬁ(s)ds, for a.e t €]0,T],

then,

o(t) < Cyexp <02 /Otgo(s)ds> , for a.e t €]0,T].

2 Function Spaces

We consider the Euclidean space R™, n > 1 endowed with standard Euclidean topology and
for €2 a subset of R" we will define various spaces of functions {2 — R™. If endowed by a
pointwise addition and multiplication the linear space structure of R™ is inherited by these
spaces. Besides, we will endow them by norms, which makes them normed linear (or, mostly

even Banach) spaces. Having two such spaces U C V', we say that the mapping
fU—=>Vu—u.

is a continuous embedding (or, that U is embedded continuously to V') if the linear operator

f is continuous (hence bounded). This means that
[ully < Cllully

for C' one can take the norm || f||,w,v). If f is compact, we speak about a compact embedding
and use the notation U C V. If U is a dense subset in V |, we will speak about a dense
embedding; this property obviously depends on the norm of V' but not of U. It follows by a

general functional-analysis argument that the adjoint mapping
ffovr=0un.

is continuous and injective provided U C V continuously and densely, then we can identify V*
as a subset of U*. Indeed, f* is injective (because two different linear continuous functionals

on V must have also different traces on any dense subset, in particular on U).

11



Chapter I. Preliminarie talk and materials needed

2.1 The LP(2) spaces

Let 1 < p < o0, and let €2 be an open domain in R”, n € N. Define the standard Lebesgue
space LP(S2), by

LP(Q)) = {u : Q — R :uis measurable and / |u(x)|Pdr < oo} .
Q
Notation 2.1 Forp e R and 1 < p < o0, denote by

full = ([ Jtepaz)”

If p = 0o, we have

LOO(Q):{UZQ—)R

u is measurable and there exists a constant C
such that, |u(z)| < C a.e in Q

with
|t]| oo = Inf{C;|u| < C a.e On Q}.

Theorem 2.2 It is well known that LP(SY) supplied with the norm ||.||, is a Banach space,
forall1l <p < .

Remark 2.3 In particularly, when p =2, L*(Q) equipped with the inner product
(f.9ee) = | f@)ga)da.

is a Hilbert space.

Theorem 2.4 For 1 < p < oo, LP(R2) is reflezive space.

2.2 The L*(0,7,V) spaces

Definition 2.5 Let V' be a Banach space, denote by LP(0,T,V') the space of measurable

functions

w: [0, T[—=V
t — u(t)

12



1.2 Function Spaces

such that

|—=

T p
</0 Hu(t)”@dt) = ||u||Lro,r,x) < 00, for 1 <p < oo.

If p= oo,

[ull=ry) = sup ess[lu(t)]]y .
te€]0,T
Theorem 2.6 The space LP(0,T,V) is complete.

We denote by D’(0,T,V) the space of distributions in |0, 7| which take its values in V,

and let us define
®/(07 T’ V) = (9 ]07 T[ s V) )

where (¢, ¢) is the space of the linear continuous applications of ¢ to ¢. Since u € D'(0,T,V),

we define the distribution derivation as

(21;(90) = —Uu (2;0) ,V(,D €D (]OvTD )

and since u € LP(0,T,V), we have

ulg) = [ ult)plt)dt, v € D (0, 7).

We will introduce some basic results on the LP(0, T, V) space. These results, will be very

useful in the other chapters of this thesis.

Lemma 2.7 Let uw € LP(0,7,V) and %1; € LP(0,T7,V), (1 <p < ), then, the function u
is continuous from [0,T] to V .i.e. u € CY(0,T,V).

2.3 Sobolev spaces

Modern theory of differential equations is based on spaces of functions whose derivatives

exist in a generalized sense and enjoy a suitable integrability.

Proposition 2.8 Let Q be an open domain in RN, Then the distribution T € D'(Q) is in

13
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LP(Q2) if there exists a function f € LP(Q) such that

(T.¢) = | f@)pla)dr, for all o € D(S),
where 1 < p < oo, and it’s well-known that f is unique.

Definition 2.9 Let m € N and p € [0,00]. The W™P(Q) is the space of all f € LP(2),
defined as

Wwme(Q) ={f € LP(Q), such that 0*f € LP(Q2) for all o« € N" such that
la| =Y a; <m, where, 0% = 071 052..05"}.

J=1

Theorem 2.10 W™P(Q) is a Banach space with their usual norm

£ lwmoy = D 10°fllp, 1 < p < oo, for all f € W™(Q).

laj<m

Definition 2.11 Denote by Wy"*(Q2) the closure of D(S)) in W™P(Q).

Definition 2.12 When p = 2, we prefer to denote by W™2(Q) = H™ (Q) and Wi™*(Q) =
H{" () supplied with the norm

/]

m&Z(ZUWMMﬂ,

laf<m

which do at H™(S) a real Hilbert space with their usual scalar product

(U, V) () = > /Q('?au(‘)avdx

laj<m

Theorem 2.13 1) H™ () supplied with inner product (.,.)gmq) is a Hilbert space.
2) If m>m', H™(Q) < H™ (Q), with continuous imbedding .

Lemma 2.14 Since D(2) is dense in HJ* (), we identify a dual H=™ (Q) of H" () in a

weak subspace on €2, and we have
D(Q) — H (Q) — L*(Q) — H ™ (Q) — D'(Q),
The next results are fundamental in the study of partial differential equations

14



1.2 Function Spaces

Theorem 2.15 Assume that §) is an open domain in RY (N > 1), with smooth boundary
0. Then,

(i) if 1 < p < n, we have WP C LY(QY), for every q € [p,p*], where p* = e

(ii) if p = n we have WP C L1(Q), for every q € [p, ).

(ifi) if p > n we have WP C L=(Q2) N C**(Q), where av = P".

Theorem 2.16 If 2 is a bounded, the embedding (i1) and (iii) of Theorem 2.15 are com-
pacts. The embedding (i) is compact for all q € [p,p*) .

Remark 2.17 For all ¢ € H*(Q), Ap € L*(Q) and for OQ sufficiently smooth, we have
[l 20y < ClIAG[®)] L2(q) -

2.4 Weak convergence

Let (E;|.]|r) a Banach space and E’ its dual space, i.e., the Banach space of all continuous

linear forms on E endowed with the norm ||.||z defined by

< >
HfHE" =: sup ‘ fax ’
w20 ||zl

where < f,z > denotes the action of f on x, i.e < f,z >= f(z). In the same way, we can
define the dual space of E’ that we denote by E”. (The Banach space E” is also called the
bi-dual space of E)). An element x of E can be seen as a continuous linear form on E” by
setting z(f) =:< z, f > , which means that £ C E".

2.4.1 Weak, weak star and strong convergence

Definition 2.18 (Weak convergence in E). Let x € E and let {z,} C E. We say that

{z,} weakly converges to x in E, and we write x,, — = in E, if
< fixp, >—=< f,x >

forallxz € E'.

Definition 2.19 (weak convergence in E’). Let f € E' and let {f,} C E' We say that
{fn} weakly converges to f in E', and we write f, — f in E', if

< fo,x>—< fix >

15
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for all x € E”.

Definition 2.20 (weak star convergence). Let f € E' and let {f,} C E’' We say that

{f.} weakly star converges to f in E', and we write f,, = f in E' if
< fo,x>—< fix >

forallx € E.

Remark 2.21 As E C E" we have f, — f in E' imply f,, = f in E'. When E is reflexive,
the last definitions are the same, i.e, weak convergence in E' and weak star convergence

coincide.

Definition 2.22 (strong convergence). Let x € E (resp.f € E') and let {x,} C E
(resp{f.} C E'). We say that {z,,} (resp{fn}) strongly converges to x (resp.f ), and we
write x, — x in E (resp.f, — f in E'), if

Jim |xn — x||g = 0, (resp. Jim | fu— fller =0).

Definition 2.23 (weak convergence in LP()) with 1 <p < oo ). Let Q an open subset
of R*. We say that the sequence {f,} of LP(Q) weakly converges to f € LP(Q), if

li7an/Q folz)g(z)de = /Qf(x)g(a;)da: forall g € LY, 11) + ; =1.

Definition 2.24 (weak convergence in W'?(Q) with 1 < p < oo )We say the {f,} C
WhP(Q) weakly converges to f € W'P(Q), and we write f, — f in W'P(Q), if

fo— fin LP(Q) and V f, — V fin LP(Q;R")

2.4.2 Weak and weak star compactness

In finite dimension, i.e, dim F < oo, we have Bolzano-Weierstrass’s theorem (which is a

strong compactness theorem).

Theorem 2.25 (Bolzano-Weierstrass). If dimE < oo and if {x,} C E is bounded,
then there exist + € E and a subsequence {x,,} of {x,} such that {x,,} strongly converges

to .

16
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The following two theorems are generalizations, in infinite dimension, of Bolzano- Weier-

strass’s theorem.

Theorem 2.26 (weak star compactness, Banach-Alaoglu-Bourbaki). Assume that
E is separable and consider {f,} C E' . If {z,} is bounded, then there exist f € E' and a
subsequence { fn, } of {fn} such that {f,,} weakly star converges to f in E'.

Theorem 2.27 (weak compactness, Kakutani-Eberlein). Assume that E is reflexive
and consider {x,} C E. If {x,} is bounded, then there exist x € E and a subsequence {x,, }
of {zn} such that {x,, } weakly converges to x in E.

Theorem 2.28 (weak compactness in LP(S2)) with 1 < p < oco. Given {f,} C LP(Q2) ,
if {fn} is bounded, then there exist f € LP(Q2) and a subsequence {f,,} of {f.} such that

fo— f in LP(Q).

Theorem 2.29 (weak star compactness in L>(2))
Given {f,} C L>®(Q), if {fn} is bounded, then there exist f € L*>(Q2) and a subsequence

{fur} of {fu} such that f, = f in L>=(Q).

2.5 Aubin -Lions Lemma

The Aubin-Lions Lemma is a result in the theory of Sobolev spaces of Banach space-valued
functions. More precisely, it is a compactness criterion that is very useful in the study of
nonlinear evolutionary partial differential equations. The result is named after the French

mathematicians Thierry Aubin and Jacques-Louis Lions.

Lemma 2.30 Let Xy, X and X, be three Banach spaces with Xqg C X C X;. Assume that
Xo is compactly embedded in X and that X is continuously embedded in Xi; assume also

that Xo and X, are reflexive spaces. For 1 < p,q < 400, let
W= {ue 12(0,T); Xo)/ 1 € L([0, T); X,)}

Then the embedding of W into LP([0,T]; X) is also compact.
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Chapter 11

Polynomial decay of solutions to the Cauchy
problem for a coupled system of wave

equations

1 Introduction
In this chapter, we consider the following initial boundary value problem, that is,

gy — O(x)Au+ v + uy = 0, in R" xR,
vy — ¢(x)Av + au = 0, in R"xR*, (I1.1)

(u,ut,v,vt)(x,()) = (u07u1700avl>’ in  R™

with initial conditions (ug,u1), (vo,v1) in appropriate function spaces. Throughout the

chapter we assume that the functions ¢(x) and p satisfy the following hypotheses:

(H1) The function ¢, p : R* — R, (¢(z))™t =: p(z) € C*'(R"™) with v € (0,1) and
p € L*(R") N L>®(R"), where s = ;—2~

2n—qn+2q°

The purpose of this chapter is to obtain a better decay estimate of solutions to the problem
(I1.1). More precisely we show that we can always find initial data in the stable set for which
the solution of problem (II.1) decays polynomials, which is based on the construction of a

suitable multiplier method.

2 Preliminaries

In this section, we briefly mention some facts, notation and results from paper [43]. The

space DV2(R™) is defined as the closure C5°(R™) functions with respect to the energy norm
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system of wave equations

]| pr2m@ny =: /R” |Vul*dz. Tt is known that
D2(R") = {u € L2 (R") : Vu € (L*(R")"},
and DL2(R") is embedded continuously in L#-2 (R").i.e., there exists k > 0 such that
Jul s, < Fllulfona. (112)
We shall frequently use the following version of the generalized Poincaré’s inequality
Lemma 2.1 Suppose p € Lz (R"). Then there exists v > 0 such that
/ |Vul*dz > 7/ pu’dz, (IL.3)
Rn Rn
for all uw € C§°

Proof of lemma 2.1 Since D%? can be embedded continuously in L%(R”), there exists
k > 0 such that, for all v € C§°,

[l 2o < KfJuf|pr2.

Thus, if u € L%(R”), we have

[ loltda
Rn

IA

2 n=2
(/R G ’de> ‘(/Rnumdx> ’ (IL4)

= llpllg-llul2 ,
n—2

and so
L lelde < K2l [fulfpea.

which completes the proof.
It is shown that D'*(R") is a separable Hilbert space. The space L2(R") is defined to be

the closure of C§° functions with respect to the inner product

(u, ) £2(mn) ::/ puvdz. (I1.5)
P R”

It is clear that L%(R") is a separable Hilbert space. Moreover, we have the following compact

embedding.
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I1.2 Preliminaries

Lemma 2.2 Let p € L2(R") N L®(R"). Then the embedding D** C L2 is compact.

So we have established the evolution triple

1,2 n 2 n —1,2 n
D-*(R") C L,(R") ¢ D™*(R"),
where all the embedding are dense and compact.

In order to deal with (II.1), we need information concerning the properties of the operator

—pA. We consider the equation
—¢(x)Au(x) =n(z), =R, (11.6)
without boundary conditions. Since for every w, v in C§°(R")
(—¢Au,v)rz = /Rn VuVudz, (11.7)

and L2(R") is defined as the closure of Cg°(R") with respect to the inner product (IV.12),

we may consider equation (I1.6) as an operator equation:
Agu =mn, Ay : D(Ap) C Li(R") — Lz(]R”),for any n € Li(R"). (I1.8)

Relation (II.7) implies that the operator Ay = —¢A with domain of definition D(Ag) =
C3°(R™) being symmetric. Let us note that the operator Ay is not symmetric in the standard
Lebesgue space L?(R™), because of the appearance of ¢(x). For comments of the same nature

on a similar model in the case of a bounded weight we refer to [[74], pages 185-187]. From
(I1.22) and equation (II.7) we have

(Aou, u)rz > cllullz, for all u € D(4,). (I1.9)

From (I1.7) and (I1.9) we conclude that A, is a symmetric, strongly monotone operator on
L2(R™). Hence, the Friedrichs extension theorem (see [86]) is applicable. The energy scalar
product given by (IL.7) is

(u,v)p = o VuVudz, (I1.10)

and the energy space is the completion of D(Ag) with respect to (u,v)g. It is obvious that

the energy space Xg is the homogeneous Sobolev space DV#(R™). The energy extension
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Ap = —@A of Ay, namely

—¢A : DH*(R™) — DH2(R™), (I1.11)

is defined to be the duality mapping of D'?(R"). For every n € D~12?(R") the equation
(I1.6) has a unique solution. Define D(A) to be the set of all solutions of the equation (II.6),
for arbitrary n € L%(R”). The Friedrichs extension A of Ay is the restriction of the energy
extension Ag to the set D(A). The operator A is self-adjoint and therefore graph-closed. Its
domain D(A), is a Hilbert space with respect to the graph scalar product

(u; v)peay = (u,v) 2 + (Au, Av) e, for allu,v € D(A).

The norm induced by the scalar product (u,v)p(a) is

fullow = { [ plufdz + [ olaupar}”,

which is equivalent to the norm [|Aul|rz = {/ ¢|Au|2dx}2. A consequence of the com-
R’ﬂ
pactness of the embedding in (IV.17) is that for the eigenvalue problem

—¢(x)Au = pu,z € R", (I1.12)

there exists a complete system of eigensolutions {w,, i, } with the following properties:

—¢ij = uwj, j = 1, 2... s U)j .E Dl,Q(Rn)’ (1113>
0<pr <pp <o) pj — 00, asj — 0.
It can be shown, as in [18], that every solution of (II.12) is such that
u(zr) — 0,as |x| — oo, (I1.14)

uniformly with respect to x. Finally, we give the definition of weak solutions for the problem
(IL.1).

we give the definition of the weak solution for this problem.

Definition 2.3 A weak solution of the problem (I1.1) is a function (u,v)(t,x) such that

(i) u,v € L*[0,T; DY (R™)], ug, v, € L[0,T; LE(R™)], uy, v € L*[0,T; D=H2(R™)],
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I1.2 Preliminaries

(i) for all s € C°([0,T] x R™), (u,v) satisfies the generalized formula

/OT(utt(T), $(7))r2dr + /OT(U(T), $(7))rzdT + /OT(Ut(T>, $(7))rzdT

+/0T/n Vu(r)Vs(r)dzdr = 0, (IL.15)

and

/0 * (wn(7), 5(7)pzdr +a /0 Y (), 5(T)) padr + /O ! / Vu(r)Vs(r)drdr =0, (IL16)

(7ii) (u,v) satisfies the initial conditions

(uo(w),vo(x)) € (DM(R™))?, (wi(z),vi(x)) € (LH(R™))*.

The energy of the problem is defined as
1
B(t) = 5 (luliZy + ol + 1903 + 190l + 20 [ puvds) (117)
For o small enough we deduce that:

() = 51 lay) (a3 + o3 + 1VulZ + 190l3:)

N | —

From problem (II.1), we can have
t
E(t) = - [ Jur)ll3zdr <0, (I1.18)
0

We denote by A the unbounded operator in the energy space:
H=H'(R") x HY(R") x L*(R™) x L*(R") defined by:

D(A) = (H*R") N H'(R"))* x (H'(R"))”

and
AU = (T, ¢(x) Au — av — U, 7, ¢(2) Av — au)” and U = (u, T, v,7)".

The problem (II.1) can then be reformulated under the abstract from
U+ AU = 0.
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3 Linear polynomial stability

Our main result reads as follows.

Theorem 3.1 Let (ug, u1), (vo,v1) € DV*(R™) x L3(R"™)and suppose that (H1) holds. Then
the solution of the problem (II.1) satisfies the following energy decay rate estimate:

C(EQ) + £1(0))

E(t) < ; ,

vVt > 0. (I1.19)
Where C' is a positive constants.

Proof of theorem 3.1 We multiply the first equation in (II.1) by pu and the second equation
by pv and integrating over (0,7") x R", we get respectively

/ / puut — pu? dtdx—l—/ / |Vul dtdx—l—oz/ / puvdtd:v+/ / puudtdr = 0,

(I1.20)

and

T T
/n/ pvvt pvt} dtdx +/ / |Vo|*dtdz + oz/Rn/O puvdtdx = 0, (I1.21)

Summing up (I1.20) and (I1.21), we obtain

T T
L (19ulis + IVl + luli3; + oli3;) dt +2a [ [ puvdtde

T T
+ 2/ / (pui + pv})dtdx —/ / puudtdz.
R’ Jo nJo

T
= — [/ (puug + pvvy)de
R 0
Then we have

T T T T
/ E(t)dt = — {/ (puuy + pvvy)de +2/ / (puf—l—pvf)dtdx—/ puudxdt, (11.22)
0 Rr 0 R’ Jo 0 Jre

Let us estimate the right-hand side terms:

By using Cauchy-Schwartz inequality and Poincare inequality, we obtain, for any ¢ > 0,

T T 1 (T
/ puugdrdt < £ / puldrdt + % / pufdwdt
0 Rn Rn

//]Vu|2da:dt+ / (I1.23)

g/o E(t )dt+2 E(0).

IN

IN
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I1.3 Linear polynomial stability

and .
[/ (puuy + pvvy)dz| < CE(0). (I1.24)

R 0

here v is the Poincare constant.
Thus,
&y T
(1 _ 2)/ Bt < CEO)+2 [ [ pt (I1.25)
0 R" Jo

T
To estimate the term / / pv?dxdt, we multiply the first equation in (I1.1) by pv and the

second equation by pu and integrating over (0,7") x R"™, we get respectively

T T T T
/ / pougdrdt — / / vAudzdt + a/ pvdxdt + / / pvudxdt =0,  (11.26)
0o Jrn 0o Jrn 0o Jrn 0o Jrn

and
T T T
/ / puvydrdt — / / uAvdzdt + a/ puzdxdt =0, (I1.27)
0o Jrn 0o Jrn 0o Jrn
The difference (I1.26) and (I1.27), we obtain

T T T T
/ / plouy — uvyldedt + a/ pvdxdt — a/ puldzdt + / / pvugdxdt = 0,
0o Jrn 0o Jrn 0o Jre 0o Jre

(I1.28)
Thus, we get
T T T T
a/ / pvdrdt = a/ pudxdt —/ / pvudrdt + [/ pluvy —vuy)| ,  (I1.29)
o Jre 0 Jrn 0 Jre n 0
We estimate the second term as follows:
T e (T 1
/ / pougdrdt < 7/ pvidzdt + —E(0). (I1.30)
0o Jrn 2Jo Jre 2e
Then it follows from (I1.29) and (I1.30) that
eN [T T
(a - ) / pvidrdt < CE(0) + a/ pu’dxdt. (I1.31)
2/ Jo Jrn 0 Jrn
From (II.31) yield
T T
/ pvdrdt < CE(0) + C’a/ pu’dxdt. (I1.32)
0 R" 0 Rn
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T
The only term whose estimation is not easy is the last term / pvidrdt:
0o Jre

Using inequality (I1.31) with the derivatives, we obtain:
T T
[ [ pvidedt < CEQU' ) +C [ [ putdudt < C(EQO) + EW'(0)).  (1133)
0o Jre 0 Jre
Combining the last inequalities and (I1.25), we obtain
T
‘/E@ﬁgcwwmn+mwmm (11.34)
0

Using then the following result of Alabau [6], we prove the polynomial energy decay of the
solution of the system (II.1):

If F is a non-increasing function which verifies (I1.34) for all U € D(A), then the full energy
of the solution U of system (II.1) decays polynomially, i.e.

C
V>0, B(U) < S (EU0) + EU(0)).
Moreover if the initial data are more regular, i.e. Uy = (uo, vo, u1,v1) € D(A"), for a certain
positive integer n then the following inequality holds:

C =
<

< o2 2 (BU(0)).

p=0

vt >0, E(U(®))

This completes the proof of Theorem 3.1
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Chapter 111

Decay rate of solutions to the Cauchy problem
for a coupled system of a viscoelastic wave

equations in R"

1 Introduction and statement

Let us consider the following problem

(|u’1|l’2 ) + auy = ¢(1)A, <u1 + /; g1(8)uy(t — s,a;)ds) ,x € R* x R
(\U’Q\Z_ng)/ + auy = ¢(x)A, <u2 +/0 g2(s)ua(t — s,x)ds) ,r € R" x R (IIL.1)
(u1(0,2),u2(0, 2)) = (u}(z), uy(x)) € (DH*(R"))?,

(ull(()? I)a U/2<07 CC)) = (u%(m), u%(m)) < (Lé(Rn))27

where the space D1?(R") defined in (IT11.11) and I,n > 2, ¢(x) > 0,Vx € R™, (¢(z))"! =
p(x) defined in (H2).

In this chapter we are going to consider the solutions in spaces weighted by the density
function p(z) in order to compensate for the lack of Poincare’s inequality which is useful in

the proof.

In this framework, (see [38], [43]), it is well known that, for any initial data (u},u3) €
(D"2(R™))?, (u1,uy) € (LL(R™))?, then problem (IIL1) has a global solution (u1,us) €
(C([0,T), D*(R™)))?, (uh, uy) € (C([0,T), LL(R™))?* for T small enough, under hypothesis
(H1-H2).
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The energy of (uy,us) at time ¢ is defined by

2 2

11th212V
)+ 20— [ o)) [Vl + 5 oo Ve

=1 =1

+a/ puiusde. (111.2)
R

E(t

For a small enough we deduce that:

M)la—mmyl

(1—/ s ) |V uz||2+z o Vo)

\)

and the following energy functional law holds, which means that, our energy is uniformly

bounded and decreasing along the trajectories.

FMZ;Z@OWW®—;2mWWMM% vt > 0. (11L3)

i=1

The following notation will be used throughout this chapter

(° 0 U)(t) = /Ot Ot — ) | W(t) — W (r)|2 dr. (I11.4)

For the literature, in R™ we quote essentially the results of [1], [38], [41], [39], [43], [57].
In [41], authors showed for one equation that, for compactly supported initial data and for
an exponentially decaying relaxation function, the decay of the energy of solution of a linear
Cauchy problem (III.1) with [ = 2, p(x) = 1 is polynomial. The finite-speed propagation
is used to compensate for the lack of Poincare’s inequality. In the case | = 2, in [38],
author looked into a linear Cauchy viscoelastic equation with density. His study included
the exponential and polynomial rates, where he used the spaces weighted by density to
compensate for the lack of Poincare’s inequality. The same problem treated in [38], was
considered in [39], where they consider a Cauchy problem for a viscoelastic wave equation.
Under suitable conditions on the initial data and the relaxation function, they prove a
polynomial decay result of solutions. Conditions used, on the relaxation function g and its

derivative ¢' are different from the usual ones.

The problem (III.1) for the case [ =2, p(z) =1, in a bounded domain Q@ C R™, (n > 1)
with a smooth boundary 02 and ¢ is a positive nonincreasing function was considered

as equation in [57], where they established an explicit and general decay rate result for
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II1.1 Introduction and statement

relaxation functions satisfying:
J(t) < —H(g()),t = 0, H(0) =0, (I1L5)

for a positive function H € C'(R") and H is linear or strictly increasing and strictly convex
C? function on (0,7],1 > r. Which improve the conditions considered recently by Alabau-

Boussouira and Cannarsa [1] on the relaxation functions

g'(t) < =x(g(1)), x(0) = x(0) = 0, (IT1.6)

where x is a non-negative function, strictly increasing and strictly convex on (0, ko], kg > 0.

They required that

k k 1
/ " dr +oo,/ " 2dE g g XL (I11.7)
b X@ 0 x(@) 25N 2

and proved a decay result for the energy of equation (II1.1) with a = 0,1l =2,p(z) =1 in a

bounded domain. In addition to these assumptions, if

lim sup X(;S>/S
s—0t X (S)

<1, (111.8)

then, in this case, an explicit rate of decay is given.

We omit the space variable x of u(z, t), u'(x, t) and for simplicity reason denote u(x,t) = u

2

" [ Ou

and «/(z,t) = v/, when no confusion arises. We denote by |V,ul? = > (8) CAu =
.7 XT;

n 82’& = '

Z 92 The constants ¢ used throughout this paper are positive generic constants which

i=1 i

may be different in various occurrences also the functions considered are all real valued, here
o' = du(t)/dt and u" = d*u(t)/dt?.

The main purpose of this work is to allow a wider class of relaxation functions and
improve earlier results in the literature. The basic mechanism behind the decay rates is the

relation between the damping and the energy.

First we recall and make use the following assumptions on the functions p and g for

1=1,2 as:
H1: To guarantee the hyperbolicity of the system, we assume that the function g; :

29



Chapter III. Decay rate of solutions to the Cauchy problem for a coupled
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Rt — RT(for ¢ = 1,2) is of class C" satisfying:
1 - /Ooo gi(t)dt > k; >0, g;(0) = gio > 0, (IIL.9)
and there exist nonincreasing continuous functions £;,&: RT — R satisfying
gi(t) < —&gi(t). (I11.10)

H2: The function p : R — R, p(z) € C*(R") with v € (0,1) and p € L*(R") N
L>*(R"), where s = 5—22

2n—qn+2q°

Definition 1.1 ([38], [73]) We define the function spaces of our problem and its norm as
follows:

DIR") = {f € L™ A(R"): V,.f € L2(R")}, (I11.11)

and the spaces L2(R™) to be the closure of Cg°(R™) functions with respect to the inner product

(£ )1 = [ pfhde.
For 1 <p < oo, if f is a measurable function on R™, we define

1/q
g = ( [ o) (I.12)

Corrolary 1.2 The separable Hilbert space LZ(R”) with

(f, f)Lg(Rn) = Hf”%g(wy
consist of all f for which || f||La@n) < 00,1 < g < +o0.

The following technical lemma will play an important role in the sequel.

Lemma 1.3 [22] For any two functions g, v € C*(R) and 6 € [0,1] we have

/ () [ ot optsyisds = o)D) + 5 (/ e )Hv I
+5(g 0 0)(0) — 5o o (0)13 (111.13)
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and
/ (/Ot g(t —s)|v(s) — v(t)|d8>2 dr < (/Ot 92(1—9)(5)(13) (g% o 0). (TT1.14)

Lemma 1.4 [}2] Let p satisfies (H2), then for any u € DM?(R")

2n 2n
srn)|| Ve n)s ths=———-,2<¢q<
ven) Vot @, with s 2n —qn + 2q 1

[ull @y < lp

Proof of lemma 1.4 The Lemma is consequence of Holder’s inequality. In fact,

/puqu < (/ psd:p>5</ |u|pbda:>b
n n R”L

. , (I11.15)
s 2
o ([ vu (L)
n R”l
2n 2n
where s = and b = ————~—.
(2n — pn + 2p) (n—2)p
Corrolary 1.5 If ¢ = 2, then Lemma 1.4. yields
[ull zz@ny < Mol 2@l Vaull 2 @ny,
where we can assume ||p|| /2wy = Co > 0 to get
||U||L3(Rn) < Col|Vaul| 22 @ny.- (IT1.16)

Lemma 1.6 Let p satisfy condition (H2). If 1 < g < p < p* = %, then there ewists
Co > 0 such that the weighted inequality

lull oz < Collull s el Do g (IL.17)
is valid for all (0,1) which satisfy the relation 1% = % + 1%'

Proof of lemma 1.6 We get relation (II11.17) by using the weighted interpolation inequality

lullzz < Collull gz lullf- (IL.18)

(see [75]) and inequality (I1.33). Here Cy = k°.
Using Cauchy-Schwarz and Poincare’s inequalities, the proof of the following Lemma is

immediate.
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Lemma 1.7 There exist constants ¢, > 0 such that

/n (/Ot gi(t — s)(wi(t) — Uz‘(s))ds>2 dr < c(g; ou;)(t) < (g; o Vuy)(t), (IT1.19)

for any u € DV(R™).

We are now ready to state and prove our main results.

2 Exponential decay

For the purpose of constructing a Lyapunov functional L equivalent to E, we introduce the

next functionals

Z/ o) [uf| Pl d, (I11.20)
Z / o)) / gi(t — 8)(ui(t) — wi(s))dsdz, (111.21)

Lemma 2.1 Under the assumptions (H1-H2), the functional ¢, satisfies, along the solution
of (III.1), for any 6 € (0,1)

V)

2 2
(1) < ; HumlLlp(Rn) — (k+1]alCo—6 = 1) [IVouill3 + ;o V), (I11.22)

i=1 z:l

Proof of lemma 2.1 From (II1.20), integrate by parts over R™, we have

U = [ p@udde+ [ pleyun (]2 do
+ / ld:er/ uQ |u2|l 2 ) dz,
¢
= / <p(x)u’1 + ur Ayuy — ap(x)ugug — ul/ g1(t — s)Azuq (s, x)ds) dx
Rr 0
t
+ / (p(x)ug + us Ayuy — ap(x)ugug — u2/ Go(t — 8)Ayua(s, x)ds) dx,
Rr 0
2 2
< Sl = 3 kil Vawl =20 [ p(ehuuada
i=1 i=1
2 t
+ Z/}R qui/ gi(t — s)(Vaui(s) — Vyu,(t))dsde.
i=1 /R" 0
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Using Young’s, Poincare’s inequalities, Lemma 1.3 and Lemma 1.4, we obtain
2 2 2
! _
i(t) < Z i1z ey — Z kill Vo3 + (1= led ol o) D2 I1Vauill3
i=1

+ 5ZHV wll?+ 452/ (/ it — 8)|Vaui(s )—qui(t)|ds>2d:v,

2

gi o V).

2
< Z Hu;’|lLi)(R") — (k+1a|Co— 6 = 1) D> IVausll3 +
=1

i=1 z:l

For a small enough and k = max{ky, k2 }.

Lemma 2.2 Under the assumptions (H1-H2), the functional 1o satisfies, along the solution
of (IIl.1), for any & € (0,1)

2
0 = X (5= [ ads) ity e
=1
2 2

+ 52 IVouill3 + g > (g0 Vaw) — ¢sCo > (gho Voup)2. (111.23)
i=1 i=1

i=1
Proof of lemma 2.2 Exploiting Eq. in (II.1), to get
t
_ —Z / ) (juff )’ / it — 8)(us(t) — wy(s))dsdz (I11.24)
2
Z/ =2 [ g1t = ) st) = wa(s))dsdz = 3 [ uts)dslul .
i=1

t
To simplify the first term in (I11.24), we multiply (III.1) by / gi(t — s)(ui(t) — u;(s))ds and
0

integrate by parts over R™. So we obtain

—Z/ ) (Jus] =2 ’) /tgi(t—s)(ui(t)—ui(s))dsdx
= Z Aul( )/ gz(t )(uz<t) —ui(s))dsd:p

i—1 Rn

_ g/n </Ot Gi(t — s)(u(t) — ui(s)) /ot git — s)Aui(s)> dx (I11.25)

_a/
R

Pus /Ot g1(t — 8)(ur(t) — ui(s))ds + puy /Ot ga(t — ) (ua(t) — ua(s))ds| d.
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The first term in the right side of (II1.25) is estimated as follows

[ due) [t~ ) (t) - w(s)dsd
[ s [t = ) (Tawi(t) = V()
/R" Vel /Ot gi(t — 8)(Vaus(s) — Vou(t))dsdz,
IVl + 3= ([ 9 (000 V),

1

—k

IN

IN

IN

while the second term becomes,

— L ([ st = 90w [ alt — 5)5us) da
- /. (/Ot ailt — 8)(Vault) — Vua(s)) - /Otgi(t — 9)Vui(s)) de,
) (/Ot gi(t — 8)|Vu;(s) — V(b)) + Vui(t)|)2

+ 415 . (/Otgi(t— s)(Vui(t) — VU@'(S»)Qv

201 = kP Vsl + (2 + 415> (1= k) (g; 0 Vus) (1),

IN

IN

Now, using Young’s and Poincare’s inequalities we estimate

- a/Rn pusz /Ot g1(t — 8)(ur(t) — ui(s))dsdx
|l Co
40

—|aldCol|Vus |72 —

IN

—|a|5||u2||ig - (1= k)(g1 0 Vuy)(t),
la|Cy

46

IN

(1= k) (g1 0 Vur)(t).
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ITII.2 Exponential decay

By Holder’s and Young’s inequalities and Lemma 1.4 we estimate

_ /np(x)|u = / gt — 8)(wi(t) — wi(s))dsda

< (/. <x>|u<rldx)“ P (L ot [ =kt = s)te) — st
< ol gany + g5 lollanll [ 9~ ()~ u(s))dslly ey,

1
<

o]’ ||Llp(Rn) — @Co(g o V,u)2(t).

Using Young’s and Poincare’s inequalities and Lemma 1.3, we obtain

o < 3 (5= [ o) By
2

+ 52 |V owil3 + < Z gi o Vu;) — csCy Z(g; o Vmui)m.

=1 =1
Our main result reads as follows

Theorem 2.3 Let (uf,uy), (u9, uy) € (DV*(R") x LL(R™)) and suppose that (H1 — H2)
hold. Then there exist positive constants aq,w such that the energy of solution given by
(111.1) satisfies,

E(t) < a1 E(ty) exp (—w /tf( )ds> Vit >t (I11.26)

where &(t) = min{&, (t),&(t)}, YVt > 0.

In order to prove this theorem, let us define

L(t) = My E(t) +vn () + Nato (1), (I11.27)

for Ny, Ny > 1, We need the next Lemma, which means that there is equivalent between the

Lyapunov and energy functions

Lemma 2.4 For Ny, Ny, > 1, we have

B1L(t) < E(t) < L(t)fo, (I11.28)
holds for two positive constants 3, and [s.
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Chapter III. Decay rate of solutions to the Cauchy problem for a coupled
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Proof of lemma 2.4 By applying Young’s inequality to (II1.20) and using (II1.21) and
(II1.27), we obtain

[L(t) = ME@)] < |u(8)] + Na|iha(1)],

SZ/ () |u)|' %) | doe
+ NQZ/ ' Juf]' P / gi(t — 8)(us(t) — ug(s))ds| da.
Thanks to Holder and Young’s inequalities with exponents 1, [, since 2% > > 2, we have

by using Lemma 1.4

and

1/ (1-1)/1
L p@ul 2l < ([ pwtar) ([ pldlac)
Rn Rn
1 l [—1 1
< ([ p@htar) + === ([ olw)puifas),
< el oy + ellplls oy 1V i (111.29)

dx

()T el =2u0) () [ it = 9)a(t) — () )

0

Rnﬂ \u!dm)lll </Rnp \/gzt—s)(uz(t)—ul())ds\)l/l,
Tl + 71 [ 0t~ )(witt) — )l oy

LS(R”)(gi o Vu;)"?(t).

n

=

IN
~

IA
~
|~
—_

IN

||u;||lL£)(R”) + ZHP

o~

then, since [ > 2, we have

2
Cz (HUIHLZ(R" + Ve UZH2 +gioV UZ)Z/Q( )) ’

|L(t) — ME(t)] <
< c(E(t)+ E" (1)),
< ¢(E(t)+ E(t) - Y1),
< o(E(t)+ E(t) - EYD1(0)),
< cE(t).

Consequently, (I11.28) follows.
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ITII.2 Exponential decay

Proof of Theorem2.3 From (II1.3), results of Lemmas 2.1 and 2.2, we have

L'(t) = NE'(t) + ¢i(t) + Navy(t),

2 4 1-0)\ &
< (;Nl — CaCONQ) > (gio Vo) + <£2€_Z§)> > (gi 0 Vau,)
i=1 i=1

2 2
= MY il @y — M2 Y Va3

i=1 i=1

At this point, we choose & large enough so that

M, = <N2 (/Ot g(s)ds — 5) . 1) >0,

We choose 0 so small that Ny > 2¢s||p

lLs(R,L)NQ. Whence § is fixed, we can choose &1, &

large enough so that
1
My = (—NQO' + §ng(t1) + (l — O')> > 0,

and )
<2N1 — 6500N2> > 0.

which yields
2
L'(t) < My (g0 Vau) —mE(t), Vt>t. (I11.30)
i=1
Multiplying (I11.30) by () gives

2
EBL(1) < —mE)E() + Mog(t) Y- (g: 0 Vous). (I11.31)
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The last term can be estimated, using (H1), as follows

M) S (g0 Vow) < MY 600 [ [ it = s)lustt)  uis)
MY [ [t = st )ute) — o)l

<
< —Moz [, ot ) — o),
< —M();gioVuzg —MyE'(t). (I11.32)
Thus, (I11.30) becomes
L)+ MyE'(t) < —mé&@)E(t), Vt>t,. (111.33)

Using the fact that £ is a nonincreasing continuous function as & and & are nonincreasing,
and so ¢ is differentiable, with &'(¢) < 0 for a.e ¢, then

(E@)L(t) + MoE(t)) < &(t)L'(t)+ MoE'(t) < —m&(t)E(t), Vit >to. (111.34)
Since, using (II1.28)
F=¢L+ MyE ~E, (I11.35)
we obtain, for some positive constant w
F'(t) < —wé(t)F(t), Vt>t. (I11.36)

Integration over (g, t) leads to, for some constant w > 0 such that

F(t) < a1F(ty) exp <—w /tﬁ(s)d,s,‘) Vit > t. (I11.37)

to

Recalling (I11.35), estimate (II1.37) yields the desired result (II1.26). This completes the
proof of Theorem 2.3.
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Chapter IV

Existence and stability to the Cauchy problem
for a coupled system of a nonlinear weak

viscoelastic wave equations in R"

1 Introduction and statement

Let us consider the following problem

(|u'1|l_2U/1)/ + fi(ug, uz) = ¢p(x)A, (ul — oy (t) /; g1(t — S)ul(s,m)ds) , in R"®x RT,
(\U’Q\Z_QU/2>/ + fa(uy, uz) = ¢p(x)A, (uz — Oéz(t)/o ga(t — s)m(s,x)ds) , in R"x R™*,
(u1(0, @), u2(0, 7)) = (u(x), ug(x)) € (DH*(R"))?,

(ull([)? I), u/2<07 CC)) = (u%(m), US(ZL’)) S (Lé(Rn))2v

(IV.1)
where the space D?(R") defined in (IV.11) and [ > 2, ¢(z) > 0,Vz € R™, (¢(z))™' =
p(x) defined in (H2).
In this chapter we consider the solutions in spaces weighted by the density function p(x)
in order to compensate for the lack of Poincare’s inequality.

The energy of (uy,us) at time ¢ is defined by

(l _ 1) 2 1l 13 ! 2
B(t) = = 3 Il +5 2 (1= ail®) [ 9i9)ds) Vil
L= ! 24 0
1 2
+§ > ai(t)(gi 0 Vi) + /Rn p(x)F(uy,us)dx. (IV.2)
=1 )

and the following energy functional law holds, which means that, our energy is uniformly

bounded and decreasing along the trajectories.
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B0) = 53 at(aio Vo)) = 3 st Vs (v.3)
b 53 a0 Ve = 3 aite) [ (o) Vant) .2 > 0
< 5L el Van)(t) = 5 3 i) [ ) V(). > 0

The following notation will be used throughout this chapter

t
s

(90 0)(t) = [ g'(t =) | 0(t) = W)} dr, (IV.4)

for any ¢ € L>(0,T; L*(R")).

For the literature, in R™ we quote essentially the results of [1], [38], [41], [39], [43],
[57]. In [41], authors showed for one equation that, for compactly supported initial data
and for an exponentially decaying relaxation function, the decay of the energy of solution
of a linear Cauchy problem (IV.1) with [ = 2,«; = p(x) = 1 is polynomial. The finite-
speed propagation is used to compensate for the lack of Poincare’s inequality. In the case
[ =2 a; =1, in [38], author looked into a linear Cauchy viscoelastic equation with density.
His study included the exponential and polynomial rates, where he used the spaces weighted
by density to compensate for the lack of Poincare’s inequality. The same problem treated in
[38], was considered in [39], where they consider a Cauchy problem for a viscoelastic wave
equation. Under suitable conditions on the initial data and the relaxation function, they
prove a polynomial decay result of solutions. Conditions used, on the relaxation function g
and its derivative ¢’ are different from the usual ones.

The problem of stabilization of weakly coupled systems has also been studied by several
authors. Under certain conditions imposed on the subset where the damping term is effective,
Kapitonov [44] proves uniform stabilization of the solutions of a pair of hyperbolic systems
coupled in velocities. Alabau and al. [4] studied the indirect internal stabilization of weakly
coupled systems where the damping is effective in the whole domain. They prove that the
behavior of the first equation is sufficient to stabilize the total system and to have polynomial
decay for sufficiently smooth solutions. Alabau [6] proves indirect boundary stabilization
(polynomial decay) of weakly coupled equations. She establishes a polynomial decay lemma

for non-increasing and nonnegative function which satisfies an integral inequality.
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IV.1 Introduction and statement

The main purpose of this work is to prove an existence and uniqueness theorem for global
weak solutions in Sobolev spaces using Faedo-Galerkin method and to allow a wider class
of relaxation functions and improve earlier results in the literature. The basic mechanism
behind the decay rates is the relation between the damping and the energy.

First we recall and make use the following assumptions on the functions p and g for
1=1,2 as:

H1: To guarantee the hyperbolicity of the system, we assume that the function g; :
RT — Rf(for i = 1,2) is of class C! satisfying:

t 0
- ai(t)/o gi()dt > k; > 0, /0 gi(t)dt < +00, ait) > 0, (IV.5)

)
A ae o

and there exist nonincreasing continuous functions &;,&: Rt — RT satisfying
g:(t) < —&()gi(t), vt > 0. (IV.7)

H2: The function p : R* — R, p(z) € C%(R") with v € (0,1) and p € L*(R™") N
L>(R"), where s = 52,
H3: The function f; : R? — R (for i=1,2) is of class C'! and there exists a function F

such that

oF oF
f1<x7y):%a fQ(xay):aiyv

F > O’ Ifl(xuy) —i-yfg(x,y) - F(xvy> > 0.
and
Ofi
8y(

for some constant d > 0 and 1 < 8;; < =5 for 4,5 = 1,2.

Pl |ylPe=Y), V(z,y) € R?, (IV.8)

ofi
Ox

(fﬂ,y)| +| :v,y)| <d(1+ |z

H/: There exists a positive constant k such that
[fila, )| < k(| + Jy| + 2] + |y|*=), (IV.9)
and

[filw,y) = filr,s)] < k(L4 |27+ [yl et Js|P2 7 (Jo — o] + |y — s]), (IV.10)
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for all (z,y),(r,s) € R* and i = 1, 2.

Definition 1.1 [78] We define the function spaces related with our problem and its norm as

follows:
DYHR") = {f € L™ AR") : V. f € (LX(R")"}, (IV.11)

and the separable Hilbert space L2(R™) to be the closure of Cg°(R™) functions with respect to

the inner product

(f; P) Lz em) :/Rn pfhdz. (IV.12)
For 1 < p< oo, if fis a measurable function on R", we define
1/q
11l g ey = ( /R plf !qda:) : (IV.13)

The next Lemma can be shown (see [42], Lemma 2.1).

Lemma 1.2 Let p satisfies (H2), then for any u € DM?(R")

, 2n 2n
ull gy < [lpllps@n) Vol 2@ny,  with s = T Y
Corrolary 1.3 If ¢ = 2, then Lemma 1.2. yields
ullzz@ny < llpllprrzny [ Vot L2@n), (IV.14)
where we can assume ||p||ps@ny = ¢ >0 to get
HUHLz(Rn) < || Vaul| L2 @ny.- (IV.15)

Using Cauchy-Schwarz inequality, the proof of the following Lemma is immediate.

Lemma 1.4 There exist constants C' > 0 such that

/n (/Ot gi(t — s)(u(t) — u(s))ds)de <C (/Ot gi(s)d5> (giou)(t), i=1,2 (IV.16)

for any u € DVA(R™).

So we are able to construct the necessary ewvolution triple for the space setting of our

problem, which is
1,2 n l n —1,2 n
D*(R") C L,(R") C D™*(R") (IV.17)
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IV.1 Introduction and statement

where all the embedding are compact and dense.

The following technical Lemma will play an important role in the sequel.

Lemma 1.5 For anyv € C' (0,7, H'(R")) we have

/n a(t) /Ot g(t — 8)Av(s)v'(t)dsdz
= S ealt) (9o Vo) () — 5 5 o) [ o(s) [ V(o) deds

~ Sald) g oV () + salt)g(t) [ V(o) duds

0t (g0 Vo) (1) + 5a'(1) Ot o(s)ds [ |Vo(e) duds.

Proof of lemma 1.5 It’s not hard to see

/n a(t) /Ot g(t — s)Av(s)v'(t)dsdz

= —a(t) [ gt =) [ Vo(0Tu(s)deds

Rn

= —a(t) /Otg(t —s) | V' (t) [Vo(s) — Vo(t)] deds

R’I’L

—a(t) /Ot gt —s) [ VU (t)Vou(t)dzds.

]Rn
Consequently,

/n aft) /Ot g(t — s)Av(s)v'(t)dsdx

1 d

S0 /Otg(t—s)dt/w Vo(s) — Vo(t)[? dads,

—a(t) /Otg(s) <c§lt; o [Vo(t))? dm) ds.
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which implies,

. a(t) /Ot g(t — s)Av(s)v'(t)dsdx

_ ;jt ) /Otg(t—s) [ 1Vels) = V(o) deds
35 o) [[ots) [ Vo) deds]
;a(t /Ot (t=5) [ [Vels) = Volt)* deds
; gt/|Vv )2 dids.
;' /Ot t=5) [ 190(s) = Voo)* duds
+;o/ 0 [ os)ds [ [Vo(o)? deds.

This completes the proof.
Definition 1.6 A weak solution of (IV.1) is a function u;(x;t) such that
e u; € L?[0,T; DY*(R™)], wj € L*[0,T; LL(R")],

e Forallv e C§([0,T] x R™), u satisfies the generalized formula

/T((|u ) u+/ / pfi(ui(s), uz(s))v(s)ds (IV.18)
T / / V(s d;z:ds—/o (al(t)/ g(S_T)vui(T>dT,VU(S>) ds = 0.

0

e u satisfies the initial conditions
ui(z,0) = ul(x) € DV2(R™), wuj(x,0)=ul(z) € Li)(R").

We are now ready to state and prove our main results

2 Well-posedness result

This section is devoted to prove the existence and uniqueness of solutions to system (IV.1)

Theorem 2.1 Let (uf, uy), (ud, uy) € DV2(R") x LL(R™) be given. Assume that (H1 — HY)

are satisfied, then problem (IV.1) has a unique strong solution
up,up € L% (Ry; DY2(R™)) YW (Ry; DY (R™)) (YW (Ry; LL(R™)) .
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IV.2 Well-posedness result

Proof of theorem 2.1 The existence is proved using the Galerkin method. In order to
do so, we take {w;}32; be the eigenfunctions of the Laplacian operator subject to Dirichlet
boundary conditions. Then {w;}$, is orthogonal basis of D%?(R") which is orthonormal in
LL(R”). Let V,, = span{wy,ws,- -+ ,wy,} and the projection of the initial data on the finite

dimensional subspace V,, is given by
m m m m
om om 1m 1m
™ =Ygy, w™ =Y buwy, w™ =) cuw;, w™ =3 duwy;.
i=0 i=0 i=0 i=0

We search the approximate solutions

e t) = (), ) = 3RO (0),

of the approximate problem in V,,

i I t
/ (p<x> (ju' 2" ) w0 — Vau" Vo + (1) / g1t — s)Au (s, x)wds + p(x) fi (u]', u?)w) dz =0,
R~ 0

/Rn (p(z) (’ugn/|l—2u§”/),w — Vzuy'Vw — aa(t) /Ot g2(t — s)Aug' (s, z)wds + p(x) fa(ul", ué”)w) dx =0,
" (0) = ug™, (") (0) = g™, ug'(0) = uy™, (uz')'(0) = uy™.
(IV.19)

This system leads to a system of ODEs for unknown functions hJ*(t), k7"(¢). Based on standard
existence theory for ODE, one can conclude the existence of a solution (uf*,u5") of (IV.19) on a
maximal time interval [0,t,,), for each m € N. The a priori estimate that follows implies that in
fact t,, = +o0.

e (A priori estimate 1): In (IV.19), let w = (u]*)" in the first equation and w = (u3")" in the

second equation, add the resulting equations, and integrate by parts to obtain

’

13 13
B () = 5 > ai(t)(gi o Vaui™)(t) — 3 > ai()gi(t)IVeu ()|l (IV.20)
i=1 i=1
13 13 t
5 alle o Va0 = 5 3 akt) [ gie)ds| Vol 0]
i=1 =1
This means, using (H1), that, for some positive constant C' independent of ¢ and m,

E™(t) < E™(0) < C. (IV.21)

45



Chapter IV. Existence and stability to the Cauchy problem for a coupled
system of a nonlinear weak viscoelastic wave equations in R"”

/

e (A priori estimate 2): In (IV.19), let w = —Au]" in the first equation and w = —Auj" in the

second equation, add the resulting equations, integrate by parts, and use (H1) to obtain

dy (Huv u™ | +1<1—a-(t)/t -(s)ds) 1A 2 + Say(8) -oAum)
dt.:1 I el iy B i ng i ll2 T 5 9i i

I
-

(astosi o du) = ety )| a3 + Jai(e) oo Aur) )

=1

2
- *Z / ngAumHQ‘FZ/ @) fi(u, ul) Au da,

l\')

< ;/R" p(2) fi (U, ul ) Aul da. (Iv.22)

Then, integrating over (0,t) yields

-1 / 1 t 1
(19l + 5 (1= aute) [ auts)ds) 18w 3 + St o Au?)

.
v |l Mw
sy

< 3 (I g + 18 + [ o) ) e
1=1
2
= ([ ot (pdm a1 oG o)
- // (afl g A 31{2 mAu2>dms. (IV.23)

To estimate the terms on the right hand side of (IV.23), we use (IV.9), Young’s inequality, and
(IV.15) and take (IV.21) into account to get

p@)fi ) A < k[ pla) |u?|+\u5"\+|umﬂ“+|u?|ﬂi2)Au?dx,

R
< oA + 5 ; S o) (P P P g2
< ol aui + 5 (el + gl + e 150 + ' 1757)
< oAuz; + (C; (IV.24)
Now, we estimate I := — p(x) 0fi uZm,AuZm as follows. First, we observe that 62”_} 4411
R du, Bij 2815 2

and use (H2) and the generalized Holder’s inequality to infer

1l < d/ ) (1 P o) g A

IN

! —1 ! —1
@ (1 o+ 1 s I 103+ o N 25, ) 187
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IV.2 Well-posedness result

Then, by (IV.15), (IV.21) and Young’s inequality, we arrive at

-1 -1 ’
1] < e (L Va3 + IV IVl o Aud 3.

IN

e (I1Ve Iz - 1Au |z ) < eV |3 + el A3 (IV.25)

Since the other terms in (IV.23) can be similarly treated and the norms of the initial data are
uniformly bounded, we combine (IV.23)-(IV.25), use (H1), and take ¢ small enough to end up with
2 , 2t ,

(17 Iy, + 18w 3) < eted” /0 (1707 Iy + 1AuP3) ds. (1V.26)
- i=1

=1

Using Gronwall’s inequality, this implies that
(V2w |15, + 1au|3) < €, Ve € [0,T] and m € N. (IV.27)
i=1 3

e (A priori estimate 3): In (IV.19), let w = ugnﬁ in the first equation and w = u2m” in the second

equation. Then, by exploiting the previous estimates and using similar arguments, we find
2 1"
S lluf | <€, Wt e [0,T] and m € N. (IV.28)
i=1 g
From (IV.21), (IV.27), and (IV.28), we conclude that
u™ are uniformly bounded in L>(0, T'; D2(R™)),

u" are uniformly bounded in L=(0,T; D?(R"))
" are uniformly bounded in L>(0, T’ L,(R™)),

(
(

m
U;

which implies that there exist subsequences of {u}"}, which we still denote in the same way, such
that

ul™ = u; in L0, T; DV (R™)), (IV.29)
w5 in L0, T; DM2(R™)), (IV.30)
u™ =l in L°(0, T; L (R™)), (IV.31)

In the sequel, we will deal with the nonlinear term. By Aubin’s Lemma, we find, up to a subse-

quence, that

uf® — u; strongly in L*(0, T; LL(R™)), (IV.32)
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Then,
ui* — w; almost everywhere in (0,77) x R". (Iv.33)
and therefore, from (H4),
fitu*, uy") — fi(u1,u2) almost every where in (0,7") x R", for i =1, 2. (Iv.34)

Also, as u]* are bounded in L>(0,T"; Lﬁ)(R”)), then the use of (IV.9) and (IV.15) gives that
fi(ui, uf") is bounded in L*°(0, T} LQ(R”)). From this (IV.34), we can deduce that

fi(ui, ul') — fi(uy,us) in L*(0,T; LZ(R")), fori=1,2.

Combining the results obtained above, we can pass to the limit and conclude that (uj,ug) is a
strong solution of system (IV.1)
e For uniqueness, let us assume that (uj1, u91), (w12, uge) are two strong solutions of (IV.1). Then,

(21, 22) = (u11 — u12, ug1 — ugo) satisfies, for all w € DL2(RM)

/Rn <p(x) (’Z“l—%i)/ w — Vyz1Vw + aq (t) /Ot g1(t — s)z1(s, z)wds + p(x) f1(z1, 22)w> dr =0,

/ t
/ <p(1:) (]z§|l_2z§) w— VzzaVw — Oég(t)/ g2(t — 8)z2(s, x)wds + p(x) f2(z1, 22)w> dzx =0,
n 0
(IV.35)
Substituting w = 2| in the first equation and w = 24 in the second equation, adding the resulting

equations, integrating by parts, and using (H1) yield

S (bl + 2 (1= i) [ o)) 1908 + 2o 920)
dt P l 7 Li) 2 1 0 gi 112 2 gi 1

= /Rn ([f1(u21,u22) + f1(uir, w12)] 21 + [fo(uor, ug2) + fo(uir, ur2)] 25) dz.  (IV.36)
Making use of (IV.10) and following similar arguments that used to obtain (IV.25), we find

/Rn ([f1(ug1, ug2) + fi(uir, wiz)] 21 + [fo(ua1, ug2) + fa(uir, ui2)] 25) da

IN

k:/Rn (1 + Jug [P 4 fugg [Pt + |UQ1|B12_1+|U22‘512_1> (|z1] + |22]) 21 da

R T e e e S N CTRA P 7
R’n

IN

2
e (11, + 19=3) (IV.37)
=1
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IV.3 Decay rate

Combining (IV.36) and (IV.37), integrating over (0,¢), and using Gronwall’s Lemma, then we
deduce that

2
> (I + l1=4l3) = o, (IV 38)

1=

—_

which means that (u11,u21) = (u12,u22). This completes the proof.

3 Decay rate

For the purpose of constructing a Lyapunov functional L equivalent to E, we introduce the next

functionals )

nt) =3 [ oyl -uds, (1V.39)

=1
Z/ V2’/%@—m () — wis))dsd, (IV..40)

Lemma 3.1 Under the assumptions (H1- H}), the functional 11 satisfies, along the solution of
(IV.1), for some 6 € (0,1)

2

2 2
ZHU ||Ll (R™) _Z(k = 0)[[Vz uz||2+z t)(gi o Vau;) — an p(x) F(u1,uz)dz.
i=1 i=1 =1

Proof of lemma 3.1 From (IV.39), integrate by parts over R", we have
W = [ e@utdet [ play (i 2u) do
Rn
+ / p(z)u ’da:+/ p(x)us (\ufz!l ? ) da,
]Rn
= /n <p(x)u’1 +urAgug — ulal(t)/o g1(t — s)Azuq (s, x)ds) dx
t
+ / (p(x)ug + uaAgug — u2ag(t)/ g2(t — s)Agua(s, x)ds) dz
R" 0

- /n p(@) [ur fi(ur, ug) +uaf (ur, uz)],

2

2
ZIIU%IIle Rn —Zkillvxwllg — | p(@)F(u1, ug)d
: p(R™) . ..

+ Z/ Vauiai(t / gi(t — 5)(Vaui(s) — Vauy(t))dsde.

IA
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Using Young’s inequality, (H1), we obtain

2 2
i) < Y ||ufi”lLlp(Rn) - Zlkiﬂvxuz'”% - /Rn p(@)F(u1, ug)dx
=1 1=

2

2 " 2 a?(t) t ' | B
; 5izluvxul||2+;lw/w ([ 0t = o) 9ai65) = Vauslas)

2 2 2
1—k;
< }jnuzuzlp(m—§:<kz~—5>uvmuz~||%+§:( 5 ) ()91 0 V) — / pl@)F(uy, uz)dz.
i=1 =1

=1

Lemma 3.2 Under the assumptions (H1-H}Y), the functional 1o satisfies, along the solution of
(IV.1), for some § € (0,1)

) < z( / s)ds ) 4 e

i=1
2 1 1 2
+ 25; (2 +(1— k)% + c> IVauill3 — Zéc;(gg o Vu;)!/?

2

1 t
b 3 (5 #2000 + ([ 6i949)) v Vo)
Proof of lemma 3.2 Exploiting Egs. in (IV.1), to get
= _Z/ ’U P / /gz — 8)(ui(t) — ui(s))dsdx (IV.41)

t 2t
S [ ot [t s)tt) - w(oisde — 3 [ sl
i=1 =1

t
To simplify the first term in (IV.41), we multiply the first Eq. in (IV.1) by / g1(t — s)(u1(t) —
0

u1(s))ds and the second by /Ot g2(t — ) (ua(t) — ua(s))ds, integrate by parts over R™. So we obtain
2 o
—; /R ple) (il ;) /0 gi(t = 5)(ui(t) = uq(s))dsdz
2 t
= - Z /n Auz(ﬂf)/ gi(t — 5)(ui(t) — ui(s))dsdx
+ Z/n (/ gi(t — 8)(ui(t) — ui(s))dsa;(t) /Ot gi(t — S)Aui(s)ds) dz

T ; /Rn p(x) fi(ua, U2)/0 gi(t — 8)(ui(t) — ui(s))dsdz. (IV.42)
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The first term in the right side of (IV.42) is estimated for i = 1,2 as follows

- / Apui(z /gZ u;(t) — ui(s))dsdx

- /n uni/ 9i(t — 8)(Vau;(t) — Vaui(s))dsdz,

< oIVeuil? + — (/ ai(s)ds) (g o V) 1), (IV.43)

while the second term becomes,

IN

IN

/n ( /Ot gi(t — 8)(us(t) — wi(s))dsas () /Ot gilt — S)Aui(s)ds> di
- /Rn (/Ot 9i(t — 5)(Vu;(t) — Vu(s))dsa;(t) /Ot gi(t — S)V’ui(s)ds) dz,
5042(1%)/R </Ot gi(t — 8)(|Vui(t) — Vai(s)] + |vui(t)])ds)2

1
4
25(1 —

2173 + (260200 + 32) [ i66)ds ) (910 Tuo) @), (1V.44)

Now, to estimate the nonlinear terms, we use Young’s inequality, (H4) and Lemma 1.2 to get

Since

IN

IN

IA

[ p@fitus,ue) [ ale = 8)(as) —uis)dsd

de [ o) (jual? + uaf? + s + fuf?2) do

45/ (/ gi(t = s)(u (t)_ui(s))d8>2d$’7

2 28;
dc (||U1HL2 Rn) T Hu2||L2(Rn + ||u1HLg an) + Hu2||L€ 2]Rn )
£ [ it = ) — i) g .

28 26;
ol 2 gemyde (Va3 + [ Vuzll3 + Va3 + [Vua572)
c
||p||Ln/2(Rn)75(gi o V).

1 2
5> IVuil < B@) < B0),

i=1
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and 8;; > 1,1,7 = 1,2, we have

/ p() fi(ur, uz) /t 9i(t — 8)(u;i(t) — u;(s))dsdz

< llgnragn 5c(uv |3+ [ Vaua |3 + 1 Vaun |57V [ Vaua |3 + (| Vauz ] 3727 Vaua )
+ Hp”Ln/Q(Rn (onvzuz)

< llpnrzgen (uvxulnz + | Vaual3 + (2E(0)2P2 D[V yan [} + (2B(0)) %2 | Va3
Nl oy 75 (95 © Vi),

< o (Va3 + |Vau|3) + 7500 0 Vo), (1V.45)

where ||p| Ln/2(rny = ¢ By Holder’s and Young’s inequalities and Lemma 1.2 we estimate

=l [ e = s)anlt) = i)

-1/ t 1/1
< ([ p@hifar) < ([ @ [ ot - s)u) - utsnast)
n R™ 0
1 t
< Bl oy + 35100 [ 810 = 9)i(0) = )l
C
< Ol ey — 5501 0 Vo) (1), (IV.46)

From (IV.41)-(IV.46), we obtain

t
) il
(5—/0 gz(s)d5> ”uiHLlp(R")

2
(1420 = k) + ) [|Vaus3 — Z gl o Vau)/

Py(t) <

+
5o

1

> (5 + 206020+ 135)( [ i(5)d9)) (910 V).

M“ T

+
1

-
Il

Our next main result reads as follows

Theorem 3.3 Let (u?,ul), (u9,ud) € DL2(R"?) x Llp(R”) and suppose that (H1 — HJ) hold. Then
there exist positive constants W,w such that the energy of solution given by (IV.1) satisfies,

E(t) < Wexp (—w /0 t a(s)g(s)ds) V>0 (IV 47)

where £(t) = min{&;(t), &2(t) }, a(t) = min{aq (1), aa(t)}, VE > 0.
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IV.3 Decay rate

In order to prove this theorem, let us define

L(t) = N1E(t) + ca(t)yr(t) + a(t)pa(t), (IV.48)

for Ni,e > 0. We need the next Lemma, which means that there is equivalent between the

Lyapunov and energy functions

Lemma 3.4 For Ni,e > 0, we have

BiL(t) < E(t) < BoL (1), (1V.49)
holds for two positive constants B1 and [Bs.

Proof of lemma 3.4 By applying Young’s inequality to (IV.39) and using (IV.40) and (IV.48),

we obtain
IL(t) = NiE(t)] < [ea(t)r(t)] + |at)p2(D)],

Z/ () us o2
+ Z/n

IN

dx

dx.

lf =2 [ it = 9)wi(0) ~ wi(s))ds

Thanks to Holder and Young’s inequalities with exponents ﬁ, l, since ;=% > 1 > 2, we have by

using Lemma 1.2

=y 1/1 (1-1)/1
ple)uiluf 2| de < 2wl do pla)lu e ,
1
< l(/ ol |u1|dx)+(/ plofufdr)
= CHuiHLlp(R") + CHPHLS(R") IV i[5 (IV.50)

and

dzx

J.

(ot Tt =) (o) [ te = s)aule) = (o)) )

(/ u|dw>(l1)/lx / p(:v)|/gi(t—s)(ui(t)—ui(s))ds|l>1/l,

[ —
oy + 1 10t = 5)aul0) = ()l oy

_THU;HZL;(W) 4 ol ey i © Vi)V 2(0). (IV.51)

| /\

IN
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then, since [ > 2, we have

Cc

M

|L(t) — N1 E(1)]

IN

(Il ey + i (DIVslly + s(8) (g © Vorus) (1))

=1

(E(t) + E'2(t)),

c(B(t) + E(t) - BEY/271(t)),
c(E(t) + E(t) - EV271(0)),
cE(t).

IN

c

IN A

IN

Consequently, (IV.49) follows.
Proof of Theorem3.3 From (IV.20), results of Lemma 3.1 and Lemma 3.2, we have

) = NE() + (0 (0) + 2l 1) + o (a(t) + altuh)
2
> (a0 - ai(0) 5 ) (6o Vi)

i=1

2 ; o
+ ZKMH(M() 415)(/0 gi(s)ds))+5(145k1)0‘i(t) () gi © Vi)

IN

2
s Ml oy = 3 Ml Vil = [ pla) P, ua)da
=1 =1
+ ed ()Y (t) + o (t)iha(t),

M = (/Ot gi(s)ds — § — 6) a(t),

My = (—25(; + (1= ki)* + c)a(t) + (ki — 6)a(t) + ;Nl(/otg(s)ds)a/(t)> )

Since g;,1 = 1,2 are positive, we have

where

and

t to
/ gi(s)ds > / gi(s)ds = gio > 0,Vt > to.
0 0
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IV.3 Decay rate

Then for a(t) = min{a; (t), aa(t)}, we have

(1)

IN

> (- ) altlsto Vo)

=1
s 222K46+2(5a() D[ 0619 + L] aogr o 9,
2

= > (== allully e — [ p@)Flur,ur)de

=1
2 1 gioN1 /(1)
_ ; <_25(2 (1= k)P 4 0) + (s — ) + 22 (t> )|V
+ ed ()Y (t) + o (t)1a(t). (IV.52)

By using (IV.50) and (IV.51), we get

o/ ()i () + o ()2 (t)

2
Z C||quz||2+Z€Ca ) || HLz (R") +an t)(gi o Vau)'?.

Hence, (IV.52) becomes
) < i(ﬁ—ém) o(0)(gf o Vi)
b3 [( #2000+ [ toran) + Lo+ 0 oo
- g (gzo - Z((f))) Qg — [ )Pt ua)i
. g( 205 + (1=K +.0)+ el = 8) + (25 — e T ) )] Vol

to to

At this point, for gg = min {/ gl(s)ds,/ gg(s)ds} ,k = min{ky, k2}, to > 0, we choose ¢ small
0 0

enough and ¢ so small such that go — 6 —e > 0 and e(k — §) > 26(5 + (1 — k)® + ¢). hence ¢, 6 are

fixed, we can choose NNy large enough so that

N1 C
(5 -5) >0
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which yields by assumption on «; in (H1)
L'(t) < Moa(t Z gi o Vgu;) —ma(t)E(t), Vt>ty,m, My > 0. (IV.53)
Multiplying (IV.53) by &(t) = min{&;(¢), 2(t)} gives
2
L) < —ma(t)E)E(t) + Moa(t)E(t) > (gi o Vauy). (IV.54)
=1

As in [56], the last term can be estimated, using (H1) and (IV.20) as follows

2 2 ; )
D (gr0 V) < ) 60 L] it = 9)9cui(®) = Vou(s) Pasde,
2 t
< al)) / | &= 99t = 9ITus(t) — Voui(s) s,
< Z/ / gt — 8)|Voui(t) — Vui(s)|2dsdz,
< —aft) Z( zovxu2)7
=1
2 t
! ! i\s)as U; 2. .
< 280 = S0 (| ae)ds ) 19l (1V.55)

Thus, (IV.53) becomes

2
EOL(0)+ 2MoB (1) < —maDEOBD) — Mo S ') [ i(o)ds ) IVl (1V.56)
=1

Using the fact that £'(¢) < 0 for a.e t, then

IN

(E()L(t) + 2MoE(t)) E()L'(t) + 2Mo E' (1),

—maE() ()
- Moza ) ([ aityts ) 192013

2 t
< —a@E) <m + m >(/ gl-(s)ds)) E(1).

=1

IN

Using again (H1), to get
F = ¢()L + 2ME ~ B, (IV.57)
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IV.3 Decay rate

we obtain, for some positive constant w

Integration over (t,,t), for some constant w > 0 leads to

F(t) < Wexp (—w /0 t a(t)g(s)ds> Vit >

The equivalence of F' and E completes the proof of Theorem 3.3.

(IV.58)

(IV.59)
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Chapter V

Polynomial decay of solutions to the cauchy

problem for a Petrowsky-Petrowsky system in
RTL

1 Introduction

The viscoelastic materials show a behavior which is something between that of elastic solids and
Newtonian fluids. Indeed, the stresses in these media depend on the entire history of their defor-
mation, not only on their current state of deformation or their current state of motion. This is the
reason why they are called materials with memory. The viscoelastic equations with fading memory

in a bounded space has been deeply studied by several authors.

1.1 Challenge and statement

In this section, derived from [9], we consider the following Petrowsky-Petrowsky system

t
ugt + P() <A2u — / w(t — S)A2u(s)d8> +av =0, in R"xR",
vy + ¢(2) A% + au = 0, in R” x RT,
(uo,v0) € D*2(R™),  (u1,v1) € LA(R™).

(V.1)

where the spaces D*?(R"), L2(R") defined in (2.1) and ¢(z) > 0,Vz € R", a # 0, (¢(z)) ! = p(z),
where the function p : R" — R, p(x) € C%7(R") with v € (0,1) and p € L"/*(R") N L®(R™).
Following Dafermos [23], adding a new variable 7 to the system which corresponds to the relative

displacement history. Let us define the auxiliary variable

n=n'(z,s) =u(z,t) —u(z,t —s), (z,s) € R"xR", t>0. (V.2)
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By differentiation we have
ni(x,8) = —n'(x,8) +w(x,t), (z,s) € R" xR, >0, (V.3)
and we can take as initial condition (¢ = 0)
n°(xz,s) = up(x,0) — ug(z, —s), (z,5) € R" x RY, (V.4)

Thus, the original memory term can be rewritten as

t ) -
/_Oo w(t — s)A%u(s)ds = /0 () A2u(t — 5)ds
— (/000 M(S)ds) A2y — /Ooo N(S)AQnt(s)ds,

The problem (V.1) is transformed into the system

gy + pod(x)A%u + / w(s)p(x)A%n(s)ds + av =0, in R" x Rt.

0
v + ¢(x) A% + au =0, in R” x RY, (V.5)
ne +ns — up = 0, in R x R,

and initial conditions
u(gj,()) = UO(':L‘)a ut(l'v 0) = Ul(l'), 770(1‘, S) = 770(1:a 5)7 (VG)

where
770(%5) :Uo(l’,O)—UO(fE, _8) (1‘,8) eR" x RT.

The energy of (u,v) at times t is given by
B(t) =+ 7 7 Aull7s + [|Av||72 + [|[ A9 |72 + 2 d V.7
(0):= 5 (Il + ol + poll AulEs + A0 3 + A3 + 20 [ puvde (V.7)
For « small enough we deduce that:

1
E(t) > 5(1 — laly) (IIUtH%g + IIUtH%g + pol|Aull7s + || Av]l7 + IIAntHZLg> :
1.2 related results

The systems of nonlinear wave equations go back to Reed [74] who proposed a system in three
space dimensions, where this type of system was completely analyzed. Existence and uniqueness of

global weak solutions, asymptotic behavior for an analogous hyperbolic-parabolic system of related
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problems have attracted a great deal of attention in the last decades, and many results have been
appeared.

The problem of stabilization of weakly coupled systems has also been studied by several authors.
Under certain conditions imposed on the subset where the damping term is effective, Kapitonov [45]
showed uniform stabilization of the solutions of a pair of hyperbolic systems coupled in velocities.

In [4], the authors developed an approach to prove that, for & € RT with a small enough,

(V.8)

ugp —Au+av+u =0 in QxR
vy —Av+au=0 in QxR

is not exponentially stable and the asymptotic behavior of solutions is at least of polynomial type
o with decay rate m depending on the smoothness of initial data. Alabau [6] proved indirect
boundary stabilization (polynomial decay) of weakly coupled equations. The author established
a polynomial decay lemma for non-increasing and nonnegative function which satisfies an integral
inequality.

Recently, Almeida, R.G.C. and Santos, M.L. [9] considered a damping mechanisms of a memory
type with past history acting only in one equation. More precisely, the authors looked to the

following problem

{ uy — Au — /0 p(s)Au(t — s)ds + av = 0, (V.9)

Utt—AU+OéU:0,

in 2 x RT, they showed that the solution of system (V.9) decays polynomially to zero as time goes
to infinity. This result was later generalized by M.M. Cavalcanti et al. [21] and A. Guesmia [29)].
In these papers, the authors showed that the energy of the system is bounded above by a quantity
depending on the growth of the convolution kernel at infinity and the regularity of the initial data.

The purpose of this chapter is to extend the above results for any space dimension of Petrowsky-

Petrowsky system unbounded domain.

2 Assumptions

First we recall and make use the following assumptions on the functions p and p as:

H1: We assume that the function p: RT — R¥ is of class C! satisfying:
oo
- / u(t)dt = po > 0, Vit € R, (V.10)
0
and that there exists a constants k1 > 0 such that

W)+ k() <0 VteRT, (V.11)
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Definition 2.1 [76] We define the function spaces of our problem and its norm as follows:
DRAR") = {f € L I(R") : A, f € (R} (V.12)

and the spaces L?)(R") to be the closure of C3°(R™) functions with respect to the inner product

e

For 1 < q < oo, if f is a measurable function on R™, we define

1/q
P lzgqany = ([ plfloae) (V13)
Rn
and that D>2(R") can be embedded continuously in L2* (=% (R™),i.e there exists k > 0 such that
[ull p2n/(n-2) < Kllul|p2.z. (V.14)

We shall frequently use the following version of the generalized Poincare’s inequality

/ |Au|*dz > 'y/ pu’dz (V.15)
R R"
for all u € C§° and p € L, where v =: k~2||p||a’ (see[76]). The separable Hilbert space LIQ)(R")
4
with
(f, Przen) = ”f”%g(R")'

consist of all f for which || f]|zsgn) < 00,1 < g < +o0.
In order to consider the relative displacement n as a new variable, we introduce the weighted
L?-spaces
LHRSHA®) = {¢: R HE)] [ uo)€(s)fads < oo

where Li(RJF; H?(R™)) is the Hilbert space of H?(R")-valued functions on R* endowed with the

inner product

€= [ )@ s, gl = [ uts) el

It is clear that Lg(R”) is a separable Hilbert space. Moreover, we have the following compact

embedding.
Lemma 2.2 Let p € L™4(R™) N L>°(R™). Then the embedding D>? C L?, is compact.
We give the definition of the weak solution for this problem.

Definition 2.3 A weak solution of the problem (V.1) is a function (u,v,n) such that
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(i) u,v € L?[0,T; D**(R™)], us, v € L?[0,T; L2(R™)], uge, vge € L?[0,T; D™22(R™)],
(i) for all o, ¢ € C3°([0,T] x R™), (u,v,n) satisfies the generalized formula

T

T T
| e+ a [ @i+ [ .o

+(1 — po) /OT /R" Au(T)A@(T)dxdT + /OT/n /0+oo w(s)An" (s)Ap(r)dsdzdr = 0,
(V.16)

and

T

T T
/ (vee(7), $())2r + / (u(r), $(7)) adr + / Ao(T)Ad(r)dzdr =0,  (V.17)
0 0 0

Rn
(#ii) (u,v,n) satisfies the initial conditions

(uo(2), v0(x)) € (D**(R™)?,  (ur(@),vi(x)) € (LH(R™))?,  ny € Ly(RT, H'(R™)).
Lemma 2.4 For any u € D**(R")

[ull Lz @ny < Mol ove@ny | Azull 2 (rrn) - (V.18)

3 Main results

We denote by A the unbounded operator in the energy space:
H=H"(R") x H'(R") x L?>(R") x L?(R") defined by:
D(A)=(H*R™) N H'(R"))? x (H'(R"))? and

T
AlU= (a (1 — po) () A%u + / p(s)p(x) A% (s)ds — av — @, 0, p(z) A%v — au) and U=(u, @, v, 7,7m)".
0
The problem (V.1) can then be reformulated under the abstract from

U+ AU=0 (V.19)

Our main result reads as follows.

Theorem 3.1 Assume that (H1) holds. Let ug,vy € D*2(R"), uy, v € L%(R”) andnb € Li(Rﬂ H2(R")).

Then there exists positive constant 61 and 02 such that the solution of (V.5) satisfies

C

E(t) < ?(E(O) + E5(0) + E5(0)), vt e RT. (V.20)
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4 Lack of Exponential Stability

Theorem 4.1 [28] Let S(t) = e* be a Cy-semigroup of contractions on Hilbert space. Then S(t)

is exponentially stable if and only if
p(A) D {if: B € R} =iR

and

T g1y [ (81 — A) ™l (30) < o0

We use Theorem 4.1 to prove the lack of exponential stability, that is we show that there exists a

sequence of values p,, such that

T = A cg00) = oo (v.21)

It is equivalent to prove that there exist a sequence of data F,, € H and a sequence of real
numbers (i, € R, with ||F},||% < 1. such that

| (eI — A) " Fyl|lg¢ — 0. (V.22)
The eigenvalue problem

o(2)A%u = pu, = €R" (V.23)

has a complete system of eigensolutions wj, p1; satisfying the following properties

(V.24)

d(x)A%wj = pjw;, j=1,--- ,w; € D*2(R"),
O<pr Spo<-o-,pj — +0o0asj— +oo.

Theorem 4.2 Assume that the kernel is of the form g(s) = e "% , s € RT, with u > 1. The

semigroup S(t) on H is not exponentially stable.

Proof 4.3 We follow the method in [9]. We will find a sequence of bounded functions F,, =
(f1,ms fo.ms f3.ms fam, fs.m) € FC for which the corresponding solutions of the resolvent equations is
not bounded. This will prove that the resolvent operator is not uniformly bounded. Let us consider

the equation

iUy, — AU, = Fp,
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The equation reads

ipu — o = fi,
it + pod(@)A%u+ v+ [ g(s)A%n(a,s)ds = i,
0
i — 1 = fs, (V.25)

i) + ¢(x) A% + au = fi,
i — @ +ns = fs.

Let us consider fim = fam = fsm = 0 and foy, = fam = Wy, to obtain ¢ =ipu and ¢ = ipv. Then,
system (V.25) becomes

~pPut () A%t v+ [ g()A%n(,s)ds = w,

0
— 120 + ¢(2) A% + au = wy,, (V.26)
ipn — ¢ +mns =0.

We look for solutions of the form
U= AW, U=D0Wn, @=cWy,, =dw,, nz,s)=">y(s)wn,

with a, b, ¢, d and v(s) depend on p and will be determined explicitly in what follows. From (V.26),
we get a and b satisfy

—pPa + poapy, + ob + / g(s)v(s)ds = 1,
0
—12b+ b+ aa =1, (V.27)
Ys + iy —tpa = 0.
Solving (V.27), we get
v(s) = a — ae” ", (V.28)

Then, from (V.28) we have

/OO g(s)v(s)ds = a(l — up) — a/oo g(s)e™Mds. (V.29)
0 0

Now, choosing jt = \/ftm, using equations (V.27), and (V.27), we obtain
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1
a=—,
i (1 — f10) .
b:u_uﬂ/ g(S)W(S)ds—I——,
- o “ (V.30)
c:i\/‘m
a
1 — o oo 1
d= ZM(/‘W( ~ po) /L”/ g(s)y(s)ds + )
! a Jo
As
© = ctry, = V/Hm
a
we obtain
2 _ Hm
||90HLg =
Therefore we get
i 2 . 9 o
Jim (U3 > T [ll|72 = n%gnoojm — too

which completes the proof.

5 Polynomial stability

Let us introduce the second and third—order energy
Es(t) = E(ug, ve, ) E3(t) = E(ug, v, i)

Lemma 5.1 The energies E(t), Eo(t) and Es(t) associated to solutions of problem (V.5) satisfies

d ky [to° t112

E(t) = —— u(s)||Agt|dds <0, vt >0, (V.31)
dt 2 Jo

d k +oo

—Ep(t) = — u(s)|Ant|3ds <0, vt >0, (V.32)
dt 2 Jo

d ki [T ‘12

g == | el <o, vt=o, (V.33)

Proof 5.2 Multiplying first Eq. of (V.5) by pu; and second Eq. of (V.5) by pvs , respectively,
summing the results obtained follows the conclusion of inequality (V.31). The inequalities (V.32)

and (V.33) are obtained using the same procedure as in (V.31).

Lemma 5.3 Let (u,v,n) be the solution of (V.1). Let the functional Fy defined by

Fi(t) == — / plu ( /O o u(s)nt(s)ds> dz. (V.34)
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For any g1 > 0, there exists a positive constant Ce, = E2EL + 1y + 62"?“11 such that

2eq
d
—Fl(t)g—&/ p(x)u dx+“°51/ |Auf2dz (V.35)
dt 2 Jrn 2
g
FEL [ @R+ cs [ pllant ()]s,

where p :/ w(s)ds
0

Proof 5.4 Using Eqs. (V.1) and integrating by parts, we obtain

Sr0 = o [ su( [ wait yas) o+ [ /O+°°u<s>Ant<s>dszdw

va [t ([t @as)de - [ pendde+ [ po ([T st )ds) da

Since

/n p(x)ut (/0+Oo u(s)ni(s)ds) dx = — /n p(x)uy (/0+00 ,u’(s)nt(s)ds> dx, (V.36)

and

/n /0+OO w(s)Ant(s)ds : dr < /R" </0+oo u(s)\Ant(s)\2d8> dx. (V.37)

Then using Young inequality and hypotheses (V.11) our conclusion follows.

Let us consider the following functional

Fy(t) = Fuy(ug, vg, 17)- (V.38)
Then using Lemma 5.3 we obtain
d
SR < -1 / pla ) + 22 / | Aug|?der (V.39)
(07551
HL [ pauPde O [ a(s)Ank(s) s,

Lemma 5.5 Let (u,v,n) be the solution of (V.1). Then the functional Z, defined

Zi(t) = - p(x)u.udz. (V.40)
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satisfies, along the solution, the estimate
+oo
—Zl / p(x)uids — —/ |Aul?dz — a / p(z)uvdr + — 5 / w(s)|Ant(s)||?ds, (V.41)
Ho

where [ :/ w(s)ds
0

Proof 5.6 Using first Eq. of (V.5) and integrating by parts, we get

%Zl( t) = —MO/ |Aul? — / / (s)An' Audsdx — a/ p(x)uvdx —|—/ plx)uide, (V.42)
n n Rn
then using Young inequality our conclusion follows.

Let us denote by Zs(t) the following functional

Z5(t) = Zy (ug, ve, m}). (V.43)

Then, from (V.41) we have

d +oo
G2 < [ playidde 12 [ auPde—a [ plajude+ 25 [T )| ani(s) s,

2410
(V.44)
The following Lemma shows the dissipative property of v. For this let us consider the following
functional
+o0o
O(t) = / upvede + uo/ Aug.Avdr + (/ u(s)Anf(s)Avds) dz. (V.45)
R~ R Rn 0

Lemma 5.7 For any €2 > 0 we have

d 1 Ho > t 2 )
—o(t) < — A
o0 < —alulty + (5 22) [ ([T nto)lanas) dz

k k o 0
(o s B [ (% ol s ) o+ B2 P
289 29 2e9 R™ \JO

1 0)+1 aC
+(+"“+’”“) 2| Al + 5 25 + 222 A3
1 2 o g

Proof 5.8 Differentiating ®(t) with respect to t and using first Eq. of (V.1), we obtain

d

dtq)( = —a/ p(a:)lvt\Qd:ch/ Autt.Avdw—a/ p(x)uyudz
Rn

(/ Anttds> AvdaH—uo/ AuyAvdz. (V.46)
R?’L
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On the other hand, from (V.2) we deduce

nt(0) =0,  nL(0) = uy(t),
Ut = 77itt - 7723- (V.47)

Recalling that py = / wu(s)ds and using hypotheses (V.11) and (V.47), we obtain
0

,ul/ Auy Avdr = / / wu(s Auttds) Avdz
R” R 0

o¢]
= / / p(s)(Angy — An,)ds ) Avdz
R \Jo

)
(s)
N /Rn /OOO“ (s)Ams | .Avde — / : ( / u(s A%)ds) Avdz
= /Rn /Oou (s)Ant, ) .Avdx + p(0) /Rn AugAvdx — /n (/OOO u"(S)Ant> Avdz
(s)

e}

< / / s)Ank, .Avdw—i—,u(O)/ AugAvdx — kQ/ (/ ,u(s)Ant) Avdz.
Rn R R~ \Jo
V.48)
Substituting the Eq. (V.48) into (V.46) and using Poincare’s and Young inequalities we arrive at

d 1 o 2
00 < —alulty+ 5 [ ([T i) arfds) do

C
+L2/ |Av|2dz + = / p(@) | uge|2da + 22 0/ |Au|?dz
2/,L1 n 2 n

k o0
+-2 / (/ u(s)|Antds) dw—l——Z/ |Av|?dz
2ea1 JrR \Jo 2u1 Jrn

k o0 2 1
—|——2/ (/ ,u(s)]Ant\ds) dx + ,u(())—i—@/ |Av|2dx + 'U(O)/ |ug|2de
282 Rn 0 2 Rn 252 R~

40 / (/ ,u(s)Anftds) d:c+€22'u0 |Av|?dx
r7 \Jo R”

O

2e2001 H1
kapo / (/°° " ) E2/40 2

+ s)|Antlds | dz + —— Av|*dx V.49
22ais Jen \Jo p(s)|An'| 200 n! | (V.49)

Noting that

/n (/OOO u(8>An§t>2 dr < /Rn (/OOO u(s)|An}§t12ds) da. (V.50)
/" (/OOO M(S)An§>2dl‘ < m /Rn </OOO ,u(s)|A17ﬂ2d5) dx. (V.51)

our conclusion follows.

and

Finally, we define the functional
W(t) = / p()vpvde. (V.52)
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From second Eq. of (V.1)

d 2

dt\If() / |Av| d:c+/ x)|v] dac—oz/ p(x)u.vdz. (V.53)
Proof of Theorem 3.1 We define £ as

2 2
L(t) = N1(E(t) + Ex(t) + E3(t)) + N2 > _ Fi(t) + N3 Y Zi(t) + Na®(t) + ¥ (2). (V.54)
=1 =1

where N1, No, N3 and N, are positive constants. Then from Lemmas 5.1-5.7 we get

CZL() —Al/Rn /Ooou(s)]Anths) da;—Al/Rn (/OOO (s)| An! |2ds> dx

—A1/ / u(s)]Anﬁt\2d3> d:):—Ag/ |Av|?dz
R \Jo R”

- ﬂNz ~Ns— ;‘M) / wldz — ("QIN2 ~Ns— O‘N4> / w2 dz (V.55)
n R™
—(aN, - O‘ilNg - 1) / vids — (M;N - @Ng - N4) / | Au|?dz
Rn Rn
- (MONS 061]\[2 (0)N4> / | Ay |2dz.

Where

k « koC k k
A1:_<N11_[<M0u1+lul+M+O)N2_|_’MIN3+<2+M1+ 2/’L0>N4}>’
2e1 2e1 2 o

and

1 2 1

Now, choosing e1, €2 small enough such that 0 < &1 < &3 < B and Ny > 0 large enough we get

pop (1 — 2¢e1)

>0
Na(popr(pa — 2e1) — 2e1(e1(po + 11C)))

o >

is small enough. Then taking

2 + koC €1+ a)uoes + (0
N1>[</”M+m+°)+<2( 1+ @)poe2 + p )u1+a>
kq 261 2 popiea(p1 — 2e1)

p3(e1eac + p(0)py) ko + pa + 2kapg
+ Ny
2410 (p1 — 2e1) 29

2 C 0
Ny > max {( (e1p0 + p1Cer) n a) Na, <(€1 + o) poe2 + 11(0) g n a> N4}
pop1 (1 — 2¢€1) pop1(p1 — 2¢1)
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and

N > max { ((Eluo + M1C€1)> N, (€1€2au0 + M(O)m) N4}
pop1 (i1 — 2€1) popi1 (1 — 2€1)

we get that there is a positive constant w > 0 such that

%L(t) < —wE(). (V.56)
Therefore
w/ot E(s)ds < £(0) — £(t), Vit > 0. (V.57)

On the other hand, it is not difficult to prove that there exists a constant ¢ > 0 such that
£(0) = £(1) < %(E(O) + By(0) + E3(0)), 'Vt >0, (V.58)

From (V.57) and (V.58) we obtain

[ Bs)ds < G(BO) + Ea(0) + Ey(0) (V.59)
Finally, since
itE(t) =E@l) + tiE(t) < E(t). (V.60)
dt dt -
from (V.59) we get
E(t) < %(E(O) + E5(0) + E5(0)). (V.61)

Where C = % Finally, we obtain (V.20), which completes the proof.
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Abstract

The present thesis is devoted to the study of global existence and asymptotic behavior in time of solution of

Timoshenko system and coupled system .

This work consists of five chapters, will be devoted to the study of the global existence and asymptotic
behaviour of some evolution equation with linear, nonlinear dissipative terms and viscoelastic equation. In
chapter 1, we recall of some fundamental inequalities. In chapter 2, we consider the Cauchy problem for a
coupled system of wave equation, we prove polynomial decay of solution. In chapter 3, we study the
Cauchy problem for a coupled system of a viscoelastic wave equation, we prove exponential stability of the
solution. In chapter 4, we study the Cauchy problem for a coupled system of a nonlinear weak viscoelastic
wave equations, we prove existence and uniqueness of global solution and prove exponential stability of
the solution. In this work, the proof an existence and uniqueness for global solution is based on stable set
for small data combined with Faedo-Galerkin. The proof an decay estimate is based on multiplier method,
Lyapunov functional for some perturbed energy. In chapter 5, we consider a system of viscoelastic wave
equations of Petrowsky-Petrowsky type, we use a spaces weighted by density function to establish a very
general decay rate of solution.

Résume

Dans cette these, nous avons considéré quelques problémes aux dérivées partielles de type hyperbolique
(Equations et systemes d'équations) avec la présence de différents mécanismes de dissipation,
d'amortissement de différent point de vue. Sous quelques hypotheses sur les données initiales et aux bords,
conditions sur les termes de dissipation, d'amortissement et les termes source, nous avons concentré notre
étude sur l'existence et le comportement asymptotique des solutions ou nous avons obtenu plusieurs

résultats sur la décroissance de I’énergie, la croissance exponentielle.
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