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Chapitre 1

Introduction

1.1 L’estimation par la méthode du noyau

Historiquement 'estimateur a noyau a été considéré séparément a la pre-
miére fois par Nadaraya et Watson en 1964. Les deux auteurs ont adopté ces
techniques d’estimation a la fonction de régression r(z) = E(Y/X = z) .
Cette approche de la méthode du noyau peut étre vu comme généralisation
de la méthode de régressogramme proposée par Tukey en 1961 . Cependant
la méthode du noyau donne des estimateurs trés lisses et faciles & utiliser
dans la pratique. Ce qui a motivé les auteurs d’accorder plus d’importance
a cette méthode d’estimation comparativement aux autres procédures exis-
tantes. Les propriétés asymptotique de la forme actuelle de 'estimateur a
noyau de la fonction de régression se date du 1981 . Ils ont été développés
par Collomb (1981), dont il a démontré la convergence presque sure. Bosq en
1987 a étudié la convergence en moyenne quadratique. Il a donné la forme

explicite du biais et de la variance de 'estimateur a noyau de la fonction
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de régression. Il est largement connu que les propriétés asymptotiques de
I’estimateur a noyau de la fonction de régression sont étroitement liées aux
conditions des régularités de la fonction de régression. Nous signalons que les
résultats asymptotiques précédemment cités sont obtenus sous des conditions
de dérivabilité de type, classe C* pour le modéle de régression. Cependant
Mammen en 1991 a établi des résultats similaires sous des conditions alter-
natives. L’¢tude de la convergence en norme L, de ’estimateur & noyau de
la fonction de régression a été obtenu par Devroye en 1987 . La plus part
des résultats sur cités ont été démontré pour le cas des observations indépen-
dantes identiquement distribuées. Motivé par son importance en application
en prévision I'étude des observations dépendantes est I'un des sujets privilé-
giés pour 'analyse de série chronologique. Les premiers résultats conséquents
sur ce probléme ont été obtenus par Collomb et al. en 1986. Ces auteurs ont
abordé le cas ou les observations sont ¢-mélange. On trouvera dans Gyorfi
et al. (1989) une collection trés riche des propriétés asymptotiques couvrant
plusieurs cas des observations dépendantes tels le ¢p-mélange, le a-mélange,
le p-mélange ainsi que le cas ergodique. L'une des difficultés de I'implémen-
tation de l'estimateur & noyau dans la pratique est la question du choix du
paramétre de lissage. Cette question technique a été aussi largement consi-
dérée. On trouvera dans la littérature statistique une variété tres large des
méthodes pratiques permettant le choix optimal de ce dernier. Nous citons
la méthode de validations croisées développée par Hardel et al. (1987), Jones
et al. (1996), Vieu (1991) parmi d’autres. D’autres approches alternatives
peuvent étre cité, la premiére sur le rééchantillonnage voir Cao-Abad (1997),

la deuxiéme basée sur la technique d’injection abordée par Herrmann (1997)
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et une méthode moins connue qui se base sur les quantiles de régression
introduite par Kozek et Shuster (1990). Pour une étude comparative des dif-
férentes méthodes utilisées pour le choix optimal du paramétre de lissage se
fier & Loader (1990). Cette méthode d’estimation a été aussi adaptée pour
d’autres modeéles non paramétriques tels la fonction de répartition condition-
nelle, la densité conditionnelle et la fonction du hasard conditionnelle. I est
évident que la fonction de répartition conditionnelle peut étre vu comme une
fonction de régression de la fonction indicatrice. En utilisant cette démarche
Roussas en 1968 a construit un estimateur dans le cas ol les observations sont
de type Markovien. Depuis cette publication I'estimation par la méthode du
noyau de la fonction de répartition conditionnelle a été largement développée
en tant que modeéle préliminaire pour l’estimation des quantiles condition-
nels. D’autre part, la densité conditionnelle a été estimée par la méthode du
noyau comme étant la dérivée de la fonction de répartition conditionnelle.
L’initiateur de cette approche est aussi Roussas en 1969 toujours dans le cas
des données markoviennes. En 1992 Youndji a étudié le probléme du choix du
paramétre de lissage pour I'estimation de la densité conditionnelle en consi-
dérant les deux cas( cas des observations indépendantes ainsi que le cas des
observations fortement mélangeantes ). Laksaci en collaboration avec Yousfat
en 2002 ont obtenu la convergence en norme L, de I'estimateur a noyau de
la densité conditionnelle. D’autres auteurs se sont intéressés a l’estimation
de la densité conditionnelle comme modéle préliminaire du mode condition-
nel. On cite Collomb et al (1987), Vieu et Quenteladelrio (1997) , Louani et
Ould -Said (1999), Berlinet et al. (1999). D’autre type des régressions ont

été considéré et estimé par la méthode du noyau. A titre d’exemple la régres-



8 CHAPITRE 1. INTRODUCTION

sion robuste par Bonet et Fermain en 1989, la régression local linéaire par
Fan et al . 1996... . Dans ce dernier temps l'estimation de la régression non
paramétrique a été élargi a d’autre type des données tels les observations cen-
surées par Gaussoum et Ould-Said (2011) , le cas des données tronquées par
Lemadani et Ould-said (2010) ou bien & d’autre type de corrélation tels les
observations ergodiques par Laib et al (2009), les variables associées par Dou-
hich (2013). 1l est a noter que la plus part des travaux actuels s’intéressent
au cas ol les observations sont de nature fonctionnelle. Un paragraphe dédie

a ce dernier cas est également présenté par la suite.

1.2 L’estimation par la régression relative

La question de prévision est 1'un des problémes le plus important en sta-
tistique non paramétrique. Cette question est interprétée comme une étude
de la co-variabilité entre deux variables aléatoires. Plus précisément on sup-
pose que le lien entre une variable explicative X et une autre variable réponse

Y est exprimé par la relations suivantes
Y = r(z) + bruit.

Dans des conditions particuliéres, la fonction r est traitée comme étant 1’es-
pérance conditionnelle de Y sachant X. Typiquement cette considération est

obtenue en minimisant le critére suivant

min E[(Y — 7)?|X = 1]

r

Il est clair que ce critére ne tient pas en compte le poids de la variable réponse

Y. Autrement dit, il traite toutes les variables réponses de la méme maniére.
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Ceci est I'un de défauts de cette approche, notamment lorsque les données
traitées contiennent des valeurs aberrantes. Afin de surmonter ce probléme
Jones (2008) a développé une autre approche basée sur le critére de Ierreur

relative suivante

min E[(Y;T)2

: 7 | X = z].

Motivé par sa résistance aux présences des valeurs aberrantes, cette procédure
d’estimation a été extensivement utilisée dans le cas paramétrique. Nous
renvoyons a Narula et Wellington (1977), Shen et al (1985), Bernhard et
Stahlecker (2003) et Yang et Ye (2013) pour ce type des modéles. Cependant
trés peu des littérateurs dans la statistique non paramétrique ont abordé
cette question. Sans prétendre de I’exhaustivité, nous citons 'article de Jones
et al. 2008 ou il a traité la convergence en moyenne quadratique de deux
estimateurs issus de la méthode du noyau. Le premier, il a été construit par
la méthode du noyau classique tandis que le deuxiéme concerne la méthode
locale linéaire. Ses résultats asymptotiques ont été obtenus dans le cas ou les
observations sont indépendantes identiquement distribuées. Trés récemment
Mechab et Laksaci (2016) ont établi la convergence presque compléte et la
normalité asymptotique de l'estimateur & noyau de la régression relative.
Dans notre contribution (Attouch et al. (2016)), nous avons considéré le
cas des données spatiales, dont nous avons obtenu la convergence presque
compléte et la normalité asymptotique. Nous renvoyons a Demengeot et al.

Pour le cas des données fonctionnelles.
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1.3 La régression non paramétrique fonction-

nelle : Etat de ’art

La statistique fonctionnelle est une nouvelle branche de la statistique
mathématiques qui traite les variables aléatoires observées d’une maniére
continue dans l'espace et /ou dans le temps. Ce phénomeéne est actuellement
usuel grace au développement technologique. La révolution numérique sur
les outils de mesure et les appareils d’enregistrement a permet la surveillance
permanentes de plusieurs objets tels les indices boursiers, la pollution, les
courbes de consommation , le microclimat, I'imagerie satellitaire. Ainsi, la
modernisation des outils statistiques, avec cette révolution technologique,
est devenue plus que nécessaire. A cet objectif, il est connu que les modéles
non paramétriques sont plus adaptés que les modéles paramétriques pour
le cas des données fonctionnelles. En effet, les modéles non paramétriques
nécessitent une prédétermination de la forme modéle en utilisant une résolu-
tion graphique. Cependant cet outil n’est pas disponible en statistique fonc-
tionnelle. L’analyse non paramétrique des données fonctionnelles se date des
années 2000. Le premier article sur le sujet a été publié par Ferraty et Vieu
(2000) dont ils ont démontré la convergence presque compléte de la version
fonctionnelle de I'estimateur de Nadarya Watson. Ils ont considéré pour cela
des observations indépendantes identiquement distribuées. L’une des appli-
cations la plus importante de la modélisation des données fonctionnelles est
la prévision sur les processus de trajectoire continue. Cet aspect a été abordé
par Ferraty et al. (2002). Ils ont généralisé leur résultat du cas iid (2000)

au cas des observations dépendantes. Une autre application importante de
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I’analyse statistique des observations fonctionnelles est la classification des
courbes. Cette question a été développé par Ferraty et Vieu (2003). En 2003
Dabo-Niang et Rhomari ont établi la convergence en norme Lp de 'estima-
teur & noyau de la régression non paramétrique. La normalité asymptotique
de cet estimateur a été obtenue par Masry (2005). Elle a été obtenue sous
des conditions de mélange fort. Ferraty en collaboration avec André Mas et
Philipe Vieu en 2007 ont déterminé l'erreur quadratique asymptotiquement
exacte de I'estimateur a noyau de 'opérateur de régression. Delsol en (2007,
2009) a obtenu le terme dominant de l’erreur de la norme Lp de la fonction
de régression dans les deux cas (cas iid et cas de mélange). La convergence
en moyenne quadratique est un résultat préliminaire trés important pour
la détermination du paramétre de lissage optimal. Cette question du choix
du parameétre de lissage a été abordée par Rachdi et Vieu en 2007. Ils ont
élaboré un critére de sélection de la fenétre de lissage et ils ont montré son
optimalité asymptotique dans le cas des observations indépendantes identi-
quement distribuée. Leur procédure du choix a été aussi adapté pour deux
types de choix a savoir le choix local et le choix global. Dans 'article de
Benhenni et al (2007) on trouvera une comparaison entre les deux critéres.
Une méthode d’estimation alternative a la méthode du noyau a été intro-
duite par Burba et al (2008, 2009). Ces derniers ont établi sur une approche
basée sur le nombre des voisins le plus proches. Ils ont démontré la conver-
gence presque compléete de 'estimateur construit. Le cas iid a été obtenu en
2008, tandis que le cas de mélange a été publié en 2009. Ferraty, Laksaci
et al (2010) ont abordé la question de la convergence uniforme en statis-

tique fonctionnelle. Ils ont montré que la vitesse de convergence uniforme
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est différente de la vitesse de convergence ponctuellement contrairement au
cas vectoriel. Ils ont constaté aussi que la vitesse de convergence est étroite-
ment liée a la structure topologique de 'espace fonctionnel des données. La
convergence uniforme de l'estimateur k-plus proches voisins de l'opérateur
de régression a été étudié par Kudraszow et Vieu en 2013. Certains auteurs
se sont intéressés a d’autre type de variables fonctionnelles telles les don-
nées ergodiques par Laib et Louani (2011), le cas des variables associées par
Douge (2010) , les variables spatialement dépendantes par Dabo-Niang et
al (2012). D’autres modeles de régression non paramétrique ont été consi-
déré dans le littérateur de la statistique fonctionnelle. On cite la régression
d’indice simple par Ait Saidi et al. (2008a, 2008b). La convergence presque
compléte est traitée dans le premier article tandis que le deuxiéme article
est consacré au choix optimal de I'indice. La M- régression a été introduite
par Azzedine et al (2008). Ils ont démontré la convergence presque compléte
d’un estimateur construit par des techniques robustes. Ce résultat a été ob-
tenu dans le cas des observations indépendantes identiquement distribuées.
Dans le méme contexte Attouch et al . (2009) considérent le probléme de la
normalité asymptotique de cet estimateur. Carmbes et al (2008) ont étudié
la convergence en norme Lp de l'estimateur de Azzedine et al. (2008) .Dans
cette publication les auteurs considérent les deux types de corrélation (cas
iid ainsi que le cas mixing). Considérant cette derniére corrélation Attouch et
al.(2010) ont montré la normalité asymptotique de 'estimateur a noyau de
la M- régression. La convergence presque compléte du méme estimateur sous
des conditions de mélange fort a été obtenue par les mémes auteurs en 2012.

La généralisation de ces résultats a été obtenue en 2012 par Attouch et al.
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(2012a, 2012b). Gheriballah et al. (2013) ont étudié I'estimation robuste de
la fonction de régression pour le cas des données ergodiques. Ils ont montré
la convergence presque compléte avec précision de la vitesse de convergence
de cet estimateur. Un autre modéle de régression a été largement considéré
dans ce dernier temps en statistique fonctionnelle. Il s’agit de la régression
locale linéaire. Les premiers résultats sur le sujet ont été établis par Baillo
et al (2009). IlIs ont construit un estimateur pour la fonction de régression
en utilisant la méthode locale linéaire. Comme résultats asymptotique ils ont
prouvé la convergence en moyenne quadratique de leur estimateur. Il est a
noter que le fonctionnel modéle considéré est a co-variable hilberthienne. Une
version simplifiée qui s’applique méme pour le cas des régresseurs a valeur
dans un espace de Banach a été construit par Barrientos et al (2010). Ils ont
montré la convergence presque compléte de cet estimateur dans le cas des
observations indépendantes identiquement distribuées. Berlinet et al. (2011)
utilisent une autre version basée sur l'inverse local de l'opérateur de cova-
riance. La détermination des termes dominants de l'erreur quadratique de
cet estimateur est la contribution principale de ces auteurs. Certains auteurs
se sont intéressés au cas ou la variable réponse est aussi fonctionnelle. Nous
citons Dabo-Niang et Rhomari (2009) pour la convergence en norme Lp dans
le cas iid. Nous renvoyons a Ferraty, Laksaci (2011) et pour la convergence
presque compléte. La normalité asymptotique a été considérée par Ferraty
et al (2013) . Tous ces derniers résultats ont été obtenus dans le cas des ob-
servations indépendantes. A notre connaissance le seul résultat pour le cas
dépendant a été obtenu par Ferraty, Laksaci et al (2012). A la fin de cet

état de 'art sur l'estimation non paramétrique de la régression dans le cas
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des données fonctionnelles nous citons quelques contributions déterminantes
et d'intérét général pour la statistique fonctionnelle , telle Ramsay et Sil-
verman (2005), Bosq (2000), Ferraty et Vieu (2005), Horvath et Kokoszka
(2012), Zhang (2013), Bongiorno et al. (2014) et Hsing et Eubank (2015). Le
lecteur pourra se référer a ces contributions pour étude bibliographique plus

approfondie sur la statistique fonctionnelle et ses applications.

1.4 Reésultats existants

1.5 Le cas multi-varié

Théoréme 1.5.1 Sous les conditions suivantes :
(H1) K est symétrique
(H2) r(z) = E|Y 7YX = 2] existe pour | = 1,...,4et v (x), v (z),r(x) et
r}(x) sont continues en x € [0, 1].
On obtient :

(a) Pour h <z <1-—h,

Ego(x) /X1, s Xo = glw) + %h%g(z{)(:—g - 7"7{;2 + zf}g/)(x)
) _, BK)Vy(2)
Vo)) Xs, o X2 =0,
MSRE—go(2)/ X1, .. X, = %h‘*bg(z{)@(:@)(;—g—rgg#z / }9/)2(x)+”(x)ﬁgi)}‘f(x)

(b) Pour h <x <1-—h,

Eg(z)/ X1, ..., X, = g(x) + %thg(K)g”(x)
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. R
Vgi(z)/ X1, ..., X, =

et

1
MSRE — go()/ X1, ... Xo = Sh'05(K)ra(x)g" ()" +

T3 — 2rirors + rivy(x))
ra(z)

Ce résultat a été obtenu par Jones et al en 2008. Voir ce dernier pour plus

V(o) = |

des détailles sur les conditions et sur la démonstration.

Théoréme 1.5.2 Sous les conditions suivantes :
(i) Les fonctions ri(x) = E[Y /X = ]; (I =1,2) sont de classe C* dans
un compact S.
(i1) Les variables (X;,Y;),1 € N sont quasi-associées avec coefficient de

covariance A\, k € N
Ja > 0,3C > 0, telque, < Ce %k

avec

A = sup Z Aij

>
SR iz

d d
= >3 1Cou(XF, X}) \+chov (XY rZ|Cov (¥, X[ +|Cou(Y;, Y5)

k=1 I=1
(111) Il existe v € (0,1) et &1,& > 0 tel que

L <h< __C
n2(1=7/9-&)/(d+2) = 7 (1+€1)/(d+4)
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Sup [7(2) — r(2)] = O() + Ouee (1 2E)

Ce résultat a été obtenu par Mechab et Laksaci en 2015 dans le cas ou les

On obtient ;

variables sont quasi-associées.

1.6 Le cas fonctionnel

Théoréme 1.6.1 Sous les conditions suivantes :
(H1) P(X € B(z,s)) =: ¢.(s) > 0 pour tout s > 0 et lims_, ¢.(s) = 0.
(H2) Pour tout (z1,22) € N2,0n a :

|9, (21 — g, (2| < Cd™ (21, 29)pourk, > 0

(H3) Les moments de la variabla réponse vérifient :

pour tout m = 2,E[Y ™ X =z] < C < o0
On obtient

logn

[7(z) — r(z)] = O(h*) + O(h*) + O4.co.( non ()

)

Ce résultat a été obtenu par Demongeot et al (2016).

Théoréme 1.6.2 Sous les conditions suivantes :

(H1) Pour tout x € Sr et s >0 :

0 < Co.(s) <P(X € B(x,5)) < C'dy(s) < o0
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(H2) Il existe n > 0, tel que :
pour tout x, 2’ € S%,|g,(v) — g,(2")] < Cd* (z,2),

ou St ={x € F: il existe ' € Srtel qued(x,2") < n}

On obtient
_ g, (182)
sup |7(z) — r(@)| = O(h*) + O(h*?) + Oy o (1| —22~
sup [7(0) = ()] = O(HH) + O(™) + O (1 252
Théoréme 1.6.3 Sous les conditions sutvantes :
(H1) 1l existe une fonction x.(.) tel que :
pourtouts € [0,1], lim Gals7) _ Xz(8)

r—s0 (j)m(r)

17

(H2) Pour~y € {1,2}, les fonctions V,(.) = E[g,(X) — g,(x)|d(z, X) = ]

sont dériwables en 0.

Ona :
~ 2 _ B2( )12 02@) o o
Bfr(a) (o) = B + Lok ofh) + of o)
~(W(0) = r(z)P5(0))Bo
) = )
et
52— (o) — 2r(x)E[Y *|X = a] + r*(2)E[Y Y| X = 2])5
g5 ()i
o= K1) = [ (K xa(s)ds
et

8= (1) - / (7Y ()Xo (s)dspours = 1,2,
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1.7 Contribution de la thése

L’objectif de la thése est la prévision par la régression non paramétrique
en utilisant le critére de 'erreur relative. Nous avons contré sur le cas ou les
variables sont spatialement dépendantes. Il est intéressant de noter qu’avec
le développement de GPS la modélisation des données spatiales joue un role
important dans ’analyse des champs aléatoires. Précisément, on distingue
trois types d’applications sur les données spatialement dépendantes : L’ana-
lyse géostatistique qui consiste a traiter les variables a trajectoire continue
dans un espace de dimension supérieur & deux comme le cas des données loca-
lisées par les coordonnées géographiques . On peut trouver Ce type d’analyse
dans des divers domaines tels I’environnement, 1’économie, la finance , la
circulation routiere,. ... Le deuxiéme type est les données spatiales et la mo-
délisation des variables spatio-temporelles . Il s’agit du cas ol les observations
sont variées sur l’espace ainsi que sur le temps. De méme on peut trouver
plusieurs exemples de ce type dans des domaines variés. Le dernier cas et
les données d’imagerie ot les observations sont spatiales mais prennent des
valeurs discrétes. Afin de couvrir toutes ces situations nous avons traité notre

modéle dans deux cas différents.

Le premier est le cas ou les observations sont de dimension finie , tan-
dis que le deuxiéme cas traite les variables fonctionnelles. Dans le cas vec-
toriel nous avons construit un estimateur pour notre modéle. Nous avons
étudié ses propriétés asymptotiques. Plus Précisément, nous avons obtenu
la convergence presque compléte et la normalité asymptotique. Ces résul-

tats ont été obtenu sous des conditions standards qui permet d’exploiter la
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corrélation spatiale des observations ainsi que 1’aspect non paramétrique du
modeéle. Dans cette partie nous avons aussi appliqué notre méthode des don-

nées réelles.

Dans la deuxiéme partie nous avons généralisé les résultats de la pre-
miére partie au cas des données fonctionnelles. Nous avons adopté la version
fonctionnelle de notre estimateur et nous avons étudié ses propriétés asymp-
totiques. De méme que le premier cas nous obtenons la vitesse de convergence
pour le cas de la convergence presque compléte et nous donnons ’expression
de la variance asymptotique pour la normalité asymptotique. La dimension-
nalité des observations est exprimée dans les deux vitesses de convergence a
travers la fonction des petites boules que controle la propriété de concentra-

tion de la variable explicative.

L’essentiel de la thése est présenté en quatre chapitres : Aprés ce chapitre
introductif, dont on a présenté la bibliographie de la thématique traitée dans
cette thése. Le deuxiéme chapitre est consacré au cas vectoriel. Nous traitons
le cas fonctionnel au troisiéme chapitre. Nous achéverons cette thése par une
conclusion dont on met en évidence la supériorité de la régression relative sur
la régression classique dans le cas ol les observations ne sont pas uniformes

et contiennent des valeurs aberrantes.
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Chapitre 2

Cas vectoriel

2.1 Introduction

Let Z; = (X1, Y;), i € NV be a R? x R-valued measurable strictly stationary
spatial process, defined on a probability space (2, A, IP). Our main aim in
this work is to study the spatial co-variation between both variables (X; and
Yi). Recall that, this links between (X; and Yj) is usually modeled through
the conditional expectation E[Y;|Y;]. The latter is based on some restrictive
condition that is the variance of the residual is the same for all observations.
This consideration gives the same weight for all observations, which is in-
adequate when the data contains some outliers. In this paper, we consider
an alternative approach allow to construct an efficient spatial predictor even
if the data is affected by the presence of outliers. Our approach is based on
the minimization of the mean squared relative error as prediction loss func-

tion. Formally, our nonparametric predictor is obtained by minimizing, with

29
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respect to (w.r.t.) ¢, the following criterium

(?) rx] . (1)

Clearly, this loss function is more meaningful measure of prediction perfor-

For Y >0 F

mance in the presence of outliers, because it takes into consideration the
range of predicted values.

Notice that, this kind of model so-called relative error regression has been
widely studied in parametric regression analysis (linear or multiplicative mo-
dels). See, for instance, Narula and Wellington (1977), Shen et al. (1985) or
Bernhard and Stahlecker (2003) for previous study and Yang and Ye (2013)
for recent advanced and references). The nonparametric analysis of these mo-
dels has not yet been fully explored. To the best of our knowledge, only the
paper by Jones et al (2008) has paid attention to study the nonparametric
prediction via relative error regression. They studied the asymptotic proper-
ties of an estimator minimizing the sum of the squared relative errors by
considering both (kernel method and local linear approach ). On the other
hand, spatial statistics has become a major topic of research in applied sta-
tistics, mainly due to the interaction with other applied fields (see, Volker
(2014) and the references therein). This area concerns the modelization of
spatially varying random variables, which appears in applied sciences such
as economics, soil science, epidemiology or environmental science, among
others. Spatially referred data can not be usually treated as independent,
so, suitable statistical methodologies for estimation and prediction within
the spatial context are necessary (see Cressie (1993) or Diggle and Ribeiro
(2007), among others). One of the main difficulties that arise in the analysis
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of spatial data comes from the fact that points in the N—dimensional space

do not have a linear order, as it happens for time series data.

Nonparametric methods have been also considered for spatial dependence.
The first results have been obtained by Tran (1990). He obtained the asymp-
totic normality for the density kernel estimator, whereas the nonparametric
spatial regression problem has been studied by Lu and Chen (2004) and
Biau and Cadre (2004), who used the Nadaraya-Watson weights to obtain
a kernel estimator, establishing the weak convergence and asymptotic distri-
bution. The nonparametric auto-regression model in a prediction context on
random fields has been studied by Carbon et al. (2007). Li and Tran (2009)
use the k-nearest neighbor (kNN) technique to estimate the spatial nonpa-
rametric regression. They showed the asymptotic normality of the construct
estimate. We return to El-Machkouri and Stoica (2010), Robinson (2011) and
Dabo-Niang et al. (2014) for recent advances and references in nonparametric

spatial data analysis.

The exploration and analysis of data in presence of outliers is a great chal-
lenge in statistics. In particular, in spatial statistics several robust models
resistant to these anomalies have been studied. Concerning the nonparame-
tric modeling case, the first approach is given by Xu and Wang (2008). The
latter consider a local linear estimate of the regression function based on the
least absolute deviation. Hallin, et al. (2009) establish the consistency and
asymptotic normality of a spatial version of the local linear estimate of the
conditional quantiles. The spatial version of the M-estimation of the regres-

sion function has introduced by Gheriballah et al. (2010). They obtained the
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almost complete convergence and the asymptotic normality of this estimate.
Dabo-Niang and Thiam (2010) have paid attention to study nonparametric
quantile regression by the L; method. They stated the weak consistency and
the asymptotic normality of the constructed estimator.

In this paper, we are interested in the spatial prediction problem via the non-
parametric relative regression. More precisely, we construct a nonparametric
spatial predictor by using a kernel method. Under some general mixing as-
sumptions, we state the almost complete convergence (with rate) and the
asymptotic normality of this estimate. Noting that, this work constitutes a
generalization of the study of Jones et al (2008) in time series analysis to the

spatially dependence case.

The paper is organized as follows : We present our model in Section 2. Section
3 is dedicated to the almost complete convergence. Section 4 is devoted to the
asymptotic normality results of our kernel estimate. In Section 4, we discuss
the impact of our asymptotic result in some statistical problems such as the
choice of the smoothing parameters, the determination of confidence intervals
and in prediction problems. In Section 6, we evaluate the performances of
our estimator with a Monte Carlo study and a real data example. The proofs

of the auxiliary results are relegated to the Appendix.

2.2 Construction of the spatial estimate

Throughout the paper, we suppose that (Z;) is observed over a rectan-
gular domain I, = {i = (ig,.yin) €EZN | 1<ip <np, k=1,..,N}, n =

(n1,....,ny) € ZN. A point i will be referred to as a site. We will write n — oo
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if min{n,} — oo and ;2| < C for a constant C' such that 0 < C' < oo
for all j, k such that 1 < j,k < N. For n = (ny,...,ny) € Z~, we set
n=n; x---xnyand 1 =(1,..,1) € Z". Clearly, the solution of (1) can be
explicitly expressed by

E[Y X = 1]
b@) = Ey=x =

Thus, a natural estimate of 0 is

~ > ier, V'K (h Yz — X5))

) = S VR (- %) @

where K is a kernel and h = hg y, is a sequence of positive real numbers. Our
main goal is to study the asymptotic proprieties (consistency and asymptotic
normality ) of the nonparametric estimate 0 of 6 when the random field

(Z;,i € NV) satisfies the following mixing condition :

There exists a function ¢ (¢) | 0 as t — oo, such that
V E, E' subsets of NV with finite cardinals

/

a(B(E),B(E)): sup P (BNC)—-T° (B)IP(C)| (3)
BeB(E), CeB(E")

< s(Card (E),Card (E')) ¢ (dist (E, E')) ,

\

where B (E)(resp. B (E')) denotes the Borel o-field generated by (Z;, i € E)
(resp. (Zi, i€ E')), Card(E) (resp. Card(E'")) the cardinality of E (resp.
E'), dist (E, E') the Euclidean distance between E and E' and s : N> — IR™

is a symmetric positive function nondecreasing in each variable such that :
s(n,m) < Cmin(n,m), Vn,meN. (4)

We point out that condition (3) is used in Tran (1990) and is satisfied by a

large class of spatial models (see Guyon (1987) for some examples). Noting
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that if s = 1, then Z; is called strongly mixing (see Doukhan et al. (1994)

for discussion on mixing and examples).

2.3 Main results

Throughout the paper, we fix a compact subset S in IR? and when no confu-
sion will be possible, we will denote by C' or/and C’ some strictly positive
generic constants. Furthermore, for (X,Y) a couple of random variables with
same distribution as (Xj,Y;), we denote by 7;(-) = E[Y | X = -] the condi-
tional [-inverse moments of Y given X ; [ =1,2,3,4 and by g,(-) = r,(-) f(-),
with f is the density of X.

2.3.1 Consistency

Our first goal in this section, is to establish the uniform almost complete

convergence ' (a.co.) of 6(z) to 6(x) over compact S. To do that, we consider

the following assumptions :
(H1) The density f is a positive function, of class C? in S.
(H2) The functions ry(+); (I = 1,2) is of class C* in S

(H3) The joint probability density f;; of X; and Xj exists and satisfies

| fij(u,v)—f(u)f(v)] < C for some constant C' and for all u, v, i and j.

1. Let (z,), <IN be a sequence of real r.v.’s. We say that z, converges almost completely
(a.co.) toward zero if, and only if, Ve > 0, > >7 | P(]z,| > €) < co. Moreover, we say that
the rate of the almost complete convergence of z, to zero is of order u,, (with u,, — 0) and
we write z, = Oq.co.(uy) if, and only if, Je > 0 such that >~ P(|z,| > eu,) < oo. This

kind of convergence implies both almost sure convergence and convergence in probability.
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(H4) The mixing coefficient defined in (2) satisfies

- 1
ZiN’I(gp(z’))“ < 00, forsome 0<a< 3
i=1

(H5) K is continuous lipschitz function, symmetric , with compact sup-
port.
(H6) There exists v € (0, 1) such that

(

ﬁlf,},hd 1/2N
logn )

35 (log8) " p(pn) < o0 for pa = O (

n

and

\ n’h — oo for certain & > 0.

(H7) The inverse moments d’order [ = 1,2 of the response variable such

that,
E(exp (V) <C and¥ij B (][5 x) <

We precise that our conditions are very usual in this context of nonparame-
tric spatial analysis (see Tran(1990) or Li and Tran (2009)). Furthermore,
Assumptions (H1) and (H2) are regularity condition permit to evaluate the
bias term of the estimator (1). Condition (H3) is automatically fulfilled when
the densities f;j and f are bounded. While assumptions (H4)-(H7) are techni-
cal conditions imposed in order to attaint the brevity of proofs and to obtain

a convergence rate comparable to the i.i.d case.

Theorem 2.3.1 Under assumptions (H1)-(H7) and, if inggg(x) > 0, we
kS

have :

sup [0(z) — 0(z)] = O(h?) + Op.co. ( 1Ogﬁ) a.co. (5)

€S ﬁhd



36 CHAPITRE 2. CAS VECTORIEL

2.3.2 The asymptotic normality

This section is devoted to the establishment of the asymptotic normality
of 0 (x). For this, we keep the conditions of the previous section and we replace
Assumption (H6) by

(H6”) There exists £ € (0, 1) such that,

( [e%e)
ﬁZz’N_lgo(iqn) — 0, for qu=o0 ([ﬁl_vhd“”(l_f)m]1/(2N)> ;
=1

RN TN (i) — 0,
1=@n

and

nhdtt - 0.

\

We obtain the following Theorem :

Theorem 2.3.2 Assume that (H1)-(H5), (H6’) and (H7) hold, then we have,

for any x € A,

(ﬁid)) 2 <5(x) — 49(35)) N N(0,1) as n — .

o?(x

where

A={z €8, (ga(x) = W(@)rs(x) + 0*(@)ra(x)) g3(x) £ 0}

D o
and — means the convergence in distribution.
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2.4 Discussion and Application

2.4.1 Comparison to existing results

As indicated in the introduction, the general framework of this paper is the
nonparametric regression modeling of spatial data. We have proposed an esti-
mation procedure based on minimization of the mean squared relative error.
This method is an alternative to the classical conditional mean regression.
As asymptotic results, we have established the almost completely consistency
and the asymptotic normality of the constructed estimator. From theoretical
point view, these results provide an important advance in this topic. Indeed,
while the contribution of Jones et al. (2008) treat only the i.d.d. case we
study, here, a more general case that is the spatial dependency. In the other
hand, our results complete the contribution of Jones and al. (2008) because
we have studied another modes of convergence that are the almost completely
and the asymptotic normality. Moreover, the convergence rate stated here is
the same as obtained by Biau and Cadre (2004) for the classical regression,
even if these authors consider only the weak consistency. In addition, from
practical point of view, it is well known that the relative error regression has
more advantages than the classical one by its outlier-resistance properties.
It should be noted that, in contrast to traditional outliers, spatial outliers
are more difficult to detect them, because, they have different form (global-
outliers and local outliers). Thus, it is very important to develop a model
insensitive to the presence of outliers. In conclusion, we can say that the
importance of the present contribution is that under a similar conditions to

Biau and Cadre (2004) on the classical regression we prove a strong consis-
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tency with rate of an alternative regression model which is more adapted to

the data affected by the presence of spatial outliers.

2.4.2 Application to prediction

Let us now discuss the applicability of our results to prediction problem. For
this, we consider (Z;),cg~ be a IR-valued strictly stationary random spatial
processus assumed to be bounded and observable over some subset T C IR .
Clearly, in practice, the spatial continuously indexed process is observed at a
finite number of appropriately chosen points. As noticed by Dabo-Niang and
Yao (2007), the most used sampling designs, in practice, are deterministic
design (points are chosen according to a deterministic rule, for example, perio-
dic sampling) and random design (points are chosen randomly, for example,
Poisson sampling). For the sake of shortness we consider the first one for
which the process (Z;) is observed on a discrete grid I, = {0, 20,, ... nd, }
with §,, = o(1). Furthermore, our approach can be used to predict the value
Zs, at an unobserved location sy ¢ I, . Indeed, we suppose that, the value
of Zs, depends only on the values of the process (Z;) in a bounded neighbo-
rhood V,, C I, of s¢. In addition, we suppose that V, such that Vs, = so+V,
where V is a fixed bounded set that does not contain 0. Similarly to Biau and
Cadre (2004), 6(Z) is the best approximation of Zs, given Z=(Z,te Vo )-

The quantities 6(Z), is computed by using the n’¥ pairs of r.v (V;, X;) with
Viel,,Yi=2%;, and X;=(Z,teV+i).

Obviously, the uniform consistency of Theorem 3.2.1 allows to deduce the

following Corollary.
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Corollary 1 Under the hypotheses of Theorem 3.2.1, we have

0(Z)—0(Z) =0 as n— oo.

Remark 1 The same things can be concluded in the discrete spatial processus

(Z1),cIN*n (See, Biau and Cadre (2004) for more discussion in this case)

2.4.3 Conditional Confidence Interval

One of the most application of the asymptotic normality is the construction of
the confidence interval for the true value. The determination of this interval
requires the estimation of the unknown quantity o(x). A plug-in estimate
for the asymptotic standard deviation o(x) can be obtained by estimating

r(r) =E[YYX =a];1=1,2,3,4 by

Yier, Vi K (W (@ — X3)

) = R @ - X))

Furthermore, We get

- <§2($) — 20(z)75(x) + 52(x)774(x)> 2 1/2
o(x):= _ K2 ()i
92" () R

Such estimator may be easily calculated in practice and we have the following

approximate (1 — ) confidence interval for 0(x)

where t;_¢/, denotes the 1 —(/2 quantile of the standard normal distribution.
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2.5 On the finite-sample performance of the

method

In this section we compare the finite-sample performance of the relative-error
regression (R.E.R.) to the classical one (C.R.) via a short Monte Carlo study.
More precisely, we compare the finite-sample efficiency of both regression
functions as spatial prediction tools. In order to highlight the main feature
of our procedure, we compare their sensitivity to the presence of outliers. For

this purpose, we consider the following model
Yi=5log((4 — Xi)? +2) + &, i=(i1,)

where €(;, ;,) follows a normal distribution with mean 0 and variance 0.25.
For the sake of simplicity, we consider the same univariate spatial process X;

used by Xu and Wang (2008) defined by

m

Xi = (V/(2/m)) Z(cos(ilwk,l + oWy 2 + k)

k=1

where wy s, s = 1,2 k = 1,2...500 are independently, identically distribu-
ted with the standard normal distribution and are independent of vy, k =
1,...500 which are independently and identically distributed with the uni-
form distribution on [—7, 7]. Recall that as m — oo, Xj is a Gaussian spatial
ergodic process(see, Gressie 1993) which is an example of a-mixing spatial
process.

We generate the the random field (Xj, Y;) at n = 30 x 30 sites. Now, for our
comparison study, we suppose that the response variable on a lattice point iy

is missing and we predict this missing observation by using the two regression
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models | |
0 = E SR G, - X
et
0(X;,) = 2iez, VK (A1 (X5, — X5))

Zieln K(h=1(X;, — X)) .

The performance of both estimators is described by absolute error
AE(7T) = |Y;, — (X))

where 7 means both regression models g and 0.

Classical regression ~ Relative-error regression

T
J—
i
|
|

0.20

15

10

0.05

0.00
F

FIGURE 2.1 — The AE-errors of both models .

As in all smoothing methods, the choice of the smoothing parameter h has

a crucial role in the computational issues. However, there is no data-driven
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rule which permits to select automatically and optimally the bandwidth pa-
rameter in nonparametric spatial regression even in the classical case. In this
illustration, we use the cross-validation procedure proposed by Xu and Wang

(2008) for which the bandwidth & is chosen via the following rule :

hopt = arg m}jn CV(h) = arg mhin Z v, — ﬂ’j)(XjD

J€In

where 79 is the leave-one-out-curve estimator of 8 and 5

The box-plot of AE-error of both models in various values of iy is given in

Figure 1.

We observe that there is no meaningful difference between this spatial pre-
dictors. The two predictors are basically equivalent and both show the good

behavior.

Now, in order to investigate the features of our approach, we introduced
some artificial outliers by multiplying 15% values of Y by 10. We box-plot
AE-errors of both models

Further we see from Figure 2 that the relative regression error is much more
better than the classical one in this case. Moreover, looking at both figures,
it appears clearly the AE-error of the C.R model has dramatically changed
compared to the R.E.R case. This statement confirms that the relative error

regression is more robust than the classical regression.
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Classical regression Relative-error regression

N Sy
|
ke
0 o
L
-
o
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o e

FIGURE 2.2 — The AE-errors in presence of outliers.
2.6 Application on real data

Our aim in this section is to show how we can implement easily and rapidly
our approach in practice. To do that, we consider the ozone2 spatial data
in fields R-package. It concerns the average daily of ozone concentration for
153 sites in the midwestern US at 89 days. This data is measured in sepa-
rated stations and is usually used as lattice data in LatticeKrig R-package.
In general the spatial modeling of air quality data has been actively studied
in the last years (see, Omidi and Mohammadzadeh (2015) for a list of refe-
rences). Such approach is essentially used to produce maps of air pollutants.
In the same context, we focus, in this illustration, on the prediction of the
concentration of ozone in an unobserved stations knowing the values of this
quantity on some fixed number of nearest stations. Precisely, we fix a day
t and we predict Y;, : the concentration ozone in station sg at ¢, given the

regressors X, = (Y1,... Yg) : vector of ozone concentrations at k-nearest
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stations to sg at the same day t.

Y Coord

FIGURE 2.3 — The locations of stations in midwestern US.

Noting that the emission of volatile organic compounds is the principal source
of ozone in urban areas and the formation of the latter is closely related to
meteorological conditions, road traffic conditions and industrial activities.
Furthermore, the studied geographic zone is very vast region that contains
several states (see, Figure 3) with different meteorological conditions, dif-
ferent road traffic conditions and different industrial activities. Therefore,
the studied data are not homogeneous and exhibits some heterogeneity. It
is worth to noting that the outlier detection of air quality data has been
considered by many authors in the last years ( see Martinez et al. (2014) or
Bobbia et al.(2015)). We refer to Filzmoser P. et al.(2014) or Liu et al (2010)
for some algorithms spatial outlier detection. In this contribution we adopt
the procedure of Liu et al (2010) to determine the outlying observations in our

data-set. Precisely, we use the routine RWBP in RWBP R-package to detect



2.6. APPLICATION ON REAL DATA 45

them. The latter shows various outlierness scores in this data. In particular,
the lowest score are given in 57" day and 64" while the the strongest score
are given in 67" and 86" day. Therefore, 57" and 64" days are more affected
by the presence of outliers than the 67" and 86! days. In order to illustrate
the main feature of our approach, we compare both spatial predictors (the
classical regression (C.R.) and the relative error regression (R.E.R.)) in these
four days.

Concerning the spatial correlation of the data, we recall that, the spatial
dependency is, often, modeled through the covariogram or the variogram
function (see Cressie, 1993). However, in our theoretical study we have ex-
ploited the correlation structure by means of Conditions (2), (3) and (H4).
So, the main challenge is how we can control this aspect in practice. As sug-
gested by Dabo-Niang et al. (2009) a simple manner to control the spatial
correlation in practice is to integrate it in the computation of the estimator
by taking 6(Xy), for a new observation Xy in new site k ¢ I,,, as

~ o Ve K(hg d(Xa, X5)) Y T, (1)
) = R d(Xe X)),

~ o Ve, K (h (X, X5)) Vil (1)
and ) = s R (% X0)

where Wy is a vicinity set of the fixed site k. Based on the isotropic condition,

we proceed with the following vicinity set
Wi = {i, such that dis(i,k) < wv,}

where v, is a appropriate sequence of positive real numbers and dis is the
distance between the sites. Furthermore, in order to exploit the spatial corre-

lation of this data-set and to show the influence of the local outliers as well as
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the global one we examine the performance of our methodology with respect
the values of 1, and the fixed number of nearest stations k. More precisely,
we select v, among the quantile of order ¢ of the of estimated vector of the
distance between the sites given by the code geodistance in McSpatial package

and we calculate following mean squared prediction errors :

where 7 means both regression models 0 and 0. Therefore, these errors are
computed as function of ¢ and k. We point out that we have used the same
smoothing selection method and the multidimensional gaussian kernel K. We
calculate the above errors for the day 57", 64", 67" and 86'*. We report the

obtained result in the following results
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Days | q |k |MAE(R.E.R.) MAE(R.C.)
o7 0251 0.25 10.10
0.75 | 1 5.78 10.87
0.5 |3 6.67 12.07
05 |5 7.45 12.79
64 0251 4.56 8.90
0.75 | 1 2.92 10.08
05 |3 6.87 10.82
0.5 |5 6.94 11.19
67 025 |1 3.11 2.10
0.75 | 1 3.93 2.87
0.5 |3 4.42 4.07
0.5 |5 5.21 4.68
86 025 |1 3.09 2.72
0.75 3.29 3.91
05 |3 4.67 4.26
05 |5 4.03 0.84

Table 1 Comparison results.

47

Undoubtedly, the performance of both spatial prediction models is closely

linked to the structure of date. But, it seem that the relative error regression

is more resistant to all deviation in the structure of the data such as the

outlying observation, dimension of regressor k, or the measure of spatial

dependency ¢. This fact is confirmed by the variability of MAE-error for

both models. It varied between (3.09, 7.45) for the R.E.R, while is between
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(2.10,12.79) for the C.R model. In conclusion, we can say that the R.E.R.

model is more robust than the classical regression.

2.7 Proofs

Proof of Theorem 3.2.1 Let

with
~ 1 —1 ~1
i) = = Z VK (W (@ — X;)  forl=1,2.
i€y
Next, we use the following decomposition :

o)~ bla) = = [fi(0) = 0] + (o)~ FDI 2D @

Thus, Theorem 3.2.1 is a consequence of the following intermediate results

LEMMA 1 Under hypotheses (H1), (H2), and (H5), we have, for | = 1,2,
that :

|Egi(z) — gi(z)| = O(h?).

Proof of Lemma 1. By a change of variables, we get, for [ = 1, 2,

1 T —Uu

Blal] = g [ EYIX = 0lk ()

_ /]R gz — h2)K(2) dz.

Since both functions f and r; are of class C?, we use a Taylor expansion of

g1(+) to write, under (H4)
|E[gi(2)] — gi(x)| < Ch2.

The last result complete the proof of lemma. [ ]
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LEMMA 2 Under hypotheses (H3)-(H7), we have, for ! =1,2, that :

~ ~ logn
_E — (et
leelg |gl(x) gl<x)| Oa.co. < ahd )

Proof of Lemma 2. Consider

s 1 _ _ . ~
9(0) = 5 2 K<h Hz - Xi)>Yi My, with i, =107

i€Zln

Therefore, it suffices to prove the following intermediates results

&mW@WM—E@@m=O< %ﬁ), )

z€eS

oy - [logn
ilelg 197 (z) — gi(%)] = Og.co. ( ﬁ—hd> (8)
ig@ww—mwwm=@m<w%§>. )

— Firstly, for (9), we use the compactness of S to write

and

dn

S C U B(xg, Tn),

j=1
with dy < 8% and 7, < d;;! where =242 1 117 G forallz € S,
we pose

k(z) = arg Mgy g, |z — 2|
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Thus, for I =1, 2,

sup |G° (@) = B[a ()] | < sup |5 (2) = @ (v

zeS eSS .
™
+ Sulg 97 (k) — E [0 (@] |
xTe
T
+ sup E[@*(xk(x))} —E[Qvl*@)} :
Nl _
T

e Furthermore, for Ty, for both [ = 1,2, we have
sup |9 (#r() — B [0 (@r)] | = fnax 97 (zk) — E [ (x1))]]
z€ =1,...dn

Thus it suffices to evaluate almost completely

Jmax 9" (z1) — B [g" (2)]] -

To do that, we write :

g (xx) = Elgi" (z)] = =5 Z A;
where
Ai =Y K (W =X)Lyt <y = B YT K (W (20— X)) Ty 1)) -

Now, similarly to (Tran (1990)), we use the classical spatial block

decomposition for the sum Z A; as follows
i€Zn

2JkPn+DPn

U(L naj) = Z Ai?
1,=2Jkpn+1
k= N

.....
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2jkPn+pn (N+1)pn

U@2mnj= > doooA,

15=2jkpn+tl  IN=2jNDPn+pPn+l

=1,...,0N—

2JkPn+Pn 2(jN—1+1)pn 2jNPn+pn

U(?),Il,j) = Z Z Z Ai,

ik:2jkpn+% IN—1=2jN—1Pn+Pn+l in=2jnpPn+1

=1,..

2JkPn 2(jN—1+1)pn 2(jN+1)pn

Udnj = > > YA,

ix=2Jkpntl iIN-1=2jN-1Pnt+Pnt+l  IN=2jNpPntpntl
k=1,....,N—2

and so on. Finally

2(jk+1)pn 2jNPn+Pn

U2N! n,j) = Z Z A,

1=2jkPntpn+l  iN=2jNpn+l

=1,...,

2(]k+1)pn

v2Vng) = > A (10)

1k =2jkPn+pn+1

with p, is a real sequence will be specified later.

Now, we put for all i = 1,...,2",

T(n,i) =Y U(in,j). (11)
jeJg
with J = {0,...,71 — 1} x ... x {0,...,7y — 1} and r; = 2nypt; [ =
1 N.

g e ey

Then,
1 &
9" (vx) — Elgi" (z1)]] = = ZT(n, i).
=1

Thus, all it remains to compute

IP (T(n,i) > nmh?), foralli=1,...,2". (12)
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Without loss of generality, we will only consider the case ¢ = 1. For
this, we enumerate the M = [[r_, 7 = 2~ Vap; "N < 1ip;" random
variables U(1,n,j); j € J in the arbitrary way Z1,... Zy;.

The rest of the proof is very similar to Biau and Cader (2004) which
is based on Lemma 4.5 of Carbon et al (1997). According this Lemma
we can find independent random variables Z;,...Z;, has the same

low as Z;—1 . and such that

> E|Zi— Z7| < 2CuaMpYs(M — 1)p), pY ) (pn).

j=1
It follows that
M

2%

=1

IP (T(n,1) > ynh?) <]P<

nnhd . _ mmh?
P Zi— 25| =2 —— | -

7j=1

Thus, from the Bernstein and Markov inequalities we deduce that

_

and

M nnh

2%z

< e [ (nmh?)?
= 2P\ T MVar (Z7) + CpNnnind

M
7, — Z*>”nh <2 E|Z: — 7
Zl ’ _T]ﬁhdz |j_ j"
j=1

By using Lemma 4.5 of Carbon et al. (2007), the fact that n = 2~ MpY

|
and (M — ). ) < pif we gt for =y <o
By < pntip) (log )2 (8h%) ™% o(pn).

1/2N
Since p, = C ( fin? ) , then

lognp3

B, <1 (log ﬁ)_l ©(pn)-
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Concerning B term, by a standard arguments we obtain
Var[Z{] = O (pY 7).

Using this last result, together with the definitions of p,, M and 7,
we get

By < exp (=C(ip) logn)

Consequently, from (H6), we have

dny such that d, Z(Bl + Bs) < o0

which complete the first result of this lemma.
e Now, we evaluate terms T} and T3 : To do that, we use the Lipschitz’s

condition of the kernel K in (H4) allows to write directly,

|97 (2) = 3" (2| = nhd > VT Ki(r) =) VT Ki(w
i€Zn i€Zn
C !
< hd+1 — T || Z Y™
i€l
< CTn Cta

— < — .
phknhdtt = panhdtt

By the definition of 7, we obtain

. logn
sup |gl — g (xk(z))‘ =0 < ﬁghd ) (13)

€S

and

sup E[@*(QZ)} — E[g}*(xk@))] ‘ =0 ( l(;\lghdﬁ> (14)

€S
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— Secondly, we proof (7). Indeed, we have

1

iléglE[ﬁz(w)]—E[@*(w)H = S

E

> K_l][{nﬁwn}f(i(x)] '

i€Zn

h 4B yY;l|1I{m_l|>Mn}K1(x)}
< 0B e (1Y1/4) T Ka (@)

IN

Furthermore, using The Holder’s inequality to show that,

N

h (E [exp (1Y '1/2) ]I{Y;lwn}D

< h %exp (—uil/ll) (E [exp (|Y_l|)D
< Ch7 exp (—uh/4).

sup | [gi()] — E[g." (v)]]

€S

IN

(E(K7(x))

(B(Ki(x))

N[

Since pn = n?/? then, we can write
logni\ /2
E q1 —E a" - e .
ilég| [i(2x)] 9" (z1)]| = 0 ( = )

— Thirdly, the proof of the last claimed result (8) is based on the Mar-

kov’s inequality. Indeed, observe that, for all € > 0

_ o 1 _
IP sup|gi(z) — g"(z)] > 6} = (@ZY My Bl > 6)

165 iEZn

< P (Y7 > pn)
< mnexp (—,uln) E (exp (|Y_1D)
< Chnexp (—/fn) )
So,
. . logn N
ZH:IP (i‘éE () — a" ()] > € ( i )) < Czn:nexp(—un)-

(15)

The use of the definition pu, complete the proof of Lemma.

1
2
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Corollary 2 Under the hypotheses of Theorem 3.2.1, we obtain :

e~ inf,es g2()
< Z=F et 7
gn P (;161£|gg(m)| 5 < 00.

Proof of Corollary 2. 1t is clear that

- inf, - inf,
inf go(z) < Wees 9217) 92(2) = sup |g2(z) — go(z)| > Wres §2\T) gg(x)'
zes 2 zeS 2

Thus,

zeS 2 e S 2—

The use of the results of Lemma 1 and Lemma 2 complete the proof of the
corollary. [ ]

Proof of Theorem 2.3.2. We write :

B) = O(x) = =5 [Bu+ Va (@a(x) — Ega(a)] + Vo
where
Vo= i LA @] 0) — [Ei@) 0 )]
and
By = — [[(@) - E5:@)] (o) + [E5 () - 5a) 1 ()]
Therefore,

O(z) —0(x) =V, =

= (Bt Va (@) ~ Ede)] (16)

Finally, Theorem 2.3.2 is a consequence of the following results .
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LEMMA 3 Under the hypotheses of Theorem 2.5.2, we obtain :

AR 1/2
(g;"(—h(x)) (Bn — E[Ba]) = N(0,1).

x)o?
Proof of Lemma 3. Considering the same notations of Lemma 1 and write,

Bn = Bn— B+ B

where

1
B, =

h= o L@ = B @) o) + [B @) - (0] an(@)]

Similarly to Lemma 1 we get, for fixed z € IR?

fahd 1/2 ~ » )
(M) 19:(2) = a"(2)] = 0p(1).

)’ o?

As E[B,] = E[B}] = 0, then it suffices to show the asymptotic normality of

(ﬁ—h())/ B, - BB

(92(2))” 0
For this, we put, fori=1 € I,,,
1 _ _ _ _
Ai = N (Ki(Yi 'go() =Y Pgu(0)) Ly, — E [Kz’(Yi Lga(x) = Y, 291(95))1[|1@—1|<unD :

So,
n

oy ()] (B — BB ) = (B0(2))) " S

where S, = g A;. Thus, our claimed result is, now
i€l

(Ro2(x))) " Su — N(0, 1), (17)

where 02(z) = (g2(2))? 02(x). The proof of (11) follows the same lines of
Lemma 3.2 in Tarn (1990). It is based on spatial blocking technique for

f;n - :E:: [\i

i€ln
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LEMMA 4 Under the hypotheses of Theorem 2.5.2, we obtain :

Ga(x) = ga(x), in probability,

fihd 12
— ) V,—0,
(g2<x>202<x>) -~

and

npt O\
( 5(2)20%(z) ) Va (Ga(2) — Ega(x)) — 0, in probability.

Proof of Lemma 4. For the first limit, we have, by Lemma 1

Elg2(z) — g2(2))] = 0

and by a similar argument as those used in the variance term in Lemma 2
we show that

Var [ga(x)] — 0

hence

G2(x) — g2(x) — 0 in probability.

Next, it is clear that the second limit is consequence for the last conver-

gence. So, it suffices to treat the last one. For this, we use the fact that
Var[(g2(z) — Egz(2))] = Var [g2(z)] — 0

and

Va = O(h?) (see, Lemma 1)

The last part of Condition (H6’) allows to deduce that

and O\’
<m) Va (g2(x) —Ega(x))) — 0 in probability.

x)%0?
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Chapitre 3

Cas fonctionnel

3.1 Construction of the spatial estimate

Consider Z; = (X;, Y;), 1 € N¥ be a F x IR-valued measurable strictly statio-
nary spatial process, defined on a probability space (€2, A, IP), where F is a
semi-metric space, d denoting the semi-metric. We assume that the process
under study (Z;) is observed over a rectangular domain Z,, = {i = (iy,...,iy) € NV,
1<ix<np, k=1,...,N},n=(ng,..,ny) € NV. A point i will be referred
to as a site. We will write n — oo if min{n,} — oo and |%\ < C for a
constant C' such that 0 < C' < oo for all j, k such that 1 < j,k < N. For
n=(ny,..,ny) € NV weset n =n; x --- x ny. The nonparametric model
studied in this paper, denoted by 6,, is defined, by
EY X =2
ble) = E{Y—?}X - x%
Thus, a natural estimate of 0 is
5@) _ > ke, Yi_;K(hld(l'aXi))
Ziezn Y K (h7td(z, X3))

63



64 CHAPITRE 3. CAS FONCTIONNEL

where K is a kernel and h = hg y, is a sequence of positive real numbers. Our
main goal is to study the asymptotic proprieties (consistency and asymptotic
normality ) of the nonparametric estimate 6 of 6 when the random field

(Z;,i € NV) satisfies the following mixing condition :

There exists a function ¢ (¢) | 0 as t — oo, such that
V E, E' subsets of NV with finite cardinals

/

a(B(E),B(E)): sup P (BNC)—-T° (B)IP(C)| (2)
BeB(E), CeB(E")

< s(Card (E),Card (E')) ¢ (dist (E, E')) ,

\

where B (E)(resp. B (E/)) denotes the Borel o-field generated by (Z;, i € E)
(resp. (Zi, i€ E')), Card(E) (resp. Card(E'")) the cardinality of E (resp.
El), dist (E, E') the Euclidean distance between E and E' and s : N> — IR™

is a symmetric positive function nondecreasing in each variable such that :
s(n,m) < Cmin(n,m), Vn,meN. (3)

We point out that condition (3) is used in Tran (1990), Carbon et al (1996)
and is satisfied by a large class of spatial models (see Guyon (1987) for some
examples). Noting that if N = 1, then Z; is called strongly mixing (see

Doukhan et al. (1994) for discussion on mixing and examples).

3.2 Main results

Throughout the paper, when no confusion will be possible, we will denote
by C' or/and C’ some strictly positive generic constants. Furthermore, for

(X,Y) a couple of random variables with same distribution as (Xj,Y;), we
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denote by ¢;(-) = E[Y "X = -] the conditional [-inverse moments of ¥ given
X;1=1,2,3,4

3.2.1 Consistency

Our first goal in this section, is to establish the uniform almost complete

convergence ' (a.co.) of 6(z) to 6(x) over compact S. To do that, we consider

the following assumptions :

(H1) P(X € B(x,r)) = ¢.(r) > 0 ot B(x,r) est la boule centrée en x et
de rayon r.

(H2) The functions g;(z) = E[Y /| X = ], (I = 1,2) such that
Yoy, g €Ny, | () = ri(xa) |[< Cd (24, 25)

where N, is a fixed neighborhood of z.
(H3) Vi #J,

0 < supIP[(X;, X;) € B(x,h) x B(x,h)] < C(¢.(h)) /e for some 1 <a < SN~
i#j

(H4) The mixing coefficient defined in (2) satisfies

= 1
ZiNfl(np(i))“ < 00, forsome 0<a< 3
i=1

1. Let (z,), <IN be a sequence of real r.v.’s. We say that z, converges almost completely
(a.co.) toward zero if, and only if, Ve > 0, > >7 | P(]z,| > €) < co. Moreover, we say that
the rate of the almost complete convergence of z, to zero is of order u,, (with u,, — 0) and
we write z, = Oq.co.(uy) if, and only if, Je > 0 such that >~ P(|z,| > eu,) < oo. This

kind of convergence implies both almost sure convergence and convergence in probability.
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(H6) K is a function with support [0, 1] such that
Clon () < K() < T ().

(H7) There exists 7o > 0, such that, CR" 57 < ¢, (h).

(H8) 3C > 0, such that Y > C a.s.
We precise that our conditions are very usual in this context of nonparame-
tric spatial analysis (see Tran(1990) or Li and Tran (2007)). Furthermore,
Assumptions (H1) and (H2) are regularity condition permit to evaluate the
bias term of the estimator (1). Condition (H3) is automatically fulfilled when
the densities f;; and f are bounded. While assumptions (H4)-(H7) are techni-
cal conditions imposed in order to attaint the brevity of proofs and to obtain

a convergence rate comparable to the i.i.d case.

Theorem 3.2.1 Under assumptions (H1)-(H7), we have :

]5(3:) —0(z)] =0 (hb) L0 ( logn

ﬁ%(h)) a.co. as n— 0o (4)

Proof of Theorem 3.2.1 Let

gi(x) = Y, 'K (Rt (z, X; for i =1,2.
a(x) nE[K (h 1de Z (z, X;))  for )

1In

Next, we use the following decomposition :

o) — O(r) = 1 0(z)
bw) = 0@) = =7 5(0)

where Thus, Theorem 3.2.1 is a consequence of the following intermediate

1) = 91(@)] + [92() = ()] (5)

results
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LEMMA 5 Under hypotheses (H1), (H2), (H4) and (H5), we have, for | =
1,2, that :
|Egi(z) — gu(x)| = O(1").

Proof of Lemma 5. By a change of variables, we get, for [ = 1, 2,

B~ o) = Elagrerm eyt K0 e X)) - o)
1 -1 —1
1

= AEE Xi))]JE[K(h*d(x,XﬂY*’)lIB(x,hk)(X JE(Y™/X)] — ai(2)]

As

L) (X) 19/(X) — gi(z)| < CR.

The last result complete the proof of lemma. [ ]

LEMMA 6 Under hypotheses(H3)-(H7), we have, forl = 1,2, that :

~

logn

lgi(x) — Egi(z)] = O ( ﬁfbx(h)) a.co. as n — oo (6)

Proof of Lemma 6. Consider

Ay =Y 'K (W d(zy, X3)) — E [Y 'K (K d(2, X))

then

Ale) = )] = Sprer A

IGIn
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Consider the spatial block decomposition ( Tran [1990]) on the random’s
variables A;(x) for fixed integers p,, as follows

2JkPn+Pn

U(].,n,l',j) = Z Ai(x)a
Zkk kapn-i-l

Ly

2jkPn+Pn (jN“l‘l)pn

U2n,zj)= Y. > M),

1kk 2]kpn+1 IN=2jNPn+pn+l
—1

77777

2jkPn+pn (jN—1+1)pn 2jNPn+pn

UBB,n,z,j) = Z Z Z Ai(z),

ik=2Jkpntl iN_1=2jN-1Pnt+tPnt+l  iN=2jnpn+l
k=1,..,N—2

2jkPn 2(jN71+1)pn 2(jN+1)pn

Udnzj)= > > > A,

2@ 12]kpn+% IN-1=2jN-1Pn+pn+1 IN=2jNPn+pn+1

-----

and so on. Finally

2(jk+1)pn 2JNPn+pPn

vV tnzj) = > > M),

1x=2JkPn+pn+1 IN=2jNpn+1
k=1,...,.N—1

77777

2(jr+1)pn

v@RV.nzj) = > Ayx) (7)
1, =2JkPn+pn+1
k=1 N

Now, for 7 = {0,...,71 — 1} x ... x {0,...,7ry — 1} where r, = n;/2py, | =
1,...,N.Fori=1,...,2" we define

T(n,x,i) ZUznx,J
jeJg

and we write,
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Note that, as raises by Biau and Cadre (2004), if one does not have the
equalities n; = 2rip,, the term say T'(n, z, 2" +1) (which contains the A;(z)’s
at the ends not included in the blocks above) can be added. This will not
change the proof a lot. Using (8) we can say that, for all n > 0

P (|7i(z) — B[fi(2)]] > 1) <2V max P (T(n,2,i) > ik [Ky(x)]) .

B - i=1,..2N

Finally, the desired result follow from the evaluation of the following quanti-

ties it suffices to compute
P (T(n, z,i) > nolE [Kq(x)]) for all i =1,...,2".

Without loss of generality, we will only consider the case ¢ = 1. For this
case, we enumerate the M = []r_, rp = 2-Nnip, N < fip; " random variables
U(l,n,z,j); j € J in the arbitrary way Zi,...Zy. Thus, for each Z; there
exists a certain j in J such that

Zi= Y. Ni(x)

i€I(1,n,2.j)
where I(1,n,2,j) = {i: 2jkpn + 1 <ix < 2jipn+pn ;k=1,..N}. Clearly
the sets I(1,n,z,j) contains pY sites and are far apart by distant of p, at
least. So, according to Lemma 4.5 in |?] one can find independent random

variables Z7, ... Z}; having the same law as Z;—; 5 and such that

M
> E|Z - Z;| < 2CMpYs(M — 1)p), pY ) (pa).

J=1

Therefore, by the Bernstein and Markov inequalities we have

IP(T(n,z,i) > nnlE [K;(2)]) < By + By
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where

o (= .| o MpBRE K (2)] (8B [y (2)))?
Bi=F ( jzl % ‘ =T oM ) < Zexp (_MVar [Zi]+ CpYnalE [Kl(x)]>
and

~ - .\ < TR [K;(x)]
By, = ]P(Z|Zj—zj|z#>

j=1
nnlEK1 Z]E\Z Z:|

< 2MpY (nrﬂE [K1< ) s((M = Dp, p )e(pn)-

Since i = 2V MpY and s((M — 1)pY,pY) < pY we get for n = ng ,\IOgﬁ
" 1 ¢, (h)
B, < fip)l (log®)) ™" (B (h) ™% o (pw).
Asp, =C <ﬁlﬁ;(£))l/2]v, we can write
By < p(pn). (9)

Consequently, from (H7), we have

> f@(pa) < o0

Let us focus now on Bj. For this, we must evaluate asymptotically Var [Z]].

Indeed,

Var[Z] = Var Z Ai(z)| = Z |Cov(Ai(z), Ay(x))] -

iel(1,n,z,1) ijel(l,n,z,1)
Let Q=Y Var[Ai(z)] and Ry= Y [Cov(Ai(x), Aj(x))].
iel(1,n,z,1) i#jel(1,n,z,1)

By assumptions (H2) and (H1), we have

Var[Ai(z)] < C(¢e(h) + (¢.(h))?),
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therefore
Qn =0 (Y ¢(h)) .

Concerning R,, we introduce the following sets :
Si={jellnz1):0<[i-j| <ca}, Sa={i,jeI(lnz,1): il >cn},
where ¢, is a real sequence that converges to +oo and will be precise after.

Split this sum into two separate summations over sites in S7 and S5

Ra = 3 [Cov(Bi(a), &)+ 3 [Cov (Ai(a), Ay(x))

(ivj)esl (IJ ESQ
= RL+R.

On one hand, we have :

R, < C Y [E[K ()] + B [K; ()] IE [K;(2)]|
(i,j)es1

NeNou(h) ((@(h))l/” +6u(h))

< CpNel g (h)ardie

IN

On the other hand, we have

= Y Cou(Ai(x), Ay())].

(i,§)€S2

As the random variables Y and Kj are bounded, we deduce from the cova-

riance inequality that

|[Cov (Ai(x), Aj(x))| < Co ([li =]II)

thus

Ry < C Y e(li-il) <oy Y el

(1,)€S2 i:[|i[|>cn

< Opye™ Y M e (-

Lffif=en
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Let ¢n = (¢5(R)) ™Y, then we have

Ry < Cppea™ Y il e ()

Lffif>en

< Opoa(h) Y M @ (i)

iolli >en

Because of (3.2.1) and (H2) we get
Ry < Opy 6,(h).
Furthermore, under this choose of ¢, we have
Ry, < Cpy éu(h).

Hence

Var (2] = O (p6.(1)) .
By using this last result, together with the definitions of p,, M and 7, we get
By < exp (~C(no) log )

Consequently an appropriate choose of 79 completes the proof of the first

part of this lemma.

Corollary 3 Under the hypotheses of Theorem 3.2.1, we obtain :
>p

Proof of Corollary 3. It is clear that

92()
2

~ 92()
ga(z)] < 5 ) < 00.

92(1’).
2

ga(x) < = |g2(x) — ga(2)| >
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Thus,

P (1)< %2) < Pl - gl = 27,

The use of the results of Lemma 1 and Lemma 6 complete the proof of the

corollary. [ ]

Now, we study the asymptotic normality of tAp(:c) In this case, assumptions
(H1) and (H4) must be replaced by the following hypotheses, respectively.

(H1') The concentration property (H1) holds with nonnegative differen-
tiable function ¢,(-). Besides, there exists a function (3,(-) such that

Vs € [0,1), i dulsr)/nlr) = Buls).

(H4') K(-) satisfies (H4) and is a differentiable function on (0, 1), with
derivative K’(-) such that
—Crlp) () < K'(-) < —Cslon(-).
We also assume that = belongs to A = {z € F, f*(t,(z)) #0 and
B.(+) is not identically zero}. The function f3,(-) defined in (H1") plays a fun-
damental role in the asymptotic normality result, since it permits to give the
variance term explicitly. Note that this function can be specified in several
situations where the function ¢,(-) is known and (H1’) is fulfilled. We quote
the following cases, which can be found in Ferraty et al. (2007) :

(1) ¢z(r) = ¢o(z)r? for some v > 0 with £,(s) = s7.
(ii) @4(r) = ¢o(x)r" exp {—Cr*} for some ~; > 0 and 72 > 0 with 3,(-)

being Dirac’s function.

(i) ¢2(r) = do(x)|Inr|~" with By(s) = Ty (s)-
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The first condition defining the set A is related to a nonvanishing conditio-
nal density. The second one means that a small amount a concentration is

needed in order to ensure asymptotic normality.

Now we are now ready for establishing the asymptotic normality result.

Theorem 3.2.2 Under hypotheses (H1'), (H2), (H3), (H}') , nh®* ¢, (h) —

0 as n — oo, and if

1 1
1+ N+6 142N

36, € } [, such that, 0 VUM <4 (p)  (10)

then we have

<ﬁ¢x<h))l/2 (5(;1:) — 9(.7:)) 2y N(0,1) as N — 00

o?(x)
where

f () = (go(x) — 20(2) E[Y 3| X = 2] + r2(2) E[Y 4| X = 2]) az(x)
g5 () a2 ()

with a;(z) = K7 (1) —/0 (K7Y(s)Bu(s)ds  for j=1,2,

\

D o
and — denotes the convergence in distribution.

Similarly to Theorem 2.3.2 our 3.2.2 is a consequence of the following

results

LEMMA 7 Under the hypotheses of Theorem 3.2.2, we obtain :

ng.(M\'?, .
(92($)<7> (Bn — E[Bu]) = N(0,1).
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Proof of Lemma 7. Once again, we use the same arguments as the vectorial

case by taking

N = s (K0 a(0) = Y0 (0) ~ B [0 ) = 30 )])
So,

V6,0 [o1 ()] (Ba ~ BB, ) = (Bo3()) S,

n
where S, = E A;. Thus, our claimed result is, now
i=1

(fio2(x))) "% S = N(0, 1). (11)

where 02(z) = (go(2))” 0.
This last is shown by the blocking method, where the random variables

A; are grouped into blocks of different sizes defined similarly to Lemma 6 by

Jk(Pn+qn)+pn

W(]"n?x?j) = Z Ai,

=4k (Pn+qn)+1, k=1,..,.N

Jk(Pn+qn)+pn (IN+1)(Pn+gn)

W(2,n,zj) = Z Z A,

ik=Jk(Pntqn)+1, k=1,...N-1  in=jN(Pn+gn)+pn+1

Jk(Pn+an)+pn (IN—1+1)(Pn+gn) JN(Pn+gn)+pn
W3, ,j) = > ) > M
ir=jk (Pntqn)+1, k=1,..,N=2  in_1=jN-1(Pn+qn)+Pn+1l in=jN(Pn+gn)+1
Jk(Pn+qn)+pn (IN—1+1)(Pn+gn) (v +1)(Pn+gn)
W(4n,z,j) = ) ) )

ix=Jk(Pn+qn)+1, k=1,..,N=2  in_1=jN_1(Pn+dn)+pn+1  in=jN(Pn+¢n)+pPn+1

Ai7
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and so on. The last two terms are

(Jx+1)(Pn+gn) IN(Pn+gn)+pn

WV n,z,j) = > oA

=7k (Pn+qn)+pn+1, k=1,..,N=1  in=jn(pn+gn)+1

(J1+1)(Pn+qn)
W2 n,z,j) = Z Ay

i,=Jk(Pn+qn)+pn+1, k=1,...N

where ¢, = 0 ([ﬁ@(an)(l*w)} MQN)) and p, = [(0g, ()N /s,] with
=0 ([ﬁ(bm(h)(l“m}l/(?m _1) Noting that, by (10) we can show all se-

quences ¢y, pn and s, tend to infinity.

Now, we adopt the same notations as those given in Lemma 6 and we define

for each integer i = 1, ...,2",

T(n,x,1) ZW@nx,J
jeJg

where J = {0,....,r1 — 1} X ... x {0, ....,rx — 1} with 7 = ng(pn + @) V.

Then, we have
16, (h) [g2()o(2)] " (Ba(2) = E[B,(x)])

= [\/ﬁgQ(x)a(:c)} - (T (n,z,1) + %T(n,x,i)) .

1=2

Therefore, it suffices to proof
_ -1
the asymptotic normality of : [\/ﬁgg(m)a(x)} (T (n,z,1)) (12)
and

2
the convergence in probability of : Vi (ZT (n,z, z)) : (13)
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Firstly, we begin by proving (13). Clearly it is sufficient to show that
2

n'E | > T(n,z,d)| —0.

We have

2

By Cauchy-Schwartz inequality, we get :
v2<i<2V A 'E[T(nz,)T(n,2,j)] < (6 BTNz (@ BT )"
Then, all what is left to be shown is to prove that

i E[T(n,z,i)]> =0 ;V2<i<2V (14)

We will only prove (14) for ¢ = 2, the others case is identique. Analogously to
Lemma 6, we enumerate W(2,n,z,j) in the arbitrary way Wl, o WM, and

we write

E[T(n,z,2)]° = ivar[ }+Z Z oov(m,w)
i=1 i=1 j=1i#j

= A+ As.

For the variance term we have

Pn gn
2. 2N
ir=1, k=1,.... N—1in=1

= pff’lqn Var [A;]

+ Z Z Z ZIEAA

=1, k=1,....N—=1in=1 jp=1, k=1,...,.N—1, i#j jn=1

Var [WZ] = Var
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It is shown in Lemma 3.6 in Messabihi et al. (2015) that
Var[Ay] = (g2(2)o())*. (15)
Moreover, employing Lemma in Carbon, to get
[EAA] < Coa(h) o (i =l -

So, we deduce that

Var W] < Opﬁ‘lqn<1+¢x<h>‘1 Z Z (IIil1) ||)

ik 1, k=1,..N—1iy=1
< Cpylqnee () Z Z (I3[ -

It is shown in Lemma 3.6 in Messabihi et al. (2015) that
Var[A] — (go(z)o(x))?. (16)
Moreover, employing Lemma 77, to get
[EAiA;] < Cou(h) o ([li =) -

So, we deduce that

v@r[m} < Cpﬁlqn<1+¢x<h>1 Z Z (Ili H)

ix=1, k=1,...,.N—1iy=1

< Op b)Y D (D -

ig=1, k=1,.,.N—1iny=1

Therefore

nlA4, SCMp lgnn™ qu ZZN 1

i=¢n
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The definitions of M and p, permit to get

CMpY gui ¢ (h)™" = A(pn + ¢n) Vp) gui ‘o, (h)

Gn -1
= Gnsn (0ga(h))™ ¢u(h)™!

= Gusa (R0, () TF2V)

Using the fact that s, = o ([ﬁgbw(h)(l”m}l/@m qul) it is easy to see that

the last term of (17) converges to — 0. Furthermore, by (3.2.1) with 6 > N

(see, hypothesis (H2)) we show also that

Z i lp(i) < oo.
i=1

Finally, we deduce that
ﬁ_lAl — 0.

We now proceed to evaluate As. A simple computation shows that the sites
of random variables A; involved in two variables WW; and Wj with ¢ # j are
far apart by distant of ¢, at least. So, by covariance inequality in a spatial

mixing variables (see, Lemma 5.2) we get

Nk Nk

Ay < > Yo =il > B,

je=1, k=1,...,N ix=1, k=1,....N

< Cg¢,(h)'n > e(1ill)
in=1, k=1,...N|i|>an
and

n Ay, < Co,(h)™ f: (i),

1=¢n
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Observe that

00 3P eli) < 00 3P o) [ = o

i:qn Z:qn dn

This latter goes to 0 by means of (10) and the definition of ¢,. So, we get
i’\l_lAg — 0.

This completes the proof of (13).
Secondly, to prove the asymptotic normality (12) it is sufficient to show the

three claim

Q= ‘IE) [eXp [iuT(n,x, 1)]] (17)
— H;::(l] jet1,..n B [exp [iuW (1,1, 2,j)] H — 0.
Q=2 Y E[WLnrj)| = (@@)o@) (18)
jeJg

Os =10 E[(W(1,n,x,j))21 50 (19)

{W (1n,2.5)|>e((g2(w)o(2))?R)"/?}
for all € > 0

Proof of (17) : The proof of (17) is based on the Lemma (Nakh 1987) to the
variable <exp(z’qu), s exp(z’uWM)) where W1, ..., Wy are the random va-

riables W (1, n, z, j)jes enumerated in the arbitrary way. As Hi\/in expliulV,]| <
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1, then
re—1
Q1 = ‘]E [eXp [iuT(n,x, 1)” — H E [exp [iuW(l,n,x,j)H ‘
k=0, k=1,...,.N
re—1 re—1
= |[E [ H exp [iuW(l,n,x,j)]] — H IE [exp [z’uW(l, n,x,j)} ‘]
Jk=0, k=1,...,.N Jk=0, k=1,...,.N

M-1 M M
< IE (exp[iuWk] - 1> (exp[iqu} — 1) H expliulVy]

k=1 j=k+1 s=j+1

M
-E (exp[iuWk] - 1) IE (exp[iul/f/j] - 1) H expliulV,]
s=j+1

M-1 M
= [E (expliulWi| — 1) (expliulWV;| — 1) — IE (expliuWi] — 1) IE { expliu

k:U:;l‘ (expliuti]) = 1) (expfiutly] — 1) = B (expliuli] - 1) (exp|

M
x‘ H expliulV,]
s=j+1

M-1 M
< Z ‘]E (exp[iuWk] - 1> (exp[ij} - 1) —-E (exp[iuWk] - 1> E (exp[iu

k=1 j=k+1

Let _fj be the set of sites such that WJ = Zief(l n,z.j) A;. Since the sets ]~1§ng

contains plY sites, we have by Lemma 5.2, under (2)

)

’]E [exp[iuWk] — 1) (exp[iqu] — 1) —E [exp[iuVVk] — 1) E [exp[iuVVj] — 1) ‘ < Cop (d(]j, Iy)

Wi -1) ’

o



82 CHAPITRE 3. CAS FONCTIONNEL

Hence
M-1 M o
Qi < Y 30N (i 1)
k=1 j=k+1
M ~
< OpYMY e (d(h, 1)
k=2

IN
Q
=
<
g
g
AS)
=
S~
=~
N

=1 krign<d(I1,I;)<(i+1)gn

< Oy MY i o (iga).
i=1
It follows from (3.2.1) that
Q1 < Cnig,* > i
i=1

The convergence result (17) is consequence of (10) and the definition of gy,.

Proof of (18) : On the one hand

rp—1

iET e ) = 2t Y EW(Lngj)

Tk—l Tk—l

+ n! Z Z , ik # jr for some kCov[W(1,n,z,j), W(1,n,x,1i)]

By the same arguments as those used for A,, this last term tend to zero.
Hence, the limit in (18) is equal to the limit of A~'E (T (n,z,1))>. On the
other hand recall that

21\7
So=T(n,2,1)+ Sy =Y T (n z,i)
=2

where S/ = 2352 T (n,z,i). Therefore
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A E [T (n,2,1)] =27'E [S2] + 2 E[SL]” - 28 E[S,SL] .

It is shown in (14) that n~'IE [532] — 0. Moreover, by Cauchy-Schwartz’s

inequality, we can write :
1/2
AE[ShSy]| < 8TE[S.S < (BT ES.) 7 (5 E ()

Thus, all what it remains to compute is the limit of i~ 'IE [Sy]* which can be

writhen

i 'E([S,)]” =0 'WVar[S?] =n ! (Z Var[A;] + Z Cov [A4, Aj]> :

i i

As indicated in (16) the variance terme is
Var[Ai] = (ga(w)o())*.
Let us evaluate the covariance term. Reasoning as in Lemma 7 we consider

Ey={ijeLn:0<|li—jll <ca},

Ey={i,jeZ,: |i—]j| > cn}

where ¢, is a sequence of integers that converges to infinite and that will be
precise after.

Now, we write

Y CovlAi A= > Cov[Aj A+ Y CovlAr, Ayl
(

i#] i,4)€EL (i,5)EE2
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For the first sum on Fj, proceeding as in (R.) in Lemma 6, we get from

(3.2.1)

Cov [, As]| <= C (6 (R) + (6x(R)'/") < C(ou(m)""

It follows that,
> Cov (A, Ay) < CTic ¢o(h)V°

Eq

Next, on Ey we apply Lemma lemme 4.1 (Carbon) and |A;] < C¢,(h)~'/2,

permit ro write that :
|Cov (A, Ay)| < Cou(h) o ([l = i)

and

Y Cov(Aihy) < Cou(h)™ Y w(lli-il)

(ivj)eEQ

< Cag.(h)™ Y w(lil)

i:||i||>Cn

< Cfig()7'e” Y il (Nl -

i:[if|>cn

Finally, we have :
> Cov (A, ) < (Cﬁcf%(h)l/a +Cng,(h) ' Y ilaw(i)) :
i:[|i[|>cn
Let ¢y = ¢, (h)™ for some (§)™' < a < (Na)™!, then we have :
Y Cov (A hy) < (Cﬁ%(h)w“/a +Cng, (R Y il (|i)) -
L:[|i[|>cn

Hence, we obtain that

Z Cov (A1, A;) = o(n).
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In conclusion, we have
R 2
n! Z E[W(l, n,x,j)] — g2(x)o when n — co.
jeg
Proof of 19 : Because |A;| < C,(h)~"/2, then |W (1,n,z,j)| < CpNe¢,(h)~1/2.
Thus

re—1

QO E Y P[W Ll > (e

Since p, = [(ﬁ(ﬁw(h))l/(m) /sn} and s, — oo then

W (Lnz )/ (((e)o@)8) ) < CpY Gou(h)
= C(sn) ¥V =0

So, for all € and j € J; if n is great enough, we have
P [W (I,n,z,j) > e((gg(x)a(x))zﬁ)lﬂ] = 0. Then Q4 = 0 for n great en-
ough. This yields the proof. [ ]

LEMMA 8 Under the hypotheses of Theorem 3.2.2, we obtain :

g2(x) — ga(x), in probability,
G (h 1/2
(—n¢2(2) ) Va — 0,
g2(x)?0? ()
and

Mlm go(r) — Ega(x in probabili
(92(36)202(95)) Va (G2(z) — Ega(x)) — 0, in probability.

Proof of Lemma 8. For the first limit, we have, by Lemma (1)

Eg2(x) = ga(2))] = 0
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and by a similar argument as those used in the variance term in Lemma (6)

we show that

Var [ga(x)] — 0

hence

g2(x) — g2(x) — 0 in probability.

Next, it is clear that the second limit is consequence for the last convergence.

So, it suffices to treat the last one. For this, we use the fact that

Var[(g2(z) — Ega(x))] = Var [g2(2)] — 0

and

Va = O(h?) (see,Lemma (1))
The last part of Condition (H6’) allows to deduce that

a 1/2
(ﬁ)gho)?) Va (92(x) — Ega(x))) — 0 in probability.
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