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Introduction

Stabilization of evolution problems

Problems of global existence and stability in time of Partial Differential Equations made
object, recently, of many work. In this thesis we were interested in study of the global
existence and the stabilization of some evolution equations.

The purpose of stabilization is to attenuate the vibrations by feedback, thus it consists
in guaranteeing the decrease of energy of the solutions to 0 in a more or less fast way by a
mechanism of dissipation.

More precisely, the problem of stabilization consists in determining the asymptotic be-
haviour of the energy by E(t), to study its limits in order to determine if this limit is null
or not and if this limit is null, to give an estimate of the decay rate of the energy to zero.

This problem has been studied by many authors for various systems. In our study, we
obtain severals type of stabilization

1) Strong stabilization: E(t) — 0, as t — oc.

2) Logarithmic stabilization: E(t) < c(log(t))~%,Vt > 0, (¢,d > 0).

3) polynomial stabilization: E(t) < ct™°,Vt > 0, (c,§ > 0)

4) uniform stabilization: E(t) < ce™ Vt > 0, (c,§ > 0).

For wave equation with dissipation of the form u” — A,u + g(u’) = 0, stabilization problems
have been investigated by many authors:
When g : IR — IR is continuous and increasing function such that g(0) = 0, global existence
of solutions is known for all initial conditions (ug, u;) given in H}(Q) x L*(Q). This result
is, for instance, a consequence of the general theory of nonlinear semi-groups of contractions
generated by a maximal monotone operator (see Brézis [10]).

Moreover, if we impose on the control the condition YA # 0,g(A) # 0, then strong
asymptotic stability of solutions occurs in Hj(Q) x L*(Q), i.e.,

(u,u’) — (0,0) strongly in Hy(Q) x L*(9),

without speed of convergence. These results follows, for instance, from the invariance princi-
ple of Lasalle (see for example C. M. Dafermos [17], A. Haraux [24], , F. Conrad, M. Pierre
[16]). If the solution goes to 0 as time goes to oo, how to get energy decay rates?
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4 Introduction

Dafermos has written in 1978 ” Another advantage of this approach is that it is so sim-
plistic that it requires only quite weak assumptions on the dissipative mechanism. The
corresponding drawback is that the deduced information is also weak, never yielding, for
example, decay rates of solutions.”

Many authors have worked since then on energy decay rates. First results were obtained
for linear stabilization, then for polynomial stabilization (see M. Nakao [39] A. Haraux [24],
E. Zuazua [50] and V. Komornik [26]) and then extended to arbitrary growing feedbacks
(close to 0). In the same time, geometrical aspects were considered.

By combining the multiplier method with the techniques of micro-local analysis, Lasiecka
et al [13], [18], [28]-[29] have investigated different dissipative systems of partial differential
equations (with Dirichlet and Neumann boundary conditions) under general geometrical
conditions with nonlinear feedback without any growth restrictions near the origin or at
infinity. The computation of decay rates is reduced to solving an appropriate explicitly
given ordinary differential equation of monotone type. More precisely, the following explicit
decay estimate of the energy is obtained:

1) B(t) < h(- —1), Vit

where ty > 0 and A is the solution of the following differential equation:
(2) R'(t)+q(h(t)) =0, Vt>0 and h(0)= E(0)

and the function ¢ is determined entirely from the behavior at the origin of the nonlinear
feedback by proving that E satisfies

(Id = q) ' (E((m + )to)) < E(mty), VYm € IN.

In this thesis, the main objective is to give a global existence and stabilization results.

This work consists in two chapter, the first, for wave equations with a constant weak delay
term.

the second, for viscoelastic wave equations with a nonlinear delay term.

e In the chapter I, in the class H! N H?, We prove the global existence to the solutions of
wave equations with a weak linear dissipative term anda constant weak linear delay term in
Sobolev spaces by means of the energy method combined with the Faedo-Galerkin procedure
under a condition between the weight of the delay term in the feedback and the weight of
the term without delay. We prove also the decay estimate f the energy using the multiplier
method.

e In the chapter 11, We prove the global existence to the viscoelastic wave equation in
Sobolev spaces by means of the energy method combined with the Faedo-Galerkin proce-
dure under a condition between the weight of the delay term in the feedback and the weight
of the term without delay. We prove also the decay estimate of the energy using a perturbed
energy method.
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Chapter 1:Energy decay of solutions for a wave equation
with a constant weak delay and a weak internal feedback

In this chapter we consider with a weak internal constant delay term

u'(z,t) — Agu(z,t) + pa () o' (x,t) + pe(t) W/(z,t —7) =0 in 2x]0, +o0l,

u(z,t) =0 on I'x]0, +oof,
(P) u(z,0) = ug(x), w(z,0) =u(x) on €2,
u(z,t — 1) = folx,t —7) on 2x]0, 7,

in a bounded domain. Under appropriate conditions on p; and ps, we prove global existence
of solutions by the Faedo-Galerkin method and establish a decay rate estimate for the energy
using the multiplier method.

Chapter 2:Global existence and energy decay of solu-
tions to a viscoelastic wave equation with a delay term
in the nonlinear internal feedback

In this chapter we investigate the existence and decay properties of solutions for the initial
boundary value problem of the nonlinear viscoelastic wave equation of the type

ug(x,t) — Agu(x,t) + /Ot h(t — s)Ayu(zx,s)ds

+Mlgl(ut($7 t)) + M292(ut($at - T)) =0 in QX]Oa +OO[7
(P) u(z,t) =0 on I'x]0, +o0|,

w(z,0) = ug(x), w(z,0) =ui(x) in €,

u(z,t — 1) = folx, t —7) in 2x]0, 7/,

and prove a global existence result using the energy method combined with the Faedo-
Galerkin procedure under a condition between the weight of the delay term in the feedback
and the weight of the term without delay. Furthermore, we study the asymptotic behavior
of solutions using a perturbed energy method.

Chapter 3:Stability result of the wave equation with a
time-varying delay term and a weak boundary feedback

In this chapter we consider a boundary stabilization problem for a nondissipative wave
equation in a bounded domain with a time-varying delay term in the internal feedback.
We use an approach introduced by Guesmia which leads to decay estimates (known in the
dissipative case) when the integral inequalities method due to Haraux-Komornik [24]-[26]
cannot be applied due to the lack of dissipativity.
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Preliminaries

0.1 Sobolev spaces

We denote by € an open domain in IR",n > 1, with a smooth boundary I' = 0€2. In general,
some regularity of 2 will be assumed. We will suppose that either

Q) is Lipschitz,
i.e., the boundary I is locally the graph of a Lipschitz function, or
Qisof classC",r > 1,

i.e., the boundary I' is a manifold of dimension n > 1 of class C". In both cases we assume
that € is totally on one side of I'. These definitions mean that locally the domain € is
below the graph of some function %, the boundary I' is represented by the graph of ¢ and
its regularity is determined by that of the function ). Moreover, it is necessary to note that
a domain with a continuous boundary is never on both sides of its boundary at any point of
this boundary and that a Lipschitz boundary has almost everywhere a unit normal vector v.

We will also use the following multi-index notation for partial differential derivatives of
a function:

" oFu ,
Ofu= —F forallk e INandi=1,...,n,
! ozl

(2

aa1+~~-+anu

DYy =07'05%...0%u = ————

e " ozrft ... 0xen’
a=(a,q,...,a,) €IN" o] = a1 + ...+ ay.

We denote by C(D) (respectively C*(D),k € IN or k = +00) the space of real continuous
functions on D (respectively the space of k times continuously differentiable functions on
D), where D plays the role of Q or its closure Q. The space of real C*° functions on {2
with a compact support in 2 is denoted by C5°(£2) or D(2) as in the distributions theory
of Schwartz.The distributions space on €2 is denoted by D'(£2), i.e., the space of continuous
linear form over D(12).

For 1 < p < oo, we call LP(Q) the space of measurable functions f on € such that

1/p
| fller) = (/Q|f(x)|pdx> < 400 for p<+4oo
[fllzeo@ = S}lzp|f(x)| < +00 for p=+o0

7



8 Preliminaries

The space LP(Q2) equipped with the norm f — || f||z» is a Banach space: it is reflexive and
separable for 1 < p < oo (its dual is Lﬁ(Q)), separable but not reflexive for p = 1 (its dual
is L>(€)), and not separable, not reflexive for p = oo (its dual contains strictly L'(Q2)). In
particular the space L*() is a Hilbert space equipped with the scalar product defined by

(f,9) 2@ Z/Qf(x)g(x)dx.

We denote by L7 (€2) the space of functions which are L” on any bounded sub-domain of €.
Similar space can be defined on any open set other than €2, in particular, on the cylinder
set © x ]a, b] or on the set I' X ]a, b[, where a,b € IR and a < b.
Let U be a Banach space, 1 < p < +o0 and —oco < a < b < 400, then LP(a,b;U) is the

space of LP functions f from (a,b) into U which is a Banach space for the norm

b 1/p
Il = ([ 1@l @) <00 or p o

and for the norm

11l 2o @ ) = sup If(@)]lv <400 for p=+400
te(a,

Similarly, for a Banach space U, k € IN and —oo0 < a < b < 400, we denote by C([a, b]; U)
(respectively C*([a,b];U)) the space of continuous functions (respectively the space of k
times continuously differentiable functions) f from [a,b] into U, which are Banach spaces,
respectively, for the norms

o'f
ot

k
I fle@sy = sup [1f@)llw, I fller@pry =D
te(a,b) i=0 C(a,b;U)

0.1.1 Definition of Sobolev Spaces

Now, we will introduce the Sobolev spaces: The Sobolev space W#?() is defined to be the
subset of LP such that function f and its weak derivatives up to some order k have a finite
L? norm, for given p > 1.

Wh(Q) = {f € LY(2); D*f € D/(Q). Vai|a| <k} |

With this definition, the Sobolev spaces admit a natural norm,

1/p
f— M fllwrr) = ( > IID“fH’Ep(Q)) , for p < +00

la|<m

and
f—fllwroe@y = D IID*fllue) , for p=+oo

laj<m
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Space W*P(Q) equipped with the norm || . ||yyx.» is a Banach space. Moreover is a reflexive
space for 1 < p < oo and a separable space for 1 < p < oco. Sobolev spaces with p = 2 are
especially important because of their connection with Fourier series and because they form
a Hilbert space. A special notation has arisen to cover this case:

Wh2(Q) = HY(Q)
the H* inner product is defined in terms of the L? inner product:

(f,9)mre) = > (Df,D%9) 2@ -
|| <k

The space H™(Q2) and W*P(Q) contain C>*(2) and C™(Q). The closure of D(€) for the
H™(Q) norm (respectively W™?(2) norm) is denoted by H(Q) (respectively W57 (Q)).

Now, we introduce a space of functions with values in a space X (a separable Hilbert
space).

The space L?(a,b; X) is a Hilbert space for the inner product

b

(f, 9)2(apix) :/ (f(t),g(t))xdt

a

We note that L>=(a,b; X) = (L'(a,b; X))
Now, we define the Sobolev spaces with values in a Hilbert space X
For k € IN, p € [1, 0], we set:

ov
8@-

Wk’p(a,b;X):{vEL”(&,b;X); € LP(a,b; X). ng} ,

The Sobolev space W*P(a, b; X) is a Banach space with the norm

k af p 1/p
[fllwer@px)y = (Z Oz ) , for p < 400
i=0 1| 9T |l L (a,b;x)
k
ov
”f“W’“vOo(a,b;X) = Z 7 ) for p =+
i=0 11 9% || oo (a,b;X)

The spaces W*?2(a, b; X) form a Hilbert space and it is noted H*(0,T; X). The H*(0,T; X)
inner product is defined by:

korb(Ou v
(u7/U)Hk(a,b;X) = ;J/a <a;1;7" W)X dt .
Theorem 0.1.1 Let 1 < p <n, then
WHP(IR™) C LP (IR™)

1 1
where p* is given by — = — — — (where p = n,p* = c0). Moreover there exists a constant
* n

p
C = C(p,n) such that
lull o < ClIVullormYu € WHP(IR™).
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Corollary 0.1.1 Let 1 < p <n, then
WH(IR") € LY(IR") Vg € [p,p’]

with continuous imbedding.

For the case p = n, we have

WLR(IR") € L(IR") Y € [n, +oc]
Theorem 0.1.2 Let p > n, then
WHP(IR") C L®(IR")
with continuous imbedding.

Corollary 0.1.2 Let Q a bounded domain in IR™ of C* class withT' = 9Q and 1 < p < oo.
We have 1 11
if 1<p<oo, then W'(Q) C L () where — = = — —.
P

n
if p=mn, then WP(Q) C L1(),Vq € [p, +o0l. !
if p>mn, then WP (Q) C L>(Q)

with continuous imbedding.

Moreover, if p > n, we have: Yu € WHP(Q),

u(z) —u(y)| < Cle = y[*[ullwirq) a.e 2,y €O

n
with @« = 1 — — > 0 and C is a constant which depend on p,n and €. In particular
p

W (Q) C C(Q).

Corollary 0.1.3 Let Q a bounded domain in IR™ of C* class with ' = 9Q and 1 < p < oo.

We have

1 1 1
Q)Vq € [1,p*| where — = — — —.

p p n
£2),vq € [p, +oo.

if p<mn, then WhP(Q)

if p=mn, then WHP(Q)
if p>mn, then WP (Q)

with compact imbedding.

C LY
C LY
cC

Q

~—

Remark 0.1.1 We remark in particular that
WhP(Q) C LY(Q)
with compact imbedding for 1 < p < oo and for p < q < p*.

Corollary 0.1.4
1 11
if ——">0, then W™ (IR") C LY(IR") where - = — — .
n qg p n
if - - % =0, then W™P(IR") C LI(IR™),Yq € [p, +oc].

1
i % <0, then W™P(IR") C L®(IR")

with continuous imbedding.

—3

S
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0.2 Weak convergence

Let (E;].||z) a Banach space and E’ its dual space, i.e., the Banach space of all continuous
linear forms on E endowed with the norm ||.||%; defined by

1l = sup L2

w20 |7

; where (f, x); denotes the action of f onx, i.e.(f,z) := f(z). In the same way, we can define
the dual space of E’ that we denote by E”. (The Banach space E” is also called the bi-dual
space of E.) An element x of E can be seen as a continuous linear form on E’ by setting
x(f) := (x, f), which means that £ C E":

Definition 0.2.1 The Banach space E is said to be reflexive if E = E".

Definition 0.2.2 The Banach space E s said to be separable if there exists a countable
subset D of E which is dense in E, i.e. D = E.

Theorem 0.2.1 (Riesz). If (H;(.,.)) is a Hilbert space, (.,.) being a scalar product on H,
then H' = H in the following sense: to each f € H' there corresponds a unique x € H such

that f = (x,.) and |[f|y = l|lz|la

Remark : From this theorem we deduce that H” = H. This means that a Hilbert space is
reflexive.

Proposition 0.2.1 If E is reflexive and if F is a closed vector subspace of E, then F is
reflexive.

Corollary 0.2.1 The following two assertions are equivalent: (i) E is reflexive; (ii) E' is
reflezive.

0.2.1 Weak, weak star and strong convergence

Definition 0.2.3 (Weak convergence in E). Let x € E and let {x,} C E. We say that {z,}
weakly converges to x in E, and we write x,, — x in F, if

(fi2n) = (f 7)
forall f € E'.

Definition 0.2.4 (weak convergence in E'). Let f € E" and let {f,} C E'. We say that
{fn} weakly converges to fin E', and we write f, = f in E', if

{fn,x) = (f, )
for all x € E".
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Definition 0.2.5 (weak star convergence). Let f € E' and let {f,} C E'. We say that {f,}
weakly star converges to fin E', and we write f, — xf in E’ if;

(frr ) = (f, )
forallz € F.

Remark As £ C E” we have f,, — fin E' imply f,, — *f in E'. When E is reflexive, the last
definitions are the same, i.e, weak convergence in E’ and weak star convergence coincide.

Definition 0.2.6 (strong convergence). Let x € E(resp. f € E') and let {x,} C E (resp
{fn} C E'). We say that {x,} (resp. {fn}) strongly converges to x (resp. f), and we write
Ty — x in B (resp. fo, — fin E'), if

tim | — ol = 0; (resp. Tim Lo — s = 0)
Proposition 0.2.2 Let x € E, let {x,} C E, let f € E' and let {f,} C E".
i. If v, — x in E then x, — x in E.
ii. If x,, = x in E then {x,} is bounded.
iti. If xn — x in B then liminf [z, |5 > [|z] g

w. If f, — f in E' then f, — f inE' (and so f, — f in E').

I~

Af fo— fin E' then {f,} is bounded.
vi. If fo— fin E' then then lim inf | fullz = 1S s

Proposition 0.2.3 (finite dimension). If dimE < oo then strong, weak and weak star
convergence are equivalent.

0.2.2 Weak and weak star compactness

In finite dimension, i.e, dim £ < oo, we have Bolzano-Weierstrass’s theorem (which is a
strong compactness theorem).

Theorem 0.2.2 (Bolzano-Weierstrass). If dim E < oo and if {x,} C E) is bounded, then
there exist € E and a subsequence {x,, } of {x,} such that {z,, } strongly converges to z.

The following two theorems are generalizations, in infinite dimension, of Bolzano- Weier-
strass’s theorem.

Theorem 0.2.3 (weak star compactness, Banach-Alaoglu-Bourbaki). Assume that E is sep-
arable and consider {f,} C E') . If {z,} is bounded, then there exist f € E' and a subse-
quence { fn,} of {fn} such that {f,,} weakly star converges to f in E'.
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Theorem 0.2.4 (weak compactness, Kakutani-Eberlein). Assume that E is reflexive and
consider {x,} C E). If {x,} is bounded, then there exist x € E and a subsequence {x,, } of
{z,} such that {x,,} weakly converges to = in E.

Weak, weak star convergence and compactness in LP({).

Definition 0.2.7 ( weak convergence in LP(S) with 1 < p < oo ). Let  an open subset of
IR™ . We say that the sequence {f,} of LP(Q) weakly converges to f € LP(Q), if

1 1
lim/ fu()g(2)dx = / f(x)g(x)dx for all g€ L9 (- +—-=1)
noJa Q p q
Definition 0.2.8 (weak star convergence in L*(Y) ). We say that the sequence {f,} C
L>(Q) weakly star converges to f € L*(R) , if

lzgn/gfn(x)g(x)dx = /Qf(x)g(q:)dx forall g€ L'(Q)

Theorem 0.2.5 (weak compactness in LP(SY)) with 1 < p < oo. Giwen {f,} C LP(QY) ,
if {fn} is bounded, then there exist f € LP(Q) and a subsequence {f..} of {f.} such that
fo— f in LP(Q).

Theorem 0.2.6 (weak star compactness in L>®(S2).
Given {f,} C L>®(Q), if {fn} is bounded, then there exist f € L*>(Q) and a subsequence

{fun} of {fu} such that f, = f in L(S).

Generalities. In what follows, 2 is a bounded open subset of IR™ with Lipschitz boundary
and 1 <p < 0.

Weak and weak star convergence in Sobolev spaces

For 1 < p < oo, W'?(Q) is a Banach space. Denote the space of all restrictions to  of
C'-differentiable functions from IRY to IR with compact support in RN by C*(Q).

Theorem 0.2.7 for every 1 < p < oo C*(Q) € Wh(Q) € LP(Q) , and, for 1 < p < oo,
CH(Q) is dense in W'P(Q).

Definition 0.2.9 (weak convergence in W'P(Q) with 1 < p < 00).)
We say the {f,} C WYP(Q) weakly converges to f € W¥P(Q), and we write f, — f in
WEP(Q) |, if fo— f in LP(Q) and V f,, — Vf in LP(Q; IRY)

Definition 0.2.10 (weak convergence in W ((2)
. We say the {f,} C WE(Q) weakly star converges to f € W1®(Q), and we write f,, = f
in WU (Q) | if f, = f in LP(Q) and Vf, = Vf in L=(Q; RY)

Theorem 0.2.8 (Rellich). Let1 <p<oco, {f,} CW'(Q) and f € W'P(Q); if f, — [ in
WLP(Q) when 1 < p < oo (resp.fn — f in WE®(Q)) when p = o) then f,, — f in LP(R)),
which means that for every 1 < p < oo, the weak convergence in W5HP(Q) imply the strong
convergence in LP(€).
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Theorem 0.2.9 Let 1 < p < oo and let {f,} € WH(Q) . If {f.} is bounded, then there
exist [ € W'P(Q) and a subsequence {f,,} of {fn} such that f,, — f in WHP(Q) when
1 <p<oo (resp. fn, — [ in WE®(Q))

As a consequence of this theorem we have

Corollary 0.2.2 Let 1 < p < ocoand let {f,} € W¥P(Q) . If {f.} is bounded, then there
ezist f € WYP(Q) and a subsequence { f,,} of {fn} such that f,, — f in LP(Q) and V f,, —
Vf in LP(Q) when 1 < p < oo (resp.N f,, — Vf in L=(Q))

Theorem 0.2.10 . IfN < p < oo and if {f,} C W'P(Q) is bounded, then there exist
[ € WH(Q) and a subsequence { f,,} of {fn} such that {f,.} converges uniformly to f, and
V fo, = Vf in WEP(Q) when N < p < oo (resp. Vfn, — Vf in Wh®)

0.3 Fadeo-Galerkin method

We consider the Cauchy problem abstract’s for a second order evolution equation in the
separable Hilbert space with the inner product (.,.) and the associated norm ||.| .

u’(t) + A(t)u(t) = f(t), te[0,T]
{ (x,0) = up(z), v (x,0) =u(z);

where v and f are unknown and given function, respectively, mapping the closed interval
[0,7] € IR into a real separable Hilbert space H ,A(t) (0 <t < T ) are linear bounded
operators in H acting in the energy space V C H.

Assume that (A(t)u(t),v(t)) = a(t;u(t),v(t)) , for all u,v € V; where a(t;.,.) is a bilinear
continuous in V.

The problem (P) can be formulated as: Found the solution u(t) such that

) {ueC([O,T];V),u’eC([O,T];H)

(P)

(P) (u"(t),v) + alt;u(t), v) = (f,v) in D'(]0,T)
ug €V, uy € H;

This problem can be resolved with the approximation process of Fadeo-Galerkin.

0.3.1 General method

Let V, a sub-space of V' with the finite dimension d,,, and let {w;,,} one basis of V.
we define the solution u,, of the approximate problem

umwziwwwm

U, € C([0,T]; Vi), !, € C[0,T); Vi) st € L0, T V)
<u;/n(t)7 wjm> + a(t; um(t)v U)jm) = <f7 Uij>, 1<y <dn

%@=§UWWM%@:§WWw
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where

dm
> & (t)wim — up in V as m — oo
7j=1

dm
> 0t wim — ug in Vas m — oo
j=1

By virtue of the theory of ordinary differential equations,the system (F,,) has unique local
solution which is extend to a maximal interval [0,%,,[ by Zorn lemma since the non-linear
terms have the suitable regularity. In the next step, we obtain a priori estimates for the
solution, so that can be extended outside [0, ¢,,[, to obtain one solution defined for all £ > 0.

0.3.2 A priori estimation and convergence

Using the following estimation
2 /12 2 ! 2 r 2
[ + [ ]I” < C([[um O)[[7 + [, (0)] +/0 f(s)]?ds); 0<t<T

and the Gronwall lemma we deduce that the solution w,, of the approximate problem (P,,)
converges to the solution w of the initial problem (P).The uniqueness proves that u is the
solution.

0.3.3 Gronwall lemma

Lemma 0.3.1 Let T > 0, g € L'(0,T), g > 0 a.e and ¢y, ¢y are positives constants.Let
0 € LY0,T) ¢ >0 a.e such that gp € L'(0,T) and

o(t) < e+ /Otg(s)cp(s)ds a.e in (0,7).

then, we have

o(t) < crexp (co /Dtg(s)ds) a.e in (0,7).

0.4 Convex analysis

0.4.1 Fenchel conjugate functions

Let V' be a topological vector space and let V' be its dual space with bilinear duality form
<., ~>V, A
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Definition 0.4.1 (Conjugate function)
Let F: V — TR be an extend real valued function. The function F* : V' — 1R defined

by

F*(f) =sup((f,u)vy — F(u)), VfeV

ueV

is said to by Fenchel (convex) conjugate or conjugate function of F.
The mapping F' — F* s called the Legendre -Fenchel transformation.

Proposition 0.4.1 Let F: V — 1R be a given extend real valued function, the following
statements are true

ZF*(f) + F(U) Z <f, U>V7V/, Vf S VI, YueV

it.Let f be in the dual V'of V and X € 1R ,the conjugate of affine function u —
((f,u)vyr — A is less than F if and only if

Fo(f) <A

wi. If ' is identically equal to +o0o then F™ is identically equal to —oo .Moreover ,if
F is proper ,then the relation:F*(f) = sup((f,u)v,y: — F(u)) may be restricted to the
ueV

points u in the effective domain of F (dom(F)) .

iv. The function F* is always in T'(V') (since F* is the point-wise supremum of a family
of affine continuous functions of v’ ). Therefore, F* is always o lower semi-continuous
convezx function on V'. Moreover, if F*takes the value —oo then F* is identically equal
to —oo .

Proposition 0.4.2 (i)Let F and G be tow given extend real valued functions of V into 1R,
the following properties hold:

1.
2.
3.

/.
5.

F*(0) = — inf F(u).

If F is less than G then G* is less than F*.

[fG(u) = Flau), Yu € V, with a#0 then G*(f) = F*(f/a) ¥f € V.
(@F)*(f) = aF*(f/a), V€ V', Ya > 0.

(F+8)*=F—3, V3e IR.

(i) Given a family (F})ie; of functions from V into IR, we have

(inf F)" = sup F;

ieJ
sup F! < inf ()’

icJ

(#ii)For every a € V we denote by F, the translated function (i.e,F,(u) = F(u — a),Yu €
V)Then Fa*(f) = F*<f> + <f, u>V,V’7 Vf eV’
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Theorem 0.4.1 (Fenchel duality)Let V' be a locally convex Hausdorff topological vector
space over IR with its dual V'. Let F' and G be two power convex functions of V into
IR .Assume that there exists ug € dom(F) N dom(G) such that F is continuous in ug . Then

inf(F(u) + G(u) = ?gg,(—F*(—f) = G(f)).

Proof:From Fenchel inequality, we have for any function H
H(f)+ H(u) = ({(f,w)vy, VueV K vfeV
consequently, we have that

inf (F(u) + G(u)) = sup (—F*(—f) — G*(f)).
ueV fev!
(this fact is usually referred to as weak duality).
Denote p := 12£(F(u) + G(u)) , q:=sup(—F*(=f) — G*(f)) and C := epiF’. To complete
u fev’

the proof, we show that p < q.

If p = —oo there is nothing to prove.Suppose now that p # —oo.

It is clear that the interior of C' : intC' is not empty (because F is continuous in ug).
We introduce now the following sets:

A =intC,
B:={(\u) eV xIR:A<p—Gu)}

The set A and B are convex (since F and G are convex) and disjoint (according to the
definition of p), therefore, (because of Hahn-Banach’s first geometric form) there exist a non
zero continuous linear function f € V’ and (a, ) € IR? such that

H = {()\,U) eV xIR: ((f,u>v,vf +a\ = ﬂ}

and
(<f7 u>V,V/ + A Z 6,V(U, )‘) € 07

(3) (f: )y +aA < B,¥(u, ) € B,

By taking u = wug in the first part of the last inequality and by passing to the limit on
(A — +00) we can deduce that o > 0.

Prove now that o # 0; for this we proceed by contradiction. Assume that o = 0, then
according to the last inequalities, we arrive at

(fyu)yvyr > B,Yu € dom(F), and , (f,u)yy < B,Vu € dom(G).

In particular (f, uo)vy» = B ( since ug € dom(F') N dom(G)) and then (f,u — up)v,yr > 0
for all u in dom(F) .Consequently, f = 0 since dom(F’) is neighborhood of uy. We thus have
a > 0.

According to
(4) (fiu)yyyv +aX > B,¥(u,\) € C,
(f,w)vy +aX < B,V(u,\) € B,
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and dividing by a > 0, we obtain easily that
F*<_fa) S _ﬂom
G (fa) <Ba—p
and then f, = f/«a and 3, = 3/a.
Therefore ,p < ¢.This complete the proof.
Examples

1.Let C be a non-empty subset of topological vector space V and y¢ be its indicator function.
Then the conjugate function yc* is defined by

xc"(f) = sup(f, U)V,V'
ueC

and is called the support function of C. Moreover, if C' is a closed and convex set, x¢ is
closed and convex, and by the conjugacy theorem the conjugate of its support function is its

indicator function.
2.Let (V,]|.]|) be a Banach space, (V') ||.||s) its dual, ¥, : t € IR — [t|*/a and F,, : V —
IR such that F,(u) = ¥, (]|ul|), where 1 < a < co. Then

f@(f)zigg«fﬂwwvw—FLQD)

)\a
= sup <||f||*A - )
A>0 «

Hence (by analyzing the function r(A) := OA—A*/a where 0 := || f]|. and X € [0, +00[, Fi(f) =
| fll¢"/a* where 1/a+ 1/a* = 1.Consequently

FL(f) = Yo ([ f]4)
3.We finish with an interesting example for the boundary valued problems in a lemma form.

Lemma 0.4.1 Let (V,||.||) be a Banach space, (V',||.||l<) its dual and C be a non-empty
closed and convex subset or V. Consider the convexr and lower semi-continuous real-valued
function F' on V' given by

F):=(f,v)vy +xclv—u) YveV

where w € V and f € V' are given elements.
then the conjugate of F is

F*(g) = (9 — fyupvy' + xc-(g— f) YgeV'
where C* ={g € V': (g,v)yy =0 Yv & C} (which is said to be the polar set of C)
Proof.Let g € V', we have
F*(g) = sup({g, v (7, b = xelo = w)
= sup(g — f,w + wvvr

wel
= <g - f7 u>V,V’ + Sug<g - fa w)‘/,V’
we

This completes the proof (since sup(g — f,w)vv: = x&(9 — f) = xc=(9 — f))-
welC
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0.4.2 Legendre transformation

In mathematics, the Legendre transformation or Legendre transform, named after Adrien-
Marie Legendre, is an operation that transforms one real-valued function of a real variable
into another. Specifically, the Legendre transform of a convex function F'is the function F*
defined by

F*(p) = sup(pr — F(z))

where ”"sup” represents the supremum. If F' is differentiable, then F*(p) can be inter-
preted as the negative of the y-intercept of the tangent line to the graph of F' that has slope
p. In particular, the value of x that attains the maximum has the property :F'(z) = p

That is, the derivative of the function F' becomes the argument to the function F*. In
particular, if F'is convex (or concave up), then F™* satisfies the functional equation

F*(F'(x)) = xF'(z) — F(x)

The Legendre transform is its own inverse. Like the familiar Fourier transform, the
Legendre transform takes a function F'(z) and produces a function of a different variable p.
However, while the Fourier transform consists of an integration with a kernel, the Legendre
transform uses maximization as the transformation procedure. The transform is especially
well behaved if F(x) is a convex function. The Legendre transformation is an application
of the duality relationship between points and lines. The functional relationship specified
by F(x) can be represented equally well as a set of (x,y) points, or as a set of tangent lines
specified by their slope and intercept values. The Legendre transformation can be generalized
to the Legendre-Fenchel transformation. It is commonly used in thermodynamics and in the
Hamiltonian formulation of classical mechanics.

0.4.3 Jensen inequality

Let (2, A, 1) be a measure space, such that u(Q) = 1. If g is a real-valued function that is
p-integrable, and if is a convex function on the real line, then:

w(/gdu)é/wogdu
Q Q

b
In real analysis, we may require an estimate on ¢ < / g(x) dw) where a, b are real numbers,
a

and ¢ is a non-negative real-valued function that is Lebesgue-integrable. In this case, the
Lebesgue measure of [a,b] don’t need to be unity. However, by integration by substitution,
the interval can be rescaled so that it has measure unity. Then Jensen’s inequality can be
applied to get
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0.5 Aubin -Lions lemma

The Aubin Lions lemma is a result in the theory of Sobolev spaces of Banach space-valued
functions. More precisely, it is a compactness criterion that is very useful in the study of
nonlinear evolutionary partial differential equations. The result is named after the French
mathematicians Thierry Aubin and Jacques-Louis Lions. We complete the preliminaries by
the useful inequalities of Gagliardo-Nirenberg and Sobolev-Poincaré.

Lemma 0.5.1 LetXy,X and X; be three Banach spaces with Xo C X C X;. Assume thatX
1s compactly embedded in X and that X is continuously embedded in Xi; assume also that
Xo and X are reflexive spaces. For 1 < p,q < 400, let

W= {ue I(0,T); Xo)/ i € 190, T); X))
Then the embedding of W into LP([0,T]; X) is also compact.

Lemma 0.5.2 (Gagliardo-Nirenberg) Let 1 < r < ¢ < 400 and p < q. Then, the
inequality
lullwna < Cllullyms a0 for —ue W™ (L7

holds with some C > 0 and

provided that 0 < 6 <1 (we assume 0 < 6 <1 if ¢ = +00).

Lemma 0.5.3 (Sobolev-Poincaré inequality) Let g be a number with2 < ¢ < 400 (n =
1,2) or2<q<2n/(n—2) (n>3), then there is a constant c, = c(§2, q) such that

lully < ellVulla for  u e Hy(€).



INTEGRAL INEQUALITIES

We will recall some fundamental integral inequalities introduced by A. Haraux ,V. Komornik
and A.Guesmia to estimate the decay rate of the energy.

0.5.1 Case of exponential decay

The estimation of the energy decay for some dissipative problems is based on the following
lemma:

Lemma 0.5.4 ([?]) Let E : IRy — IRy be a non-increasing function and assume that
there is a constant A > 0 such that

Vi > S pmdr< L E
(5) £>0, /t (r)dr < - B(®).
Then we have

(6) Vvt >0,  E(t) < E(0)e .

Proof of Lemma 0.5.4.
The inequality (6) is verified for ¢ < <, this follows from the fact that E is a decreasing
function. We prove that (6) is verified for ¢ > <. Introduce the function

+oo
h:R, — Ry,  h(t) :/ E(r)dr.
t

It is non-increasing and locally absolutely continuous. Differentiating and using (5) we find
that
Vi >0, h'(t)+ Ah(t) <0.

Let
(7) Ty = sup{t, h(t) > 0}.
For every t < Tj, we have

()

< -A

h(t) =
thus ]
(8) h(0) < e < —EB0)e ™, for 0<t<Tp.
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Since h(t) = 0 if t > Tp, this inequality holds in fact for every t € IRy. Let ¢ > 0. As E' is
positive and decreasing, we deduce that

t 1 1
Vi >e, B(t) < f/ E(r)dr < = h(t—¢) < — E(0) et =4,
t € Ae

o —&
Choosing ¢ = %, we obtain

Vt>0,  E(t) < E0)e A

The proof of Lemma 0.5.4 is now completed.

0.5.2 Case of polynomial decay

Lemma 0.5.5 ([26]) Let E: IRy — IR, ( IRy = [0,+00)) be a non-increasing function
and assume that there are two constants ¢ > 0 and A > 0 such that

+o00
(9) vizo, [ B dr < L o) E).
t A
Then we have:
1 +q l/q
1 t > Eit) < F Eere—
(10 w0, B0 < 50) (114

Remark 0.5.1 [t is clear that Lemma 0.5.4, is similar to Lemma 0.5.5 in the case of ¢ = 0.

Proof of Lemma 0.5.5.

If £(0) =0, then £ = 0 and there is nothing to prove. Otherwise, replacing the function
E
E by the function E(0) we may assume that £(0) = 1.
Introduce the function

—+o00
h:R. — R., ht) :/ E(r)dr.
t

It is non-increasing and locally absolutely continuous. Differentiating and using (9) we find
that
vt >0, —h'>(Ah)

where
Ty = sup{t, h(t) > 0}.

Integrating in [0, t] we obtain that
V0 <t < Tp, h(t)™9 — h(0)™7 > ow' e,

hence

(11) 0<t<Ty h(t)<(h79(0)+gA" t)*l/q.
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Since h(t) = 0 if ¢ > Tp, this inequality holds in fact for every t € IR, . Since

1 1
< E 14+q __
ho) < A (0) A’

by (9), the right-hand side of (11) is less than or equal to:
- 1
(12) (h71(0) + At e) " < S+ Agay o,

From other hand, E being nonnegative and non-increasing, we deduce from the definition of
h and the above estimate that:

L +(g+1)s

1 g+1
Vs >0, E(A—i—(q—l—l)s)

IN

1l

E(r)ttdr
h(s) < L

A JR—
14+ Ags A

1+ Ags) s
1+ Ags (1+Ags) 7,

hence
1

1
> — <
VS >0, E( +(q+1>s)_(1+Aqswq

A

1
Choosing t = 1 + (1 + ¢)s then the inequality (10) follows.Note that letting ¢ — 0 in this

theorem we obtain (10).

0.6 New integral inequalities of P. Martinez

The above inequalities are verified only if the energy function is integrable, we will try to
resolve this problem by introducing some weighted integral inequalities, so we can estimate
the decay rate of the energy when it is slow. 0.5.4.

Lemma 0.6.1 ([33]) Let £ : IRy — IRy be a non-increasing function and ¢ : IR, —
IR, an increasing C* function such that

(13) »(0)=0 and ¢(t) — +oo when t— +oo.

Assume that there exist ¢ > 0 and A > 0 such that
+o00 1
(14) /S B(t)™1¢/(t) dt < — E(O)'E(S), 0= 5 < +oo.

then we have )

1+g¢ e
_— Yt >0
1+qA¢(t)> o

ifq=0, then E(t) < E(0)e' ™0 vt > 0.

if g >0, then E(t) < E(0) (



24 Integral inequalities

Proof of Lemma 0.6.1.

This Lemma is a generalization of Lemma 0.5.4, Let f: IR, — IR, be defined by f(z) :=
E(¢71(x)), (we notice that ¢~' has a meaning by the hypotheses assumed on ¢). f is non-
increasing, f(0) = E(0) and if we set x := ¢(t) we obtain f is non-increasing, f(0) = E(0)
and if we set z := ¢(t) we obtain

#(T) o(T) B g+1 T ,
/¢ ) f) e = /¢ N E (67 ()" do= /S B¢/ (1) dt
1
A
1

= S B0)f(6(5)), 0<S<T <.

IN

E(0YE(S)

Setting s := ¢(S) and letting 7" — +o00, we deduce that

vs>0, | " ) de < ix B(0)7f(s).

Thanks to Lemma 0.5.4, we deduce the desired results.

0.7 Generalized inequalities of A. Guesmia

Lemma 0.7.1 (Guesmia [21]) Let E: IRy — IR, differentiable function, A € Ry and
U: IRy — IRy convex and increasing function such that W(0) = 0. Assume that

JEXU(B()dt < E(s), Vs>0.
E'(t) < AE(t), Vt>0.
Then E satisfies the estimate
E(t) < e™od = (MO (yt (h(t) + 9 (E(0))))), V>0,

where

w(t):/th]zs)ds, Vit > 0,

U(t) if A=0, e
_ t >0,
0 /Ot\l’is) ds if A>0,
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U Y(BO)
W+ 0(BO)

t
D(t):/ e ds, Yt >0,
0

Vi > 0,

K(t) = D(t) +

./ E(0) (0, if t>Ty,
(\I/(E(O)))’ 0—{1, if tel0,Ty.

Remark 0.7.1 If A =0 (that is F is non increasing), then we have

(15) B(t) < o7 (h(t) + ¢(B(0))). ¥t 20
where (1) = /tl \Ifzs)’ds fort >0, h(t) =0for 0 <t < \I!(EE((()S)) and
ht(t) =t + ¢—1(t+ w(E(O)D t>0

W (vt (t+v(E(0)))

This particular result generalizes the one obtained by Martinez [33] in the particular case of
U(t) = dtPt! with p > 0 and d > 0, and improves the one obtained by Eller, Lagnese and
Nicaise [20].

Proof of Lemma 0.7.1 Because E'(t) < AE(t) imply E(t) < )t E(ty) for all
t >ty > 0, then, if E(ty) = 0 for some to > 0, then E(t) = 0 for all ¢ > t¢, and then there
is nothing to prove in this case. So we assume that E(¢t) > 0 for all ¢ > 0 without loss of
generality. Let:

L(s) = /:OO\IJ(E(t))dt, Vs > 0.

We have, L(s) < E(s), for all s > 0. The function L is positive, decreasing and of class
C'( IR,) satisfying
L(s) = W(E(s) > U(L(s)), Vs >0

The function v is decreasing, then

L)
(¥(L(s))) = T(s) >1, Vs>0
Integration on [0, t], we obtain
(16) Y(L(t)) >t +¢(E(0)), Vt>0.

Since ¥ is convex and ¥ (0) = 0, we have

U(s) <W(l)s, Vs €[0,1] and Y(s) > ¥(l)s, Vs >1,
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then ltmg Y(t) = 400 and [(E(0)), +oo[C Image (1)). Then (16) imply that

(17) L(t) <o~ (t+ ¢(E(0)), Vt>0.
Now, for s > 0, let .
fs(t) = e’)‘t/ dr, Vit > s.

s

The function f; is increasing on [s, +oo[ and strictly positive on |s, +oo[ such that
fs(s)=0 and fi(t)+Nfs(t)=1, Vt>s2>0,
and the function d is well defined, positive and increasing such that:
d(t) < U(t) and Md'(t) =A\¥(t), Vt>0,

then

Integrating on [s, t], we obtain
(18) L(s) > /t W(E(F) dr > f(O)A(E(), V> s> 0.

Since tliin d(s) = 400, d(0) = 0 and d is increasing, then (17) and (18) imply

(19) Et)<d™! ( inf w_l(s - w(E(O)))) .Vt > 0.

s€[0,t] fs(t)
Now, let ¢t > T and
V(s +v(E(0)))
fs(t) ’

The function J is differentiable and we have

T(s) = £72(0) [e M09 (s 4 (B(0)) — fu()® (v (s + v (E(0)))].

J(s) =

Vs € [0,1].

Then
J(s)=0 & K(s)=D(t) and J'(s)<0 < K(s) < D(T).
E(0
Since K(0) = \Il(bg(())))’ D(0) = 0 and K and D are increasing (because 1 ~! is decreasing
and s — m, > 0, is non increasing thanks to the fact that ¥ is convex). Then, for
s
t> T(),

inf J(s) = J(K"'(D(t)) = J(h(1)).

s€[0,t]
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Since h satisfies J'(h(t)) = 0, we conclude from (19) our desired estimate for ¢ > Tj.
For t € [0, T}], we have just to note that E'(t) < AE(t) and the fact that d < ¥ implies

E(t) < eME(0) < T E(0) < MU (MU(E(0))) < eMod ! (MU (E(0))).

Remark 0.7.2 Under the hypotheses of Lemma 0.7.1, we have tlim E(t) = 0. Indeed, we

——400

have just to choose s = 3t in (19) instead of h(t) and note that d~'(0) = 0, tliJTrn Yt =0
and tli_?p f%t(t) > 0.

Lemma 0.7.2 (Guesmia [21]) Let E : IR" — IR" be a differentiable function , a :
R"™ — IR™ and A : IRt — IR" two continuous functions .Assume that there exist
r > 0 such that

(20) / " B ) dt < a(s)E(s),Vs > 0
(21) E'(t) < AHE(t), Vt>0
Then E verifies ,for all t > 0,
E(0) ~ ~ h(t) —
E(t) < mw(h(t)el“p@(t) - A(h(t)))efﬂp(—/o w(r)dr), if r=0
and

where \(t) = /Dt A(T)dT

Proof If E(s) = 0 or a(s) = 0 for one s > 0 ,the first inequality implies E(t) = 0 for t > s,we
suppose then that E(t) > 0 and a(t) > 0 for t > 0

+o0
Put w =1 and ¥(s) = / E""1(t)dt; we have

1
22 U(s) < —F Vs > 0.

(22) ()€ B, Ve
the function ¥ is decreasing ,positive and of class C* on IR™ and verifies:

U (s) = —E"(s) < —(w(s)¥(s)) ", V¥s>0
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Now we put for all s > 0,

- t -
(25) fs(t) = exp(—(r + 1))\(75))/ exp((r + 1)A\(7))dr, Vt>s

where fs(s) =0 and fI(t) + (r+ A fs(t) =1, Vt > s> 0.
Under the second hypothesis in the lemma, we deduce

(26) E™Nt) > 0,(fs()E™(t));Vt > 5 >0
hence ”
(27) Uis) > [T BT 2 f(g(9) B g(s)): Vs > 0

where g : IRT — IR** with I,(g(s)) =0, I, is defined by

L) = (w(s))™! / Ceap((r + DA(T))dr

Let t > ¢(0) and s = h(t) with

0, if te]0,9(0)]
max g~ '® if ¢ €]g(0), +oo]

Hence we have g(s) =t and we deduce from (27 that, for all t > ¢(0),

U(h(t)) > fua () E™(t) = (exp(—(r + 1):\(1&)) /ht(t) exp((r + 1)}\(7.))617_) E™(t)

We conclude from (23 and (24 that ,for all ¢ > ¢(0),

E(t) < f((g)) exp(A(t)) (/hzt) exp(X(T))dT> h exp (— /Oh(t) w(7‘)d7‘> ifr=20

and —1

E(t) < exp(\(1)) ( /h t(t) exp((r + 1)3\(7))d7> T

i
r(r+1)

((wgg))r o | h(t)(w(T))THdT) if r >0

The fact that I} ;) = I5(g(s)) = 0 , we obtain the result of the lemma for ¢ > g(0).
If t € [0, g(0)] the second inequality of the lemma implies that

=

E(t) < E(0)exp(A(t))

Since h(t) = 0 on [0,¢9(0)], E(0)exp(A(t)) is identically equal to the left hand side of the
results of the lemma.That conclude the proof.
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Lemma 0.7.3 (Guesmia [21]) Let E: IR" — IR" be a differentiable function , ay,ay €
IR™ and as, \,7,p € IRT such that

asA(r+1) <1
and for all 0 < s <T < +o0
/ U B (0)dt < ar(s)E(s) + asEPH(s) + as (T,
E'(t) < XE(t), ¥Yt>0
Then there exist two positive constants w and ¢ such that ,for all t > 0,
E(t) <ce ™ ifr=0
Et)<c(1+t)7Y" ifr>0 and \=0

E(t) §c(1+t)r<:+11), ifr>0 and A >0

Proof:
We show that E verifies the inequality (20).Applying the lemma (0.7.2),we have

T
as B (T) = ag / E" Y (4)dt + as BT (s)
T S
< ay(r+1) / AE™L(t)dt + as B (s)
Under (20),we obtain:
+oo
(28) / ET(t)dt < b(s)E(s), Vs >0
where
p(s) = G aB(s) + asEr(s)
B 1—as\(r+1) ’
We consider the function f; defined in (25)and integrating on [0, s] the inequality

Vs >0

E™H(t) = 0(fo()E™H(t), VE=0

we obtain under (28)

then
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on the other hand, the conditions of the lemma implies that

E(s) < E(0)exp(A(s) Vs=>0

Hence
E(s) < min {E(O)exp(X(s)’ (1)((}()](2()())) 'r+1} =d(s) Vs>0
d is continuous and positive and
g < SR, ez

Hence we can conclude from (28) the first inequality (20) of the lemma (0.7.2) with

a1+ ay(d(s))? 4 as(d(s))"

= Vs >0
als) l—a\r+1)  °F

This completes the proof.



Chapter 1

ENERGY DECAY OF SOLUTIONS
FOR A WAVE EQUATION WITH A
CONSTANT WEAK DELAY AND A
WEAK INTERNAL FEEDBACK

1.1 Introduction

In this chapter we investigate the decay properties of solutions for the initial boundary value
problem for the linear wave equation of the form

u(z,t) — Agu(z,t) + pa () o' (x,t) + po(t) W/(z,t —7) =0 in 2x]0, +ool,

u(z,t) =0 on I'x]0, +o0f,
(P) uw(z,0) = ug(x), w(z,0) =u(x) on {2,
u(z,t — 1) = folx,t —7) on 2x]0, 7,

where €2 is a bounded domain in IR", n € IN*, with a smooth boundary 02 =T, 7 > 0 is a
time delay and the initial data (ug,u1, fo) belong to a suitable function space.

In absence of delay (u2 = 0), the energy of problem (P) is exponentially decaying to
zero provided that p is constant, see, for instance, [14], [15], [26], [27] and [38]. On the
contrary, if g1 = 0 and po > 0 (a constant weight), that is, there exits only the internal delay,
the system (P) becomes unstable (see, for instance [19]). In recent years, the PDEs with
time delay effects have become an active area of research since they arise in many pratical
problems (see, for example, [1], [47]). In [19], it has been shown that a small delay in a
boundary control could turn a well-behave hyperbolic system into a wild one and, therefore,
delay becomes a source of instability. To stabilize a hyperbolic system involving input delay
terms, additional control terms will be necessary (see [40], [41], [49]). For instance, the
authors of [40] studied the wave equation with a linear internal damping term with constant
delay (7 = const in the problem (P)) and determined suitable relations between pq and ps,
for which the stability or alternatively instability takes place. More precisely, they showed
that the energy is exponentially stable if uo < pq and they also found a sequence of delays

31
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for which the corresponding solution of (P) will be instable if s > ;. The main approach
used in [40] is an observability inequality obtained with a Carleman estimate. The same
results were obtained if both the damping and the delay are acting on the boundary. We
also recall the result by Xu, Yung and Li [49], where the authors proved a result similar to
the one in [40] for the one-space dimension by adopting the spectral analysis approach.

In [44], Nicaise, Pignotti and Valein extended the above result to higher space dimensions
and established an exponential decay.

Our purpose in this chapter is to give an energy decay estimate of the solution of problem
(P) in the presence of a delay term with a weight depending on time. We use the Galerkin
approximation scheme and the multiplier technique to prove our results.

1.2 Preliminaries and main results

First assume the following hypotheses:
(H1) p; : IR, —]0, 4+00[ is a non-increasing function of class C'( IR, ) satisfying

pa(t)
pa(t) ‘ =

H2) 15 : IR, — IR is a function of class C*( IR, ), which is not necessarily positive or
(H2) n + +)s y p
monotone, such that

(1.2) \p2(t)| < Bra(t),
(1.3) s ()] < My (t),

for some 0 < 3 < 1 and M > 0.
We now state a Lemma needed later.

(1.1)

Lemma 1.2.1 (Martinez[33]) Let E : IRy — IR, be a non increasing function and
¢: IRy — IR, an increasing C' function such that

#(0)=0 and ¢(t) =400 as t— +oo.

Assume that there exist o > —1 and w > 0 such that

(1.4) /%o EY™o(t)¢'(t) dt < lE"(O)E(S). 0<S < +oo,
S w
Then
(1.5) B =0 wi>207 450
wlo|
(1.6) <1+1w+02 ) Vt>0, if o>0,

(1.7) < E(0)et vt >0, if o=0.
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We introduce, as in [40], the new variable
(1.8) 2(z, p,t) = w(x,t —7p), x€Q, pe(0,1), t>0.

Then, we have
(1.9) Tz (2, p,t) + 2,(z, p,t) =0, in Q x (0,1) x (0, +00).

Therefore, problem (P) takes the form:

U”(ZE,t) - Ax’lj/(l’,t) + Nl(t)ul(xat) + /J,2<t)Z<SC, 17t> = 07 LS Q7t > 07
Tze(x, p,t) + z,(x, p, t) =0, xeQ,pe(0,1),t>0,
u(z,t) =0, x €00 t>0,
(116 2(x,0,t) = u(z,1) r e t>0,
u( ) - uO(x)a ut(x70) = ul(x) S Q>
z(w,p,0) = folz, —7p) zeQpe(0,1).

Let £ be a positive constant such that

(1.11) T8 <E<T(2-0).
We define the energy of the solution by:

1 1

(1.12) B(O) = Sl Ol + I3+ 52 [ [ 2.1y dps,
where B

&(t) = &m().
We have the following theorem.
Theorem 1.2.1 Let (ug,uy, fo) € (H*(Q) N HY(Q)) x HY(Q) x HJ(; HY(0,1)) satisfy the
compatibility condition

fo(., O) = Uq.
Assume that (H1) and (H2) hold. Then problem (P) admits a unique global weak solution

u €< Lloc(( T, 00)7 HQ(Q) N H(}(Q)) u’ € Lloc((_Tv OO), H&(Q)) u' S Lloc(( 00)7 L2<Q))
Moreover, for some positive constants c¢,w, we obtain the following decay property:

(1.13) E(t) < cE(0)e ™ lom®@ds yp>.

Lemma 1.2.2 Let (u,z) be a solution to the problem (1.10). Then, the energy functional
defined by (1.12) satisfies

E(t) < - (mu) VN '““”) s, )2 — (’5“) '“2“”) (e, 12

2T 2 2T
(1.14) < 0.
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Proof. Multiplying the first equation in (1.10) by w;(x,t), integrating over {2 and using
Green’s identity, we obtain:

-7 2

+m@wmuﬁm+;MQAW@J—ﬂW@@dx:u

||vu(:c t)l3

We multiply the second equation in (1.10) by £(t)z and integrate over Q x (0, 1) to obtain:

1
(1.16) // ze(x, pyt)z(z, p,t) dpdx—i—&(t)/ﬂ/o zp(x, p, t)z(z, p,t)) dpdx = 0.

This yields

2 dt// x,p,t dpdx—i——// *(x,p,t))dpdr =0,

| (0 [ [ #ennanar) ~€) [ [ #opnanis
.

dt

(t/ 5@)/ 2 _

5 g (z,1,t) dx — 5 Qut(:)s,t)dx—().
Consequently,

(1.17) 2@( // (, p,t) @mgz
**5‘// . WM_%péwaﬂm+%?éﬁ@ﬂm.

Combination of (1.15) and (1.17) leads to

3o [l 01 + 196,013+ €0) [ [, pot) dpdr

which gives

20t

= —Ml( M, )13 —/vbz(t)/ﬂz(%li) i, 1) de

28 [ [ 2w ptydpir— S0 [ 2001, 0d0+ S e 02
Recalling the definition of E(t) in (1.12), we arrive at

0 = - (im0 - §2) huteols - <t> [ =1 et da
(118 —i—;f’(t)/g/ol 2*(z, p,t) dpdx— 5 /Qz

S_@M_ﬁ»M@MQ @4m¢mwwd
§(t)
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Due to Young’s inequality, we have

1 o 1 2
(1.19) /QZ(-% L tu(z,t)dr < gllu(z, D)z + S ll=(2, 1, 8)ll2.

Inserting (1.19) into (1.18), we obtain

€O ) € llt)
mws—@m—— mem(— )Mmmg
(1.20) 27 2 27 2

< m® (1= 5 - 5) It 0l - w0 (5 - §) It Lol <0

This completes the proof of the lemma.

1.3 Global Existence

Throughout this section we assume ug € H*(Q)NH; () and u; € Hy (), fo € L*(Q; H'(0,1)).
We employ the Galerkin method to construct a global solution. Let T" > 0 be fixed and
denote by Vj, the space generated by {wy, ws,...,w,} where the set {wy, k € IN} is a basis
of H?(2) N H ().
Now, we define for 1 < j < k the sequence ¢;(z, p) as follows:

¢j($,0) = Wwy.

Then, we may extend ¢;(z,0) by ¢;(z, p) over L*(2 x (0,1)) such that (¢;); form a basis of
L*(Q; H'(0,1)) and denote by Zj the space generated by {¢1, da, ..., d .
We construct approximate solutions (ug, zx), k = 1,2,3, ..., in the form

k k
ug(t) = Z gir(w;,  z(t) = Z hjx(t)d;,

where g;, and hj, (j = 1,2,...,k) are determined by the following system of ordinary
differential equations:

{ (ullc/(t>7wj> + (Vzuk‘<t>7 vﬂij) + :ul(t)(u;mwj) + :U’Q(t)(zk('? 1)7 wj) =0,
(1.21) {1<j<k,
Zk($70>t) = u;{}<x7t)7

associated with the initial conditions

k
(1.22) up(0) = uop = Y _ (uo, wj)w; — ug in H*(Q) N Hy(Q) as k — +o0,
=1
k
(1.23) w,(0) = w = Y _(wr, w;)w; — uy in Hy(Q) as k — +o0,
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and ( b)) =0
T2kt + Zkp, @5) = U,
(1:24) e
k
(1.25) 2(p,0) = 200 = Y _(fo, ¢5)¢; — fo in L*(Q; H'(0,1)) as k — +oo.
j=1

By virtue of the theory of ordinary differential equations, the system (1.21)-(1.25) has a
unique local solution which is extended to a maximal interval [0, T;[ (with 0 < T}, < +00)
by Zorn lemma. Note that uy(t) is of class C?.

In the next step, we obtain a priori estimates for the solution of the system (1.21)-(1.25),
so that it can be extended beyond [0, T%[ to obtain a solution defined for all ¢ > 0. Then, we
utilize a standard compactness argument for the limiting procedure.

The first estimate. Since the sequences ugy, u1; and zo, converge, then from (1.14) we can
find a positive constant C' independent of k£ such that

(1.26) Ex(t) + /Ot ay (s)||uy(s)]5 ds + /Ot as(s)||ze(z, 1, 5)|)5ds < E(0) < C,

where . ) () X
t
= SIk @I + IV @3+ [ [ 22 pt) dpdr,

ar(t) = m(t) (1 _E ﬁ) and as(t) = (1) (5 - 5) .

Ex(t)

2r 2 2r 2
These estimates imply that the solution (uy, 2zx) exists globally in [0, +o0].
Estimate (1.26) yields

(1.27) (ug) is bounded in Lp;,

loc

(0, 00; Hy(2)),
(u},) is bounded in L{2.(0, 00; L*(9)),
11 (t) (w3 (1)) is bounded in L'(Q x (0,T)),
p1(t) (22 (z, p,t)) is bounded in L;2,(0,00; L*(Q x (0,1))),
p1(t) (22 (x,1,t)) is bounded in L'(2 x (0,T)).

The second estimate. We first estimate u}/(0). Replacing w; by uj(¢) in (1.21) and taking
t = 0, we obtain:

| Aok |l2 + 11 (0) |uarll2 + [12(0)]||20k|2
| Aoz + p1(0)][ur]]2 + [p2(0)] 202
C.

[ (0)]]2

IAIAIA

Differentiating (1.21) with respect to ¢, we get

(i (1) + Aqup (8) + pa (O (t) + p (W (1) + pa(t)21,(1,8) + p5(8) 2(1, 1), w5) = 0.
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Multiplying by g7, (t), summing over j from 1 to k, it follows that

(I (O3 + IVt (OI3) + pr(8) [ w20) do+ g (¢) [ a'u(Eu(t) d
/ zka:,l,t)dx—k,u?()/gu k(t)zp(x, 1,t) de = 0.

DN| —

Ld
(1.32) 2dt
(t)

+ 2

Differentiating (1.24) with respect to ¢, we get

" a /

Multiplying by 7. (t), summing over j from 1 to k, it follows that

(1.33) 54O+ 5 1401 = .

Taking the sum of (1.32) and (1.33), we obtain that

1
th <|| r)3 + HV:CUZ(t)HngT/O lz1.(2, p, )| 720 dp) +M1(t)/QU"i(t) dx
1
3 [ i 1 d
= —a(t) [ k(D24 1) dw = pih (1) [ e (Ouf(t) dw = () [ wu()z(e, 10 de
1
+§HUZ(15)H§
Using (H1), (H2), Cauchy-Schwarz and Young’s inequalities, we obtain
1
2
2dt (H R+ IIVmu;(t)\|§+/0 7|z, p, )| 720 dp) +u1(?5)/Q "e(t) dx
1
+5 [ s L) do

< L) 4, Dl i AL 0+ ) O 1,0
+ @13

n®)P ! (o)
< OF vz 4 Lot o2+ O iz + 1 ol o2
? ? (0] I
1
By 8+ o) a1 1 + S

1
< O3 + [ Olurll3 + 1ea@) 12z, LOIE + Sz, L5

- 1
< O3 + My Ol il + Mpa ()20 (z, LOIE + 51202, 1,5
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Integrating the last inequality over (0,¢) and using (1.26), we get
1
(et + 192601 + 7 [ k(o p, 3oy o)
1 t
< (Hu”( B+ 92O+ 7 [ k9, 0) ey dp) + 20 [ s (5) 1 (5) 3 s
0 [ () lante 1, ) s +2¢ [ ()]s
<O+ [ (W) B+ IV +7 [ ke .9 o) ds.

Using Gronwall’s lemma, we deduce that

1 /
(112 + 1 Vaui (012 +T/0 l2k(@, 0, )| T2 dp < Ce“T

for all t € IR™, therefore, we conclude that

(1.34) (u}) is bounded in L{2.(0, 00; L*(9)),
(1.35) (u},) is bounded in L;2 (0, 0o; Hy(92)),
(1.36) (72},) is bounded in L{2.(0, 00; L*(Q2 x (0,1))).

Applying Dunford-Pettis’ theorem, we deduce from (1.27),(1.28), (1.29), (1.30),(1.31), (1.34),
(1.35) and (1.36), replacing the sequence u; with a subsequence if necessary, that

(1.37) up — u weak-star in  L2.(0, 00; H*(Q) N Hy(Q)),

uj, — u' weak-star in L;°.(0, 00; Hy(9)),
(1.38) u"y — u” weak-star in  L2.(0, 00; L*(9)),
uy, — x weak in L*(2 x (0,7T); u1(t)),
2, — 2z weak-star in L{° (0, 00; Hy (§2; L*(0,1)),
(1.39) 2z, — 2 weak-star in L; (0, 00; L*(Q x (0,1))),
2p(2, 1,t) — ¢ weak in L*(Q x (0,T), 1 (t))

for suitable functions u € L>°(0,T; H*(Q) N HY(Q)),z € L>(0,T; L*(2 x (0,1))),
X € L2 x (0,T); uy(t)), 0 € L2(Q x (0,T); uy(¢)), for all T > 0. We have to show that u
is a solution of (P).

From (1.35) we have that (u},) is bounded in L°°(0,T; H}(€2)). Then (u}) is bounded
in L*(0,T;H}(Q)). Since (u}) is bounded in L>(0,T; L2( )), then (u}) is bounded in
L*(0,T; L*(Q)). Consequently, (u}) is bounded in Hl(Q)

Since the embedding H'(Q) < L*(Q) is compact, using Aubin-Lions theorem [31], we can
extract a subsequence (u.) of (uy) such that

(1.40) u, — ' strongly in  L*(Q).
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Therefore

(1.41) u, — u’ strongly and a.e in Q.
Similarly we obtain

(1.42) z. — z strongly in  L*(Q x (0,1) x (0,7))
and

(1.43) 2. — z strongly and a.e in £ x (0,1) x (0, 7).

It follows at once, from (1.37), (1.38), (1.39), (1.40) and (1.27), that for each fixed v €
L*(0,T; L*()) and w € L?(0,T; L*(2) x (0,1))

T
/0 1)(“? - Axuc + (t)ulg + Uo (t)Zg)’U dx dt
T
— /0 /Q(U” — Agu + py(B)u' + po(t)2)vdr dt

(1.45) /OT /[)I/Q(Tzé—kaang)wdxdpdt i /OT/OI/Q(TZ/-F aapz)wdxdpdt

as ¢ — 400. Thus the problem (P) admits a global weak solution u.
Uniqueness. Let (uy,21) and (ug, 22) be two solutions of problem (1.10). Then (w,w) =
(u1, z1) — (ug, 22) satisfies

(1.44)

w’(z,t) — Ayw(z,t) + i (t)w'(z, 1)
+ug(t)w(x,1,t) =0, in 2x]0, +oo,
W (z, p,t) + W,(x, p,t) =0, in 2x]0,1[x]0, +00]
(1.46) (x,t) =0, on 02x]0, +oo|
w(x,0,t) = w'(z,t) on 2x]0, +oo]
(z,0) =0, w'(x,0)=0 in Q
w(x,p,0) =0 in Qx]0, 1]

Multiplying the first equation in (1.46) by w’, integrating over €2 and using integration by
parts, we get

1d
syl
Multiplying the second equation in (1.46) by w, integrating over 2 x (0,1) and using inte-
gration by parts, we get

(1.47) Wl + [ Vewl3) + pa @[3 + pe(t) (w2, 1,8),w') = 0.

1.4 0 0|3 =

(1.48) Sl + 5 -l = o.
Then

(1.49) 22 [ loldp+ St 1.0l ~ w/I3) = o

From (1.47), (1.49), using Cauchy-Schwarz inequality we get

1d
55 (W3 + 19l + 7 [ Jal3do) + m @l + 5 it 1, )3

= —po(t)(w(x, 1,t),w") + ;Hw 15

i 1
< |2l 1, ) ll2 [l + Sl
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Using Young inequality, we obtain

1d
'l + IVowlls +7 | @l de) < el
2dt

where ¢ is a positive constant. Then integrating over (0,t), using Gronwalls lemma, we
conclude that

1
w2 + | Vaw|)? + 7 /0 112 dp = 0.

Hence, uniqueness follows.

1.4 Asymptotic Behavior

From now on, we denote by ¢ various positive constants which may be different at different
occurrences. We multiply the first equation of (1.10) by ¢’ E%, where ¢ is a bounded function
satisfying all the hypotheses of Lemma 1.2.1. We obtain

T
0 = / E%’/ u(u”—Au—i—ul(t)u’—i-ug(t)z(a:,1,t)> dx dt
s Q
T T
= {Eqd)’/ wu' dx —/ (qE'Eq_1¢/+qu5")/ v dxdt
9 s Js . Q

—2/ Eq(b'/ u’Qda:dt—i-/ quﬁ'/ (u'2+]Vu|2) ddt

S 0 s o

T T
+/ quﬁ’pl(t)/ w/ d:cdt—i—/ qub’,uZ(t)/ uz(z,1,t) dz dt.
s 0 s Q

Similarly, we multiply the second equation of (1.10) by E¢'é(t)e 2" z(x, p,t) and get

0 = / Uy / / 0 <¢zt+zp) drdpdt
— [qusg / / 2Py dmdp}
-3 /S /Q /O E¢e(t)yre ) 22 dudpdt
+ / Uy / / 15(t)<13p (e27022) +T€_27p22> dadpdt
_ [ qusg / / t)szd:z:de
A

_5 qub{' // ~270 22 dxdpdt
5/ E1g/¢(t / ( 2722@, 1,t) — = (:E,O,t)) dxdt

+ / EIE() / / =202 drdpdt.
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Taking their sum, we obtain
T
A / Eq+1¢' dt < — {E%’ / il d

T
vo [ Eoy / W ddt — / pa (t qub / ! dadt — / 1o (£) B9 / wz(z, 1, ) dadt
(1. 50) S s

[ EIe(t) / / ~27p 2 dxdp} . / (BY9/E (D) / / 2702 Qo dpdt
_5./5 EI¢'E(t /Q<e 22(x,1,t) — (a:,O,t)) dxdt,

where A = 2min{1,e *"}. Using the Cauchy-Schwarz and Poincaré’s inequalities and the
definition of £ and assuming that ¢’ is a bounded non-negative function on IR™, we get

’Eq(t)d /Q uu’ dx

T T
ot / (qE'ET'¢ + E1¢") / ! dadt
Q

< cE(t)r

By recalling (1.14), we have

/T’ E’Efﬂgp’/ 'dz| dt < /TEq(t)\E’(t)\dt< /TEq(t)(—E’(t))dt< ETH(S)
S q QUU X S C < S C < S C y

[ o [zt < [ B 0(-") < cB(S) [ (o) de < B (S)
. Quu X _cS sc ~C )

s
and
/TEq¢’/u'2dxdt < ¢ gy /ul(t)u’zda:dt
(1.51) S o s ¢/N1(t) Q
/S Bt (CE) d

Define .
(1.52) o(t) = [ mls)ds

0

It is clear that ¢ is a non-decreasing function of class C! on IR, ¢ is bounded and
(1.53) o(t) — +o0 as t — +o0.
So, we deduce, from (1.51), that

T T
(1.54) / E / WPdrdt < e / EU—E)dt < cE™(S),
S Q S
By the hypothesis (H1), Young’s and Poincaré’s inequality and (1.14), we have

T
/ qub'/ wu dx dt
s 0

T
Scél%MMwwhﬁ

T T
< o' [ B ulde o) [ |3 dt
S S
T T
< e, [ BYIVaulBdt+ o) [ B3
S S
T
< e, / BT dt + cETHY(S).
S
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Recalling that & < 0 and the definition of E, we have

T 1
q —27p 2 q\/ —27p 2
/ (BE(D) // 2drdpdt < /ST(E)f(t)T/Q/O =222 dudpdt
< 9WE
< c/s EY\E'| dt
< c/TEq(—E’(t))dt
B s
< cETY(S)
T
q —27 2 q
/SEf(t)/Qe 22,1, dedt < /Eg / (z,1,1) dadt
<
< c/s EY(—E) dt
< CET(S)

T . )
/S E S(t)/ﬂz (2,0, t) dxdt

T q 2
0 /Q (1) dadt
< CETY(S),

where we have also used the Cauchy-Schwarz inequality. Combining these estimates and
choosing €" sufficiently small, we conclude from (1.50) that

T
/ BT dt < CEY(S).
S

This ends the proof of Theorem 1.2.1.
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Chapter 2

GLOBAL EXISTENCE AND
ENERGY DECAY OF SOLUTIONS
TO A VISCOELASTIC WAVE
EQUATION WITH A DELAY
TERM IN THE NONLINEAR

INTERNAL FEEDBACK

2.1 Introduction

In this chapter we investigate the existence and decay properties of solutions for the initial
boundary value problem of the nonlinear viscoelastic wave equation of the type

(P)

() — Ayu(x,t) + /0 h(t — s)Azu(zx,s)ds
g1 (w2, 1)) + page(ue(w,t — 7)) =0
u(z,t) =0

u(z,0) = ug(x), u(z,0)=wu(zr)

w(z,t — 1) = folx,t —7)

in ©2x]0, +o0],
on I'x]0, +ool,
in €,

in Qx]0, 7,

where €2 is a bounded domain in IR", n € IN*, with a smooth boundary 02 = I', h is
a positive nonincreasing function defined on IR", ¢; and g, are two functions, 7 > 0 is a
time delay, 41 and pg are positive real numbers,; and the initial data (ug,uq, fo) belong to a
suitable function space.

In the absence of the viscoelastic term (that is, if h = 0), problem (P) has been studied by

many mathematicians. It is well known that in the further absence of a damping mechanism,
the delay term causes instability of system (see, for instance [19]). In the contrast, in the
absence of the delay term, the damping term assures global existence for arbitrary initial
data and energy decay estimates depending on the rate of growth of g; (see [2],[6], [24],

43
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[26] and [30]). In recent years, the PDEs with time delay effects have become an active area
of research and arise in many pratical real world problems (see for example [1], [47]). To
stabilize a hyperbolic system involving delay terms, additional control terms are necessary
(see [40], [41] and [49]). In [40] the authors examined problem (P) in the linear situation
(that is, if g1(s) = g2(s) = s Vs € IR) and determined suitable relations between p; and po,
for which the stability or alternatively instability takes place. More precisely, they showed
that the energy is exponentially stable if puy < py and they found a sequence of delays for
which the corresponding solution of (P) will be instable if y5 > p1. The main approach used
in [40] is an observability inequality obtained with a Carleman estimate. The same results
were obtained if both the damping and the delay acting in the boundary domain. We also
recall the result by Xu, Yung and Li [49], where the authors proved the same result as in
[40] for the one space dimension by adopting the spectral analysis approach. Very recently,
Benaissa and Louhibi [7] extended the result of [40] to the nonlinear case.

In the presence of the viscoelastic term (h # 0), Cavalcanti et al. [12] studied (P) for
g2 = 0 and in the presence of a linear localized frictional damping (a(x)u;). They obtained
an exponential rate of decay by assuming that the kernel h is of exponential decay. This
work was later improved by Berrimi and Messaoudi [9] by introducing a different functional,
which allowed them to weaken the conditions on h. In [36], Messaoudi investigated the
decay rate to (P) under a more general condition on h and improved earlier results in which
only the exponential and polynomial rates were considered. Kirane and Said Houari [7]
extended the result in [36] to the case when g1, go are linear and py > po.

Our purpose in this chapter is to give a global solvability and energy decay estimates of
the solutions of problem (P) when h is of general decay rate and g;,g> are nonlinear. To
obtain global solutions of problem (P), we use the Galerkin approximation scheme (see [31])
together with the energy estimate method. The technic based on the theory of nonlinear
semigroups used in [40] does not seem to be applicable in the nonlinear case.

To prove decay estimates, we use a perturbed energy method and some properties of
convex functions. These arguments of convexity were introduced and developed by Lasiecka
et al. [13], [18], [28], [29] and [30], and used by Liu and Zuazua [32], Eller et al [20] and
Alabau-Boussouira [2].

2.2 Preliminaries and main results

For the relaxation function, the damping and the delay functions, we make the following
hypotheses:
(H1) () h: IRy — IR, is a C? function satisfying
+oo
h(O)=hy >0, = / h(s)ds < 1.
0

(%) There exists a non-increasing differentiable function ¢ : IR; — IR, such that

h'(s) < —C(s)h(s), Vs > 0.
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and

/0+oo ((s)ds = +o0.

(H2) ¢ : IR — IR is a non-decreasing function of class C'( IR) such that there exist
€ c1,c9,a1,a0 > 0 and a convex and increasing function H : IR, — IR, of the class
CH( TRy) N C?(]0, 0o) satisfying H(0) = 0, and H linear on [0, €] or (H'(0) =0 and H"” > 0
on |0, €']), such that

(2.1) lg1(s)] < cals|, if |s| > €.

(2.2) gi(s) < H ' (squ(s)), if|s| < ¢

g2 : IR — IR is an odd non-decreasing function of the class C'( IR) such that there exist
c3, Q1,09 >0

(2.3) 195(s)| < €3
(2.4) a1 5g2(s) < Ga(s) < ag sg1(s),
where

(25) Qafly < Q1.

Remark 2.2.1 1.By the mean value Theorem for integrals and the monotonicity of gs, we
find that

Ga(s) = /OS go(r) dr < sgo(s).

Then, oy < 1.
2. We need condition (2.3) only to prove global existence. For the energy decay, we can
replace the linear growth of the function ga(s), for large |s|, by nonlinear polynomial growth.

We also state a Lemma which will be needed later.

Lemma 2.2.1 (Sobolev-Poincaré’s inequality) Letq be a number with2 < q < 400 (n =
1,2) or2<q<2n/(n—2) (n>3). Then there is a constant c. = c.(§2,q) such that

lully < el Vullz  for  u € Hy(Q).

We introduce as in [40] the new variable
(2.6) 2(x, p,t) = w(x,t —7p), € Q, pe|0,1], t>0.

Then, we have
(2.7) Tz(z, p,t) + 2,(z, p,t) =0, in 2x]0,1[x]0, 400l
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Therefore, problem (P) takes the form:

(@, ) — Agulz, t) + /0 h(t — s)Agu(z, s)ds + g (u(z, 1)
+2g2(2(z,1,t)) =0, in ©2x]0, +o0],
Tz(x, p, t) + 2,(z, p, t) = 0, in 2x]0,1{x]0, +o0],
2Bz, ¢ p ) ot on 6Q]>< [o[, J]roo[, |
2(z, O t) = ut(a: t), on 2x]0, +oo],
u( ) = uO(x)v ut(x O) = ul(l')a in 2,
z2(x, p,0) = folx, —p1), in 2x]0, 1].

Let &€ be a positive constant such that

1— —
Aell=a) o= cai

2.9
(2.9) o -~

We define the energy associated to the solution of problem (2.8) by the following formula:

B(t) = Sl O3 +5 (1= [ hs)ds) IVl + 5 (o Vu)(t)

(2.10) )
+f/ﬂ/0 Ga(z(z, p,t)) dpdx.

We have the following theorem.

Theorem 2.2.1 Let (ug,u1, fo) € H*(Q) N Hy () x HY(Q) x HY(Q; HY(0,1)) satisfy the
compatibility condition

fo(.,O) = Uz.

Assume that the hypotheses (H1) — (H2) hold. Then problem (P) admits a unique weak
solution

u € Lig.((=7,+00); H*(Q) N Hy(Q)), v’ € L5, ((—7,+00); Hy(Q)), v € Liz.((—T, +00); L*(Q2))

and, for some constants w, €y, we obtain the following decay property:

(2.11) E(t) < H! (w /Otc(s) ds) . VE>0,
where

(2.12) = T ®

and

Hy(t) = { t if H is linear on [0, €],
2T tH! (eot) if H(0) =0 and H" >0 on ]0,¢€].
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Example. Let g be given by g(s) = s?(—1Ins)9, where 0 < p < land ¢ € IR on (0,¢]. Then
g'(s) = sP71(—1Ins)? ! (p(—Ins) — q) which is an increasing function in a right neighborhood
of 0 (if ¢ = 0 we can take €; = 1). The function H is defined in the neighborhood of 0 by

cs%(—lns)fg ifo<p<l1, q¢g€ IR
H(s) =< cs(—1Ins)™¢ ifp=1, ¢>0
1
cy/s e 5 ifp=0, ¢g<0
and we have
—p p+g 1
65127(—1ns)_1> (pg—(—lns)—i-q> if0<p<1, q¢qe€ IR
H'(s) = ] ] f b when s is near 0.
N A ifp=0, ¢<0
Vs q )
Thus
1 ptg 1
cs2+p(—lns) P <p+(—lns)+q> ifo<p<1l, q¢ge IR
o(s) = 12p p when s is near 0.
c s(l—ési)e”% iftp=0, ¢g<0
and L 1
¢(t):c/ ds
t  ptl _ota (p+1 q
s (—Ins)” » ((—lns)—i—)
2p p
1 o
:c/t Z+1 dz when t is near 0.
1 _pta (P q
Inz)"» |[——Inz+ -
w2y (P e+ )
and L 1
o) = cf s
\/§<1—as2Q)e—5
1 NeSE:
= c/ 3 —dz, p=20,9<0, when ¢ is near 0
IO
q \z

We obtain in a neighborhood of 0

ct%l(—lnt)% ifo<p<l, g€ R
P(t) =4 c(— lnt)Hq ifp=1,¢>0,

q

ct2qe iftp=0,¢g<0

and then in a neighborhood of +00 (see Appendix)

2q

o (Int) 77 if0<p<1, g€ IR,

DTHE) = q pet™ ifp=1,¢>0,
c(Int)?® ifp=0,q<0.
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Using the fact that h(t) =t as ¢ goes to infinity, then

() TTImé(W) T 0<p<l ge R,
(&

E(t)<{¢ ~+ itp=1, ¢<1,
€)™ ifp=0,q<0,
ce €™ ifp>lorp=1andq<0.
We finish this section by giving an explicit upper bound for the derivative of the energy.

Lemma 2.2.2 Let (u,z) be a solution to the problem (2.6). Then, the energy functional
defined by (2.10) satisfies

B(t) < - (m g um) [ woral)da

(2'132 (fal — (1 — a1)> /Qz(x, L,t)ga(z(x,1,t)) do — ;h(t)HVqu + ;(h' o Vu)(t)

Proof. Multiplying the first equation in (2.8) by w;(z,t), and integrating the result over €,
to obtain:

s (lue@, )3 + [IVule, D)[13) + m /le(ut(:c, t))u(w, t) da

(2.14) )
—i—ug/QgQ(z(a:,l,t))ut(:c,t) dx:/Q/O h(t — s)Vu(z, s)Vu(x,t) ds dx.

The term in the right-hand side of (2.14) can be rewritten as follows

/Q /0 "h(t = )V, $)Vu(e, ) ds de + ;h(t) IVu(z, b))
= 1 [ h(s) dslVute. 013 — (ho Vu)(B)] + 30 o Tu) (o)

Consequently, equality (2.14) becomes

1 o)1+ (1= [ bs) ds ) 19t O + (b o V(6] = =11 [ gr(aali (o 1) da

1 1
—p2 | 92(2(2, 1)), ) du — §h(t)||VU($7t)||§ + 5 (W o Vu)(t).
(2.15

We multiply the second equation in (2.8) by £go(2(z, p,t)) and integrate over 2x]0, 1] to
obtain:

2(, 1)) g2(2(w, p,1)) dpdr = *G2 (x,p, 1)) dpdx
2165// 0. 0))a(=(, . 1)) dp // ) dp
= —7 /) (Galz (xalat))—Gg(z(x,O,t)))dx.
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Hence

(2.17)%/9/01 Go(2(a, p, zf))dpdx—i—f_/QGz(z(x,l,t))dx - f_/QGQ(ut(x,t))dx ~0.
From (2.15), (2.17) and use of Young’s inequality, we get
E'(t) = 1(h o Vu)(t) — *h( N Vu(z, )3 - ﬂl/ gr(w(, t))ur(, 1) da

—u2/gg (x,1,t))us(z, t) dl’—*/Gg (x,1,t))dx + = /G’g u(z,t)) de.

By recalling (2.4), we arrive at

! — — = w(z, t))uy(x, Jc—} oVu)(t) — = u(x
CE (1= £22) [ antutetute ) 2w Va)(t) = Sh(t) [Vl 03

_MQ/QQ( (, 1, )z, t dx——/G2 (2,1,1))
Q

Let us denote by G35 the conjugate function of the convex function G, i.e.,
G5(s) = sup,ep+ (st — Ga(t)). Then Gj is the Legendre transform of G, which is given by

(2.19) G3(s) = 5(G3) 7 (s) = Ga[(Gy) ' (s)], Vs =0
and satisfies the following inequality
(2.20) st < Gs(s) + Ga(t), Vs, t >0.

(see Arnold [4], p. 61-62, and Lasiecka [13], [18], [28]-[29] for more information).
Then, from the definition of G5, we get

G5(s) = 595 ' (s) — Galgy ' (5)).
Hence
(2.21) G5(g2(2(z, 1,1))) = 2(x, 1, 1)g2(2(x, 1, 1)) — Ga(z(x, 1,1)).
Making use of (2.18), (2.20) and (2.21), we arrive at

E) < — (m—f) /Qut(x,t)gl(ut(x,t))dx—ém/{)z(m,l,t)gg(z(w,l,t))dw

—|—,u2/Qz(m,l,t)gg(z(x,l,t))dx —I—ug/QGg(ut(:v,t))dx—ug/g)Gg(z(x,l,t))dx

1 1
+5 (0 o Vu)(t) = Sh(O)IVule, 1)l3.
(2.22)
Again, use of (2.4) yields

E(1) s—(m—w%wwﬁémmwmmmﬁMx

(2.23) _ (fiﬂ — iy + pigon ) 2@, L,t)g2(2(w, 1,8)) do

+3(h' 0 Vu)(t) — 3h(t) [[Vu(z, )5 < 0.
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2.3 Global Existence

We are now ready to prove Theorem 2.2.1 in the next two sections.

Throughout this section we assume ug € H*(Q2) N H}(Q),u; € H}(Q) and
fo € HY(Q; H'(0, 1),

We employ the Galerkin method to construct a global solution. Let T" > 0 be fixed and
denote by Vj the space generated by {wy, ws,...,w,} where the set {wy, k € IN} is a basis
of H*(Q2) N H ().

Now, we define, for 1 < j <k, the sequence ¢;(x, p) as follows:

¢j($,0) = wy.

Then, we may extend ¢;(z,0) by ¢;(z, p) over L*(2 x (0,1)) such that (¢;); form a basis of
L*(92; H'(0,1)) and denote Zj the space generated by {¢1, ¢a, ..., dr}
We construct approximate solutions (uy, 2x),k = 1,2,3,..., in the form

uy(t) = ;gjk(t)wja

k
2(t) =D hy(t) oy,
j=1
where g;, and hy, 7 = 1,2,..., k, are determined by the following ordinary differential equa-

tions:

t

(i (1), w;) + (Vour(t), Vawy) — /0 h(t = 5)(Vaur(s), Vow;) ds + (g1 (wy), wj)

(2.24) +11(g2(26(-, 1), w5) =0, 1<j5 <k,
Zk<l’,0,t) = u;(m,t)

k
(2.25) u(0) = uop = Y _ (uo, wj)w; — ug in H*(Q) N Hy(Q) as k — +oo0,
j=1
k
(2.26) uj,(0) = u = Y _ (w1, w;)w; — uy in Hy(Q) as k — 400
j=1
and
(227) (TZkt + Zkp> ¢]) = O, 1< ] < k,
k
(2.28) 21(p, 0) = 2ok = D _(fo, ¢j)¢; — fo in Hy(Q; H'(0,1)) as k — +oo0.
j=1

By virtue of the theory of ordinary differential equations, the system (2.24)-(2.28) has a
unique local solution which is extended to a maximal interval [0, T;[ (with 0 < T}, < +00)
by Zorn lemma since the nonlinear terms in (2.24) are locally Lipschitz continuous. Note
that uy(t) is C?-class.
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In the next step, we obtain a priori estimates for the solution, so that it can be extended
outside [0, T;[ to obtain one solution defined for all ¢ > 0.

In order to use a standard compactness argument with the limiting procedure, it suffices
to derive some a priori estimates for (uy, 2).

The first estimate. Since the sequences ug, u1 and zg, converge, then standard calcula-
tions, using (2.24)-(2.28), similar to those used to derive (2.13), yield

t

(2290t) + a; /Ot uy(z, 8) g1 (uy(x, 8)) ds + ag/ o(s)zi(z,1,8)ga(zk(x,1,8)) ds < Ep(0) < C,

0
where
1 ! 2 1 ¢ 2 !
Eult) = Sl @+ 5 (1= [ hs)ds) IV +€ [ [ Gatenla,p.0) dpda,
« (67
ay = iy — 672 — p2ae and ag = il — p2(1 — o).

for some C' independent of k. These estimates imply that the solution (uy, zx) exists globally
in [0, +o0.
Estimate (2.29) yields

(2.30) uy, is bounded in Lj2 (0, oo; Hy(€2)),

(2.31) uj, is bounded in L{2 (0, 0o; L*(£2)),

(2.32) up () g1 (u)(t)) is bounded in L'(2 x (0, 7)),
(2.33) Gy(zr(z, p, ) is bounded in L;2.(0, 00; L'(Q x (0,1))),
(2.34) 2e(z,1,1) g2 (2x(2, 1,1)) is bounded in L*(Q x (0,T)).

The second estimate. first, we estimate uj(0). Testing (2.24) by gj,.() and choosing
t = 0, we obtain:

[ux(0)ll2 < | Aztuokll2 + pallgr (war)ll2 + pallga(zox) [l2-
Since g1 (u1x), ga(20x) are bounded in L?*(2) hence, from (2.25), (2.26) and (2.28),
lug(0)[l2 < C.

Differentiating (2.24) with respect to ¢, we get

, d [ rt ,
(W(ﬂ + Aguy(t) + o ( /0 h(t — 5)Aguk(s) dS) + pyug (t) gy () + p22,95(2k), wj) = 0.
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Multiplying by gj;.(t) and summing over j from 1 to k, it follows that

22 (|| OB+ IV (1)) — (0) S (Vaue(1), V(1) + h(O) |V (D)

(2.35) ch W (= )(Vau(s), Vau(t)) ds + 1 (0)(Voun(8), V(1))

[ ) (Taun(s), Ty 0) ds + g [ w3040l ()
—l—,uz/gu/k(t)zk(x, 1,t)g5(zx(x, 1,t)) dz = 0.

Differentiating (2.27) with respect to ¢, we get

0
(ra4(6) + 55540 63) = 0.
Multiplying by h’(t) and summing over j from 1 to k, it follows that
1 d 1d
(2.36) 37l O + 5 14Ol =

Taking the sum of (2.35) and (2.36), we obtain

S (I + 172013+ 7 0. aeco) + A Vt(0)3

b [0 1) dr [ ek 1P dr = h(0) 5 (Va0 Vet (1)

[ 5)(Taue(s), Vb (1) ds — H(0) (Vo (8), Vo (1)

= [ R ) (Taunls), Tty (0 s — g [ wsl0)2h s 1,00, 1, 0)) e a0
Using (2.3), Cauchy-Schwarz and Young’s inequalities, we obtain

h’(O)

IR (0)(Vaun(t), Vaur(t))] < el Vour()]3 + IVaur (1112,

/Ot R"(t — 8)(Vaur(s), Vouy(t)) ds

< V(1) /Ot|h"<t—s>|||vxuk<s>||2ds
< IV I+ el [ 16— )7 ) s,
o (I + 19t 0113+ 724 ) eionn) + 0 [ 20001 ()
+e [ Jah (@ LI dr + h(O) V. (1)
OF .11+ L9,k 013
vl [~ IV (5) 3 ds + h(0) & (Fue(t), V. (1)
+jt / Wt — $)(Vui(s), V(1)) ds.

< Nup 013 + el Vaun (D13 +
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Integrating the last inequality over (0,¢) and using Gronwall’s lemma, we obtain
1 t
5 (RO + IV 3 + 7llz4 (s D Baaony) + o | [ w3091 w4(s)) da ds
t
+c/ / 121 (z, 1, 8)|* dr ds <
, [0
> (O3 + V21 (0) 13 + 71242, 0, 0) 72 (0,17)) + PIO) (Vi (£), Vistif (£))
2.3 ¢
| —h(0)(Vau(0), Vaur,(0)) +/0 W (t = s)(Vaur(s), Vour(t)) ds
1 A(0)? t t
+ (45 + = =) [ IV Bds+ (e + el [ IVau(s)l3ds

t
+ [ ui(s) 3 ds,

h(0)?
4e

t O ||kl |B]l~ [t
[ 10— )(Faue(s), V1)) ds < <ol + O~ [y 2.5
Then from (2.37), choosing ¢ small enough and using Gronwall’s lemma, we obtain
t
o 38)uu;;<t>u§ + Vet (I3 + 7l2 (@ 0, Ol 2oy + 1 /0 [ i1 (uh(s)) do ds
. t
—I—c/ /Q|z,’§(x,1,s)|2dxds < M,
0

for all ¢t € [0,7T] and M is a positive constant independent of k € IN. Therefore, we conclude
that

R(0)(Vour(t), Vauy () < el Vaui (1) + IVour ()13,

(2.39) uj, is bounded in L;2 (0, +o00; L*(Q2)),
(2.40) u}, is bounded in L;2 (0, +o00; Hy (),
(2.41) 2}, is bounded in L2, (0, +-00; L*(2 x (0,1))).

The third estimate. Replacing w; by —A,w; in (2.24), multiplying by ¢, (¢), summing
over j from 1 to k, it follows that

1d t

—— (Vo (D% + || Apur(t)]|? —/ht— Agu(s), A/ () d
(2.42) 248 (I (0115 + | Apun(1)]13) | h(t = 5)(Bqu(s), Agu(t)) ds

b [ IV (OG0 o+ g | Vo)V (1, )4 (1, 8)) i =0,
t 1
; h(t — s)(Azu(s), Ayu'(t)) ds + §h(t)||Axu(t)||§
1 t 1

= S [ [ ) dsllAsutd) B — (o Auu)(0)] + 50 0 Agu) 1),

2dt LJo 2

Consequently, equality (2.42) becomes

s (1723 + (1= [ 1) ds ) DA + (h o Agu) (1)) + (O Voue(t)

(A8 (o D)) + o [ [V (1) g (1) d
1 /Q Vo s (Va2 (2,1, 0) g5 (20 (, 1, 8)) da = 0.
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Replacing ¢; by —A,¢; in (2.27), multiplying by h;i(t), summing over j from 1 to k, it
follows that

1 d 1d
(2.44) 5T Vel + idfpuvxzk(t)ng = 0.
From (2.42) and (2.44), we have
1d

t
s (VO3 + (1= [ h(s)ds ) 1Asu()E + 7IVoao oDy
]‘ !/ !/ / 1
+mmwﬂamg—gho&@@mwgéwwa?wMMwwm+Z@wﬂanmwx
— 2 | Vo)V (o L gz, 1, 1)) do 5 |V (1)

Using (2.3), Cauchy-Schwarz and Young’s inequalities, we obtain

1d , t
ST <||vxuk(t)||§ + (1 —/0 h(s) ds> 1Ak ()]13 + 7| Vazk (2, p, t)||§2(m(0’1))>

i [ [V, (OF g1 (w(0) do +c [ V(e LD de < IV 03
Integrating the last inequality over (0,¢) and using Gronwall’s lemma, we obtain
t
Va1 + (1= [ b(s)ds ) I1Asun)IE + TIVozae, o, O 2xeqany <
e (I 0) 3 + 1A, (0) 3 + 71V, . 0) o)

for all t € IR,, therefore, we conclude that

(2.45) uy, is bounded in Ly2 (0, +oo; H*(Q) N Hy (),
(2.46) 2, is bounded in L{° (0, +oo; Hy(2; L*(0,1))).

Applying Dunford-Petti’s theorem, we conclude from (2.30),(2.31), (2.32), (2.33), (2.39),
(2.40), (2.41) (2.45) and (2.46), replacing the sequences uy, and z, with subsequence if nec-
essary, that

(2.47) up — u weak-star in  L{2,(0, +oo; H*(2) N Hy(S2)),
uj, — u' weak-star in L°,(0, +o0; Hy(£2)),
(2.48) u"y — u” weak-star in L2, (0, +-00; L*(9)),

g1(uy) — x weak in L*(Q x (0,7)),
2, — 2z weak-star in L7° (0, +oo; H3(€; L*(0,1)),
(2.49) 2, — 2 weak-star in L7 (0, +o00; L*(Q x (0,1))),
g2(zi(z,1,1)) — 1p weak in L*(Q x (0,T))

for suitable functions u € L>(0,T; H*(Q) N HY(Q)),z € L>(0,T; L*(2 x (0,1))),
X € L2(2x(0,T)),v¢ € L% (0,T)) for all T > 0. We have to show that (u, z) is a solution
of (2.8).
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From (2.30) and (2.31) we have (u}) is bounded in L*(0,7; H}(Q)). Then (u}) is
bounded in L*(0,T; H}(Q)). Since (uf) is bounded in L>(0,T; L*(f2)), then (u}) is bounded
in L*(0,T; L*(€2)). Consequently, (u},) is bounded in H'(Q).

Since the embedding H'(Q) — L*(Q) is compact, using Aubin-Lions’ theorem [31], we can
extract a subsequence (u,) of (uy) such that

u/, — ' strongly in  L*(Q).

Therefore
(2.50) u, — v a.ein Q.

Similarly we obtain
(2.51) 2, — z a.e in Q.

Lemma 2.3.1 For each T >0, g(u'),g(2(z,1,t)) € L'(Q) and
lg(W) |1y [|9(2(x, 1,1))|| 1) < K1, where Ky is a constant independent of t.

Proof: By (H2) and (2.50) we have
g1(up(z,t)) — g1 (u'(x,t)) a.e. in Q,

0 < g1(up(x, t)up(z, t) — g1 (v (z, )/ (x,t) ae. in Q

Hence, by (2.32) and Fatou’s lemma we have
T
(2.52) / / u'(z,t)g1 (v (z,t)) dedt < K for T > 0.
o Ja
By Cauchy-Schwarz inequality, using (2.52), we have
T LT 3
[ [t iiara < aol ([ [ o)
o Jo 0o Jo
< JQEK: =K,
Lemma 2.3.2 g(u}) — g(u') in L'(Q x (0,T)) and g(z1) — g(z) in L'(Q x (0,T)).

Proof: Let F C Q x [0,7] and set

E1:{(xt)EE|g1ukmt \/7}, E,=FE\ Ey,

where |E| is the measure of E. If M(r) :=inf{|s|; s € IR and |g:(s)| >},

/E lg1(uy)| dzdt < C\/E—F (M <1>> /E2 |uy.g1(uy,)| dadt.

E|
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Applying (2.32) we deduce that sup / |g1(u},)| dedt — 0 as |E| — 0. From Vitali’s conver-
gence theorem we deduce that g; (uk,) — g1(v') in LY(Q x (0,T)), hence

g1(u) — g1(v') weak in L*(Q).
Similarly, we have

g2(21.) — g2(2') weak in LQ(Q),
and this implies that

T T
(2.53) / / g1(up)vdrdt — / / g1(u)vdx dt, for all v € L*(0,T; Hy)
o Jo 0 Jo

T T
(2.54) / / go(z)vdx dt — / / g2(2)vdx dt, for all v € L*(0,T; Hy)
o Ja 0 Jo

as k — +oo. It follows at once from (2.47), (2.48), (2.53), (2.54) and (2.49) that for each
fixed v € L*(0,T; Hy) and w € L*(0,T; Hy (2 x (0,1)))

T t

/0 /Q(ug — Aguy + +/0 h(t — s)Agug(z, s)ds + p1g1(uy,) + poge(zr))v da dt
T t

— / / (u" — Ayu + / h(t — s)Agu(z, s)ds + p1gi(u') + poge(2))v da di

///Tzk wdmdpdt—>/ //TZ —|—§pz)wdmdpdt

as k — +o0o. Hence

T t
/0 /Q(u"—l—Axu—i—/ h(t—s)Ayug(x, s)ds+p1g1 (u')+p2g2(2))v dz dt = 0, Vv € L*(0,T; Hy).

/ / / Tu' + —z Jwdx dpdt =0, Yw € L*(0,T; Hy (2 x (0,1))).

Thus the problem (P) admlts a global weak solution u.

2.4 Asymptotic behavior

For M > 0 and €1,e9 > 0, we define the perturbed modified energy by

(2.55) L(t) = ME(t) + e V(t) + 21 (t) + x (1),
where

(2.56) U(t) = /Q wa(, t) u(z, ) de,
(2.57) I(t) = /Q/Ol e PGy (2(z, p,t)) dp du,

(2.58) X(t) = —/Qut(:t,t) /Ot h(t — s)(u(t) — u(s)) ds dx.
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Lemma 2.4.1 There exist two positive constants By and By depending on £1,e9 and M such
that for all t > 0
BE(t) < L(t) < BoE(t).

Proof: We consider the functional
K(t) = e1¥(t) + 21 (t) + x(1)

and show that

(2.59) |[K(t)| < CE(t), C>0.
Using Young’s inequality and Poincaré’s inequality, we obtain
Ix(t)| = ‘/ u(z, 1) th t—s)(u(t) —u(s))dsdr
(2.60) < 2/ut dx+2/ (/ (t — s)( (t)—u(s))ds)zda:
<

E/Qut dx+§l c2(h o Vu)(t).

Similarly, we have

1
(261|§1w<t>+521<t>| < af |ut||u|dx+ea | [ e Galeta p,t)) dp do
< 2/ u dx —|— /]Vu|2dx+€2// Ga(z(x, p,t)) dp dz.

Using 1— / s)ds > 1—1,(2.10), (2.60) and (2.61), we get (2.59) for some positive constant
C'. By choosing M large enough, our result follows from (2.55), (2.59).

Proposition 2.4.1 For each ty > 0 and sufficiently large M > 0 and appropriately small
€1,e9 > 0, there exist positive constants Cs, Cy, and Cs such that

oclitL< t) < —C3E(t) + Ca(h o Vu)(t) + Csllgi(ue)ll3 Yt > to.

The proof of this proposition will be carried out through three lemmas.
Lemma 2.4.2 Let (u, z) be the solution of (2.8), then for any v > 0, we have

V() < HutHg—(1—5—7—703(%+uz))IIVUH§

(2.62) +2 [l 0)Pdo+ 52 [ loa(e(a LO)Pdo + (o Va)(o),



58 Viscoelastic wave equation with a delay term

Proof. Using the first equation in (2.8), a direct computation leads to

V() = /Q W2z, 1) d + /Q et Oule, t) do
= Jul3 + [ [Au(x,t)—/ot h(t — s)Au(x, s)ds
(2.63) ~pigu(a(z,0) = paga(ule,t = )| ulo, 1) do
= Jul3 ~ IVull3 + [ Vu(e.o) /Ot h(t — $)Vu(z, s) ds de
—ulfggl(ut(:v,t))u(x,t) dm—m/ﬂgg(z(x,l,t))u(a:,t) dz.

Now, the third term in the right-hand side of (2.63) can be estimated as follows:

/ Vu(z,t) /t h(t — s)Vu(z,s)dsdx

0

= /:/Ot h(t —s) [Vu(x, s) — Vu(zx, t)} Vu(x,t)dsdr + /Q/Ot h(t — 8)|Vu(z,t)|* ds dz

< 1|Vu(z,t)||3 + /Q|Vu(a:,t)| /Ot h(t — s)|Vu(z,s) — Vu(z,t)|dsdz

< l||Vu(x,t)||§—|—||Vu(x,t)||2</Q(/Oth(t—s)|Vu(x,s)—Vu(x,t)|ds>2dx)2

< Vu(z,t)|3 )
+|Vu(z, t)||2 [/Q (/0 h(t —s) ds/o h(t — s)|Vu(z,s) — Vu(x,t)|2ds> da:] ’

< UVulz, )2+ B[ Valz, 0)]» UQ (/Oth(t—s)|Vu(x,s) —Vu(m,t)|2ds) dxr

< U Vul@, )3 + 12| Vulz, 1) |[2(h o Vu)3 (t)

< UIVu(z, )3+l Vulz, )5 + 4 (h o Vu)(t)

<

L+ ) Vule, DI + (b o Vu) (o)
then we conclude
V() <l = [Vl + @+ DIVl + & (ho Vu) ()
1 [ gr (e t) (. 8) do + i [ oo, 1) ul, )] da.

Since

1
o, DG, ) dr < 92Dl + - [ (e, 1)
1
[ loa(@ 1, ) u(w, 1) do < 42 Vul3 + o= [ 1ga(=(,1,0) da
Q 4v Ja
we obtain

V() < uld— (1= 1=y = 9e(u + )| Vul? l
Hp oGt ) o+ 52 [ ool L0 d 4 (o Tu) (),
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Lemma 2.4.3 Let (u, z) be the solution of (2.8), then we have

d

(2.64) SI(t) < —21() (22, 1,))dz + - /02 (s, 1)) d.

Proof. Differentiating (2.57) and using the second equation in (2.8), we have

dr(t) = /Q /OleQT”zt(fc,p,t)gz(Z(x,p,t))dp dx
- /01e—zwzp(x,p,t)gQ(z(x,p,t))dp do
_ _1//1eZTpdG2(z(x p,t)) dp da
- 1f / [dp( 720Gy ((x, p, ))) + 27e PGy (2 (x, p, )] dp da
= L [ e Galelw,1,0) = Galunla, )| do
2 /Q /0 =2 Gy (2, pot)) dp d

1
< —2// e PGy (2(z, p,t)) dp dw — 1/ e Gy (2(w,1,t))dx
aJo T Jo
—l—%/ Gg(ut(:c t))dz dx
< =2I(t) (z(z,1,t))dx + = /G2 uy(x,t)) de.

Lemma 2.4.4 Let (u, z) be the solution of (2.8), then we have the estimate

Sty < o+ vl (( Q/Oth@ i) = )

(2.65) i hoc.

" (z b ) + in> (ho Vu)(t) — "% (' 0 u)()

0 || g1 (u) |13 + npellg2(2(z, 1,1)) |13,

4n

for any 7 a positive constant.
Proof. A differentiation of (2.58) leads to

X = [ o | bt — s)(u(t) _ u<s)>ds da,

59
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we have

V() = = [ualet) [ (= s)(u(t) — uls))ds do
oz, t)/th(t 5)ds + /1t (t — 8)(u(t) — u(s))ds] da,
_ —/Q[(A u(z, 1) / (t — s)Awu(z, s)ds — i1 gr (w(z, 1))
2 92(a(,1,0))) [ Bt = 5)(alt) — u(s))ds o
— [ nCs)ds Jull3 — [ waet) [ = )lt) — u(s)ds da,
- /Q Vu(z, 1) / h(t — 8)(Vu(z,t) — Vu(z, s))ds de
-/ [/ (t — $)Vu(, s) ds} [/Oth(t—s)(Vu(x,t)—Vu(m,s))ds do
[ g1m(e,0) /Ot h(t = s)(ulz, 1) — ulz, s))ds da
+,u2/ﬂgl(z(x,1,t))/0th(t—s)(u(m,t) ~ (. 5))ds dx
_ (/0 h(s) ds> g2 — /Qut(x,t)/o B (t = s)(u(t) — uls))ds dr.

(2.66)

Using Young’s inequality and the embedding H}(Q2) — L*(Q2), we infer

/Qut(:r;, t) /Ot h'(t —s) <u(t) — u(s))ds dx

< w3 + 4177 ([ =w = Dllu) - u()ll2r)
< ll+ 5 (] W ar) [ 1=l - u)
< lulg = S o Tu) )

(Vu(x t) — Vu(z, s)> ds dx

l
<l Vull; + %(ho Vu)(t),

T /Q g1(ug(z, 1)) /Ot h(t — s)(u(x,t) — u(x, s))ds dz

< gl g (ue(e, 1)) |13 + M4 (h o Vu)(2),

,uz/ggg(z(:v, 1,1)) /Ot h(t — s)(u(z,t) — u(x,s))ds dx
< 77:“2”92(2(3"’ Lt))”% +

l"fnc* (hoVu)(t)
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and

{O

0
¢
/ h(t — s)| Vu(z,t) — Vu(z, s))ds} dx
0

>d:p

X

Vu(z,t) Vu(a: s)|d

(VAN
S
N
c\w

>

~

)(/<>

h(t —
—l—/Q ‘Vu(a: t < )( —5)|Vu(z, t) -
(t—s)d (x,t) — Vu(z, s)

Q ( Ot (t —s)Vu(zx,s ds) (/Ot h(t — s)(Vu(z,t) — Vu(zx, 3))ds) dx
[ 1th (Vu z,t) — Vu(z, s)) ds — /Ot h(t — s)Vu(x,t) ds]

Vu(z,s)

2
ds) dz

ds) dx,

—i—(/oth(s) dS) / ‘Vu x,t) ‘( s)|Vu(z,t) — Vu(z,s) ds)dx

< ( )ds) (ho Vu)( ( )ds)
></ ‘Vu x,t) ‘ s)ds ) ( h(t — s)|Vu(z,t) — Vu(z, s) 2ds>2dx
( (s ds) (ho Vu)( +( ds) ||vu||2l</0t (s )ds>(hovu)(t)r

AN (VAN
/‘\
\C{J/ S~—
QL
&
~

(/ h(s)d
)

U e )t +nzuwug+4n<<h vu)(t)

IVt 0l + (14 1) (o va

IN A

Combining all estimates above, we get

(1) < 01+ D)|Val - (( | s ds)—n)nutng

t—ho—ch o Vu)(t)

(2'67) +<l++,u1+u2 +777

+npa || g1 (w) |13 + npellg2(2(x, 1,t))

v

(ho
‘) [nnan & ([ 195) o T0)

61

Proof of proposition 2.4.1. Since h is positive, then for any ¢y > 0 we have J3 h(s)ds >
J&o h(s)ds = hg for all t > t,. Thus, making use of this and combining (2.23), (2.62), (2.64)
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and (2.67) we have

Lt < - (ilo —n— 81) ”Ut”% + (]2\4 hif;) (W' o Vu)(t)

“[a—i-a- WWﬁmﬂwﬂHw%W%%Mﬂ
(2.68) ( — (77/,62 + ?) 03> /Qgg(z(x, 1,t)z(x,1,t) dx

MC — Oz2> / g1 (ug)uy dx
ley l Ic? 12 €1i 2
Q*m*@*@“*m MyvaW% 24 g )

[ a—

At this point, we choose, first, £; > 0 so small that
l~z0 —e1 > 0.
Next, we choose v > 0 so small such that
1—1—~ =~ ( + p2) >0
and n > 0 sufficiently small such that
e1(1 =1 =~ =7+ p2)) = (1 +1) >0

and .
ho — n—e > 0.
Then, we pick M > 0 sufficiently large so that
M hoCi
2 4n
—27
MC+€26 Oél—< 61'LL2>63>O
T 4ry

>0

MC - 2a,>0
T

Therefore, (2.68) takes the form

d

(2.69) =

—L(t) < —C3E(t) + Cy(h o Vu)(t) + Cs g1 (ur)|I2

where C5,Cy and Cj are three positive constants. This completes the proof of Proposition
24.1.
Now, we estimate the last term in the right hand side of (2.69). We denote by

t={reQ: >}, Q ={zeQ: || <}
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From (2.1) and (2.2), it follows that

(270) 9@ de < [ o) de < - E(0).

Case 1: H is linear on [0,¢']. In this case one can easily check that there exists p) > 0,
such that |g1(s)| < ps| for all |s| < &', and thus

(2.71) | @) e < | wga) dw < =i ().
Substitution of (2.70) and (2.71) into (2.69) gives
(2.72) (L(t) + pE(t)) < —c1Ha(E(t)) + Cih o Vu

where 1 = C5(uy+ 1)) and here and in the sequel we take C; to be a generic positive constant.
Case 2: H'(0) =0 and H"” > 0 on ]0,£'].

Since H is convex and increasing, H ' is concave and increasing. By (2.1), the reversed
Jensen’s inequality for concave function, and (2.23), it follows that

[ lo)Par < [ H ) do
< |QH! <|§12| /Q_ u'gy(u') dx) < CH Y=C'E'(t)).

1

(2.73)

A combination of (2.69), (2.70) and (2.73) yields
(2.74) (L(t) + ComE()) < —CsB(t) + Ca(h o Vu)(t) + CsH™ (—C'E'(t)), ¢ > to.
Let us denote by H* the conjugate function of the convex function H, i.e.,

H*(s) = Sup (st — H(t)).

clR4+

Then H* is the Legendre transform of H, which is given by

(2.75) H*(s) = s(H') " (s) — HI(H')"\(s)], V320

and satisfies the following inequality

(2.76) st < H*(s)+ H(t), Vs, t>0.

The relation (2.75), the fact that H'(0) = 0 and (H')™!, H are increasing functions yield
(2.77) H*(s) < s(H) '(s), Vs>0.

Making use of E'(t) < 0,H"(t) > 0, (2.74) and (2.77) we derive for £y > 0 small enough

[H' (50 E(£){L(t) + Cop B(1)} + CsCE()) )
e B/ (1) H' (0 B(D) (L(1) + Coj E(1)) + H (0 E()(L'(8) + Cop E'(1)) + C5C"E/(1)

< —CyH'(e0E(1))E(t) + CaH' (0B (1)) (h o Vu)(1) )
2.78)  HGH(REW)H(~CE1) + CCE ()
2 CyH'(eoB(1)E(t) + Cs H* (H' (20 E(t))) + C4H' (20 E(0)) (h o V) (t)
< —CyH'(e0E(1)E(t) + CsH' (0 E(1))20 E(t) + CaH' (20 E(0)) (h o V) (1)
< ~CaH'(20B()E(t) + CH' (0B (0))(h o Vu) (1
= —CyHy(E(1)) + CyH (0 E(0))(h o V) (¢).
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We note that, in the second inequality, we have used (2.76) and 0 < H'(eoE(t)) < H'(g0E(0)).
Let
i) = {L(t) + pE(t) 3 if H is linear on [0, ']
L H'(eoE(t){L(t) + Csm E(t)} + CsC'E(t)  if H'(0) =0 and H” > 0 on ]0,£'],
(2.79)
then from (2.72) and (2.78), it holds that

(2.80) L'(t) < —c4Hy(E(t)) + cs(h o Vu)(t), Vt > t,.

On the other hand, by choosing M > 0 larger if needed, we can observe from Lemma 2.4.1
that L(t) is equivalent to E(t). So, L(t) is also equivalent to E(t). Moreover, because
¢(t) < (0), there exists € > 0, such that

(2.81) C(t)L(t) + 2cs E(t) < EE(t), Yt > to.
Finally, let
£(1) = (L) + 26sB(1)),  for << <

L
then we observe, from (2.80), (H1), (2.23) and (2.81), that
¢(t)

(
L't = (L) + ()L () + 2c5E'(t))
< —caeC(t)Ha(E(t)) + c5eC(t)(h o Vu)(t) 4+ 2c5e (1)
2.82 < —ceyeC(t)Ho(E(t)) — cse(h o Vu)(t) + c5sE’( )
(2.82) )
< —eC(t)Ho(E(t)) < —cqeC(t) (8 ¢(t) +205E(t)>)
< —eeC(t) Ha(e(C(t) L(t) + 26 E(t))) = —cas((t) Ha(L(1)).

We have used the fact H is increasing in the last two inequalities. Noting that H| = —1/H,
(see (2.12)), we infer from (2.82)

L' () H{(L(t)) > csel(t), V> t.
A simple Integration over (¢y,t) then yields

HA(L() > Hy(L(ty) + cae /Otg(s) ds — cxe /OtO C(s) ds.

t
Choose ¢ > 0 sufficiently small so that Hq(L(to)) — 046/ i ((s)ds > 0, then, thanks to the
0

fact H;' is decreasing, we infer
to t
cit) < H! (Hl(ﬁ(to)) —cie [ Cls)ds e [ C(5) ds)
0 0

Hit (045/[)t§(s) ds) :

Consequently, the equivalence of L, L,L and E, yield

E(t) < CoH;! (w /0 "¢(s) ds> .

IN



Chapter 3

STABILITY RESULT OF THE
WAVE EQUATION WITH A
TIME-VARYING DELAY TERM
AND A WEAK BOUNDARY
FEEDBACK

3.1 Introduction

In this chapter we investigate the boundary stabilization of the weakly nonlinear wave equa-
tion in bounded domain €2 of IR",n > 2, with a smooth boundary 02 = I'y UT';, where I',
I'; are closed subsets of 992 with I'o N I'; = (. Moreover we assume measly > 0.

The system in given by:

ug(z,t) — Agu(z, t) + poo()u(z,t — 7(t)) + 0(t)h(Vou(z,t)) =0 in Qx]0, +o0],

u(z,t) =0 on I'yx]0, +o0],
(P) § 9%(x,t) = —po(t)u(, t) on I'; x]0, o0,

u(z,0) = up(x), uz,0)=u(x) on §2,

ur(z,t —7(0)) = fo(z,t — 7(0)) on 2x]0,7(0)],

where v stands for the unit normal vector of 92 pointing towards the exterior of 2 and % is
the normal derivative. Moreover, 7 > 0 is a time delay, p; and ps are positive real numbers,
and the initial data (ug,u1, fo) belong to a suitable function space.

Denoting by m the standard multiplier, that is m(xz) = x — z, we assume

m(x) - -v(x) <0, x €Ty, and m(x) -v(x) >5 >0, zely.

In recent years, the PDEs with time delay effects have become an active area of research
since they arise in many pratical problems (see, for example, [1], [47]).

When h = 0, it is well known that, in absence of delay (us = 0), the energy of problem
(P) is exponentially decaying to zero. See, for instance, [14], [15], [26], [27] and [38]. On
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66 wave equation with delay and weak boundary feedback

the contrary, if 1 = 0 and py > 0, that is, there exits only the delay part in the internal,
the system (P) becomes unstable (see, for instance [19]). To stabilize a hyperbolic system
involving input delay terms, additional control terms will be necessary (see [40], [41], [49]).
For instance, in [40] the authors studied the wave equation with a linear internal damping
term with constant delay (o(t) = 1, 7(t) = const in the problem (P)) and determined suitable
relations between p; and po, for which the stability or alternatively instability takes place.
More precisely, they showed that the energy is exponentially stable if us < 1 and they also
found a sequence of delays for which the corresponding solution of (P) will be instable if
f2 > 1. The main approach used in [40] is an observability inequality obtained with a
Carleman estimate. The same results were obtained if both the damping and the delay are
acting on the boundary.

The case of time-varying delay in the wave equation has been studied recently by Nicaise,
Valein and Fridman [44] (o(¢) = 1 in the problem (P)). They proved an exponential stability

result under the condition
pe < V1 —duy

where the fuction 7 satisfies
Pt)<d, Vt>0

for a constant d < 1.

When h # 0, in the case ps = 0, very little is known in the literature (see [5], [11],
[23], [22], [21]). In [23], Guesmia established well posedness and energy decay estimates
in the case of constant coefficients (¢ = 1 and 6 = 1). He used a new approach based on
a combination of some ideas given in his paper [22] and the multiplier method. In [5], the
authors proved the same result in the case of an unbounded domain and variable coefficients.
in [8], the authors extend the result of Guesmia to the case of presence of time delay. They
established well posedness and energy decay estimates.

Our purpose in this chapter is to give an energy decay estimate of the solution of the
problem (P) in the case when h is nonlinear and linear in the presence of a time-varying
delay term in the internal feedback. We use the ideas given in Benaissa and Messaoudi in
[8] and Ammari et al. in in [3].

3.2 Preliminaries and main results

First assume the following hypotheses:
(H1) 0,6 : IRy —]0,+oo| are non increasing functions of class C*( IR, ) satisfying

(3.1) /;OO o(s)ds = +oo,
3.2 o’ (t)] < co(t)
3.3 6'(t)] < co(t)
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(H2) 7 is a function such that

(3.5) € W**([0,71)),¥T > 0
(3.6) O<7o<7(t)<m, Vt>0
(3.7) () <d<1, Vt>0,
where 7y and 71 are two positive constants.

(H3)

(38) Mo < V 1-— dﬂl

(H4) h: IR" — IR is a C' function such that Vh is bounded and there exists 3 > 0 such
that

(3.9) [h(Q)] < BICI, V¢ € IR™.

We introduce, as in [40], the new variable

(3.10) 2(x, p,t) = w(x, t —7(t)p), x€Q, pe(0,1), t>0.
Then, we have

(3.11) T(t)ze(x, p, t) + (1 = 7' (t)p) z,(z, p,t) =0, in Q x (0,1) x (0, 400).

Therefore, problem (P) is equivalent to:

u(x,t) — Agu(x,t) + poo(t)z(x, 1,t) + 0(t)h(Vyu(z, t) =0, x € Q,t >0,
7(t)z(z, p,t) + (L — 7' (t)p)2,(x, p, t) = 0, reQ,pe(0,1),t>0,
u(z,t) =0, x €y, t >0,
Su(x,t) = —po(t)u(z, t) rely,t>0,
2(x,0,t) = u(z,t) x e t>0,
u(,0) = uolz), wi(z,0) = ur(x) req,
Z(SL’,p,O) :f0($,—T(0)p) I€Q7pe (071)
(3.12)
Let £ be a positive constant. We define the energy of the solution by:
1 5 1
(3.13) MQZQM®M+ij(M *(a, p,t) dpdz,

where

We have the following theorem.

Theorem 3.2.1 Let (ug,uy, fo) € (H2(Q) N HL(Q)) x HE(Q) x HL(Q; HY(0,1)) satisfy the
compatibility condition

fo(.,O) = Uz.
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Assume that the hypotheses (H1)—(H4) hold with 3 small enough. Then problem (P) admits
a unique weak solution

u € Lig,((=7(0), 00); H*(Q) N Hy(Q)), u € L. ((=7(0),00); Hy (), uu € L5, ((—7(0), 00); L*(2)).

Moreover, the energy satisfies fort > 0

(3.14) E(t) < cE(0)e™°®W vt >0,

Lemma 3.2.1 Let (u,z) be a solution to the problem (3.12). Then, the energy functional
defined by (3.13) satisfies

E'(t) < —po(t) /F wl(z,t) T + W/Quf(x,t) dx
(315) _’_,UQU(t) — 6(;)(1 -7 (t)) /QZQ(ZE, 17t) dr

—0(t) /Q WV pu(z, t))uy(z, 1) da.

Proof. Multiplying the first equation in (3.12) by w(z,t), integrating over {2 and using
integration by parts, we get

(wge(, t), up(, t))— (Agu(z, t), up(x, 1)+ (oo (t) z(x, 1,1), up(x, 1)) +(0(t)h(Vu(z, 1)), ug(z, t)) =0,

= /Qutt(x,t)ut(x,t)dx—/QAxu(m,t)ut(m,t)dw—I—uga(t)/ﬂz(a:,l,t)ut(a:,t)dx

+6’(t)/Qh(vmu(x,t))ut(a:,t)dx =0,

10 ,
= iaﬂut(x,t)lb+/szu(x,t)vxut(x,t)dx—/aQ Vu(x, t)uy(x, t)vdl
0 () /Q 2, 1, g (, ) dz + O(1) /Q h(Vau(z, £)u(z, t)dz = 0,
= o Dl )3+ 5 o ol )3~ [ VeuCe thuCe vl — [ Voula, (e, 0
28tutx’ 2t 55 Lu(z,t)])5 . Lulz, tug(x, t)v s Lulz, t)us(x, t)v
0 () /Q 2, 1, g (e, ) dz + O(1) /Q h(Vau(z, £)u(z, t)dz = 0,
10 9 9 ou ou
= 5 g7 (e DI+ Vol 013) = [ ()50 (00 = [ w3 (. 1)dr
Fp0() /Q 2(x, 1, )y (z, )dz + 0(t) /Q h(Vau(z, £)u(z, t)dz = 0,
10
= 5 (e O3 + |Vl O13) = [l O pio(tue, 0)ar

() /Q 2(x, 1, t)uy(z, )dz + O(t) /Q h(Vau(z, £)u(z, t)dz = 0,
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then, we have

(3.16) ;;(Hm(m 3 + [[Vau(z, )3 ) + o (t) /1“1 u?(x, t)dl

0 (%) /Q 2, 1, g (, ) dz + 0(1) /Q h(Vu(z, £))uy (z, )dz = 0.

We multiply the second equation in (3.12) by £(t)z and integrate over §2x (0, 1) to obtain:

//ztmpt (x,p,t)dpdx + &(t // (1= 7'(t)p)z,(x, p,t)z(, p,t) dpdx = 0.

6(15)27(75)/9/0 g 2, p,t) dpdx+—// —z (z,p,t)dpdx = 0.
Then
(317)7&// xptdpdx—l——// 2(z, p,t) dpda = 0.
We have

i[“’”J“)/Q/J " d]

(x,p,t) dpdz+

00 1 s
2 at// { Lo

2(z, p,t) dpdz.

dd—l—

SOy aap[(l_T'<t>p>z2<x,p,t>}dpdx - fg) /ﬂ [ 7O p.0) dpda

_|_7// (1-r7 2(z,p,t) dpdw
£(;)/Q/()l(l—T'(zf)p)aap (x,p,t dpdx— // { (z,p,t)|dpdz

2(x,p,t)dpdx
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N éé”/ﬂ/olu—f(t)p)(fpz?(x,p, )dpdz = // (2, p.t) dpda
+§(2t)/9(1 — 7 (#)22(x, 1, 8) dx — 5(;)/ 2(z,0, ) dx

= 5(275)/9/01(1—7"(25)p)§p,22(x,p,t )dpdz = // (v,p,) dpdz
+5(2t)/ﬂ(1—7/<t>)z2(x,1,t) dr — é?/ﬂu?(x,t) dz

Consequently,

0= EWT®) 9 /1 2w p,t)dpde + S [ [ (0= @) L, p, 1) dpda

2 0otJalo ’ 2 Jalo dp
gt[gl(t);(t)/? 2, po1)dp d] 5(27(t // (2, p. 1) dp d
_f(t);' ®) /Q/O 22(z, p,t) dp da.
+5(t)27/(t) /Q/O1 (w, p,t)dpda + fgf) (1= 7(1)2 (@, 1,t) dw — 5(;)/9163(;5,& o
_ % )é(t);(t) Y I LU
E(t

T/9(1 — 7)) (2, 1,t) da — 5(;)/Qu%( ,t) dz

2 (Gt O3 + IVt 013 + (w.0.1) dpdas) ma( ) [ bt tyar
+00 (1) Qz(x L t)ug(x, t)dx + 0(t )/Qh(vzu(a:,t))ut z,t)d // (x,p,t)dpdx
<2t> [ =) 1,8 de - g(;)/gut(x,t) di = 0.
(3.18)
We obtain

E’(t) - —M(t) / w2 (w, £)dT — paor(t) /Q 2(x, 1, )y, t)dz — O(t) /Q (Y u(z, t))uy(z, t)dz

t)dpdx — f(;)/Q(l — 7' ()2 (z,1,t) dv + g?/ﬂu?(w,t) dr.

(3. 19
Consequently,

E'(t) = —mo(t) /F uf(x t)dF 1120 (1) /Q 2, 1, g, ) d — O(t) /Q (Y (i, )z, t)d

// z,p,t)dpdr — égf)/QzQ(x,l,t)dm

(3.20) T/Q “(z,1,¢) de +§(2t)/guf(x,t)da:.
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3.3 Asymptotic behavior

For any regular solution of problem (P), we have differntiating and integrating by parts we
obtain

(/ [2m - Vut (n—1) ]utdx)

= 2m Vu+ (n—1) }uttd$~l—/ 2m Vut+(n—1)ut}utd:v
Q
_ /Q [2m - Vu+ (n— 1u] [Au — pao(t)=(2, 1) — 6(t)h(V,u)| da
+/Q [Zm -Vug + (n — 1)ut} uy d,
= /Q [Qm -Vu+ (n— 1)u] Audxr — /120(15)/Q [Qm -Vu+ (n— 1)u}z(a7, 1,t) dx
—0(15)/Q [Qm -Vu+ (n— 1)u}h(Vu) dx + /Q {Qm -Vug + (n — 1)ut} ug dz,
= /89 {2m -Vu+ (n— 1)u}VuudF —/QV{Zm -Vu+ (n— 1)U}Vudx
— o0 (t) /Q {Qm -Vu+ (n— l)u}z(x, 1,t)dz + /Q {2m -Vug + (n — 1)ut]ut dx
—G(t)/Q [2m - Vu+ (n — D)u| h(Vu) da,
= /FO [2m - Vu+ (n — 1) ]gzcznr 5 2m - Vu+ (n— 1)u }g?:dl“
—/QVPm Vu+ (n—1)u }Vudx —l—/Q [Qm -Vug + (n — 1)ut}utdx
— o0 (t) /Q {Qm -Vu+(n—-1) }z(x, 1,t)dx — 0(t) /Q {Qm -Vu+ (n— 1)u}h(Vu) dx,
— /1“1 [Qm-Vu—i—(n—l) }gzljdl“
—/QV{Zm -Vu+(n—1)u }Vuda: —|—/Q [Qm -Vuy + (n — 1)ut}utdx
— o0 (t )/ [Qm Vu+ (n—1) } (x,1,t) do — (9(75)/Q [Qm -Vu+(n— 1)u}h(Vu) dz,
= /F1 (Zm Vu)gdl“—i- (n—1) Flu—dF
—/Q 2m Vu)Vu dr — (n—1) /Q |Vul*dz +/Q (2m : Vut)ut dx + (n — 1)/Qufdx
—p20(t) /Q (Zm : Vu)z(x, 1,t)dx — (n — 1)ugo(t) /Q uz(x,1,t)dx
—0(t) /Q (2m - Vu)h(Vu) dx — (n — 1)8(t) /Q wh(Vu) dz,

Now since u = 0 on I'g and m - v < 0 on Iy, from (x) we deduce
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;(/Q {Qm.VujL(n—l)u} utdx)

< - /Q {uf + |Vu|2}dx - 2/@0(15)/Q (m : Vu)z(x, 1,t)dx — (n — 1)u20(t)/9uz(x, 1,t)dx

ou ou
2 2 ‘ ou _ v
—|—Hm||oo/rlutdl“ 5/F1 V| dl“+2/r1 (m Vu)anF+(n 1) [ ugdr
—O(t)/ (2m-Vu)h(Vu) dx — (n — 1)0(75)/ uh(Vu)dz,
0 Q
We have
Ou ||
2 —dF < dr’ 2 =
N (m Vu) % < / |Vu|*dl’ + N
< 5 [ IvuPar+ 2l o) /F .
Moreover
ou 5 (n—1)2 Ou|?
_ - < Z 2 / -
(n—1) Fluaydf‘ < 5 Flu dl’ + e N dr’

3 (n—1)2
< 2 2 2 / 2 1T
ZC(P)/QWu\ dz + oe pio=(t) s uy dI’

Remark. In the above proposition C'(P) is the smallest positive constant such that
[ F@dr <) [ (Vo) fdr, Vo e HL(Q).

Corollary. For any regular solution of (x)

dlt(/Q {2m.Vu—|—(n—1)u} utdx)

15
< —/Qufdx— (1—2C(P)—u2\|mH§O - 1%, )/ Vul?dz
(n—1)2 2,2

(Sl + o0 + il ) [ dr+ Spao®@) [ 11,0 de
2e r 2 Q

—0(1&)/Q (Qm : Vu)h(Vu) dx — (n—1)0(¢) /Q uh(Vu)dz,

1
Now, let us introduce the functional S(t) = / / —2p(®) 2(:{: p,t)dp dx.

1
We use s =t — p7(t), then, we have S(t (/ / =D92(2, 5) ds du.

We can easily estimate

S'(t) =

-7

t—7(

= 7_(t)/ﬂuf(x,t)dx— ‘

—27(t)

7(t)

/Quf(x, t—7(t))dx —

—2T(t)
Stutxsdsd$+—/ /uf(x,t—
Q

7(t)) da,
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Let us introduce the Lyapunov functional
(3.21) Et)=ME(t) + & / {Qm -Vu+ (n— 1)14 up dx + £95(t),
Q

where M, €; and e are suitable positive small constants that will be precised later on.
Note that £(t) is equivalent to the energy FE(t) if 1 is small enough.

Lemma 3.3.1 There exist two positive constants c; and as depending on €1,9 and M such
that for all t > 0
(3.22) a1 E(t) < E(t) < ayE(t).

Proof: We consider the functional
K(t) = e /Q [2m - Vu+ (n — 1)u] upde + 225(1),

and show that
(3.23) |K(t)] < CE(t), C>0.

We have
1
K(t) = 51/ {2m-Vu+(n— 1)u} Uy dx+€2// e 270 2z, p,t) dp da,
Q aJo
1
= 51/ <2m-Vu)utdx+61(n— 1)/ iy da:—l—gg// e 2070 2z, p,t) dp da.
Q Q aJo

Using Young’s inequality, we obtain

—1 —1
K(t)] < ‘%/ w2 dz + 261 ||ml|2 /Q|Vu|2dx+&(712)/gufd:r—l—gl(n>/gu2dx

2
+52// (x,p,t)dp dz,

< 612 Ui 2dw + 2¢1||m||A /|Vu|2dx—|— ( /u dl’—l-é?g// (x, p,t)dp dz,
1
< CE(t)+€1(n2)/Qu2d:v,

2
such that C' = max (Eln, deq||ml/2,, sup 62)
tefo+oof §(1)T(1)

If £, is small enough, we get (3.23) for some positive constant C'. By choosing M large
enough, our result follows from (3.21), (3.23).

Proposition 3.3.1 For each ty > 0 and sufficiently large M > 0 and appropriately small
£1,e9 > 0, there exist positive constants Cy such that

d

ZE() < —Cio(ME(), V>t
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Proof. We have,
1
dt( / {Qm Vu+ (n—1) ] ug dz +€25(t)>

2n—1

< g 5 u do + 2{3—2n+4u20(t)|\mHio+4B¢9(t)]|m\|oo+(n—1)@29(15) /Q\Vu\de
eifn —1)(0() + peo(t) 1 5 2 > exnpao(t) [ o
+ > /Qu dx+251|]m|\oo/Q\Vut\ do + 25 /Qz (2,1,0) do

1
+€—1/ |V(2m-Vu)|2dx—|—€1(n)/ qur+€—1/ Vul? dT
2 Ja 2 I 2 Jry

e o (t)(n — 1+ 4fm]|% "(t ¢
N 1H] ()( i )/ w2 dl — e27'(1) // 002 (x, s) ds da
2 INT TQ(t) t=7

) 626727(7&) )
—i-i/Qut(x,t)dx— 0 /Qut(x,t—T(t))dx

— [ e+ [3 2n+4u20()||m||<2>o+459(t)||m||oo+(n—1)529(15)] |1Vl da

—1)(0(t t
+€1(TL )( (2)+M20( ))/Qu2dx+2£1HTrL||go/Q\VUt|2dl’+(MM;U()/QZQ(%L& dx

1
+ﬂ/ |V(2m-Vu)|2d:v+81(n>/ qur+€—1/ Vul? dT
2 Jao 2 Iy 2 I'1

2 .2 2
euido?(t)(n— 1+ 4ml%) &
AT —/ 202, 1) d
+ 5 /rlut +’7’(t) Qut(x ) dx
526_2T(t)

_ 0 /Qu?(l’,t —7(t)) dx — 527—7(;()75) /Q/Ol 6_2p7'(t)z2(x’p’ t)dp dr,

2n—1
" /Qufdx+521[3—2n+4ma(t)||m||§o+4ﬁe(t)||m||oo+(n—1)ﬁ29(t)]/ﬂ|vu|2dx

—1
+51<n )(H(Qt)+u20(t))1)u2d$+281||m||é/§2|vut|2d$+glnlusa(t)/922(37’17” dzx

—1
2 \V(2m~Vu)|2d:c+€1(n>/ wrdl+ 5 [ | Vular
2 Jo 2 'y 2 Jry

+elu%o2<t>(n—1+4um||zo) /

IA
AR

IA

€1

2 4T 5—2/ 20 4)d
Flut +T(t) Qut(:c,) oy

2
527"(75)//1 —2pr(t) .2
— T t)dp d
T(t) Jalo ‘ (@, p,t) dp du,

2n—1
oL /Qufdﬁ521{3—2n+4u20—(t>||m||§o+4ﬁe(t)||m||w+(n—1)5%)]/Q|vu|2dx

—1)(0(¢ t t
+€1(TL )( (2)+M20( ))/Qu2dx+2£1|]m||go/ﬂ|VUt|2d$+(MMZQU()/QZQ(%L& dx

1
+ﬂ/ |V(2m-Vu)|2d:v—i—81(n>/ u2dr+€—1/ Vul? dT
2 Jao 2 Iy 2 I'1

IA
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=l &2|7'(%)]

+61M%a2<t>(n — 1+ 4||m||%)

1
2 2 2
5 /Flutdl“—l—T(t)/Qut(x,t)das—l— () /Q/O 2%(z, p,t) dp dx,

< B+ 2= 1>(8(2t)+’“‘2“<t)) [ e+ 22l [ [Vl s

i 8171,&20’(t)

-1
/22(x,1,t)dx+€—l/ |V(2m-Vu)|2dx+El(n)/ u? dI’
2 Q 2 Ja I

2

2 2 2
epio(t)(n — 1+ 4||m||5,
2 I

+€—1/ IVul?dl +
2 Jry

2
C; = max (51(271 — 1)+ %, €1 {3 —2n + dppo (t)|[m|2 + 460(t)||m||ls + (n — 1)3%0(t) |,

S 252|T'<t>|>

tE[Ol,l—il—)oo[ §(t)T3(t)

for each £y > 0 and sufficiently large M > 0 and appropriately small €1, 5 > 0, consequently,

CZE(t) < —Cio(t)E(t), Vt>t,.

This ends the proof of Theorem 1.
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