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Introduction

Stabilization of evolution problems

Problems of global existence and stability in time of Partial Di�erential Equations
made object, recently, of many work. In this thesis we were interested in study of the
global existence and the stabilization of some evolution equations.

The purpose of stabilization is to attenuate the vibrations by feedback, thus it
consists in guaranteeing the decrease of energy of the solutions to 0 in a more or less
fast way by a mechanism of dissipation.

More precisely, the problem of stabilization consists in determining the asymptotic
behaviour of the energy by E(t), to study its limits in order to determine if this limit is
null or not and if this limit is null, to give an estimate of the decay rate of the energy
to zero.

This problem has been studied by many authors for various systems. In our study,
we obtain severals type of stabilization

1) Strong stabilization: E(t)→ 0, as t→∞.

2) Logarithmic stabilization: E(t) ≤ c(log(t))−δ, ∀t > 0, (c, δ > 0).

3) polynomial stabilization: E(t) ≤ ct−δ,∀t > 0, (c, δ > 0)

4) uniform stabilization: E(t) ≤ ce−δt,∀t > 0, (c, δ > 0).

For wave equation with dissipation of the form u′′ − ∆xu + g(u′) = 0, stabilization
problems have been investigated by many authors:
When g : IR → IR is continuous and increasing function such that g(0) = 0, global
existence of solutions is known for all initial conditions (u0, u1) given in H1

0 (Ω)×L2(Ω).
This result is, for instance, a consequence of the general theory of nonlinear semi-groups
of contractions generated by a maximal monotone operator (see Brézis [?]).

Moreover, if we impose on the control the condition ∀λ 6= 0, g(λ) 6= 0, then strong
asymptotic stability of solutions occurs in H1

0 (Ω)× L2(Ω), i.e.,

(u, u′)→ (0, 0) strongly in H1
0 (Ω)× L2(Ω),
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without speed of convergence. These results follows, for instance, from the invariance
principle of Lasalle (see for example C. M. Dafermos, A. Haraux [20], , F. Conrad, M.
Pierre ). If the solution goes to 0 as time goes to ∞, how to get energy decay rates?

Dafermos has written in 1978 "Another advantage of this approach is that it is
so simplistic that it requires only quite weak assumptions on the dissipative mecha-
nism. The corresponding drawback is that the deduced information is also weak, never
yielding, for example, decay rates of solutions."

Many authors have worked since then on energy decay rates. First results were
obtained for linear stabilization, then for polynomial stabilization (see A. Haraux [11],
V. Komornik [14] M. Nakao [29], and E. Zuazua [?] ) and then extended to arbitrary
growing feedbacks (close to 0). In the same time, geometrical aspects were considered.

By combining the multiplier method with the techniques of micro-local analysis,
Lasiecka et al [9], [16], [17]-[19] have investigated di�erent dissipative systems of
partial di�erential equations (with Dirichlet and Neumann boundary conditions) under
general geometrical conditions with nonlinear feedback without any growth restrictions
near the origin or at in�nity. The computation of decay rates is reduced to solving
an appropriate explicitly given ordinary di�erential equation of monotone type. More
precisely, the following explicit decay estimate of the energy is obtained:

E(t) ≤ h(
t

t0
− 1), ∀t ≥ t0, (1)

where t0 > 0 and h is the solution of the following di�erential equation:

h′(t) + q(h(t)) = 0, ∀t ≥ 0 and h(0) = E(0) (2)

and the function q is determined entirely from the behavior at the origin of the nonlinear
feedback by proving that E satis�es

(Id− q)−1
(
E((m+ 1)t0)

)
≤ E(mt0), ∀m ∈ IN.

In this thesis, the main objective is to give a global existence and stabilization results.
This work consists in two chapter, the �rst, for wave equations with delay term.
the second, for wave equations with a nonlinear delay term.
• In the chapter I, we prove the global existence of its solutions in Sobolev spaces by
means of semigroup theory under a condition between the weight of the delay terms in
the feedbacks and the weight of the terms without delay. Furthermore, we study the
asymptotic behavior of solutions using multiplier method.
• In the chapter II, We prove the global existence of its solutions in Sobolev spaces by
means of semigroup theory under a condition between the weight of the delay terms in
the feedbacks and the weight of the terms without delay. Furthermore, we study the
asymptotic behavior of solutions using multiplier method.
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Chapter 1: Global existence and energy decay of solu-

tions to a Bresse system with delay terms.

In this chapter we investigate the existence and decay properties of solutions for the
initial boundary value problem of the linear Bresse system of the type

ρ1ϕtt −Gh(ϕx + ψ + lω)x − lEh(ωx − lϕ) + µ1ϕt + µ2ϕt(x, t− τ1) = 0
ρ2ψtt − EIψxx +Gh(ϕx + ψ + lω) + µ̃1ψt + µ̃2ψt(x, t− τ2) = 0

ρ1ωtt − Eh(ωx − lϕ)x + lGh(ϕx + ψ + lω) + ˜̃µ1ωt + ˜̃µ2ωt(x, t− τ3) = 0

and prove the global existence of its solutions in Sobolev spaces by means of semigroup
theory under a condition between the weight of the delay terms in the feedbacks and
the weight of the terms without delay. Furthermore, we study the asymptotic behavior
of solutions using multiplier method.

Chapter 2:Well-posedness and energy decay of solu-

tions to a nonlinear Bresse system with delay terms.

In this chapter we investigate the existence and decay properties of solutions for the
initial boundary value problem of the linear Bresse system of the type



ρ1ϕtt −Gh(ϕx + ψ + lω)x − lEh(ωx − lϕ) + µ1g1(ϕt(x, t))
+µ2g2(ϕt(x, t− τ1)) = 0 in ]0, 1[×]0,+∞[
ρ2ψtt − EIψxx +Gh(ϕx + ψ + lω) + µ̃1g̃1(ψt(x, t))
+µ̃2g̃2(ψt(x, t− τ2)) = 0 in ]0, 1[×]0,+∞[
ρ1ωtt − Eh(ωx − lϕ)x + lGh(ϕx + ψ + lω)

+ ˜̃µ1
˜̃g1(ωt(x, t)) + ˜̃µ2

˜̃g2(ωt(x, t− τ3)) = 0 in ]0, 1[×]0,+∞[
ϕ(0, t) = ϕ(1, t) = ψ(0, t) = ψ(1, t) = 0 t ≥ 0
ψ(x, 0) = ψ0(x), ψt(x, 0) = ψ1(x) x ∈]0, 1[
ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x) x ∈]0, 1[
ψt(x, t− τ) = f0(x, t− τ) in ]0, 1[×]0, τ [

and prove the global existence of its solutions in Sobolev spaces by means of semigroup
theory under a condition between the weight of the delay terms in the feedbacks and
the weight of the terms without delay. Furthermore, we study the asymptotic behavior
of solutions using multiplier method.
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Chapter 1

Preliminaries

1.1 Sobolev spaces

We denote by Ω an open domain in IRn, n ≥ 1, with a smooth boundary Γ = ∂Ω. In
general, some regularity of Ω will be assumed. We will suppose that either

Ω is Lipschitz,

i.e., the boundary Γ is locally the graph of a Lipschitz function, or

Ω is of class Cr, r ≥ 1,

i.e., the boundary Γ is a manifold of dimension n ≥ 1 of class Cr. In both cases we
assume that Ω is totally on one side of Γ. These de�nitions mean that locally the
domain Ω is below the graph of some function ψ, the boundary Γ is represented by the
graph of ψ and its regularity is determined by that of the function ψ. Moreover, it is
necessary to note that a domain with a continuous boundary is never on both sides of
its boundary at any point of this boundary and that a Lipschitz boundary has almost
everywhere a unit normal vector ν.

We will also use the following multi-index notation for partial di�erential derivatives
of a function:

∂ki u =
∂ku

∂xki
for all k ∈ IN and i = 1, ..., n,

Dαu = ∂α1
1 ∂α2

2 . . . ∂αnn u =
∂α1+...+αnu

∂xα1
1 . . . ∂xαnn

,

α = (α1, α2, . . . , αn) ∈ INn, |α| = α1 + . . .+ αn.

We denote by C(D) (respectively Ck(D), k ∈ IN or k = +∞) the space of real continuous
functions on D (respectively the space of k times continuously di�erentiable functions
on D), where D plays the role of Ω or its closure Ω. The space of real C∞ functions on
Ω with a compact support in Ω is denoted by C∞0 (Ω) or D(Ω) as in the distributions

9
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theory of Schwartz.The distributions space on Ω is denoted by D′(Ω), i.e., the space of
continuous linear form over D(Ω).

For 1 ≤ p ≤ ∞, we call Lp(Ω) the space of measurable functions f on Ω such that

‖f‖Lp(Ω) =

(∫
Ω

|f(x)|pdx
)1/p

< +∞ for p < +∞

‖f‖L∞(Ω) = sup
Ω
|f(x)| < +∞ for p = +∞

The space Lp(Ω) equipped with the norm f −→ ‖f‖Lp is a Banach space: it is re�exive

and separable for 1 < p < ∞ (its dual is L
p
p−1 (Ω)), separable but not re�exive for

p = 1 (its dual is L∞(Ω)), and not separable, not re�exive for p =∞ (its dual contains
strictly L1(Ω)). In particular the space L2(Ω) is a Hilbert space equipped with the
scalar product de�ned by

(f, g)L2(Ω) =

∫
Ω

f(x)g(x)dx.

We denote by Lploc(Ω) the space of functions which are Lp on any bounded sub-domain
of Ω.

Similar space can be de�ned on any open set other than Ω, in particular, on the
cylinder set Ω×]a, b[ or on the set Γ×]a, b[, where a, b ∈ IR and a < b.

Let U be a Banach space, 1 < p < +∞ and −∞ ≤ a < b ≤ +∞, then Lp(a, b;U)
is the space of Lp functions f from (a, b) into U which is a Banach space for the norm

‖f‖Lp(a,b;U) =

(∫ b

a

‖f(x)‖pU dt
)1/p

< +∞ for p < +∞

and for the norm

‖f‖L∞(a,b;U) = sup
t∈(a,b)

‖f(x)‖U < +∞ for p = +∞

Similarly, for a Banach space U, k ∈ IN and −∞ < a < b < +∞, we denote by
C([a, b];U) (respectively Ck([a, b];U)) the space of continuous functions (respectively
the space of k times continuously di�erentiable functions) f from [a, b] into U , which
are Banach spaces, respectively, for the norms

‖f‖C(a,b;U) = sup
t∈(a,b)

‖f(x)‖U , ‖f‖Ck(a,b;U) =
k∑
i=0

∥∥∥∥∂if∂ti
∥∥∥∥
C(a,b;U)

1.1.1 De�nition of Sobolev Spaces

Now, we will introduce the Sobolev spaces: The Sobolev space W k,p(Ω) is de�ned to
be the subset of Lp such that function f and its weak derivatives up to some order k
have a �nite Lp norm, for given p ≥ 1.

W k,p(Ω) = {f ∈ Lp(Ω);Dαf ∈ Lp(Ω). ∀α; |α| ≤ k} ,



1.1 Sobolev spaces 11

With this de�nition, the Sobolev spaces admit a natural norm,

f −→ ‖f‖Wk,p(Ω) =

∑
|α|≤m

‖Dαf‖pLp(Ω)

1/p

, for p < +∞

and
f −→ ‖f‖Wk,∞(Ω) =

∑
|α|≤m

‖Dαf‖L∞(Ω) , for p = +∞

Space W k,p(Ω) equipped with the norm ‖ . ‖Wk,p is a Banach space. Moreover is a
re�exive space for 1 < p < ∞ and a separable space for 1 ≤ p < ∞. Sobolev spaces
with p = 2 are especially important because of their connection with Fourier series and
because they form a Hilbert space. A special notation has arisen to cover this case:

W k,2(Ω) = Hk(Ω)

the Hk inner product is de�ned in terms of the L2 inner product:

(f, g)Hk(Ω) =
∑
|α|≤k

(Dαf,Dαg)L2(Ω) .

The space Hm(Ω) and W k,p(Ω) contain C∞(Ω) and Cm(Ω). The closure of D(Ω) for
the Hm(Ω) norm (respectively Wm,p(Ω) norm) is denoted by Hm

0 (Ω) (respectively
W k,p

0 (Ω)).
Now, we introduce a space of functions with values in a spaceX (a separable Hilbert

space).
The space L2(a, b;X) is a Hilbert space for the inner product

(f, g)L2(a,b;X) =

∫ b

a

(f(t), g(t))X dt

We note that L∞(a, b;X) = (L1(a, b;X))′.
Now, we de�ne the Sobolev spaces with values in a Hilbert space X
For k ∈ IN, p ∈ [1,∞], we set:

W k,p(a, b;X) =

{
v ∈ Lp(a, b;X);

∂v

∂xi
∈ Lp(a, b;X). ∀i ≤ k

}
,

The Sobolev space W k,p(a, b;X) is a Banach space with the norm

‖f‖Wk,p(a,b;X) =

(
k∑
i=0

∥∥∥∥ ∂f∂xi
∥∥∥∥p
Lp(a,b;X)

)1/p

, for p < +∞

‖f‖Wk,∞(a,b;X) =
k∑
i=0

∥∥∥∥ ∂v∂xi
∥∥∥∥
L∞(a,b;X)

, for p = +∞
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The spaces W k,2(a, b;X) form a Hilbert space and it is noted Hk(0, T ;X). The
Hk(0, T ;X) inner product is de�ned by:

(u, v)Hk(a,b;X) =
k∑
i=0

∫ b

a

(
∂u

∂xi
,
∂v

∂xi

)
X

dt .

Theorem 1.1 Let 1 ≤ p ≤ n, then

W 1,p(IRn) ⊂ Lp
∗
(IRn)

where p∗ is given by
1

p∗
=

1

p
− 1

n
(where p = n, p∗ = ∞). Moreover there exists a

constant C = C(p, n) such that

‖u‖Lp∗ ≤ C‖∇u‖Lp(IRn)∀u ∈ W 1,p(IRn).

Corollaire 1.1 Let 1 ≤ p < n, then

W 1,p(IRn) ⊂ Lq(IRn) ∀q ∈ [p, p∗]

with continuous imbedding.

For the case p = n, we have

W 1,n(IRn) ⊂ Lq(IRn) ∀q ∈ [n,+∞[

Theorem 1.2 Let p > n, then

W 1,p(IRn) ⊂ L∞(IRn)

with continuous imbedding.

Corollaire 1.2 Let Ω a bounded domain in IRn of C1 class with Γ = ∂Ω and 1 ≤ p ≤
∞. We have

if 1 ≤ p <∞, then W 1,p(Ω) ⊂ Lp
∗
(Ω) where

1

p∗
=

1

p
− 1

n
.

if p = n, then W 1,p(Ω) ⊂ Lq(Ω),∀q ∈ [p,+∞[.
if p > n, then W 1,p(Ω) ⊂ L∞(Ω)

with continuous imbedding.
Moreover, if p > n, we have: ∀u ∈ W 1,p(Ω),

|u(x)− u(y)| ≤ C|x− y|α‖u‖W 1,p(Ω) a.e x, y ∈ Ω

with α = 1 − n

p
> 0 and C is a constant which depend on p, n and Ω. In particular

W 1,p(Ω) ⊂ C(Ω).
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Corollaire 1.3 Let Ω a bounded domain in IRn of C1 class with Γ = ∂Ω and 1 ≤ p ≤
∞. We have

if p < n, then W 1,p(Ω) ⊂ Lq(Ω)∀q ∈ [1, p∗[ where
1

p∗
=

1

p
− 1

n
.

if p = n, then W 1,p(Ω) ⊂ Lq(Ω),∀q ∈ [p,+∞[.
if p > n, then W 1,p(Ω) ⊂ C(Ω)

with compact imbedding.

Remark 1.1 We remark in particular that

W 1,p(Ω) ⊂ Lq(Ω)

with compact imbedding for 1 ≤ p ≤ ∞ and for p ≤ q < p∗.

Corollaire 1.4

if
1

p
− m

n
> 0, then Wm,p(IRn) ⊂ Lq(IRn) where

1

q
=

1

p
− m

n
.

if
1

p
− m

n
= 0, then Wm,p(IRn) ⊂ Lq(IRn),∀q ∈ [p,+∞[.

if
1

p
− m

n
< 0, then Wm,p(IRn) ⊂ L∞(IRn)

with continuous imbedding.
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1.2 Weak convergence

Let (E; ‖.‖E) a Banach space and E ′ its dual space, i.e., the Banach space of all
continuous linear forms on E endowed with the norm ‖.‖′E de�ned by

‖f‖E′ =: sup
x 6=0

|〈f, x〉|
‖x‖

; where 〈f, x〉; denotes the action of f onx, i.e.〈f, x〉 := f(x). In the same way, we can
de�ne the dual space of E ′ that we denote by E ′′. (The Banach space E ′′ is also called
the bi-dual space of E.) An element x of E can be seen as a continuous linear form on
E ′ by setting x(f) := 〈x, f〉, which means that E ⊂ E ′′:

De�nition 1.1 The Banach space E is said to be re�exive if E = E ′′.

De�nition 1.2 The Banach space E is said to be separable if there exists a countable
subset D of E which is dense in E, i.e. D = E.

Theorem 1.3 (Riesz). If (H; 〈., .〉) is a Hilbert space, 〈., .〉 being a scalar product on
H, then H ′ = H in the following sense: to each f ∈ H ′ there corresponds a unique
x ∈ H such that f = 〈x, .〉 and ‖f‖′H = ‖x‖H

Remark : From this theorem we deduce that H ′′ = H. This means that a Hilbert
space is re�exive.

Proposition 1.1 If E is re�exive and if F is a closed vector subspace of E, then F is
re�exive.

Corollaire 1.5 The following two assertions are equivalent: (i) E is re�exive; (ii) E ′

is re�exive.

1.2.1 Weak, weak star and strong convergence

De�nition 1.3 (Weak convergence in E). Let x ∈ E and let {xn} ⊂ E. We say that
{xn} weakly converges to x in E, and we write xn ⇀ x in E, if

〈f, xn〉 → 〈f, x〉

for all f ∈ E ′.

De�nition 1.4 (weak convergence in E ′). Let f ∈ E ′ and let {fn} ⊂ E ′. We say that
{fn} weakly converges to f in E ′, and we write fn ⇀ f in E ′, if

〈fn, x〉 → 〈f, x〉

for all x ∈ E ′′.
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De�nition 1.5 (weak star convergence). Let f ∈ E ′ and let {fn} ⊂ E ′. We say that
{fn} weakly star converges to f in E ′, and we write fn ⇀ ∗f in E ′ if;

〈fn, x〉 → 〈f, x〉

for all x ∈ E.

Remark As E ⊂ E ′′ we have fn ⇀ f in E ′ imply fn ⇀ ∗f in E ′. When E is re�exive,
the last de�nitions are the same, i.e, weak convergence in E ′ and weak star convergence
coincide.

De�nition 1.6 (strong convergence). Let x ∈ E(resp. f ∈ E ′) and let {xn} ⊂ E
(resp {fn} ⊂ E ′). We say that {xn} (resp. {fn}) strongly converges to x (resp. f), and
we write xn → x in E (resp. fn → f in E ′), if

lim
n
‖xn − x‖E = 0; (resp. lim

n
‖fn − f‖′E = 0)

Proposition 1.2 Let x ∈ E, let {xn} ⊂ E, let f ∈ E ′ and let {fn} ⊂ E ′.

i. If xn → x in E then xn ⇀ x in E.

ii. If xn ⇀ x in E then {xn} is bounded.

iii. If xn ⇀ x in E then lim inf
n→∞

‖xn‖E ≥ ‖x‖E

iv. If fn → f in E ′ then fn ⇀ f inE ′ (and so fn
∗
⇀ f in E ′).

v. If fn ⇀ f in E ′ then {fn} is bounded.

vi. If fn ⇀ f in E ′ then then lim inf
n→∞

‖fn‖′E ≥ ‖f‖′E

Proposition 1.3 (�nite dimension). If dimE < ∞ then strong, weak and weak star
convergence are equivalent.

1.2.2 Weak and weak star compactness

In �nite dimension, i.e, dimE <∞, we have Bolzano-Weierstrass's theorem (which is
a strong compactness theorem).

Theorem 1.4 (Bolzano-Weierstrass). If dimE < ∞ and if {xn} ⊂ E) is bounded,
then there exist ∈ E and a subsequence {xnk} of {xn} such that {xnk} strongly converges
to x.

The following two theorems are generalizations, in in�nite dimension, of Bolzano-
Weierstrass's theorem.
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Theorem 1.5 (weak star compactness, Banach-Alaoglu-Bourbaki). Assume that E is
separable and consider {fn} ⊂ E ′) . If {xn} is bounded, then there exist f ∈ E ′ and a
subsequence {fnk} of {fn} such that {fnk} weakly star converges to f in E ′.

Theorem 1.6 (weak compactness, Kakutani-Eberlein). Assume that E is re�exive and
consider {xn} ⊂ E). If {xn} is bounded, then there exist x ∈ E and a subsequence
{xnk} of {xn} such that {xnk} weakly converges to x in E.

Weak, weak star convergence and compactness in Lp(Ω).

De�nition 1.7 ( weak convergence in Lp(Ω) with 1 ≤ p <∞ ). Let Ω an open subset
of IRn .We say that the sequence {fn} of Lp(Ω) weakly converges to f ∈ Lp(Ω), if

lim
n

∫
Ω

fn(x)g(x)dx =

∫
Ω

f(x)g(x)dx for all g ∈ Lq; (
1

p
+

1

q
= 1)

De�nition 1.8 (weak star convergence in L∞(Ω) ). We say that the sequence {fn} ⊂
L∞(Ω) weakly star converges to f ∈ L∞(Ω) , if

lim
n

∫
Ω

fn(x)g(x)dx =

∫
Ω

f(x)g(x)dx for all g ∈ L1(Ω)

Theorem 1.7 (weak compactness in Lp(Ω)) with 1 < p < ∞. Given {fn} ⊂ Lp(Ω) ,
if {fn} is bounded, then there exist f ∈ Lp(Ω) and a subsequence {fnk} of {fn} such
that fn ⇀ f in Lp(Ω).

Theorem 1.8 (weak star compactness in L∞(Ω).
Given {fn} ⊂ L∞(Ω), if {fn} is bounded, then there exist f ∈ L∞(Ω) and a subsequence

{fnk} of {fn} such that fn
∗
⇀ f in L∞(Ω).

Generalities. In what follows, Ω is a bounded open subset of IRN with Lipschitz
boundary and 1 ≤ p ≤ ∞.
Weak and weak star convergence in Sobolev spaces
For 1 ≤ p ≤ ∞, W 1;p(Ω) is a Banach space. Denote the space of all restrictions to Ω
of C1-di�erentiable functions from IRN to IR with compact support in RN by C1(Ω).

Theorem 1.9 for every 1 ≤ p ≤ ∞ C1(Ω) ⊂ W 1;p(Ω) ⊂ Lp(Ω) , and, for 1 < p <∞,
C1(Ω) is dense in W 1;p(Ω).

De�nition 1.9 (weak convergence in W 1;p(Ω) with 1 ≤ p <∞).)
We say the {fn} ⊂ W 1;p(Ω) weakly converges to f ∈ W 1;p(Ω), and we write fn ⇀ f in
W 1;p(Ω) , if fn ⇀ f in Lp(Ω) and ∇fn ⇀ ∇f in Lp(Ω; IRN)

De�nition 1.10 (weak convergence in W 1;∞(Ω)
. We say the {fn} ⊂ W 1;∞(Ω) weakly star converges to f ∈ W 1;∞(Ω), and we write

fn
∗
⇀ f in W 1;∞(Ω) , if fn

∗
⇀ f in Lp(Ω) and ∇fn

∗
⇀ ∇f in L∞(Ω; IRN)
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Theorem 1.10 (Rellich). Let 1 ≤ p ≤ ∞ , {fn} ⊂ W 1;p(Ω) and f ∈ W 1;p(Ω); if

fn ⇀ f in W 1;p(Ω) when 1 ≤ p < ∞ (resp.fn
∗
⇀ f in W 1;∞(Ω)) when p = ∞) then

fn → f in Lp(Ω)), which means that for every 1 ≤ p ≤ ∞, the weak convergence in
W 1;p(Ω) imply the strong convergence in Lp(Ω).

Theorem 1.11 Let 1 < p ≤ ∞ and let {fn} ⊂ W 1;p(Ω) . If {fn} is bounded, then
there exist f ∈ W 1;p(Ω) and a subsequence {fnk} of {fn} such that fnk ⇀ f in W 1;p(Ω)

when 1 < p <∞ (resp. fnk
∗
⇀ f in W 1;∞(Ω))

As a consequence of this theorem we have

Corollaire 1.6 Let 1 < p ≤ ∞and let {fn} ⊂ W 1;p(Ω) . If {fn} is bounded, then
there exist f ∈ W 1;p(Ω) and a subsequence {fnk} of {fn} such that fnk → f in Lp(Ω)

and ∇fnk ⇀ ∇f in Lp(Ω) when 1 < p <∞ (resp.∇fnk
∗
⇀ ∇f in L∞(Ω))

Theorem 1.12 . IfN < p ≤ ∞ and if {fn} ⊂ W 1;p(Ω) is bounded, then there exist
f ∈ W 1;p(Ω) and a subsequence {fnk} of {fn} such that {fnk} converges uniformly to

f, and ∇fnk ⇀ ∇f in W 1;p(Ω) when N < p <∞ (resp. ∇fnk
∗
⇀ ∇f in W 1;∞)

1.3 Fadeo-Galerkin method

We consider the Cauchy problem abstract's for a second order evolution equation in
the separable Hilbert space with the inner product 〈., .〉 and the associated norm ‖.‖ .

(P )

{
u′′(t) + A(t)u(t) = f(t), t ∈ [0, T ]
(x, 0) = u0(x), u′(x, 0) = u1(x);

where u and f are unknown and given function, respectively, mapping the closed
interval [0, T ] ⊂ IR into a real separable Hilbert space H ,A(t) (0 ≤ t ≤ T ) are linear
bounded operators in H acting in the energy space V ⊂ H.
Assume that 〈A(t)u(t), v(t)〉 = a(t;u(t), v(t)) , for all u, v ∈ V ; where a(t; ., .) is a
bilinear continuous in V.
The problem (P ) can be formulated as: Found the solution u(t) such that

(P̃ )


u ∈ C([0, T ];V ), u′ ∈ C([0, T ];H)
〈u′′(t), v〉+ a(t;u(t), v) = 〈f, v〉 in D′(]0, T [)
u0 ∈ V , u1 ∈ H;

This problem can be resolved with the approximation process of Fadeo-Galerkin.
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1.3.1 General method

Let Vm a sub-space of V with the �nite dimension dm, and let {wjm} one basis of Vm.
we de�ne the solution um of the approximate problem

(Pm)



um(t) =
dm∑
j=1

gj(t)wjm

um ∈ C([0, T ];Vm), u′m ∈ C([0, T ];Vm) , um ∈ L2(0, T ;Vm)
〈u′′m(t), wjm〉+ a(t;um(t), wjm) = 〈f, wjm〉, 1 ≤ j ≤ dm

um(0) =
dm∑
j=1

ξj(t)wjm , u′m(0) =
dm∑
j=1

ηj(t)wjm

where
dm∑
j=1

ξj(t)wjm −→ u0 in V as m −→∞

dm∑
j=1

ηj(t)wjm −→ u1 in V as m −→∞

By virtue of the theory of ordinary di�erential equations,the system (Pm) has unique
local solution which is extend to a maximal interval [0, tm[ by Zorn lemma since the non-
linear terms have the suitable regularity. In the next step, we obtain a priori estimates
for the solution, so that can be extended outside [0, tm[, to obtain one solution de�ned
for all t > 0.

1.3.2 A priori estimation and convergence

Using the following estimation

‖um‖2 + ‖u′m‖2 ≤ C(‖um(0)‖2 + ‖u′m(0)‖2 +

∫ T

0

|f(s)|2ds) ; 0 ≤ t ≤ T

and the Gronwall lemma we deduce that the solution um of the approximate problem
(Pm) converges to the solution u of the initial problem (P ).The uniqueness proves that
u is the solution.

1.3.3 Gronwall lemma

Lemma 1.1 Let T > 0, g ∈ L1(0, T ), g ≥ 0 a.e and c1, c2 are positives constants.Let
ϕ ∈ L1(0, T ) ϕ ≥ 0 a.e such that gϕ ∈ L1(0, T ) and

ϕ(t) ≤ c1 + c2

∫ t

0

g(s)ϕ(s)ds a.e in (0, T ).
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then, we have

ϕ(t) ≤ c1exp (c2

∫ t

0

g(s)ds) a.e in (0, T ).

1.4 Convex analysis

1.4.1 Fenchel conjugate functions

Let V be a topological vector space and let V ′ be its dual space with bilinear duality
form 〈., .〉V,V ′ .

De�nition 1.11 (Conjugate function)
Let F : V −→ IR be an extend real valued function. The function F ∗ : V ′ −→ IR
de�ned by

F ∗(f) = sup
u∈V

(〈f, u〉V,V ′ − F (u)), ∀f ∈ V ′

is said to by Fenchel (convex) conjugate or conjugate function of F .
The mapping F −→ F ∗ is called the Legendre -Fenchel transformation.

Proposition 1.4 Let F : V −→ IR be a given extend real valued function, the follow-
ing statements are true

• i.F ∗(f) + F (u) ≥ 〈f, u〉V,V ′ , ∀f ∈ V ′, ∀u ∈ V

• ii.Let f be in the dual V ′of V and λ ∈ IR ,the conjugate of a�ne function
u −→ (〈f, u〉V,V ′ − λ is less than F if and only if

F ∗(f) ≤ λ

• iii.If F is identically equal to +∞ then F ∗ is identically equal to −∞ .Moreover
,if F is proper ,then the relation:F ∗(f) = sup

u∈V
(〈f, u〉V,V ′−F (u)) may be restricted

to the points u in the e�ective domain of F (dom(F )) .

• iv.The function F ∗ is always in Γ(V ′) (since F ∗ is the point-wise supremum of
a family of a�ne continuous functions of v' ).Therefore, F ∗ is always o lower
semi-continuous convex function on V ′. Moreover, if F ∗takes the value −∞ then
F ∗ is identically equal to −∞ .

Proposition 1.5 (i)Let F and G be tow given extend real valued functions of V into
IR, the following properties hold:

1. F ∗(0) = − inf
u∈V

F (u).

2. If F is less than G then G∗ is less than F ∗.
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3. If G(u) = F (αu), ∀u ∈ V , with α 6= 0 then G∗(f) = F ∗(f/α) ,∀f ∈ V ′.

4. (αF )∗(f) = αF ∗(f/α), ∀ ∈ V ′, ∀α > 0.

5. (F + β)∗ = F ∗ − β, ∀β ∈ IR.

(ii)Given a family (Fi)i∈J of functions from V into IR, we have

(inf
i∈J

Fi)
∗ = sup

i∈J
F ∗i

sup
i∈J

F ∗i ≤ inf
i∈J

(Fi)
∗

(iii)For every a ∈ V we denote by Fa the translated function (i.e,Fa(u) = F (u−a),∀u ∈
V ).Then Fa

∗(f) = F ∗(f) + 〈f, u〉V,V ′ , ∀f ∈ V ′.

Theorem 1.13 (Fenchel duality)Let V be a locally convex Hausdor� topological vector
space over IR with its dual V ′. Let F and G be two power convex functions of V into
IR .Assume that there exists u0 ∈ dom(F ) ∩ dom(G) such that F is continuous in u0

.Then
inf
u∈V

(F (u) +G(u)) = sup
f∈V ′

(−F ∗(−f)−G∗(f)).

Proof:From Fenchel inequality, we have for any function H

H∗(f) +H(u) ≥ (〈f, u〉V,V ′ , ∀u ∈ V , ∀f ∈ V ′

consequently, we have that

inf
u∈V

(F (u) +G(u)) ≥ sup
f∈V ′

(−F ∗(−f)−G∗(f)).

(this fact is usually referred to as weak duality).
Denote p := inf

u∈V
(F (u) + G(u)) , q := sup

f∈V ′
(−F ∗(−f) − G∗(f)) and C := epiF . To

complete the proof, we show that p ≤ q.
If p = −∞ there is nothing to prove.Suppose now that p 6= −∞.
It is clear that the interior of C : intC is not empty (because F is continuous in u0).
We introduce now the following sets:

A := intC,

B := {(λ, u) ∈ V × IR : λ ≤ p−G(u)}
The set A and B are convex (since F and G are convex) and disjoint (according to the
de�nition of p), therefore, (because of Hahn-Banach's �rst geometric form) there exist
a non zero continuous linear function f ∈ V ′ and (α, β) ∈ IR2 such that

H = {(λ, u) ∈ V × IR : (〈f, u〉V,V ′ + αλ = β}
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and
(〈f, u〉V,V ′ + αλ ≥ β, ∀(u, λ) ∈ C,
(〈f, u〉V,V ′ + αλ ≤ β, ∀(u, λ) ∈ B,

By taking u = u0 in the �rst part of the last inequality and by passing to the limit on
(λ −→ +∞) we can deduce that α ≥ 0.
Prove now that α 6= 0; for this we proceed by contradiction. Assume that α = 0, then
according to the last inequalities, we arrive at

〈f, u〉V,V ′ ≥ β, ∀u ∈ dom(F ), and , 〈f, u〉V,V ′ ≤ β, ∀u ∈ dom(G).

In particular 〈f, u0〉V,V ′ = β ( since u0 ∈ dom(F )∩dom(G)) and then 〈f, u−u0〉V,V ′ ≥ 0
for all u in dom(F ) .Consequently, f = 0 since dom(F ) is neighborhood of u0. We thus
have α > 0.
According to

〈f, u〉V,V ′ + αλ ≥ β, ∀(u, λ) ∈ C,
〈f, u〉V,V ′ + αλ ≤ β, ∀(u, λ) ∈ B,

and dividing by α > 0, we obtain easily that

F ∗(−fα) ≤ −βα,

G∗(fα) ≤ βα − p
and then fα = f/α and βα = β/α.
Therefore ,p ≤ q.This complete the proof.
Examples
1.Let C be a non-empty subset of topological vector space V and χC be its indicator
function. Then the conjugate function χC

∗ is de�ned by

χC
∗(f) = sup

u∈C
〈f, u〉V,V ′

and is called the support function of C. Moreover, if C is a closed and convex set,
χC is closed and convex, and by the conjugacy theorem the conjugate of its support
function is its indicator function.
2.Let (V, ‖.‖) be a Banach space, (V ′, ‖.‖∗) its dual, Ψα : t ∈ IR −→ |t|α/α and
Fα : V −→ IR such that Fα(u) = Ψα(‖u‖), where 1 < α <∞. Then

F ∗α(f) = sup
u∈V

(〈f, u〉V,V ′ − Fα(u))

= sup
λ≥0

(
‖f‖∗λ−

λα

α

)
Hence (by analyzing the function r(λ) := θλ − λα/α where θ := ‖f‖∗ and λ ∈
[0,+∞[, F ∗α(f) = ‖f‖α∗∗ /α∗ where 1/α + 1/α∗ = 1.Consequently

F ∗α(f) = Ψα∗(‖f‖∗)

3.We �nish with an interesting example for the boundary valued problems in a lemma
form.
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Lemma 1.2 Let (V, ‖.‖) be a Banach space, (V ′, ‖.‖∗) its dual and C be a non-empty
closed and convex subset or V. Consider the convex and lower semi-continuous real-
valued function F on V given by

F (v) := 〈f, v〉V,V ′ + χC(v − u) ∀v ∈ V

where u ∈ V and f ∈ V ′ are given elements.
then the conjugate of F is

F ∗(g) = 〈g − f, u〉V,V ′ + χC∗(g − f) ∀g ∈ V ′

where C∗ = {g ∈ V ′ : 〈g, v〉V,V ′ = 0 ∀v ∈ C} (which is said to be the polar set of C)

Proof.Let g ∈ V ′, we have

F ∗(g) = sup
v∈V

(〈g, v〉V,V ′ − 〈f, v〉V,V ′ − χC(v − u))

= sup
w∈C
〈g − f, w + u〉V,V ′

= 〈g − f, u〉V,V ′ + sup
w∈C
〈g − f, w〉V,V ′

This completes the proof (since sup
w∈C
〈g − f, w〉V,V ′ = χ∗C(g − f) = χC∗(g − f)).

1.4.2 Legendre transformation

In mathematics, the Legendre transformation or Legendre transform, named after
Adrien-Marie Legendre, is an operation that transforms one real-valued function of
a real variable into another. Speci�cally, the Legendre transform of a convex function
F is the function F ∗ de�ned by

F ∗(p) = sup(px− F (x))

where "sup" represents the supremum. If F is di�erentiable, then F ∗(p) can be
interpreted as the negative of the y-intercept of the tangent line to the graph of F that
has slope p. In particular, the value of x that attains the maximum has the property
:F ′(x) = p

That is, the derivative of the function F becomes the argument to the function F ∗.
In particular, if F is convex (or concave up), then F ∗ satis�es the functional equation

F ∗(F ′(x)) = xF ′(x)− F (x)

The Legendre transform is its own inverse. Like the familiar Fourier transform,
the Legendre transform takes a function F (x) and produces a function of a di�erent
variable p. However, while the Fourier transform consists of an integration with a
kernel, the Legendre transform uses maximization as the transformation procedure.
The transform is especially well behaved if F (x) is a convex function. The Legendre
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transformation is an application of the duality relationship between points and lines.
The functional relationship speci�ed by F (x) can be represented equally well as a set
of (x, y) points, or as a set of tangent lines speci�ed by their slope and intercept values.
The Legendre transformation can be generalized to the Legendre-Fenchel transforma-
tion. It is commonly used in thermodynamics and in the Hamiltonian formulation of
classical mechanics.

1.4.3 Jensen inequality

Let (Ω, A, µ) be a measure space, such that µ(Ω) = 1. If g is a real-valued function
that is µ-integrable, and if is a convex function on the real line, then:

ϕ

(∫
Ω

g dµ

)
≤
∫

Ω

ϕ ◦ g dµ

In real analysis, we may require an estimate on ϕ

(∫ b

a

g(x) dx

)
where a, b are real

numbers, and g is a non-negative real-valued function that is Lebesgue-integrable. In
this case, the Lebesgue measure of [a, b] don't need to be unity. However, by integration
by substitution, the interval can be rescaled so that it has measure unity. Then Jensen's
inequality can be applied to get

ϕ

(∫ b

a

g(x) dx

)
≤ 1

b− a

∫ b

a

ϕ((b− a)g(x)) dx

1.5 Aubin -Lions lemma

The Aubin-Lions lemma is a result in the theory of Sobolev spaces of Banach space-
valued functions. More precisely, it is a compactness criterion that is very useful in the
study of nonlinear evolutionary partial di�erential equations. The result is named after
the French mathematicians Thierry Aubin and Jacques-Louis Lions. We complete the
preliminaries by the useful inequalities of Gagliardo-Nirenberg and Sobolev-Poincaré.

Lemma 1.3 LetX0,X and X1 be three Banach spaces with X0 ⊆ X ⊆ X1. Assume
thatX0 is compactly embedded in X and that X is continuously embedded in X1; assume
also that X0 and X1 are re�exive spaces. For 1 < p, q < +∞, let

W = {u ∈ Lp([0, T ];X0)/ u̇ ∈ Lq([0, T ];X1)}

Then the embedding of W into Lp([0, T ];X) is also compact.

Lemma 1.4 (Gagliardo-Nirenberg) Let 1 ≤ r < q ≤ +∞ and p ≤ q. Then, the
inequality

‖u‖Wm,q ≤ C‖u‖θWm,p‖u‖1−θ
r for u ∈ Wm,p

⋂
Lr
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holds with some C > 0 and

θ =

(
k

n
+

1

r
− 1

q

)(
m

n
+

1

r
− 1

p

)−1

provided that 0 < θ ≤ 1 (we assume 0 < θ < 1 if q = +∞).

Lemma 1.5 (Sobolev-Poincaré inequality) Let q be a number with 2 ≤ q < +∞ (n =
1, 2) or 2 ≤ q ≤ 2n/(n− 2) (n ≥ 3), then there is a constant c∗ = c(Ω, q) such that

‖u‖q ≤ c∗‖∇u‖2 for u ∈ H1
0 (Ω).

1.6 Integrale Inequalities.

We will recall some fundamental integral inequalities introduced by A. Haraux ,V.
Komornik and A.Guesmia to estimate the decay rate of the energy.

1.6.1 Case of exponential decay

The estimation of the energy decay for some dissipative problems is based on the
following lemma:

Lemma 1.6 Let E : IR+ −→ IR+ be a non-increasing function and assume that there
is a constant A > 0 such that

∀t ≥ 0,

∫ +∞

t

E(τ) dτ ≤ 1

A
E(t). (1.1)

Then we have
∀t ≥ 0, E(t) ≤ E(0) e1−At. (1.2)

Proof of Lemma 1.6.
The inequality (1.2) is veri�ed for t ≤ 1

A
, this follows from the fact that E is a decreasing

function. We prove that (1.2) is veri�ed for t ≥ 1
A
. Introduce the function

h : IR+ −→ IR+, h(t) =

∫ +∞

t

E(τ) dτ.

It is non-increasing and locally absolutely continuous. Di�erentiating and using (1.1)
we �nd that

∀t ≥ 0, h′(t) + Ah(t) ≤ 0.

Let
T0 = sup{t, h(t) > 0}. (1.3)
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For every t < T0, we have
h′(t)

h(t)
≤ −A,

thus

h(0) ≤ e−At ≤ 1

A
E(0) e−At, for 0 ≤ t < T0. (1.4)

Since h(t) = 0 if t ≥ T0, this inequality holds in fact for every t ∈ IR+. Let ε > 0. As
E is positive and decreasing, we deduce that

∀t ≥ ε, E(t) ≤ 1

ε

∫ t

t−ε
E(τ) dτ ≤ 1

ε
h(t− ε) ≤ 1

Aε
E(0) eεt e−At.

Choosing ε = 1
A
, we obtain

∀t ≥ 0, E(t) ≤ E(0) e1−At.

The proof of Lemma 1.6 is now completed.

1.6.2 Case of polynomial decay

Lemma 1.7 ([14]) Let E : IR+ → IR+ ( IR+ = [0,+∞)) be a non-increasing func-
tion and assume that there are two constants q > 0 and A > 0 such that

∀t ≥ 0,

∫ +∞

t

Eq+1(τ) dτ ≤ 1

A
Eq(0)E(t). (1.5)

Then we have:

∀t ≥ 0, E(t) ≤ E(0)

(
1 + q

1 + Aq t

)1/q

. (1.6)

Remark 1.2 It is clear that Lemma 1.6, is similar to Lemma 1.7 in the case of q = 0.

Proof of Lemma 1.7.

If E(0) = 0, then E ≡ 0 and there is nothing to prove. Otherwise, replacing the

function E by the function
E

E(0)
we may assume that E(0) = 1.

Introduce the function

h : IR+ −→ IR+, h(t) =

∫ +∞

t

E(τ) dτ.

It is non-increasing and locally absolutely continuous. Di�erentiating and using (1.5)
we �nd that

∀t ≥ 0, −h′ ≥ (Ah)1+q.
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where
T0 = sup{t, h(t) > 0}.

Integrating in [0, t] we obtain that

∀0 ≤ t < T0, h(t)−q − h(0)−σ ≥ σω1+qt,

hence
0 ≤ t < T0, h(t) ≤

(
h−q(0) + qA1+q t

)−1/q
. (1.7)

Since h(t) = 0 if t ≥ T0, this inequality holds in fact for every t ∈ IR+. Since

h(0) ≤ 1

A
E(0)1+q =

1

A
,

by (1.5), the right-hand side of (1.7) is less than or equal to:(
h−q(0) + qA1+q t

)−1/q ≤ 1

A
(1 + Aq t)−1/q, (1.8)

From other hand, E being nonnegative and non-increasing, we deduce from the de�ni-
tion of h and the above estimate that:

∀s ≥ 0, E

(
1

A
+ (q + 1)s

)q+1

≤ 1
1
A

+ q + 1

∫ 1
A

+(q+1)s

s

E(τ)q+1 dτ

≤ A

1 + Aqs
h(s) ≤ A

1 + Aqs

1

A
(1 + Aqs)−

1
q ,

hence

∀S ≥ 0, E

(
1

A
+ (q + 1)S

)
≤ 1

(1 + Aq S)1/q
.

Choosing t =
1

A
+ (1 + q)s then the inequality (1.6) follows.Note that letting q → 0 in

this theorem we obtain (1.6).

1.7 New integral inequalities of P. Martinez

The above inequalities are veri�ed only if the energy function is integrable, we will try
to resolve this problem by introducing some weighted integral inequalities, so we can
estimate the decay rate of the energy when it is slow. 1.6.

Lemma 1.8 ([?]) Let E : IR+ → IR+ be a non-increasing function and φ : IR+ →
IR+ an increasing C1 function such that

φ(0) = 0 and φ(t)→ +∞ when t→ +∞. (1.9)

Assume that there exist q ≥ 0 and A > 0 such that∫ +∞

S

E(t)q+1φ′(t) dt ≤ 1

A
E(0)qE(S), 0 ≤ S < +∞. (1.10)
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then we have

if q > 0, then E(t) ≤ E(0)

(
1 + q

1 + q Aφ(t)

) 1
q

, ∀t ≥ 0,

if q = 0, then E(t) ≤ E(0) e1−Aφ(t), ∀t ≥ 0.

Proof of Lemma 1.8.
This Lemma is a generalization of Lemma 1.6, Let f : IR+ → IR+ be de�ned by
f(x) := E(φ−1(x)), (we notice that φ−1 has a meaning by the hypotheses assumed
on φ). f is non-increasing, f(0) = E(0) and if we set x := φ(t) we obtain f is non-
increasing, f(0) = E(0) and if we set x := φ(t) we obtain∫ φ(T )

φ(S)

f(x)q+1 dx =

∫ φ(T )

φ(S)

E
(
φ−1(x)

)q+1
dx =

∫ T

S

E(t)q+1φ′(t) dt

≤ 1

A
E(0)qE(S)

=
1

A
E(0)qf(φ(S)), 0 ≤ S < T < +∞.

Setting s := φ(S) and letting T → +∞, we deduce that

∀s ≥ 0,

∫ +∞

s

f(x)q+1 dx ≤ 1

A
E(0)qf(s).

Thanks to Lemma 1.6, we deduce the desired results.

1.8 Generalized inequalities of A. Guesmia

Lemma 1.9 (Guesmia [12]) Let E : IR+ → IR+ di�erentiable function, λ ∈ IR+

and Ψ : IR+ → IR+ convex and increasing function such that Ψ(0) = 0. Assume that∫ +∞
s

Ψ(E(t)) dt ≤ E(s), ∀s ≥ 0.

E ′(t) ≤ λE(t), ∀t ≥ 0.

Then E satis�es the estimate

E(t) ≤ eτ0λT0d−1
(
eλ(t−h(t))Ψ

(
ψ−1

(
h(t) + ψ(E(0))

)))
, ∀t ≥ 0,

where

ψ(t) =

∫ 1

t

1

Ψ(s)
ds, ∀t > 0,
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d(t) =


Ψ(t) if λ = 0,

∀t ≥ 0,∫ t

0

Ψ(s)

s
ds if λ > 0,

h(t) =


K−1(D(t)), if t > T0,

0 if t ∈ [0, T0],

K(t) = D(t) +
ψ−1

(
t+ ψ(E(0))

)
Ψ
(
ψ−1

(
t+ ψ(E(0))

)) eλt, ∀t ≥ 0,

D(t) =

∫ t

0

eλs ds, ∀t ≥ 0,

T0 = D−1
( E(0)

Ψ(E(0))

)
, τ0 =


0, if t > T0,

1, if t ∈ [0, T0].

Remark 1.3 If λ = 0 (that is E is non increasing), then we have

E(t) ≤ ψ−1
(
h(t) + ψ(E(0))

)
, ∀t ≥ 0 (1.11)

where ψ(t) =

∫ 1

t

1

Ψ(s)
, ds for t > 0, h(t) = 0 for 0 ≤ t ≤ E(0)

Ψ(E(0))
and

h−1(t) = t+
ψ−1

(
t+ ψ(E(0))

)
Ψ
(
ψ−1

(
t+ ψ(E(0))

)) , t > 0.

This particular result generalizes the one obtained by Martinez [25] in the particular
case of
Ψ(t) = dtp+1 with p ≥ 0 and d > 0, and improves the one obtained by Eller, Lagnese
and Nicaise [25].

Proof of Lemma 1.9 Because E ′(t) ≤ λE(t) imply E(t) ≤ eλ(t−t0)E(t0) for all
t ≥ t0 ≥ 0, then, if E(t0) = 0 for some t0 ≥ 0, then E(t) = 0 for all t ≥ t0, and then
there is nothing to prove in this case. So we assume that E(t) > 0 for all t ≥ 0 without
loss of generality. Let:

L(s) =

∫ +∞

s

Ψ(E(t)) dt, ∀s ≥ 0.

We have, L(s) ≤ E(s), for all s ≥ 0. The function L is positive, decreasing and of class
C1( IR+) satisfying

−L′(s) = Ψ(E(s)) ≥ Ψ(L(s)), ∀s ≥ 0.
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The function ψ is decreasing, then(
ψ(L(s))

)′
=
−L′(s)
Ψ(L(s))

≥ 1, ∀s ≥ 0.

Integration on [0, t], we obtain

ψ(L(t)) ≥ t+ ψ(E(0)), ∀t ≥ 0. (1.12)

Since Ψ is convex and Ψ(0) = 0, we have

Ψ(s) ≤ Ψ(1)s, ∀s ∈ [0, 1] and Ψ(s) ≥ Ψ(1)s, ∀s ≥ 1,

then lim
t→0

ψ(t) = +∞ and [ψ(E(0)),+∞[⊂ Image (ψ). Then (1.12) imply that

L(t) ≤ ψ−1
(
t+ ψ(E(0))

)
, ∀t ≥ 0. (1.13)

Now, for s ≥ 0, let

fs(t) = e−λt
∫ t

s

eλτ dτ, ∀t ≥ s.

The function fs is increasing on [s,+∞[ and strictly positive on ]s,+∞[ such that

fs(s) = 0 and f ′s(t) + λfs(t) = 1, ∀t ≥ s ≥ 0,

and the function d is well de�ned, positive and increasing such that:

d(t) ≤ Ψ(t) and λtd′(t) = λΨ(t), ∀t ≥ 0,

then

∂τ

(
fs(τ)d(E(τ))

)
= f ′s(τ)d(E(τ)) + fs(τ)E ′(τ)d′(E(τ))

≤
(

1− λfs(τ)
)

Ψ(E(τ)) + λfs(τ)Ψ(E(τ))

= Ψ(E(τ)), ∀τ ≥ s ≥ 0.

Integrating on [s, t], we obtain

L(s) ≥
∫ t

s

Ψ(E(τ)) dτ ≥ fs(t)d(E(t)), ∀t ≥ s ≥ 0. (1.14)

Since lim
t→+∞

d(s) = +∞, d(0) = 0 and d is increasing, then (1.13) and (1.14) imply

E(t) ≤ d−1

 inf
s∈[0,t[

ψ−1
(
s+ ψ(E(0))

)
fs(t)

 , ∀t > 0. (1.15)
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Now, let t > T0 and

J(s) =
ψ−1

(
s+ ψ(E(0))

)
fs(t)

, ∀s ∈ [0, t[.

The function J is di�erentiable and we have

J ′(s) = f−2
s (t)

[
e−λ(t−s)ψ−1

(
s+ ψ(E(0))

)
− fs(t)Ψ

(
ψ−1

(
s+ ψ(E(0))

))]
.

Then
J ′(s) = 0 ⇔ K(s) = D(t) and J ′(s) < 0 ⇔ K(s) < D(T ).

Since K(0) =
E(0)

Ψ(E(0))
, D(0) = 0 and K and D are increasing (because ψ−1 is de-

creasing and s 7→ s

Ψ(s)
, s > 0, is non increasing thanks to the fact that Ψ is convex).

Then, for t > T0,

inf
s∈[0,t[

J(s) = J
(
K−1(D(t))

)
= J(h(t)).

Since h satis�es J ′(h(t)) = 0, we conclude from (1.15) our desired estimate for t > T0.
For t ∈ [0, T0], we have just to note that E ′(t) ≤ λE(t) and the fact that d ≤ Ψ

implies

E(t) ≤ eλtE(0) ≤ eλT0E(0) ≤ eλT0Ψ−1
(
eλtΨ(E(0))

)
≤ eλT0d−1

(
eλtΨ(E(0))

)
.

Remark 1.4 Under the hypotheses of Lemma 1.9, we have lim
t→+∞

E(t) = 0. Indeed,

we have just to choose s = 1
2
t in (1.15) instead of h(t) and note that d−1(0) = 0,

lim
t→+∞

ψ−1(t) = 0 and lim
t→+∞

f 1
2
t(t) > 0.

Lemma 1.10 (Guesmia [12]) Let E : IR+ −→ IR+ be a di�erentiable function ,
a : IR+ −→ IR+∗ and λ : IR+ −→ IR+ two continuous functions .Assume that there
exist r ≥ 0 such that ∫ +∞

s

Er+1(t)dt ≤ a(s)E(s),∀s ≥ 0 (1.16)

E ′(t) ≤ λ(t)E(t), ∀t ≥ 0 (1.17)

Then E veri�es ,for all t ≥ 0,

E(t) ≤ E(0)

ω(0)
ω(h(t)exp(λ̃(t)− λ̃(h(t)))exp(−

∫ h(t)

0

ω(τ)dτ), if r = 0

and

E(t) ≤ ω(h(t))exp(λ̃(t)− λ̃(h(t)))

[(
ω(0)

E(0)

)r
+ r

∫ h(t)

0

ω(τ)r+1dτ

]−1/r

if r > 0

where λ̃(t) =

∫ t

0

λ(τ)dτ
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Proof of Lemma 1.10 If E(s) = 0 or a(s) = 0 for one s ≥ 0 ,the �rst inequality
implies E(t) = 0 for t ≥ s,we suppose then that E(t) > 0 and a(t) > 0 for t ≥ 0

Put ω = 1
a
and Ψ(s) =

∫ +∞

s

Er+1(t)dt; we have

Ψ(s) ≤ 1

ω(s)
E(s), ∀s ≥ 0. (1.18)

the function Ψ is decreasing ,positive and of class C1 on IR+ and veri�es:

Ψ′(s) = −Er+1(s) ≤ −(ω(s)Ψ(s))r+1, ∀s ≥ 0

then

Ψ(s) ≤ Ψ(0)exp

(∫ s

0

ω(τ)dτ

)
≤ E(0)

ω(0)
exp

(∫ s

0

ω(τ)dτ

)
if r = 0 (1.19)

Ψ(s) ≤
(

(
ω(0)

E(0)
)r +

∫ s

0

(ω(τ))r+1dτ

)−1/r

if r > 0 (1.20)

Now we put for all s ≥ 0,

fs(t) = exp(−(r + 1)λ̃(t))

∫ t

s

exp((r + 1)λ̃(τ))dτ, ∀t ≥ s (1.21)

where fs(s) = 0 and f ′s(t) + (r + 1)λ(t)fs(t) = 1 , ∀t ≥ s ≥ 0.
Under the second hypothesis in the lemma, we deduce

Er+1(t) ≥ ∂t(fs(t)E
r+1(t));∀t ≥ s ≥ 0 (1.22)

hence

Ψ(s) ≥
∫ g(s)

s

Er+1(t) ≥ fs(g(s))Er+1(g(s)));∀s ≥ 0 (1.23)

where g : IR+ −→ IR+∗ with Is(g(s)) = 0 , Is is de�ned by

Is(t) = (ω(s))r+1

∫ t

s

exp((r + 1)λ̃(τ))dτ

Let t > g(0) and s = h(t) with

h(t) =

{
0, if t ∈ [0, g(0)]
max g−1(t) if t ∈]g(0),+∞[

Hence we have g(s) = t and we deduce from (1.23 that, for all t ≥ g(0),

Ψ(h(t)) ≥ fh(t)(t)E
r+1(t) =

(
exp(−(r + 1)λ̃(t))

∫ t

h(t)

exp((r + 1)λ̃(τ))dτ

)
Er+1(t)
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We conclude from (1.19 and (1.20 that ,for all t > g(0),

E(t) ≤ E(0)

ω(0)
exp(λ̃(t))

(∫ t

h(t)

exp(λ̃(τ))dτ

)−1

exp

(
−
∫ h(t)

0

ω(τ)dτ

)
if r = 0

and

E(t) ≤ exp(λ̃(t))

(∫ t

h(t)

exp((r + 1)λ̃(τ))dτ

) −1
r+1

×(
( ω(0)
E(0)

)r + r

∫ h(t)

0

(ω(τ))r+1dτ

) −1
r(r+1)

if r > 0

The fact that I th(t) = Is(g(s)) = 0 , we obtain the result of the lemma for t > g(0).

If t ∈ [0, g(0)] the second inequality of the lemma implies that

E(t) ≤ E(0)exp(λ̃(t))

Since h(t) = 0 on [0, g(0)], E(0)exp(λ̃(t)) is identically equal to the left hand side of
the results of the lemma.That conclude the proof.

Lemma 1.11 (Guesmia [12]) Let E : IR+ −→ IR+ be a di�erentiable function ,
a1, a2 ∈ IR+∗ and a3, λ, r, p ∈ IR+ such that

a3λ(r + 1) < 1

and for all 0 ≤ s ≤ T < +∞ ,∫ T

s

Er+1(t)dt ≤ a1(s)E(s) + a2E
p+1(s) + a3E

r+1(T ),

E ′(t) ≤ λE(t), ∀t ≥ 0

Then there exist two positive constants ω and c such that ,for all t ≥ 0,

E(t) ≤ ce−ωt, if r = 0

E(t) ≤ c(1 + t)−1/r, if r > 0 and λ = 0

E(t) ≤ c(1 + t)
−1

r(r+1) , if r > 0 and λ > 0

Proof of Lemma 1.11:
We show that E veri�es the inequality (1.16).Applying the lemma (1.10),we have

a3E
r+1(T ) = a3

∫ T

s

E ′r+1(t)dt+ a3E
r+1(s)

≤ a3(r + 1)

∫ T

s

λEr+1(t)dt+ a3E
r+1(s)
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Under (1.16),we obtain: ∫ +∞

s

Er+1(t)dt ≤ b(s)E(s), ∀s ≥ 0 (1.24)

where

b(s) =
a1 + a2E

p(s) + a3E
r(s)

1− a3λ(r + 1)
, ∀s ≥ 0

We consider the function f0 de�ned in (1.21)and integrating on [0, s] the inequality

Er+1(t) ≥ ∂t(f0(t)Er+1(t)), ∀t ≥ 0

we obtain under (1.24)

b(0)E(0) ≥
∫ s

0

Er+1(t)dt ≥ f0(s)Er+1(s), ∀s ≥ 0

then

E(s) ≤
(
b(0)E(0)

f0(s)

) 1
r+1

, ∀s ≥ 0

on the other hand, the conditions of the lemma implies that

E(s) ≤ E(0)exp(λ̃(s) ∀s ≥ 0

Hence

E(s) ≤ min

{
E(0)exp(λ̃(s),

(
b(0)E(0)

f0(s)

) 1
r+1

}
= d(s) ∀s ≥ 0

d is continuous and positive and

b(s) ≤ a1 + a2(d(s))p + a3(d(s))r

1− a3λ(r + 1)
, ∀s ≥ 0

Hence we can conclude from (1.24) the �rst inequality (1.16) of the lemma (1.10) with

a(s) =
a1 + a2(d(s))p + a3(d(s))r

1− a3λ(r + 1)
, ∀s ≥ 0

This completes the proof.
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Chapter 2

Global existence and energy decay of

solutions to a Bresse system with

delay terms.

2.1 Introduction

In this thesis we investigate the existence and decay properties of solutions for the
initial boundary value problem of the linear Bresse system of the type

(P )


ρ1ϕtt −Gh(ϕx + ψ + lω)x − lEh(ωx − lϕ) + µ1ϕt + µ2ϕt(x, t− τ1) = 0
ρ2ψtt − EIψxx +Gh(ϕx + ψ + lω) + µ̃1ψt + µ̃2ψt(x, t− τ2) = 0

ρ1ωtt − Eh(ωx − lϕ)x + lGh(ϕx + ψ + lω) + ˜̃µ1ωt + ˜̃µ2ωt(x, t− τ3) = 0

where (x, t) ∈ (0, L) × (0,+∞), τi > 0 (i = 1, 2, 3) is a time delay, µ1, µ2, µ̃1, µ̃2, ˜̃µ1, ˜̃µ2

are positive real numbers. This system is subject to the Dirichlet boundary conditions

ϕ(0, t) = ϕ(L, t) = ψ(0, t) = ψ(L, t) = ω(0, t) = ω(L, t) = 0, t > 0

and to the initial conditions

ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x), ψ(x, 0) = ψ0(x),
ψt(x, 0) = ψ1(x), ω(x, 0) = ω0(x), ωt(x, 0) = ω1(x), x ∈ (0, L)
ϕt(x, t− τ1) = f0(x, t− τ1), in (0, L)× [0, τ1]

ψt(x, t− τ2) = f̃0(x, t− τ2), in (0, L)× [0, τ2]

ωt(x, t− τ3) = ˜̃f 0(x, t− τ3), in (0, L)× [0, τ3]

where the initial data (ϕ0, ϕ1, ψ0, ψ1, ω0, ω1, f0, f̃0,
˜̃f 0) belong to a suitable Sobolev

space. By ω, ψ and ϕ we are denoting the longitudinal, vertical and shear angle dis-
placements.

35
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The original Bresse system is given by the following equations (see [8]) :
ρ1ϕtt = Qx + lN + F1,
ρ2ψtt = Mx −Q+ F2,
ρ1ωtt = Nx − lQ+ F3,

where we use N,Q andM to denote the axial force, the shear force and the bending
moment respectively. These forces are stress-strain relations for elastic behavior and
given by

N = Eh(ωx − lϕ), Q = Gh(ϕx + ψ + lω), and M = EIψx,

where G,E, I and h are positive constants. Finally, by the terms Fi we are denoting
external forces.

The Bresse system without delay (i.e µ2 = µ̃2 = ˜̃µ2 = 0), is more general than the
well-known Timoshenko system where the longitudinal displacement ω is not considered
l = 0. There are a number of publications concerning the stabilization of Timoshenko
system with di�erent kinds of damping (see [15], [26], [27] and [33]). Raposo et al.
[34] proved the exponential decay of the solution for the following linear system of
Timoshenko-type beam equations with linear frictional dissipative terms:{

ρ1ϕtt −Gh(ϕx + ψ + lω)x − lEh(ωx − lϕ) + µ1ϕt = 0
ρ2ψtt − EIψxx +Gh(ϕx + ψ + lω) + µ̃1ψt = 0.

Messaoudi and Mustafa [26] (see also [33]) considered the stabilization for the
following Timoshenko system with nonlinear internal feedbacks:{

ρ1ϕtt −Gh(ϕx + ψ + lω)x − lEh(ωx − lϕ) + g1(ψt) = 0
ρ2ψtt − EIψxx +Gh(ϕx + ψ + lω) + g2(ψt) = 0.

Recently, Park and Kang [33] considered the stabilization of the Timoshenko system
with weakly nonlinear internal feedbacks.
In [23], Liu and Rao considered a thermoelastic Bresse system that consists of three
wave equations and two heat equations coupled in certain way.

The two wave equations for the longitudinal displacement and the shear angle dis-
placement are e�ectively globally damped by the dissipation from the two heat equa-
tions. The wave equation about the vertical displacement is subject to a weak thermal
damping and indirectly damped through the coupling. They establish exponential en-
ergy decay rate when the vertical and the longitudinal waves have the same speed of
propagation. Otherwise, a polynomial-type decay is established.

Time delay is the property of a physical system by which the response to an applied
force is delayed in its e�ect (see [36]). Whenever material, information or energy is
physically transmitted from one place to another, there is a delay associated with the
transmission. In recent years, the PDEs with time delay e�ects have become an active
area of research and arise in many pratical problems (see for example [1], [37]). The
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presence of delay may be a source of instability. For example, it was proved in [10] that
an arbitrarily small delay may destabilize a system which is uniformly asymptotically
stable in the absence of delay.

To stabilize a hyperbolic system involving input delay terms, additional control
terms will be necessary (see [31] and [39]). For instance, in [31] the authors studied the
wave equation with a linear internal damping term with constant delay and determined
suitable relations between µ1 and µ2, for which the stability or alternatively instability
takes place. More precisely, they showed that the energy is exponentially stable if
µ2 < µ1 and they found a sequence of delays for which the solution will be instable if
µ2 ≥ µ1.

The main approach used in [31], is an observability inequality obtained with a
Carleman estimate. The same results were showed if both the damping and the delay
acting in the boundary domain. We also recall the result by Xu, Yung and Li [39],
where the authors proved the same result as in [31] for the one space dimension by
adopting the spectral analysis approach. Our purpose in this paper is to give a global
solvability in Sobolev spaces and energy decay estimates of the solutions to the problem
(P ) for linear damping and delay terms.

To obtain global solutions to the problem (P ), we use the argument combining the
semigroup theory (see [31] and [8]) with the energy estimate method. To prove decay
estimates, we use a multiplier method.

2.2 Preliminaries and main results

First assume the following hypotheses:
(H1)

|µ2| < µ1, |µ̃2| < µ̃1, | ˜̃µ2| < ˜̃µ1. (2.1)

We �rst state some lemmas which will be needed later.

Lemma 2.1 (Sobolev-Poincaré's inequality) Let q be a number with 2 ≤ q <
+∞. Then there is a constant c∗ = c∗((0, 1), q) such that

‖ψ‖q ≤ c∗‖ψx‖2 for ψ ∈ H1
0 ((0, 1)).

Lemma 2.2 ([13], [15]) Let E : R+ → R+ be a non increasing function and assume
that there are two constants σ > −1 and ω > 0 such that∫ +∞

S

E1+σ(t)dt ≤ 1

ω
Eσ(0)E(S). 0 ≤ S < +∞, (2.2)

then we have

E(t) = 0 ∀t ≥ E(0)σ

ω|σ|
∀t ≥ 0, if − 1 < σ < 0, (2.3)
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E(t) ≤ E(0)

(
1 + σ

1 + ωσt

) 1
σ

∀t ≥ 0, if σ > 0 (2.4)

E(t) ≤ E(0)e1−ωt ∀t ≥ 0, if σ = 0. (2.5)

We introduce, as in [31], the new variables

z1(x, ρ, t) = φt(x, t− τ1ρ), x ∈ (0, L), ρ ∈ (0, 1), t > 0,
z2(x, ρ, t) = ψt(x, t− τ2ρ), x ∈ (0, L), ρ ∈ (0, 1), t > 0,
z3(x, ρ, t) = ωt(x, t− τ3ρ), x ∈ (0, L), ρ ∈ (0, 1), t > 0.

(2.6)

Then, we have

τizit(x, ρ, t) + ziρ(x, ρ, t) = 0, in (0, L)× (0, 1)× (0,+∞) for i = 1, 2, 3. (2.7)

Therefore, problem (P ) takes the form:

ρ1ϕtt(x, t)−Gh(ϕx + ψ + lω)x(x, t)− lEh(ωx − lϕ)(x, t)
+µ1ϕt(x, t) + µ2z1(x, 1, t) = 0,

τ1z1t(x, ρ, t) + z1ρ(x, ρ, t) = 0,
ρ2ψtt(x, t)− EIψxx(x, t) +Gh(ϕx + ψ + lω)(x, t)

+µ̃1ψt(x, t) + µ̃2z2(x, 1, t) = 0,
τ2z2t(x, ρ, t) + z2ρ(x, ρ, t) = 0,

ρ1ωtt(x, t)− Eh(ωx − lϕ)x(x, t) + lGh(ϕx + ψ + lω)(x, t)

+ ˜̃µ1ωt(x, t) + ˜̃µ2z3(x, 1, t) = 0,
τ3z3t(x, ρ, t) + z3ρ(x, ρ, t) = 0.

(2.8)

The above system subjected to the following initial and boundary conditions

ϕ(0, t) = ϕ(L, t) = ψ(0, t) = ψ(L, t) = ω(0, t) = ω(L, t) t > 0
z1(x, 0, t) = ϕt(x, t), z2(x, 0, t) = ψt(x, t), z3(x, 0, t) = ωt(x, t), x ∈ (0, L), t > 0

ϕ(x, 0) = ϕ0, ϕt(x, 0) = ϕ1, ψ(x, 0) = ψ0, ψt(x, 0) = ψ1, ω(x, 0) = ω0, ωt(x, 0) = ω1, x ∈ (0, L),
z1(x, 1, t) = f1(x, t− τ1), in (0, L)× (0, τ1)
z2(x, 1, t) = f2(x, t− τ2), in (0, L)× (0, τ2)
z3(x, 1, t) = f3(x, t− τ3) in (0, L)× (0, τ3).

(2.9)

Let ξ1, ξ2 and ξ3 be positive constants such that
τ1|µ2| < ξ1 < τ1(2µ1 − |µ2|),
τ2|µ̃2| < ξ2 < τ2(2µ̃1 − |µ̃2|),
τ3| ˜̃µ2| < ξ3 < τ3(2 ˜̃µ1 − | ˜̃µ2|),

(2.10)
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thanks to hypothesis (H1). We de�ne the energy associated to the solution of the
problem (2.8) by the following formula:

E(t) =
ρ1

2
‖ϕt‖2

2 +
ρ2

2
‖ψt‖2

2 +
ρ1

2
‖ωt‖2

2 +
EI

2
‖ψx‖2

2 +
Gh

2
‖ϕx + ψ + lω‖2

2 +
Eh

2
‖ωx − lϕ‖2

2

+
3∑
i=1

ξi
2

∫ 1

0

‖zi(x, ρ, t)‖2
2 dρ.

(2.11)
We have the following theorem.

Theorem 2.1 Let (ϕ0, ϕ1, f1(.,−.τ1), ψ0, ψ1, f2(.,−.τ2), ω0, ω1, f3(.,−.τ3)) ∈ (H1
0 (0, L)×

L2(0, L)× L2((0, L)× (0, 1)))3.
Assume that the hypotheses (H1) holds. Then problem (P ) admits a unique solution

ϕ ∈ C([0,+∞);H1
0 (0, L)) ∩ C1([0,+∞);L2(0, L)),

ψ ∈ C([0,+∞);H1
0 (0, L)) ∩ C1([0,+∞);L2(0, L))

ω ∈ C([0,+∞);H1
0 (0, L)) ∩ C1([0,+∞);L2(0, L)),

z1, z2, z3 ∈ C([0,+∞);L2((0, L)× (0, 1))).

In addition, we have the following decay estimate:

E(t) ≤ cE(0)e−ωt, ∀ t ≥ 0, (2.12)

while c and ω are positive constants, independent of the initial data.

We �nish this section by giving an explicit upper bound for the derivative of the energy.

Lemma 2.3 Let (ϕ, ψ, ω, z1, z2, z3) be a solution of the problem (2.8). Then, the energy
functional de�ned by (2.11) satis�es

E ′(t) ≤ −
(
µ1 −

ξ1

2τ1

− |µ2|
2

)
‖ϕt‖2

2

−
(
µ̃1 −

ξ2

2τ2

− |µ̃2|
2

)
‖ψt‖2

2

−

( ˜̃µ1 −
ξ3

2τ3

− |
˜̃µ2|
2

)
‖ωt‖2

2

−
(
ξ1

2τ1

− |µ2|
2

)
‖z1(x, 1, t)‖2

2

−
(
ξ2

2τ2

− |µ̃2|
2

)
‖z2(x, 1, t)‖2

2

−

(
ξ3

2τ3

− |
˜̃µ2|
2

)
‖z3(x, 1, t)‖2

2.

(2.13)

Proof. Multiplying the �rst equation in (2.8) by ϕt, the third equation by ψt, the �fth
equation by ωt, integrating over (0, L) and using integration by parts, we get
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1

2
ρ1
d

dt
‖ϕt‖2

2 −Gh
∫ L

0

(ϕx + ψ + lω)xϕtdx− lEh
∫ L

0

(ωx − lϕ)ϕtdx

+µ1‖ϕt‖2
2 + µ2

∫ L

0

z1(x, 1, t)ϕtdx = 0

1

2
ρ2
d

dt
‖ψt‖2

2 +
EI

2
‖ψx‖2

2 +Gh

∫ L

0

(ϕx + ψ + lω)ψtdx

+µ̃1‖ψt‖2
2 + µ̃2

∫ L

0

z1(x, 1, t)ψt = 0

1

2
ρ1
d

dt
‖ωt‖2

2 − Eh
∫ L

0

(ωx − lϕ)xωtdx+ lGh

∫ L

0

(ϕx + ψ + lω)ωtdx

+ ˜̃µ1‖ωt‖2
2 + ˜̃µ2

∫ L

0

z3(x, 1, t)ωtdx = 0.

Then

d

dt

(
ρ1

2
‖ϕt‖2

2 +
ρ2

2
‖ψt‖2

2 +
ρ1

2
‖ωt‖2

2 +
EI

2
‖ψx‖2

2 +
Gh

2
‖ϕx + ψ + lω‖2

2 +
Eh

2
‖ωx − lϕ‖2

2

)
+ µ1‖ϕt‖2

2 + µ̃1‖ψt‖2
2 + ˜̃µ1‖ωt‖2

2 + µ2

∫ L

0

z1(x, 1, t)ϕtdx+ µ̃2

∫ L

0

z2(x, 1, t)ψtdx

+ ˜̃µ2

∫ L

0

z3(x, 1, t)ωtdx = 0

(2.14)

Multiplying the equation in (2.7) by ξizi and integrating over (0, L)× (0, 1), to obtain:

ξi
2

d

dt

∫ L

0

∫ 1

0

z2
i (x, ρ, t)dρdx = − ξi

τ1

∫ L

0

∫ 1

0

ziziρdρdx

=
ξi
2τi

∫ L

0

(
z2
i (x, 0, t)− z2

i (x, 1, t)
)
dx

=
ξi
2τi

[
‖z2

i (x, 0, t)‖2
2 − ‖zi(x, 1, t)‖2

2

]
,

(2.15)

where z1(x, 0, t) = ϕt(x, t), z2(x, 0, t) = ψt(x, t) and z3(x, 0, t) = ωt(x, t). From (2.11),
(2.14), (2.15) and using Young inequality we get

E ′(t) = −
(
µ1 −

ξ1

2τ1

)
‖ϕt‖2

2 −
(
µ̃1 −

ξ2

2τ2

)
‖ψt‖2

2 −
( ˜̃µ1 −

ξ3

2τ3

)
‖ωt‖2

2

−
3∑
i=1

ξi
2τi
‖zi(x, 1, t)‖2

2 − µ2

∫ L

0

z1(x, 1, t)ϕt dx

−µ̃2

∫ L

0

z1(x, 1, t)ψt dx− ˜̃µ2

∫ L

0

z3(x, 1, t)ωt dx.

(2.16)
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Due to Young's inequality, we have

∫ L

0

z1(x, 1, t)ϕt(x, t) dx ≤
1

2
‖ϕt(x, t)‖2

2 +
1

2
‖z1(x, 1, t)‖2

2∫ L

0

z2(x, 1, t)ϕt(x, t) dx ≤
1

2
‖ψt(x, t)‖2

2 +
1

2
‖z2(x, 1, t)‖2

2∫ L

0

z3(x, 1, t)ωt(x, t) dx ≤
1

2
‖ωt(x, t)‖2

2 +
1

2
‖z3(x, 1, t)‖2

2.

(2.17)

Inserting (2.17) into (2.16), we obtain

E ′(t) ≤ −
(
µ1 −

ξ1

2τ1

− |µ2|
2

)
‖ϕt‖2

2

−
(
µ̃1 −

ξ2

2τ2

− |µ̃2|
2

)
‖ψt‖2

2

−

( ˜̃µ1 −
ξ3

2τ3

− |
˜̃µ2|
2

)
‖ωt‖2

2

−
(
ξ1

2τ1

− |µ2|
2

)
‖z1(x, 1, t)‖2

2

−
(
ξ2

2τ2

− |µ̃2|
2

)
‖z2(x, 1, t)‖2

2

−

(
ξ3

2τ3

− |
˜̃µ2|
2

)
‖z3(x, 1, t)‖2

2.

This completes the proof of the lemma.

�

2.3 Global existence

In this section we will give well-posedness results for problem (2.8) and (2.9) using
semigroup theory. Let us introduce the semigroup representation of the Bresse system
(2.8) and (2.9). Let U = (ϕ, ϕt, z1, ψ, ψt, z2, ω, ωt, z3)T and rewrite (2.8) and (2.9) as

{
U ′ = AU,

U(0) = (ϕ0, ϕ1, f1(.,−.τ1), ψ0, ψ1, f2(.,−.τ2), ω0, ω1, f3(.,−.τ3)),
(2.18)
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where the operator A is de�ned by

A



ϕ
u
z1

ψ
v
z2

ω
ω̃
z3


=



u
Gh
ρ1

(ϕx + ψ + lω)x + lEh
ρ1

(ωx − lϕ)− µ1
ρ1
u− µ2

ρ1
z1(., 1)

− 1
τ1
z1ρ

v
EI
ρ2
ψxx − Gh

ρ2
(ϕx + ψ + lω)− µ̃1

ρ2
v − µ̃2

ρ2
z2(., 1)

− 1
τ2
z2ρ

ω̃
Eh
ρ1

(ωx − lϕ)x − lGh
ρ1

(ϕx + ψ + lω)− ˜̃
1µ
ρ1
ω̃ − ˜̃

2µ
ρ1
z3(., 1)

− 1
τ3
z3ρ


with domain

D(A) = {(ϕ, u, z1, ψ, v, z2, ω, ω̃, z3)T in H : u = z1(., 0),
v = z2(., 0), ω̃ = z3(., 0), in (0, L)}, (2.19)

where
H = (H2(0, L) ∩H1

0 (0, L)×H1
0 (0, L)× L2(0, L,H1(0, 1)))3.

Now, the energy space H is de�ned as

H = H1
0 (0, L)× L2(0, L)× L2((0, L)× (0, 1)).

For U = (ϕ, u, z1, ψ, v, z2, ω, ω̃, z3)T , U = (ϕ, u, z1, ψ, v, z2, ω, ω̃, z3)T and for ξi positive
constants satisfying (2.10), we de�ne the following inner product in H

〈U,U〉H =

∫ L

0

(
ρ1uu+ ρ2vv + ρ1ω̃ω̃ + EIψxψx

+Gh(ϕx + ψ + lω)(ϕx + ψ + lω)

+Eh(ωx − lϕ)(ωx − lϕ) +
3∑
i=1

ξi

∫ 1

0

zizi dρ
)
dx.

We show that the operator A generates a C0- semigroup in H. In this step, we prove
that the operator A is dissipative. Let U = (ϕ, u, z1, ψ, v, z2, ω, ω̃, z3)T . Using (2.18),
(2.13) and the fact that

E(t) =
1

2
‖U‖2

H, (2.20)

we get

〈AU,U〉H = −µ1

∫ L

0

u2dx− µ̃1

∫ L

0

v2dx− ˜̃µ1

∫ L

0

ω̃2dx

−µ2

∫ L

0

z1(x, 1)udx− µ̃2

∫ L

0

z2(x, 1)vdx− ˜̃µ2

∫ L

0

z3(x, 1)ω̃ dx

−
3∑
i=1

ξi
τi

∫ L

0

∫ 1

0

zi(x, ρ)ziρ(x, ρ) dρ dx.

≤ 0.

(2.21)
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Consequently, the operatorA is dissipative. Now, we will prove that the operator λI−A
is surjective for λ > 0. For this purpose, let (f1, f2, f3, f4, f5, f6, f7, f8, f9)T ∈ H, we seek
U = (ϕ, u, z1, ψ, v, z2, ω, ω̃, z3)T ∈ D(A) solution of the following system of equations

λϕ− u = f1,

λu− Gh

ρ1

(ϕx − ψ + lω)x −
lEh

ρ1

(ωx − lϕ) +
µ1

ρ1

u+
µ2

ρ1

z1(., 1) = f2,

λz1 +
1

τ1

z1ρ = f3,

λψ − v = f4,

λv − EI

ρ2

ψxx +
Gh

ρ2

(ϕx + ψ + lω) +
µ̃1

ρ2

v +
µ̃2

ρ2

z2(., 1) = f5,

λz2 +
1

τ2

z2ρ = f6,

λω − ω̃ = f7,

λω̃ − Eh

ρ1

(ωx − lϕ)x +
lGh

ρ1

(ϕx + ψ + lω) +
˜̃µ1

ρ1

ω̃ +
˜̃µ2

ρ1

z3(., 1) = f8,

λz3 +
1

τ3

z3ρ = f9.

(2.22)

Suppose that we have found ϕ, ψ and ω. Therefore, the �rst, the fourth and the seventh
equation in (2.22) give 

u = λϕ− f1,
v = λψ − f4,
ω̃ = λω − f7.

(2.23)

It is clear that u ∈ H1
0 (0, L), v ∈ H1

0 (0, L) and ω ∈ H1
0 (0, L). Furthermore, by (2.22)

we can �nd zi(i = 1, 2, 3) as

z1(x, 0) = u(x), z2(x, 0) = v(x), z3(x, 0) = ω̃(x), for x ∈ (0, L). (2.24)

Following the same approach as in [31], we obtain, by using equations for zi in (2.22),

z1(x, ρ) = u(x)e−λτ1ρ + τ1e
−λτ1ρ

∫ ρ

0

f3(x, s)eλτ1s ds,

z2(x, ρ) = v(x)e−λτ2ρ + τ2e
−λτ2ρ

∫ ρ

0

f6(x, s)eλτ2s ds,

z3(x, ρ) = ω̃(x)e−λτ3ρ + τ3e
−λτ3ρ

∫ ρ

0

f9(x, s)eλτ3s ds.

From (2.23), we obtain
z1(x, ρ) = λϕ(x)e−λτ1ρ − f1e

−λτ1ρ + τ1e
−λτ1ρ

∫ ρ

0

f3(x, s)eλτ1s ds,

z2(x, ρ) = λψ(x)e−λτ2ρ − f4e
−λτ2ρ + τ2e

−λτ2ρ
∫ ρ

0

f6(x, s)eλτ2s ds,

z3(x, ρ) = λω(x)e−λτ3ρ − f7e
−λτ3ρ + τ3e

−λτ3ρ
∫ ρ

0

f9(x, s)eλτ3s ds.

(2.25)
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By using (2.22) and (2.23) the functions ϕ, ψ and ω satisfying the following system
λ2ϕ− Gh

ρ1

(ϕx − ψ + lω)x −
lEh

ρ1

(ωx − lϕ) +
µ1

ρ1

u+
µ2

ρ1

z1(., 1) = f2 + λf1,

λ2ψ − EI

ρ2

ψxx +
Gh

ρ2

(ϕx + ψ + lω) +
µ̃1

ρ2

v +
µ̃2

ρ2

z2(., 1) = f5 + λf4,

λ2ω − Eh

ρ1

(ωx − lϕ)x +
lGh

ρ1

(ϕx + ψ + lω) +
˜̃
1µ

ρ1

ω̃ +
˜̃
2µ

ρ1

z3(., 1) = f8 + λf7.

(2.26)

Solving system (2.26) is equivalent to �nding (ϕ, ψ, ω) ∈ (H2 ∩H1
0 (0, L))3 such that



∫ L

0

(ρ1λ
2ϕw +Gh(ϕx − ψ + lω)wx − lEh(ωx − lϕ)w + µ1uw + µ2z1(., 1)w) dx

=

∫ L

0

ρ1(f2 + λf1)w dx,∫ L

0

(ρ2λ
2ψχ+ EIψxχx +Gh(ϕx + ψ + lω)χ+ µ̃1vχ+ µ̃2z2(., 1)χ) dx

=

∫ L

0

ρ2(f5 + λf4)χdx,∫ L

0

(ρ1λ
2ωζ + Eh(ωx − lϕ)ζx + lGh(ϕx + ψ + lω)ζ + ˜̃µ1ω̃ζ + ˜̃µ2z3(., 1)ζ) dx

=

∫ L

0

ρ1(f8 + λf7)ζ dx

(2.27)

for all (w, χ, ζ) ∈ H1
0 (0, L)×H1

0 (0, L)×H1
0 (0, L). From (2.25), we have

z1(x, 1) = λϕ(x)e−λτ1 − f1e
−λτ1 + τ1e

−λτ1
∫ 1

0

f3(x, s)eλτ1s ds,

z2(x, 1) = λψ(x)e−λτ2 − f4e
−λτ2 + τ2e

−λτ2
∫ 1

0

f6(x, s)eλτ2s ds,

z3(x, 1) = λω(x)e−λτ3 − f7e
−λτ3 + τ3e

−λτ3
∫ 1

0

f9(x, s)eλτ3s ds.

Consequently, problem (2.27) is equivalent to the problem

a((ϕ, ψ, ω), (w, χ, ζ)) = L(w, χ, ζ) (2.28)

where the bilinear form a : [H1
0 (0, L)×H1

0 (0, L)×H1
0 (0, L)]2 → IR and the linear form

L : H1
0 (0, L)×H1

0 (0, L)×H1
0 (0, L)→ IR are de�ned by

a((ϕ, ψ, ω), (w, χ, ζ)) =

∫ L

0

(ρ1λ
2ϕw +Gh(ϕx − ψ + lω)(wx + χ+ lζ)) dx

+

∫ L

0

(ρ2λ
2ψχ+ EIψxχx) dx+

∫ L

0

(ρ1λ
2ωζ + Eh(ωx − lϕ)(ζx − lw) dx

+

∫ L

0

λϕ(µ1 + µ2e
−λτ1)w dx+

∫ L

0

λϕ(µ̃1 + µ̃2e
−λτ2)w dx+

∫ L

0

λϕ( ˜̃µ1 + ˜̃µ2e
−λτ3)w dx
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and

L(w, χ, ζ) =

∫ L

0

(µ1f1 − µ2M1)w dx+

∫ L

0

(µ̃1f4 − µ̃2M2)χdx+

∫ L

0

( ˜̃µ1f7 − ˜̃µ2M3)ζ dx

+

∫ L

0

ρ1(f2 + λf1)w dx+

∫ L

0

ρ2(f5 + λf4)χdx+

∫ L

0

ρ1(f8 + λf7)ζ dx.

It is easy to verify that a is continuous and coercive, and L is continuous. So applying
the Lax-Milgram theorem, we deduce that for all

(w, χ, ζ) ∈ H1
0 (0, L)×H1

0 (0, L)×H1
0 (0, L).

problem (2.28) admits a unique solution

(ϕ, ψ, ω) ∈ H1
0 (0, L)×H1

0 (0, L)×H1
0 (0, L).

Applying the classical elliptic regularity, it follows from (2.27) that

(ϕ, ψ, ω) ∈ H2(0, L)×H2(0, L)×H2(0, L).

Therefore, the operator λI−A is surjective for any λ > 0. Consequently, the existence
result of Theorem 2.1 follows from the Hille Yosida theorem. �

2.4 Asymptotic Behavior

First we state and prove a lemma that will be needed to establish the asymptotic
behavior.

Lemma 2.4 There exists a positive constant C such that the following inequality holds
for every (ϕ, ψ, ω) ∈ (H1

0 (0, L))3

∫ L

0

(|ϕx|2 + |ψx|2 + |ωx|2) dx ≤ C

∫ L

0

(EI|ψx|2 +Gh|ϕx + ψ + lω|2 + Eh|ωx − lϕ|2) dx

≤ E(t).
(2.29)

Proof. We will argue by contradiction. Indeed, let us suppose that (2.29) is not true.
So, we can �nd a sequence {(ϕν , ψν , ων)}ν∈IN in (H1

0 (0, L))3 satisfying∫ L

0

(EI|ψνx|2 +Gh|ϕνx + ψ + lων |2 + Eh|ωνx − lϕν |2) dx ≤ 1

ν
(2.30)

and ∫ L

0

(|ϕνx|2 + |ψνx|2 + |ωνx|2) dx = 1. (2.31)
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From (2.31), the sequence {(ϕν , ψν , ων)}ν∈IN is bounded in (H1
0 (0, L))3. Since the

embedding H1
0 (0, L) ↪→ L2(0, L) is compact, then the sequence {(ϕν , ψν , ων)}ν∈IN con-

verge strongly in (L2(0, L))3.
From (2.30)

ψνx → 0 strongly in L2(0, L). (2.32)

Using Poincaré's inequality we can conclude that

ψν → 0 strongly in L2(0, L). (2.33)

Now, setting ϕν → ϕ and ων → ω strongly in L2(0, L).
From (2.30), we have

ϕνx + ψν + lων → 0 strongly in L2(0, L). (2.34)

Then

ϕνx + ψν + lων = ϕνx + ψν + l(ων − ω) + lω → 0 strongly in L2(0, L). (2.35)

which implies that
ϕνx → −lω strongly in L2(0, L). (2.36)

Then, {ϕν}n is a Cauchy sequence in H1(0, L). Therefore {ϕν}n converge to a function
ϕ1 inH

1(0, L). Consequently {ϕν}n converge to ϕ1 in L
2(0, L). Thus by the uniqueness

of the limit ϕ1 = ϕ. Moreover ϕ ∈ H1
0 (0, L).

From (2.36) we deduce that

ϕx + lω = 0 a.e x ∈ (0, L). (2.37)

Similarly, we have
ωx − lϕ = 0 a.e x ∈ (0, L) (2.38)

and ω ∈ H1
0 (0, L).

(2.37) and (2.38) provides us ϕ = ω = 0, contradicting (2.31).
�

From now on, we denote by c various positive constants which may be di�erent at
di�erent occurrences.
Multiplying the �rst equation in (2.8) by Eqϕ, the third equation by Eqψ and the �fth
equation by Eqω. We obtain

0 =

∫ T

S

Eq
∫ L

0

ϕ (ρ1ϕtt −Gh(ϕx + ψ + lω)x − lEh(ωx − lϕ) + µ1ϕt + µ2z1(x, 1, t)) dxdt

0 =

[
Eqρ1

∫ L

0

ϕϕtdx

]T
S

−
∫ T

S

ρ1qE
′Eq−1

∫ L

0

ϕϕtdxdt− ρ1

∫ T

S

Eq‖ϕt‖2
2dt

−
∫ T

S

Eq
∫ L

0

ϕxGh(ϕx + ψ + lω)dxdt−
∫ T

S

Eq
∫ L

0

ϕ(lEh)(ωx − lϕ)dxdt

+µ1

∫ T

S

Eq
∫ L

0

ϕtϕdxdt+ µ2

∫ T

S

Eq
∫ L

0

ϕz1(x, 1, t)dxdt
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0 =

∫ T

S

Eq
∫ L

0

ψ (ρ2ψtt − EIψxx +Gh(ϕx + ψ + lω) + µ̃1ψt + µ̃2z2(x, 1, t)) dxdt

0 =

[
Eqρ2

∫ L

0

ψψtdx

]T
S

−
∫ T

S

ρ2qE
′Eq−1

∫ L

0

ψψtdxdt− ρ2

∫ T

S

Eq‖ψt‖2
2dt

+

∫ T

S

EqEI‖ψx‖2
2dt+

∫ T

S

Eq
∫ L

0

ψψGh(ϕx + ψ + lω))dxdt

+µ̃1

∫ T

S

Eq
∫ L

0

ψψtdxdt+ µ̃2

∫ T

S

Eq
∫ L

0

ψz2(x, 1, t)dxdt

0 =

∫ T

S

Eq
∫ L

0

ω
(
ρ1ωtt − Eh(ωx − lϕ)x + lGh(ϕx + ψ + lω) + ˜̃µ1ωt + ˜̃µ2z3(x, 1, t)

)
dxdt

0 =

[
Eqρ1

∫ L

0

ωωtdx

]T
S

−
∫ T

S

ρ1qE
′Eq−1

∫ L

0

ωωtdxdt

−ρ1

∫ T

S

Eq‖ωt‖2
2dt+

∫ T

S

Eq
∫ L

0

Ehωx(ωx − lϕ)dxdt+

∫ T

S

Eq
∫ L

0

ω(lGh)(ϕx + ψ + lω)dxdt

+ ˜̃µ1

∫ T

S

Eq
∫ L

0

ωtωdxdt+ ˜̃µ2

∫ T

S

Eq
∫ L

0

ωz3(x, 1, t)dxdt

Taking their sum, we obtain

0 =

[
Eqρ1

∫ L

0

ϕϕtdx

]T
S

+

[
Eqρ2

∫ L

0

ψψtdx

]T
S

+

[
Eqρ1

∫ L

0

ωωtdx

]
−
∫ T

S

ρ1qE
′Eq−1

∫ L

0

(ρ1ϕϕt + ρ2ψψt + ρ1ωωt) dxdt

−2ρ1

∫ T

S

Eq‖ϕt‖2
2dt− 2ρ2

∫ T

S

Eq‖ψt‖2
2dt− 2ρ1

∫ T

S

Eq‖ωt‖2
2dt

+

∫ T

S

Eq
(
ρ1‖ϕt‖2

2 + ρ2‖ψt‖2
2 + ρ1‖ωt‖2

2 +Gh‖ϕx + ψ + lω‖2
2 + EI‖ψt‖2

2 + Eh‖ωx − lψ‖2
2

)
+µ1

∫ T

S

Eq
∫ L

0

ϕtϕdxdt+ µ2

∫ T

S

Eq
∫ L

0

ϕz1(x, 1, t)dxdt

+µ̃1

∫ T

S

Eq
∫ L

0

ψψtdxdt+ µ̃2

∫ T

S

Eq
∫ L

0

ψz2(x, 1, t)dxdt

+ ˜̃µ1

∫ T

S

Eq
∫ L

0

ωtωdxdt+ ˜̃µ2

∫ T

S

Eq
∫ L

0

ωz3(x, 1, t)dxdt

(2.39)

Similarly, we multiply the equation of (2.7) by Eqξie−2τiρzi(x, ρ, t) and get

0 =

∫ T

S

Eq
∫ L

0

∫ 1

0

e−2τiρξizi(τizit + ziρ) dρdxdt
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=

[
1

2
ξiτiEq

∫ L

0

∫ 1

0

e−2τiρz2
i dρdx

]T
S

− τiξi
2

∫ T

S

qEq−1E ′
∫ L

0

∫ 1

0

e−2τiρz2
i dρdxdt

+

∫ T

S

Eqξi
∫ L

0

∫ 1

0

e−2τiρ

2

d

dρ
(z2
i ) dρdxdt (2.40)

0 =

[
1

2
ξiτiEq

∫ L

0

∫ 1

0

e−2τiρz2
i dρdx

]T
S

− τiξi
2

∫ T

S

qEq−1E
′
∫ L

0

∫ 1

0

e−2τiρz2
i dρdxdt

+
ξi
2

∫ T

S

Eq
∫ L

0

∫ 1

0

[
d

dρ

(
e−2τiρz2

i

)
+ 2τie

−2τiρz2
i

]
dρdxdt

0 =

[
1

2
ξiτiEq

∫ L

0

∫ 1

0

e−2τiρz2
i dρdx

]T
S

− τiξi
2

∫ T

S

qEq−1E ′
∫ L

0

∫ 1

0

e−2τiρz2
i dρdxdt

+
ξi
2

∫ T

S

Eq
∫ L

0

[
e−2τiz2

i (x, 1, t)− z2
i (x, 0, t)

]
dxdt

+ξiτi

∫ T

S

∫ L

0

∫ 1

0

e−2τiρz2
i dρdxdt
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Recalling the de�nition of E and from (2.39), (2.40), we get

A

∫ T

S

Eq+1dt ≤ −
[
ρ1Eq

∫ L

0

ϕϕt dx

]T
S

−
[
ρ2Eq

∫ L

0

ψψtdx

]T
S

−
[
ρ1Eq

∫ L

0

ωωt dx

]T
S

+

∫ T

S

qE ′Eq−1

∫ L

0

(ρ1ϕϕt + ρ2ψψt + ρ1ωωt) dxdt

+2

∫ T

S

Eq
(
ρ1‖ϕt‖2

2 + ρ2‖ψt‖2
2 + ρ1‖ωt‖2

2

)
dt

−µ1

∫ T

S

Eq
∫ L

0

ϕtϕdxdt− µ2

∫ T

S

Eq
∫ L

0

ϕz1(x, 1, t) dxdt (2.41)

−µ̃1

∫ T

S

Eq
∫ L

0

ψψtdxdt− µ̃2

∫ T

S

Eq
∫ L

0

ψz2(x, 1, t) dxdt

− ˜̃µ1

∫ T

S

Eq
∫ L

0

ωtωdxdt− ˜̃µ2

∫ T

S

Eq
∫ L

0

ωz3(x, 1, t) dxdt

−
3∑
i=1

[
1

2
ξiτiEq

∫ L

0

∫ 1

0

e−2τiρz2
i dρdx

]T
S

+
3∑
i=1

τiξi
2

∫ T

S

qEq−1E
′
∫ L

0

∫ 1

0

e−2τiρz2
i dρdxdt

−
3∑
i=1

ξi
2

∫ T

S

Eqe−2τi

∫ L

0

z2
i (x, 1, t) dxdt

+
3∑
i=1

ξi
2

∫ T

S

Eq‖zi(x, 0, t)‖2
2 dt

whereA = 2 min{1, 2τ1e
−2τ1 , 2τ2e

−2τ2 , 2τ3e
−2τ3}. Using the Young and Sobolev-Poincaré

inequalities and Lemma 2.4, we �nd that

−
[
Eq
∫ L

0

ϕϕt dx

]T
S

= Eq(S)(S)

∫ L

0

ϕ(S)ϕt(S) dx− Eq(T )

∫ L

0

ϕ(T )ϕt(T ) dx

≤ CEq+1(S)

∣∣∣∣∫ T

S

(qE ′Eq−1)

∫ L

0

(ρ1ϕϕt + ρ2ψψt + ρ1ωωt) dxdt

∣∣∣∣ ≤ c

∫ T

S

(−E ′)Eq dt ≤ cEq+1(S)∣∣∣∣12ξiτiEq
∫ L

0

∫ 1

0

e−2τiρz2
i dxdρ

∣∣∣∣ ≤ cE(S)q+1 ∀t ≥ S

∫ T

S

Eq
∫ L

0

u2
t dxdt ≤ c

∫ T

S

Eq(−E ′) dt
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≤ cEq+1(S)

∫ T

S

Eqξi
∫ L

0

e−2τiz2
i (x, 1, t) dxdt ≤ c

∫ T

S

Eq(−E ′) dt

≤ cEq+1(S)

1

2

∫ T

S

Eqξi
∫ L

0

z2
i (x, 0, t)) dxdt =

1

2

∫ T

S

Eqξi
∫ L

0

ϕ′2 dxdt

≤ cEq+1(S),

∣∣∣∣τiξi2

∫ T

S

qEq−1E ′
∫ L

0

∫ 1

0

e−2τiρz2
i dxdρ dt

∣∣∣∣ ≤ c

∫ T

S

(−E ′)Eq dt ≤ cEq+1(S)

∣∣∣∣∫ T

S

Eq
∫ L

0

ϕϕt dxdt

∣∣∣∣ ≤ ε

∫ T

S

Eq
∫ L

0

ϕ2 dxdt+ c(ε)

∫ T

S

Eq
∫ L

0

ϕ2
t dxdt

≤ εc

∫ L

0

Eq+1 dt+ c(ε)

∫ T

S

Eq
∫ L

0

ϕ2
t dxdt

≤ εc

∫ L

0

Eq+1 dt+ c(ε)

∫ T

S

Eq(−E ′) dt

≤ εc

∫ L

0

Eq+1 dt+ c(ε)E(S)q+1 (2.42)

and∣∣∣∣∫ T

S

Eq
∫ L

0

ϕz1(x, 1, t) dxdt

∣∣∣∣ ≤ ε1

∫ T

S

Eq
∫ L

0

ϕ2 dxdt+ c(ε1)

∫ T

S

Eq
∫ L

0

z1(x, 1, t)2 dxdt

≤ ε1c

∫ T

S

Eq+1 dt+ c(ε1)

∫ T

S

Eq
∫ L

0

z1(x, 1, t)2

≤ ε1c

∫ T

S

Eq+1 dt+ c(ε1)

∫ T

S

Eq(−E ′) dt

≤ ε1c

∫ T

S

Eq+1 dt+ c(ε1)Eq+1(S). (2.43)

∣∣∣∣∫ T

S

Eq
∫ L

0

ψψt dxdt

∣∣∣∣ ≤ ε′c

∫ T

S

Eq+1 dt+ c(ε′)E(S)q+1 (2.44)∣∣∣∣∫ T

S

Eq
∫ L

0

ψz2(x, 1, t) dxdt

∣∣∣∣ ≤ ε′1c

∫ T

S

Eq+1 dt+ c(ε′1)E(S)q+1 (2.45)
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∣∣∣∣∫ T

S

Eq
∫ L

0

ωωt dxdt

∣∣∣∣ ≤ ε′′c

∫ T

S

Eq+1 dt+ c(ε′′)E(S)q+1 (2.46)∣∣∣∣∫ T

S

Eq
∫ L

0

ωz3(x, 1, t) dxdt

∣∣∣∣ ≤ ε′′1c

∫ T

S

Eq+1 dt+ c(ε′′1)E(S)q+1 (2.47)

Choosing ε, ε1, ε
′, ε′1, ε

′′ and ε′′1 small enough, we deduce from (2.41),(2.42), (2.43),
(2.44),(2.45), (2.45), (2.46) and (2.47) that∫ T

S

Eq+1 dt ≤ cEq+1(S),

where c is a positive constant independent of E(0). We choose q = 0. Hence, we deduce
from Lemma 2.2 that

E(t) ≤ cE(0)e−ωt, t ≥ 0.

This ends the proof of Theorem 2.1.
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Chapter 3

Well-posedness and energy decay of

solutions to a nonlinear Bresse system

with delay terms.

3.1 Introduction

We consider the Bresse system in bounded domain with a delay term in the nonlinear

(P )

ρ1ϕtt −Gh(ϕx + ψ + lω)x − lEh(ωx − lϕ) + µ1g1(ϕt(x, t)) + µ2g2(ϕt(x, t− τ1)) = 0 in ]0, 1[×]0,+∞[
ρ2ψtt − EIψxx +Gh(ϕx + ψ + lω) + µ̃1g̃1(ψt(x, t)) + µ̃2g̃2(ψt(x, t− τ2)) = 0 in ]0, 1[×]0,+∞[

ρ1ωtt − Eh(ωx − lϕ)x + lGh(ϕx + ψ + lω) + ˜̃µ1
˜̃g1(ωt(x, t)) + ˜̃µ2

˜̃g2(ωt(x, t− τ3)) = 0 in ]0, 1[×]0,+∞[
ϕ(0, t) = ϕ(1, t) = ψ(0, t) = ψ(1, t) = 0 t ≥ 0
ψ(x, 0) = ψ0(x), ψt(x, 0) = ψ1(x) x ∈]0, 1[
ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x) x ∈]0, 1[
ψt(x, t− τ) = f0(x, t− τ) in ]0, 1[×]0, τ [

3.2 Preliminaries and main results

First assume the following hypotheses:
(H1) g1 : IR → IR, (resp, g̃1 : IR → IR, ˜̃g1 : IR → IR) is a non-decreasing function

of the class C( IR) such that there exist ε1, c1, c2, ε̃1, c̃1, c̃2, ˜̃ε1, ˜̃c1, ˜̃c2 > 0 and a convex and
increasing function H : IR+ → IR+ of the class C1( IR+) ∩ C2(]0,∞[) satisfying H(0) = 0,
and H linear on [0, ε′] or (H ′(0) = 0 and H ′′ > 0 on ]0, ε′]), such that

c1|s| ≤ |g1(s)| ≤ c2|s| if |s| ≥ ε′
c̃1|s| ≤ |g̃1(s)| ≤ c̃2|s| if |s| ≥ ε̃′˜̃c1|s| ≤ |˜̃g1(s)| ≤ ˜̃c2|s| if |s| ≥ ˜̃ε′. (3.1)

s2 + g2
1(s) ≤ H−1(sg1(s)) if |s| ≤ ε′

s2 + g̃2
1(s) ≤ H−1(sg̃1(s)) if |s| ≤ ε̃′

s2 + ˜̃g2

1(s) ≤ H−1(s˜̃g1(s)) if |s| ≤ ˜̃ε′. (3.2)

53
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g2 : IR → IR (resp g̃2 : IR → IR, g̃2 : IR → IR) is an odd non-decreasing function of

the class C1( IR) such that there exist c3, α1, α2, c̃3, α̃1, α̃2, ˜̃c3, ˜̃α1, ˜̃α2 > 0

|g′2(s)| ≤ c3

|g̃′2(s)| ≤ c̃3

|˜̃g′2(s)| ≤ ˜̃c3.

(3.3)

α1 sg2(s) ≤ G2(s) ≤ α2 sg1(s)

α̃1 sg̃2(s) ≤ G̃2(s) ≤ α̃2 sg̃1(s)˜̃α1 s˜̃g2(s) ≤
˜̃
G2(s) ≤ ˜̃α2 s˜̃g1(s).

(3.4)

where

G2(s) =

∫ s

0
g2(r) dr

G̃2(s) =

∫ s

0
g̃2(r) dr˜̃

G2(s) =

∫ s

0

˜̃g2(r) dr.

and

α2µ2 < α1µ1

α̃2µ̃2 < α̃1µ̃1,˜̃α2
˜̃µ2 <

˜̃α1
˜̃µ1.

(3.5)

We �rst state some Lemmas which will be needed later.

Lemma 3.1 (Sobolev-Poincaré's inequality) Let q be a number with 2 ≤ q < +∞ (n =
1, 2) or 2 ≤ q ≤ 2n/(n− 2) (n ≥ 3). Then there is a constant c∗ = c∗((0, 1), q) such that

‖ψ‖q ≤ c∗‖∇ψ‖2 for ψ ∈ H1
0 ((0, 1)).

We introduce as in [31] the new variable

z1(x, ρ, t) = φt(x, t− τ1ρ), x ∈ (0, 1), ρ ∈ (0, 1), t > 0,
z2(x, ρ, t) = ψt(x, t− τ2ρ), x ∈ (0, 1), ρ ∈ (0, 1), t > 0,
z3(x, ρ, t) = ωt(x, t− τ3ρ), x ∈ (0, 1), ρ ∈ (0, 1), t > 0.

(3.6)

Then, we have

τizit(x, ρ, t) + ziρ(x, ρ, t) = 0, in (0, L)× (0, 1)× (0,+∞) for i = 1, 2, 3. (3.7)
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Therefore, problem (P ) is equivalent to:

ρ1ϕtt −Gh(ϕx + ψ + lω)x − lEh(ωx − lϕ) + µ1g1(ϕt(x, t))
+µ2g2(z1(x, 1, t)) = 0 in ]0, 1[×]0,+∞[,

τ1z1t(x, ρ, t) + z1ρ(x, ρ, t) = 0 in ]0, 1[×]0, 1[×]0,+∞[,
ρ2ψtt − EIψxx +Gh(ϕx + ψ + lω) + µ̃1g̃1(ψt(x, t))

+µ̃2g̃2(z2(x, 1, t)) = 0 in ]0, 1[×]0,+∞[,
τ2z2t(x, ρ, t) + z2ρ(x, ρ, t) = 0 in ]0, 1[×]0, 1[×]0,+∞[,
ρ1ωtt − Eh(ωx − lϕ)x + lGh(ϕx + ψ + lω)

+˜̃µ1
˜̃g1(ωt(x, t)) + ˜̃µ2

˜̃g2(z2(x, 1, t)) = 0 in ]0, 1[×]0,+∞[,
τ3z3t(x, ρ, t) + z3ρ(x, ρ, t) = 0 in ]0, 1[×]0, 1[×]0,+∞[,
ϕ(0, t) = ϕ(1, t) = ψ(0, t) = ψ(1, t) = 0 t ≥ 0,
ψ(x, 0) = ψ0(x), ψt(x, 0) = ψ1(x) x ∈]0, 1[,
ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x) x ∈]0, 1[,
ω(x, 0) = ω0(x), ωt(x, 0) = ω1(x) x ∈]0, 1[,
ϕt(x, t− τ1) = f1(x, t− τ1) in ]0, 1[×]0, τ [,
ψt(x, t− τ2) = f2(x, t− τ2) in ]0, 1[×]0, τ [,
ωt(x, t− τ3) = f3(x, t− τ3) in ]0, 1[×]0, τ [,

(3.8)
Let ξ1 be a positive constant such that

τ1
µ2(1− α1)

α1
< ξ1 < τ1

µ1 − α2µ2

α2
. (3.9)

Let ξ2 be a positive constant such that

τ2
µ̃2(1− α̃1)

α̃1
< ξ2 < τ2

µ̃1 − α̃2µ̃2

α̃2
. (3.10)

Let ξ3 be a positive constant such that

τ3

˜̃µ2(1− ˜̃α1)˜̃α1

< ξ3 < τ3

˜̃µ1 − ˜̃α2
˜̃µ2˜̃α2

. (3.11)

We de�ne the energy associated to the solution of the problem (3.8) by the following formula:

E(t) =
1

2

(
ρ1

2
‖ϕt‖22 +

ρ2

2
‖ψt‖22 +

ρ1

2
‖ωt‖22 +

EI

2
‖ψx‖22 +

Gh

2
‖ϕx + ψ + lω‖22 +

Eh

2
‖ωx − lϕ‖22

)
+ξ1

∫ 1

0

∫ 1

0
G2(z1(x, ρ, t)) dρ dx+ ξ2

∫ 1

0

∫ 1

0
G̃2(z2(x, ρ, t)) dρ dx.

+ξ3

∫ 1

0

∫ 1

0

˜̃
G2(z3(x, ρ, t)) dρ dx.

(3.12)
We have the following theorem.

Theorem 3.1 Let (ϕ0, ϕ1), (ψ0, ψ1), (ω0, ω1) ∈ (H2(0, 1)∩H1
0 (0, 1))×H1

0 (0, 1), f0 ∈ H1
0 ((0, 1);H

1(0, 1))
satisfy the compatibility condition

f1(., 0) = ϕ1, f2(., 0) = ψ1, f3(., 0) = ω1.
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Assume that the hypothese (H1) hold. Then the problem (P ) admits a unique weak solution

ψ,ϕ, ω ∈ L∞loc((−τ,∞);H2(0, 1) ∩H1
0 (0, 1)), ψt, ϕt, ωt ∈ L∞loc((−τ,∞);H1

0 (0, 1)),
ψtt, ϕtt, ωtt ∈ L∞loc((−τ,∞);L2(0, 1))

and, for some constants ω1, ω2 and ω3, ε0 we obtain the following decay property:

E(t) ≤ ω1H
−1
1 (ω2t+ ω3) , ∀t > 0, (3.13)

where

H1(t) =

∫ 1

t

1

H2(s)
ds (3.14)

and

H2(t) =

{
t if H is linear on [0, ε′],
tH ′(ε0t) if H ′(0) = 0 and H ′′ > 0 on ]0, ε′].

Remark 3.1 1. By the mean value Theorem for integrals and the monotonicity of g2, g̃2, ˜̃g2,

we �nd that

G2(s) =

∫ s

0
g2(r) dr ≤ sg2(s),

G̃2(s) =

∫ s

0
g̃2(r) dr ≤ sg̃2(s),˜̃

G2(s) =

∫ s

0

˜̃g2(r) dr ≤ s˜̃g2(s).

Then, α1 ≤ α2 ≤ 1, α̃1 ≤ α̃2 ≤ 1, ˜̃α1 ≤ ˜̃α2 ≤ 1.

2. We need the condition (3.3) only to prove global existence, so if we study the energy

decay, we can replace the linear growth order of the function g2(s), g̃2(s), ˜̃g2(s) for large
|s| by nonlinear polynomial growth.

Proof of Theorem 3.1. We �nish this section by giving an explicit upper bound for the
derivative of the energy.

Lemma 3.2 Let (ϕ,ψ, ω, z1, z2, z3) be a solution of the problem (3.8). Then, the energy

functional de�ned by (3.12) satis�es

E′(t) ≤ −
(
µ1 −

ξ1α2

τ1
− µ2α2

)∫ 1

0
ϕtg1(ϕt)−

(
ξ1

τ1
α1 − µ2(1− α1)

)∫ 1

0
z1(x, 1, t)g2(z1(x, 1, t))dx

−
(
µ̃1 −

ξ2α̃2

τ2
− µ̃2α̃2

)∫ 1

0
ψtg̃1(ψt)−

(
ξ2

τ2
α̃1 − µ̃2(1− α̃1)

)∫ 1

0
z2(x, 1, t)g̃2(z2(x, 1, t))dx

−

(˜̃µ1 −
ξ3
˜̃α2

τ3
− ˜̃µ2

˜̃α2

)∫ 1

0
ωt ˜̃g1(ωt)dx−

(
ξ3

τ3

˜̃α1 − ˜̃µ2(1− ˜̃α1)

)∫ 1

0
z3(x, 1, t) ˜̃g2(z3(x, 1, t))dx

≤ 0
(3.15)
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Proof.

1

2

(
ρ1

2
‖ϕt‖22 +

ρ2

2
‖ψt‖22 +

ρ1

2
‖ωt‖22 +

EI

2
‖ψx‖22 +

Gh

2
‖ϕx + ψ + lω‖22 +

Eh

2
‖ωx − lϕ‖22

)
=

−µ1

∫ 1

0
ϕtg1(ϕt) dx− µ2

∫ 1

0
ϕt(x, t)g2(z1(x, 1, t)) dx

−µ̃1

∫ 1

0
ψtg̃1(ψt) dx− µ̃2

∫ 1

0
ψt(x, t)g̃2(z2(x, 1, t)) dx

−˜̃µ1

∫ 1

0
ωt ˜̃g1(ωt) dx− ˜̃µ2

∫ 1

0
ωt(x, t) ˜̃g2(z3(x, 1, t)) dx.

(3.16)

We multiply the second equation in (3.8) by ξ1g2(z1(x, ρ, t)), the Fourth equation in (3.8) by

ξ2g̃2(z2(x, ρ, t)) and the Sixth equation in (3.8) by ξ3
˜̃g2(z3(x, ρ, t)) and integrate the result

over (0, 1)× (0, 1), to obtain:

ξ1

∫ 1

0

∫ 1

0
z′1g2(z(x, ρ, t)) dρ dx = −ξ1

τ1

∫ 1

0

∫ 1

0

∂

∂ρ
G2(z(x, ρ, t)) dρ dx

= −ξ1

τ1

∫ 1

0
(G2(z(x, 1, t))−G2(z(x, 0, t))) dx.

(3.17)

Then

ξ1
d

dt

∫ 1

0

∫ 1

0
G2(z1(x, ρ, t)) dρ dx = −ξ1

τ1

∫ 1

0
G2(z1(x, 1, t)) dx+

ξ1

τ1

∫ 1

0
G2(ϕt) dx. (3.18)

ξ2
d

dt

∫ 1

0

∫ 1

0
G̃2(z2(x, ρ, t)) dρ dx = −ξ2

τ2

∫ 1

0
G̃2(z2(x, 1, t)) dx+

ξ2

τ2

∫ 1

0
G̃2(ψt) dx. (3.19)

ξ3
d

dt

∫ 1

0

∫ 1

0

˜̃
G2(z3(x, ρ, t)) dρ dx = −ξ3

τ3

∫ 1

0

˜̃
G2(z3(x, 1, t)) dx+

ξ3

τ3

∫ 1

0

˜̃
G2(ωt) dx. (3.20)

From (3.16), (3.18),(3.19),(3.20) and using Young inequality we get

E′(t) = −
(
µ1 −

ξ1α2

τ1

)∫ 1

0
ϕtg1(ϕt) dx−

ξ1

τ1

∫ 1

0
G2(z1(x, 1, t)) dx− µ2

∫ 1

0
ϕt(t)g2(z1(x, 1, t))dx

−
(
µ̃1 −

ξ2α̃2

τ2

)∫ 1

0
ψtg̃1(ψt)dx−

ξ2

τ2

∫ 1

0
G̃2(z2(x, 1, t)), dx− µ̃2

∫ 1

0
ψt(t)g̃2(z2(x, 1, t))dx

−

(˜̃µ1 −
ξ3
˜̃α2

τ3

)∫ 1

0
ωt ˜̃g1(ωt), dx−

ξ3

τ3

∫ 1

0

˜̃
G2(z3(x, 1, t))dx− ˜̃µ2

∫ 1

0
ωt(t) ˜̃g2(z3(x, 1, t))dx.

(3.21)
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Let us denote G∗2, (G̃
∗
2,
˜̃
G
∗
2) to be the conjugate function of the convex function G2, (G̃2,

˜̃
G2),

i.e.,

G∗2(s) = supt∈IR+(st − G2(t)), (G̃
∗
2(s) = supt∈IR+(st − G̃2(t)),

˜̃
G
∗
2(s) = supt∈IR+(st − ˜̃G2(t))).

Then G∗2, (G̃
∗
2,
˜̃
G
∗
2) is the Legendre transform of G2, (G̃2,

˜̃
G2), which is given by (see Arnold

[3], p. 61-62, and Lasiecka [18])

G∗2(s) = s(G′2)
−1(s)−G2[(G

′
2)
−1(s)], ∀s ≥ 0,

G̃∗2(s) = s(G̃′2)
−1(s)− G̃2[(G̃

′
2)
−1(s)], ∀s ≥ 0,˜̃

G
∗
2(s) = s(

˜̃
G
′
2)
−1(s)− ˜̃G2[(

˜̃
G
′
2)
−1(s)], ∀s ≥ 0.

(3.22)

and satis�es the following inequality

st ≤ G∗2(s) +G2(t), ∀s, t ≥ 0,

st ≤ G̃∗2(s) + G̃2(t), ∀s, t ≥ 0,

st ≤ ˜̃G∗2(s) + ˜̃
G2(t), ∀s, t ≥ 0.

(3.23)

Then, from the de�nition of G2, (G̃2,
˜̃
G2), we get

G∗2(s) = sg−1
2 (s)−G2(g

−1
2 (s)),

G̃∗2(s) = sg̃−1
2 (s)− G̃2(g̃

−1
2 (s)),˜̃

G
∗
2(s) = s˜̃g−1

2 (s)− ˜̃G2(˜̃g−1

2 (s)).

Hence

G∗2(g2(z1(x, 1, t))) = z1(x, 1, t)g2(z1(x, 1, t))−G2(z1(x, 1, t))
≤ (1− α1)z1(x, 1, t)g2(z1(x, 1, t)).

G̃∗2(g̃2(z2(x, 1, t))) = z2(x, 1, t)g̃2(z2(x, 1, t))− G̃2(z2(x, 1, t))
≤ (1− α̃1)z2(x, 1, t)g̃2(z2(x, 1, t)).˜̃

G
∗
2(
˜̃g2(z3(x, 1, t))) = z3(x, 1, t)˜̃g2(z3(x, 1, t))−

˜̃
G2(z3(x, 1, t))

≤ (1− ˜̃α1)z3(x, 1, t)˜̃g2(z3(x, 1, t)).

(3.24)
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Making use of (3.21), (3.23) and (3.24), we have

E′(t) ≤ −
(
µ1 −

ξ1α2

τ1

)∫ 1

0
ϕtg1(ϕt) dx−

ξ1

τ1

∫ 1

0
G2(z1(x, 1, t))dx

+µ2

∫ 1

0
(G2(ϕt) +G∗2(g2(z1(x, 1, t)))) dx

−
(
µ̃1 −

ξ2α̃2

τ2

)∫ 1

0
ψtg̃1(ψt)dx−

ξ2

τ2

∫ 1

0
G̃2(z2(x, 1, t))dx

+µ̃2

∫ 1

0

(
G̃2(ψt) + G̃2

∗
(g̃2(z2(x, 1, t)))

)
dx

−

(˜̃µ1 −
ξ3
˜̃α2

τ3

)∫ 1

0
ωt ˜̃g1(ωt)dx−

ξ3

τ3

∫ 1

0

˜̃
G2(z3(x, 1, t))dx

+˜̃µ2

∫ 1

0

(˜̃
G2(ωt) + G̃2

∗
( ˜̃g2(z3(x, 1, t)))

)
dx

≤ −
(
µ1 −

ξ1α2

τ1
− µ2α2

)∫ 1

0
ϕtg1(ϕt)dx−

ξ1

τ1

∫ 1

0
G2(z1(x, 1, t))dx

+µ2

∫ 1

0
G∗2(g2(z1(x, 1, t)))dx

−
(
µ̃1 −

ξ2α̃2

τ2
− µ̃2α̃2

)∫ 1

0
ψtg̃1(ψt)dx−

ξ2

τ2

∫ 1

0
G̃2(z2(x, 1, t))dx

+µ̃2

∫ 1

0
G̃2
∗
(g̃2(z2(x, 1, t)))dx

−

(˜̃µ1 −
ξ3
˜̃α2

τ3
− ˜̃µ2

˜̃α2

)∫ 1

0
ωt ˜̃g1(ωt)dx−

ξ3

τ3

∫ 1

0

˜̃
G2(z3(x, 1, t))dx

+˜̃µ2

∫ 1

0

˜̃
G2

∗
( ˜̃g2(z3(x, 1, t)))dx.

(3.25)

Using (3.4) and (3.9), we obtain

E′(t) ≤ −
(
µ1 −

ξ1α2

τ1
− µ2α2

)∫ 1

0
ϕtg1(ϕt)dx

−
(
ξ1

τ1
α1 − µ2(1− α1)

)∫ 1

0
z1(x, 1, t)g2(z1(x, 1, t))dx

−
(
µ̃1 −

ξ2α̃2

τ2
− µ̃2α̃2

)∫ 1

0
ψtg̃1(ψt)dx

−
(
ξ2

τ2
α̃1 − µ̃2(1− α̃1)

)∫ 1

0
z2(x, 1, t)g̃2(z2(x, 1, t))dx

−

(˜̃µ1 −
ξ3
˜̃α2

τ3
− ˜̃µ2

˜̃α2

)∫ 1

0
ωt ˜̃g1(ωt)dx

−
(
ξ3

τ3
α̃1 − µ̃2(1− ˜̃α1)

)∫ 1

0
z3(x, 1, t) ˜̃g2(z3(x, 1, t))dx

≤ 0.
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3.3 Global Existence

We are now ready to prove Theorem 3.1 in the next two sections.
Throughout this section we assume ϕ0, ψ0 ∈ H2 ∩ H1

0 (0, 1), ϕ1, ψ1 ∈ H1
0 (0, 1) and f0 ∈

H1
0 ((0, 1);H

1(0, 1)).
We employ the Galerkin method to construct a global solution. Let T > 0 be �xed and

denote by Vk the space generated by {w1, w2, . . . , wk} where the set {wk, k ∈ IN} is a basis
of H2 ∩H1

0 .
Now, we de�ne for 1 ≤ j ≤ k the sequence φj(x, ρ) as follows:

φj(x, 0) = wj .

Then, we may extend φj(x, 0) by φj(x, ρ) over L
2((0, 1) × (0, 1)) and denote Zk the space

generated by {φ1, φ2, . . . , φk}.
We construct approximate solutions (ϕk, ψk, ωk, z1k, z2k, z3k), k = 1, 2, 3, . . . , in the form

ϕk(t) =
k∑
j=1

gjkwj , z1k(t) =
k∑
j=1

hjkφj ,

ψk(t) =
k∑
j=1

g̃jkwj , z2k(t) =
k∑
j=1

h̃jkφj ,

ωk(t) =
k∑
j=1

˜̃gjkwj , z3k(t) =
k∑
j=1

˜̃
hjkφj .

where gjk, g̃jk, ˜̃gjk, hjk, h̃jk and ˜̃hjk, j = 1, 2, . . . , k, are determined by the following ordinary
di�erential equations:


ρ1(ϕ

′′
k(t), wj) +Gh(ϕkx(t), wjx) +Gh(ψ + lω)(t), wj) + lEh(ω + lϕ)(t), wj)

+µ1(g1(ϕ
′
k), wj) + µ2(g2(z1k(., 1)), wj) = 0 1 ≤ j ≤ k,

z1k(x, 0, t) = ϕ′k(x, t)

(3.26)

ϕk(0) = ϕ0k =

k∑
j=1

(ϕ0, wj)wj → ϕ0 in H2 ∩H1
0 as k → +∞, (3.27)

ϕ′k(0) = ϕ1k =
k∑
j=1

(ϕ1, wj)wj → ϕ1 in H1
0 as k → +∞. (3.28)


ρ2(ψ

′′
k(t), wj) + El(ψkx(t), wjx) +Gh((ϕkx + ψ + lω)(t), wj),

+µ̃1(g̃1(ψ
′
k), wj) + µ̃2(g̃2(z2k(., 1)), wj) = 0 1 ≤ j ≤ k,

z2k(x, 0, t) = ψ′k(x, t)

(3.29)
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ψk(0) = ψ0k =
k∑
j=1

(ψ0, wj)wj → ψ0 in H2 ∩H1
0 as k → +∞, (3.30)

ψ′k(0) = ψ1k =
k∑
j=1

(ψ1, wj)wj → ψ1 in H1
0 as k → +∞. (3.31)


ρ1(ω

′′
k(t), wj) + Eh(ωkx(t), wjx) + lEh(ϕkx)(t), wj) + lGh(ϕkx + ψ + lω)(t)wj),

+˜̃µ1(
˜̃g1(ω

′
k), wj) +

˜̃µ2(
˜̃g2(z3k(., 1)), wj) = 0 1 ≤ j ≤ k,

z3k(x, 0, t) = ω′k(x, t)
(3.32)

ωk(0) = ω0k =
k∑
j=1

(ω0, wj)wj → ω0 in H2 ∩H1
0 as k → +∞, (3.33)

ω′k(0) = ω1k =
k∑
j=1

(ω1, wj)wj → ω1 in H1
0 as k → +∞. (3.34)

and
(τz1kt+ z1kρ, φj) = 0, 1 ≤ j ≤ k, (3.35)

z1k(ρ, 0) = z01k =

k∑
j=1

(f1, φj)φj → f1 in H1
0 ((0, 1);H

1(0, 1)) as k → +∞. (3.36)

(τz2kt+ z2kρ, φj) = 0, 1 ≤ j ≤ k, (3.37)

z2k(ρ, 0) = z02k =
k∑
j=1

(f2, φj)φj → f2 in H1
0 ((0, 1);H

1(0, 1)) as k → +∞. (3.38)

(τz3kt + z3kρ, φj) = 0, 1 ≤ j ≤ k, (3.39)

z3k(ρ, 0) = z03k =

k∑
j=1

(f3, φj)φj → f3 in H1
0 ((0, 1);H

1(0, 1)) as k → +∞. (3.40)

By virtue of the theory of ordinary di�erential equations, the system (3.26)-(3.40) has a unique
local solution which is extended to a maximal interval [0, Tk[ (with 0 < Tk ≤ +∞) by Zorn
lemma since the nonlinear terms in (3.26, 3.29,3.32) are locally Lipschitz continuous. Note
that (ϕk(t), ψk(t), ωk(t)) is from the class C2.

In the next step we obtain a priori estimates for the solution, such that it can be extended
outside [0, Tk[ to obtain one solution de�ned for all t > 0.

We can utilize a standard compactness argument for the limiting procedure and it su�ces
to derive some a priori estimates for (ϕk, ψk, ωk, z1k, z2k, z3k).
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The �rst estimate:

Since the sequences ϕ0k, ϕ1k, ψ0k, ψ1k, ω0k, ω1k and z0k converge, then standard calcula-
tions, using (3.26)-(3.40), similar to those used to derive (3.41), yield C independent of k such
that

Ek(t) + a1

∫ t

0

∫ 1

0
ϕ′kg1(ϕk)dxds+ a2

∫ t

0

∫ 1

0
z1k(x, 1, t)g2(z1k(x, 1, t))dsdx

+b1
∫ t

0

∫ 1

0
ψ′kg̃1(ψ

′
k)dxds+ b2

∫ t

0

∫ 1

0
z2k(x, 1, t)g̃2(z2k(x, 1, t))dxds

+c1

∫ t

0

∫ 1

0
ω′k
˜̃g1(ω

′
k)dxds+ c2

∫ t

0

∫ 1

0
z3k(x, 1, t) ˜̃g2(z3k(x, 1, t))dxds

≤ Ek(0) ≤ C

(3.41)

where

Ek(t) =
1

2

(
ρ1

2
‖ϕ′k‖22 +

ρ2

2
‖ψ′k‖22 +

ρ1

2
‖ω′k‖22 +

EI

2
‖ψx‖22 +

Gh

2
‖ϕx + ψ + lω‖22 +

Eh

2
‖ωx − lϕ‖22

)
+ξ1

∫ 1

0

∫ 1

0
G2(z1k(x, ρ, t)) dρ dx+ ξ2

∫ 1

0

∫ 1

0
G̃2(z2k(x, ρ, t)) dρ dx

+ξ3

∫ 1

0

∫ 1

0

˜̃
G2(z3k(x, ρ, t)) dρ dx.

a1 =
(
µ1 − ξ1α2

τ1
− µ2α2

)
, a2 =

(
ξ1
τ1
α1 − µ2(1− α1)

)
,

b1 =
(
µ̃1 − ξ2α̃2

τ2
− µ̃2α̃2

)
, b2 =

(
ξ2
τ2
α̃1 − µ̃2(1− α̃1)

)
,

c1 =
(˜̃µ1 − ξ3˜̃α2

τ3
− ˜̃µ2

˜̃α2

)
, c2 =

(
ξ3
τ3
˜̃α1 − ˜̃µ2(1− ˜̃α1)

) (3.42)

for some C independent of k. These estimates imply that the solution (ϕk, ψk, ωk, z1k, z2k, z3k)
exists globally in [0,+∞[.
Estimate (3.41) yields

ϕk, ψk, ωk are bounded in L∞loc(0,∞;H1
0 (0, 1)) (3.43)

ϕ′k, ψ
′
k, ω

′
k are bounded in L∞loc(0,∞;L2(0, 1)) (3.44)

ϕ′kg1(ϕ
′
k), ψ

′
kg̃1(ψ

′
k), ω

′
k
˜̃g1(ω

′
k) is bounded in L1((0, 1)× (0, T )) (3.45)

G2(z1k(x, ρ, t)), G̃2(z2k(x, ρ, t)),
˜̃
G2(z3k(x, ρ, t)) is bounded in L∞loc(0,∞;L1((0, 1)× (0, 1)))

(3.46)
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and
z1k(x, 1, t)g2(zk(x, 1, t)), z2k(x, 1, t)g̃2(z2k(x, 1, t)),

z3k(x, 1, t)˜̃g2(z3k(x, 1, t)) is bounded in L1((0, 1)× (0, T )

(3.47)

The second estimate:

First, we estimate ϕ′′k(0) , ψ′′k(0) and ω
′′
k(0). Testing (3.26) by g′′jk(t), (3.29) by g̃

′′
jk(t) ,

(3.32) by ˜̃g′′jk(t) and choosing t = 0 we obtain

ρ1‖ϕ′′k(0)‖2 ≤ Gh (‖ϕ0kx‖2 + ‖ψ0k‖2 + l‖ω0k‖2)

+lEh (‖ω0k‖2 + l‖ϕ0k‖2) + µ1‖g1(ϕ1k)‖2 + µ2‖g2(z10k)‖2

ρ2‖ψ′′k(0)‖2 ≤ El‖ψ0kxx‖2 +Gh (‖ϕ0k‖2 + ‖ψ0k‖2 + l‖ω0k‖2)

+µ̃1‖g̃1(ψ1k)‖2 + µ̃2‖g̃2(z20k)‖2

and

ρ1‖ω′′k(0)‖2 ≤ Eh(‖ω0kxx‖2 + lEh‖ϕ0k‖2 + lGh(‖ϕ0k‖2 + ‖ψ0k‖2 + l‖ω0k‖2)

+˜̃µ1‖˜̃g1(ω1k)‖2 + ˜̃µ2‖˜̃g2(z03k)‖2

Since g1(ϕ1k), g2(z10k), g̃1(ψ1k), g̃2(z20k), ˜̃g1(ω1k), ˜̃g2(z30k) are bounded in L2(0, 1) by
(H1), (3.27), (3.28) and (3.36) yield

‖ϕ′′k(0)‖2 ≤ C.

(3.30), (3.31) and (3.38) yield

‖ψ′′k(0)‖2 ≤ C.

(3.33), (3.34) and (3.40) yield

‖ω′′k(0)‖2 ≤ C.

Di�erentiating (3.26), (3.29) and (3.32) with respect to t, we get

ρ1ϕ
′′′
k (t) +Ghϕ′kxx(t) +Ghψ′kx(t) + lGhω′k(t)

+lEhω′k(t) + l2Ehϕ′k(t) + µ1ϕ
′′
k(g
′
1(ϕ
′
k)

+µ2z
′
1k(x, 1, t)(g

′
2(z1k(x, 1, t)) = 0

(3.48)

ρ2ψ
′′′
k (t) + Elψ′kxx(t) +Ghϕ′kx(t) +Ghψ′k(t) + lGhω′k(t)

+µ̃1ψ
′′
k g̃
′
1(ψ
′
k) + µ̃2z

′
2k(x, 1, t)g̃

′
2(z2k(x, 1, t)) = 0

(3.49)
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and

ρ1ω
′′′
k (t) + Ehω′kxx(t) + lEhϕ′kx(t) + lGhϕ′kx + lGhψ′k(t) + l2Ghω′k(t)

+˜̃µ1ω
′′
k(t)

˜̃
g′1(ω

′
k) +

˜̃µ2z
′
3k(x, 1, t)

˜̃
g′2(z3k(x, 1, t)) = 0

(3.50)

Multiplying (3.48) by g′jk(t) , (3.49) by g̃
′
jk(t), and (3.50) by ˜̃g′jk(t) summing over j from 1 to

k, it follows that

1

2

d

dt

(
ρ1‖ϕ′′k(t)‖22 +Gh‖ϕ′kx(t)‖22

)
+Gh

∫ 1

0
(ψ′kx(t) + lω′k(t))ϕ

′′
jk(t)dx

+lEh

∫ 1

0
(ω′k(t) + lϕ′k(t)ϕ

′′
jk(t)dx+ µ1

∫ 1

0
ϕ′′2k (t)g′1(ϕ

′
k)dx

+µ2

∫ 1

0
ϕ′′k(t)z

′
1k(x, 1, t)(g

′
2(z1k(x, 1, t))dx = 0.

(3.51)

1

2

d

dt

(
ρ2‖ψ′′k(t)‖22 + El‖ψ′kx(t)‖22

)
+Gh

∫ 1

0

(
(ϕ′kx(t) + ψ′k(t) + lω′k(t)

)
ψ′′jk(t)dx

+µ̃1

∫ 1

0
ψ′′2k (t)g̃′1(ψ

′
k)dx+ µ̃2

∫ 1

0
ψ′′k(t)z

′
2k(x, 1, t)g̃

′
2(z2k(x, 1, t))dx = 0.

(3.52)

1

2

d

dt

(
ρ1‖ω′′k(t)‖22 + Eh‖ω′kx(t)‖22

)
+ lEh

∫ 1

0
ω′′k(t)ϕ

′
kx(t)dx

+Gh

∫ 1

0
ω′′k(t)

(
lϕ′kx + lψ′k(t) + lω′k(t)

)
+ ˜̃µ1

∫ 1

0
ω′′2k (t)

˜̃
g′1(ω

′
k)dx

+˜̃µ2

∫ 1

0
ω′′k(t)z

′
3k(x, 1, t)

˜̃
g′2(z3k(x, 1, t))dx = 0

(3.53)

Di�erentiating (3.35), (3.37) and (3.39) with respect to t, we get

(τz′′1k(t) +
∂

∂ρ
z′1k, φj) = 0. (3.54)

(τz′′2k(t) +
∂

∂ρ
z′2k, φj) = 0. (3.55)

and

(τz′′3k(t) +
∂

∂ρ
z′3k, φj) = 0. (3.56)

Multiplying (3.54), (3.55) and (3.56) by h′jk(t), summing over j from 1 to k, it follows that

1

2
τ
d

dt
‖z′1k(t)‖22 +

1

2

d

dρ
‖z′1k(t)‖22 = 0. (3.57)

1

2
τ
d

dt
‖z′2k(t)‖22 +

1

2

d

dρ
‖z′2k(t)‖22 = 0. (3.58)

and
1

2
τ
d

dt
‖z′3k(t)‖22 +

1

2

d

dρ
‖z′3k(t)‖22 = 0. (3.59)
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Taking the sum of (3.51), (3.52),(3.53), (3.57),(3.58) and (3.59), we obtain

1

2

d

dt

(
ρ1‖ϕ′′k(t)‖22 + ρ2‖ψ′′k(t)‖22 + ρ1‖ω′′k(t)‖22 +Gh‖ϕ′kx(t)‖22 + El‖ψ′kx(t)‖22 + Eh‖ω′kx(t)‖22

)
+
1

2

d

dt
lEh

(
‖ω′k(t) + lϕ′k(t)‖22 +Gh‖ϕ′kx(t) + ψ′k(t) + lω′k(t)‖22

)
+
1

2
τ
d

dt

(
‖z′1k(x, ρ, t)‖2L2((0,1)×(0,1)) + ‖z

′
2k(x, ρ, t)‖2L2((0,1)×(0,1)) + ‖z

′
3k(x, ρ, t)‖2L2((0,1)×(0,1))

)
+µ1

∫ 1

0
ϕ′′2k (t)g′1(ϕ

′
k)dx+ µ̃1

∫ 1

0
ψ′′2k (t)g̃′1(ψ

′
k)dx+ ˜̃µ1

∫ 1

0
ω′′2k (t)

˜̃
g′1(ω

′
k)dx

+
1

2

∫ 1

0

(
|z′1k(x, 1, t)|2 + |z′2k(x, 1, t)|2 + |z′3k(x, 1, t)|2

)
dx

= −µ2

∫ 1

0
ϕ′′k(t)z

′
1k(x, 1, t)g

′
2(z1k(x, 1, t))dx− µ̃2

∫ 1

0
ψ′′k(t)z

′
2k(x, 1, t)g̃

′
2(z2k(x, 1, t))dx

−˜̃µ2

∫ 1

0
ω′′k(t)z

′
3k(x, 1, t)

˜̃
g′2(z3k(x, 1, t))dx+

1

2

(
‖ϕ′′k(t)‖22 + ‖ψ′′k(t)‖22 + ‖ω′′k(t)‖22

)

Using (3.3), Cauchy-Schwarz and Young's inequalities, we obtain

1

2

d

dt

(
ρ1‖ϕ′′k(t)‖22 + ρ2‖ψ′′k(t)‖22 + ρ1‖ω′′k(t)‖22 +Gh‖ϕ′kx(t)‖22 + El‖ψ′kx(t)‖22 + Eh‖ω′kx(t)‖22

)
+
1

2
lEh

d

dt

(
‖ω′k(t) + lϕ′k(t)‖22 +Gh‖ϕ′kx(t) + ψ′k(t) + lω′k(t)‖22

)
+
1

2
τ
d

dt

(
‖z′1k(x, ρ, t)‖2L2((0,1)×(0,1)) + ‖z

′
2k(x, ρ, t)‖2L2((0,1)×(0,1)) + ‖z

′
3k(x, ρ, t)‖2L2((0,1)×(0,1))

)
+µ1

∫ 1

0
ϕ′′2k (t)g′1(ϕ

′
k)dx+ µ̃1

∫ 1

0
ψ′′2k (t)g̃′1(ψ

′
k)dx+ ˜̃µ1

∫ 1

0
ω′′2k (t)

˜̃
g′1(ω

′
k)dx

+c

∫ 1

0

(
|z′1k(x, 1, t)|2 + |z′2k(x, 1, t)|2 + |z′3k(x, 1, t)|2

)
dx

≤ c′
(
‖ϕ′′k(t)‖22 + ‖ψ′′k(t)‖22 + ‖ω′′k(t)‖22

)
.
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Integrating the last inequality over (0, t) and using Gronwall's Lemma, we obtain

ρ1‖ϕ′′k(t)‖22 + ρ2‖ψ′′k(t)‖22 + ρ1‖ω′′k(t)‖22 +Gh‖ϕ′kx(t)‖22 + El‖ψ′kx(t)‖22 + Eh‖ω′kx(t)‖22

+lEh
(
‖ω′k(t) + lϕ′k(t)‖22 +Gh‖ϕ′kx(t) + ψ′k(t) + lω′k(t)‖22

)
+τ
(
‖z′1k(x, ρ, t)‖2L2((0,1)×(0,1)) + ‖z

′
2k(x, ρ, t)‖2L2((0,1)×(0,1)) + ‖z

′
3k(x, ρ, t)‖2L2((0,1)×(0,1))

)
≤ ecT

(
ρ1‖ϕ′′k(0)‖22 + ρ2‖ψ′′k(0)‖22 + ρ1‖ω′′k(0)‖22 +Gh‖ϕ′kx(0)‖22 + El‖ψ′kx(0)‖22 + Eh‖ω′kx(0)‖22

)
+ecT lEh

(
‖ω′k(0) + lϕ′k(0)‖22 +Gh‖ϕ′kx(0) + ψ′k(0) + lω′k(0)‖22

)
+ecT τ

(
‖z′1k(x, ρ, 0)‖2L2((0,1)×(0,1)) + ‖z

′
2k(x, ρ, 0)‖2L2((0,1)×(0,1)) + ‖z

′
3k(x, ρ, 0)‖2L2((0,1)×(0,1))

)
.

for all t ∈ IR+, therefore, we conclude that

ϕ′′k, ψ
′′
k , ω

′′
k is bounded in L∞loc(0,∞;L2) (3.60)

ϕ′k, ψ
′
k, ω

′
k is bounded in L∞loc(0,∞;H1

0 ) (3.61)

z′1k, z
′
2k, z

′
3k is bounded in L∞loc(0,∞;L2((0, 1)× (0, 1))) (3.62)

The third estimate. Replacing wj by −wjxx in (3.26), (3.29) and (3.32), multiplying the

result by g′jk(t), g̃
′
jk(t) and

˜̃g′jk(t), summing over j from 1 to k, it follows that

1

2

d

dt

(
ρ1‖ϕ′kx(t)‖22 +Gh‖ϕkxx(t)‖22

)
+Gh

∫ 1

0
(ψx(t) + lω(t))ϕ′kxx(t)dx

+lEh

∫ 1

0
(ω(t) + lϕ(t)ϕ′kx(t)dx+ µ1

∫ 1

0
ϕ′2kx(t)g

′
1(ϕ
′
k)dx

+µ2

∫ 1

0
ϕ′kx(t)z1kx(x, 1, t)(g

′
2(z1k(x, 1, t))dx = 0.

(3.63)

1

2

d

dt

(
ρ2‖ψ′kx(t)‖22 + El‖ψkxx(t)‖22

)
++Gh

∫ 1

0
(ϕx + ψ + lω)ψ′kxx(t)dx

+µ̃1

∫ 1

0
ψ′2kx(t)g̃

′
1(ψ
′
k)dx+ µ̃2

∫ 1

0
ψ′kx(t)z2kx(x, 1, t)g̃′2(z2k(x, 1, t))dx = 0.

(3.64)

and

1

2

d

dt

(
ρ1‖ω′kx(t)‖22 + Eh‖ωkxx(t)‖22

)
+ lEh

∫ 1

0
ω′kx(t)ϕkxx(t)dx

+Gh

∫ 1

0
(ϕx + ψ + lω)ψ′kxx(t)dx+ ˜̃µ1

∫ 1

0
ω′2kx(t)

˜̃
g′1(ω

′
k)dx

+˜̃µ2

∫ 1

0
ω′kx(t)z3kx(x, 1, t)

˜̃
g′2(z3k(x, 1, t))dx = 0

(3.65)
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Replacing φj by −φjxx in (3.35), (3.37), and (3.39) multiplying the resulting equation by
hjk(t), summing over j from 1 to k, it follows that

1

2
τ
d

dt
‖z1kx(t)‖22 +

1

2

d

dρ
‖z1kx(t)‖22 = 0. (3.66)

1

2
τ
d

dt
‖z2kx(t)‖22 +

1

2

d

dρ
‖z2kx(t)‖22 = 0. (3.67)

and
1

2
τ
d

dt
‖z3kx(t)‖22 +

1

2

d

dρ
‖z3kx(t)‖22 = 0. (3.68)

From (3.63), (3.64), (3.65), (3.66), (3.67) and (3.68), we have

1

2

d

dt

(
ρ1‖ϕ′kx(t)‖22 + ρ2‖ψ′kx(t)‖22 + ρ1‖ω′kx(t)‖22 +Gh‖ϕkxx(t)‖22 + El‖ψkxx(t)‖22 + Eh‖ωkxx(t)‖22

)
+
1

2
lEh

d

dt

(
‖ωkx(t) + lϕkx(t)‖22 +Gh‖ϕkxx(t) + ψkx(t) + lωkx(t)‖22

)
+
1

2
τ
d

dt

(
‖z1kx(x, ρ, t)‖2L2((0,1)×(0,1)) + ‖z2kx(x, ρ, t)‖2L2((0,1)×(0,1)) + ‖z3kx(x, ρ, t)‖2L2((0,1)×(0,1))

)
+µ1

∫ 1

0
|ϕ′kx(t)|2g′1(ϕ′k)dx+ µ̃1

∫ 1

0
|ψ′kx(t)|2g̃′1(ψ′k)dx+ ˜̃µ1

∫ 1

0
|ω′kx(t)|2

˜̃
g′1(ω

′
k)dx

+
1

2

∫ 1

0

(
|z1kx(x, 1, t)|2 + |z2kx(x, 1, t)|2 + |z3kx(x, 1, t)|2

)
dx

= −µ2

∫ 1

0
ϕ′kx(t)z1kx(x, 1, t)g

′
2(z1k(x, 1, t))dx− µ̃2

∫ 1

0
ψ′kx(t)z2kx(x, 1, t)g̃′2(z2k(x, 1, t))dx

−˜̃µ2

∫ 1

0
ω′kx(t)z3kx(x, 1, t)

˜̃
g′2(z3k(x, 1, t))dx+

1

2

(
‖ϕ′kx(t)‖22 + ‖ψ′kx(t)‖22 + ‖ω′kx(t)‖22

)
.

Using (3.3), Cauchy-Schwartz and Young's inequalities, we obtain

1

2

d

dt

(
ρ1‖ϕ′kx(t)‖22 + ρ2‖ψ′kx(t)‖22 + ρ1‖ω′kx(t)‖22 +Gh‖ϕkxx(t)‖22 + El‖ψkxx(t)‖22 + Eh‖ωkxx(t)‖22

)
+
1

2
lEh

d

dt

(
‖ωkx(t) + lϕkx(t)‖22 +Gh‖ϕkxx(t) + ψkx(t) + lωkx(t)‖22

)
+
1

2
τ
d

dt

(
‖z1kx(x, ρ, t)‖2L2((0,1)×(0,1)) + ‖z2kx(x, ρ, t)‖2L2((0,1)×(0,1)) + ‖z3kx(x, ρ, t)‖2L2((0,1)×(0,1))

)
+µ1

∫ 1

0
|ϕ′kx(t)|2g′1(ϕ′k)dx+ µ̃1

∫ 1

0
|ψ′kx(t)|2g̃′1(ψ′k)dx+ ˜̃µ1

∫ 1

0
|ω′kx(t)|2

˜̃
g′1(ω

′
k)dx

+c

∫ 1

0

(
|z1kx(x, 1, t)|2 + |z2kx(x, 1, t)|2 + |z3kx(x, 1, t)|2

)
dx

≤ c′
(
‖ϕ′kx(t)‖22 + ‖ψ′kx(t)‖22 + ‖ω′kx(t)‖22

)
.
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Integrating the last inequality over (0, t) and using Gronwall's Lemma, we have(
ρ1‖ϕ′kx(t)‖22 + ρ2‖ψ′kx(t)‖22 + ρ1‖ω′kx(t)‖22 +Gh‖ϕkxx(t)‖22 + El‖ψkxx(t)‖22 + Eh‖ωkxx(t)‖22

)
+lEh

(
‖ωkx(t) + lϕkx(t)‖22 +Gh‖ϕkxx(t) + ψkx(t) + lωkx(t)‖22

)
+τ
(
‖z1kx(x, ρ, t)‖2L2((0,1)×(0,1)) + ‖z2kx(x, ρ, t)‖2L2((0,1)×(0,1)) + ‖z3kx(x, ρ, t)‖2L2((0,1)×(0,1))

)
≤
(
ρ1‖ϕ′kx(0)‖22 + ρ2‖ψ′kx(0)‖22 + ρ1‖ω′kx(0)‖22 +Gh‖ϕkxx(0)‖22 + El‖ψkxx(0)‖22 + Eh‖ωkxx(0)‖22

)
+lEh

(
‖ωkx(0) + lϕkx(0)‖22 +Gh‖ϕkxx(0) + ψkx(0) + lωkx(0)‖22

)
+τ
(
‖z1kx(x, ρ, 0)‖2L2((0,1)×(0,1)) + ‖z2kx(x, ρ, 0)‖2L2((0,1)×(0,1)) + ‖z3kx(x, ρ, 0)‖2L2((0,1)×(0,1))

)
.

for all t ∈ IR+, therefore, we conclude that

ϕk, ψk, ωk are bounded in L∞loc(0,∞;H2 ∩H1
0 (0, 1)), (3.69)

z1k, z2k, z3k is bounded in L∞loc(0,∞;H1
0 (0, 1;L

2(0, 1))). (3.70)

Applying Dunford-Petti's theorem we conclude from (3.43), (3.44), (3.45), (3.47), (3.60),
(3.61), (3.62), (3.69) and (3.70), after replacing the sequences ϕk, ψk and zk with a subsequence
if needed, that 

ϕk → ϕ weak-star in L∞loc(0,∞;H2 ∩H1
0 (0, 1))

ψk → ψ weak-star in L∞loc(0,∞;H2 ∩H1
0 (0, 1)),

ωk → ω weak-star in L∞loc(0,∞;H2 ∩H1
0 (0, 1))

(3.71)


ϕ′k → ϕ′ weak-star in L∞loc(0,∞;H1

0 (0, 1))

ψ′k → ψ′ weak-star in L∞loc(0,∞;H1
0 (0, 1)),

ω′k → ω′ weak-star in L∞loc(0,∞;H1
0 (0, 1))

ϕ′′k → ϕ′′ weak-star in L∞loc(0,∞;L2(0, 1))

ψ′′k → ψ′′ weak-star in L∞loc(0,∞;L2(0, 1)),

ω′′k → ω′′ weak-star in L∞loc(0,∞;L2(0, 1))

(3.72)

g1(ϕ
′
k)→ χ weak-star in L2((0, 1)× (0, T )),

g̃1(ψ
′
k)→ χ̃ weak-star in L2((0, 1)× (0, T )),˜̃g1(ω
′
k)→ ˜̃χ weak-star in L2((0, 1)× (0, T )),

z1k → z1 weak-star in L∞loc(0,∞;H1
0 ((0, 1);L

2(0, 1)),
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z2k → z2 weak-star in L∞loc(0,∞;H1
0 ((0, 1);L

2(0, 1)),

z3k → z3 weak-star in L∞loc(0,∞;H1
0 ((0, 1);L

2(0, 1)),
z′1k → z′1 weak-star in L∞loc(0,∞;L2((0, 1)× (0, 1))),

z′2k → z′2 weak-star in L∞loc(0,∞;L2((0, 1)× (0, 1))),

z′3k → z′3 weak-star in L∞loc(0,∞;L2((0, 1)× (0, 1))),

(3.73)

g2(zk(x, 1, t))→ ϕ weak-star in L2((0, 1)× (0, T ))

g̃2(zk(x, 1, t))→ ψ weak-star in L2((0, 1)× (0, T ))˜̃g2(zk(x, 1, t))→ ω weak-star in L2((0, 1)× (0, T ))

for suitable functions ϕ,ψ, ω ∈ L∞(0, T ;H2 ∩ H1
0 (0, 1)), z1, z2, z3 ∈ L∞(0, T ;L2((0, 1) ×

(0, 1))),

χ, χ̃, ˜̃χ ∈ L2((0, 1)× (0, T )), ϕ, ψ, ω ∈ L2((0, 1)× (0, T )) for all T ≥ 0. We have to show that
(ϕ,ψ, ω, z1, z2, z3) is a solution of (3.8).

From (3.43) and (3.44) we have ϕ′k, ψ
′
k and ω′k is bounded in L∞(0, T ;H1

0 (0, 1)). Then
ϕ′k, ψ

′
k and ω

′
k is bounded in L

2(0, T ;H1
0 ). Since ϕ

′′
k, ψ

′′
k and ω

′′
k is bounded in L

∞(0, T ;L2(0, 1)),
then ϕ′′k, ψ

′′
k and ω′′k is bounded in L2(0, T ;L2(0, 1)). Consequently ϕ′k, ψ

′
k and ω

′
k is bounded

in H1(Q) ,where Q = (0, 1)× (0, T ).

Since the embedding H1(Q) ↪→ L2(Q) is compact, using Aubin-Lions theorem [22] we can
extract a subsequence (ϕν) of (ϕk), (ψν) of (ψk) and (ων) of (ωk)such that

ϕ′ν → ϕ′ strongly in L2(Q).

ψ′ν → ψ′ strongly in L2(Q).

ω′ν → ω′ strongly in L2(Q).

Therefore 
ϕ′ν → ψ′ strongly and a.e on Q.

ψ′ν → ψ′ strongly and a.e on Q.

ω′ν → ψ′ strongly and a.e on Q.,

(3.74)

Similarly we obtain 
z′1ν → z′1 strongly and a.e on Q.

z′2ν → z′2 strongly and a.e on Q.

z′3ν → z′3 strongly and a.e on Q.,

(3.75)

Lemma 3.3 For each T > 0, g1(ϕ
′), g2(z1(x, 1, t)) ∈ L1(Q), g̃1(ψ

′), g̃2(z2(x, 1, t)) ∈ L1(Q),˜̃g1(ω
′), ˜̃g2(z3(x, 1, t)) ∈ L1(Q) and
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‖g1(ϕ
′)‖L1(Q), ‖g2(z1(x, 1, t))‖L1(Q) ≤ K1,

‖g̃1(ψ
′)‖L1(Q), ‖g̃2(z2(x, 1, t))‖L1(Q) ≤ K2,

‖˜̃g1(ω
′)‖L1(Q), ‖˜̃g2(z3(x, 1, t))‖L1(Q) ≤ K3,

where K1, K2 and K3 is a constant independent of t.

Proof. By ( H1) and (3.3) we have

g1(ϕ
′
k(x, t))→ g1(ϕ

′(x, t)) a.e. in Q,

g̃1(ψ
′
k(x, t))→ g̃1(ψ

′(x, t)) a.e. in Q,˜̃g1(ω
′
k(x, t))→ ˜̃g1(ω

′(x, t)) a.e. in Q,

0 ≤ g1(ϕ
′
k(x, t))ϕ

′
k(x, t)→ g1(ϕ

′(x, t))ϕ′(x, t) a.e. in Q

0 ≤ g̃1(ψ
′
k(x, t))ψ

′
k(x, t)→ g̃1(ψ

′(x, t))ψ′(x, t) a.e. in Q

0 ≤ ˜̃g1(ω
′
k(x, t))ω

′
k(x, t)→ ˜̃g1(ω

′(x, t))ω′(x, t) a.e. in Q

Hence, by (3.45) and Fatou's lemma we have∫ T

0

∫ 1

0
ϕ′(x, t)g1(ϕ

′(x, t)) dx dt ≤ K for T > 0. (3.76)

∫ T

0

∫ 1

0
ψ′(x, t)g1(ψ

′(x, t)) dx dt ≤ K ′ for T > 0. (3.77)

∫ T

0

∫ 1

0
ω′(x, t)g1(ω

′(x, t)) dx dt ≤ K” for T > 0. (3.78)

By Cauchy-Schwarz inequality and using (3.76), we have∫ T

0

∫ 1

0
|g1(ϕ

′(x, t))| dx dt ≤ c|Q|
1
2

(∫ T

0

∫ 1

0
ϕ′g1(ϕ

′) dx dt

) 1
2

≤ c|Q|
1
2K

1
2 ≡ K1

∫ T

0

∫ 1

0
|g̃1(ψ

′(x, t))| dx dt ≤ c|Q|
1
2

(∫ T

0

∫ 1

0
ψ′g̃1(ψ

′) dx dt

) 1
2

≤ c|Q|
1
2K ′

1
2 ≡ K2

∫ T

0

∫ 1

0
|˜̃g1(ω

′(x, t))| dx dt ≤ c|Q|
1
2

(∫ T

0

∫ 1

0
ω′˜̃g1(ω

′) dx dt

) 1
2

≤ c|Q|
1
2K”

1
2 ≡ K3

�
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Lemma 3.4 : g1(ϕ
′
k) → g1(ϕ

′), g̃1(ψ
′
k) → g̃1(ψ

′) and ˜̃g1(ω
′
k) → ˜̃g1(ω

′) in L1((0, 1) ×
(0, T )),

g2(z1k)→ g2(z1), g̃2(z2k)→ g̃2(z2), and ˜̃g2(z3k)→ ˜̃g2(z3) in L
1((0, 1)× (0, T )).

Proof: Let E ⊂ (0, 1)× [0, T ], E′ ⊂ (0, 1)× [0, T ] and E′′ ⊂ (0, 1)× [0, T ] and set

E1 =

{
(x, t) ∈ E; g1(ϕ

′
k(x, t)) ≤

1√
|E|

}
, E2 = E \ E1,

E′1 =

{
(x, t) ∈ E′; g̃1(ψ

′
k(x, t)) ≤

1√
|E′|

}
, E′2 = E′ \ E′1,

E′′1 =

{
(x, t) ∈ E′′; ˜̃g1(ω

′
k(x, t)) ≤

1√
|E′′|

}
, E′′2 = E′′ \ E′′1 ,

where |E| is the measure of E. If M(r) := inf{|s|; s ∈ IR and |g1(s)| ≥ r},

|E′| is the measure of E′. If M ′(r) := inf{|s|; s ∈ IR and |g̃1(s)| ≥ r},

|E′′| is the measure of E′′. If M ′′(r) := inf{|s|; s ∈ IR and |˜̃g1(s)| ≥ r},∫
E
|g1(ϕ

′
k)| dxdt ≤

√
|E|+

(
M

(
1√
|E|

))−1 ∫
E2

|ϕ′kg1(ϕ
′
k)| dxdt.

∫
E′
|g̃1(ψ

′
k)| dxdt ≤

√
|E′|+

(
M ′

(
1√
|E′|

))−1 ∫
E′2

|ψ′kg̃1(ψ
′
k)| dxdt.

∫
E′′
|˜̃g1(ω

′
k)| dxdt ≤

√
|E′′|+

(
M ′′

(
1√
|E′′|

))−1 ∫
E′′2

|ω′k˜̃g1(ω
′
k)| dxdt.

Applying (3.45) we deduce that sup
k

∫
E
|g1(ϕ

′
k)| dxdt→ 0

as |E| → 0, sup
k

∫
E′
|g̃1(ψ

′
k)| dxdt→ 0 as |E′| → 0, and sup

k

∫
E′′
|˜̃g1(ω

′
k)| dxdt→ 0 as |E′′| → 0

From Vitali's convergence theorem we deduce that g1(ϕ
′
k) → g1(ϕ

′), g̃1(ψ
′
k) → g̃1(ψ

′) and˜̃g1(ω
′
k)→ ˜̃g1(ω

′) in L1((0, 1)× (0, T )), hence

g1(ϕ
′
k)→ g1(ϕ

′) weak star in L2(Q).

g̃1(ψ
′
k)→ g̃1(ψ

′) weak star in L2(Q).˜̃g1(ω
′
k)→ ˜̃g1(ω

′) weak star in L2(Q).

Similarly, we have
g2(z

′
1k)→ g2(z

′
1) weak star in L2(Q),

g̃2(z
′
2k)→ g̃2(z

′
2) weak star in L2(Q),
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terms.˜̃g2(z
′
3k)→ ˜̃g2(z

′
3) weak star in L2(Q),

and this imply that∫ T

0

∫ 1

0
g1(ϕ

′
k)v dx dt→

∫ T

0

∫ 1

0
g1(ϕ

′)v dx dt for all v ∈ L2(0, T ;H1
0 ) (3.79)

∫ T

0

∫ 1

0
g̃1(ψ

′
k)v dx dt→

∫ T

0

∫ 1

0
g̃1(ψ

′)v dx dt for all v ∈ L2(0, T ;H1
0 ) (3.80)

∫ T

0

∫ 1

0

˜̃g1(ω
′
k)v dx dt→

∫ T

0

∫ 1

0

˜̃g1(ω
′)v dx dt for all v ∈ L2(0, T ;H1

0 ) (3.81)

∫ T

0

∫ 1

0
g2(z1k)v dx dt→

∫ T

0

∫ 1

0
g2(z1)v dx dt for all v ∈ L2(0, T ;H1

0 ) (3.82)

∫ T

0

∫ 1

0
g̃2(z2k)v dx dt→

∫ T

0

∫ 1

0
g̃2(z2)v dx dt for all v ∈ L2(0, T ;H1

0 ) (3.83)

∫ T

0

∫ 1

0

˜̃g2(z3k)v dx dt→
∫ T

0

∫ 1

0

˜̃g2(z3)v dx dt for all v ∈ L2(0, T ;H1
0 ) (3.84)

as k → +∞. It follows at once from (3.71), (3.72), (3.79), (3.80), (3.81), (3.82), (3.83),(3.84)
and (3.73) that for each �xed u, v, w ∈ L2(0, T ;H1

0 (0, 1)) and w1, w2, w3 ∈ L2(0, T ;H1
0 ((0, 1)×

(0, 1)))

∫ T

0

∫ 1

0
(ρ1ϕ

′′
k +Gh(ϕkxx +Gh(ψk + lωk) + lEh(ωk + lϕk) + µ1g1(ϕ

′
k) + µ2g2(z1k))u dx dt

→
∫ T

0

∫ 1

0
(ρ1ϕ

′′ +Gh(ϕxx +Gh(ψ + lω) + lEh(ω + lϕ) + µ1g1(ϕ
′) + µ2g2(z1))u dx dt

∫ T

0

∫ 1

0
(ρ2ψ

′′
k + Elψkxx +Gh(ϕkx + ψk + lωk + µ̃1g̃1(ψ

′
k) + µ̃2g̃2(z2k))v dx dt

→
∫ T

0

∫ 1

0
(ρ2ψ

′′ + Elψxx +Gh(ϕx + ψ + lω + µ̃1g̃1(ψ
′) + µ̃2g̃2(z2))v dx dt

∫ T

0

∫ 1

0
(ρ1ω

′′
k + Ehωkxx + lEhϕkx + lGh(ϕkx + ψk + lωk) + ˜̃µ1

˜̃g1(ω
′
k) +

˜̃µ2
˜̃g2(z3k))w dxdt

→
∫ T

0

∫ 1

0
(ρ1ω

′′ + Ehωxx + lEhϕx + lGh(ϕx + ψ + lω) + ˜̃µ1
˜̃g1(ω

′) + ˜̃µ2
˜̃g2(z3))w dxdt
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∫ T

0

∫ 1

0

∫ 1

0
(τz′1k +

∂

∂ρ
z1k)w1 dx dρ dt→

∫ T

0

∫ 1

0

∫ 1

0
(τz′1 +

∂

∂ρ
z1)w1 dx dρ dt∫ T

0

∫ 1

0

∫ 1

0
(τz′2k +

∂

∂ρ
z2k)w2 dx dρ dt→

∫ T

0

∫ 1

0

∫ 1

0
(τz′2 +

∂

∂ρ
z2)w2 dx dρ dt∫ T

0

∫ 1

0

∫ 1

0
(τz′3k +

∂

∂ρ
z3k)w3 dx dρ dt→

∫ T

0

∫ 1

0

∫ 1

0
(τz′3 +

∂

∂ρ
z3)w3 dx dρ dt

as k → +∞. Hence∫ T

0

∫ 1

0
(ρ1ϕ

′′ +Gh(ϕxx +Gh(ψ + lω) + lEh(ω + lϕ) + µ1g1(ϕ
′) + µ2g2(z1))u dx dt = 0

∫ T

0

∫ 1

0
(ρ2ψ

′′ + Elψxx +Gh(ϕx + ψ + lω + µ̃1g̃1(ψ
′) + µ̃2g̃2(z2))v dx dt = 0∫ T

0

∫ 1

0
(ρ1ω

′′ + Ehωxx + lEhϕx + lGh(ϕx + ψ + lω) + ˜̃µ1
˜̃g1(ω) +

˜̃µ2
˜̃g2(z3))w dxdt = 0∫ T

0

∫ 1

0

∫ 1

0
(τu′ +

∂

∂ρ
z)w dxdρ dt = 0, w1, w2, w3 ∈ L2(0, T ;H1

0 ((0, 1)× (0, 1))).

Thus the problem (P ) admits a global weak solution (ϕ,ψ, ω).

Uniqueness. Let (ϕ1, ψ1, ω1, z1, z2, z3) and (ϕ̃1, ψ̃1, ω̃1, z̃1, z̃2, z̃3) be two solutions of problem

(3.8). Then (˜̃ϕ, ˜̃ψ, ˜̃ω, ˜̃z1, ˜̃z2, ˜̃z3) = (ϕ1, ψ1, ω1, z1, z2, z3) -(ϕ̃1, ψ̃1, ω̃1, z̃1, z̃2, z̃3) veri�es

ρ1
˜̃ϕtt −Gh(˜̃ϕx + ˜̃ψ + l˜̃ω)x − lEh(˜̃ωx − l˜̃ϕ) + µ1g1(ϕ̃

′(x, t))− µ1g1(ϕ
′(x, t))

+µ2g2(z̃1(x, 1, t)− µ2g2(z1(x, 1, t)) = 0 in ]0, 1[×]0,+∞[,

τ1
˜̃z1t(x, ρ, t) + ˜̃z1ρ(x, ρ, t) = 0 in ]0, 1[×]0, 1[×]0,+∞[,

ρ2
˜̃
ψtt − EI

˜̃
ψxx +Gh(˜̃ϕx + ˜̃ψ + l˜̃ω) + µ̃1g̃1(ψ̃

′(x, t))− µ̃1g̃1(ψ
′(x, t))

+µ̃2g̃2(z̃2(x, 1, t)− µ̃2g̃2(z2(x, 1, t)) = 0 in ]0, 1[×]0,+∞[,

τ2
˜̃z2t(x, ρ, t) + ˜̃z2ρ(x, ρ, t) = 0 in ]0, 1[×]0, 1[×]0,+∞[,

ρ1
˜̃ωtt − Eh(˜̃ωx − l˜̃ϕ)x + lGh(˜̃ϕx + ˜̃ψ + l˜̃ω) + ˜̃µ1

˜̃g1(ω̃
′(x, t))− ˜̃µ1

˜̃g1(ω
′(x, t))

+˜̃µ2
˜̃g2(z̃3(x, 1, t))− ˜̃µ2

˜̃g2(z3(x, 1, t)) = 0 in ]0, 1[×]0,+∞[

τ3
˜̃z3t(x, ρ, t) + ˜̃z3ρ(x, ρ, t) = 0 in ]0, 1[×]0, 1[×]0,+∞[˜̃ϕ(0, t) = ˜̃ϕ(1, t) = ˜̃

ψ(0, t) =
˜̃
ψ(1, t) = 0 t ≥ 0,˜̃

ψ(x, 0, t) = ψ̃′(x, t)− ψ′(x, t) x ∈]0, 1[×]0,+∞[˜̃ϕ(x, 0, t) = ϕ̃′(x, t)− ϕ′(x, t) x ∈]0, 1[×]0,+∞[˜̃ω(x, 0, t) = ω̃′(x, t)− ω′(x, t) x ∈]0, 1[×]0,+∞[˜̃ϕ(x, 0) = ˜̃ϕ′(x, 0) = ˜̃
ψ(x, 0) =

˜̃
ψ
′
(x, 0) = ˜̃ω(x, 0) = ˜̃ω′(x, 0) = 0 x ∈]0, 1[˜̃z1(x, ρ, 0) = ˜̃z2(x, ρ, 0) = ˜̃z3(x, ρ, 0) = 0 x ∈]0, 1[×]0, 1[

(3.85)



74

Well-posedness and energy decay of solutions to a nonlinear Bresse system with delay
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Multiplying the �rst equation (3.85) by ˜̃ϕ′ the third equation by
˜̃
ψ
′
and the �ve equation by˜̃ω′ integrating over (0, 1)× (0, 1), we get

1

2

d

dt

(
ρ1‖˜̃ϕt‖22)+Gh

∫ 1

0
(˜̃ϕx + ˜̃ψ + l˜̃ω)x)˜̃ϕ′dx

+lEh
∫ 1

0 (
˜̃ωx − l˜̃ϕ′)˜̃ϕ′dx+ µ1

(
g1(ϕ̃

′(x, t))− g1(ϕ
′(x, t)), ˜̃ϕ′)

+µ2

(
g2(z̃1(x, 1, t)− g2(z1(x, 1, t)), ˜̃ϕ′) = 0.

(3.86)

1

2

d

dt

(
ρ2‖
˜̃
ψt‖22 + EI‖˜̃ψx‖22)+Gh

∫ 1

0
(˜̃ϕx + ˜̃ψ + l˜̃ω)˜̃ψ′dx

+µ̃1

(
g̃1(ψ̃

′(x, t))− g̃1(ψ
′(x, t)),

˜̃
ψ
′)

+µ̃2

(
g̃2(z̃2(x, 1, t)− g̃2(z2(x, 1, t)),

˜̃
ψ
′)

= 0.

(3.87)

1

2

d

dt

(
ρ1‖˜̃ωt‖22)+ Eh

∫ 1

0
(˜̃ωx − l˜̃ϕ)x)˜̃ω′dx

+lGh
∫ 1

0 (
˜̃ϕx + ˜̃ψ + l˜̃ω)˜̃ω′dx+ ˜̃µ1

( ˜̃g1(ω̃
′(x, t))− ˜̃g1(ω

′(x, t)), ˜̃ω′)
+˜̃µ2

( ˜̃g2(z̃3(x, 1, t))− ˜̃g2(z3(x, 1, t)), ˜̃ω′) = 0.

(3.88)

Multiplying the second equation in (3.85) by ˜̃z1 the fourth equation by ˜̃z2 and the sixth

equation by ˜̃z3 , integrating over (0, 1)× (0, 1), we get

τ1
1

2

d

dt

∫ 1

0
‖ ˜̃z1
′
‖22 dρ+

1

2
(‖ ˜̃z1(x, 1, t)‖22 − ‖˜̃ϕ′‖22) = 0. (3.89)

τ2
1

2

d

dt

∫ 1

0
‖ ˜̃z2
′
‖22 dρ+

1

2
(‖ ˜̃z2(x, 1, t)‖22 − ‖

˜̃
ψ
′
‖22) = 0. (3.90)

τ3
1

2

d

dt

∫ 1

0
‖ ˜̃z3
′
‖22 dρ+

1

2
(‖ ˜̃z3(x, 1, t)‖22 − ‖˜̃ω′‖22) = 0. (3.91)
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From (3.86), (3.87), (3.88), (3.89), (3.90), (3.91) and using Cauchy-Schwarz inequality, we get

1

2

d

dt

(
ρ1‖˜̃ϕt‖22 + ρ2‖

˜̃
ψt‖22 + ρ1‖˜̃ωt‖22 +Gh‖˜̃ϕx + ˜̃ψ + l˜̃ω‖22 + Eh‖˜̃ωx − l˜̃ϕ′‖22 + EI‖˜̃ψx‖22)

+
1

2

d

dt

(
τ1

∫ 1

0
‖ ˜̃z1
′
‖22 dρ+ τ2

∫ 1

0
‖ ˜̃z2
′
‖22 dρ+ τ3

∫ 1

0
‖ ˜̃z3
′
‖22 dρ

)
+
1

2

d

dt

(
‖ ˜̃z1(x, 1, t)‖22 + ‖ ˜̃z2(x, 1, t)‖22 + ‖ ˜̃z3(x, 1, t)‖22

)
+µ1

(
g1(ϕ̃

′(x, t))− g1(ϕ
′(x, t)), ˜̃ϕ′)+ µ̃1

(
g̃1(ψ̃

′(x, t))− g̃1(ψ
′(x, t)),

˜̃
ψ
′)

+˜̃µ1

( ˜̃g1(ω̃
′(x, t))− ˜̃g1(ω

′(x, t)), ˜̃ω′)
= −µ2

(
g2(z̃1(x, 1, t)− g2(z1(x, 1, t)), ˜̃ϕ′)− µ̃2

(
g̃2(z̃2(x, 1, t)− g̃2(z2(x, 1, t)),

˜̃
ψ
′)

−˜̃µ2

( ˜̃g2(z̃3(x, 1, t))− ˜̃g2(z3(x, 1, t)), ˜̃ω′)+ 1

2

d

dt

(
‖˜̃ϕ′‖22) + ‖˜̃ψ′‖22) + ‖˜̃ω′‖22))

≤ 1

2

(
‖˜̃ϕ′‖22) + ‖˜̃ψ′‖22) + ‖˜̃ω′‖22)+ ‖g2(z̃1(x, 1, t)− g2(z1(x, 1, t))‖2‖˜̃ϕ′‖2

+‖g̃2(z̃2(x, 1, t)− g̃2(z2(x, 1, t))‖2‖
˜̃
ψ
′
‖2 + ‖ ˜̃g2(z̃3(x, 1, t))− ˜̃g2(z3(x, 1, t))‖2‖˜̃ω′‖2.

Using condition (3.4) and Young's inequality, we obtain

1

2

d

dt

(
ρ1‖˜̃ϕt‖22 + ρ2‖

˜̃
ψt‖22 + ρ1‖˜̃ωt‖22 +Gh‖˜̃ϕx + ˜̃ψ + l˜̃ω‖22 + Eh‖˜̃ωx − l˜̃ϕ′‖22 + EI‖˜̃ψx‖22)

+
1

2

d

dt

(
τ1

∫ 1

0
‖ ˜̃z1
′
‖22 dρ+ τ2

∫ 1

0
‖ ˜̃z2
′
‖22 dρ+ τ3

∫ 1

0
‖ ˜̃z3
′
‖22 dρ

)
≤ c

(
‖˜̃ϕ′‖22) + ‖˜̃ψ′‖22) + ‖˜̃ω′‖22) .

where c is a positive constant. Then integrating over (0, t), using Gronwall's lemma, we
conclude that

ρ1‖˜̃ϕt‖22 + ρ2‖
˜̃
ψt‖22 + ρ1‖˜̃ωt‖22 +Gh‖˜̃ϕx + ˜̃ψ + l˜̃ω‖22 + Eh‖˜̃ωx − l˜̃ϕ′‖22 + EI‖˜̃ψx‖22

+τ1

∫ 1

0
‖ ˜̃z1
′
‖22 dρ+ τ2

∫ 1

0
‖ ˜̃z2
′
‖22 dρ+ τ3

∫ 1

0
‖ ˜̃z3
′
‖22 dρ = 0

3.4 Asymptotic Behavior

First we state and prove a lemma that will be needed to establish the asymptotic behavior.

Lemma 3.5 There exists a positive constant C such that the following inequality holds for

every (ϕ,ψ, ω) ∈ (H1
0 (0, L))

3

∫ L

0
(|ϕx|2 + |ψx|2 + |ωx|2) dx ≤ C

∫ L

0
(EI|ψx|2 +Gh|ϕx+ψ+ lω|2 +Eh|ωx− lϕ|2) dx. (3.92)
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Proof. we will argue by contradiction. Indeed, let us suppose that (3.92) is not true. So, we
can �nd a sequence {(ϕν , ψν , ων)}ν∈IN in (H1

0 (0, L))
3 satisfying∫ L

0
(EI|ψνx|2 +Gh|ϕνx + ψ + lων|2 + Eh|ωνx − lϕν|2) dx ≤

1

ν
(3.93)

and ∫ L

0
(|ϕνx|2 + |ψνx|2 + |ωνx|2) dx = 1. (3.94)

From (3.94), the sequence {(ϕν , ψν , ων)}ν∈IN is bounded in (H1
0 (0, L))

3, Since the embedding
H1

0 (0, L) ↪→ L2(0, L) is compact, then the sequence {(ϕν , ψν , ων)}ν∈IN converge strongly in
(L2(0, L))3.
From (3.93)

ϕνx → 0 strongly in L2(0, L). (3.95)

Using Poincaré's inequality we can conclude that

ϕν → 0 strongly in L2(0, L). (3.96)

Now, setting ϕν → ϕ and ων → ω strongly in L2(0, L).
From (3.93), we have

ϕνx + ψν + lων → 0 strongly in L2(0, L). (3.97)

Then

ϕνx + ψν + lων = ϕνx + ψν + l(ων − ω) + lω → 0 strongly in L2(0, L). (3.98)

which implies that
ϕνx → −lω strongly in L2(0, L). (3.99)

Then, {ϕν}n is a Cauchy sequence in H1(0, L). Therefore {ϕν}n converge to a function ϕ1

in H1(0, L). Consequently {ϕν}n converge to ϕ1 in L2(0, L). Thus by the uniqueness of the
limit ϕ1 = ϕ. Moreover ϕ ∈ H1

0 (0, L).
From (3.100) we deduce that

ϕx + lω = 0 a.e x ∈ (0, L). (3.100)

Similarly, we have
ωx − lϕ = 0 a.e x ∈ (0, L) (3.101)

and ω ∈ H1
0 (0, L).

(3.100) and (3.101) provides us ϕ = ω = 0, contradicting (3.94). �

From now on, we denote by c various positive constants which may be di�erent at di�erent
occurrences.

Multiplying the �rst equation in (3.8) by
ϕ(E)

E
ϕ, the third equation by

ϕ(E)

E
ψ and the

�ve equation by
ϕ(E)

E
ω. We obtain

0 =

∫ T

S

ϕ(E)

E

∫ L

0
ϕ (ρ1ϕtt −Gh(ϕx + ψ + lω)x − lEh(ωx − lϕ) + µ1ϕt + µ2z1(x, 1, t)) dxdt
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0 =

[
ϕ(E)

E
ρ1

∫ L

0
ϕϕtdx

]T
S

−
∫ T

S
ρ1

(
ϕ(E)

E

)′ ∫ L

0
ϕϕtdxdt− ρ1

∫ T

S

ϕ(E)

E
‖ϕt‖22dt

−
∫ T

S

ϕ(E)

E

∫ L

0
ϕxGh(ϕx + ψ + lω)dxdt−

∫ T

S

ϕ(E)

E

∫ L

0
ϕ(lEh)(ωx − lϕ)dxdt

+µ1

∫ T

S

ϕ(E)

E

∫ L

0
ϕtϕdxdt+ µ2

∫ T

S

ϕ(E)

E

∫ L

0
ϕz1(x, 1, t)dxdt

0 =

∫ T

S

ϕ(E)

E

∫ L

0
ψ (ρ2ψtt − EIψxx +Gh(ϕx + ψ + lω) + µ̃1ψt + µ̃2z2(x, 1, t)) dxdt

0 =

[
ϕ(E)

E
ρ2

∫ L

0
ψψtdx

]T
S

−
∫ T

S
ρ2

(
ϕ(E)

E

)′ ∫ L

0
ψψtdxdt− ρ2

∫ T

S

ϕ(E)

E
‖ψt‖22dt

+

∫ T

S

ϕ(E)

E
EI‖ψx‖22dt+

∫ T

S

ϕ(E)

E

∫ L

0
ψψGh(ϕx + ψ + lω))dxdt

+µ̃1

∫ T

S

ϕ(E)

E

∫ L

0
ψψtdxdt+ µ̃2

∫ T

S

ϕ(E)

E

∫ L

0
ψz2(x, 1, t)dxdt

0 =

∫ T

S

ϕ(E)

E

∫ L

0
ω
(
ρ1ωtt − Eh(ωx − lϕ)x + lGh(ϕx + ψ + lω) + ˜̃µ1ωt + ˜̃µ2z3(x, 1, t)

)
dxdt

0 =

[
ϕ(E)

E
ρ1

∫ L

0
ωωtdx

]T
S

−
∫ T

S
ρ1

(
ϕ(E)

E

)′ ∫ L

0
ωωtdxdt

−ρ1

∫ T

S

ϕ(E)

E
‖ωt‖22dt+

∫ T

S

ϕ(E)

E

∫ L

0
Ehωx(ωx − lϕ)dxdt

+

∫ T

S

ϕ(E)

E

∫ L

0
ω(lGh)(ϕx + ψ + lω)dxdt

+˜̃µ1

∫ T

S

ϕ(E)

E

∫ L

0
ωtωdxdt+ ˜̃µ2

∫ T

S

ϕ(E)

E

∫ L

0
ωz3(x, 1, t)dxdt

Taking their sum, we obtain

0 =

[
ϕ(E)

E
ρ1

∫ L

0
ϕϕtdx

]T
S

+

[
ϕ(E)

E
ρ2

∫ L

0
ψψtdx

]T
S

+

[
ϕ(E)

E
ρ1

∫ L

0
ωωtdx

]
−
∫ T

S
ρ1

(
ϕ(E)

E

)′ ∫ L

0
(ρ1ϕϕt + ρ2ψψt + ρ1ωωt) dxdt

−2ρ1

∫ T

S

ϕ(E)

E
‖ϕt‖22dt− 2ρ2

∫ T

S

ϕ(E)

E
‖ψt‖22dt− 2ρ1

∫ T

S

ϕ(E)

E
‖ωt‖22dt

+

∫ T

S

ϕ(E)

E

(
ρ1‖ϕt‖22 + ρ2‖ψt‖22 + ρ1‖ωt‖22 +Gh‖ϕx + ψ + lω‖22 + EI‖ψt‖22 + Eh‖ωx − lψ‖22

)
+µ1

∫ T

S

ϕ(E)

E

∫ L

0
ϕtϕdxdt+ µ2

∫ T

S

ϕ(E)

E

∫ L

0
ϕz1(x, 1, t)dxdt

+µ̃1

∫ T

S

ϕ(E)

E

∫ L

0
ψψtdxdt+ µ̃2

∫ T

S

ϕ(E)

E

∫ L

0
ψz2(x, 1, t)dxdt

+˜̃µ1

∫ T

S

ϕ(E)

E

∫ L

0
ωtωdxdt+ ˜̃µ2

∫ T

S

ϕ(E)

E

∫ L

0
ωz3(x, 1, t)dxdt

(3.102)
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Similarly, we multiply the equation of (3.7) by
ϕ(E)

E
ξie
−2τiρzi(x, ρ, t) and get

0 =

∫ T

S

ϕ(E)

E

∫ L

0

∫ 1

0
e−2τiρξizi(τizit + ziρ) dρdxdt

=

[
1

2
ξiτi

ϕ(E)

E

∫ L

0

∫ 1

0
e−2τiρz2

i dρdx

]T
S

− τiξi
2

∫ T

S

(
ϕ(E)

E

)′ ∫ L

0

∫ 1

0
e−2τiρz2

i dρdxdt

+

∫ T

S

ϕ(E)

E
ξi

∫ L

0

∫ 1

0

e−2τiρ

2

d

dρ
(z2
i ) dρdxdt

0 =

[
1

2
ξiτi

ϕ(E)

E

∫ L

0

∫ 1

0
e−2τiρz2

i dρdx

]T
S

− τiξi
2

∫ T

S

(
ϕ(E)

E

)′ ∫ L

0

∫ 1

0
e−2τiρz2

i dρdxdt

+
ξi
2

∫ T

S

ϕ(E)

E

∫ L

0

∫ 1

0

[
d

dρ

(
e−2τiρz2

i

)
+ 2τie

−2τiρz2
i

]
dρdxdt

0 =

[
1
2ξiτi

ϕ(E)

E

∫ L

0

∫ 1

0
e−2τiρz2

i dρdx

]T
S

− τiξi
2

∫ T

S

(
ϕ(E)

E

)′ ∫ L

0

∫ 1

0
e−2τiρz2

i dρdxdt

+ ξi
2

∫ T

S

ϕ(E)

E

∫ L

0

[
e−2τiz2

i (x, 1, t)− z2
i (x, 0, t)

]
dxdt

+ξiτi

∫ T

S

∫ L

0

∫ 1

0
e−2τiρz2

i dρdxdt

(3.103)
From (3.102) and (3.103) we get

A

∫ T

S
ϕ(E)dt ≤ −

[
ρ1
ϕ(E)

E

∫ L

0
ϕϕt dx

]T
S

−
[
ρ2
ϕ(E)

E

∫ L

0
ψψtdx

]T
S

−
[
ρ1
ϕ(E)

E

∫ L

0
ωωt dx

]T
S

+

∫ T

S

(
ϕ(E)

E

)′ ∫ L

0
(ρ1ϕϕt + ρ2ψψt + ρ1ωωt) dxdt

+2

∫ T

S

ϕ(E)

E

(
ρ1‖ϕt‖22 + ρ2‖ψt‖22 + ρ1‖ωt‖22

)
dt

−µ1

∫ T

S

ϕ(E)

E

∫ L

0
ϕtϕdxdt− µ2

∫ T

S

ϕ(E)

E

∫ L

0
ϕz1(x, 1, t) dxdt (3.104)

−µ̃1

∫ T

S

ϕ(E)

E

∫ L

0
ψψtdxdt− µ̃2

∫ T

S

ϕ(E)

E

∫ L

0
ψz2(x, 1, t) dxdt

−˜̃µ1

∫ T

S

ϕ(E)

E

∫ L

0
ωtωdxdt− ˜̃µ2

∫ T

S

ϕ(E)

E

∫ L

0
ωz3(x, 1, t) dxdt

−
3∑
i=1

[
1

2
ξiτi

ϕ(E)

E

∫ L

0

∫ 1

0
e−2τiρz2

i dρdx

]T
S

+
3∑
i=1

τiξi
2

∫ T

S

(
ϕ(E)

E

)′ ∫ L

0

∫ 1

0
e−2τiρz2

i dρdxdt

−
3∑
i=1

ξi
2

∫ T

S

ϕ(E)

E
e−2τi

∫ L

0
z2
i (x, 1, t) dxdt

+

3∑
i=1

ξi
2

∫ T

S

ϕ(E)

E
‖zi(x, 0, t)‖22 dt
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where A = 2min{1, 2τ1e
−2τ1 , 2τ2e

−2τ2 , 2τ3e
−2τ3}. Since E is non-increasing, we �nd that

−
[
ϕ(E)

E

∫ L

0
ϕϕt dx

]T
S

=
ϕ(E(S))

E(S)

∫ L

0
ϕ(S)ϕ′(S) dx− ϕ(E(T ))

E(T )

∫ L

0
ϕ(T )ϕ′(T ) dx

≤ Cϕ(E(S))

∣∣∣∣∣
∫ T

S

(
ϕ(E)

E

)′ ∫ L

0
(ρ1ϕϕ

′ + ρ2ψψ
′ + ρ1ωω

′) dxdt

∣∣∣∣∣ ≤ c
∫ T

S
(−E′)ϕ(E)

E
dt

≤ cϕ(E(S))

∣∣∣∣12ξiτiϕ(E)

E

∫ L

0

∫ 1

0
e−2τiρz2

i dxdρ

∣∣∣∣ ≤ cϕ(E(S)) ∀t ≥ S

∫ T

S

ϕ(E)

E

∫ L

0
u′2 dxdt ≤ c

∫ T

S

ϕ(E)

E
(−E′) dt

≤ cϕ(E(S))

∫ T

S

ϕ(E)

E
ξi

∫ L

0
e−2τiz2

i (x, 1, t) dxdt ≤ c
∫ T

S

ϕ(E)

E
(−E′) dt

≤ cϕ(E(S))

1

2

∫ T

S

ϕ(E)

E
ξi

∫ L

0
z2
i (x, 0, t)) dxdt =

1

2

∫ T

S

ϕ(E)

E
ξi

∫ L

0
ϕ′2 dxdt

≤ cϕ(E(S)),

∣∣∣∣∣τiξi2
∫ T

S

(
ϕ(E)

E

)′ ∫ L

0

∫ 1

0
e−2τiρz2

i dxdρ dt

∣∣∣∣∣ ≤ c
∫ T

S
(−E′)ϕ(E)

E
dt

≤ cϕ(E(S))
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∣∣∣∣∫ T

S

ϕ(E)

E

∫ L

0
ϕϕ′ dxdt

∣∣∣∣ ≤ ε∫ T

S

ϕ(E)

E

∫ L

0
ϕ2 dxdt+ c(ε)

∫ T

S

ϕ(E)

E

∫ L

0
ϕ′2 dxdt

≤ εc
∫ L

0
ϕ(E) dt+ c(ε)

∫ T

S

ϕ(E)

E

∫ L

0
ϕ′2 dxdt

≤ εc
∫ L

0
ϕ(E) dt+ c(ε)

∫ T

S

ϕ(E)

E
(−E′) dt

≤ εc
∫ L

0
ϕ(E) dt+ c(ε)E(S)q+1

(3.105)

and∣∣∣∣∫ T

S

ϕ(E)

E

∫ L

0
ϕz1(x, 1, t) dxdt

∣∣∣∣ ≤ ε1

∫ T

S

ϕ(E)

E

∫ L

0
ϕ2 dxdt+ c(ε1)

∫ T

S

ϕ(E)

E

∫ L

0
z1(x, 1, t)

2 dxdt

≤ ε1c

∫
IRn

ϕ(E) dt+ c(ε1)

∫ T

S

ϕ(E)

E

∫ L

0
z1(x, 1, t)

2 dxdt

≤ ε1c

∫ L

0
ϕ(E) dt+ c(ε1)

∫ T

S

ϕ(E)

E
(−E′) dt

≤ ε1c

∫ L

0
ϕ(E) dt+ c(ε1)ϕ(E(S)).

(3.106)

∣∣∣∣∫ T

S

ϕ(E)

E

∫ L

0
ψψ′ dxdt

∣∣∣∣ ≤ ε′c∫ L

0
ϕ(E) dt+ c(ε′)ϕ(E(S)) (3.107)

∣∣∣∣∫ T

S

ϕ(E)

E

∫ L

0
ψz2(x, 1, t) dxdt

∣∣∣∣ ≤ ε′1c∫ L

0
ϕ(E) dt+ c(ε′1)ϕ(E(S)) (3.108)

∣∣∣∣∫ T

S

ϕ(E)

E

∫ L

0
ωω′ dxdt

∣∣∣∣ ≤ ε′′c∫ L

0
ϕ(E) dt+ c(ε′′)ϕ(E(S)) (3.109)

∣∣∣∣∫ T

S

ϕ(E)

E

∫ L

0
ωz3(x, 1, t) dxdt

∣∣∣∣ ≤ ε′′1c∫ L

0
Eq+1 dt+ c(ε′′1)ϕ(E(S)) (3.110)

Choosing ε, ε1, ε
′, ε′1, ε

′′ and ε′′1 small enough, we deduce from (1.104), (3.105), (3.106),
(3.107), (3.108), (3.109) and (3.110) that∫ T

S
ϕ(E) dt ≤ cϕ(E(S)),
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where c is a positive constant independent of E(0). Hence, we deduce from Lemma 3.5 that

E(t) ≤ cE(0)e−ωt, t ≥ 0.

This ends the proof of Theorem 3.1. �
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